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♣❡t❡♥❝✐❛ ❡♥ ❣❡♥❡r❛❧ ♥♦ ♣✉❡❞❡ s❡r ♠❡❞✐❞❛ ❞✐r❡❝t❛♠❡♥t❡✱ ②❛ q✉❡ ❧♦s ❞❛t♦s ❞❡ ❝♦s✲
t♦s ② ♣r❡❝✐♦s ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣r♦❞✉❝t♦s ❞❡ ❧❛s ❡♥t✐❞❛❞❡s ✜♥❛♥❝✐❡r❛s ♥♦ ❡stá♥
❞✐s♣♦♥✐❜❧❡s✳ ❙✐ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❡①✐st❡ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ❣r❛❞♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥
② ❧❛s ❢✉❡r③❛s ❝♦♠♣❡t✐t✐✈❛s ❡♥ ❡❧ ♠❡r❝❛❞♦ ✜♥❛♥❝✐❡r♦ ✭▼✐❧❧❡r ❬✺❪✮✱ ♣✉❡❞❡♥ ✉t✐❧✐③❛rs❡
♠❡❞✐❞❛s ✐♥❞✐r❡❝t❛s ❞❡ ❝♦♠♣❡t❡♥❝✐❛ ❡♥ ❢✉♥❝✐ó♥ ❛❧ ♥ú♠❡r♦ ❞❡ ✜r♠❛s ② s✉s r❡s♣❡❝✲
t✐✈❛s ❝✉♦t❛s ❞❡ ♠❡r❝❛❞♦✳ ▲♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ♠❡❞✐rá♥ ❧❛ ❞✐st❛♥❝✐❛
❛ ❧❛ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ✉♥ ♠❡r❝❛❞♦ ❞❡ ❧❛s s✐t✉❛❝✐♦♥❡s ❞❡ ❝♦♠♣❡t❡♥❝✐❛ ♣❡r❢❡❝t❛ ♦
❞❡ ♠♦♥♦♣♦❧✐♦ ✭P✉❡②♦ ❬✽❪✮❀ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❡❧❡✈❛❞❛✱ s❡ ❡s♣❡r❛ q✉❡ s❡❛
♠ás ♣r♦❜❛❜❧❡ q✉❡ ❧❛s ❡♥t✐❞❛❞❡s ✜♥❛♥❝✐❡r❛s ❡❥❡r③❛♥ ♣rá❝t✐❝❛s ❞❡s❢❛✈♦r❛❜❧❡s ❤❛❝✐❛ ❧♦s
❝♦♥s✉♠✐❞♦r❡s ✜♥❛♥❝✐❡r♦s✱ ♠✐❡♥tr❛s q✉❡ ❜❛❥♦s ♥✐✈❡❧❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ✐♥❞✐❝❛♥ ❧❛
❡①✐st❡♥❝✐❛ ❞❡ ♥ú♠❡r♦s❛s ❛❧t❡r♥❛t✐✈❛s ❞✐s♣♦♥✐❜❧❡s ❞❡ ♣r♦❞✉❝t♦s ② s❡r✈✐❝✐♦s ✜♥❛♥❝✐❡r♦s
❝♦♠♣❡t✐t✐✈♦s✳

▲❛ ❙❡❝❝✐ó♥ ✷ ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡✜♥❡ ❧♦s ❝♦♥❝❡♣t♦s ② ❧❛s ♠❡❞✐❞❛s ❞❡ ❡str✉❝t✉r❛
❞❡ ♠❡r❝❛❞♦ ② ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✸ s❡ ❝❛❧❝✉❧❛ ❡st❛s ♠❡❞✐❞❛s ♣❛r❛ ❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦
❜♦❧✐✈✐❛♥♦✳ ▲❛ ❙❡❝❝✐ó♥ ✹ ❝♦♥❝❧✉②❡✳

✷✳ ❉❡✜♥✐❝✐♦♥❡s✿ ■♥❞✐❝❛❞♦r❡s ❞❡ ❈♦♥❝❡♥tr❛❝✐ó♥ ❞❡
▼❡r❝❛❞♦ ② ▼♦✈✐❧✐❞❛❞ ■♥tr❛✲■♥❞✉str✐❛❧✳

❊❧ ❣r❛❞♦ ❞❡ ❝♦♠♣❡t❡♥❝✐❛ ❡♥ ✉♥ ♠❡r❝❛❞♦ s❡ ♣✉❡❞❡ ♠❡❞✐r ✐♥❞✐r❡❝t❛♠❡♥t❡ ❞❡ ❞♦s
❢♦r♠❛s✿ ♠❡❞✐❛♥t❡ í♥❞✐❝❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ♦ ❝♦♥ ❛❧❣ú♥ ✐♥❞✐❝❛❞♦r ❞❡ ❧❛ ♠♦✈✐❧✐❞❛❞
❞❡ ❧❛s ❡♠♣r❡s❛s q✉❡ ❛❝tú❡♥ ❡♥ ❡❧ ♠❡r❝❛❞♦ ♦ q✉✐❡r❛♥ ❛❝❝❡❞❡r ❛❧ ♠✐s♠♦ ✭P✉❡②♦ ❬✽❪✮✳

▲❛ ♠❛②♦rí❛ ❞❡ ❧♦s ♠❡r❝❛❞♦s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥tr❡ ❧♦s ❡①tr❡♠♦s ❞❡ ❧❛ ❝♦♠♣❡t❡♥❝✐❛
♣❡r❢❡❝t❛ ✭❝♦♥❝❡♥tr❛❝✐ó♥ ♠í♥✐♠❛✮ ② ♠♦♥♦♣♦❧✐♦ ✭❝♦♥❝❡♥tr❛❝✐ó♥ ♠á①✐♠❛✮✳ ▲♦s ✐♥❞✐✲
❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥✶ ♣r❡t❡♥❞❡♥ ♠❡❞✐r ❧❛ ♣r♦①✐♠✐❞❛❞ ❞❡ ✉♥ ♠❡r❝❛❞♦ ❛
❡st♦s ❞♦s ❡①tr❡♠♦s❀ ♠✐❡♥tr❛s ♠❛②♦r s❡❛ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ✉♥ ♠❡r❝❛❞♦✱ ❡①✐st✐rá
✉♥❛ ♠❛②♦r ♣♦s✐❜✐❧✐❞❛❞ ❞❡ q✉❡ ❧❛s ❣r❛♥❞❡s ❡♠♣r❡s❛s ❞❡❧ s❡❝t♦r ♠❛♥t❡♥❣❛♥ ❧♦s ♣r❡✲
❝✐♦s ♣♦r ❡♥❝✐♠❛ ❞❡ ❧♦s ♥✐✈❡❧❡s ❝♦♠♣❡t✐t✐✈♦s ♣♦r ♣❡r✐♦❞♦s ♣r♦❧♦♥❣❛❞♦s ✭✐✳❡✳ ♣♦❞❡r ❞❡
♠❡r❝❛❞♦✮✳

▲♦s í♥❞✐❝❛❞♦r❡s ❞❡ ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧ ♣r❡t❡♥❞❡♥ ♠❡❞✐r ❧❛ ✐♥❡st❛✲
❜✐❧✐❞❛❞ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛s ❝✉♦t❛s ❞❡ ♠❡r❝❛❞♦ ❞❡ ❧❛s ❡♠♣r❡s❛s✳ ❙✐ ❡①✐st❡
✐♥❡st❛❜✐❧✐❞❛❞✱ ❡①✐st✐rá ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ❝♦♠♣❡t❡♥❝✐❛✱ r✐✈❛❧✐❞❛❞ ♦ ❛❧ ♠❡♥♦s ❞❡ ❢❛❧t❛
❞❡ ❡✜❝❛❝✐❛ ❞❡ ❧♦s ❛❝✉❡r❞♦s ❝♦❧✉s✐✈♦s✱ ❛ ♣❡s❛r ❞❡❧ ✈❛❧♦r ❡❧❡✈❛❞♦ ❞❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥

✶▲♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❡stá♥ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧❛s ❝✉r✈❛s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥✳ ▲❛ ❝✉r✈❛
❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡s❝r✐❜❡ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ♣♦r❝❡♥t❛❥❡ ❛❝✉♠✉❧❛❞♦ ❞❡ ♣r♦❞✉❝t♦ ② ❡❧ ♥ú♠❡r♦
❛❝✉♠✉❧❛❞♦ ❞❡ ❡♠♣r❡s❛s ❡♥ ❡❧ ♠❡r❝❛❞♦✱ ♦r❞❡♥❛❞❛s ❞❡ ❛❝✉❡r❞♦ ❛ s✉ t❛♠❛ñ♦✳ ▲❛ ❞❡s✐❣✉❛❧❞❛❞ ❡♥
❡❧ t❛♠❛ñ♦ ❞❡ ❧❛s ❡♠♣r❡s❛s ❡s ❡①♣r❡s❛❞❛ ❡♥ ❧❛ ❝♦♥❝❛✈✐❞❛❞ ❞❡ ❧❛ ❝✉r✈❛ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥✳ ❯♥❛
❝♦♥❝❡♥tr❛❝✐ó♥ ❡❧❡✈❛❞❛ s❡ ❛s♦❝✐❛ ❝♦♥ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡❧ ❡❥❡r❝✐❝✐♦ ❞❡ ♣♦❞❡r ❞❡ ♠❡r❝❛❞♦ ♣♦r ♣❛rt❡ ❞❡
❧❛s ❣r❛♥❞❡s ❡♠♣r❡s❛s ❞❡❧ s❡❝t♦r✳

✸



✭P✉❡②♦ ❬✽❪✮✳ ▲❛ ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧ ❞❡♣❡♥❞❡ ❞❡ ❧♦s ♠✐s♠♦s ❡❧❡♠❡♥t♦s q✉❡
✐♥✢✉②❡♥ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥✿ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜ás✐❝❛s ❞❡ ❧❛ ♦❢❡rt❛ ② ❧❛ ❞❡♠❛♥❞❛✱
❛sí ❝♦♠♦ ❞❡ ❧❛s ❜❛rr❡r❛s ❞❡ ❡♥tr❛❞❛✳ ❚♦❞♦s ❡st♦s ❢❛❝t♦r❡s ❡❥❡r❝❡♥ s✉ ✐♥✢✉❡♥❝✐❛ ❛
tr❛✈és ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ♠❡r❝❛❞♦ ② ❞❡ ❧♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞❡ ❧❛s ❡♠♣r❡s❛s✱ ♣♦r
❧♦ q✉❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ② ❧❛ ♠♦✈✐❧✐❞❛❞ s❡ ❝♦♥s✐❞❡r❡♥ ✐♥❞✐❝❛❞♦r❡s ✐♥❞✐r❡❝t♦s ❞❡ ❧♦s
❝♦♠♣♦rt❛♠✐❡♥t♦s ❡♠♣r❡s❛r✐❛❧❡s✷✳

❊♥ ést❛ ✐♥✈❡st✐❣❛❝✐ó♥ s❡ ✉t✐❧✐③❛rá♥ ❧❛s s✐❣✉✐❡♥t❡s ♠❡❞✐❞❛s ❞❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥
❞❡ ♠❡r❝❛❞♦✿ ✭✶✮ ❡❧ ❘❛t✐♦ ❞❡ ❈♦♥❝❡♥tr❛❝✐ó♥✱ ✭✷✮ ❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✱ ✭✸✮ ❡❧ í♥❞✐❝❡
❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥✱ ② ✭✹✮ ❡❧ ♥ú♠❡r♦ ❡q✉✐✈❛❧❡♥t❡ ✭✐❣✉❛❧ ❛❧ ✐♥✈❡rs♦ ❞❡❧ í♥❞✐❝❡
❍❡r✜♥❞❛❤❧✮✳ ❈♦♠♦ ♠❡❞✐❞❛ ❞❡ ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧✱ s❡ ❝❛❧❝✉❧❛rá ❡❧ ✐♥❞✐❝❛❞♦r
❞❡ ❡st❛❜✐❧✐❞❛❞ ✐♥❞✉str✐❛❧✳

✷✳✶✳ ▼❡❞✐❞❛s ❞❡ ❧❛ ❊str✉❝t✉r❛ ❞❡ ▼❡r❝❛❞♦

✷✳✶✳✶✳ ❘❛t✐♦ ❞❡ ❈♦♥❝❡♥tr❛❝✐ó♥

❊❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ Cx ❡s ❡❧ ♣♦r❝❡♥t❛❥❡ ❛❝✉♠✉❧❛❞♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ t❛♠❛ñ♦
✭a✮ ❞❡ ❧❛s x✲és✐♠❛s ❡♠♣r❡s❛s ♠ás ❣r❛♥❞❡s ❞❡ ✉♥ ♠❡r❝❛❞♦ ❢♦r♠❛❞♦ ♣♦r n ❡♠♣r❡s❛s✱

Cx =
a1

∑n

i=1 ai

+
a2

∑n

i=1 ai

+ · · · +
ax

∑n

i=1 ai

= p1 + p2 + · · · + px

donde p1 > p2 > · · · > px

♣❛r❛ Cx ∈ [0, 1]✳ ◆♦r♠❛❧♠❡♥t❡ s❡ ❝♦♥s✐❞❡r❛ ✉♥ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ♣❛r❛ ❧❛s
❝✉❛tr♦ ✜r♠❛s ♠ás ✐♠♣♦rt❛♥t❡s ✭Cx=4✮ ❝♦♠♦ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛❧ ❣r❛❞♦ ❞❡ ✉♥
♦❧✐❣♦♣♦❧✐♦ ❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ✉♥ ♠❡r❝❛❞♦✱

C(x=4) =
a1

∑n

i=1 ai

+
a2

∑n

i=1 ai

+
a3

∑n

i=1 ai

+
a(x=4)
∑n

i=1 ai

= p1 + p2 + p3 + p(x=4)

donde p1 > p2 > p3 > p(x=4).

