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The estimation of regressions models with two-way error ponent disur-
bances, is considered for the case where both the randocts=ife non-spherically
distributed. The usual approach that first transforms tfeetsf into uncorrelated
ones and then applies within and between transformatiansat be conveniently
applied. Here, it is proposed to revert this scheme by figtiplying the within
and between transformations. This results in simple Géharaar Model which
can be partitioned into three smaller GLMs. Then, by exigithe structure of
the models and using the Generalized QR decomposition ad,aatcomputa-
tionally efficient and numerically reliable method for esditing the regression
parameters is derived. This estimation method is generhlia the case of a
system of seemingly unrelated regressions.

1. Introduction

One of the most used model in analysis of panel data is givéineotyvo-way error component
regression model L] 5] B,131,135]. In its basic formulatioattmodel assumes that the time
and individual random effects are spherically distributed24] and [29] the authors relaxed
that assumption by considering a one-way model with autessive (AR) idiosyncratic er-
rors and heteroschedastic individual effects, respdygtiieurther generalizations followed,
specifically, in [2[1D] Moving Average (MA) errors are cotisied and in[[17, 26, 30] an
ARMA model for them is assumed. Dynamics for the two-way mdudes been considered
in [12, 13,19/ 2B[ 33, _34] where autocorrelation is assumethé time effects and/or the
idiosyncratic errors. Here, the two-way error componentletavith autocorrelations in both
the time- and individual-effects is considered. It will Heown that the trasformations used
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for the basic two-way model can still be used for this extem&eeping the model simple and
tractable.
The linear regression model with two-way error componestudbances is given by

K
yt|:a+zxt|kBk+ut|7 i:17"'7N7t:17"'7T7 (1a')
K=1
with
Wi = At + 1 + Vi, i=1... N, t=1,....T, (1b)

wherep; andA; denote the unobservable individual and time effect, respyg andvy; is the
idiosyncratic disturbance term. The erra¢s;, andvy; are assumed to have zero mean and
to be indipendent each other, even across different obsemsathat is EApi| = E[Avsj] =
Elwvsj) =0, fori,j=1,...,Nandst=1,...,T [8]. Furthremore, the idiosyncratic errors
are assumed to be spherically distributed, thatfVg E= 02 and Bvitvjs] = 0 fori # j, s#t,
i,j=1,...,N,andst=1,...,T.

The two-way model in[{l1) can be written in a more compact fosm a

y=InTO+ XB+U, (2a)
with

u=(INQIT)A+ (IN®1T)U+V, (2b)
wherel, € R" denotes a vector with all one,e R, A € RT andp € RN are the vectors
with element$By, A; and}y;, respectivelyt(=1,2,....T,i=12,....Nandk=1,2,...,K).
FurthermoreX = (xy Xz --- Xk ) andx,y,u,v € RNT are the vectors with elementg, Vi, Wi

andv;j, respectively, lexicographically sorted foe=1,2,..., T andi=1,2,... ,N.
The random vectork, pandv have zero mean and their covariances are given by

A W, 0 0
Cov([ufl)=] 0 w, o |, 3)
v 0 0 Ot

whereW, € RT<T andW, € RN*N are positive semi-definite. It follows thathas zero mean
and covariance matrix given by

Q = Cov(u) = Iy @ Wy + W, @ I + 2N, 4)

whereJn = (1] is an x n matrix of all ones. Thus, the two-way random effects regoess
model [2) can be considered as a General Linear Model (GLM).

The structure of the paper is the following. The next sectmnews some results about
the basic case of spherically distributed disturbancesjstwhen¥, = ofIN and¥, = oﬁIN.



Then, a compact reformulation of the within and betweenegsgjons is introduced and con-
sidered. The third section extends this concepts to tabklestimation in the case of autocor-
related random effects.

Differently to other estimation methods, the approach hEmposed can be easily gen-
eralized to sets of equations like Seemingly Unrelated &sjons (SUR) or Simultaneous
Equations models. The generalization to the SUR case isd=smes in the forth section.
Computationally efficient techniques to estimate the tesyformulations are suggested for
each model considered.

