MPRA

Munich Personal RePEc Archive

The Potential of Multi-choice
Cooperative Games

Hsiao, Chih-Ru and Yeh, Yeong-Nan and Mo, Jie-Ping

2 October 1994

Online at https://mpra.ub.uni-muenchen.de/15007/
MPRA Paper No. 15007, posted 06 May 2009 14:13 UTC



The Potential of Multi-choice Cooperative Games

Cimn-Ru HSTIAO
DEPARTMENT OF MATHEMATICS
SO0CHOW UNIVERSITY
Taiper 11102, TATWAN

YEONG-NAN YFEII
INSTITUTE OF MATHEMATICS ACADEMIA SINICA
NANKANG, Tairel, Talwan 11529 R.O.C.

Jie-PIiNa, Mo
T1E INSTITUTE OF ECONOMICS, ACADEMIA SINTICA
TAIPEL, TAIWAN 11529

Abstract. We defined the potential for multi-choice cooperative games, and found the
relationship between the potential and the multi-choice Shapley value. Morcover, we show

that the multi-choice Shapley is consistent.

Introduction. In [1](1991), we extended the traditional cooperative game to the multi-
choice cooperative game and extended the traditional Shapley value to the Shapley value
for multi-choice cooperative games. In short, we call the shapley value for multi-choice
cooperative games the multi-choice Shapley value. In 1990, Shapley asked “what is the

potential for multi-choice games ?7. In this article, we would answer Shapley’s question.

In [1], [2], [3], we assumed that the players in a multi-choice cooperative game have
the same number of options, or say actions. As a matter of fact, from the point of view of
the multi-choice Shapley value, it makes no difference whether the players have the same
number of options or not. Therefore, by just rewriting the definitions and the proofs in [1],
2], 3], we may define the multi-choice Shapley value for a game where the players have

different numbers of actions.

In this article, We would first rewrite the definition of the multi-choice Shapley value
and define the potential of multi-choice cooperative games, then, show the relationship
between the multi-choice Shapley value and the potential, and prove that the multi-choice

Shapley value is consistent.
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Finally, we would we define “ w-proportional for two-working-player games 7, and
show that a solution for multi-choice cooperative game is the multi-choice Shapley value

if and only if it satisfics consistency and “w-proportional for two-working-player games”.

Definitions and Notations.

Let 11 denote the set of all finite non-negative integers. Let N = {1,2,...,n} be the
sct of players. We allow player j to have (m; + 1) actions. say og. o1, 02, ..., Om,, where
og is the action to do nothing, while o is the option to work at level &k, which is better
than oy _1.In this article, we assume that all the players have finitely many choices.

For convenience, we will use non-negative integers to denote the players’ actions.
Given m = (my, my, ...m, ) € 17, the action space of N is defined by
F(m) = {(z1,....,xn) | @ < m; and x; € I, foralli € N}. Thus (x,..x,) is called
an action vector of N, and x; = k if and only if player 7 takes action og.

Given z = (z1, 22, ... Zp), m = (my,my,...,my) € 17, we define z < m if and only if

z; <my for all i € N. Tt is clear that I'(z) C I'(m) whenever z < m.

Definition 1. A multi-choice cooperative game in characteristic function from is the pair

(m, v) defined by, v : I'(m) — R, such that v(0) = 0, where 0 = (0,0,0...,0).

Player j is called a uscless player if and only if m; = 0. Morcover, player j is called
an working player if and only if m; > 0. We may consider v(x) as the payoff or the cost
for the players whenever the players take action vector x. Sometimes, we will denote v(x)
by (m,v)(x) in order to emphasis that the domain of v is I'(m).

Given z € I with z < m, a sub-game of (m, v) is obtained by restricting the domain
of v to I'(z). We denote the sub-game by (z,v). In other words, Let z € I with z < m,
we call (z,v) a sub-game of (m,v), if and only if (z,v)(x) = (m, v)(x) for all x € I'(z).

We can identify the set of all multi-choice cooperative games defined on I'(m) by
G ~ R“;Ll (mj+1)—1 .

Since we do not assume that action o, is say, twice as powerful as action o1, and since
we do not assume that the difference between o,—1 and o, is the same as the difference
between oy and o4, cte., giving weights (diserimination) to actions is necessary.

