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❆❜str❛❝t

❲❡ ♣r♦✈❡ t❤❛t ❡✈❡r② ✉♥❞✐s❝♦✉♥t❡❞ ♠✉❧t✐✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡ ✐♥ ❞✐s❝r❡t❡ t✐♠❡ ❛❞✲
♠✐ts ❛♥ ❛♣♣r♦①✐♠❛t❡ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ✜✈❡ ❛♣✲
♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s✿ ✭✶✮ ✏❚r❡♠❜❧✐♥❣✲❤❛♥❞✑ ♣❡r❢❡❝t♥❡ss ✲ ♣❧❛②❡rs ❞♦ ♥♦t ✉s❡ ♥♦♥✲❝r❡❞✐❜❧❡
t❤r❡❛ts❀ ✭✷✮ ◆♦r♠❛❧✲❢♦r♠ ❝♦rr❡❧❛t✐♦♥ ✲ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s r❡q✉✐r❡❞ ♦♥❧② ❜❡❢♦r❡ t❤❡
❣❛♠❡ st❛rts❀ ✭✸✮ ❯♥✐❢♦r♠♥❡ss ✲ ✐t ✐s ❛♥ ❛♣♣r♦①✐♠❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛♥② ❧♦♥❣ ❡♥♦✉❣❤
✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡ ❛♥❞ ✐♥ ❛♥② ❞✐s❝♦✉♥t❡❞ ❣❛♠❡ ✇✐t❤ ❤✐❣❤ ❡♥♦✉❣❤ ❞✐s❝♦✉♥t ❢❛❝t♦r❀
✭✹✮ ❯♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ✲t❤❡ ❞❡✈✐❝❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❡❝✐✜❝ ♣❛r❛♠❡✲
t❡rs ♦❢ t❤❡ ❣❛♠❡✳ ✭✺✮ ❈❛♥♦♥✐❝❛❧ ✲ t❤❡ s✐❣♥❛❧ ❡❛❝❤ ♣❧❛②❡r r❡❝❡✐✈❡s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
str❛t❡❣② ❤❡ ♣❧❛②s ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

✶ ■♥tr♦❞✉❝t✐♦♥

❙t♦♣♣✐♥❣ ❣❛♠❡s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❉②♥❦✐♥ ✭❬✼❪✮ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠s✱ ❛♥❞ ❧❛t❡r ✉s❡❞ ✐♥ s❡✈❡r❛❧ ♠♦❞❡❧s ✐♥ ❡❝♦♥♦♠✐❝s✱
♠❛♥❛❣❡♠❡♥t s❝✐❡♥❝❡✱ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡ ❛♥❞ ❜✐♦❧♦❣②✱ s✉❝❤ ❛s r❡s❡❛r❝❤ ❛♥❞ ❞❡✲
✈❡❧♦♣♠❡♥t ✭s❡❡ ❡✳❣✳✱ ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡ ❬✶✵❪ ❛♥❞ ▼❛♠❡r ❬✶✹❪✮✱ str✉❣❣❧❡ ♦❢
s✉r✈✐✈❛❧ ❛♠♦♥❣ ✜r♠s ✐♥ ❛ ❞❡❝❧✐♥✐♥❣ ♠❛r❦❡t ✭s❡❡ ❡✳❣✳✱ ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡ ❬✶✶❪✱
●❤❡♠❛✇❛t ❛♥❞ ◆❛❧❡❜✉✛ ❬✶✷❪✮✱ ❛✉❝t✐♦♥s ✭s❡❡ ❡✳❣✳✱ ❑r✐s❤♥❛ ❛♥❞ ▼♦r❣❛♥ ❬✶✸❪✮✱
❧♦❜❜②✐♥❣ ✭s❡❡ ❡✳❣✳✱ ❇✉❧♦✇ ❛♥❞ ❑❧❡♠♣❡r❡r ❬✹❪✮✱ ❛♥❞ ❝♦♥✢✐❝t ❛♠♦♥❣ ❛♥✐♠❛❧s ✭s❡❡
❡✳❣✳✱ ◆❛❧❡❜✉✛ ❛♥❞ ❘✐❧❡② ❬✶✾❪✮✳

1 ❚❤✐s ✇♦r❦ ✐s ✐♥ ♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ P❤✳❉✳ ✐♥ ♠❛t❤❡♠❛t✐❝s
❛t ❚❡❧✲❆✈✐✈ ❯♥✐✈❡rs✐t②✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊✐❧♦♥ ❙♦❧❛♥ ❢♦r ❤✐s ❝❛r❡❢✉❧ s✉♣❡r✈✐s✐♦♥✱
❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❤❡❧♣ ❤❡ ♦✛❡r❡❞✱ ❛♥❞ ❢♦r ♠❛♥② ✐♥s✐❣❤t❢✉❧ ❞✐s❝✉ss✐♦♥s✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❏✉♥❡ ✶✵✱ ✷✵✵✾



■♥ t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ ✭✉♥❞✐s❝♦✉♥t❡❞✮ ♠✉❧t✐✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡s ✐♥ ❞✐s✲
❝r❡t❡ t✐♠❡✳ ❚❤❡ ❣❛♠❡ ✐s ♣❧❛②❡❞ ❜② ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛②❡rs✳ ❚❤❡r❡ ✐s ❛♥ ✉♥❦♥♦✇♥
st❛t❡ ✈❛r✐❛❜❧❡✱ ♦♥ ✇❤✐❝❤ ♣❧❛②❡rs r❡❝❡✐✈❡ s②♠♠❡tr✐❝ ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❧♦♥❣
t❤❡ ❣❛♠❡✳ ❆t st❛❣❡ ✶ ❛❧❧ t❤❡ ♣❧❛②❡rs ❛r❡ ❛❝t✐✈❡✳ ❆t ❡✈❡r② st❛❣❡ ♥✱ ❡❛❝❤ ❛❝t✐✈❡
♣❧❛②❡r ❞❡❝❧❛r❡s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡rs✱ ✇❤❡t❤❡r ❤❡ st♦♣s ♦r ❝♦♥t✐♥✉❡s✳ ❆
♣❧❛②❡r t❤❛t st♦♣s ❛t st❛❣❡ ♥✱ ❜❡❝♦♠❡s ♣❛ss✐✈❡ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ❣❛♠❡✳ ❚❤❡
♣❛②♦✛ ♦❢ ❛ ♣❧❛②❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ❤✐st♦r② ♦❢ ♣❧❛②❡rs✬ ❛❝t✐♦♥s ✇❤✐❧❡ ❤❡ ❤❛s ❜❡❡♥
❛❝t✐✈❡ ❛♥❞ ♦♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✳

▼✉❝❤ ✇♦r❦ ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✷✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡s ✐♥ ❞✐s✲
❝r❡t❡ t✐♠❡✳ ❚❤✐s ♣r♦❜❧❡♠✱ ✇❤❡♥ t❤❡ ♣❛②♦✛s ❤❛✈❡ ❛ s♣❡❝✐❛❧ str✉❝t✉r❡✱ ✇❛s st✉❞✲
✐❡❞✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❜② ◆❡✈❡✉ ✭❬✷✶❪✮✱ ▼❛♠❡r ✭❬✶✹❪✮✱ ▼♦r✐♠♦t♦ ✭❬✶✻❪✮✱ ❖❤ts✉❜♦
✭❬✷✸❪✮✱ ◆♦✇❛❦ ❛♥❞ ❙③❛❥♦✇s❦✐ ✭❬✷✷❪✮✱ ❘♦s❡♥❜❡r❣✱ ❙♦❧❛♥ ❛♥❞ ❱✐❡✐❧❧❡ ✭❬✷✺❪✮✱ ❛♥❞
◆❡✉♠❛♥♥✱ ❘❛♠s❡② ❛♥❞ ❙③❛❥♦✇s❦✐ ✭❬✷✵❪✮✳ ❚❤♦s❡ ❛✉t❤♦rs ♣r♦✈✐❞❡❞ ✈❛r✐♦✉s s✉✣✲
❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ✭◆❛s❤✮ ǫ✲❡q✉✐❧✐❜r✐❛ ❡①✐st✳ ❘❡❝❡♥t❧②✱ ❙❤♠❛②❛ ❛♥❞
❙♦❧❛♥ ✭❬✷✽❪✮ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✭◆❛s❤✮ ǫ✲❡q✉✐❧✐❜r✐❛ ❛ss✉♠✐♥❣ ♦♥❧②
✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ ♣❛②♦✛s✳ ■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ✷✲♣❧❛②❡r ❝❛s❡✱ t❤❡r❡ ✐s ♥♦
❡①✐st❡♥❝❡ r❡s✉❧t ❢♦r ǫ✲❡q✉✐❧✐❜r✐❛ ✐♥ ♠✉❧t✐✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡s✳

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♠❛② ❜❡ s✉st❛✐♥❡❞ ❜② ✏♥♦♥✲❝r❡❞✐❜❧❡✑
t❤r❡❛ts ♦❢ ♣✉♥✐s❤♠❡♥t✳ ❙✐♥❝❡ ❜② ♣✉♥✐s❤✐♥❣ ❛ ❞❡✈✐❛t♦r✱ s♦♠❡ ♦❢ t❤❡ ♣✉♥✐s❤✐♥❣
♣❧❛②❡rs ♠❛② r❡❝❡✐✈❡ ❧♦✇ ♣❛②♦✛ ✭❧♦✇❡r t❤❛♥ ✐❢ t❤❡② ❞♦ ♥♦t ♣✉♥✐s❤ t❤❡ ❞❡✈✐❛t♦r✮✱
✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r ♦♥❡ s❤♦✉❧❞ ❡①♣❡❝t ♣❧❛②❡rs t♦ ❢♦❧❧♦✇ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳
❚❤✉s✱ ❛ ❢❡✇ ♣❛♣❡rs st✉❞② t❤❡ str♦♥❣❡r ❝♦♥❝❡♣t ♦❢ ♣❡r❢❡❝t ❡q✉✐❧✐❜r✐✉♠ ✭❙❡❧t❡♥
❬✷✻✱✷✼❪✮ ✐♥ ✷✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡✱ ❋✐♥❡ ❛♥❞ ▲✐ ❬✽❪✮✳

❆✉♠❛♥♥ ✭❬✶❪✮ ❞❡✜♥❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ✜♥✐t❡ ♥♦r♠❛❧✲
❢♦r♠ ❣❛♠❡ ❛s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛♥ ❡①t❡♥❞❡❞ ❣❛♠❡ t❤❛t ✐♥❝❧✉❞❡s ❛ ❝♦rr❡✲
❧❛t✐♦♥ ❞❡✈✐❝❡✱ ✇❤✐❝❤ s❡♥❞s t♦ ❡❛❝❤ ♣❧❛②❡r✱ ❜❡❢♦r❡ t❤❡ st❛rt ♦❢ ♣❧❛②✱ ❛ ♣r✐✈❛t❡
s✐❣♥❛❧✳ ❚❤❡ str❛t❡❣② ♦❢ ❡❛❝❤ ♣❧❛②❡r ❝❛♥ t❤❡♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r✐✈❛t❡ s✐❣♥❛❧ t❤❛t
❤❡ r❡❝❡✐✈❡❞✳ ❈♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ❤❛✈❡ ❛ ♥✉♠❜❡r ♦❢ ❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s✳ ❚❤❡②
❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② tr❛❝t❛❜❧❡✳ ❊①✐st❡♥❝❡ ✐s ✈❡r✐✜❡❞ ❜② ❝❤❡❝❦✐♥❣ ❛ s②st❡♠ ♦❢
❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s r❛t❤❡r t❤❛♥ ❛ ✜①❡❞ ♣♦✐♥t✳ ❚❤❡ s❡t ♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜✲
r✐❛ ✐s ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡①✳ ❆✉♠❛♥♥ ✭❬✷❪✮ ❛r❣✉❡s t❤❛t ✐t ✐s t❤❡ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❇❛②❡s✐❛♥ ♣❡rs♣❡❝t✐✈❡ ♦♥ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣✳

❋♦r s❡q✉❡♥t✐❛❧ ❣❛♠❡s✱ t✇♦ ♠❛✐♥ ✈❡rs✐♦♥s ♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ❤❛✈❡ ❜❡❡♥
st✉❞✐❡❞ ✭s❡❡ ❡✳❣✳✱ ❋♦r❣❡s ❬✾❪✮✿ ♥♦r♠❛❧✲❢♦r♠ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ✐♥ ✇❤✐❝❤
❡❛❝❤ ♣❧❛②❡r r❡❝❡✐✈❡s ♦♥❧② ♣r✐✈❛t❡ s✐❣♥❛❧ ❜❡❢♦r❡ t❤❡ ❣❛♠❡ st❛rts✱ ❛♥❞ ❡①t❡♥s✐✈❡✲
❢♦r♠ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ♣❧❛②❡r r❡❝❡✐✈❡s ❛ ♣r✐✈❛t❡ s✐❣♥❛❧ ❛t
❡❛❝❤ st❛❣❡ ♦❢ t❤❡ ❣❛♠❡✳ ◆♦t❡ t❤❛t ❡✈❡r② ♥♦r♠❛❧✲❢♦r♠ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠
✐s ❛♥ ❡①t❡♥s✐✈❡✲❢♦r♠ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ❜✉t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡✳

❈♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❧❛②❡rs✱ t❤❛t ❝❛♥ ❧❡❛❞ t♦ ❝♦rr❡❧❛t✐♦♥ ♦❢ str❛t❡❣✐❡s✱
✐s ♥❛t✉r❛❧ ✐♥ ♠❛♥② s❡t✉♣s✱ ❢♦r ❡①❛♠♣❧❡✿ ❝♦✉♥tr✐❡s ♥❡❣♦t✐❛t❡ ❛❜♦✉t t❤❡✐r ❛❝t✐♦♥s
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t♦ ❡❛❝❤ ♦t❤❡r ❛♥❞ t♦ ♦t❤❡r ❝♦✉♥tr✐❡s❀ ✜r♠s ❞❡❝✐❞❡ ♦♥ t❤❡✐r str❛t❡❣✐❡s ❜❛s❡❞ ♦♥
❝♦♠♠♦♥ ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s ♣❛st ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❛r❦❡t❀ ❛♥❞ ❛ ♠❛♥❛❣❡r
❝♦♦r❞✐♥❛t❡s t❤❡ ❛❝t✐♦♥s t❛❦❡♥ ❜② ❤✐s s✉❜♦r❞✐♥❛t❡s✳ ■♥ s♦♠❡ s✐t✉❛t✐♦♥s ♣❧❛②❡rs
♠❛② ❝♦♦r❞✐♥❛t❡ ❜❡❢♦r❡ t❤❡ ♣❧❛② st❛rts✱ ❜✉t ❝♦♦r❞✐♥❛t✐♦♥ ❛❧♦♥❣ t❤❡ ♣❧❛② ✐s ❝♦st❧②
♦r ✐♠♣♦ss✐❜❧❡✱ ❛♥❞ ♦♥❧② t❤❡ ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧✲❢♦r♠ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s
❛♣♣r♦♣r✐❛t❡✳ ❚✇♦ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ s✐t✉❛t✐♦♥s ❛r❡✿

• ◆❡✇s ♣❧❛②✐♥❣ ❛♠♦♥❣ ❞❛② tr❛❞❡rs ✲ ❆♥ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝
♥❡✇s ✐s ❡①♣❡❝t❡❞ ❛t ❛ ❝❡rt❛✐♥ t✐♠❡✳ ❊♠♣✐r✐❝❛❧ st✉❞✐❡s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡✱
❈❤r✐st✐❡✲❉❛✈✐❞✱ ❈❤❛✉❞❤r② ❛♥❞ ❑❤❛♥❊❝♦♥♦♠❡tr✐❝❛ ❬✺❪✮ s❤♦✇ t❤❛t s❡✈❡r❛❧
♠✐♥✉t❡s ❡❧❛♣s❡ ❜❡❢♦r❡ ✜♥❛♥❝✐❛❧ ✐♥str✉♠❡♥ts ❛❞❥✉st t♦ s✉❝❤ ❛♥♥♦✉♥❝❡♠❡♥ts✳
❚❤✐s ❣❛♣ ♦❢ t✐♠❡ ♠❛② ♣r♦✈✐❞❡ ❛ ❝❤❛♥❝❡ ❢♦r s✉❜st❛♥t✐❛❧ ♣r♦✜t ❢♦r q✉✐❝❦ tr❛❞✲
✐♥❣✳ ■♥ t❤✐s s❡t✉♣✱ t❤❡ tr❛❞❡rs ♦❢ ❛ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥ ❝❛♥ ❝♦♦r❞✐♥❛t❡ t❤❡✐r
❛❝t✐♦♥s ✐♥ ❛❞✈❛♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡② ♠❛② ❞❡❝✐❞❡ t❤❛t ✐❢ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t
✐s ♦❢ t②♣❡ ❛ ❛♥❞ t❤❡ ♣r✐❝❡ ♦❢ ❛ ❝❡rt❛✐♥ ✜♥❛♥❝✐❛❧ ✐♥str✉♠❡♥t ✐♥❝r❡❛s❡s ❜② ♠♦r❡
t❤❛♥ ❜ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✶✵ ♠✐♥✉t❡s✱ t❤❡♥ ❝❡rt❛✐♥ ❜✉② ❛♥❞ s❡❧❧ ♦r❞❡rs s❤♦✉❧❞
❜❡ ♠❛❞❡ q✉✐❝❦❧②✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❝♦♦r❞✐♥❛t✐♦♥ ❛❧♦♥❣ t❤❡ ♣❧❛② ✐s ❝♦st❧② ❞✉❡
t♦ t❤❡ t✐♠❡ ❧✐♠✐t✳ ◆♦t❡ t❤❛t t❤❡s❡ tr❛❞❡rs ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t ♣❛②♦✛ ❢✉♥❝✲
t✐♦♥s✿ ❡❛❝❤ tr❛❞❡r ♠❛② ❜❡ ✐♥t❡r❡st❡❞ ♥♦t ♦♥❧② ✐♥ t❤❡ ✜r♠✬s ♣r♦✜t✱ ❜✉t ✐♥ t❤❡
♣❛rt ♦❢ t❤❡ ♣r♦✜t t❤❛t ✐s ♠❛❞❡ ✐♥ ✜♥❛♥❝✐❛❧ ✐♥str✉♠❡♥ts t❤❛t ❛r❡ ✉♥❞❡r ❤✐s
r❡s♣♦♥s✐❜✐❧✐t②✳