Final remarks and directions for future research are repgantthe last section.

2. Spherically distributed random effects

In the case of spherically distributed effects the two-waydom effects model has already
been studied in deptfil[8]. In that ca8g = oIt and W, = ofln. Indeed, the variance

covariance matrif2 has only four distinct eigenvaluel;, = 03, A2 = To3+ 03, A3 = No2 +
o5 and\s = 03+ NoZ + Taoj, with multiplicity n = (N—1)(T—1),na=N—1,m3 = (T - 1)
andng = 1, respectively. It follows that the eigen-decompositibas given by

Q = NMQ1+A2Q2 +A3Q3+ AaQa, 5)

whereQ; = (EN®Et), Q2 = (En® Jr) Q3 = (In® E7) andQs = (Jy ® Jr) are the projects
on the four eigenspaces adg= J,/n andE, = I, — J, are idempotent matrices [37.136] 31].
Notice that, by the eigen-decompositi@h (5), the powelQ afe given by

QP = 'ii)\ini7 (6)

for p € R. Thus, simple explicit expressions for inverse and the sguaot of Q exist and
can be used for the estimation of the regression paramefersexample, the GLM{2a) is
equivalent to the OLM

on*%y:GVQ*%INTG—FO\;Q’%XB—FV, Vo~ (0,0\2,|NT), @)

and thus the Best Linear Unbiased Estimator (BLUE) for thaupetersx andf3 is computed
by Ordinary Least Squares (OL$)[15] 16].

Alternatively, premultiplyingl[Za) b)(Ql Q2 Q3 Q4) T gives the GLM

Quy 0 QX Uy
Quy 0 QX| (a Up

P _ 5 8
Q| |0 Qx <B>+ & ®
Quy inT  QaX Uz

whereu; ~ (0,A;Q;) and E[LTiLTJ-T] =0fori# jandi, j=1,2,3,4. The first three blocks corre-
spond, respectively, to the Within, Between-individuald 8etween-time periods regressions.



It is easy to show that the last block of observationgIn (8)risnfluential for the GLS and
OLS estimators of and thus it can be dropped when estimafng hen, given an estimator
B for B, a is estimated by aé = 1+ (y — XPB) and the residual vector correspondingiois
null.

Notice that, theth block of [8) contain®NT observations, while its covariance matrix has
rankn; (i =1,2,3,4). Thus, this approach is not optimal and the computatiooaiplexity
and memory requirements grow by a factor of four. A more paosious approach consists
on projecting the observations on tR& (i = 1,2, 3,4) eigen-spaces and reformulate the GLM
@3) on these spaces, rather than in the origif¥ll space. This can be done by considering
the orthonormal matrice® € RNT*" i = 1,2, 3,4 defined by

P1 =Wy ®Wr, P> =Wy @ wr, P =wn @Wr and  Py=wy®@Wwr
where (wn, Wy ) € R™" is the orthogonal matrix such thag = waw! andE, = WaWT . It
follows that

Qi =PRP, PTR =1 and RTPj =0, 9)

Notice that,w, = 1n/y/n is unigely defined whild\, can be choosen with some freedom.
Convenient choices fai, are discussed in a more general setting in appdndix A.

Now, by premultiplying the GLMI{Za) by the orthogonal matRk = (P P, P3 P;)T gives
the equivalent GLM

Py 0 P[X Plu
Pyl | 0 PIX| [« N PJu
PRyl | o PIxX|[\B Plul’
Py VNT  PIX Piu
or, with the appropriate substitutions,
Y1 0 X1 up
0 X a u
Y2 | _ 2 4|42 (10)
Y3 0 Xs|\B U3
Va VvNT X% Ug

whereu; ~ (0,Aily, ) are uncorrelated. Here, the covariance matrix of the disiuces of[{7I0)
is diagonal and, thus, the BLUE for the parameters can be atedpy a Weighted Least
Squares (WLS) procedure. Again, the last observation cairdgged when computing the
estimator fof3.