Let m = max;en{m;}, and let w: {0,1,...,m} — Ry be a non-negative function such
that w(0) = 0, w(0) < w(l) < w(2) < ... < w(m), then w is called a weight function

and w(i) is said to be a weight of o;.



Given a weight function w for the actions, we define a value, or say a solution of a multi-
T
. . T . . an . Mg
choice cooperative game (m,v) by a > j—1 ™My dimensional vector ¢* : G — RZJ—I ’ be

such that

U (6) = (B (0), oy & (1), O (0), s Gy (V) s By (1), s B ()

Here 0% (v) is the power index or the value of player 7 when he takes action o; in
i 7

game v.

w

Rewrite (3], we can show that when w is given, given, there exists a unique ¢" satis-

fying the following four axioms.
Axiom 1. Supposc w(0),w(1),...,w(m) arc given. If v is of the form
ce>0 ify>x

v(y) =
) 0 otherwise,

AW . IV N
then ¢}, ;(v) is proportional to w(z;).

Axiom 1 states that for binary valued ( 0 or ¢ ) games that stipulate a minimal exertion
from players, the reward, for players using the minimal exertion level is proportional to
the weight of his minimal level action.

We denote (x| z; = k) as an action vector with z; = k.

. Given x,y € I'(m), we define xVy = (£1Vy1, ..., 2, VY, ) where x; Vy; = max{x;, y;}
for each . Similarly, we define x Ay = (21 Ay1, ...,z A yy,) where z; Ay, = min{xz;, y;}
for each i.

Definition 2. A vector x* € ['(m) is called a carrier of v, if v(x* A x) = v(x) for all

x € I'(m). We call x° a minimal carrier of v if Y 2% = min{>" z; | x is a carricr of v}.

Definition 3. Player ¢ is said to be a dummy player if v((x | 2; = k)) = v((x | 2; = 0))
for all x € I'(m) and for all £ =0,1,2,...,m,.

A useless player is of course a dummy player. The following is a version of the usual

cfficiency axiom that combines the carrier and the notions of dummy player.

Axiom 2. If x* is a carrier of v then, for m = (m,ma, ... ,my) we have

By 27 € x* we mean «] is the ¢-th component of x*.



Axiom 3. ¢¥(v! +v?) = ¥ (v!) + ¢¥ (v?), where (v! + v?)(x) = v'(x) + v?(x).

Axiom 4. Givenx? € I'(m) if v(x) = 0, whenever x # x", then for each i € N ¢ (v) = 0,
for all k < z¥.
Axiom 4 states that in games that stipulate a minimal exertion from players, those

who fail to mecet this minimal level cannot be rewarded.

Definition 4. Given x € I'(m), let S(x) = {¢ | @; # 0,2, is a component of x}. Given
S C N, let e(S) be the binary vector with components ¢;(S) satisfying

1 ifieS
6:,;(5):{ b

0  otherwisce.

For brevity, we let the standard unit vectors e({i}) = e;, for all ¢ € N, and let |S| be the

number of clements of S.

Definition 5. Given I'(m) and w(0) = 0, w(1l),... ,w(m), for any x € I'(m), we define
[l = > w(ar).

r=1
Definition 6. Given x € I'(m) and j € N = {1,2,...,n}, we define M;(x;m) = {i |

From Theorem 2 in [3], we have

T wiz;)
Zl > { D P e )

I'C M, (x;m)
x;é() rcid’
x€T(m)

X [o(x) —v(x —ej)]. (%)

The Potential.

Given m = (my, my, ...,m, ) € I and an n-person multi-choice cooperative game

(m, v). We denote the set of all the sub-games of (m,v) by

G* = {(z,v) |z€ I} and z < mj}



Given a weight function w for {0,1,..,m}, we define a function P, : G* — IR which
associates a real number P, ((x,v)).

Given P, ((x,v)), we define the following operators.