❈✉❛♥❞♦✱
C(x=4) > 50, s❡ t✐❡♥❡ ✉♥ ♦❧✐❣♦♣♦❧✐♦ ❞❡ ♠❡r❝❛❞♦✱

25 6 C(x=4) 6 50, ❡①✐st❡ ✉♥ ♦❧✐❣♦♣♦❧✐♦ ❧❡✈❡✱

C(x=4) < 25, ♥♦ ❡①✐st❡ ♦❧✐❣♦♣♦❧✐♦✳

❊❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ t✐❡♥❡ ❧❛ ✈❡♥t❛❥❛ ❞❡ ❧❛ ❢❛❝✐❧✐❞❛❞ ❞❡ ❝á❧❝✉❧♦ ❡ ✐♥t❡r♣r❡t❛❝✐ó♥✱
♣❡r♦ ❡♥ ❝♦♥tr❛♣❛rt✐❞❛ ❞❡s❛♣r♦✈❡❝❤❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❧❛ ❞✐str✐❜✉❝✐ó♥
❞❡ t❛♠❛ñ♦ ❞❡ ❧❛s ❡♠♣r❡s❛s ❛♥t❡s ② ❞❡s♣✉és ❞❡ ❧❛ x✲és✐♠❛✳

✷●❡♥❡r❛❧♠❡♥t❡✱ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧♦s í♥❞✐❝❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ s✐r✈❡♥ ❝♦♠♦ s❡ñ❛❧❡s ❡stát✐❝❛s
❞❡ ❧❛ r✐✈❛❧✐❞❛❞ ❡♥ ❡❧ ♠❡r❝❛❞♦ ② ❧♦s í♥❞✐❝❛❞♦r❡s ❞❡ ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧ ❝♦♠♦ ✐♥❞✐❝❛❞♦r❡s
❞✐♥á♠✐❝♦s✳

✹



✷✳✶✳✷✳ ❮♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ ❡ ❮♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥

❊❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ ✭h✮ ❡s ❧❛ s✉♠❛ ❞❡ ❧♦s ❝✉❛❞r❛❞♦s ❞❡ ❧❛s ❝✉♦t❛s ❞❡ ♠❡r❝❛❞♦
❞❡ ❧❛s n✲❡♠♣r❡s❛s q✉❡ ❝♦♥❢♦r♠❛♥ ✉♥ ♠❡r❝❛❞♦✱

h =

(

a1
∑n

i=1 ai

)2

+

(

a2
∑n

i=1 ai

)2

+ · · · +

(

an
∑n

i=1 ai

)2

= (p1)
2

+ (p2)
2

+ · · · + (pn)
2

=

n
∑

i=1

(pi)
2

② s❡ ❞✐str✐❜✉②❡ ❡♥ ❡❧ r❛♥❣♦ h ∈ [ 1
n
, 1]✳ ❊❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ ✭H = h×104✮

❡s ✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ ❡♥ ❡❧ q✉❡ s❡ ❝❛♠❜✐❛ ❧❛ ❡s❝❛❧❛ ♦r✐❣✐♥❛❧ ♣❛r❛
q✉❡ H ∈ [ 10

4

n
, 104]✳ ❊❧ í♥❞✐❝❡ ❡s h = 1 ✭H = 104✮ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ♠♦♥♦♣♦❧✐♦

♣✉r♦✱ ② h → 0 ✭H → 0✮ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ♠❡r❝❛❞♦ ❛t♦♠✐③❛❞♦✳
❆ ❞✐❢❡r❡♥❝✐❛ ❞❡❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥✱ ❧♦s í♥❞✐❝❡s h ② H r❡❝♦❣❡♥ ❧❛ ✐♥❢♦r♠❛❝✐ó♥

❞❡ t♦❞❛s ❧❛s ❡♠♣r❡s❛s ✭♥♦ ❞❡s♣❡r❞✐❝✐❛♥ ✐♥❢♦r♠❛❝✐ó♥✮ ② ♣♦♥❞❡r❛♥ ✐♠♣❧í❝✐t❛♠❡♥t❡ ❛
❝❛❞❛ ❡♠♣r❡s❛ ❝♦♥ s✉ ♣r♦♣✐❛ ❝✉♦t❛ ❞❡ ♠❡r❝❛❞♦✱ ❧♦ q✉❡ s✉♣♦♥❡ ♣r✐♠❛r ❡❧ ♣❡s♦ ❞❡ ❧❛s
❣r❛♥❞❡s ❡♠♣r❡s❛s✱ ❞♦♥❞❡ s❡ ❡s♣❡r❛ ❡♥❝♦♥tr❛r ❡❧ ♦r✐❣❡♥ ❞❡ ❧❛s ❢✉❡r③❛s ♦❧✐❣♦♣♦❧✐st❛s✸✳

▲❛ ❆❣❡♥❝✐❛ ❆♥t✐♠♦♥♦♣♦❧✐♦ ❞❡❧ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❏✉st✐❝✐❛ ❞❡ ❧♦s ❊st❛❞♦s ❯♥✐❞♦s
❬✶✶❪ ❞✐✈✐❞❡ ❡❧ ❡s♣❡❝tr♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❡r❝❛❞♦ ♠❡❞✐❞♦ ♣♦r H ❡♥ tr❡s r❡❣✐♦♥❡s✱

H > 1800, ♠❡r❝❛❞♦ ❛❧t❛♠❡♥t❡ ❝♦♥❝❡♥tr❛❞♦✱

1000 6 H 6 1800, ❝♦♥❝❡♥tr❛❝✐ó♥ ♠♦❞❡r❛❞❛✱

H < 1000, ♠❡r❝❛❞♦ ♥♦ ❝♦♥❝❡♥tr❛❞♦

▲♦s í♥❞✐❝❡s h ♦ H t❛♠❜✐é♥ ♣✉❡❞❡♥ ❝❛❧❝✉❧❛rs❡ ♣❛r❛ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ✭c✮ ❞❡❧ ❞❡st✐♥♦
❞❡ ❝❛rt❡r❛ ❞❡ ❝❛❞❛ e = 1, 2, . . . , d ❛❝t✐✈✐❞❛❞ ❡❝♦♥ó♠✐❝❛ ❞❡ ❧❛s ❡♥t✐❞❛❞❡s ✜♥❛♥❝✐❡r❛s✱

hcartera =

(

c1,t
∑d

e=1 ce,t

)2

+

(

c2,t
∑d

e=1 ce,t

)2

+ · · · +

(

cd,t
∑d

e=1 ce,t

)2

= (k1,t)
2

+ (k2,t)
2

+ · · · + (ke,t)
2

=
d
∑

e=1

(ke,t)
2

✷✳✶✳✸✳ ◆ú♠❡r♦ ❡q✉✐✈❛❧❡♥t❡

❊❧ ♥ú♠❡r♦ ❡q✉✐✈❛❧❡♥t❡ ❡s ❡❧ ✐♥✈❡rs♦ ❞❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✱ η = 1
h
✱ ② s❡ r❡✜❡r❡

❛❧ ♥ú♠❡r♦ ❞❡ ❡♠♣r❡s❛s ❞❡ ✐❣✉❛❧ t❛♠❛ñ♦ q✉❡ ❞❛rí❛♥ ❧✉❣❛r ❛ ✉♥❛ ✐♥❞✉str✐❛ ❝♦♥ ✉♥
❣r❛❞♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ h✱ t❛♥ ❝♦♥❝❡♥tr❛❞❛ ❝♦♠♦ ✉♥❛ ✐♥❞✉str✐❛ ❝♦♥ η ❡♠♣r❡s❛s ❝♦♥
♣❛rt✐❝✐♣❛❝✐♦♥❡s ❞❡ ♠❡r❝❛❞♦ ❡q✉✐❞✐str✐❜✉✐❞❛s✳

✷✳✶✳✹✳ ❮♥❞✐❝❡ ❞❡ ❊st❛❜✐❧✐❞❛❞ ❞❡ ❈♦♥❝❡♥tr❛❝✐ó♥

❊①✐st❡♥ ❞♦s ❝♦♥❝❡♣t✉❛❧✐③❛❝✐♦♥❡s ❞❡ ❧❛ ♠♦✈✐❧✐❞❛❞ ❞❡ ❧❛s ❡♠♣r❡s❛s ❡♥ ✉♥❛ ✐♥✲
❞✉str✐❛✿ ❧❛ ❡①tr❛✲✐♥❞✉str✐❛❧ ✕❧❛s ❡♥tr❛❞❛s ② s❛❧✐❞❛s ❞❡ ❡♠♣r❡s❛s ❞❡❧ ♠❡r❝❛❞♦✕ ② ❧❛
✐♥tr❛✲✐♥❞✉str✐❛❧ ✕❧♦s ❝❛♠❜✐♦s ❡♥ ❧❛s ❝✉♦t❛s ❞❡ ♠❡r❝❛❞♦ ♦ ❡♥ ❡❧ r❛♥❦✐♥❣ ❞❡ ❧❛s ❡♠✲
♣r❡s❛s ✐♥st❛❧❛❞❛s✕✳ ▲❛ ♠♦✈✐❧✐❞❛❞ ❡①tr❛✲✐♥❞✉str✐❛❧ s❡ ❡✈❛❧ú❛ ♠❡❞✐❛♥t❡ ❡❧ ♥ú♠❡r♦ ♦

✸❊❧ ✉s♦ ❞❡ ést♦s ✐♥❞✐❝❛❞♦r❡s s❡ ❡♥❝✉❡♥tr❛ ❝♦♥t❡♠♣❧❛❞♦ ❡♥ ❧❛ ●✉í❛ ❞❡ ❈♦♠♣✐❧❛❝✐ó♥ ❞❡ ■♥❞✐✲
❝❛❞♦r❡s ❞❡ ❙♦❧✐❞❡③ ❋✐♥❛♥❝✐❡r❛ ❞❡❧ ❋♦♥❞♦ ▼♦♥❡t❛r✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✳

✺



❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ❡♠♣r❡s❛s q✉❡ ❤❛♥ ❡♥tr❛❞♦ ♦ s❛❧✐❞♦ ❞❡❧ ♠❡r❝❛❞♦✱ ♠✐❡♥tr❛s q✉❡ ❧❛
♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧ ♣✉❡❞❡ ♠❡❞✐rs❡ ❝♦♠♦ ❧❛ s✉♠❛ ❞❡ ❧♦s ✈❛❧♦r❡s ❛❜s♦❧✉t♦s
❞❡ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❧❛s ❝✉♦t❛s ❞❡ ♠❡r❝❛❞♦ ❞❡ ❧❛s n✲❡♠♣r❡s❛s ❡♥tr❡ ❞♦s ❛ñ♦s
❝♦♥s❡❝✉t✐✈♦s✱

I =
n
∑

i=1

|pi,t − pi,t−1|.