3. Autocorrelated random effects

Let now consider the general case of autocorrelated ranéfest® Since, the individual- and
time-effects A\ andp, are not assumed to be spherically distributed, the vagi@mowariance



matrix of the disturbanceQ is given by [#) and, in general, the eigendecomposifibn ¢g8sd
not hold anymore. However, it is still convenient to considew the structure of the GLM
(@3d) becomes.

Observing thaW J, = 0, W] J3w,, = 1 and recalling thal,, i = 1,2, 3,4 are mutually or-
thogonal, it can be verified that the variance-covariandeiref (u{ u ul u4) is given
by

2, 0 0 0
0 Q 0 w42

=1 0 0 0 g ()
0 o g o

whereQ; = PTQP andwy = PTQPy, fori = 1,2, 3, 4. More specifically,
Q1 = 02, (12a)
Qo = TW{ WM + 021, a2 = TWJ Wy, (12b)
Q3 = NW W)Wr + GFlhg, iz = NW Wyhwr (12c)

and

g = NWF Wawr + Tw Wuwn + 2. (12d)

Notice that, by settingl, = W W Wy, Hy = W WyWr with W = (wn Wn) T, and parti-

tioning
Hu:<h5‘ (hi‘Z)T> and HA:<hﬁ (héz)T>
hi, Hy h, H

from (@3) and[[IR) it follows that

0 0 0 0
~ o THY 0 Th
Q= 2 12| +3llnt. 13
0o o NH) NK), vINT 13)
0 T(hip)" N(M)T TH NP
Now, let consider the Cholesky factorizations
THu+ 05l 41 = GG} and NHy, + 02ln,+1=C\Cr (14)

whereC,, andC, are upper trianguIErThen, partitioning the Cholesky factors as

T T
C C C
Cu= [ 2 and c =& Ca4 ’
0 G 0 GCs
1From the positive semi-definiteness‘Bf, andW,, it follows that T H, + 05|n1+1 andNH, + 05In2+1 are positive
definite and, thus, these Cholesky factorizations alwaigsex




allows to derive the Cholesky factor & = CCT as

Gy, O 0 O
0 CG 0 O
0 0 G O
0 ¢ ¢y

C= , (15)

wherec = ¢5+ ¢ — a3.

Notice that whenu is spherically distributed, that is whé#, = cﬁIN, the Cholesky factor
C, becomes a diagonal matrix angy vanish. In fact, in that casd,, = oﬁIN and, by [TH),
Cu=4/T03+03In. Analogously, whei is spherically distributedzs = |/ T02 + 0% I, and
C34 vanishes. The zero elements that arises under these cased Isb taken into account for
a computationally efficient implementation of the estiroatalgorithms.

The GLS estimator for the GLM{10) witf, the disturbances covariance matrix, given by
(1) derives from the solution of the Generalized Least Ssgiproblem (GLLSP)

argmin [|va|[2+ [[v2||2 + ||va||2 + ||va]|?, subject to

a,p
Y1 0 X1 oyl m 0 0 0 V1
X;
y2 _ O 2 a O C2 0 0 V2 ’ ( 1 6 )
Y3 0 ><3 B 0 0 C3 0 V3
Va4 VNT X 0 cl, cly ¢/ \va

wherev; ~ (0,ln,) are uncorrelated [21, 24, 132]. It follows thﬁ,tthe GLS estimator foB,
comes from the solution the GLLSP

argmin ||\va||2 4 ||v2||? +||vs||?>, subject to
B

y1 X1 ovln, 0 0\ /w1
Y2 =|X|B+] 0O C O0f]|wv], (17)
Y3 X3 0 0 Gs V3

and that the GLS estimator faris given by
G = (ya— XaP — Clo00 — Cla0s)/VNT

whereV;, V3 and the GLS estimatch come from the solution of the GLLSIP_{17). Notice
that, only Cholesky and orthogonal factorizations, and rdrixinversions, have been used
to formulate the GLLSH{17). Thus, this approach resultsenipally stable even in the case
of nearly singular covariance matrices.