Di;Py((x),0)) = w(i) - {Pw( (xz; = 1), v)) = Pul( ((X]z; =i —1),v))],

and
b=,

H{I:j,’j = Z D/ﬁj.
i=1

Definition 8. A function P, : G — R with P, ((0,v)) = 0 is called a w-potential function

if it satisfies the following condition: for cach fixed x € I'(m)
D Hey i Pul(x0)) = (% 0) (%) ()
JES(x)

Given j € N and v(x), we define

djo(x) = v(x) —v(x —¢;)
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then d; is associative, i.e. di(d;v(x)) = d;(dpv(x)). For convenience, we denote d;d; = d;;.
dijk = did;dy, ..., etc. We also denote d;, 4, . i, = dy whenever {ij.ia,....5¢} = T.

Furthermore, for brevity, we denote dgxby dx.

Theorem 1. The Potential of multi-choice cooperative games is unique, and

Pullx) = Y dy(x.0)(y) 1)

Proof. Consider (m,v) and all its sub-games (x, v). It is casy to sce that P, ((0,v)) = 0.
Let [x| = >_,cn 4, by mathematical induction on |x[, by equation (xx), we can easily
see that the potential is unique. Now, we show the following claim in order to prove our

theorem.

Claim: Given any multi-choice cooperative game (x,v), let

Gullx o) = 32 o dy (o)),

<t



then

Hiju((x,0)) = &5 (%, v)).
H; i ((x,0)) = Z Dy 0w ((x,0))
= Z w W (((x|2; = k), v)) — ¢ (((X|z; =k — 1),0))]
. 1 1
= Z’w(k?) : [Z y< (x\x,:k)wdyv(w - Zy§ (x\xj:kfl)H—dy/U(y)]
1 Yilw y£0 Y||’w
Z Z JJ*k
k=1

yeT(x ||YHu

Z Z Jﬁk ol Z D" Zer (1.1)
k=1

yEel(x ||y”“ TCS(y) rel

——dyv(y)]

Consider > (—1)"lu(y —e(T)), where e(T) = 3 e,,we have
S(y) rcT

Y. )Ty —e(1)

1CS(y)

Yo )Ty —e(n) = (1) o(z) —v(z —e))] (1.2)

TCS(y) Jgj(

Since

y—z+e(T),y£0and j ¢ T,
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we have {T'C S(y)} ={T C M;(z;x)}.

Henee (1.2) can be written as

Y. DM u(z) —v(z e (1.3)

TC M;(z;x)

From (1.3 ), we know that (1.1) can be written as

Y| Y 0 | e vt e

240
zc (%)
- Z Z (*1)m [v(z) — vz — ej)]
w N2y 1) —w 2y
i k=1 Zj;o TC M, (zx) ||z]| +T§T[U (zp +1) —w(z)]
z€T(x)

Since (x,v) is arbitrarily given, then, by the above claim and (*), we have,

ST H () = S 68 ((x,0)) = (x,0)(x),

JjES(x) JES(x)
for cach fixed x € I'(m)
Since the potential of (x,v) is unique and 1, ((x,v)) satisfics (x%), then o, ((x,v)) is

the potential.

The proof is complete %

From the above proof, we can easily see the following theorem.

Theorem 2. Given a multi-choice cooperative game (m,v) then the Shapley value and

the Potential of (m, v) have the following relationship.

Ou/((mv)) - Hi.jpw((m7v))' (2)

7ij

Consistency Property of the Multi-choice Shapley value.

7



Given a multi-choice cooperative game (m,v) and its solution,
(0 (0), oo 25 (), G35 (0), s 000 (0), e 0 (0, s (0),

for each z € ['(m), we define an action vector z* = (2}, 25, ..., 2}) where

* o o3 ) , .
{ z; =my if z; < my
*— 3 . — .
7=0 if z; = m;.

Furthermore, we define a new game v} : I'(z) — R such that

v (y) = oy V) = Y W, ((by Ve, v).
z;.;é()

We call v¥ a reduced game of v with respect to z and the solution . Furthermore, we say

that the solution ¢ is consistent if ¢, j(v) =, ;(v)) for all i < z; and all j € N — S(z*).

Theorem 3. The multi-choice Shapley value ¢ is consistent.

Proof. Given a multi-choice cooperative game (m,v) and its Shapley value ¢". Given

z € I'(m), the reduced game of v with respect to z and the Shapley is :

w

v¢" :T(m) — R such that

vy () =vlyvz) =) o (yva,v).