I ❡stá ♥♦r♠❛❧✐③❛❞♦ ❡♥tr❡ ❝❡r♦ ✭❡st❛❜✐❧✐❞❛❞ ♠á①✐♠❛✿ t♦❞❛s ❧❛s ❡♠♣r❡s❛s ♠❛♥t✐❡♥❡♥
s✉s ❝✉♦t❛s ❞❡ ♠❡r❝❛❞♦✮ ② ✉♥♦ ✭❡st❛❜✐❧✐❞❛❞ ♠í♥✐♠❛✿ ❝❛♠❜✐❛ t♦t❛❧♠❡♥t❡ ❧❛ ✐❞❡♥t✐❞❛❞
❞❡ ❧❛s ❡♠♣r❡s❛s✮✱ ♣♦r ❧♦ q✉❡ I ∈ [0, 1] ✭✈é❛s❡ P✉❡②♦ ❬✽❪✮✳

❊❧ í♥❞✐❝❡ ❞❡ ❡st❛❜✐❧✐❞❛❞ ♠✐❞❡ s✐t✉❛❝✐♦♥❡s ❡♥ ❧❛s q✉❡ ❡♥ ✉♥❛ ✐♥❞✉str✐❛ s✐❡♠♣r❡
❤❛② ✉♥❛ ❡♠♣r❡s❛ ❞♦♠✐♥❛♥t❡ ♣❡r♦ ❡st❛ ❝❛♠❜✐❛ ❢r❡❝✉❡♥t❡♠❡♥t❡ ✭♥♦ ❡s ❧❛ ♠✐s♠❛
❡♠♣r❡s❛✮✱ s✐t✉❛❝✐ó♥ q✉❡ ✐♥❞✐❝❛rí❛ q✉❡ ✉♥ ♠❡r❝❛❞♦ ❡s ❜❛st❛♥t❡ ❝♦♠♣❡t✐t✐✈♦ ❛ ♣❡s❛r
❞❡ s✉ ❝♦♥❝❡♥tr❛❝✐ó♥✳

✷✳✷✳ ❊❧ ■♥❣r❡s♦ ❞❡ ◆✉❡✈❛s ❊♥t✐❞❛❞❡s ❛❧ ▼❡r❝❛❞♦ ❇❛♥❝❛r✐♦ ②
❡❧ ◆ú♠❡r♦ Ó♣t✐♠♦ ❞❡ ❇❛♥❝♦s ❡♥ ✉♥ ▼❡r❝❛❞♦

✷✳✸✳ ■♥❣r❡s♦ ❞❡ ◆✉❡✈❛s ❊♥t✐❞❛❞❡s

❉❡s❞❡ ❧❛ ♣❡rs♣❡❝t✐✈❛ ❞❡❧ r❡❣✉❧❛❞♦r✱ ❧❛ ❡♥tr❛❞❛ ❛❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦ ❞❡ ✉♥❛ ♥✉❡✲
✈❛ ❡♥t✐❞❛❞ ❞❡♣❡♥❞❡ ❞❡ ❝ó♠♦ ❛❢❡❝t❡ ❡❧ ✐♥❣r❡s♦ ❛ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ ✐♥❞✉str✐❛ ② ❞❡
❧♦s ❜❡♥❡✜❝✐♦s s♦❝✐❛❧❡s q✉❡ ♣♦❞rí❛ s✐❣♥✐✜❝❛r ❧❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ♥✉❡✈❛ ❡♥t✐❞❛❞✳ P❛r❛
❞❡❝✐❞✐r s✐ ❧❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ❡♥t✐❞❛❞ ✜♥❛♥❝✐❡r❛ ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❡s ♦ ♥♦ ❝♦♥✈❡✲
♥✐❡♥t❡ ♣✉❡❞❡ ✉t✐❧✐③❛rs❡ ❡❧ ❡♥❢♦q✉❡ ❡♠♣❧❡❛❞♦ ♣♦r ❧❛ ❆❣❡♥❝✐❛ ❆♥t✐♠♦♥♦♣♦❧✐♦ ❞❡ ❧♦s
❊st❛❞♦s ❯♥✐❞♦s✹✱ q✉❡ ❝♦♥s✐❞❡r❛ q✉❡ ♥♦ s❡ ❞❡❜❡ ♣❡r♠✐t✐r✱ ❝r❡❛r ♦ ✐♥❝r❡♠❡♥t❛r ❡❧
♣♦❞❡r ❞❡ ♠❡r❝❛❞♦✱ ② ❞❛❞♦ q✉❡ ❡s ✐♠♣r♦❜❛❜❧❡ q✉❡ s❡ ❝r❡❡ ♦ ✐♥❝r❡♠❡♥t❡ ❡❧ ♣♦❞❡r ❞❡
♠❡r❝❛❞♦ ❛ ♠❡♥♦s q✉❡ ✐♥❝r❡♠❡♥t❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❡r❝❛❞♦✱ ❧❛ ❆❣❡♥❝✐❛ ♠✐❞❡ ❡❧
✐♥❝r❡♠❡♥t♦ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ r❡s✉❧t❛♥t❡ ❞❡ ❧❛s ❢✉s✐♦♥❡s ♦ ❡♥tr❛❞❛s ❛❧ ♠❡r❝❛❞♦ ❞❡
♥✉❡✈❛s ❡♠♣r❡s❛s✳

▲❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥tr❛❞❛ ❛❧ ♠❡r❝❛❞♦ ② ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❢✉s✐ó♥ ♣✉❡❞❡♥ ❞❡✜♥✐rs❡

✹❊st❡ ❡♥❢♦q✉❡ s❡ ✉t✐❧✐③❛ ♣❛r❛ ❡✈❛❧✉❛r ❧❛s ❢✉s✐♦♥❡s q✉❡ s♦♥ ♠♦t✐✈❛❞❛s ♣♦r ❧❛ ♣❡rs♣❡❝t✐✈❛ ❞❡
❜❡♥❡✜❝✐♦s ✜♥❛♥❝✐❡r♦s✳ ❊♥tr❡ ❧❛s ❞✐✈❡rs❛s ❢✉❡♥t❡s ❞❡ ❜❡♥❡✜❝✐♦s ✜♥❛♥❝✐❡r♦s✱ ✉♥❛ ❢✉❡♥t❡ ♣♦t❡♥❝✐❛❧ ❡s
❡❧ ♣♦❞❡r ❞❡ ♠❡r❝❛❞♦✳

✻



❡♥t♦♥❝❡s ❝♦♠♦✺✿

❈♦♥❞✐❝✐ó♥ ❞❡ ❡♥tr❛❞❛✳ ▲❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ❡♠♣r❡s❛ ♥♦ ❞❡❜❡ ❛✉♠❡♥t❛r ❧❛ ❝♦♥✲
❝❡♥tr❛❝✐ó♥ ❞❡ ✉♥ ♠❡r❝❛❞♦✳

❈♦♥❞✐❝✐ó♥ ❞❡ ❋✉s✐ó♥✳ ▲❛ ❢✉s✐ó♥ ❞❡ ❞♦s ♦ ♠ás ❡♠♣r❡s❛s ❛✉♠❡♥t❛rá ❧❛ ❝♦♥❝❡♥✲
tr❛❝✐ó♥✻✱ ♣❡r♦ ❡❧ ❛✉♠❡♥t♦ ❞❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ♥♦ ❞❡❜❡ s✉♣❡r❛r ✉♥ ✉♠❜r❛❧
❞❡t❡r♠✐♥❛♥❞♦✳

❊st♦s ❝r✐t❡r✐♦s s♦♥ ❡❧❡♠❡♥t♦s ❞❡❝✐s✐♦♥❛❧❡s út✐❧❡s ♣❛r❛ ❞❡✜♥✐r ❧❛ ❡♥tr❛❞❛ ✭♦ ❢✉s✐ó♥✮✱
s✐♥ ❡♠❜❛r❣♦ ♥♦ ❡st❛❜❧❡❝❡♥ ❝✉á❧ ❞❡❜❡rí❛ s❡r ❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❡♥t✐❞❛❞❡s ✜✲
♥❛♥❝✐❡r❛s ❡♥ ✉♥ ♠❡r❝❛❞♦✳

✷✳✹✳ ❯♥❛ ❆♣r♦①✐♠❛❝✐ó♥ ❛❧ ◆ú♠❡r♦ Ó♣t✐♠♦ ❞❡ ❇❛♥❝♦s ❡♥ ✉♥
▼❡r❝❛❞♦

▼♦rr✐s ❡t ❛❧✳ ❬✻❪ ❝♦♥s✐❞❡r❛♥ q✉❡ ♥♦ ❡①✐st❡ ❡✈✐❞❡♥❝✐❛ ❡♠♣ír✐❝❛ ❞❡ ✉♥ ♥ú♠❡r♦ ó♣t✐✲
♠♦ ❞❡ ❜❛♥❝♦s ♠❡❞✐❜❧❡ r❛③♦♥❛❜❧❡♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ t❛♠❛ñ♦ ❞❡ ♠❡r❝❛❞♦ ❡♥ ♣❛rt✐❝✉❧❛r✱
② r❡❝♦♠✐❡♥❞❛♥ q✉❡ ❧♦s r❡❣✉❧❛❞♦r❡s ♥♦ ❞❡❜❡rí❛♥ tr❛t❛r ❞❡ ❧✐♠✐t❛r ❡❧ ♥ú♠❡r♦ ❞❡ ❜❛♥✲
❝♦s ❛ ✉♥ ♥ú♠❡r♦ ❡s♣❡❝í✜❝♦✱ ②❛ q✉❡ ❡st❛ ♣♦❧ít✐❝❛ r❡s✉❧t❛rí❛ ❡♥ ✉♥❛ ❝♦♥❝❡♥tr❛❝✐ó♥
❡①❝❡s✐✈❛ ❞❡❧ ♠❡r❝❛❞♦ q✉❡ ♣♦❞rí❛ ❞✐s♠✐♥✉✐r ❧❛ s❛♥❛ ❝♦♠♣❡t❡♥❝✐❛ ❡ ✐♥❝r❡♠❡♥t❛r ❧♦s
❝♦st♦s ❞❡ ✐♥t❡r♠❡❞✐❛❝✐ó♥✼✳ ❊♠♣❡r♦✱ ❡s r❛③♦♥❛❜❧❡ ❝♦♥❝❡❜✐r q✉❡ ❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡

✺▼❛t❡♠át✐❝❛♠❡♥t❡✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥tr❛❞❛ ② ❢✉s✐ó♥ ♣♦❞rí❛♥ ♠♦❞❡❧✐③❛rs❡ ♠❡❞✐❛♥t❡ ❢✉♥✲
❝✐♦♥❡s ❝♦♥❞✐❝✐♦♥❛❧❡s f(·) q✉❡ ❞❡♣❡♥❞❛♥ ❞❡ ❧❛s ✈❛r✐❛❝✐♦♥❡s ✭∆✮ ❞❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥
❛♥t❡s ② ❞❡s♣✉és ❞❡ ❧❛ ❡♥tr❛❞❛ ❧❛ ♠❡r❝❛❞♦ ♦ ❢✉s✐ó♥✱

d(·) = f
(

∆hact
t+1, ∆h

dep
t+1

, ∆Cact
t+1, ∆C

dep
t+1

, ∆hcar
t+1

)

,

❞♦♥❞❡✿

f
(

∆hact
t+1

)

=

{

x1 s✐ ∆hact
t+1

> uh

y1 ❡♥ ❝✉❛❧q✉✐❡r ♦tr♦ ❝❛s♦

f
(

∆h
dep
t+1

)

=

{

x2 s✐ ∆h
dep
t+1

> uh

y2 ❡♥ ❝✉❛❧q✉✐❡r ♦tr♦ ❝❛s♦

f
(

∆Cact
t+1

)

=

{

x3 s✐ ∆Cact
t+1

> uc

y3 ❡♥ ❝✉❛❧q✉✐❡r ♦tr♦ ❝❛s♦

f
(

∆C
dep
t+1

)

=

{

x4 s✐ ∆C
dep
t+1

> uc

y4 ❡♥ ❝✉❛❧q✉✐❡r ♦tr♦ ❝❛s♦

f
(

∆hcar
t+1

)

=

{

x5 s✐ ∆hcar
t+1

> ucar

y5 ❡♥ ❝✉❛❧q✉✐❡r ♦tr♦ ❝❛s♦

② ∆hact
t+1

❡s ❡❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❛❝t✐✈♦s ❞❡❧ ♠❡r❝❛❞♦✱ ❛♥t❡s ② ❞❡♣✉és ❞❡ ❧❛ ❡♥tr❛❞❛ ❛❧

♠❡r❝❛❞♦ ❞❡ ✉♥❛ ♥✉❡✈❛ ❡♥t✐❞❛❞ ♦ ❢✉s✐ó♥✱ ∆h
dep
t+1

s♦♥ ❧♦s ❝❛♠❜✐♦s ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❞❡♣ós✐t♦s

❞❡❧ ♠❡r❝❛❞♦✱ ∆Cact
t+1

❡s ❡❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛s ❝✉❛tr♦ ✜r♠❛s ♣r✐♥❝✐♣❛❧❡s ✭❛✉♠❡♥t♦ ♦
r❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ♦❧✐❣♦♣♦❧✐st❛✮✱ ❛♥t❡s ② ❞❡s♣✉és ❞❡ ❧❛ ❡♥tr❛❞❛ ❛❧ ♠❡r❝❛❞♦ ❞❡ ✉♥❛ ♥✉❡✈❛