The GLLSP[IF) is naturally solved by using the Generaliz&dd@composition (GQRD)



of the matrices

X1 C 0 O
Xo and 0 G 0],
X3 0 0 G

whereCy = oy ln, . Alternatively, given the block structure of the Choleskgtor, a convenient
strategy consists on computing the GQRDsp&ndC; indipendetly, fori = 1,2, 3 and then
use an updating GQRD techniques to retrieve the whole GQBpPacifically, let consider the
GQRDs

ar\, _(R MNers 5y (6 G
fori=1,2,3 and let
Vi Qr
G‘i):(@?)“’

Notice that,C; = ovln, and thus the first GQRD is actually a simple QR decomposittuat,
isPp = Q1, PL=Q1, C1 = 0ylk, C1 = Oyln,k andC, = 0.

Next, premultiplying theth block of the constraint§{17) b@(ji @) T and rearranging it
gives the equivalent GLLSP

argmin ; 191+ ||vi]|?, subject to
B i=I23

1 Ry olk 0 O 0 0 0\ /%
92 Ry 0o & 0 0 G 0]|w
yf‘3=R3B+OOC3O 063‘23, (19)
Vi 0 0 0 0 oy 0 O0f|wn
V2 0 0 0 O 0 G of|wm
V3 0 0 0 O 0 0 C3/ \W3

wherev; = PTv; andvi = PTvi. It follows that, wherC, andCs are non-singulan; = C1y;,
i =1,2,3 and thus the GLLSHTIL9) is equivalent to the smaller in sikkex 3K GLLSP

argmin ; [Vi]|2, subjectto
B i=T23

Y1 Ry ovlk 0 0\ /¥
V2l=[R|B+]| 0 & o] %], (20)
Y3 R3 0 0 G V3

wherey; =¥ —55(1%, fori = 1,2 3. Finally this GLLSP can be solved by means of the
GQRD of the regressor and Cholesky factor matrices. Algorill resumes the steps needed
for the estimation of the parameters.



Algorithm 1 Estimation of the two-way non-spherically distributedoertomponent model.
1: ComputeX; = PTX andy; = PTy.
2: Compute the Cholesky factorizationsin}14).
3: Compute the GQRD$T18) and compuite=; —55,‘1%
4: Obtain the estimathB by solving [2D) with a GQRD approach

In order to derive the computational complexity of this aggah, let firstly recall that the
cost of computing the QRD of avl x K matrix isO(K?M) flops, that of computing the GQRD
of two matrices of dimensioM x K andM x M is O(M?) flops, while the computation of
the Choleky factor of aM x M matrix requireO(M®) flops [T8]. Let consider Now, the
most expensive steps. The computation of the Choleskyrf&@tandCs, in step[2, needs
O(n3+n3) flops, stefiBB requir®(K?ny, +n3+n3) flops, (since one of the GQRDs is a simple
QRD). Finally, the last step ne@{K?) flops for the computation of the corresponding GQRD.
Thus, the overall cost is given by

O(K?ng +n3+n3) = O(NTK? + K3+ N3+ T3) (21)
flops, which is remarkably smaller than the ca3tN3T?) flops, required for computing the
GQRD corresponding to the original mod#l (2). A more compartelly efficient algorithm
can be designed by using updating GQRD techniques to exp®iipper-triangular structure
of the blocks of the matrices in the GLLIP{201][38].

Notice that, when the parameters are reestimated for diffezovariance parameters, the
QRDs in the GQRDs of stdfl 3 are already available. Most ngtahly the second and third

RQDs in [I8) need to be computed and thus, the cost of re-&®tithe parameters reduces to
O(K3+N3+T3),

4. SUR Model with two-way error component
disturbances

Let generalize the linear regression modél (2) to the seeefrngly Unrelated Regressions
(SUR) with Error Component disturbances (SUR-EC)

Yj = INTOj + XjBj + uj, ji=1...,G (22a)
with
Uj = (IN®IT)A] + (IN® 7)) +Vj, i=1,...,G (22b)

whereyj,u,vj € RNT, Xj € RNTKi o) € R, Bj € RKi, \j € RT andp; € RN. Furthermore,
the random effects;, u; andv; have zero mean and covariances given by

A\ (A w0 0
Cov(fw|.[wph=]0 W o (23)
Vi Vi 0 0 O'})leT



fori,j=1,...,G.