• ❲❛r ♦❢ ❛ttr✐t✐♦♥ ✐♥ ♥❛t✉r❡✱ ✇❤✐❝❤ ✐s ❝♦♠♠♦♥❧② ♠♦❞❡❧❡❞ ❛s ❛ st♦♣♣✐♥❣ ❣❛♠❡✱
✇❤❡r❡ ♥♦r♠❛❧✲❢♦r♠ ✭❜✉t ♥♦t ❡①t❡♥s✐✈❡✲❢♦r♠✮ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡s ❛r❡ ✐♠♣❧❡✲
♠❡♥t❡❞ ❜② ❡✈♦❧✉t✐♦♥ ♦❢ ♣❤❡♥♦t②♣❡ r♦❧❡s ✭s❡❡ ❡✳❣✳✱ ❙❤♠✐❞❛ ❛♥❞ P❡❧❡❣ ❬✷✾❪✮✳

❆ ❢❡✇ ♣❛♣❡rs ❤❛✈❡ ❞❡✜♥❡❞ ❛♥❞ st✉❞✐❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐❛ ✐♥ ✜♥✐t❡ ❣❛♠❡s✱ s❡❡ ❡✳❣✳✱ ▼②❡rs♦♥ ✭❬✶✼✱✶✽❪✮ ❛♥❞ ❉❤✐❧❧♦♥ ❛♥❞ ▼❡rt❡♥s
✭❬✻❪✮✳ ●❡♥❡r❛❧✐③✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧❛st ♣❛♣❡r✱ ✇❡ ❞❡✜♥❡ ❛ ✭✏tr❡♠❜❧✐♥❣✲
❤❛♥❞✑✮ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠✱ ❛s ❛ ♣r♦✜❧❡ ✇❤❡r❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
♦❢ ❛t✲❧❡❛st 1 − δ✱ ♥♦ ♣❧❛②❡r ❝❛♥ ❡❛r♥ ♠♦r❡ t❤❛♥ ǫ ❜② ❞❡✈✐❛t✐♥❣ ❛t ❛♥② st❛❣❡ ♦❢
t❤❡ ❣❛♠❡✳ 2 ❲❡ ❤♦♣❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛❞❛♣t❡❞ ❢r♦♠ ♠❛②
❜❡ ✉s❡❢✉❧ ✐♥ ❢✉t✉r❡ st✉❞② ♦❢ ♦t❤❡r ❞②♥❛♠✐❝ ❣❛♠❡s✳ 3

❖✉r ♠❛✐♥ r❡s✉❧t s❤♦✇s t❤❛t ❢♦r ❡✈❡r② δ, ǫ > 0✱ ❛ ♠✉❧t✐✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡
❛❞♠✐ts ❛ ♥♦r♠❛❧✲❢♦r♠ ✉♥✐❢♦r♠ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠✳ ❉✉❡ t♦
t❤❡ ✉♥✐❢♦r♠♥❡ss ♣r♦♣❡rt②✱ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ✐s ❛♥ ❛♣♣r♦①✐♠❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥
❛♥② ❧♦♥❣ ❡♥♦✉❣❤ ✜♥✐t❡✲❤♦r✐③♦♥ st♦♣♣✐♥❣ ❣❛♠❡ ❛♥❞ ✐♥ ❛♥② ❞✐s❝♦✉♥t❡❞ st♦♣♣✐♥❣

2 ▼♦r❡ ❢♦r♠❛❧❧②✱ δ > 0 ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥
❞❡✈✐❝❡ s❡♥❞s s✐❣♥❛❧s ✐♥ s♦♠❡ s❡t M ′ ❛♥❞ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t s♦♠❡ ❡✈❡♥t E ♦❝❝✉rs✱
❛♥❞ ǫ > 0 ✐s t❤❡ ♠❛①✐♠❛❧ ♣r♦✜t ❛ ♣❧❛②❡r ❝❛♥ ❡❛r♥ ❜② ❞❡✈✐❛t✐♥❣ ❛t ❛♥② st❛❣❡ ♦❢ t❤❡
❣❛♠❡ ❛♥❞ ❛❢t❡r ❛♥② ❤✐st♦r② ♦❢ ♣❧❛②✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ✐s ♥♦t ✐♥
❊ ❛♥❞ t❤❡ s✐❣♥❛❧ ♣r♦✜❧❡ ✐s ♥♦t ✐♥ M ′✳
3 ❖✉r ❞❡✜♥✐t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ✭s✉❜✲❣❛♠❡✮ ♣❡r❢❡❝t (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠
♣r❡s❡♥t❡❞ ✐♥ ▼❛s❤✐❛❤✲❨❛❛❦♦✈✐ ✭❬✶✺❪✮✱ ✇❤❡r❡ ✐t ✐s ♣r♦✈❡♥ t❤❛t s✉❝❤ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts
✐♥ ♠✉❧t✐✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡s ✇❤❡r❡ ❛t ❛♥② st❛❣❡ ❛ s✐♥❣❧❡ ♣❧❛②❡r ✐s ❛❧❧♦✇❡❞ t♦ st♦♣✳

✸



❣❛♠❡ ✇✐t❤ ❤✐❣❤ ❡♥♦✉❣❤ ❞✐s❝♦✉♥t ❢❛❝t♦r✳ 4 ▼♦r❡♦✈❡r✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ✐♥
t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❤❛s t✇♦ ❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s✿ ✭✶✮ ❯♥✐✈❡rs❛❧✐t② ✲ t❤❡ ❞❡✈✐❝❡
❞❡♣❡♥❞s ♦♥❧② ♦♥ ǫ ❛♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs✳ ✭✷✮ ❈❛♥♦♥✐❝❛❧ ✲ t❤❡ s✐❣♥❛❧
s❡♥t t♦ ❡❛❝❤ ♣❧❛②❡r ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ str❛t❡❣② ❤❡ ✉s❡s ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ 5

❲❤❡♥ t❤❡ st♦♣♣✐♥❣ ❣❛♠❡ ❤❛s s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s✱ ✇❡ ❝❛♥ ❢✉rt❤❡r ❝❤❛r❛❝t❡r✐③❡
t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛s ❞✐s❝✉ss❡s ✐♥ ❙❡❝t✳ ✽✳

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t✇♦ r❡❞✉❝t✐♦♥s✿ ✇❡ ✜rst ❞❡✜♥❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s✱ ❛s st♦♣✲
♣✐♥❣ ❣❛♠❡s t❤❛t ✐♠♠❡❞✐❛t❡❧② ❡♥❞ ❛s s♦♦♥ ❛s ❛♥② ♣❧❛②❡r st♦♣s✱ ❛♥❞ r❡❞✉❝❡ t❤❡
♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❢r♦♠ ❣❡♥❡r❛❧ st♦♣♣✐♥❣ ❣❛♠❡s t♦ t❡r♠✐♥❛t✲
✐♥❣ ❣❛♠❡s✳ 6 ❚❤✐s r❡❞✉❝t✐♦♥ r❡q✉✐r❡s ✉s t♦ ✉s❡ ❛ ✉♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡
t❤❛t ✐s (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ✲ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❛ ♣❧❛②❡r ❛❧♠♦st ❞♦❡s
♥♦t ❝❤❛♥❣❡ ✇❤❡♥ ❤❡ r❡❝❡✐✈❡s ❤✐s s✐❣♥❛❧✳ ◆❡①t✱ ✇❡ ✉s❡ ❛ st♦❝❤❛st✐❝ ✈❛r✐❛t✐♦♥ ♦❢
❘❛♠s❡②✬s t❤❡♦r❡♠ ✭❬✷✽❪✮ t♦ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❛t ♦❢ st✉❞②✐♥❣ t❤❡
♣r♦♣❡rt✐❡s ♦❢ ❝♦rr❡❧❛t❡❞ ǫ✲❡q✉✐❧✐❜r✐❛ ✐♥ ♠✉❧t✐✲♣❧❛②❡r ❛❜s♦r❜✐♥❣ ❣❛♠❡s 7 ✳ ❚❤❡
st✉❞② ✉s❡s t❤❡ r❡s✉❧t ♦❢ ❙♦❧❛♥ ❛♥❞ ❱♦❤r❛ ❬✸✷❪ t❤❛t ❛♥② ♠✉❧t✐✲♣❧❛②❡r ❛❜s♦r❜✐♥❣
❣❛♠❡ ❛❞♠✐ts ❛ ❝♦rr❡❧❛t❡❞ ǫ✲❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ♣❛♣❡r ✐s ❛rr❛♥❣❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡s✉❧t✳
❆ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ❛♣♣❡❛rs ✐♥ ❙❡❝t✐♦♥ ✸✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠
t♦ ❡①✐st❡♥❝❡ ♦❢ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s ✇✐t❤
s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s✳ ❙❡❝t✐♦♥ ✺ st✉❞✐❡s ❣❛♠❡s ♣❧❛②❡❞ ♦♥ ✜♥✐t❡ tr❡❡s✳ ■♥ ❙❡❝t✐♦♥
✻ ✇❡ ✉s❡ t❤❡ st♦❝❤❛st✐❝ ✈❛r✐❛t✐♦♥ ♦❢ ❘❛♠s❡②✬s t❤❡♦r❡♠✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦
❝♦♥str✉❝t ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ❙❡❝t✐♦♥ ✼✳ ■♥ ❙❡❝t✳ ✽ ✇❡
❞✐s❝✉ss s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ s♣❡❝✐✜❝ ❦✐♥❞s ♦❢
st♦♣♣✐♥❣ ❣❛♠❡s✳

4 ❆r❣✉♠❡♥ts ✐♥ ❢❛✈♦r ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ✉♥✐❢♦r♠ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆✉♠❛♥♥
❛♥❞ ▼❛s❤❝❧❡r ✭❬✸❪✮✳
5 ■♥ s❡❝t✳ ✷ ✇❡ ❞❡✜♥❡ ❛ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ✇✐t❤ ❛ ✜♥✐t❡ s✐❣♥❛❧ s♣❛❝❡✱ ✇❤✐❧❡ t❤❡ t❤❡
str❛t❡❣② s♣❛❝❡ ✐s ✐♥✜♥✐t❡✳ ❚❤✉s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ✐s ♥♦t ❡①❛❝t❧② ❝❛♥♦♥✐❝❛❧✱ ❜✉t
✐t ✐s ❝❧♦s❡❧②✲r❡❧❛t❡❞ t♦ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✿ ❚❤❡ s✐❣♥❛❧ ✐♥❢♦r♠s ❡❛❝❤ ♣❧❛②❡r ❛t
✇❤✐❝❤ st❛❣❡s ❤❡ s❤♦✉❧❞ st♦♣✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❤❡ ❤❛s ♦♥ t❤❡ st❛t❡ ♦❢
♥❛t✉r❡ ❛♥❞ ♦♥ t❤❡ ❤✐st♦r② ♦❢ ♣❧❛②✱ ✐♥ ❛♥② s✉❜tr❡❡ ✇❤❡r❡ t❤❡ ♣❧❛②❡rs ♣❧❛② ❛ ❝♦rr❡❧❛t❡❞
♣r♦✜❧❡✳ ❆❧❧ ♦❢ ♦✉r r❡s✉❧ts r❡♠❛✐♥ t❤❡ s❛♠❡ ✐❢ ♦♥❡ ✇♦✉❧❞ ✉s❡ ❛ ❝❛♥♦♥✐❝❛❧ ❝♦rr❡❧❛t✐♦♥
❞❡✈✐❝❡ ✇✐t❤ ✐♥✜♥✐t❡ s✐❣♥❛❧ s♣❛❝❡✳
6 ■♥ ♦t❤❡r ♣❛♣❡rs✱ ❜♦t❤ ❣❛♠❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s st♦♣♣✐♥❣ ❣❛♠❡s✳ ❲❡ ❤❛✈❡ ❞❡♥♦t❡❞
t❤❡♠ ❜② ❛ ❞✐✛❡r❡♥t ♥❛♠❡✱ ❜❡❝❛✉s❡ t❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ st♦♣♣✐♥❣ ❣❛♠❡s t♦ t❡r♠✐♥❛t✐♥❣
❣❛♠❡s ✐s ♥♦t tr✐✈✐❛❧ ✐♥ ♦✉r s❡t✉♣ ❞✉❡ t♦ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ♥♦r♠❛❧✲❢♦r♠ ❝♦rr❡❧❛t✐♦♥✳
7 ❆♥ ❛❜s♦r❜✐♥❣ ❣❛♠❡ ✐s ❛ st♦❝❤❛st✐❝ ❣❛♠❡ ✇✐t❤ ❛ s✐♥❣❧❡ ♥♦♥✲❛❜s♦r❜✐♥❣ st❛t❡✳

✹



✷ ▼♦❞❡❧ ❛♥❞ ▼❛✐♥ ❘❡s✉❧t

❉❡✜♥✐t✐♦♥ ✶ ❆ ✭♠✉❧t✐✲♣❧❛②❡r✮ st♦♣♣✐♥❣ ❣❛♠❡ ✭✐♥ ❞✐s❝r❡t❡ t✐♠❡✮ ✐s ❛ ✻✲t✉♣❧❡
G = (I, Ω,A, p,F , R) ✇❤❡r❡✿

• ■ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛②❡rs❀
• (Ω,A, p) ✐s ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✭t❤❡ st❛t❡ s♣❛❝❡✮❀
• F = (Fn)n≥0 ✐s ❛ ✜❧tr❛t✐♦♥ ♦✈❡r (Ω,A, p)❀
• R = (Rn)n≥0

⋃

R∞ ✐s ❛♥ F ✲❛❞❛♣t❡❞ ♣r♦❝❡ss✿
· ▲❡t HS

n ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❤✐st♦r✐❡s ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s ♦❢ ❡❛❝❤ ♣❧❛②❡r
✭st♦♣ ♦r ❝♦♥t✐♥✉❡✮ ✉♥t✐❧ st❛❣❡ n✱ ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ ♠❡♠❜❡rs ♦❢
S ❛❧✇❛②s ❝♦♥t✐♥✉❡✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ Rn ❛r❡ ❞❡♥♦t❡❞ ❜② Ri

S,n,hS
n , ✇❤❡r❡

n ∈ N✱ S ⊆ I ✐s t❤❡ s❡t ♦❢ ♣❧❛②❡rs t❤❛t st♦♣ ❛t st❛❣❡ n✱ i ∈ S ✐s ❛ ♣❧❛②❡r✱
❛♥❞ hS

n ∈ HS
n ✐s t❤❡ ❤✐st♦r② ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s ❜❡❢♦r❡ st❛❣❡ n✳

· ▲❡t HS
∞ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ✐♥✜♥✐t❡ ❤✐st♦r✐❡s ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s✱ ✐♥ ✇❤✐❝❤

t❤❡ ♠❡♠❜❡rs ♦❢ S ❛❧✇❛②s ❝♦♥t✐♥✉❡ ❛♥❞ ❛❧❧ t❤❡ ♠❡♠❜❡rs ♦❢ I\S ❤❛✈❡
st♦♣♣❡❞✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ R∞ ❛r❡ ❞❡♥♦t❡❞ ❜② Ri

S,∞,hS
∞

✇❤❡r❡ S ⊆ I

✐s t❤❡ s❡t ♦❢ ♣❧❛②❡rs ✇❤♦ ❤❛✈❡ ♥❡✈❡r st♦♣♣❡❞✱ ❛♥❞ hS
∞ ∈ HS

∞ ✐s t❤❡ ✐♥✜♥✐t❡
❤✐st♦r② ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s✳ ▲❡t nhS

∞
❜❡ t❤❡ ❧❛st st❛❣❡ ✐♥ ✇❤✐❝❤ ❛ ♣❧❛②❡r st♦♣s

✐♥ hS
∞✳ ❲❡ r❡q✉✐r❡ t❤❛t Ri

S,∞,hS
∞

✐s ♠❡❛s✉r❛❜❧❡ ✐♥ Fn
hS
∞
✱ ✐✳❡✳✱ t❤❡ ♣❛②♦✛ ♦❢

❛ ♣❧❛②❡r ✇❤♦ ♥❡✈❡r st♦♣s ❝❤❛♥❣❡s ♦♥❧② ✇❤❡♥ ♦t❤❡r ♣❧❛②❡rs st♦♣✳

❆ st♦♣♣✐♥❣ ❣❛♠❡ ✐s ♣❧❛②❡❞ ❛s ❢♦❧❧♦✇s✳ ❆t st❛❣❡ ✶ ❛❧❧ ♣❧❛②❡rs ❛r❡ ❛❝t✐✈❡✳ ❆t
❡❛❝❤ st❛❣❡ ♥✱ ❡❛❝❤ ❛❝t✐✈❡ ♣❧❛②❡r ✐s ✐♥❢♦r♠❡❞ ❛❜♦✉t Fn(ω)✱ t❤❡ ♠✐♥✐♠❛❧ s❡t ✐♥
Fn t❤❛t ✐♥❝❧✉❞❡s t❤❡ st❛t❡ ω ∈ Ω✱ ❛♥❞ ❞❡❝❧❛r❡s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡rs✱
✇❤❡t❤❡r ❤❡ st♦♣s ♦r ❝♦♥t✐♥✉❡s✳ ❆♥ ❛❝t✐✈❡ ♣❧❛②❡r i t❤❛t st♦♣s✱ ❜❡❝♦♠❡s ♣❛ss✐✈❡
❢♦r t❤❡ r❡st ♦❢ t❤❡ ❣❛♠❡✱ ❛♥❞ ❤✐s ♣❛②♦✛ ✐s ❣✐✈❡♥ ❜② Ri

S,n,hS
n ,✱ ✇❤❡r❡ i ∈ S ⊆ I

✐s t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ♣❧❛②❡rs ✇❤♦ st♦♣ ❛t st❛❣❡ n✱ ❛♥❞ hS
n ∈ HS

n ✐s t❤❡ ❤✐st♦r②
♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s ✉♥t✐❧ st❛❣❡ n✳ ■❢ ♣❧❛②❡r i ♥❡✈❡r st♦♣s✱ ❤✐s ♣❛②♦✛ ✐s Ri