❡♥t✐❞❛❞ ♦ ✉♥❛ ❢✉s✐ó♥✱ ∆C
dep
t+1

❡s ❡❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛s ❝✉❛tr♦ ✜r♠❛s ♣r✐♥❝✐♣❛❧❡s
✭❛✉♠❡♥t♦ ♦ r❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ♦❧✐❣♦♣♦❧✐st❛✮✱ ♠❡❞✐❞❛ ♠❡❞✐❛♥t❡ ❧♦s ❞❡♣ós✐t♦s✱ ∆hcar

t+1
❡s

❡❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❝❛rt❡r❛ ♣♦r ❛❝t✐✈✐❞❛❞ ❡❝♦♥ó♠✐❝❛ ❞❡❧ s✐st❡♠❛✱ ❛♥t❡s ② ❞❡♣✉és
❞❡ ❧❛ ❡♥tr❛❞❛ ❛❧ ♠❡r❝❛❞♦ ❞❡ ✉♥❛ ♥✉❡✈❛ ❡♥t✐❞❛❞ ♦ ✉♥❛ ❢✉s✐ó♥✱ ② uh, uc, ucar s♦♥ ❧♦s ✉♠❜r❛❧❡s
❞❡ ❞❡❝✐s✐ó♥✳ P♦r ❡❥❡♠♣❧♦✱ s✐ uh = uh = ucar = 0 ❡♥t♦♥❝❡s só❧♦ ❧❛s ❡♥t✐❞❛❞❡s q✉❡ ♥♦ ❛✉♠❡♥t❡♥
❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❡r❝❛❞♦ ♣♦❞rí❛♥ s❡r ❛✉t♦r✐③❛❞❛s ♣❛r❛ ❡❧ ✐♥❣r❡s♦ ❛❧ ♠❡r❝❛❞♦✳ ▲❛ ❢✉♥❝✐ó♥
d(·) ❝♦♥s♦❧✐❞❛ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❡♥ ❧♦s ❝✐♥❝♦ ✐♥❞✐❝❛❞♦r❡s ❞❡ ❡str✉❝t✉r❛ ❞❡ ♠❡r❝❛❞♦❀ s✉♣♦♥✐❡♥❞♦ ✉♥❛
❢✉♥❝✐ó♥ ❧✐♥❡❛❧ ♣❛r❛ d(·)✱ d(·) =

∑

5
i=1

yi ❝✉❛♥❞♦ ❧❛ ❡♥tr❛❞❛ ♦ ❢✉s✐ó♥ r❡❞✉③❝❛ ❡❧ r✐❡s❣♦ s✐sté♠✐❝♦ ❞❡
❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❝❛rt❡r❛ ② r❡❞✉③❝❛ ❧❛s ✐♠♣❡r❢❡❝❝✐♦♥❡s ❞❡ ♠❡r❝❛❞♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ ✐♥❞✉str✐❛✱
② s❡❣ú♥ d(·) →

∑

5
i=1

xi ❧❛ ❡♥tr❛❞❛ ♦ ❢✉s✐ó♥ ✐♥❝r❡♠❡♥t❛rá ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥✱ ② ♣♦r t❛♥t♦ ❡❧ ✐♥❣r❡s♦
❞❡ ❧❛ ❡♥t✐❞❛❞ ❛❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦ s❡rá ❞❡s❢❛✈♦r❛❜❧❡✳

✻P♦rq✉❡ ❧❛ ❢✉s✐ó♥ ✐♠♣❧✐❝❛ ✉♥❛ tr❛♥s❢❡r❡♥❝✐❛ ❞❡ ✈❡♥t❛s ② ❧❛ s❛❧✐❞❛ ❞❡ ✉♥❛ ❡♠♣r❡s❛ ♣❡q✉❡ñ❛✱
❛s♣❡❝t♦s ❛♠❜♦s q✉❡ ❛✉♠❡♥t❛♥ ❡❧ í♥❞✐❝❡ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥✳

✼❊❧ r❡s✉❧t❛❞♦ t❡♦rét✐❝♦ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❝✐✉❞❛❞❡s ❝✐r❝✉❧❛r❡s ❞❡ ❙❛❧♦♣ ❡s q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ❜❛♥❝♦s
❡♥ ❡q✉✐❧✐❜r✐♦ ✭❡❧ ♥ú♠❡r♦ ❞❡ ❜❛♥❝♦s ó♣t✐♠♦✮ s❡ ♦❜t✐❡♥❡ ❝✉❛♥❞♦ ❧♦s ❜❡♥❡✜❝✐♦s ❞❡ ✐♥❣r❡s❛r ❛❧ ♠❡r✲

✼



❜❛♥❝♦s ❡♥ ✉♥ ♠❡r❝❛❞♦ s❡ ♣r♦❞✉❝❡ ❝✉❛♥❞♦ ést❡ s❡ ❡♥❝✉❡♥tr❛ ❡q✉✐❞✐str✐❜✉✐❞♦✱ s✐ ❡st❛
❡q✉✐❞✐str✐❜✉❝✐ó♥ ❡s ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛❧ ❣r❛❞♦ ❞❡ ❝♦♠♣❡t✐t✐✈✐❞❛❞ ❞❡❧ ♠❡r❝❛❞♦✳

❘❡tó♠❡s❡ ❡❧ ✐♥❞✐❝❛❞♦r ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❍❡r✜♥❞❛❤❧✳ ❙✐ s❡ ❛s✉♠❡ q✉❡ ést❡ ✐♥✲
❞✐❝❛❞♦r ♠✐❞❡ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧❛ ❝♦♠♣❡t✐t✐✈✐❞❛❞ ❞❡ ✉♥ ♠❡r❝❛❞♦✽✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡❧
✐♥❞✐❝❛❞♦r ❍❡r✜♥❞❛❤❧ ✐♥✈❡rs♦ s❡rá ❡❧ ♥ú♠❡r♦ ❞❡ ❡♥t✐❞❛❞❡s ❡♥ ✉♥ ♠❡r❝❛❞♦ ❡q✉✐❞✐s✲
tr✐❜✉✐❞♦✱

f(h−1) = (p2
1 + p2

2 + p2
3 + · · · + p2

n)−1

② ❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ✭n∗✮ ❞❡ ❜❛♥❝♦s ❡♥ ❡❧ ♠❡r❝❛❞♦ s❡rá ❡❧ ❧í♠✐t❡ ❞❡ ❡st❛
❢✉♥❝✐ó♥ ❝✉❛♥❞♦ ❡❧ ♠❡r❝❛❞♦ ❝♦♠♣✉❡st♦ ♣♦r j✲❡♥t✐❞❛❞❡s s❡ ❡♥❝✉❡♥tr❡ ♣❡r❢❡❝t❛♠❡♥t❡
❡q✉✐❞✐str✐❜✉✐❞♦✱

n∗ = ĺım
pj→

1

n

f
(

h−1
)

j = 1, 2, . . . , n.

❖♣❡r❛❝✐♦♥❛❧♠❡♥t❡✱ ❧❛ ❛♥t❡r✐♦r ❞❡✜♥✐❝✐ó♥ ❞❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❜❛♥❝♦s ♣✉❡❞❡ tr❛✲
❞✉❝✐rs❡ ❡♥ ✉♥ ❝r✐t❡r✐♦ ❞❡ ♦♣t✐♠✐❞❛❞ ✭q✮ ❡♥ ❜❛s❡ ❛ ❧❛ ❢✉♥❝✐ó♥ f(q) = hn✱ ❞❛❞♦
q✉❡✱

ĺım
h→ 1

n

f (q) = 1

❡s ❞❡❝✐r✱ ❝✉❛♥❞♦ s❡ ❛❧❝❛♥❝❡ ❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❡♥t✐❞❛❞❡s ✜♥❛♥❝✐❡r❛s ❡♥ ✉♥ ♠❡r✲
❝❛❞♦✱ ❡❧ ❝r✐t❡r✐♦ ❞❡ ♦♣t✐♠✐❞❛❞ s❡rá ✐❣✉❛❧ ❛ ✶✳

❆♣r♦①✐♠❛❝✐ó♥ ❛❧ ◆ú♠❡r♦ Ó♣t✐♠♦ ❞❡ ❇❛♥❝♦s ▼✐❡♥tr❛s ♠ás ❝❡r❝❛ ❛ ✶ ❡sté ❡❧
❝r✐t❡r✐♦ ❞❡ ♦♣t✐♠✐❞❛❞✱ ♠ás ♣ró①✐♠♦ ❡st❛rá ✉♥ ♠❡r❝❛❞♦ ❛❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡
❜❛♥❝♦s✳

❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ s❡ ❝❛❧❝✉❧❛♥ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ② s❡ s✐♠✉❧❛ ❡❧
✐♥❣r❡s♦ ❞❡ ✉♥❛ ❡♥t✐❞❛❞ ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❧♦s ❡❢❡❝t♦s q✉❡ t❡♥❞rí❛
❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ♠❡r❝❛❞♦ ② ❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❜❛♥❝♦s✳

✸✳ ❆♣❧✐❝❛❝✐ó♥ ❛❧ ▼❡r❝❛❞♦ ❇❛♥❝❛r✐♦ ❇♦❧✐✈✐❛♥♦

✸✳✶✳ ❉❡✜♥✐❝✐ó♥ ❞❡ ▼❡r❝❛❞♦

▲❛s ♠❡❞✐❞❛s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ♥♦ t♦♠❛♥ ❡♥ ❝✉❡♥t❛ ❡①♣❧í❝✐t❛♠❡♥t❡ q✉❡ ❧❛s ❡♥t✐✲
❞❛❞❡s ✜♥❛♥❝✐❡r❛s ♣✉❡❞❡♥ ♥♦ ❝♦♠♣❡t✐r ❞✐r❡❝t❛♠❡♥t❡ ❡♥ ❧❛ ♠✐s♠❛ ❧í♥❡❛ ❞❡ ♥❡❣♦❝✐♦
✭❇❡❝❦ ❬✶❪✮✱ ♣♦r ❧♦ q✉❡ ♣❛r❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ♣rá❝t✐❝❛ ❞❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥
② ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧ ❡s ✐♠♣♦rt❛♥t❡ ❞❡✜♥✐r ❛❞❡❝✉❛❞❛♠❡♥t❡ ❡❧ ♠❡r❝❛❞♦ ❡♥
❡❧ q✉❡ ❝♦♠♣✐t❡♥ ❡❢❡❝t✐✈❛♠❡♥t❡ ❧❛s ❡♥t✐❞❛❞❡s ✜♥❛♥❝✐❡r❛s✱ ♣♦rq✉❡ s✐ ❡❧ ♠❡r❝❛❞♦ s❡
❞❡✜♥❡ ♠✉② ❛♠♣❧✐❛♠❡♥t❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ♣✉❡❞❡♥ s✉❜❡st✐♠❛r ❧❛s
♣♦t❡♥❝✐❛❧✐❞❛❞❡s ♠♦♥♦♣♦❧íst✐❝❛s ❞❡ ✉♥❛ s✐t✉❛❝✐ó♥✱ ❡♥ t❛♥t♦ q✉❡ s✐ s❡ ❞❡✜♥❡♥ ♠✉② ❡s✲
tr❡❝❤❛♠❡♥t❡✱ ❧❛s ♣♦t❡♥❝✐❛❧✐❞❛❞❡s ♠♦♥♦♣♦❧íst✐❝❛s ♣✉❡❞❡♥ s❡r s♦❜r❡❡st✐♠❛❞❛s ✭▼✐❧❧❡r
❬✺❪✮✳

❯♥❛ ❞❡✜♥✐✜❝✐ó♥ ❛♠♣❧✐❛ ❞❡❧ ♠❡r❝❛❞♦ ❞❡❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦ ❡s✱

❉❡✜♥✐❝✐♦♥ ❞❡ ♠❡r❝❛❞♦ ■✿ ❊❧ ♠❡r❝❛❞♦ ■ ❡stá ❢♦r♠❛❞♦ ♣♦r ❧❛s ❡♥t✐❞❛❞❡s ❜❛♥❝❛r✐❛s
q✉❡ ❤❛♥ ❝♦♠♣❡t✐❞♦ ❡♥ ❧❛ ❝❛♣t❛❝✐ó♥ ❞❡ ❞❡♣ós✐t♦s ② ❡♥ ❡❧ s✉♠✐♥✐str♦ ❞❡ ❝ré❞✐t♦✳