The estimation of the SUR modé&L{22) is approached by folgythe method proposed in
the previous section for the single equation case. Thaaih equation in[{22a) is premulti-
plyied byPT and that results in the set of regressions

Yii 0 Xl,i Ui
Yai | | O Xei) (i) f i) i=1,...,G (24)
Yai 0  Xsi| \Bi Uz,
y4’i \ NT )<4,| u47i

whereyj =Py, X =P"X andu;; =Ry forl =1,....4andi =1,...,G.
The covariance matrix o(uIi uz; Ul uli) and (uL- uj; ui; u4T’j) has the
same structure d@ in () and is given by

oy O 0O O

Qij = 2ij W42 (25)
0 0  Qzjj Wuzjj
0 (*)Iz,i j (*)Zs,i i Oajj
where
Qajj = TW{ Wi W + O Iy, Wazij = TWJ WHwy
Q3,ij = N\/\/-reri)}V\,lr + O'})j Ing, W43 = N\/\/}rLPi)}WT
and
Wajj = T WHwy + NwfWhwr + o,
fori,j=1,...,G.
Now, the system of regressions can be reassembled as tvaleqtiGLM
Y1 0 BiXy,i Uz
Vo _ 0 DiXy Vec{a;} n Uo
V3 0 BiXyj Vec{Bi} U3
Ya VNT g @iXyj U

wherey = Vec{y; }, Ui = Vec{u, i}, and the disturbances have dispersion matrix given by

':Il Z\)@'nl 0 0 0
Y . 0 Q 0 Q
Cov(| 2=0-= A= (26)
U3 0 0 Qg Q43
U 0 QL Qs Q



where

Ox11 - Qi
§_2X = : 9
Oxer -+ GG
forx=2,3 and
04,11
64 = :
W4,G1

Now, in parallel with [IB) for the univariate cae can be written as

0 0 0 0
g0 TH 0 THp,
~|o 0 NH) NH2,
0 T(HIT NHMLT THY+NH]
where
HY = (le@wn) " Wy(le ® W),
HE, = (le@wn) " Wy(le @ Wh),
HY = (Il @Wr) T Wy(le @ Wr),
Let

b2V 0 T
THy+ = and
’ (0 zv®|n2> GGl
and let partition
S Ca2\ G
CIJZ Cu \,42 and
0 C/Gmp

Then the Cholesky factor i = CCT is given by

Gl 0 0

0 G 0
0 0 Cs
0 Ca2 Ca3

10

Wax,11
Qux =

04x,1G

04,16

W4,GG

Sy®ly 0

0 Z®ly
_|_

0 0

0 0

G C
Co= [
0 G

0\ Gm
0| Gn
0 | Gng
Cs) G

)

Wax,G1

Wiax,GG

0
0

Sy ®1In,

0

G
Gny’

(27)

5 0 :
NH, + =C,\C 28
N <O zv®|n3> ACy (28)



whereC, andC, derive, respectively, from the Cholesky decompositibps- C,C! and
CCl+GC — 5y =CiCy. (29)
In order to compute the GLS estimate of the parameters,Jettesthe estimation problem
of SUR model as the GLLSP

4
argmin Z||\7i||2
ai,Bi,i=1,....G i=

Y1 0 BiXy,i Ch®lp, 0 0 0\ [V
el _| 0 @i (Vec{on}) 0o & o of|w (30)
Y3 0 ©iXsi | \ Vec{Bi} 0 0 C 0]|vs
Ya VNTIlg  @iXaj 0 Caz Caz Ci) V4

Like the GLLSP [Ib), also the GLLSE{[30) can be exactly solnedo stages. In the first
stage the GLS esimatﬁr are computed as the solution of the GLLSP

argmm ZHV 2 st

Bi,i=1,....G |
y1 DiXe Co®ly, 0 0)\ (V1
Vo | = | ®iXei | Vec{Bi} + 0 C 0|V (31)
y3 BiXa, 0 0 Cs3/ \V3