S,∞,hS
∞

✇❤❡r❡ i ∈ S ⊆ I ✐s t❤❡ s❡t ♦❢ ♣❧❛②❡rs ✇❤♦ ♥❡✈❡r st♦♣✱ ❛♥❞ hS
∞ ✐s t❤❡ ✐♥✜♥✐t❡

r❡❛❧✐③❡❞ ❤✐st♦r② ♦❢ ❛❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷ ❆ ✭♥♦r♠❛❧✲❢♦r♠✮ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ✐s ❛ ♣❛✐r D = (M, µ)✿ ✭✶✮
M = (M i)i∈I ✱ ✇❤❡r❡ M i ✐s ❛ ✜♥✐t❡ s♣❛❝❡ ♦❢ s✐❣♥❛❧s t❤❡ ❞❡✈✐❝❡ ❝❛♥ s❡♥❞ ♣❧❛②❡r
✐✳ ✭✷✮ µ ∈ △ (M) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ ❞❡✈✐❝❡
s❡♥❞s t❤❡ s✐❣♥❛❧s t♦ t❤❡ ♣❧❛②❡rs ❜❡❢♦r❡ t❤❡ st♦♣♣✐♥❣ ❣❛♠❡ st❛rts✳

●✐✈❡♥ ❛ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ D✱ ✇❡ ❞❡✜♥❡ ❛♥ ❡①t❡♥❞❡❞ ❣❛♠❡ G (D)✳ ❚❤❡ ❣❛♠❡
G (D) ✐s ♣❧❛②❡❞ ❡①❛❝t❧② ❛s t❤❡ ❣❛♠❡ ●✱ ❡①❝❡♣t t❤❛t ❜❡❢♦r❡ t❤❡ ❣❛♠❡ st❛rts✱ ❛
s✐❣♥❛❧ ❝♦♠❜✐♥❛t✐♦♥ m = (mi)i∈I ✐s ❞r❛✇♥ ❛❝❝♦r❞✐♥❣ t♦ µ✱ ❛♥❞ ❡❛❝❤ ♣❧❛②❡r ✐s
✐♥❢♦r♠❡❞ ♦❢ mi✳ ❚❤❡♥✱ ❡❛❝❤ ♣❧❛②❡r ♠❛② ❜❛s❡ ❤✐s str❛t❡❣② ♦♥ ❤✐s s✐❣♥❛❧✳

❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ ❧❡t t❤❡ s✐♥❣❧❡t♦♥ ❝♦❛❧✐t✐♦♥ {i} ❜❡ ❞❡♥♦t❡❞ ❛s i✱
❛♥❞ ❧❡t −i = {I\i} ❞❡♥♦t❡ t❤❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣❧❛②❡rs ❜❡s✐❞❡s ♣❧❛②❡r ✐✳

✺



❆ ✭❜❡❤❛✈✐♦r❛❧✮ str❛t❡❣② ❢♦r ♣❧❛②❡r i ∈ I ✐♥ G (D) ✐s ❛♥ F ✲❛❞❛♣t❡❞ ♣r♦❝❡ss
xi = (xi

n)n≥0✱ ✇❤❡r❡ xi
n : (Ω × M i × H i

n) → [0, 1]✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s t❤❛t
xi

n (ω, mi, hi
n) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❜② ✇❤✐❝❤ ❛♥ ❛❝t✐✈❡ ♣❧❛②❡r ✐ st♦♣s ❛t st❛❣❡

♥ ❛❢t❡r ❛♥ ❤✐st♦r② ♦❢ ♣❧❛② hi
n ✇❤❡♥ ❤❡ ❤❛s r❡❝❡✐✈❡❞ ❛ s✐❣♥❛❧ mi✳ ❆ str❛t❡❣②

♣r♦✜❧❡ x = (xi)i∈I ✐s ❝♦♠♣❧❡t❡❧② ♠✐①❡❞ ✐❢ ❛t ❡❛❝❤ st❛❣❡✱ ❣✐✈❡♥ ❛♥② s✐❣♥❛❧ ❛♥❞
❤✐st♦r② ♦❢ ♣❧❛②✱ ❡❛❝❤ ♣❧❛②❡r ❤❛s ❛ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② t♦ st♦♣ ❛♥❞ ❛ ♣♦s✐t✐✈❡
♣r♦❜❛❜✐❧✐t② t♦ ❝♦♥t✐♥✉❡✳ ❋♦r♠❛❧❧②✿ ❢♦r ❡❛❝❤ i ∈ I✱ mi ∈ M i✱ n ∈ N✱ ❛♥❞
hi

n ∈ H i
n✿ 0 < xi

n (ω, mi, hi
n) < 1

▲❡t θi ❜❡ t❤❡ st❛❣❡ ✐♥ ✇❤✐❝❤ ♣❧❛②❡r i st♦♣s ❛♥❞ ❧❡t θi = ∞ ✐❢ ♣❧❛②❡r ✐ ♥❡✈❡r
st♦♣s✳ ■❢ θi < ∞ ❧❡t i ∈ Sθi

⊆ I ❜❡ t❤❡ ❝♦❛❧✐t✐♦♥ t❤❛t st♦♣s ❛t st❛❣❡ θi✱ ❛♥❞ ✐❢
θi = ∞ ❧❡t i ∈ Sθi

⊆ I ❜❡ t❤❡ ❝♦❛❧✐t✐♦♥ t❤❛t ♥❡✈❡r st♦♣s ✐♥ t❤❡ ❣❛♠❡✳ ▲❡t hθi

❜❡ t❤❡ ❤✐st♦r② ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s ✉♥t✐❧ st❛❣❡ θi✳ ❚❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ♣❧❛②❡r
✐ ✉♥❞❡r t❤❡ str❛t❡❣② ♣r♦✜❧❡ x = (xi)i∈I ✐s ❣✐✈❡♥ ❜②✿ γi (x) = Ex

(

Ri
Sθi

,θi,hθi

)

✇❤❡r❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ Ex ✐s ✇✐t❤ r❡s♣❡❝t t♦ ✭✇✳r✳t✳✮ t❤❡ ❞✐str✐❜✉t✐♦♥ Px ♦✈❡r
♣❧❛②s ✐♥❞✉❝❡❞ ❜② ①✳ ●✐✈❡♥ ❛♥ ❡✈❡♥t E ⊆ Ω✱ ❧❡t γi (x| (E)) ❜❡ t❤❡ ❡①♣❡❝t❡❞

♣❛②♦✛ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E✿ γi (x| (E)) = Ex

(

Ri
S,θi,h

S
θi

| (E)
)

✳

❚❤❡ str❛t❡❣② xi ✐s ǫ✲❜❡st r❡♣❧② ❢♦r ♣❧❛②❡r ✐ ✇❤❡♥ ❛❧❧ ❤✐s ♦♣♣♦♥❡♥ts ❢♦❧❧♦✇ x−i ✐❢
❢♦r ❡✈❡r② str❛t❡❣② ♦❢ ♣❧❛②❡r i✱ yi✿ γi (x) ≥ γi (x−i, yi)− ǫ✳ ❙✐♠✐❧❛r❧②✱ xi ✐s ǫ✲❜❡st
r❡♣❧② ❝♦♥❞✐t✐♦♥❡❞ ♦♥ E ✐❢ γi (x | (E )) ≥ γi (x−i , y i | (E )) − ǫ✳ ▲❡t Hn ❞❡♥♦t❡ t❤❡
s❡t ♦❢ ❛❧❧ ❤✐st♦r✐❡s ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s ❜❡❢♦r❡ st❛❣❡ ♥✱ ❛♥❞ ▲❡t F̂n ⊆ Fn ❞❡♥♦t❡
t❤❡ ♠✐♥✐♠❛❧ s❡ts ✐♥ Fn✿ F̂n =

{

Fn ∈ Fn|¬∃∅ 6= F̂n ∈ Fn, s.t. F̂n ( Fn

}

✳

▲❡t G(hn, Fn,D) ❜❡ t❤❡ ✐♥❞✉❝❡❞ st♦♣♣✐♥❣ ❣❛♠❡ t❤❛t ❜❡❣✐♥s ❛t st❛❣❡ ♥ ❛❢t❡r✱
❛♥ ❤✐st♦r② ♦❢ ♣❧❛② hn ❤❛s ❜❡❡♥ ♣❧❛②❡❞✱ ❛♥❞ ✇❤❡♥ t❤❡ ♣❧❛②❡rs ❛r❡ ✐♥❢♦r♠❡❞ t❤❛t
ω ∈ Fn ⊆ F̂n✳ ❚❤❡ ❛❝t✐✈❡ ♣❧❛②❡rs ✇❤❡♥ G(hn, Fn,D) st❛rts✱ ❛r❡ t❤♦s❡ ✇❤♦ ❤❛✈❡
♥♦t st♦♣♣❡❞ ✐♥ hn✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❢♦r ❛
str❛t❡❣② ♣r♦✜❧❡ ✐♥ G (D) ❛♥❞ ❢♦r t❤❡ ✐♥❞✉❝❡❞ str❛t❡❣② ♣r♦✜❧❡ ✐♥ G(hn, Fn,D)✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠✳

❉❡✜♥✐t✐♦♥ ✸ ▲❡t G (D) ❜❡ ❛ st♦♣♣✐♥❣ ❣❛♠❡✱ ❧❡t E ⊆ Ω ❜❡ ❛♥ ❡✈❡♥t✱ ❧❡t M ′ ⊆
M ❜❡ ❛ s❡t ♦❢ s✐❣♥❛❧ ♣r♦✜❧❡s✱ ❛♥❞ ❧❡t ǫ > 0✳ ❆ str❛t❡❣② ♣r♦✜❧❡ x = (xi)i∈I ✐s ❛
♣❡r❢❡❝t ǫ✲❡q✉✐❧✐❜r✐✉♠ ♦❢ G (D) ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ❛♥❞ ❣✐✈❡♥ M\M ′✱ ✐❢ t❤❡r❡
❡①✐sts ❛ s❡q✉❡♥❝❡ (yk)k∈N

❂(yi
k)k∈N,i∈I ♦❢ ❝♦♠♣❧❡t❡❧② ♠✐①❡❞ str❛t❡❣② ♣r♦✜❧❡s ✐♥

G (D)✱ ❛♥❞ ❛ s❡q✉❡♥❝❡ (ǫk)k∈N
(0 < ǫk < 1) ❝♦♥✈❡r❣✐♥❣ t♦ ✵✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧

i ∈ I✱ m ∈ M\M ′✱ n ∈ N✱ hi
n ∈ H i

n✱ Fn ∈ F̂n s❛t✐s❢②✐♥❣ p ((Ω\E) |Fn) > 0✱ xi

✐s ǫ✲❜❡st r❡♣❧② ❢♦r ♣❧❛②❡r i ∈ I ✐♥ t❤❡ ✐♥❞✉❝❡❞ ❣❛♠❡ G(hn, Fn,D) ❝♦♥❞✐t✐♦♥❡❞
♦♥ Ω\E✱ ✇❤❡♥ ❛❧❧ ❤✐s ♦♣♣♦♥❡♥ts j ∈ −i ✉s❡ (1 − ǫk) xj + ǫky

j
k✳

❉❡✜♥✐t✐♦♥ ✹ ▲❡t G (D) ❜❡ ❛ st♦♣♣✐♥❣ ❣❛♠❡ ❛♥❞ ❧❡t δ, ǫ > 0✳ ❆ ♣r♦✜❧❡ x =
(xi)i∈I ✐s ❛ ♣❡r❢❡❝t (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ♦❢ G (D) ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡✈❡♥t E ⊆ Ω
❛♥❞ ❛ s❡t ♦❢ s✐❣♥❛❧ ♣r♦✜❧❡s M ′ ⊆ M ✱ s✉❝❤ t❤❛t p(E) < δ✱ µ(M ′) < δ✱ ❛♥❞ ① ✐s
❛ ♣❡r❢❡❝t ǫ✲❡q✉✐❧✐❜r✐✉♠ ♦❢ G (D) ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ❛♥❞ ❣✐✈❡♥ M\M ′✳

✻



❉❡✜♥✐t✐♦♥ ✺ ▲❡t ● ❜❡ ❛ st♦♣♣✐♥❣ ❣❛♠❡ ❛♥❞ ❧❡t δ, ǫ > 0✳ ❆ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞
(δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ♣❛✐r (D, x) ✇❤❡r❡ D ✐s ❛ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ❛♥❞ ① ✐s ❛
♣❡r❢❡❝t (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ❣❛♠❡ G (D)✳

❖✉r ♠❛✐♥ ❘❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✻ ▲❡t δ, ǫ > 0 ❛♥❞ ❧❡t G = (I, Ω,A, p,F , R) ❜❡ ❛ ♠✉❧t✐✲♣❧❛②❡r
st♦♣♣✐♥❣ ❣❛♠❡ s✉❝❤ t❤❛t sup

n∈(N
⋃

∞) ‖Rn‖∞ ∈ L1(p) ✭✐♥t❡❣r❛❜❧❡ ♣❛②♦✛s✮✳

❚❤❡♥ ❢♦r ❡✈❡r② δ, ǫ > 0✱ ● ❤❛s ❛ ♣r❡❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠✳

❘❡♠❛r❦ ✼ ❚❤❡ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (ǫ, δ)✲❡q✉✐❧✐❜r✐✉♠ t❤❛t ✇❡ ❝♦♥str✉❝t ✐s ✉♥✐✲
❢♦r♠ ✐♥ ❛ str♦♥❣ s❡♥s❡✿ ✐t ✐s ❛ (δ, 3ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ❡✈❡r② ✜♥✐t❡ n✲st❛❣❡ ❣❛♠❡✱
♣r♦✈✐❞❡❞ t❤❛t n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ✐ts❡❧❢
✭Pr♦♣✳ ✸✵✮ ♦r ❜② ❛♣♣❧②✐♥❣ ❛ ❣❡♥❡r❛❧ ♦❜s❡r✈❛t✐♦♥ ♠❛❞❡ ❜② ❬✸✵✱ Pr♦♣✳ ✷✳✶✸❪✳

❉❡✜♥✐t✐♦♥ ✽ ❆ ♣❛②♦✛ ✈❡❝t♦r r ∈ R|I| ✐s ❛ ✭✉♥✐❢♦r♠✮ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ♣❛②♦✛
✐❢ ❢♦r ❡✈❡r② ǫ, δ, ǫ′ > 0 t❤❡r❡ ✐s ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (ǫ, δ)✲❡q✉✐❧✐❜r✐✉♠ x ✇✐t❤ ❛
♣❛②♦✛ r − ǫ′ ≤ γ(x) ≤ r + ǫ′✳

❈♦r♦❧❧❛r② ✾ ❆♥② ♠✉❧t✐✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡ ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ♣❛②♦✛s ❛❞♠✐ts
❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ♣❛②♦✛✳

✸ ❙❦❡t❝❤ ♦❢ t❤❡ Pr♦♦❢

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ t❤❡ ♣r♦♦❢✳ ▲❡t ❛ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡
❜❡ ❛ st♦♣♣✐♥❣ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ❛s s♦♦♥ ❛s ❛♥② ♣❧❛②❡r st♦♣s✱ t❤❡ ❣❛♠❡ t❡r♠✐♥❛t❡s✳
▲❡t ● ❜❡ ❛ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ❛ss✉♠❡ t❤❛t Fn ✐s
tr✐✈✐❛❧ ❢♦r ❡✈❡r② ♥✱ s♦ t❤❛t t❤❡ ♣❛②♦✛ ♣r♦❝❡ss ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ❛♥❞ t❤❛t ♣❛②♦✛s
❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜② ✶✳ ❋♦r ❡✈❡r② t✇♦ ♥❛t✉r❛❧ ♥✉♠❜❡rs k < l✱ ❞❡✜♥❡ t❤❡
♣❡r✐♦❞✐❝ ❣❛♠❡ G(k, l) t♦ ❜❡ t❤❡ ❣❛♠❡ t❤❛t st❛rts ❛t st❛❣❡ k ❛♥❞✱ ✐❢ ♥♦t st♦♣♣❡❞
❡❛r❧✐❡r✱ r❡st❛rts ❛t st❛❣❡ l✳ ❋♦r♠❛❧❧②✱ t❤❡ t❡r♠✐♥❛❧ ♣❛②♦✛ ❛t st❛❣❡ n ✐♥ G(k, l)
✐s ❡q✉❛❧ t♦ t❤❡ t❡r♠✐♥❛❧ ♣❛②♦✛ ❛t st❛❣❡ k + (n mod l − k) ✐♥ G✳

❚❤✐s ♣❡r✐♦❞✐❝ ❣❛♠❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ❛❜s♦r❜✐♥❣ ❣❛♠❡✱ ✇❤❡r❡ ❡❛❝❤ r♦✉♥❞ ♦❢ ❚
❝♦rr❡s♣♦♥❞s t♦ ❛ s✐♥❣❧❡ st❛❣❡ ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ❣❛♠❡ ✭❛ st♦❝❤❛st✐❝ ❣❛♠❡ ✇✐t❤ ❛
s✐♥❣❧❡ ♥♦♥✲❛❜s♦r❜✐♥❣ st❛t❡✮✳ ▼♦r❡♦✈❡r✱ ✐t ❤❛s t✇♦ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s✿ ■t ✐s r❡❝✉r✲
s✐✈❡ ✭♣❛②♦✛ ✐♥ t❤❡ ♥♦♥✲❛❜s♦r❜✐♥❣ st❛t❡ ✐s ✵✮✱ ❛♥❞ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❛❝t✐♦♥ ♣r♦✜❧❡
✇✐t❤ ❛ ✵ ❛❜s♦r❜✐♥❣ ♣r♦❜❛❜✐❧✐t②✳ ❙♦❧❛♥ ❛♥❞ ❱♦❤r❛ ✭❬✸✷✱ Pr♦♣✳ ✹✳✶✵❪✮ ♣r♦✈❡❞ ❛
❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧t ❢♦r ❛❜s♦r❜✐♥❣ ❣❛♠❡s✳ ❆♣♣❧②✐♥❣ ✐t t♦ t❤❡ t✇♦ s♣❡❝✐❛❧ ♣r♦♣✲
❡rt✐❡s ②✐❡❧❞s t❤❛t G(k, l) ❤❛s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✶✮ ❆ st❛t✐♦♥❛r② ❛❜s♦r❜✐♥❣
❡q✉✐❧✐❜r✐✉♠✳ ✭✷✮ ❆ st❛t✐♦♥❛r② ♥♦♥✲❛❜s♦r❜✐♥❣ ❡q✉✐❧✐❜r✐✉♠✳ ✭✸✮ ❆ ❝♦rr❡❧❛t❡❞ ❞✐s✲
tr✐❜✉t✐♦♥ η ♦✈❡r t❤❡ s❡t ♦❢ ❛❝t✐♦♥ ♣r♦✜❧❡s ✐♥ ✇❤✐❝❤ ❛ s✐♥❣❧❡ ♣❧❛②❡r st♦♣s✳ ❚❤❡
s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ η ❛❧❧♦✇s t♦ ❝♦♥str✉❝t ❛ ❝♦rr❡❧❛t❡❞ ǫ✲❡q✉✐❧✐❜r✐✉♠✳