➱st❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♠❡r❝❛❞♦ ❡①❝❧✉②❡ ❞❡❧ ♠❡r❝❛❞♦ ❛ ❧❛s s✉❝✉rs❛❧❡s ❞❡ ❜❛♥❝♦s ❡①✲
tr❛♥❥❡r♦s✱ ♣♦rq✉❡ ♥♦ r❡❛❧✐③❛♥ ✐♥t❡r♠❡❞✐❛❝✐ó♥ ✜♥❛♥❝✐❡r❛✱ ❡ ✐♥❝❧✉②❡ ❛ ❧❛s ❡♥t✐❞❛❞❡s
❜❛♥❝❛r✐❛s✿ ❜s♦✱ ❜❧❛✱ ❜❡❝✱ ❜❣❛✱ ❜✉♥✱ ❜❝r✱ ❜✐s✱ ❜♥❜✱ ❜♠❡✳

❝❛❞♦ s♦♥ ✐❣✉❛❧❡s ❛ ❧♦s ❝♦st❡s ❞❡ ✐♥❣r❡s♦✱ ❡♥ ✉♥ ❝♦♥t❡①t♦ ❡♥ ❡❧ q✉❡ ♥♦ ❡①✐st❛♥ r❡str✐❝❝✐♦♥❡s ❛ ❧❛
❡♥tr❛❞❛ ✭❋r❡✐①❛s ❬✷❪✮✳ ❊❧ ♠♦❞❡❧♦ t❡♦rét✐❝♦ ❞❡ ❙❛❧♦♣ ♥♦ ♣❛r❡❝❡ ❤❛❜❡r t❡♥✐❞♦ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡♠♣ír✐❝❛
r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❡st✐♠❛r ❡❢❡❝t✐✈❛♠❡♥t❡ ❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❜❛♥❝♦s ❡♥ ✉♥ s✐st❡♠❛✳

✽❘❡❝✉ér❞❡s❡ q✉❡ ❡st❡ ✐♥❞✐❝❛❞♦r ❡s ✉♥❛ ♠❡❞✐❞❛ ✐♥❞✐r❡❝t❛ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ♠❡r❝❛❞♦✳

✽



.55

.60

.65

.70

.75

.80

.55

.60

.65

.70

.75

.80

96 98 00 02 04 06 08

Ratio de Concentración x=4 (Activos Sistema Bancario)
Ratio de Concentrac ión x=4 (Activos Sistema B ancario sin Microf)
Ratio de Concentración x=4 (Depósitos Sistema Bancario)
Ratio de Concentrac ión x=4 (Depósitos Sistema Bancario sin Micr)
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Indice Herfindahl (Activos Sistema Bancario)
Indice Herfindahl (Activos Sistema Bancario sin Microf)
Indice Herfindahl (Depósitos Sistema Bancario)
Indice Herfindahl (Depósitos Sis tema Bancario sin Microf)
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Inverso Índ. Herfindahl (Activos Sistema Bancario)
Inverso Índ. Herfindahl (Activos Sistema Bancario sin Microf)
Inverso Índ. Herfindahl (Depósitos Sistema B ancario)
Inverso Índ. Herfindahl (Depósitos Sistema Bancario sin Microf)
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Movilidad Intra-Industrial (Activos Sistema Bancario)
Movilidad Intra-Industrial (Activos Sistema Bancario sin Microf)
Movilidad Intra-Industrial (Depósitos Sistema Bancario)
Movilidad Intra-Industrial (Depósitos Sistema Bancario sin Mic))

●rá✜❝♦ ✶✿ ■♥❞✐❝❛❞♦r❡s ❞❡ ❊str✉❝t✉r❛ ❞❡ ▼❡r❝❛❞♦

❙✐ s❡ ❞❡✜♥❡ ❛❧ ♠❡r❝❛❞♦ ❡①❝❧✉②❡♥❞♦ ❛ ❧❛s ❡♥t✐❞❛❞❡s q✉❡ s❡ ♦r✐❡♥t❛♥ ♣r✐♥❝✐♣❛❧✲
♠❡♥t❡ ❛ ❧❛s ♠✐❝r♦✜♥❛♥③❛s ✭❜❧❛✮ ② ✭❜s♦✮✱

❉❡✜♥✐❝✐♦♥ ❞❡ ♠❡r❝❛❞♦ ■■✿ ❊❧ ♠❡r❝❛❞♦ ■■ ❡stá ❢♦r♠❛❞♦ ♣♦r ❧❛s ❡♥t✐❞❛❞❡s ❜❛♥✲
❝❛r✐❛s q✉❡ ❤❛♥ ❝♦♠♣❡t✐❞♦ ❡♥ ❧❛ ❝❛♣t❛❝✐ó♥ ❞❡ ❞❡♣ós✐t♦s ② ❡♥ ❡❧ s✉♠✐♥✐str♦ ❞❡
❝ré❞✐t♦✱ s✐♥ ❝♦♥❝❡♥tr❛r s✉s ❛❝t✐✈✐❞❛❞❡s ❡♥ ❧❛s ♠✐❝r♦✜♥❛♥③❛s✳

❡♥t♦♥❝❡s ❧❛s ❡♥t✐❞❛❞❡s q✉❡ s❡ ✐♥❝❧✉②❡♥ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ■■ ❞❡ ♠❡r❝❛❞♦ s❡rí❛♥✿ ❜❡❝✱
❜❣❛✱ ❜✉♥✱ ❜❝r✱ ❜✐s✱ ❜♥❜✱ ❜♠❡✳

▲♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ② ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧ s❡ ❝❛❧❝✉❧❛♥ ♣❛r❛
❛♠❜❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ♠❡r❝❛❞♦ ✭■ ② ■■✮✱ t❛♥t♦ ♣❛r❛ ❛❝t✐✈♦s ❝♦♠♦ ♣❛r❛ ❞❡♣ós✐t♦s ❞❡❧
s✐st❡♠❛ ❜❛♥❝❛r✐♦✳

✸✳✷✳ ■♥❞✐❝❛❞♦r❡s ❞❡ ❈♦♥❝❡♥tr❛❝✐ó♥ ② ▼♦✈✐❧✐❞❛❞ ■♥tr❛✲■♥❞✉str✐❛❧

❊❧ r❡s✉❧t❛❞♦ ❞❡❧ ❝á❧❝✉❧♦ ❞❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ② ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲
✐♥❞✉str✐❛❧ ♣✉❡❞❡♥ ♦❜s❡r✈❛rs❡ ❡♥ ❧❛s t❛❜❧❛s ✶✱ ✷ ② ❡♥ ❡❧ ❣rá✜❝♦ ✶✳ ▲♦s ✈❛❧♦r❡s ❞❡❧

✾
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Agricultura y Ganadería

Caza, Silvicultura y Pesca
Minerales metálicos y no metálicos

Industria Manufacturera
Producción y distribución de energía eléctrica, gas y agua

Construcción
Venta al por mayor y menor

Hoteles y Restaurantes

Transporte, almacenamiento y comunicación
Intermediación financiera

Servicios inmobiliarios, empresariales y de alquiler
Adminis tración pública, defensa y seguridad social obligatoria

Educación
Sociales, comunales y personales

Hogares privados que contratan servicio doméstico
Organizaciones y órganos extraterritoriales

Cartera y Contingente (2006)
Población Económicamente Activa (2006)

Proporción (%)

●rá✜❝♦ ✷✿ ❈♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❈❛rt❡r❛ ♣♦r ❆❝t✐✈✐❞❛❞ ❊❝♦♥ó♠✐❝❛ ✭❙✐st❡♠❛ ❇❛♥❝❛r✐♦✮

í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ ❛ ♦❝t✉❜r❡ ❞❡ ✷✵✵✽ s♦♥ ✐❣✉❛❧❡s ❛ ✶✹✸✶✳✶ ✭❛❝t✐✈♦s✮ ②
✶✺✸✹✳✺ ✭❞❡♣ós✐t♦s✮✱ s✉❣✐r✐❡♥❞♦ ✉♥❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❡r❝❛❞♦ ♠♦❞❡r❛❞❛ ❞❡❧ s✐s✲
t❡♠❛ ❜❛♥❝❛r✐♦ t❛♥t♦ ❡♥ ❛❝t✐✈♦s ❝♦♠♦ ❡♥ ❞❡♣ós✐t♦s❀ s✐♥ ❡♠❜❛r❣♦ s✐ s❡ ❡①❝❧✉②❡ ❛ ❧❛s
❡♥t✐❞❛❞❡s ♠✐❝r♦✜♥❛♥❝✐❡r❛s ✭♠❡r❝❛❞♦ ■■✮ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❞❡♣ós✐t♦s ❡s ❛❧t❛ ✭❡❧
✈❛❧♦r ❞❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ ❡s ✶✽✵✸✳✾✮✳ ❍✐stór✐❝❛♠❡♥t❡✱ ❞❡s❞❡ ✶✾✾✻ ❤❛st❛
❡❧ ❛ñ♦ ✷✵✵✽✱ ❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ s❡ ❡♥❝♦♥tró ❡♥tr❡ ✶✹✵✵ ② ✶✻✵✵ ♣✉♥t♦s✱ ❡①✐st✐❡♥❞♦
✉♥❛ t❡♥❞❡♥❝✐❛ ❝❡♥tr❛❧ r❡❧❛t✐✈❛♠❡♥t❡ ❡st❛❜❧❡ ❞❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ♠♦❞❡r❛❞❛✾✳

❊❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ ✐♥✈❡rs♦ ♠✉❡str❛ q✉❡ s✐ ❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ✭■✮ ❡st✉✈✐❡r❛
❡q✉✐t❛t✐✈❛♠❡♥t❡ ❞✐str✐❜✉✐❞♦✱ ❡st❛rí❛ ❝♦♥❢♦r♠❛❞♦ ♣♦r ✻ ❛ ✼ ❡♥t✐❞❛❞❡s✳ ❙✐ s❡ ❡①❝❧✉②❡
❛ ❧❛s ❡♥t✐❞❛❞❡s ♠✐❝r♦✜♥❛♥❝✐❡r❛s✱ ✉♥ ♠❡r❝❛❞♦ ✭■■✮ ❡q✉✐❞✐str✐❜✉✐❞♦ ❡st❛rí❛ ❝♦♠♣✉❡st♦
♣♦r ✺ ❛ ✻ ❡♥t✐❞❛❞❡s✳ ❊♥ ♣r♦♠❡❞✐♦✱ s✐ ❧❛s ♣❛rt✐❝✐♣❛❝✐♦♥❡s ❞❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❤✉✲
❜✐❡r❛♥ ❡st❛❞♦ ✐❣✉❛❧♠❡♥t❡ ❞✐str✐❜✉✐❞❛s✱ ❡st❡ ♠❡r❝❛❞♦ ❤❛❜rí❛ ❡st❛❞♦ ❝♦♥❢♦r♠❛❞♦ ♣♦r
✻ ❛ ✼ ❡♥t✐❞❛❞❡s✳ ❆❝t✉❛❧♠❡♥t❡ ❡❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦ ❡st❛ ❝♦♥❢♦r♠❛❞♦ ♣♦r ✾ ❡♥t✐❞❛❞❡s
✜♥❛♥❝✐❡r❛s✱ ✐♥❝❧✉②❡♥❞♦ ❡♥t✐❞❛❞❡s ♠✐❝r♦✜♥❛♥❝✐❡r❛s ♣❡r♦ ❡①❝❧✉②❡♥❞♦ s✉❝✉rs❛❧❡s ❞❡
❜❛♥❝♦s ❡①tr❛♥❥❡r♦s✳

❊❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛s ❝✉❛tr♦ ✜r♠❛s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡❧ ♠❡r❝❛❞♦
■ ❡s ✵✳✻✾ ♣❛r❛ ❧♦s ❛❝t✐✈♦s ② ✵✳✼✶ ♣❛r❛ ❧♦s ❞❡♣ós✐t♦s ❞❡❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦✳ ❊st♦s
✈❛❧♦r❡s ♣✉❡❞❡♥ s❡r ✐♥t❡r♣r❡t❛❞♦s ❝♦♠♦ ❡✈✐❞❡♥❝✐❛ ❞❡ ✉♥ ♦❧✐❣♦♣♦❧✐♦ ❡♥ ❡❧ q✉❡ ❧❛s ✹
❡♠♣r❡s❛s ♠ás ❣r❛♥❞❡s ❝♦♥tr♦❧❛♥ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✼✵✪ ❞❡❧ ♠❡r❝❛❞♦ ❞❡ ✐♥t❡r♠❡✲
❞✐❛❝✐ó♥ ✜♥❛♥❝✐❡r❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ♣r♦❞✉❝t♦s ② s❡r✈✐❝✐♦s ❜❛♥❝❛r✐♦s✳ ❙✐ ❡①❝❧✉②❡ ❛ ❧❛s
❡♥t✐❞❛❞❡s ♠✐❝r♦✜♥❛♥❝✐❡r❛s ✭▼❡r❝❛❞♦ ■■✮✱ ❧♦s ✈❛❧♦r❡s ❞❡❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ s❡