Then, in the second stage the estimatorf@re computed as

N 1 A < -
0 = ——= (Y2 — Vec{X4ifi} — CaoV2 — Ca3V:
m(ﬁ {X4,iBi } — CaoV2 — Cy3¥3)
wherevs, V3 and the GLS estimatcfh come from the optimum of the GLLSP{31).
It is clear that the computation of the solution of the GLLEH)( which asG(NT — 1)
constraints, represents the most demanding task in thmatiin of the SUR-EC moddl{R2)
and requires the computation of the GQRD of the matrices

BiXai G®lny, 0 O
®iXoj and 0o & 0]. (32)
DiXa, 0 0 GCs

Alternatively, the solution can be derived, following theavse approach illustrated in sectldn 3,
by using updating GQRDs. An efficient implementation of #héectorization should exploit
the structure of the matrices involved. Algorithms for cartipg the GQRD of the first block
of the two matrices have already been considered in the xiooitthe estimation of the stan-
dard SUR model[14. 20, 2L, 23]. Next, when updating this GQRDalgorithm can exploit
the upper triangular structure éﬁ andCs [22,[38]. _

Notice that, |fLP“ = 0” In orLI‘| = 0" It fori,j=1,...,G, thenQy = (TE,+ Zy) ® In, OF
Qg = (NZ\ + %) ® In andQ42 = O orQ43 =0, respectlvely The model is simpler also when
the effects do not have correlations across equatlonsx&mple whem‘| =0fori # j, then

QZ = @ITMLP WN 42y ® Iy andQ42 = @ITMLP

11



4.1. Special Cases

In the following some special cases of the SUR-EC model ansidered. In particular various
assumptions are imposed on the covariance matrices oﬁdtnrdik/effectswi‘}, i,j=1,...,G.
The resulting simplifications on the matrices involved ia #stimation and the design of the
procedure is discussed. Similar considerations hold ftithe-effects\;.

4.1.1. Spherically distributed individual effects: W}, = oIy

Let assume tha#}; = o}, fori,j = 1,...,G and let denot&,, € R®*© the matrix with

elementsni‘}. Under that assumptiofds»j; vanishes and the expressions @y;; simplifies
to

527ij = (Toﬁ —I—O})j)lnz.

Thus,Qij becomes

oY Ing 0 o o0

oy — 0 (Tofj+a})ln, O 0
0 0 Qzjj  Wagjj

0 0 Wigjj O]

Similarly, becaus&by, = 2, @ It, H}, will become zeroH}' = 5, andH} = 2, ® I,,. Thus,
by (2Z8),Cy is the Cholesky factor diZ, + Zy, that isCuC] = NZ, + %y, andCy = Cy® In,.
It follows that the computation of the estimators fri = 1,...,G, requires now the GQRD
of the matrices

DiXy,i C®ln, 0 0
@iXo,i and 0 CIJ® I, O],
DiXa, 0 0 Cs

which can be computed as follows. The GQRD4aiX1; andCy ® In,_is computed, next
the result is updated with the observations in the matrigeg; andC, ® I, and finally
the observation in the last blocks of the matrices are add@ad.first step is identical to the
GQRD of a standard SUR model and the second step is the sahwt abed in the problem of
updating a SUR model. Algorithms to tackle these two prolsléave already been proposed
[14,22].

4.1.2. Individual effects without correlation between equations: Wi‘} =0fori#j

In the following it will be assumed tha¥}; = 0 fori # j andi,j = 1,...,G. Thus,H}, Hf,
andHJ in @1) are given by

G G
HY = diagw{Whwy)  HES = PwiWhwy  and  HY = W Whw
i=1 i=1

12



and to computeC, in @3) it is necessary to compute the Cholesky decompesitiothe
GN x GN matrix

Sy 4+ THY T (@iw WEWy )
T(@WL Whiwy) T (W WEWY) + (Zy @ 1ny)

which has the sparse structure illustrated in figire 1.