✼



❆ss✐❣♥ t♦ ❡❛❝❤ ♣❛✐r ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs k < l ❛♥ ❡❧❡♠❡♥t ❢r♦♠ ❛ ✜♥✐t❡ s❡t
♦❢ ❝♦❧♦rs c(k, l) t❤❛t ❞❡♥♦t❡s ✇❤✐❝❤ ❝❛s❡ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧t ❤♦❧❞s ❛♥❞
❛♥ ǫ✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛②♦✛✳ ❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❘❛♠s❡②â⑨➍s
t❤❡♦r❡♠ ✭❬✷✹❪✮ ✐s t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡❣❡rs 0 ≤ k1 <
k2 < ... s✉❝❤ t❤❛t c(k1, k2) = c(kj, kj+1) ❢♦r ❡✈❡r② ❥✳

❆ss✉♠❡ ✜rst t❤❛t k1 = 0✳ ❆ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ 3ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐s ❝♦♥str✉❝t❡❞
❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛s❡ ✐♥❞✐❝❛t❡❞ ❜② c(k1, k2)✳ ■❢ t❤❡
❝❛s❡ ✐s ✶ ♦r ✷✱ t❤❡♥ ❜❡t✇❡❡♥ st❛❣❡s kj ❛♥❞ kj+1 t❤❡ ♣❧❛②❡rs ❢♦❧❧♦✇ ❛ ♣❡r✐♦❞✐❝
(δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡ G(kj, kj+1) ✇✐t❤ ❛ ♣❛②♦✛ ✐♥ ❛♥ ǫ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢
t❤❡ ♣❛②♦✛ ✐♥❞✐❝❛t❡❞ ❜② c(k1, k2)✳ ❋♦r t❤✐s ❝♦♥❝❛t❡♥❛t❡❞ str❛t❡❣② t♦ ❜❡ ❛ ♣❡r❢❡❝t
3ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ G ✐♥ ❝❛s❡ ✶✱ ✐t ✐s ♥❡❡❞❡❞ t♦ ✈❡r✐❢② t❤❛t✿ ✭✶✮ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠
✐♥ ❡❛❝❤ G(k, l) ✐s ǫ✲♣❡r❢❡❝t✳ ✭✷✮ ❚❤❡ ❣❛♠❡ ✐s ❛❜s♦r❜❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✳ ❚❤✐s
✐s ❞♦♥❡ ❜② ❣✐✈✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❧♦✇❡r ❜♦✉♥❞s t♦ t❤❡ st♦♣♣✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛❝❤
G(kj, kj+1) ✐♥ t❤❡ ✜rst r♦✉♥❞✳ ■❢ t❤❡ ❝❛s❡ ✐♥❞✐❝❛t❡❞ ❜② c(k1, k2) ✐s ✸✱ t❤❡♥ ✇❡
❛❞❡♣t t❤❡ ♣r♦❝❡❞✉r❡ ♣r❡s❡♥t❡❞ ❜② ❙♦❧❛♥ ❛♥❞ ❱♦❤r❛ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
❛ ❝♦rr❡❧❛t❡❞ ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ q✉✐tt✐♥❣ ❣❛♠❡ ✭❬✸✶✱ ❙❡❝t✐♦♥ ✹✳✷❪✮✳ ❆s ♣❛rt ♦❢
t❤❡ ❛❞❛♣t❛t✐♦♥ ✇❡ r❡q✉✐r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ t♦ ❜❡ ✉♥✐✈❡rs❛❧ ❛♥❞ (δ, ǫ)✲
❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥✳

■❢ k1 > 0✱ t❤❡♥ ❇❡t✇❡❡♥ st❛❣❡s ✵ ❛♥❞ k1✱ t❤❡ ♣❧❛②❡rs ❢♦❧❧♦✇ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥
t❤❡ k1✲st❛❣❡ ❣❛♠❡ ✇✐t❤ t❤❡ t❡r♠✐♥❛❧ ♣❛②♦✛ t❤❛t ✐s ✐♠♣❧✐❡❞ ❜② c(k1, k2)✳ ❋r♦♠
st❛❣❡ k1 ❛♥❞ ♦♥✱ t❤❡ ♣❧❛②❡rs ❢♦❧❧♦✇ t❤❡ str❛t❡❣② ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ■t ✐s ❡❛s② t♦
✈❡r✐❢② t❤❛t t❤✐s str❛t❡❣② ♣r♦✜❧❡ ❢♦r♠s ❛ 5ǫ✲❡q✉✐❧✐❜r✐✉♠✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ st♦♣♣✐♥❣ ❣❛♠❡✳ ❆ss✉♠❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t
❛♥② m✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡ ❛❞♠✐ts ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ♣❛②♦✛ ✈❡❝t♦r✳ ●✐✈❡♥
❛ st♦♣♣✐♥❣ ❣❛♠❡ G ✇✐t❤ m + 1 ♣❧❛②❡rs ✇❡ ❝♦♥str✉❝t ❛♥ ❛✉①✐❧✐❛r② t❡r♠✐♥❛t✐♥❣
❣❛♠❡ G′ ✇✐t❤ m + 1 ♣❧❛②❡rs ❜② s❡tt✐♥❣ t❤❡ ♣❛②♦✛ ♦❢ ❛ ♣❧❛②❡r i /∈ S ✇❤❡♥ t❤❡
♥♦♥✲❡♠♣t② ❝♦❛❧✐t✐♦♥ S st♦♣s ❛t st❛❣❡ n✱ ❛s ❤✐s ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ♣❛②♦✛ ✐♥ t❤❡
✐♥❞✉❝❡❞ (m + 1 − |S|)✲♣❧❛②❡r ❣❛♠❡ t❤❛t ❜❡❣✐♥s ❛t st❛❣❡ n + 1✳ ❚❤❡ ❡①✐st❡♥❝❡
♦❢ (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ G′ ✭✇✐t❤
❛ ✉♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡✮ ✐♠♣❧✐❡s ♥❛t✉r❛❧❧② ❛ s✐♠✐❧❛r ❡q✉✐❧✐❜r✐✉♠ ✐♥ G✳

❲❤❡♥ t❤❡ ♣❛②♦✛ ♣r♦❝❡ss ✐s ❣❡♥❡r❛❧✱ ❛ ♣❡r✐♦❞✐❝ ❣❛♠❡ ✐s ❞❡✜♥❡❞ ♥♦✇ ❜② t✇♦
st♦♣♣✐♥❣ t✐♠❡s µ1 < µ2✿ µ1 ✐♥❞✐❝❛t❡s t❤❡ ✐♥✐t✐❛❧ st❛❣❡ ❛♥❞ µ2 ✐♥❞✐❝❛t❡s ✇❤❡♥
t❤❡ ❣❛♠❡ r❡st❛rts✳ ❲❡ ❛♥❛❧②③❡ t❤✐s ❦✐♥❞ ♦❢ ♣❡r✐♦❞✐❝ ❣❛♠❡s✱ ❜② ❛❞❛♣t✐♥❣ t❤❡
♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ ❬✷✽❪ ❢♦r ✷✲♣❧❛②❡r st♦♣♣✐♥❣ ❣❛♠❡s✱ ❛♥❞ ❜② ✉s✐♥❣ t❤❡✐r
st♦❝❤❛st✐❝ ✈❡rs✐♦♥ ♦❢ ❘❛♠s❡②✬s t❤❡♦r❡♠✳

✽



✹ ❘❡❞✉❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♠❛❦❡ ✸ r❡❞✉❝t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ ♣❡r❢❡❝t ❝♦r✲
r❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ st♦♣♣✐♥❣ ❣❛♠❡s✿ ✭✶✮ ❲❡ r❡❞✉❝❡ ✐t t♦ t❤❡ ♣r♦❜❧❡♠
♦❢ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s✳ ✭✷✮ ❲❡ ❢✉rt❤❡r r❡❞✉❝❡
✐t t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ tr❡❡✲❧✐❦❡ t❡r♠✐♥❛t✐♥❣
❣❛♠❡s ✇✐t❤ ❛ ✜♥✐t❡✲r❛♥❣❡ ♣❛②♦✛ ♣r♦❝❡ss✳ ✭✸✮ ❋✐♥❛❧❧②✱ ✇❡ r❡❞✉❝❡ ✐t t♦ t❤❡ ♣r♦❜✲
❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛♥ ✐♥❞✉❝❡❞ ❣❛♠❡ ❞❡❡♣ ❡♥♦✉❣❤ ✐♥ t❤❡
tr❡❡✱ ✇❤❡r❡ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ❡❛❝❤ ♣❛②♦✛ ♦❝❝✉rs ✐♥✜♥✐t❡❧② ♦❢t❡♥ ♦r ❞♦❡s
♥♦t ♦❝❝✉r ❛t ❛❧❧✳ ❚❤✉s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ✇❡ ❞❡❛❧ ♦♥❧② ✇✐t❤ t❡r♠✐♥❛t✐♥❣
❣❛♠❡s ✇✐t❤ ❛ ✜♥✐t❡✲r❛♥❣❡ ♣❛②♦✛ ♣r♦❝❡ss ❞❡❡♣ ❡♥♦✉❣❤ ✐♥ t❤❡ tr❡❡✳

✹✳✶ ❚❡r♠✐♥❛t✐♥❣ ❣❛♠❡s

❉❡✜♥✐t✐♦♥ ✶✵ ❆ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ✐s ❛ ✻✲t✉♣❧❡ G = (I, Ω,A, p,F , R) ✇❤❡r❡✿

• ■ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛②❡rs❀
• (Ω,A, p) ✐s ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡❀
• F = (Fn)n≥0 ✐s ❛ ✜❧tr❛t✐♦♥ ♦✈❡r (Ω,A, p)❀

• R = (Rn)n≥0 ✐s ❛♥ F ✲❛❞❛♣t❡❞ R
|I|·(2|I|−1)✲✈❛❧✉❡❞ ♣r♦❝❡ss✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s

♦❢ Rn ❛r❡ ❞❡♥♦t❡❞ ❜② Ri
S,n✇❤❡r❡ i ∈ I ❛♥❞ ∅ 6= S ⊆ N ✳

❆ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ✐s ♣❧❛②❡❞ ❛s ❢♦❧❧♦✇s✳ ❆t ❡❛❝❤ st❛❣❡ n ∈ N✱ ❡❛❝❤ ♣❧❛②❡r ✐s
✐♥❢♦r♠❡❞ ❛❜♦✉t Fn(ω)✱ t❤❡ ♠✐♥✐♠❛❧ s❡t ✐♥ Fn t❤❛t ✐♥❝❧✉❞❡s ω✱ ❛♥❞ ❞❡❝❧❛r❡s✱
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡rs✱ ✇❤❡t❤❡r ❤❡ st♦♣s ♦r ❝♦♥t✐♥✉❡s✳ ■❢ ❛❧❧ ♣❧❛②❡rs ❝♦♥✲
t✐♥✉❡✱ t❤❡ ❣❛♠❡ ❝♦♥t✐♥✉❡s t♦ t❤❡ ♥❡①t st❛❣❡✳ ■❢ ❛t✲❧❡❛st ♦♥❡ ♣❧❛②❡r st♦♣s✱ s❛② ❛
❝♦❛❧✐t✐♦♥ S ⊆ I✱ t❤❡ ❣❛♠❡ t❡r♠✐♥❛t❡s✱ ❛♥❞ t❤❡ ♣❛②♦✛ t♦ ♣❧❛②❡r ✐ ✐s Ri

S,n✳ ■❢ ♥♦
♣❧❛②❡r ❡✈❡r st♦♣s✱ t❤❡ ♣❛②♦✛ t♦ ❡✈❡r②♦♥❡ ✐s ③❡r♦✳

❆ ✭❜❡❤❛✈✐♦r❛❧✮ str❛t❡❣② ❢♦r ♣❧❛②❡r i ∈ I ✐♥ G (D) ✐s ❛♥ F ✲❛❞❛♣t❡❞ ♣r♦❝❡ss xi =
(xi

n)n≥0✱ ✇❤❡r❡ xi
n : (Ω × M i) → [0, 1]✳ ❆ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠

❛♥❞ ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ♣❛②♦✛ ✈❡❝t♦r ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣ ✇❛② t♦ ❙❡❝✳ ✷✳
❆ ♣r♦✜❧❡ x ✐♥ G(D) ✐s (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ✐❢ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② t❤❡
❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❛ ♣❧❛②❡r ❛❧♠♦st ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇❤❡♥ ❤❡ ♦❜t❛✐♥s ❤✐s s✐❣♥❛❧✳

❉❡✜♥✐t✐♦♥ ✶✶ ▲❡t ● ❜❡ ❛ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱ ǫ > 0✱ D = (M, µ) ❛ ❝♦rr❡❧❛t✐♦♥
❞❡✈✐❝❡✱ ❛♥❞ x ❛ ♣r♦✜❧❡ ✐♥ G(D) ✳ ❚❤❡ str❛t❡❣② ♣r♦✜❧❡ x ✐s (δ, ǫ)✲❝♦♥st❛♥t✲
❡①♣❡❝t❛t✐♦♥ ✐❢ t❤❡r❡ ✐s ❛ s❡t M ′ ⊆ M s❛t✐s❢②✐♥❣ µ(M ′) ≤ δ✱ s✉❝❤ t❤❛t ❢♦r
❡✈❡r② ♣❧❛②❡r i ∈ I ❛♥❞ ❡✈❡r② ♠❡ss❛❣❡ mi ∈ (M\M ′)i✿ |γi(x|mi) − γi(x)| ≤ ǫ✱
✇❤❡r❡ γi(x|mi) ✐s t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ♣❧❛②❡r i ✇❤❡r❡ ❛❧❧ ♣❧❛②❡rs ❢♦❧❧♦✇ x✱
❝♦♥❞✐t✐♦♥❡❞ ♦♥ r❡❝❡✐✈✐♥❣ ❛ ♠❡ss❛❣❡ mi✳

✾



❆ (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣r♦✜❧❡ ✐s s✐♠✐❧❛r❧② ❞❡✜♥❡❞ ❢♦r st♦♣♣✐♥❣ ❣❛♠❡s✳
❈♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s ❛ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ t♦ ❡❛❝❤ st♦♣♣✐♥❣ ❣❛♠❡
✭❣✐✈❡♥ ǫ ❛♥❞ δ✮✳ ❲❡ s❛② t❤❛t t❤❡ ❛ss✐❣♥❡❞ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ✐s ✉♥✐✈❡rs❛❧ ✐❢ ✐t
❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ❛♥❞ ǫ✳

❉❡✜♥✐t✐♦♥ ✶✷ ▲❡t ❢ ❜❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s t♦ ❡❛❝❤ st♦♣♣✐♥❣ ✭♦r t❡r♠✐♥❛t✲
✐♥❣✮ ❣❛♠❡ ● ❛♥❞ t♦ ❡❛❝❤ ǫ, δ > 0 ❛ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ f(G, ǫ, δ) = D(G, ǫ, δ)✳
❚❤❡ ❢✉♥❝t✐♦♥ ❢ ✐s ✉♥✐✈❡rs❛❧ ✐❢ t❤❡ ❛ss✐❣♥❡❞ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥
t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ❛♥❞ ǫ✿ D(G, ǫ, δ) = D(|I| , ǫ)✳ ●✐✈❡♥ s✉❝❤ ❛ ❢✉♥❝t✐♦♥✱ ✇❡
❝❛❧❧ t❤❡ t❤❡ ❛ss✐❣♥❡❞ ❞❡✈✐❝❡ ❛ ✉♥✐✈❡rs❛❧ ✭❝♦rr❡❧❛t✐♦♥✮ ❞❡✈✐❝❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ (δ, ǫ)✲❝♦♥st❛♥t✲
❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✭✇✐t❤ ❛ ✉♥✐✈❡rs❛❧ ❞❡✈✐❝❡✮ ✐♥
st♦♣♣✐♥❣ ❣❛♠❡s t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❡r♠✐♥❛t✐♥❣
❣❛♠❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✸ ❆ss✉♠❡ t❤❛t ❡❛❝❤ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ♣❛②♦✛s
❛❞♠✐ts ❛ (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ❢♦r
❡✈❡r② δ, ǫ > 0 ✇✐t❤ ❛ ✉♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡✳ ❚❤❡♥ ❛♥② st♦♣♣✐♥❣ ❣❛♠❡ ●
✇✐t❤ ✐♥t❡❣r❛❜❧❡ ♣❛②♦✛s ❛❞♠✐ts s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡✈❡r② δ, ǫ > 0✳

P❘❖❖❋✳ ❲❡ ♣r♦✈❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②✲
❡rs✳ ▲❡t G = (I, Ω,A, p,F , R) ❜❡ ❛ st♦♣♣✐♥❣ ❣❛♠❡ ✇✐t❤ m = |I| ♣❧❛②❡rs✳ ❇②
t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❡✈❡r② st♦♣♣✐♥❣ ❣❛♠❡ ✇✐t❤ k < m ♣❧❛②❡rs ❤❛s ❛ (δ, ǫ)✲
❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ✉♥✐✈❡rs❛❧ ❝♦r✲
r❡❧❛t✐♦♥ ❞❡✈✐❝❡ Dǫ,k✳ ❋♦r ❡❛❝❤ ✐♥❞✉❝❡❞ st♦♣♣✐♥❣ ❣❛♠❡ G(hn, Fn,Dǫ,k) ✇✐t❤ ❦
♣❧❛②❡rs✱ ❧❡t xhn,Fn,Dǫ,k

❜❡ ❛ (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲
❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ♣❛②♦✛ ♦❢ vhn,Fn,Dǫ,k