✾❊❧ ❝♦♥❝❡♣t♦ ❞❡ ✐♥t❡r♠❡❞✐❛❝✐ó♥ ✜♥❛♥❝✐❡r❛ s❡ r❡✜❡r❡ ❝♦♥ ♠ás ♣r❡❝✐s✐ó♥ ❛ ❧❛ ❝♦♥❝❡s✐ó♥ ❞❡ ❝ré❞✐t♦s
✭❝✉❡♥t❛s ❞❡ ❝❛rt❡r❛✮ ② ♥♦ ❛ ❧❛s ❝✉❡♥t❛s ❞❡ ✐♥✈❡rs✐♦♥❡s✱ s✐ ❜✐❡♥ ❛♠❜♦s r✉❜r♦s ❝♦♠♣♦♥❡♥ ❡❧ ❛❝t✐✈♦✳ ❙✐
s❡ ❝❛❧❝✉❧❛♥ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ s♦❧❛♠❡♥t❡ ♣❛r❛ ❧❛ ❝❛rt❡r❛ s❡ t✐❡♥❡♥ r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s
❛ ❧♦s ♦❜t❡♥✐❞♦s ❝♦♥ ❡❧ t♦t❛❧ ❞❡❧ ❛❝t✐✈♦✿ ♣❛r❛ ❡❧ ▼❡r❝❛❞♦ ■✱ ❡❧ í♥❞✐❝❛❞♦r ❍❡r✜♥❞❛❤❧ ❞❡ ❈❛rt❡r❛ ❡s h =
✵✳✶✸✵✽ ✭H = ✶✸✵✼✳✻✮ ② ♣❛r❛ ❡❧ ▼❡r❝❛❞♦ ■■ h = ✵✳✶✻✸✵ ✭H = ✶✻✷✾✳✻✮✱ ❡❧ ✐♥✈❡rs♦ ❞❡ ❡st❡ ✐♥❞✐❝❛❞♦r
❡s ✼✳✻✹✼✸ ♣❛r❛ ❡❧ ▼❡r❝❛❞♦ ■ ② ✻✳✶✸✻✸ ♣❛r❛ ❡❧ ▼❡r❝❛❞♦ ■■✱ ② ❡❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛s ❝✉❛tr♦
✜r♠❛s ♠ás ✐♠♣♦rt❛♥t❡s ✭Cx=4✮ ❡s ✵✳✻✸✹✽ ❡♥ ❡❧ ▼❡r❝❛❞♦ ■ ② ✵✳✼✻✺✶ ❡♥ ❡❧ ▼❡r❝❛❞♦ ■■✳ ❆❧ ✐❣✉❛❧
q✉❡ ❝♦♥ ❧♦s ❞❡♣ós✐t♦s ② ❡❧ t♦t❛❧ ❞❡ ❛❝t✐✈♦s✱ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❝❛rt❡r❛ s✉❣✐❡r❡♥
✉♥❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ♠♦❞❡r❛❞❛ ❞❡❧ ♠❡r❝❛❞♦ ❞❡ ✐♥t❡r♠❡❞✐❛❝✐ó♥ ✜♥❛♥❝✐❡r❛ ✭s✐ ❜✐❡♥ ❡st❛ ❝♦♥❝❡♥tr❛❝✐ó♥
❡s ♠❡♥♦r q✉❡ ❝♦♥ ❧♦s ❞❡♣ós✐t♦s ② ❡❧ t♦t❛❧ ❞❡ ❛❝t✐✈♦s✮ ② ❡❧ r❛t✐♦ Cx=4 s✉❣✐❡r❡ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥
♦❧✐❣♦♣♦❧✐♦ ❡♥ ❡❧ ♠❡r❝❛❞♦ ❝r❡❞✐t✐❝✐♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ ✐♥✈❡rs♦ ❞❡ ❝❛rt❡r❛ ❡s ♠❛②♦r
❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❡❧ ✐♥✈❡rs♦ ❞❡❧ ✐♥❞✐❝❛❞♦r h ❞❡❧ t♦t❛❧ ❞❡ ❞❡♣ós✐t♦s ② ❛❝t✐✈♦s✱ ♣♦r ❧♦ q✉❡ ❡st❡
♠❡r❝❛❞♦ ❡st❛rí❛ ♠❡❥♦r ❡q✉✐❞✐str✐❜✉✐❞♦✱ s✉❣✐r✐❡♥❞♦ q✉❡ ❧❛ ❝♦♠♣❡t✐t✐✈✐❞❛❞ ❡s ♠❛②♦r ❡♥ ❧❛ ❝♦♥❝❡s✐ó♥
❞❡ ❝ré❞✐t♦s q✉❡ ❡♥ ❧❛s ❝❛♣t❛❝✐♦♥❡s✳

✶✵



❚❛❜❧❛ ✶✿ ▼❡❞✐❞❛s ❞❡ ❊str✉❝t✉r❛ ❞❡ ▼❡r❝❛❞♦ ❞❡❧ ❙✐st❡♠❛ ❇❛♥❝❛r✐♦

▼❡❞✐❞❛s ❞❡ ❊str✉❝t✉r❛ ▼❡r❝❛❞♦ ■ ▼❡r❝❛❞♦ ■■

❞❡ ♠❡r❝❛❞♦ ❆❝t✐✈♦s ❉❡♣ós✐t♦s ❆❝t✐✈♦s ❉❡♣ós✐t♦s

❍❡r✜♥❞❛❤❧ ✵✳✶✹✸✶ ✵✳✶✺✸✹ ✵✳✶✼✹✵ ✵✳✶✽✵✹
❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ ✶✹✸✶✳✶ ✶✺✸✹✳✺ ✶✼✹✵✳✺ ✶✽✵✸✳✾
■♥✈❡rs♦ ❍❡r✜♥❞❛❤❧ ✻✳✾✽✼✹ ✻✳✺✶✻✽ ✺✳✼✹✺✹ ✺✳✺✹✸✸
❈♦♥❝❡♥tr❛❝✐ó♥ ①❂✹ ✵✳✻✾✶✸ ✵✳✼✵✽✹ ✵✳✼✽✵✽ ✵✳✼✼✽✹
▼♦✈✳ ■♥tr❛✲✐♥❞✉str✐❛❧ ✵✳✵✶✶✽ ✵✳✵✶✼✾ ✵✳✵✵✽✺ ✵✳✵✶✹✵

❚❛❜❧❛ ✷✿ ❈♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❈❛rt❡r❛ ✲ ❙✐st❡♠❛ ❇❛♥❝❛r✐♦

❮♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ ✭Hc✮

✷✵✵✷ ✷✵✵✸ ✷✵✵✹ ✷✵✵✺ ✷✵✵✻ ✷✵✵✼

✶✵✶✶ ✾✽✾ ✾✷✾ ✶✵✽✾ ✶✹✶✽ ✶✻✸✵

✐♥❝r❡♠❡♥t❛♥ ❤❛st❛ ✉♥ ✼✽✪✳ ❍✐stór✐❝❛♠❡♥t❡✱ ❧♦s ✈❛❧♦r❡s ❞❡❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥
s❡ ❤❛♥ ♠❛♥t❡♥✐❞♦ ❡♥tr❡ ✻✺✪ ② ✼✵✪ ❞❡s❞❡ ❧❛ ❣❡st✐ó♥ ✶✾✾✻❀ ♣♦r ❧♦ q✉❡ ❧❛ ❡str✉❝t✉r❛
♦❧✐❣♦♣ó❧✐❝❛ s❡ ♠❛♥t✉✈♦ ❡♥ ♣r♦♠❡❞✐♦ ❤❛st❛ ❧❛ ❢❡❝❤❛✳

❊❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥ t❛♠❜✐é♥ ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❧❛ ❝♦♥❝❡♥✲
tr❛❝✐ó♥ ♣♦r ❛❝t✐✈✐❞❛❞ ❡❝♦♥ó♠✐❝❛ ❞❡ ❧❛ ❝❛rt❡r❛ ❞❡ ❝ré❞✐t♦s✳ ❊❧ ✈❛❧♦r ❛❧t♦ ❞❡❧ í♥❞✐❝❡
❍❡r✜♥❞❤❛❧✲❍✐rs❝❤♠❛♥ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛ ❛❧t❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❝❛rt❡r❛✳ ❈♦♠♦
♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❡♥ ❡❧ ❣rá✜❝♦ ✷✱ ✉♥❛ ♠❛②♦r ♣r♦♣♦r❝✐ó♥ ❞❡ ❧❛ ❝❛rt❡r❛ ❞❡ ❝ré❞✐✲
t♦s s❡ ❝♦♥❝❡♥tr❛ ❡♥ s❡r✈✐❝✐♦s ✐♥♠♦❜✐❧✐❛r✐♦s✱ ❡♠♣r❡s❛r✐❛❧❡s ② ❞❡ ❛❧q✉✐❧❡r ✭❝❛✳ ✷✺✪✮✱
❡♥ ❧❛ ✐♥❞✉str✐❛ ♠❛♥✉❢❛❝t✉r❡r❛ ✭❝❛✳ ✷✵✪✮✱ ❡♥ ❧❛s ✈❡♥t❛s ❛❧ ♣♦r ♠❛②♦r ② ♠❡♥♦r ✭❝❛✳
✶✺✪✮ ② ❡♥ ❧❛ ❝♦♥str✉❝❝✐ó♥ ✭❝❛✳ ✶✹✪✮✳ ❊♥ ❝♦♥tr❛st❡✱ ❧❛ ♣♦❜❧❛❝✐ó♥ ❡❝♦♥ó♠✐❝❛♠❡♥t❡
❛❝t✐✈❛ s❡ ❝♦♥❝❡♥tr❛ ♠❛②♦r♠❡♥t❡ ❡♥ ❧❛s ❛❝t✐✈✐❞❛❞❡s ❞❡ ❛❣r✐❝✉❧t✉r❛ ② ❣❛♥❛❞❡rí❛ ✭❝❛✳
✹✵✪✮✳ ▲❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛ ❝❛rt❡r❛ ♣♦r ❞❡st✐♥♦ ❞❡ ❝ré❞✐t♦ ❞❡❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦
❡s r❡❧❛t✐✈❛♠❡♥t❡ r❡❝✐❡♥t❡✳ ▲❛ ❝♦♠♣♦s✐❝✐ó♥ ❤✐stór✐❝❛ ❞❡ ❧❛ ❝❛rt❡r❛✱ ♠❡❞✐❞❛ ❝♦♥ ❡❧
í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧✲❍✐rs❝❤♠❛♥✱ ✐♥❞✐❝❛ ✉♥❛ ❝❛rt❡r❛ ♥♦ ❝♦♥❝❡♥tr❛❞❛ ✭❞✐✈❡rs✐✜❝❛❞❛✮ ❡♥
❧♦s ❛ñ♦s ✷✵✵✸ ② ✷✵✵✹ q✉❡ ♣❛só ❛ ✉♥❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ♠♦❞❡r❛❞❛ ❞❡s❞❡ ❡❧ ❛ñ♦ ✷✵✵✺✳