2;760
Let b= (by,...,b,) =y V z*, since the Shapley value satisfics Axiom 2, we have

v (y) = vy vz) = ) o ((y Ve, )
z; 70

=D e (yveo) - Y on ((yvztv).

b; #0 2;760

Now, since z7 is cither 0 or my, for any y < z, by Theorem 2, we have

=" H,, ;Pully Vz).v). (3.1)



By Theorem 1, the potential of the game (z, ’z)gbw) is uniquely determined by formula

(%) applied to the game and all its sub games. Comparing this with (3.1), we know that

Pw((yv U;u)) = PIU((y \/ Z*7 /U)) + €

. . . AU .
for all y < z, where ¢ is a suitable constant so as to make P, ((0, vy )) = 0. It is clear that

zV z* = m, hence,

of (20" ) = HiyPul(2.07)) = HiyPu((m.v))

Pij
for all ¢ < z; and all j € N — S(z").

The proof is complete %

w-proportional for two-working-player games.

In the beginning of this article, we define oy as the action to do nothing.

Since the solution concept of the multi-choice Shapley valuce, is dummy free the useless
player does not affect the value no matter if he is regard as a player or not, sce [2] for
detail. However, not all solution concepts are dummy free.

W.L.O.G. suppose i < j, given N| = {7, j} and a two person cooperative game (mi, v;)
with m; = (m;, m; ), furthermore, given No = {1, ...,4, ...., j,..n} and an n-pcrson cooper-
ative game (mo, vo) with my = (0,0,...,0,m;,0,...,0,m;,0,...,0). Supposc v ((z;,2;)) =
v2((0,0,...,0,2;,0,...,0,2;,0,...,0)) for all z; = 0,1,...,m; and z; = 0,1,...,m;, we can
casily make up some solution concept where the solution for vy is different from the solu-
tion for vs i.c. we can casily make up a solution concept where the value for player ¢ in vy
is different from the value for player ¢ in vy. Therefore, we can not regard v, and v as the
same game. To avoid ambiguity, we call v a two person game and call v a two-working-
player game. When there is only one m; > 0, we called (m,v) an onc-working-player
game.

Given an n-person multi-choice cooperative game (m, v), and its sub-game (x, v) where

x < m, as usual, we let mm = max{m,....,m,} Let (0lz; = k,z; = £) be an action vector
where player ¢ takes action o, player takes action o, and all the other players take action

o, we have the following definition.

Definition 9. Given w(0) = 0, w(1), ..., w(m), a solution function 1 is said to satisfics

“w-proportional for two-working-playcr games” if for any two-working-player game (m, v)

withm=(0,..,m;.0,..,m;,0,..0), ¥ satisfics the following.

9



g i ((m,v)) = ZU((O|$1 =t,x; =0)+

=1
w(t)
w(t) + w(l)
w(t)
w(t) + w(2)

|- (0l =t,x; =1)) —v((0lz; =t — 1,2; = 1)) —v((0|x; = t,x; = 0))]+

- o(0]z; =t,z; =2)) —v(0|z; =t — 1,2, =2)) —v((0|z; =t,z; = 1))+

+

w(t)

[W} (O], =tz =my)) —v((0|z; =t — 1,2, = my))

—o((Oz; = t,x; = m; —1))]
(4.1)

For player j, we have a formula of ¢y ;((m, v)) similar to (4.1) which is omitted.
It is easy to see that (4.1) is an extension of the definition of standard for two-person

games in [1]. For convenience, we reformulate (4.1) as follows.

k
_owlE) | o e
Z Z Lu(z,;)+’u;(zj)} wiz) ( i)l =+

. wiz;
2 2 {w<zi>+;<;+1>}'[“z)“<zei>1 (4.2)

We have the following conjecture:

Conjecture. Given a n-person multi-choice cooperative game (m,v) with all its sub-
games and a weight function for {0,1,...,m}, let % be a solution function. Then:

(i) @™ is consistence; and

(i1)™ is“w-proportional for two-working-player cooperative games”;

if and only if ¢" is the multi-choice Shapley value.
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