✳ ❲❡ ❞❡✜♥❡ ❛♥ ❛✉①✐❧✐❛r② t❡r♠✐♥❛t✐♥❣

❣❛♠❡ G‘ = (I, Ω,A, p,F , R′)✱ ✇❤❡r❡ t❤❡ ♣❛②♦✛ ♣r♦❝❡ss R‘ =
(

R‘iS,n

)

i∈I,S⊆I,n∈N

✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ❢♦r ❡❛❝❤ n ∈ N ❛♥❞ Fn ∈ F̂n✿

• ❋♦r ❡❛❝❤ i ∈ S ⊆ I✿ R‘iS,n(Fn) = Ri
S,n,hI

n
− Ri

I,∞,hI
∞
✱ ✇❤❡r❡ hI

n ✐s t❤❡ ❤✐st♦r②
♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s✱ ✐♥ ✇❤✐❝❤ ❛❧❧ ♣❧❛②❡rs ❝♦♥t✐♥✉❡ ❛t ❛❧❧ st❛❣❡s ❜❡❢♦r❡ st❛❣❡ ♥✳

• ❋♦r ❡❛❝❤ i /∈ S ⊂ I✿ R‘iS,n(Fn) = vi

h
(I\S)∗
n+1 ,Fn,Dǫ,|I\S|

− Ri
I,∞,hI

∞
✱ ✇❤❡r❡ h

(I\S)∗
n+1 ✐s

t❤❡ ❤✐st♦r② ♦❢ r❡❛❧✐③❡❞ ❛❝t✐♦♥s✱ ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ♣❧❛②❡rs ❝♦♥t✐♥✉❡ ❛t ❛❧❧ st❛❣❡s
❜❡❢♦r❡ st❛❣❡ ♥✱ ❛♥❞ t❤❡ ♣❧❛②❡rs ✐♥ S st♦♣ ❛t st❛❣❡ ♥✳

❚❤❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ G′ ❤❛s ❛ (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞
(δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ✉♥✐✈❡rs❛❧ ❞❡✈✐❝❡

(

x′,D′
ǫ,m

)

❛❝❝♦r❞✐♥❣ ♦✉r ❛ss✉♠♣t✐♦♥✳
▲❡t Dǫ,m = D′

ǫ,m ×
∏

k<m Dǫ,k✱ ❛♥❞ ❧❡t t❤❡ ♣r♦✜❧❡ x ✐♥ G(Dǫ,m) ❜❡ ❛s ❢♦❧❧♦✇s✿
x = x′ ❛s ❧♦♥❣ ❛s ♥♦ ♣❧❛②❡r st♦♣s✱ ❛♥❞ x = x

h
(I\S)∗
n+1 ,Fn,Dǫ,|I\S|

❛❢t❡r ❛ ❝♦❛❧✐t✐♦♥

S ⊆ I st♦♣s ❛t st❛❣❡ n✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ① ✐♠♣❧✐❡s t❤❛t ✐t ✐s ❛ (δ, ǫ)✲

❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞
(

2|I| · δ, ǫ
)

✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ● ✇✐t❤ ❛

✶✵



✉♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡✳�

✹✳✷ ❚r❡❡✲❧✐❦❡ st♦♣♣✐♥❣ ❣❛♠❡

❉❡✜♥✐t✐♦♥ ✶✹ ❆ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ G = (I, Ω,A, p,F , R) ✐s tr❡❡✲❧✐❦❡ ✐❢ ❢♦r
❡✈❡r② n ∈ N ✱ |Fn| < ∞✳

❙❤♠❛②❛ ❛♥❞ ❙♦❧❛♥ ♣r♦✈❡ ✭❬✷✽✱ ❙❡❝✳ ✻❪✮ t❤❛t ❛♥② ✷✲♣❧❛②❡r t❡r♠✐♥❛t✐♥❣ ❣❛♠❡
❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② tr❡❡✲❧✐❦❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s✳ ❲✐t❤ ♠✐♥♦r ❝❤❛♥❣❡s✱
t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❢♦r ♠✉❧t✐✲♣❧❛②❡r t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s✱ ❛♥❞ ❢♦r ♥♦r♠❛❧✲
❢♦r♠ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭t❤❡ ♣r♦♦❢
✐s ♦♠✐tt❡❞✮✿

▲❡♠♠❛ ✶✺ ❆ss✉♠❡ t❤❛t ❡❛❝❤ tr❡❡✲❧✐❦❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ♣❛②✲
♦✛s ❛❞♠✐ts ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡✈❡r② δ, ǫ > 0✳ ❚❤❡♥ ❛♥②
t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ♣❛②♦✛s ❛❞♠✐ts s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ∀δ, ǫ > 0✳

✹✳✸ ❚❤❡ ■♥❞✉❝❡❞ ●❛♠❡ G(F,D)

❚❤❡ ❞❡✜♥✐t✐♦♥s ✐♠♣❧② t❤❛t ❢♦r ❡✈❡r② t✇♦ ♣❛②♦✛ ♣r♦❝❡ss❡s R ❛♥❞ R̃ s✉❝❤ t❤❛t
E

(

supn≥0

∥

∥

∥Rn − R̃n

∥

∥

∥

∞

)

< ǫ✱ ❡✈❡r② ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡
t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ G = (I, Ω,A, p,F , R) ✐s ❛ (δ, 3ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ t❡r✲
♠✐♥❛t✐♥❣ ❣❛♠❡ G̃ =

(

I, Ω,A, p,F , R̃
)

✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ t❤❛t t❤❡
♣❛②♦✛ ♣r♦❝❡ss R ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ t❤❛t ✐ts r❛♥❣❡ ✐s ✜♥✐t❡✳ ❆❝t✉❛❧❧②✱ ✇❡
❛ss✉♠❡ t❤❛t ❢♦r s♦♠❡ K ∈ N✱ Ri

S,n ∈
{

0,± 1
K

,± 2
K

, ...,±K
K

}

❢♦r ❡✈❡r② n ∈ N✳

▲❡t D =
∏

i∈I, ∅6=S⊆I

{

0,± 1
K

,± 2
K

, ...,±K
K

}

❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♦♥❡✲st❛❣❡
♣❛②♦✛ ♠❛tr✐❝❡s ♦❢ t❤❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ G✳ ▲❡t Rn(ω) ❜❡ t❤❡ ♣❛②♦✛ ♠❛tr✐①
❛t st❛❣❡ ♥✳ ▲❡t τ : Ω → N ❛ ❜♦✉♥❞❡❞ t❡r♠✐♥❛t✐♥❣ t✐♠❡✳ ▲❡t ♣❛rt✐t✐♦♥ F̂τ ❜❡✿
F̂τ =

⋃

n∈N

{

Fn ∈ F̂n|∃ω, s.t. τ(ω) = n, Fn(ω) = Fn

}

●✐✈❡♥ ❛♥② ♣❛②♦✛ ♠❛tr✐① d ∈ D✱ ❧❡t Ad ⊆
∨

n∈N Fn ❜❡ t❤❡ ❡✈❡♥t t❤❛t ❞ ♦❝❝✉rs
✐♥✜♥✐t❡❧② ♦❢t❡♥✿ Ad = {ω ∈ Ω|i.o. Rn(ω) = d}✱ ❛♥❞ ❧❡t Bd,k ⊆

∨

n∈N Fn ❜❡ t❤❡
❡✈❡♥t t❤❛t ❞ ♥❡✈❡r ♦❝❝✉rs ❛❢t❡r st❛❣❡ ❦ ✿ Bd,k = {ω ∈ Ω|∀n ≥ k, Rn(ω) 6= d}✳
❙✐♥❝❡ ❛❧❧ Ad ❛♥❞ Bd,k ❛r❡ ✐♥

∨

Fn
n∈N

✱ t❤❡r❡ ❡①✐st N0 ∈ N ❛♥❞ s❡ts
(

Ād, B̄d

)

d∈D
∈

FN0 s✉❝❤ t❤❛t✿

✭✶✮ ❋♦r ❡❛❝❤ d ∈ D✿ Ād

⋂

B̄d = ∅ ❛♥❞
(

Ād

⋃

B̄d

)

= Ω✳

✭✷✮ ∀d ∈ D✱ p
(

Ad|Ād

)

≥ 1 − δ
3·|D|

✭✸✮ ∀d ∈ D✱ p
(

Bd,N0|B̄d

)

≥ 1 − δ
3·|D|

✶✶



▲❡t E =
⋃

d∈D

({

ω ∈ Ād|ω /∈ Ad

}

⋃

{

ω ∈ B̄d|ω /∈ Bd,N0

})

✳ ❖❜s❡r✈❡ t❤❛t p(E) <
δ
3
✳ ❋♦r ❛♥② F ∈ F ❧❡t DF =

{

d ∈ D|F ∈ Ād

}

✱ ❛♥❞ ❧❡t αi
F = max

(

di
{i}|d ∈ DF

)

✳

▲❡t G(Fn,D) ❜❡ t❤❡ ✐♥❞✉❝❡❞ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ t❤❛t ❜❡❣✐♥s ❛t st❛❣❡ n ✇❤❡♥
t❤❡ ♣❧❛②❡rs ❛r❡ ✐♥❢♦r♠❡❞ t❤❛t ω ∈ Fn✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s st❛♥❞❛r❞✳

▲❡♠♠❛ ✶✻ ▲❡t ● ❜❡ ❛ tr❡❡✲❧✐❦❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱ δ, ǫ > 0✱ D = (M, µ)
❛ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡✱ M ′ ⊆ M ❛ s❡t ♦❢ s✐❣♥❛❧s s✳t✳ µ(M ′) ≤ δ✱ τ ❛ ❜♦✉♥❞❡❞
st♦♣♣✐♥❣ t✐♠❡✱ ❛♥❞ E ⊆ Ω ❛♥ ❡✈❡♥t ✇✐t❤ p(E) < δ✳ ❆ss✉♠❡ ∀F ∈ Fτ s❛t✐s❢②✐♥❣
p ((Ω\E) |Fn) > 0✱ t❤❡r❡ ✐s ❛ (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞
(δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ xF ♦❢ G(F,D) ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ❛♥❞ ❣✐✈❡♥ M\M ′✳ ❚❤❡♥
G ❛❞♠✐ts ❛ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (2 · δ, 3 · ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ✉♥✐✈❡rs❛❧ ❞❡✈✐❝❡✳

P❘❖❖❋✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❛♥② ✜♥✐t❡✲st❛❣❡ ❣❛♠❡ ❛❞♠✐ts ❛ ✵✲❡q✉✐❧✐❜r✐✉♠
✭s❡❡✱ ❡✳❣✳✱ ❬✷✺✱ Pr♦♣✳ ✸✳✶❪✮✳ ❙✐♥❝❡ τ ✐s ❜♦✉♥❞❡❞✱ p(E) ≤ δ ❛♥❞ µ(M ′) ≤ δ✱ t❤❡
❢♦❧❧♦✇✐♥❣ str❛t❡❣② ♣r♦✜❧❡ x ✐s ❛ (2 · δ, 3 · ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ G(D)✿

• ❯♥t✐❧ st❛❣❡ τ ✱ ♣❧❛② ❛ ✵✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡ t❤❛t t❡r♠✐♥❛t❡s ❛t τ ✱ ✐❢ ♥♦
♣❧❛②❡r st♦♣s ❜❡❢♦r❡ t❤❛t st❛❣❡✱ ✇✐t❤ ❛ t❡r♠✐♥❛❧ ♣❛②♦✛ γi(xF ) ✇❤❡r❡ F =
Fτ(ω) (ω) ∈ F̂τ ✳

• ■❢ t❤❡ ❣❛♠❡ ❤❛s ♥♦t t❡r♠✐♥❛t❡❞ ❜② st❛❣❡ τ ✱ ♣❧❛② ❢r♦♠ t❤❛t st❛❣❡ ♦♥ t❤❡
♣r♦✜❧❡ xF ✐♥ G(F,D)✳

✺ ❚❡r♠✐♥❛t✐♥❣ ●❛♠❡s ♦♥ ❋✐♥✐t❡ tr❡❡s

❆♥ ✐♠♣♦rt❛♥t ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ✐♥ ♦✉r ❛♥❛❧②s✐s ✐s t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s t❤❛t ❛r❡
♣❧❛②❡❞ ♦♥ ✜♥✐t❡ tr❡❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡s❡ ❣❛♠❡s✳ ❞✐s❝✉ss t❤❡✐r
❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❛❜s♦r❜✐♥❣ ❣❛♠❡s✱ ❛♥❞ st✉❞② s♦♠❡ ♦❢ t❤❡✐r ♣r♦♣❡rt✐❡s✳

✺✳✶ ❋✐♥✐t❡ tr❡❡s

❉❡✜♥✐t✐♦♥ ✶✼ ❆ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ♦♥ ❛ ✜♥✐t❡ tr❡❡ ✭♦r s✐♠♣❧② ❛ ❣❛♠❡ ♦♥ ❛

tr❡❡✮ ✐s ❛ t✉♣❧❡ T =
(

I, V, Vleaf , r, Vstop, (Cv, pv, Rv)v∈V \Vleaf

)

✱ ✇❤❡r❡✿

• ■ ✐s ❛ ✜♥✐t❡ ♥♦♥✲❡♠♣t② s❡t ♦❢ ♣❧❛②❡rs✳
•

(

V, Vleaf , r, (Cv)v∈V \Vleaf

)

✐s ❛ tr❡❡✱ V ✐s ❛ ♥♦♥❡♠♣t② ✜♥✐t❡ s❡t ♦❢ ♥♦❞❡s✱
Vleaf ⊆ V ✐s ❛ ♥♦♥❡♠♣t② s❡t ♦❢ ❧❡❛✈❡s✱ r ∈ V ✐s t❤❡ r♦♦t✱ ❛♥❞ ❢♦r ❡❛❝❤
v ∈ V \Vleaf ✱ Cv ⊆ V \ {r} ✐s t❤❡ ♥♦♥❡♠♣t② s❡t ♦❢ ❝❤✐❧❞r❡♥ ♦❢ v✳ ❲❡ ❞❡♥♦t❡
❜② V0 = V \Vleaf t❤❡ s❡t ♦❢ ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❧❡❛✈❡s✳

✶✷



• Vstop ⊆ V0 ✐s t❤❡ s❡t ♦❢ ♥♦❞❡s t❤❡ ♣❧❛②❡rs ❝❛♥ ❝❤♦♦s❡ t♦ st♦♣ ✐♥✳ ❖❜s❡r✈❡
t❤❛t ♣❧❛②❡rs ❝❛♥ ♥♦t st♦♣ ❛t t❤❡ ❧❡❛✈❡s✳

❛♥❞ ❢♦r ❡✈❡r② v ∈ V0✿

• pv ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r CV ❀ ❲❡ ❛ss✉♠❡ t❤❛t ∀ṽ ∈ Cv✿ pv(ṽ) > 0✳
• Rv =

(

Ri
v,S

)

i∈I,∅6=S⊆I
∈ D ✐s t❤❡ ♣❛②♦✛ ♠❛tr✐① ❛t ✈ ✐❢ ❛ ♥♦♥❡♠♣t② ❝♦❛❧✐t✐♦♥

❙ st♦♣s ❛t t❤❛t ♥♦❞❡✳

❆ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ♦♥ ❛ ✜♥✐t❡ tr❡❡ st❛rts ❛t t❤❡ r♦♦t ❛♥❞ ✐s ♣❧❛②❡❞ ✐♥ st❛❣❡s✳
●✐✈❡♥ t❤❡ ❝✉rr❡♥t ♥♦❞❡ v ∈ Vstop✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♥♦❞❡s ❛❧r❡❛❞② ✈✐s✐t❡❞✱
t❤❡ ♣❧❛②❡rs ❞❡❝✐❞❡✱ s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ✇❤❡t❤❡r t♦ st♦♣ ♦r t♦
❝♦♥t✐♥✉❡✳ ▲❡t S ❜❡ t❤❡ s❡t ♦❢ ♣❧❛②❡rs t❤❛t ❞❡❝✐❞❡ t♦ st♦♣✳ ■❢ S 6= ∅✱ t❤❡ ♣❧❛②
t❡r♠✐♥❛t❡s ❛♥❞ t❤❡ t❡r♠✐♥❛❧ ♣❛②♦✛ t♦ ❡❛❝❤ ♣❧❛②❡r ✐ ✐s Ri

v,S✳ ■❢ S = ∅✱ ❛ ♥❡✇
♥♦❞❡ v ∈ CV ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ ps ✳ ❚❤❡ ♣r♦❝❡ss ♥♦✇ r❡♣❡❛ts ✐ts❡❧❢✱ ✇✐t❤
v ❜❡✐♥❣ t❤❡ ❝✉rr❡♥t ♥♦❞❡✳ ■❢ v ∈ V \Vstop t❤❡♥ t❤❡ ♣❧❛②❡rs ❝❛♥ ♥♦t st♦♣ ❛t t❤❛t
st❛❣❡✱ ❛♥❞ ❛ ♥❡✇ ♥♦❞❡ v ∈ CV ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ pv✳ ■❢ v ∈ Vleaf t❤❡♥ t❤❡
♥❡✇ ❝✉rr❡♥t ♥♦❞❡ ✐s t❤❡ r♦♦t r✳ ❚❤❡ ❣❛♠❡ ♦♥ t❤❡ tr❡❡ ✐s ❡ss❡♥t✐❛❧❧② ♣❧❛②❡❞ ✐♥
r♦✉♥❞s✱ ✇❤❡r❡ ❡❛❝❤ r♦✉♥❞ st❛rts ❛t t❤❡ r♦♦t ❛♥❞ ❡♥❞s ♦♥❝❡ ✐t r❡❛❝❤❡s ❛ ❧❡❛❢✳

❆ st❛t✐♦♥❛r② str❛t❡❣② ♦❢ ♣❧❛②❡r ✐ ✐s ❛ ❢✉♥❝t✐♦♥ xi : VStop → [0, 1]❀ xi(v) ✐s
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♣❧❛②❡r ✶ st♦♣s ❛t ✈✳ ▲❡t ci ❜❡ t❤❡ str❛t❡❣② ♦❢ ♣❧❛②❡r ✐ t❤❛t
♥❡✈❡r st♦♣s✱ ❛♥❞ ❧❡t c = (ci)i∈I ✳ ●✐✈❡♥ ❛ st❛t✐♦♥❛r② str❛t❡❣② ♣r♦✜❧❡ x = (xi)i∈I ✱
▲❡t γi