❊❧ ✈❛❧♦r ❝❡r❝❛♥♦ ❛ ❝❡r♦ ❞❡❧ ✐♥❞✐❝❛❞♦r ❞❡ ❡st❛❜✐❧✐❞❛❞ ♠✉❡str❛ q✉❡ ❧❛ ♠♦✈✐❧✐❞❛❞
✐♥tr❛✲✐♥❞✉str✐❛❧ ❤❛ s✐❞♦ ❝❛s✐ ♥✉❧❛ ❞❡s❞❡ ❧❛ ❣❡st✐ó♥ ✷✵✵✼✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❧❛s ❝✉♦t❛s ❞❡
♠❡r❝❛❞♦ ❞❡ ❧❛s ❡♥t✐❞❛❞❡s ❜❛♥❝❛r✐❛s ♥♦ ❤❛♥ t❡♥✐❞♦ ♠♦❞✐✜❝❛❝✐♦♥❡s ✐♠♣♦rt❛♥t❡s✳ ❙✐
s❡ ❡①❛♠✐♥❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❤✐stór✐❝♦ ❞❡❧ ✐♥❞✐❝❛❞♦r ❞❡ ♠♦✈✐❧✐❞❛❞ ✐♥tr❛✲✐♥❞✉str✐❛❧
✭❣rá✜❝♦ ✶✮✱ s❡ ♦❜s❡r✈❛ q✉❡ ❧♦s ❝❛♠❜✐♦s ♠ás ✐♠♣♦rt❛♥t❡s ❡♥ ❧❛ ❝♦♠♣❡t❡♥❝✐❛ s❡ ❞❛♥
✭❛✮ ♣♦r ❧❛ ❡♥tr❛❞❛ ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❞❡ ❇❛♥❝♦ ▲♦s ❆♥❞❡s ✭❛♥t❡s ❋♦♥❞♦ ▲♦s
❆♥❞❡s✮ ❡❧ ❛ñ♦ ✷✵✵✺✱ ② ✭❜✮ ♣♦r ❧❛ ❢✉s✐ó♥ ❞❡❧ ❇❛♥❝♦ ▼❡r❝❛♥t✐❧ ② ❡❧ ❇❛♥❝♦ ❙❛♥t❛ ❈r✉③
❡❧ ❛ñ♦ ✷✵✵✼✳

❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦ ❧❛ ❡♥tr❛❞❛ ❞❡ ❋♦♥❞♦ ▲♦s ❆♥❞❡s ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ r❡❞✉❥♦
❧❡✈❡♠❡♥t❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♦❧✐❣♦♣♦❧íst✐❝❛ ② ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❡r❝❛❞♦✳ ❊st♦ s✉❣✐❡r❡
q✉❡ ❧❛ ❡♥tr❛❞❛ ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❞❡ ❋♦♥❞♦ ▲♦s ❆♥❞❡s ♥♦ s✐❣♥✐✜❝ó ✉♥ ✐♥❝r❡♠❡♥t♦
r❡❧❡✈❛♥t❡ ❞❡ ❧❛ ❝♦♠♣❡t❡♥❝✐❛✱ ♣♦s✐❜❧❡♠❡♥t❡ ♣♦rq✉❡ ❡st❛ ❡♥t✐❞❛❞ s❡ ❝❛r❛❝t❡r✐③❛ ♣♦r
♦r✐❡♥t❛r s✉s ❛❝t✐✈✐❞❛❞❡s ❤❛❝✐❛ ❧❛s ♠✐❝r♦✜♥❛♥③❛s ② ♥♦ ❝♦♠♣✐t❡ ❡♥ ❣❡♥❡r❛❧ ❝♦♥ ❧♦s
♣r♦❞✉❝t♦s ② s❡r✈✐❝✐♦s ❜❛♥❝❛r✐♦s ♦❢r❡❝✐❞♦s ♣♦r ♦tr❛s ❡♥t✐❞❛❞❡s✳

▲❛ ❢✉s✐ó♥ ❇❛♥❝♦ ▼❡r❝❛♥t✐❧✲❇❛♥❝♦ ❙❛♥t❛ ❈r✉③ t✉✈♦ s✐♥ ❡♠❜❛r❣♦ ✉♥ ❡❢❡❝t♦ ♠✉②
r❡❧❡✈❛♥t❡ ❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ♠❡r❝❛❞♦✳ ▲❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❡r❝❛❞♦ s❡ ✐♥❝r❡♠❡♥tó
② s❡ ❛❝❡♥t✉ó ❧❛ ♥❛t✉r❛❧❡③❛ ♦❧✐❣♦♣♦❧íst✐❝❛ ❞❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦✳ ▲❛ ❢✉s✐ó♥ ✐♥❝r❡♠❡♥tó

✶✶



❚❛❜❧❛ ✸✿ ❈♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❆❝t✐✈♦s ② ❉❡♣ós✐t♦s ❙✐st❡♠❛ ❇❛♥❝❛r✐♦

❊♥t✐❞❛❞ ▼▼❯❙✩ ❈♦♥✳ (t) ❈♦♥✳ (t + 1) ∆

❆❝t✳ ❉❡♣✳ ❆❝t✳ ❉❡♣✳ ❆❝t✳ ❉❡♣✳ ❆❝t✳ ❉❡♣✳

❇❙❖ ✸✳✶✸ ✷✳✵✹ ✺✳✵✼ ✹✳✺✾ ✹✳✽✻ ✹✳✹✶ ✲✵✳✷✶ ✲✵✳✶✽
❇❊❈ ✸✳✻✷ ✷✳✺✵ ✺✳✽✻ ✺✳✻✷ ✺✳✻✷ ✺✳✹✶ ✲✵✳✷✹ ✲✵✳✷✷
❇●❆ ✸✳✼✾ ✸✳✵✹ ✻✳✶✸ ✻✳✽✻ ✺✳✽✽ ✻✳✺✾ ✲✵✳✷✺ ✲✵✳✷✼
❇▲❆ ✸✳✾✺ ✶✳✾✻ ✻✳✸✾ ✹✳✹✶ ✻✳✶✸ ✹✳✷✸ ✲✵✳✷✻ ✲✵✳✶✼
❇❯◆ ✹✳✺✾ ✸✳✹✶ ✼✳✹✷ ✼✳✻✽ ✼✳✶✷ ✼✳✸✾ ✲✵✳✸✵ ✲✵✳✸✵
❇❈❘ ✽✳✾✾ ✻✳✹✻ ✶✹✳✺✸ ✶✹✳✺✺ ✶✸✳✾✹ ✶✸✳✾✾ ✲✵✳✺✾ ✲✵✳✺✻
❇■❙ ✾✳✵✸ ✺✳✻✼ ✶✹✳✻✵ ✶✷✳✼✾ ✶✹✳✵✵ ✶✷✳✷✾ ✲✵✳✻✵ ✲✵✳✺✵
❇◆❇ ✶✵✳✼✾ ✼✳✼✾ ✶✼✳✹✹ ✶✼✳✺✼ ✶✻✳✼✸ ✶✻✳✽✾ ✲✵✳✼✶ ✲✵✳✻✽
❇▼❊ ✶✸✳✾✻ ✶✶✳✺✶ ✷✷✳✺✼ ✷✺✳✾✸ ✷✶✳✻✺ ✷✹✳✾✸ ✲✵✳✾✷ ✲✶✳✵✶
❚♦t❛❧ ✻✶✳✽✼ ✹✹✳✸✼ ✶✵✵✳✵✵ ✶✵✵✳✵✵ ✾✺✳✾✷ ✾✻✳✶✷ ✭✹✳✵✽✮ ✭✸✳✽✽✮
❊■❋✲❳ ✷✳✻✸ ✶✳✼✾ ✖ ✖ ✹✳✵✽ ✸✳✽✽ ✖ ✖
❚♦t❛❧ ✻✹✳✺✵ ✹✻✳✶✻ ✶✵✵✳✵✵ ✶✵✵✳✵✵ ✶✵✵✳✵✵ ✶✵✵✳✵✵ ✭✹✳✵✽✮ ✭✸✳✽✽✮

❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ q✉❡ ❧❛s ❢✉❡r③❛s ♦❧✐❣♦♣ó❧✐❝❛s ❡❥❡r③❛♥ ✉♥ ♣♦❞❡r ❞❡ ♠❡r❝❛❞♦ ❝♦✲
❧✉s✐✈♦ ♣❛r❛ ♠❛♥t❡♥❡r ❧♦s ♣r❡❝✐♦s ♣♦r ❡♥❝✐♠❛ ♦ ♣♦r ❞❡❜❛❥♦ ❞❡ ♥✐✈❡❧❡s ❝♦♠♣❡t✐t✐✈♦s
✭❞✉♠♣✐♥❣✮✳

❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ ❧♦s ❝❛♠❜✐♦s ❡♥ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ s❡ ✉t✐✲
❧✐③❛rá♥ ♣❛r❛ ♠❡❞✐r ❡❧ ✐♠♣❛❝t♦ ❞❡ ❧❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ❡♥t✐❞❛❞ ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦✳

✸✳✸✳ ❊♥tr❛❞❛ ❛❧ ❙✐st❡♠❛ ❇❛♥❝❛r✐♦ ❞❡ ✉♥❛ ◆✉❡✈❛ ❊♥t✐❞❛❞

▲❛ t❛❜❧❛ ✸ ♠✉❡str❛ ❧♦s ❛❝t✐✈♦s ② ❞❡♣ós✐t♦s ✕❡♥ ♠✐❧❡s ❞❡ ♠✐❧❧♦♥❡s ❞❡ ❞ó❧❛r❡s
❡st❛❞♦✉♥✐❞❡♥s❡s✕ ❞❡ ❧❛s ❡♥t✐❞❛❞❡s ❜❛♥❝❛r✐❛s ❛ ♦❝t✉❜r❡ ✷✵✵✽✱ ❛❞❡♠ás ❞❡ ❧❛s ❝✉♦t❛s
❞❡ ♠❡r❝❛❞♦ ✭❝♦♥❝❡♥tr❛❝✐ó♥ ❡♥ ❡❧ ♠♦♠❡♥t♦ t✮ q✉❡ r❡♣r❡s❡♥t❛♥ ❡st♦s ✈❛❧♦r❡s r❡s♣❡❝t♦
❛❧ t♦t❛❧ ❞❡❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦✳ ❙✐ ✉♥❛ ❡♥t✐❞❛❞ ✜♥❛♥❝✐❡r❛ ① ✭❡✐❢✲①✮ ❞❡s❡❛ ✐♥❣r❡s❛r
❛❧ s✐st❡♠❛ ❜❛♥❝❛r✐♦✱ ❡♥ ❡❧ ♠♦♠❡♥t♦ t + 1 s❡ t❡♥❞rá ✉♥❛ ♥✉❡✈❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡
❛❝t✐✈♦s ② ❞❡♣ós✐t♦s ✭✉♥❛ ♥✉❡✈❛ ❡str✉❝t✉r❛ ❞❡ ♠❡r❝❛❞♦✮ ② ❧❛s ∆✲❞✐❢❡r❡♥❝✐❛s r❡s♣❡❝t♦
❛❧ ♠♦♠❡♥t♦ ✐♥✐❝✐❛❧ ♣✉❡❞❡♥ ✐❧✉str❛r s✐ ❧❛ ❡♥tr❛❞❛ ❞❡ ❧❛ ♥✉❡✈❛ ❡♥t✐❞❛❞ ❢✉❡ ❢❛✈♦r❛❜❧❡
♦ ❞❡s❢❛✈♦r❛❜❧❡ ✭❝♦♥❞✐❝✐ó♥ ❞❡ ❡♥tr❛❞❛✮✳

❊♥ ❧❛ t❛❜❧❛ ✹ s❡ ♠✉❡str❛ ❧❛s ✈❛r✐❛❝✐♦♥❡s ✭∆✮ ❞❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥✳
❊♥ t♦❞♦s ❧♦s ❝❛s♦s ❧❛ ❡♥tr❛❞❛ ❞❡ ❧❛ ❡♥t✐❞❛❞ ✜♥❛♥❝✐❡r❛ r❡❞✉❥♦ ❧❛ ❡str✉❝t✉r❛ ♦❧✐❣♦♣ó❧✐✲
❝❛ ② ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡❧ ♠❡r❝❛❞♦✱ ♣❡r♦ ❧❛s ✈❛r✐❛❝✐♦♥❡s s♦♥ ❧❡✈❡s ② ♥♦ r❡♣r❡s❡♥t❛♥
✉♥ ❛✉♠❡♥t♦ ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ❝♦♠♣❡t✐t✐✈✐❞❛❞✳ P❛r❛ q✉❡ ❧❛ r❡❞✉❝❝✐ó♥ ♠❡❥♦r❡ ❡❢❡❝t✐✲
✈❛♠❡♥t❡ ❡❧ ❜✐❡♥❡st❛r s♦❝✐❛❧✱ ❧❛ ❡♥t✐❞❛❞ ❞❡❜❡rí❛ ❡❥❡r❝❡r ✉♥❛ ❝♦♠♣❡t❡♥❝✐❛ ❡❢❡❝t✐✈❛ ❝♦♥
❡❧ r❡st♦ ❞❡ ❧♦s ❡♥t✐❞❛❞❡s ❜❛♥❝❛r✐❛s✱ t❛♥t♦ ❡♥ ♣r❡❝✐♦s ❝♦♠♦ ❡♥ s❡r✈✐❝✐♦s ❜❛♥❝❛r✐♦s✳