Figure 1: Structure of the matrix il{R7), where parts of trenm which come from elements
of 2, anlei‘} are represented in green and blue, respectively.

5. Conclusions

The estimation of Panel Data models, regressions with tagp-ewror component disurbances,
is considered for the case when both the random effects arspirerically distributed. The
usual approach that firstly transforms the effects into umtated errors, for example by ap-
plying a Prais-Winsten transformation, and then applighiwiand between transformations,
cannot be conveniently applied when both the effetcs amgcautelated(|B.19]. The proposed
approach reverts this scheme by firstly applying the withid between transformations. The
covariance matrix of the resulting General Linear Model ¥@Llhas a simple structure that
allows its partitioning into three smaller GLMs. Furthenmagthe within and between trans-
formations considered produce a model which is smaller thase usually derived, allowing
for a more computationally efficient estimation. A furtheduction in the computations arises
when the model is re-estimated for different covariancaipeters.

In order to show the advantages of the proposed approackathe technique is applied
to the case of Seemingly Unrelated Regressions with noarsgtly distributed error com-
ponents disturbances! [3, 6]. In a similar way the SimultaiseBquation model with error
component disturbances can be approadhed [4] 7, 25, 28].

Future research is needed on the inference side, espabialstimation of the covariance
matrices in the present context should be considered. Hawieghould be noticed that, here

13



the models have been transformed and partitioned into bladkich depend on the single
covariance matrices and the residuals can be used to compui@date, an estimator for
them. Another direction of research consists into applyhig approach to more specific
models of the correlations, like autoregressive or moviregage random effects.

Further research is also required for the development ofpcationally efficient and/or
parallel implementation of the estimation algorithms.slisimore important in the SUR case
where the dimension of the resulting model to be solved canrbe immediately large as it
is given by the product of the number of individual$){ the number of sample3 ) and the
number of equation<3).
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A. Derivation of the eigenvectors

Here, a couple of choices foY,, and thus?, are presented. In the first, the correlationgtof
andA are not taken into account and provide a simple approachdtosad form expression
for W,. Beside its simplicity, its main advantage is the easy updathen new observations or
individuals are added. In the second approach, the cdoelstructure of the random effects
are taken into account in order to reduce the non-zero elesnuérthe covariance matrix in
(@)
The first choice fok\, is given by
1 1/21/3 - 1/(n—2) 1/(n-1)
~11/21/3 - 1/(n-2) 1/(n-1)
0 —11/3 - 1/(n-2) 1/(n—1)
W = 0 0 -1 - 1/(n-2)1/(n-1) D, (33)
60 0. 1 1/(5—1)
00 0 -

whereD,, = diag(+/i/(i+1),i = 1,2,...,N —1). The interpretation is the following. The
eigenvectomw, corresponds to the Within transformation and applyivigis equivalent to
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compute the mean scaled by a factor\@h. The matrixW, corresponds to the Between
transformation and applyingy| corresponds to compute, for théh element of the vector, the
deviation from the mean of the previous 1 elements, weighted by'i /(i +1) (i=2,...,n).
Thus, appplyind? (i = 1,2,3,4) consists on either taking the mean or the “deviations from
the mean” along time and across individuals. Thus, an adgeraf this choice is the easy of
updating when new observations are added.

The second choice derives by chositig= (wn Wn) as the orthogonal factor in the QRD

of the Krylov matrix Kn(wn,A) = (wn Awp - A“—lwn), whereA =W, W,. Specifically,
this can be efficiently computed by using a Lanczos/Arnoligoathm [11,[18]. SinceA is
symmteric, this algorithm allows to compute the orthoganatrix W, such thatd = W AW,
is tridiagonal.

Thus, usingA = ¥, andA = W, for the computation di\y andWr, respectively, provides
Hy andH, being tridiagonal. Furthermore, their Cholesky factgssandC, become upper-
bidiagonal, this results in an upper-bidiagonal strucfare¢he Cholesky factor in the GLLSP
(@I8) which can be exploited to derive computationally edfitialgorithms for the computation
of the GQRDs in[(I8).
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