T (x) = γi(x) ❜❡ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✉♥❞❡r x✱ ❛♥❞ ❧❡t πT (x) = π(x) t❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❣❛♠❡ ✐s st♦♣♣❡❞ ❛t t❤❡ ✜rst r♦✉♥❞ ✭❜❡❢♦r❡ r❡❛❝❤✐♥❣ ❛ ❧❡❛❢✮✳

❉❡✜♥✐t✐♦♥ ✶✽ ❆ ♣r♦✜❧❡ ♦❢ st❛t✐♦♥❛r② str❛t❡❣✐❡s x = (xi)i∈I ✐s ❛♥ ǫ✲❡q✉✐❧✐❜r✐✉♠
♦❢ t❤❡ ❣❛♠❡ ♦♥ ❛ tr❡❡ ❚ ✐❢✱ ❢♦r ❡❛❝❤ ♣❧❛②❡r i ∈ I✱ ❛♥❞ ❢♦r ❡❛❝❤ str❛t❡❣② yi✱
γi (x) > γi (x−i, yi) − ǫ✳

❆ss✉♠✐♥❣ ♥♦ ♣❧❛②❡r ❡✈❡r st♦♣s✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ (pv)v∈V0
♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐✲

❜✉t✐♦♥s ❛t t❤❡ ♥♦❞❡s ✐♥❞✉❝❡s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ s❡t ♦❢ ❧❡❛✈❡s
♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ♦✈❡r t❤❡ s❡t ♦❢ ❜r❛♥❝❤❡s t❤❛t ❝♦♥♥❡❝t t❤❡ r♦♦t t♦ t❤❡ ❧❡❛✈❡s✳
❋♦r ❡❛❝❤ s❡t V̂ ⊆ V0✱ ✇❡ ❞❡♥♦t❡ ❜② pV̂ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❝❤♦s❡♥ ❜r❛♥❝❤
♣❛ss❡s t❤r♦✉❣❤ V̂ ✳ ❋♦r ❡❛❝❤ v ∈ V ✱ ✇❡ ❞❡♥♦t❡ ❜② Fv t❤❡ ❡✈❡♥t t❤❛t t❤❡ ❝❤♦s❡♥
❜r❛♥❝❤ ♣❛ss❡s t❤r♦✉❣❤ ✈✳

❲❡ ✜♥✐s❤ t❤✐s s✉❜s❡❝t✐♦♥ ❜② ❞❡✜♥✐♥❣ t❤❡ ❣❛♠❡ ♦♥ ❛ ✜♥✐t❡ tr❡❡ Tn,σ(F )✳ ❚❤❡
❣❛♠❡ ❜❡❣✐♥s ❛t st❛❣❡ n✱ ✇❤❡♥ ω ∈ F ⊆ F̂n ✐s r❛♥❞♦♠❧② ❝❤♦s❡♥ ✭❛❝❝♦r❞✐♥❣
t♦ p|F ✮✳ ■❢ t❤❡ ❣❛♠❡ ❤❛s ♥♦t ❛❜s♦r❜❡❞ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ st❛❣❡ τ(n)✱ t❤❡ ❣❛♠❡
r❡st❛rts ❛t st❛❣❡ ♥ ❛❣❛✐♥ ✭❛♥❞ ❛ ♥❡✇ ω ∈ F ⊆ F̂n ✐s r❛♥❞♦♠❧② ❝❤♦s❡♥✮✳

❉❡✜♥✐t✐♦♥ ✶✾ ▲❡t G = (I, Ω,A, p,F , R) ❜❡ ❛ tr❡❡✲❧✐❦❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱
n ∈ N ❛ ♥✉♠❜❡r✱ n < τ ❛ ❜♦✉♥❞❡❞ t❡r♠✐♥❛t✐♥❣ t✐♠❡✱ ❛♥❞ F ∈ F̂n✳ ❚❤❡ ❣❛♠❡
♦♥ t❤❡ ✜♥✐t❡ tr❡❡ Tn,τ (F ) ✐s

(

I, V, Vleaf , r, Vstop, (Cv, pv, Rv)v∈V \Vleaf

)

✇❤❡r❡✿

✶✸



• V =
⋃

ω∈F
n≤k≤τ(ω)

{Fk(ω)}✱ Vleaf =
⋃

ω∈F
{Fτ (ω)}✱ r = F ✱ Vstop = {v ∈ V |dv ∈ DF}

• Rv✱Cv✱ pv ❛r❡ ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t v ∈ V \Vleaf ❛♥❞ v ∈ F̂k

❢♦r s♦♠❡ n ≤ k✱ t❤❡♥✿ Rv = Rn(v)✱ Cv =
{

Fk+1 ∈ F̂k+1|Fk+1 ⊆ v
}

✱ ❛♥❞
pv(Fk+1) = p (Fk+1|v)✳

✺✳✷ ❊q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❆❜s♦r❜✐♥❣ ●❛♠❡s

❆ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ♦♥ ❛ ✜♥✐t❡ tr❡❡ ❚ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ❛❜s♦r❜✐♥❣ ❣❛♠❡✱
✇❤❡r❡ ❡❛❝❤ r♦✉♥❞ ♦❢ ❚ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✐♥❣❧❡ st❛❣❡ ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ❣❛♠❡✳
❆♥ ❛❜s♦r❜✐♥❣ ❣❛♠❡ ✐s ❛ st♦❝❤❛st✐❝ ❣❛♠❡ ✇✐t❤ ❛ s✐♥❣❧❡ ♥♦♥✲❛❜s♦r❜✐♥❣ st❛t❡✳
❆s ❛♥ ❛❜s♦r❜✐♥❣ ❣❛♠❡✱ t❤❡ ❣❛♠❡ ❚ ❤❛s t✇♦ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s✿ ✭✶✮ ■t ✐s ❛
r❡❝✉rs✐✈❡ ❣❛♠❡✿ t❤❡ ♣❛②♦✛ ✐♥ t❤❡ ♥♦♥✲❛❜s♦r❜✐♥❣ st❛t❡ ✐s ③❡r♦❀ ✭✷✮ ❚❤❡r❡ ✐s ❛
✉♥✐q✉❡ ❛❝t✐♦♥ ♣r♦✜❧❡ t❤❛t ✐s ♥♦♥✲❛❜s♦r❜✐♥❣✳

❆❞❛♣t✐♥❣ ❬✸✷❪✬s Pr♦♣✳ ✹✳✶✵ t♦ t❤❡ t✇♦ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❉❡✜♥✐t✐♦♥ ✷✵ ▲❡t ❚ ❜❡ ❛ ❣❛♠❡ ♦♥ ❛ tr❡❡✱ ❛♥❞ i ∈ I ❛ ♣❧❛②❡r✳ gi = maxv∈Vstop
(

Ri
i,v

)

✐s t❤❡ ♠❛①✐♠❛❧ ♣❛②♦✛ ❛ ♣❧❛②❡r ❝❛♥ ❣❡t ✐♥ ❚ ❜② st♦♣♣✐♥❣ ❛❧♦♥❡✳ ▲❡t ṽi

❜❡ ❛ ♥♦❞❡ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❧❛st ❡①♣r❡ss✐♦♥✱ ❛♥❞ ❧❡t dṽi ∈ D ❜❡ t❤❡ ♣❛②♦✛
♠❛tr✐① ✐♥ t❤❛t st❛❣❡✳ 8

Pr♦♣♦s✐t✐♦♥ ✷✶ ▲❡t ❚ ❜❡ ❛ ❣❛♠❡ ♦♥ ❛ ✜♥✐t❡ tr❡❡✳ ❚ ❤❛s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✶✮ ❆ st❛t✐♦♥❛r② ❛❜s♦r❜✐♥❣ ❡q✉✐❧✐❜r✐✉♠ x 6= c✳
✭✷✮ ❋♦r ❡❛❝❤ ♣❧❛②❡r i ∈ I ❛♥❞ ❢♦r ❡❛❝❤ ♥♦❞❡ v ∈ Vstop✱ ✿ Ri

i,v ≤ 0✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t c ✐s ❛ ♣❡r❢❡❝t st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠✳

✭✸✮ ❚❤❡r❡ ✐s ❛ ❞✐str✐❜✉t✐♦♥ η ∈ ∆(I × {ṽi}) s✉❝❤ t❤❛t✿
✭❛✮

∑

i∈I Pη(ṽ
i, i) = 1✳

✭❜✮ ❋♦r ❡❛❝❤ ♣❧❛②❡r j ∈ I ✿
∑

i∈I Pη(ṽ
i, i) · Rj

{i},ṽi ≥ gj✳
✭❝✮ ▲❡t t❤❡ ♣❧❛②❡rs i ∈ I t❤❛t s❛t✐s❢② Pη(ṽ

i, i) > 0 ❜❡ ❞❡♥♦t❡❞ ❛s t❤❡
st♦♣♣✐♥❣ ♣❧❛②❡rs✳ ❋♦r ❡✈❡r② st♦♣♣✐♥❣ ♣❧❛②❡r i ∈ I t❤❡r❡ ❡①✐sts ❛ ♣❧❛②❡r
ji 6= i✱ t❤❡ ♣✉♥✐s❤❡r ♦❢ ✐✱ s✉❝❤ t❤❛t✿ gi ≥ Ri

{ji},ṽji
✳

❲❤❡♥ ✇❡ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s ♦♥ t❤❡ ❣❛♠❡
❚✱ ✇❡ ✇r✐t❡ gi

T , ṽi
T , ηT , xT ✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❝❛s❡ ✶ ♠❛② ♥♦t ❜❡ ♣❡r❢❡❝t✱ ❛s

♣❧❛②❡rs ♠❛② ✉s❡ ♥♦♥✲❝r❡❞✐❜❧❡ t❤r❡❛ts ❛❢t❡r ♦❢✲❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛ ❛ss❡rts t❤❛t ❛ ♣❡r❢❡❝t ǫ✲❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✳

8 ❖r✐❣✐♥❛❧❧② ♣❛rt ✸ ♦❢ Pr♦♣✳ ✷✶ r❡q✉✐r❡s t❤❛t ❡✈❡r② ♣❧❛②❡r ✇♦✉❧❞ ❤❛✈❡ ❛ ✉♥✐q✉❡
♣✉r❡ ❛❝t✐♦♥ t❤❛t ♠❛①✐♠✐③❡s ❤✐s ♣❛②♦✛✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t t❤❡ ♦t❤❡r ♣❧❛②❡rs ❛❧✇❛②s
❝♦♥t✐♥✉❡✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦♥ t❤❡ ♣❛②♦✛s ✭o (ǫ)✮✱ s✉❝❤
t❤❛t Ri

i,ṽi ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ ❛♥② ♦t❤❡r ♣❛②♦✛ Ri
i,v ✇❤❡r❡ v ∈ Vstop✳

✶✹



▲❡♠♠❛ ✷✷ ■♥ ❝❛s❡ ✶ ♦❢ ♣r♦♣✳ ✷✶✱ ❚ ❛❞♠✐ts ❛ st❛t✐♦♥❛r② ❛❜s♦r❜✐♥❣ ♣❡r❢❡❝t
ǫ✲❡q✉✐❧✐❜r✐✉♠ x 6= c✳

P❘❖❖❋✳ ▲❡t Tǫ ❜❡ ❛ ♣❡rt✉r❜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ♦♥ ❛ tr❡❡ ❚ ✿ ■♥ Tǫ

✇❤❡♥ ❛ ♥♦♥✲❡♠♣t② ❝♦❛❧✐t✐♦♥ st♦♣s ❛t s♦♠❡ ♥♦❞❡✱ t❤❡r❡ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ǫ2 t❤❛t
t❤❡ st♦♣♣✐♥❣ ✐s ✐❣♥♦r❡❞✱ ❛♥❞ t❤❡ ❣❛♠❡ ❝♦♥t✐♥✉❡s t♦ t❤❡ ♥❡①t st❛❣❡✱ ❛s ✐❢ ♥♦
♣❧❛②❡r ❤❛s st♦♣♣❡❞✳ ■♥ Tǫ ✉♥❞❡r ❛♥② ♣r♦✜❧❡ x✱ ❛♥② ♥♦❞❡ ✐s r❡❛❝❤❡❞ ✇✐t❤ ❛
♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤✉s ♥♦♥✲❝r❡❞✐❜❧❡ t❤r❡❛ts ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥ ❛ st❛t✐♦♥❛r②
❡q✉✐❧✐❜r✐✉♠✳ ■❢ ❝❛s❡ ✶ ♦❢ ♣r♦♣✳ ✷✶ ❛♣♣❧✐❡s✱ t❤❡♥ Tǫ ❛❞♠✐ts ❛ ♣❡r❢❡❝t st❛t✐♦♥❛r②
❡q✉✐❧✐❜r✐✉♠ xǫ✱ ❛♥❞ xǫ ✐s ❛ ♣❡r❢❡❝t st❛t✐♦♥❛r② ❛❜s♦r❜✐♥❣ ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ❚✳

✺✳✸ ▲✐♠✐ts ♦♥ P❡r✲❘♦✉♥❞ Pr♦❜❛❜✐❧✐t② ♦❢ ❚❡r♠✐♥❛t✐♦♥

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❜♦✉♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❡r♠✐♥❛t✐♦♥ ✐♥ ❛ s✐♥❣❧❡ r♦✉♥❞
✇❤❡♥ ❛ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠ x 6= c ❡①✐sts ✭❝❛s❡ ✶ ♦❢ Pr♦♣✳ ✷✶✮✱ ❜② ❛❞❛♣t✐♥❣ t♦
t❤❡ ♠✉❧t✐✲♣❧❛②❡r ❝❛s❡ t❤❡ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ ❬✷✽✱ ❙✉❜s❡❝✳ ✺✳✷❪ ❢♦r t✇♦ ♣❧❛②❡rs✳
❲❡ ✜rst ❜♦✉♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❡r♠✐♥❛t✐♦♥ ✐♥ ❛ s✐♥❣❧❡ r♦✉♥❞ ✇❤❡♥ t❤❡ ǫ✲
❡q✉✐❧✐❜r✐✉♠ ♣❛②♦✛ ✐s ❧♦✇ ❢♦r ❛t ❧❡❛st ♦♥❡ ♣❧❛②❡r✳ ❚❤❡ ❧❡♠♠❛ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥
♦❢ ▲❡♠♠❛ ✺✳✸ ✐♥ ❬✷✽❪✱ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞ ❛s t❤❡ ❝❤❛♥❣❡s ❛r❡ ♠✐♥♦r✳

▲❡♠♠❛ ✷✸ ▲❡t ● ❜❡ ❛ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱ n ∈ N ✱ σ > n ❛ ❜♦✉♥❞❡❞ st♦♣♣✐♥❣
t✐♠❡✱ F ∈ F̂n✱ ❛♥❞ ǫ > 0✳ ▲❡t x 6= c ❜❡ ❛ st❛t✐♦♥❛r② ǫ

2
✲❡q✉✐❧✐❜r✐✉♠ ✐♥ Tn,σ(F )

s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❧❛②❡r i ∈ I ✇✐t❤ ❛ ❧♦✇ ♣❛②♦✛✿ γi(x) ≤ αi
F − ǫ✳

❚❤❡♥ π(ci, x−i) ≥ ǫ
6
· qi✱ ✇❤❡r❡ qi = qi

T = p
(

⋃

v∈Vstop

{

Fv|R
i
{i},v = αi

F

})

✐s t❤❡
♣r♦❜❛❜✐❧✐t② t❤❛t ✐❢ ❛❧❧ t❤❡ ♣❧❛②❡rs ♥❡✈❡r st♦♣✱ t❤❡ ❣❛♠❡ ✈✐s✐ts ❛ ♥♦❞❡ v ∈ Vstop

✇✐t❤ Ri
{i},v = αi

F ✐♥ t❤❡ ✜rst r♦✉♥❞✳

❉❡✜♥✐t✐♦♥ ✷✹ ▲❡t T =
(

I, V, Vleaf , r, Vstop, (Cv, pv, Rv)v∈V0

)

❛♥❞ ❧❡t T ′ =
(

I , V ′, V ′
leaf , r

′, V ′
stop, (C

′
v, p

′
v, R

′
v)v∈V ′

0

)

❜❡ t✇♦ ❣❛♠❡s ♦♥ tr❡❡s✳ ❲❡ s❛② t❤❛t T ′

✐s ❛ s✉❜❣❛♠❡ ♦❢ ❚ ✐❢✿ V ′ ⊆ V ✱ V ′
stop = Vstop

⋂

V ′✱ r′ = r✱ ❛♥❞ ❢♦r ❡✈❡r② v ∈ V ′
0 ✱

C ′
v = Cv✱ p′v = pv ❛♥❞ R′

v = Rv✳

■♥ ✇♦r❞s✱ T ′ ✐s ❛ s✉❜❣❛♠❡ ♦❢ T ✐❢ ✇❡ r❡♠♦✈❡ ❛❧❧ t❤❡ ❞❡s❝❡♥❞❛♥ts ✭✐♥ t❤❡
str✐❝t s❡♥s❡✮ ♦❢ s❡✈❡r❛❧ ♥♦❞❡s ❢r♦♠ t❤❡ tr❡❡

(

V, Vleaf , r, (Cv)v∈V0

)

❛♥❞ ❦❡❡♣ ❛❧❧
♦t❤❡r ♣❛r❛♠❡t❡rs ✜①❡❞✳ ❖❜s❡r✈❡ t❤❛t t❤✐s ♥♦t✐♦♥ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ st❛♥❞❛r❞
❞❡✜♥✐t✐♦♥ ♦❢ ❛ s✉❜❣❛♠❡ ✐♥ ❣❛♠❡ t❤❡♦r②✳