❊❧ ❝r✐t❡r✐♦ ❞❡ ♦♣t✐♠✐❞❛❞ s✉❣✐❡r❡ q✉❡ ❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ♥♦ s❡ ❡♥❝✉❡♥tr❛ ♠✉②
❛❧❡❥❛❞♦ ❞❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❜❛♥❝♦s✱ ② s✐ ❜✐❡♥ ❡❧ ✐♥❣r❡s♦ ❞❡ ✉♥❛ ♥✉❡✈❛ ❡♥t✐❞❛❞
❞✐s♠✐♥✉②❡ ❡❧ ❝r✐t❡r✐♦✱ ❧❛s ❞✐❢❡r❡♥❝✐❛s s♦♥ ❧❡✈❡s✱ ♣♦r ❧♦ q✉❡ ❡❧ ✐♥❣r❡s♦ ❞❡ ❧❛ ❡♥t✐❞❛❞
♥♦ r❡♣r❡s❡♥t❛ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ s✐❣♥✐✜❝❛t✐✈❛ ❛❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❜❛♥❝♦s ❡♥ ❡❧
♠❡r❝❛❞♦✳

✶✷



❚❛❜❧❛ ✹✿ ❈♦♥❞✐❝✐♦♥❡s ❞❡ ❊♥tr❛❞❛ ❛❧ ❙✐st❡♠❛ ❇❛♥❝❛r✐♦

■♥❞✐❝❛❞♦r❡s ❞❡ ❊♥tr❛❞❛ (t) (t + 1) ∆

❮♥❞✐❝❡ ❍❡r✜♥❞❛❤❧
❈❛rt❡r❛ ✵✳✶✹✽✾ ✵✳✶✹✼✽ ✲✵✳✵✵✶✶
❆❝t✐✈♦s ✵✳✶✹✸✶ ✵✳✶✸✸✸ ✲✵✳✵✵✾✽
❉❡♣ós✐t♦s ✵✳✶✺✸✹ ✵✳✶✹✸✸ ✲✵✳✵✶✵✷

❘❛t✐♦ ❞❡ ❈♦♥❝❡♥tr❛❝✐ó♥
❆❝t✐✈♦s ✭①❂✹✮ ✵✳✻✾✶✹ ✵✳✻✻✸✶ ✲✵✳✵✷✽✷
❉❡♣ós✐t♦s ✭①❂✹✮ ✵✳✼✵✽✹ ✵✳✻✽✵✾ ✲✵✳✵✷✼✺

❈r✐t❡r✐♦ ❞❡ ❖♣t✐♠✐❞❛❞
❈❛rt❡r❛ ✶✳✸✹✵✸ ✶✳✸✸✵✷ ✲✵✳✵✶✵✵
❆❝t✐✈♦s ✶✳✷✽✽✵ ✶✳✶✾✾✾ ✲✵✳✵✽✽✶
❉❡♣ós✐t♦s ✶✳✸✽✶✵ ✶✳✷✽✾✺ ✲✵✳✵✾✶✺

✹✳ ❈♦♥❝❧✉s✐♦♥❡s

▲♦s ❛❧t♦s ✈❛❧♦r❡s ❞❡❧ r❛t✐♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ✐♥❞✐❝❛♥ q✉❡ ❡①✐st❡ ❡✈✐❞❡♥❝✐❛ ❞❡ q✉❡
❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❜♦❧✐✈✐❛♥♦ t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ♦❧✐❣♦♣♦❧íst✐❝❛ ❡♥ ❡❧ q✉❡ ❞❡st❛❝❛♥
✉♥❛s ♣♦❝❛s ❡♠♣r❡s❛s ❣r❛♥❞❡s ❡♥tr❡ ✈❛r✐❛s ♦tr❛s ❡♥t✐❞❛❞❡s ✜♥❛♥❝✐❡r❛s ❞❡ ♠❡❞✐❛♥♦ ②
♣❡q✉❡ñ♦ t❛♠❛ñ♦✳ ▲♦s ✈❛❧♦r❡s ❡❧❡✈❛❞♦s ❞❡❧ í♥❞✐❝❡ ❍❡r✜♥❞❛❤❧ ♠✉❡str❛♥ ❛❞❡♠ás q✉❡
❡①✐st❡ ✉♥❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❡❧❡✈❛❞❛ ❞❡ ❛❝t✐✈♦s ② ❞❡♣ós✐t♦s✱ ❧♦ q✉❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ♣♦✲
❞rí❛ ✐♠♣❧✐❝❛r q✉❡ ❧❛s ✜r♠❛s ♠ás ✐♠♣♦rt❛♥t❡s ❡❥❡r③❛♥ ♣♦❞❡r ❞❡ ♠❡r❝❛❞♦ ♣❛r❛ ❡❧❡✈❛r
❧♦s ♣r❡❝✐♦s ❞❡ ❧♦s ♣r♦❞✉❝t♦s ✜♥❛♥❝✐❡r♦s ♣♦r ❡♥❝✐♠❛ ❞❡ ♥✐✈❡❧❡s ❝♦♠♣❡t✐t✐✈♦s✳ ❆♠❜♦s
✐♥❞✐❝❛❞♦r❡s s✉❣✐❡r❡♥ q✉❡ ❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❜♦❧✐✈✐❛♥♦ ♥♦ s❡rí❛ ❝♦♠♣❡t✐t✐✈♦✳ ❆♥t❡
❡st❛ ❡✈✐❞❡♥❝✐❛✱ ❧❛ r❡❣✉❧❛❝✐ó♥ ♣r✉❞❡♥❝✐❛❧ ❞❡❜❡rí❛ ❡✈✐t❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ♠❡r❝❛❞♦
♦❧✐❣♦♣♦❧✐st❛ ❝♦❧✉s✐✈❛ ♣❡r❢❡❝t❛✱ ❡♥ ❧❛s q✉❡ ❧❛s ❡♠♣r❡s❛s ❞♦♠✐♥❛♥t❡s ❛❝tú❡♥ ♠❛♥✲
❝♦♥✉❞❛♠❡♥t❡ ♣❛r❛ r❡str✐♥❣✐r ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ② r❡❣✐r ❧❛s r❡❣❧❛s ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦
❞❡❧ r❡st♦ ❞❡ ❧♦s ♠✐❡♠❜r♦s ❞❡ ❧❛ ✐♥❞✉str✐❛ ✭❝♦♠♦ s❡ ❞❡✜♥❡ ❡♥ P✉❡②♦ ❬✾❪✮✳

▲♦s ❡❢❡❝t♦s ❞❡ ❧❛ ❡♥tr❛❞❛ ❛❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦ ❢✉❡r♦♥ s✐♠✉❧❛❞♦s ❝♦♥ ❧❛s ❞✐❢❡r❡♥✲
❝✐❛s ❞❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❛♥t❡s ② ❞❡s♣✉és ❞❡ ❧❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ♥✉❡✈❛
❡♥t✐❞❛❞ ② ❝❛❧❝✉❧❛♥❞♦ ❡❧ ❝r✐t❡r✐♦ ❞❡❧ ♥ú♠❡r♦ ó♣t✐♠♦ ❞❡ ❜❛♥❝♦s q✉❡ ❞❡❜❡rí❛♥ ❡①✐st✐r
❡♥ ❡❧ ♠❡r❝❛❞♦ ❜❛♥❝❛r✐♦✳ ▲❛ ❡♥tr❛❞❛ ❞❡ ✉♥❛ ♥✉❡✈❛ ❡♥t✐❞❛❞ ♥♦ r❡❞✉❥♦ ❞❡ ❢♦r♠❛ r❡❧❡✲
✈❛♥t❡ ❧♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ♥✐ ❛♣r♦①✐♠ó ❞❡ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ ❡❧ ♥ú♠❡r♦
❞❡ ❜❛♥❝♦s ❛ s✉ ❝❛♥t✐❞❛❞ ó♣t✐♠❛✱ ♣♦r ❧♦ q✉❡ ❡❧ ✐♥❣r❡s♦ ❞❡ ❡st❛ ❡♥t✐❞❛❞ ♥♦ ✐♠♣❧✐❝❛rí❛
✉♥ ❛✉♠❡♥t♦ ❡❢❡❝t✐✈♦ ❞❡ ❧❛ ❝♦♠♣❡t❡♥❝✐❛✳ ❊❧ ✐♥❣r❡s♦ ❞❡ ✉♥❛ ♥✉❡✈❛ ❡♥t✐❞❛❞ ✜♥❛♥❝✐❡r❛
✕❛❞❡♠ás ❞❡ r❡❞✉❝✐r ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ② ❛♣r♦①✐♠❛r ❡❧ ♠❡r❝❛❞♦ ❛❧ ♥ú♠❡r♦ ó♣t✐♠♦
❞❡ ❜❛♥❝♦s✕ ❞❡❜❡rí❛ ❝♦♥t❡♠♣❧❛r ❧♦s ❤❡❝❤♦s ♣❛rt✐❝✉❧❛r❡s ② ❧❛s ❝✐r❝✉♥st❛♥❝✐❛s ❞❡ ❝❛❞❛
❡♥tr❛❞❛✱ ❞❡ ❢♦r♠❛ q✉❡ ❡❧ ✐♥❣r❡s♦ ✐♠♣❧✐q✉❡ ✉♥ ✐♥❝r❡♠❡♥t♦ ❡❢❡❝t✐✈♦ ❡♥ ❧❛ ❝♦♠♣❡t❡♥❝✐❛
r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧♦s ♣r♦❞✉❝t♦s ② s❡r✈✐❝✐♦s ❜❛♥❝❛r✐♦s ♦❢r❡❝✐❞♦s ❡♥ ❡❧ ♠❡r❝❛❞♦✱ ♣❛r❛
q✉❡ s❡ ♠❡❥♦r❡ ❡❧ ❜✐❡♥❡st❛r ❞❡❧ ❝♦♥s✉♠✐❞♦r ✜♥❛♥❝✐❡r♦✳

✶✸



❘❡❢❡r❡♥❝✐❛s

❬✶❪ ❇❡❝❦✱ ❚❤♦rst❡♥ ✭✷✵✵✽✮✱ ❇❛♥❦ ❈♦♠♣❡t✐t✐♦♥ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❙t❛❜✐❧✐t②✿ ❋r✐❡♥❞s ♦r
❋♦❡s❄✱ P♦❧✐❝② ❘❡s❡❛r❝❤ ❲♦r❦✐♥❣ P❛♣❡r ✹✻✺✻✱ ❚❤❡ ❲♦r❧❞ ❇❛♥❦✳

❬✷❪ ❋r❡✐①❛s✱ ❏❛✈✐❡r✱ ❏❡❛♥✲❈❤❛r❧❡s ❘♦❝❤❡t ✭✶✾✾✼✮✱▼✐❝r♦❡❝♦♥♦♠✐❝s ♦❢ ❇❛♥❦✐♥❣✱ ▼■❚
Pr❡ss✱ ✸✸✹ ♣♣✳

❬✸❪ ✈❛♥ ▲❡✉✈❡♥st❡✐❥♥✱ ▼✐❝❤✐❡❧✱ ❏❛❝♦❜ ❆✳ ❇✐❦❦❡r✱ ❆❞r✐❛♥ ❆✳❘✳❏✳▼✳ ✈❛♥ ❘✐①t❡❧✱
❈❤r✐st♦✛❡r ❑♦❦✲❙ör❡♥s❡♥ ✭✷✵✵✼✮✱ ❆ ◆❡✇ ❆♣♣r♦❛❝❤ t♦ ♠❡❛s✉r✐♥❣ ❝♦♠♣❡t✐t✐♦♥
✐♥ t❤❡ ❧♦❛♥ ♠❛r❦❡ts ♦❢ t❤❡ ❊✉r♦ ❆r❡❛✱ ❈❊■ ❲♦r❦✐♥❣ P❛♣❡r ❙❡r✐❡s✱ ◆♦✳ ✲✻✳

❬✹❪ ▼❛✉❞♦s✱ ❏♦❛q✉í♥✱ ❏✉❛♥ ❋❡r♥á♥❞❡③ ❞❡ ●✉❡✈❛r❛ ✭❝❛✳ ✷✵✵✼✮✱ ❇❛♥❦✐♥❣ ❈♦♠♣❡✲
t✐t✐♦♥✱ ❋✐♥❛♥❝✐❛❧ ❉❡♣❡♥❞❡♥❝❡ ❛♥❞ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✱ ■♥st✐t✉t♦ ❱❛❧❡♥❝✐❛♥♦ ❞❡
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