▲❡t T ❜❡ ❛ ❣❛♠❡ ♦♥ ❛ tr❡❡✳ ❋♦r ❡❛❝❤ s✉❜s❡t D ⊆ V0✱ ✇❡ ❞❡♥♦t❡ ❜② TD t❤❡ s✉❜✲
❣❛♠❡ ♦❢ ❚ ❣❡♥❡r❛t❡❞ ❜② tr✐♠♠✐♥❣ T ❢r♦♠ D ❞♦✇♥✇❛r❞✳ ❚❤✉s✱ ❛❧❧ ❞❡s❝❡♥❞❛♥ts
♦❢ ♥♦❞❡s ✐♥ ❉ ❛r❡ r❡♠♦✈❡❞✳ ❋♦r ❡✈❡r② s✉❜❣❛♠❡ T ′ ♦❢ ❚ ❛♥❞ ❡✈❡r② s✉❜❣❛♠❡
T ′′ ♦❢ T ′✱ ❧❡t pT ′′,T ′ = pV ′′

leaf
,V ′

leaf
❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❝❤♦s❡♥ ❜r❛♥❝❤ ✐♥

❚ ♣❛ss❡s t❤r♦✉❣❤ ❛ ❧❡❛❢ ♦❢ T ′′ str✐❝t❧② ❜❡❢♦r❡ ✐t ♣❛ss❡s t❤r♦✉❣❤ ❛ ❧❡❛❢ ♦❢ T ′✳

✶✺



❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❞✐✈✐❞❡s t❤❡ s❡ts ✐♥ F̂n ✐♥t♦ ✷✿ s✐♠♣❧❡ ❛♥❞ ❝♦♠♣❧✐❝❛t❡❞✳

❉❡✜♥✐t✐♦♥ ✷✺ ▲❡t ● ❜❡ ❛ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱ ǫ > 0✱ ❛♥❞ N0 ≤ n ∈ N✳ ❚❤❡
s❡t F ∈ F̂n ✐s ǫ✲s✐♠♣❧❡ ✐❢ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ ❋♦r ❡✈❡r② i ∈ I✿ αi
F < 0✳ ♦r

✭✷✮ ❚❤❡r❡ ✐s ❛ ❞✐str✐❜✉t✐♦♥ θ ∈ ∆(DF × I) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♣❧❛②❡r i ∈ I✿
✭❛✮ θ(d, i) > 0 ⇒ Ri

{i},d = αi
F ✳ ❛♥❞

✭❜✮ αi
F + ǫ ≥

∑

j∈I, d∈DF

θ(d, j) · Ri
{j},d ≥ αi

F − ǫ✳

❋ ✐s s✐♠♣❧❡ ✐❢ ✐t ✐s ǫ✲s✐♠♣❧❡ ❢♦r ❡✈❡r② ǫ > 0✳ ❋ ✐s ❝♦♠♣❧✐❝❛t❡❞ ✐❢ ✐t ✐s ♥♦t s✐♠♣❧❡✱
✐✳❡✳✿ t❤❡r❡ ✐s ❛♥ ǫ0 > 0 s✉❝❤ t❤❛t ❋ ✐s ♥♦t ǫ0✲s✐♠♣❧❡✳ ■♥ t❤❛t ❝❛s❡ ✇❡ s❛② t❤❛t
❋ ✐s ❝♦♠♣❧✐❝❛t❡❞ ✇✳r✳t✳ ǫ0✳ ❖❜s❡r✈❡ t❤❛t Fn ∈ F̂n ✐s ǫ✲s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢
FN0 ∈ F̂N0 ✐s ǫ✲s✐♠♣❧❡ ✭✇❤❡r❡ n > N0 ❛♥❞ Fn ⊆ FN0✮✳

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❛♥❛❧②③❡s st❛t✐♦♥❛r② ǫ−❡q✉✐❧✐❜r✐❛ t❤❛t ②✐❡❧❞ ❛ ❤✐❣❤ ♣❛②♦✛
t♦ ❛❧❧ t❤❡ ♣❧❛②❡rs✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ Pr♦♣✳ ✺✳✺ ✐♥ ❬✷✽✱ ❙❡❝✳
✽❪✳ ❚❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞ ❛s t❤❡ ❝❤❛♥❣❡s ❝♦♠♣❛r❡❞ ✇✐t❤ ❬✷✽❪ ❛r❡ ♠✐♥♦r✳

Pr♦♣♦s✐t✐♦♥ ✷✻ ▲❡t ● ❜❡ ❛ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱ N0 ≤ n ∈ N ✱ σ > n ❛
❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡✱ F ∈ F̂n ❛ ❝♦♠♣❧✐❝❛t❡❞ s❡t ✭✇✳r✳t✳ ǫ0)✱ ǫ << ǫ0

|I|·|D|
✱

❛♥❞ ❢♦r ❡❛❝❤ i ∈ I ❧❡t ai ≥ αi
F − ǫ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡t U ⊆ V0 ♦❢ ♥♦❞❡s

❛♥❞ ❛ str❛t❡❣② ♣r♦✜❧❡ x ✐♥ T = Tn,σ(F ) s✉❝❤ t❤❛t✿

✭✶✮ ◆♦ s✉❜❣❛♠❡ ♦❢ TU ❤❛s ❛♥ ǫ✲❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛②♦✛ ✐♥
∏

i∈I
[ai, ai + ǫ]

✭✷✮ ❊✐t❤❡r✿ ✭❛✮ U = ∅ ✭s♦ t❤❛t TU = T ✮ ♦r ✭❜✮ x ✐s ❛ 9ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ❚✱
❛♥❞ ❢♦r ❡✈❡r② i ∈ I ❛♥❞ ❢♦r ❡✈❡r② str❛t❡❣② yi✿ ai − ǫ ≤ γi(x)✱ γi(x−i, yi) ≤
ai + 8ǫ✱ ❛♥❞ π(x) ≥ ǫ2 · pTU ,T ✳

✻ ❚❤❡ ❯s❡ ♦❢ ❘❛♠s❡② ❚❤❡♦r❡♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ ❛ st♦❝❤❛st✐❝ ✈❛r✐❛t✐♦♥ ♦❢ ❘❛♠s❡② t❤❡♦r❡♠ ✭❬✷✹✱✷✽❪✮✱ t♦
❞✐s❛ss❡♠❜❧❡ ❛♥ ✐♥✜♥✐t❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡ ✐♥t♦ ❣❛♠❡s ♦♥ ✜♥✐t❡ tr❡❡s ✇✐t❤ s♣❡❝✐❛❧
♣r♦♣❡rt✐❡s✳ ❲❡ ❜❡❣✐♥ ❜② ❞❡✜♥✐♥❣ ❛♥ F ✲❝♦♥s✐st❡♥t ❈✲✈❛❧✉❡❞ ◆❚✲❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✼ ❆♥ ◆❚ ✲❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s t♦ ❡✈❡r② ✐♥t❡❣❡r
n > 0 ❛♥❞ ❡✈❡r② ❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡ τ ❛♥ Fn✲♠❡❛s✉r❛❜❧❡ r✳✈✳ t❤❛t ✐s
❞❡✜♥❡❞ ♦✈❡r t❤❡ s❡t {τ > n}✳ ❲❡ s❛② t❤❛t ❛♥ ◆❚ ✲❢✉♥❝t✐♦♥ ❢ ✐s ❈ ✲✈❛❧✉❡❞✱
❢♦r s♦♠❡ ✜♥✐t❡ s❡t ❈✱ ✐❢ t❤❡ r✳✈✳ fn,τ ✐s ❈ ✲✈❛❧✉❡❞✱ ❢♦r ❡✈❡r② n > 0 ❛♥❞ ❡✈❡r②
❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡ τ ✳

❉❡✜♥✐t✐♦♥ ✷✽ ❆♥ ◆❚ ✲❢✉♥❝t✐♦♥ ❢ ✐s F✲❝♦♥s✐st❡♥t ✐❢ ❢♦r ❡✈❡r② n > 0✱ ❡✈❡r②

✶✻



Fn✲♠❡❛s✉r❛❜❧❡ s❡t ❋✱ ❛♥❞ ❡✈❡r② t✇♦ st♦♣♣✐♥❣ t✐♠❡s τ1, τ2✱ ✇❡ ❤❛✈❡✿ τ1 = τ2 > n
♦♥ ❋ ✐♠♣❧✐❡s fn,σ1 = fn,σ2 ♦♥ ❋✳

❲❤❡r❡ ❆ ❤♦❧❞s ♦♥ ❇ ✭A, B ∈ F✮ ✐✛ p(Ac ⋂

B) = 0✳❲❤❡♥ ❢ ✐s ❛♥ ◆❚ ✲❢✉♥❝t✐♦♥✱
❛♥❞ τ1 < τ2 ❛r❡ t✇♦ ❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡s ✇❡ ❞❡♥♦t❡ fτ1,τ2(ω) = fτ1(ω),τ2(ω)✳
❚❤✉s fτ1,τ2 ✐s ❛♥ Fn✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❙❤♠❛②❛ ❛♥❞ ❙♦❧❛♥ ♣r♦✈❡❞
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✭❬✷✽✱ ❚❤❡♦r❡♠ ✹✳✸❪✮✿

Pr♦♣♦s✐t✐♦♥ ✷✾ ❋♦r ❡✈❡r② ✜♥✐t❡ s❡t ❈✱ ❡✈❡r② ❈ ✲✈❛❧✉❡❞ F✲❝♦♥s✐st❡♥t ◆❚ ✲
❢✉♥❝t✐♦♥ ❢✱ ❛♥❞ ❡✈❡r② ǫ > 0✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❜♦✉♥❞❡❞
st♦♣♣✐♥❣ t✐♠❡s 0 < σ1 < σ2 < σ3 < ... s✉❝❤ t❤❛t✿ p (fσ1,σ2 = fσ2,σ3 = ...) > 1−ǫ✳

■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❛tt❛❝❤❡s ❛ ❝♦❧♦r cn,σ(F )

❛♥❞ s❡✈❡r❛❧ ♥✉♠❜❡rs (λj,n,σ(F ))
j
❢♦r ❡✈❡r② F ∈ F̂n✱ s✳t✳ cn,σ(F ) ✐s ❛ ❈ ✲✈❛❧✉❡❞

F✲❝♦♥s✐st❡♥t ◆❚ ✲❢✉♥❝t✐♦♥✳

❆ ✭❤②♣❡r✮✲r❡❝t❛♥❣❧❡ ([ai, ai + ǫ])i∈I ✐s ❜❛❞ ✐❢ ❢♦r ❡✈❡r② i ∈ I✱ αi
F − ǫ ≤ ai✳ ■t ✐s

❣♦♦❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❧❛②❡r i ∈ I s✉❝❤ t❤❛t ai + ǫ ≤ αi
F − ǫ✳ ▲❡t ❲ ❜❡ ❛ ✜♥✐t❡

❝♦✈❡r✐♥❣ ♦❢ [−1, 1]|I| ✇✐t❤ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❞✐s❥♦✐♥t✮ r❡❝t❛♥❣❧❡s ([ai, ai + ǫ])i∈I ✱
❛❧❧ ♦❢ ✇❤✐❝❤ ❛r❡ ❡✐t❤❡r ❣♦♦❞ ♦r ❜❛❞✳ ▲❡t B = {b1, b2, ..., bJ} ❜❡ t❤❡ s❡t ♦❢ ❜❛❞
r❡❝t❛♥❣❧❡s ✐♥ ❲ ❛♥❞ ❧❡t O = {o1, o2, ..., oK} t❤❡ s❡t ♦❢ ❣♦♦❞ r❡❝t❛♥❣❧❡s✳

❙❡t C = (simple
⋃

allbad
⋃

{1 × O}
⋃

{2}
⋃

{3 × W × W})✳ ▲❡t ● ❜❡ ❛ t❡r✲
♠✐♥❛t✐♥❣ ❣❛♠❡✱ n ∈ N ✱ σ > n ❛ ❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡✱ ❛♥❞ F ∈ F̂n✳
■❢ F ✐s s✐♠♣❧❡ ✇❡ ❧❡t cn,σ(F ) = simple✳ ❖t❤❡r✇✐s❡✱ ❋ ✐s ❝♦♠♣❧✐❝❛t❡❞ ✇✳r✳t✳
t♦ s♦♠❡ ǫ0(F )✳ ■♥ t❤❛t ❝❛s❡ ✇❡ ❛ss✉♠❡ t❤❛t ❢r♦♠ ♥♦✇ ✇❡ ✜① ε ♦♥ t❤❛t
0 < ǫ << minF∈F̂N0

ǫ0(F )
|I|·|D|

✳ ❚❤❡ ❝♦❧♦r cn,σ(F ) ✐s ❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s✿ 9

• ❙❡t T (0) = Tn,σ(F )✳
• ❋♦r 1 ≤ j ≤ J ❛♣♣❧② Pr♦♣✳ ✷✶ t♦ T (j−1) ❛♥❞ t❤❡ ❜❛❞ r❡❝t❛♥❣❧❡ hj =

∏

i∈I

[

ai
j, a

i
j + ǫ

]

t♦ ♦❜t❛✐♥ ❛ s✉❜❣❛♠❡ T (j) ♦❢ T (j−1) ❛♥❞ str❛t❡❣② ♣r♦✜❧❡ xj

✐♥ T (j) s✉❝❤ t❤❛t✿
✭✶✮ ◆♦ s✉❜❣❛♠❡ ♦❢ T (j) ❤❛s ❛ st❛t✐♦♥❛r② ǫ✲❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣

♣❛②♦✛ ✐♥ hj✳
✭✷✮ ❊✐t❤❡r T (j) = T (j−1) ♦r t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭❛✮ ❋♦r ❡✈❡r② i ∈ I✱ ai
j − ǫ ≤ γi(xj)✳

✭❜✮ ❋♦r ❡✈❡r② i ∈ I ❛♥❞ ❡✈❡r② str❛t❡❣② yi✿ γi(x−i
j , yi) ≤ ai

j + 8ǫ✳
✭❝✮ π (xj) ≥ ǫ2 × pT (j),T (j−1) ✳

• ■❢ T (J) ✐s tr✐✈✐❛❧ ✭t❤❡ ♦♥❧② ♥♦❞❡ ✐s t❤❡ r♦♦t✮✱ s❡t cn,σ(F ) = allbad❀ ♦t❤❡r✇✐s❡
❞✉❡ t♦ Pr♦♣✳ ✷✶ ❛♥❞ ♦✉r ♣r♦❝❡❞✉r❡ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ T (J) ❤❛s ❛ ♣❡r❢❡❝t st❛t✐♦♥❛r② ❛❜s♦r❜✐♥❣ ǫ✲❡q✉✐❧✐❜r✐✉♠ ①✱ ✇✐t❤ ❛ ♣❛②♦✛ γ(x)
✐♥ ♦♥❡ ♦❢ t❤❡ ❣♦♦❞ ❤②♣❡r✲r❡❝t❛♥❣❧❡s✳ ▲❡t cn,σ(F ) = (1, ol)✱ ✇❤❡r❡ ol ✐s t❤❡

9 ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ✷✲♣❧❛②❡r ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✽✱ ❙❡❝✳ ✺❪

✶✼



❣♦♦❞ r❡❝t❛♥❣❧❡ t❤❛t ✐♥❝❧✉❞❡s γx ✳
✭✷✮ T (J) ❤❛s ❛ ♣❡r❢❡❝t st❛t✐♦♥❛r② ♥♦♥✲❛❜s♦r❜✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❝✱ ✇✐t❤ ❛ ♣❛②♦✛

✵✳ ▲❡t cn,σ(F ) = (2)✳
✭✸✮ ❚❤❡r❡ ✐s ❛ ❝♦rr❡❧❛t❡❞ str❛t❡❣② ♣r♦✜❧❡ η ∈ ∆(A) ✐♥ T (J) t❤❛t s❛t✐s✜❡s

✸✭❛✮✰✸✭❜✮✰✸✭❝✮ ✐♥ Pr♦♣✳ ✷✶✳ ▲❡t cn,σ(F ) = (3, w1, w2) ✇❤❡r❡ w1 ✐s t❤❡
❤②♣❡r✲r❡❝t❛♥❣❧❡ t❤❛t ✐♥❝❧✉❞❡s γT (J)(η)✱ ❛♥❞ w2 ✐s t❤❡ ❤②♣❡r✲r❡❝t❛♥❣❧❡ t❤❛t
✐♥❝❧✉❞❡s g(T (J))✳

❚❤❡ str❛t❡❣② ♣r♦✜❧❡s xJ ✱ ❛s ❣✐✈❡♥ ❜② Pr♦♣✳ ✷✶✱ ❛r❡ str❛t❡❣✐❡s ✐♥ T (j−1)✳ ❲❡
❝♦♥s✐❞❡r t❤❡♠ ❛s str❛t❡❣✐❡s ✐♥ ❚ ❜② ❧❡tt✐♥❣ t❤❡♠ ❝♦♥t✐♥✉❡ ❢r♦♠ t❤❡ ❧❡❛✈❡s ♦❢
T (j−1) ❞♦✇♥✇❛r❞✳ ❲❡ ❞❡✜♥❡✱ ❢♦r ❡✈❡r② j ∈ J ✱ λj,n,σ(F ) = pT (j),T (j−1) ✳

❇② Pr♦♣✳ ✷✾ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡s
0 < σ1 < σ2 < σ3 < ... s✉❝❤ t❤❛t✿ p (cσ1,σ2 = cσ2,σ3 = ...) > 1 − δ

3
✳ ❋♦r ❡✈❡r②

F ∈ F̂σ1 ✱ ❧❡t cF = cσ1,σ2(F )✳

▲❡t (Aǫ,j, A∞,j)j∈J
∈

∨

n=1..∞
Fn ❜❡✿ A∞,j =

{

w ∈ Ω|
∑

k=1..∞
λj,σk,σk+1

(

Fσk(ω)

)

= ∞
}

✱

Aǫ,j =
{

w ∈ Ω|
∑

k=1..∞
λj,σk,σk+1

(

Fσk(ω)

)

≤ ǫ
|J |

}

✳ ❆s (Aǫ,j, A∞,j)j∈J
∈

∨

n=1..∞
Fn✱

t❤❡r❡ ✐s ❧❛r❣❡ ❡♥♦✉❣❤ N1 ≥ N0 ❛♥❞ s❡ts
(

Āǫ,j, Ā∞,j

)

j∈J
∈ FN1

s✳t✳✿ ✭✶✮ ❋♦r

❡❛❝❤ j ∈ J ✿Āǫ,j

⋂

Ā∞,j = ∅ ❛♥❞
(

Āǫ,j

⋃

Ā∞,j

)

= Ω✳ ✭✷✮ p
(

Aǫ,j|Āǫ,j

)

≥ 1− δ
6·|J |

✳

✭✸✮ p
(

A∞,j|Ā∞,j

)

≥ 1 − δ
6·|J |

✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ t❤❛t σ1 ≥ N1✳
▲❡t E ′ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✭❖❜s❡r✈❡ t❤❛t p(E ′) ≤ δ✮✿

E ′ = E
⋃

j∈J

{

ω ∈ Āǫ,j|
∑

k=1..∞

λj,σk,σk+1

(

Fσk(ω)

)

>
ǫ

|J |

}

{

ω ∈ Ā∞,j|
∑

k=1..∞

λj,σk,σk+1

(

Fσk(ω)

)

< ∞

}

⋃

{

ω ∈ Ω|∃n s.t. cσn,σn+1 (ω) 6= c1,2 (ω)
}

✼ ❆♣♣r♦①✐♠❛t❡ ❈♦♥st❛♥t✲❊①♣❡❝t❛t✐♦♥ P❡r❢❡❝t ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜✲

r✐✉♠

❲❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✸✵ ▲❡t G ❜❡ ❛ tr❡❡✲❧✐❦❡ t❡r♠✐♥❛t✐♥❣ ❣❛♠❡✱ ❧❡t ǫ, δ > 0✱ ❧❡t t❤❡
❡✈❡♥t E ′ ⊆ Ω ❛♥❞ σ1 ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ❛♥❞ ❧❡t F ∈ F̂σ1✳
❚❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ D = (M, µ) ❛♥❞ ❛ str❛t❡❣② ♣r♦✜❧❡
xF ✐♥ t❤❡ ❣❛♠❡ G(F,D)✱ s✉❝❤ t❤❛t xF ✐s ❛ ♣❡r❢❡❝t (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥
ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡ G(F,D) ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ❛♥❞ ❣✐✈❡♥ M\M ′✳

✶✽



P❘❖❖❋✳ ❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ t♦ ❛ ❢❡✇ ❝❛s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦❧♦r ♦❢ cF ❛♥❞
✇❤❡t❤❡r F ∈ Ā∞,j✳ ❚❤❡ ✜rst ✸ ❝❛s❡s ❛❞❛♣ts t❤❡ ♠❡t❤♦❞s ♦❢ ❬✷✽✱ ❙❡❝✳✼❪✳

✼✳✶ ❚❤❡r❡ ❡①✐sts j ∈ J s✳t✳ F ∈ Ā∞,j

▲❡t 1 ≤ j ≤ J ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① s✉❝❤ t❤❛t F ∈ Ā∞,j✳ ▲❡t xj,σk,σk+1
❜❡ t❤❡

jth ♣r♦✜❧❡ ✐♥ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ Tσk,σk+1
✳

▲❡t xF ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣② ♣r♦✜❧❡ ✐♥ G (F,D)✿ ❜❡t✇❡❡♥ σk ❛♥❞ σk+1 ♣❧❛②
❛❝❝♦r❞✐♥❣ t♦ xj,σk,σk+1

✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❙❡❝t✐♦♥ ✻ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❈♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t t❤❡ ❣❛♠❡ ✇❛s ❛❜s♦r❜❡❞ ❜❡t✇❡❡♥ σk ❛♥❞ σk+1 t❤❡ ♣r♦✜❧❡
xj,σk,σk+1

❣✐✈❡s ❡❛❝❤ ♣❧❛②❡r ❛ ♣❛②♦✛✿ ai
j − ǫ ≤ γi

σk,σk+1
(xj) ≤ ai

j + 8ǫ✳
• ❋♦r ❡❛❝❤ ♣❧❛②❡r i ∈ I ❛♥❞ ❢♦r ❡❛❝❤ str❛t❡❣② yi ✐♥ Tσk,σk+1

✿ ✭✶✮ γi
σk,σk+1

(x−i
j , yi) ≤

ai
j + 8ǫ✳ ✭✷✮ πσk,σk+1

(xj) ≥ ǫ2 × λj(Tσk,σk+1
)

❚❤♦s❡ ❢❛❝ts t❤❛t ♦✉ts✐❞❡ E ′ t❤❡ ❣❛♠❡ ✐s ❛❜s♦r❜❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❛♥❞ t❤❛t
xF ✐s ❛ 11ǫ✲❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ′ ✳ ❖❜s❡r✈❡ t❤❛t cF = allbed ✐♠♣❧✐❡s
t❤❛t t❤❡r❡ ❡①✐sts j ∈ J s✉❝❤ t❤❛t F ∈ Ā∞,j✳

✼✳✷ F ∈
⋂

j∈J
Āǫ,j ❛♥❞ cF = 2

▲❡t xF ❜❡ t❤❡ ♣r♦✜❧❡ ✐♥ ✇❤✐❝❤ ❡✈❡r②♦♥❡ ❝♦♥t✐♥✉❡s✳ ■t ✐s ✐♠♣❧✐❡❞ t❤❛t ♥♦ ♣❧❛②❡r
❝❛♥ ♣r♦✜t ♠♦r❡ t❤❛♥ ǫ ❜② ❞❡✈✐❛t✐♥❣ ❛t ❛♥② st❛❣❡✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ′✳

✼✳✸ F ∈
⋂

j∈J
Āǫ,j ❛♥❞ cF = (1, ok) ∈ (1 × O)

▲❡t xσk,σk+1
❜❡ ❛ st❛t✐♦♥❛r② ❛❜s♦r❜✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐♥ T (J) ✇✐t❤ ❛ ♣❛②♦✛ γσk,σk+1

✐♥ t❤❡ ❣♦♦❞ ❤②♣❡r✲r❡❝t❛♥❣❧❡ ow✿
∏

i∈I [ai
w, ai

w + ǫ]✳ ❆s ow ✐s ❣♦♦❞✱ t❤❡r❡ ✐s ❛
♣❧❛②❡r i ∈ I s✳t✳✿ ai

w ≤ αi
F − 2ǫ✳ ▲❡t xF ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣② ♣r♦✜❧❡

✐♥ GF ✿ ❜❡t✇❡❡♥ σk ❛♥❞ σk+1 ♣❧❛② ❛❝❝♦r❞✐♥❣ t♦ xσk,σk+1
✳ ▲❡♠♠❛ ✷✸ ✐♠♣❧✐❡s

t❤❛t π(ci, x−i
σk,σk+1

) ≥ ǫ
6
· qi

σk,σk+1
✱ ✇❤❡r❡ qi

σk,σk+1
= p(∃σk ≤ n < σk+1, Ri

i,n =

αi
F , Ri

i,n ∈ DF )✳ ❖✉ts✐❞❡ E ′✱ Ri
i,n = αi

F ✐♥✜♥✐t❡❧② ♦❢t❡♥ ❛♥❞
∑

j=1..J

∑

k=1..∞
λj,σk,σk+1

<

ǫ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✉♥❞❡r xF t❤❡ ❣❛♠❡ ✐s ❛❜s♦r❜❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❛♥❞
t❤❛t xF ✐s ❛ 4ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ ●✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ′✳

✶✾



✼✳✹ F ∈
⋂

j∈J
Āǫ,j ❛♥❞ cF = (1, mw, mw′) ∈ (1 × W × W )

❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ t❤✐s ❝❛s❡ ✐s ❛s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬✸✶❪✱
✇❤✐❝❤ ❞❡❛❧s ✇✐t❤ q✉✐tt✐♥❣ ❣❛♠❡s ✭st❛t✐♦♥❛r② t❡r♠✐♥❛t✐♥❣ ❣❛♠❡s ✇❤❡r❡ ♣❛②♦✛
✐s t❤❡ s❛♠❡ ❛t ❛❧❧ st❛❣❡s✮✳ ▲❡t η = ησ1,σ2 ❜❡ ❛ ❝♦rr❡❧❛t❡❞ str❛t❡❣② ♣r♦✜❧❡
✐♥ Tσ1,σ2 t❤❛t s❛t✐s✜❡s ✸✭❛✮✱ ✸✭❜✮ ❛♥❞ ✸✭❝✮ ✐♥ Pr♦♣✳ ✷✶✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ αi

F

✐♠♣❧✐❡s t❤❛t αi
F = gi(Tσ1,σ2) ∈ wi

k′ ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ❞✐str✐❜✉t✐♦♥
θ = θ(η) ∈ ∆(DF × I) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♣❧❛②❡r i ∈ I✿

✭✶✮ θ(d, i) > 0 ⇒ Ri
i,d = αi

F , ∀d′ 6= d ∈ DF , θ(d′, i) = 0✳ ▲❡t d(i) ∈ DF ❜❡
t❤❡ ♣❛②♦✛ s❛t✐s❢②✐♥❣ θ(di, i) > 0✳ ■❢ ♥♦ s✉❝❤ ♣❛②♦✛ ❡①✐sts✱ ❧❡t d(i) = ∅✳

✭✷✮
∑

j∈I, d∈DF
θ(d, j) · Ri

{j},d ≥ αi
F

✭✸✮ ■❢ t❤❡r❡ ✐s d ∈ DF s✉❝❤ t❤❛t θ(d, i) > 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣✉♥✐s❤❡r
ji ∈ I s✉❝❤ t❤❛t✿ d(ji) 6= ∅ ❛♥❞ d(ji)

i
ji
≤ αi

F ✳

▲❡t ζ ∈ ∆(I) ❜❡✿ ζ(i) = η(d(i), i)✳ ▲❡t (τ i
k)i∈I.k=1..∞ ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡

♦❢ st♦♣♣✐♥❣ t✐♠❡s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥✿ τ i0
1 ✐s t❤❡ ✜rst st❛❣❡ ♥ s✉❝❤ t❤❛t Rn =

d(i0)✳ τ i0
n+1 ✐s t❤❡ ✜rst st❛❣❡ m > max

i∈I
(τ i

n) s✉❝❤ t❤❛t Rm = d(i0). ❖❜s❡r✈❡

t❤❛t ✐♥ Ω\E ′ ❡❛❝❤ τ i
n < ∞✳ ❲❡ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ DDF

=

(MDF
, µDF

)✳ ▲❡t M i
DF

= {1, ..., T̂ + T + 1}✱ ✇❤❡r❡ T ∈ N ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱
❛♥❞ T̂ >> T ✳ ▲❡t µDF

❜❡ ❛s ❢♦❧❧♦✇s✿

✭✶✮ ❆ ♥✉♠❜❡r l̂ ∈ N ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ♦✈❡r
{

1, T̂
}

✳

✭✷✮ ❚❤❡ q✉✐tt❡r i ∈ I ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ ζ✳ P❧❛②❡r ✐ r❡❝❡✐✈❡s s✐❣♥❛❧ l̂✳
✭✸✮ ❆ ♥✉♠❜❡r l ∈ N ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ♦✈❡r

{

l̂ + 1, l̂ + T
}

✭✹✮ P❧❛②❡r ji✱ t❤❡ ♣✉♥✐s❤❡r ♦❢ ♣❧❛②❡r ✐✱ r❡❝❡✐✈❡s t❤❡ s✐❣♥❛❧ l✳
✭✺✮ ❊❛❝❤ ♦t❤❡r ♣❧❛②❡r ĩ 6= i, j r❡❝❡✐✈❡s t❤❡ s✐❣♥❛❧ l + 1✳

▲❡t M ′
DF

⊆ MDF
❜❡ t❤♦s❡ s✐❣♥❛❧ ♣r♦✜❧❡s ✐♥ ✇❤✐❝❤ s♦♠❡ ♦❢ t❤❡ ♣❧❛②❡rs r❡❝❡✐✈❡

❛♥ ✏❡①tr❡♠❡✑ s✐❣♥❛❧✿ r❡❧❛t✐✈❡ ❝❧♦s❡ t♦ ✶ ♦r t♦ T̂ + T ✳ ■❢ T, T̂ ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱
✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t µ(M ′

DF
) ≤ δ

2D . ❉❡✜♥❡ ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣② xi
F ❢♦r

❡❛❝❤ ♣❧❛②❡r i ∈ I✿ ❧❡t mi ❜❡ t❤❡ s✐❣♥❛❧ ♦❢ ♣❧❛②❡r ✐✳ P❧❛②❡r ✐ st♦♣s ❛t st❛❣❡s τn

t❤❛t s❛t✐s❢②✿ n = (mi) mod T̂ +T + 1✱ 10 ❛♥❞ ❝♦♥t✐♥✉❡s ✐♥ ❛❧❧ ♦t❤❡r st❛❣❡s✳ ▲❡t
t❤❡ ✉♥✐✈❡rs❛❧ ❝♦rr❡❧❛t✐♦♥ ❞❡✈✐❝❡ D = (M, µ) ❜❡ t❤❡ ❈❛rt❡s✐❛♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥✿
D =

∏

DF⊆D DDF
✳ ❙✐♠✐❧❛r❧② ❧❡t M ′ =

∏

DF⊆D M ′
DF

. ❖❜s❡r✈❡ t❤❛t µ (M ′) ≤ δ✳

■❢ t❤❡ ♣❧❛②❡rs ❢♦❧❧♦✇ t❤❡ str❛t❡❣② ♣r♦✜❧❡ xF t❤❡♥ t❤❡ ❣❛♠❡ ✐s ❛❜s♦r❜❡❞ ✇✐t❤
♣r♦❜❛❜✐❧✐t② ✶ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ Ω\E ′ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ s❛t✐s✜❡s αi

F ≤
γi

F (x) ∈ mi
w ✳ ▼♦r❡♦✈❡r✱ ✐❢ T̂ >> T ✱ t❤❡♥ ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ ❤✐s

s✐❣♥❛❧ mi ✭❛ss✉♠✐♥❣ m ∈ M\M ′) ♥♦ ♣❧❛②❡r ❝❛♥ ✐♥❢❡r ❢r♦♠ ❤✐s s✐❣♥❛❧ ✇❤❡t❤❡r

10 ❖♥ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ t❤❡ ♣❧❛②❡r st♦♣s ❛t st❛❣❡ τn✳ ❚❤❡ r❡q✉✐r❡♠❡♥t t♦ st♦♣ ❛t ❧❛t❡r
st❛❣❡s ✇❤❡r❡ n = (mi) mod T̂ +T +1 ✐s ♥❡❡❞❡❞ t♦ s❛t✐s❢② t❤❡ ♣❡r❢❡❝t✐♦♥ r❡q✉✐r❡♠❡♥t✳

✷✵



♦r ♥♦t ❤❡ ✐s t❤❡ q✉✐tt❡r✱ t❤✉s xF ✐s (δ, ǫ)✲❝♦♥st❛♥t✲❡①♣❡❝t❛t✐♦♥✳

❲❡ ♥♦✇ ✈❡r✐❢② t❤❛t ✐❢ T, T̂ ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ♥♦ ♣❧❛②❡r ❝❛♥ ❣❛✐♥ t♦♦ ♠✉❝❤
❜② ❞❡✈✐❛t✐♥❣ ❛t ❛♥② st❛❣❡ ♦❢ t❤❡ ❣❛♠❡ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t ω ∈ Ω\E ′ ❛♥❞
❣✐✈❡♥ m ∈ M\M ′✳ ❋✐rst✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❡ q✉✐tt❡r i ∈ I ❝♦rr❡❝t❧② ❣✉❡ss❡s t❤❡
♣✉♥✐s❤♠❡♥t st❛❣❡ ✐s ✈❡r② ❧♦✇✱ ❛♥❞ t❤✉s ❤❡ ❝❛♥♥♦t ♣r♦✜t t♦♦ ♠✉❝❤ ❜② ❞❡✈✐❛t✐♥❣✳
❙✐♠✐❧❛r❧②✱ ❛♥② ♦t❤❡r ♣❧❛②❡r ✭j 6= i ∈ I✮ ❤❛s ❛ ❧♦✇ ♣r♦❜❛❜✐❧✐t② t♦ ❝♦rr❡❝t❧② ❣✉❡ss
τ i
l̂
✱ t❤❡ st❛❣❡ t❤❡ q✉✐tt❡r st♦♣s ✳ ▼♦r❡♦✈❡r✱ ✐❢ T ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡♥✱ ✇✐t❤

❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✱ ♣❧❛②❡r j ❞♦❡s ♥♦t ❦♥♦✇ ✇❤❡t❤❡r ❤❡ ✐s t❤❡ q✉✐tt❡r✱ ♣✉♥✐s❤❡r ♦r
❛ ✏r❡❣✉❧❛r✑ ♣❧❛②❡r✱ ❛♥❞ ❤❡ ❝❛♥♥♦t ✐♥❢❡r ✇❤✐❝❤ ♦❢ t❤❡ ♦t❤❡r ♣❧❛②❡rs ✐s ♠♦r❡ ❧✐❦❡❧②
t♦ ❜❡ t❤❡ q✉✐tt❡r✳ ❚❤❡r❡❢♦r❡✱ ♣❧❛②❡r j ❝❛♥✬t ❡❛r♥ ♠✉❝❤ ❜② st♦♣♣✐♥❣ ❜❡❢♦r❡ st❛❣❡
l̂✳ ❖❜s❡r✈❡ t❤❛t ✇❤❡♥ t❤❡ q✉✐tt❡r ❞❡✈✐❛t❡s ❛♥❞ ❞♦❡s ♥♦t st♦♣✳ ❤✐s ♣✉♥✐s❤❡r✱ s❛②
♣❧❛②❡r ✐✱ ❞♦❡s ♥♦t ❦♥♦✇ t❤❛t ❤❡ ✐s ❛ ♣✉♥✐s❤❡r✳ ❲❤❡♥ ♣❧❛②❡r ❥ ❤❛s t♦ st♦♣✱ ❤❡
❜❡❧✐❡✈❡s t❤❛t ❤❡ ✐s t❤❡ q✉✐tt❡r ✭❛ss✉♠✐♥❣ m ∈ M\M ′✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
♣❧❛②❡rs ǫ✲❜❡st✲r❡s♣♦♥❞ ❛t ❛❧❧ st❛❣❡s ✐♥❝❧✉❞✐♥❣ ✇❤✐❧❡ ✭✉♥❦♥♦✇✐♥❣❧②✮ ♣✉♥✐s❤✐♥❣✱
❛♥❞ t❤❛t xF ✐s ❛ ♣❡r❢❡❝t ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ G(F,D) ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ω ∈ Ω\E ′

❛♥❞ ❣✐✈❡♥ m ∈ M\M ′✳

✼✳✺ cF = simple

■❢ ❢♦r ❡✈❡r② i ∈ I✿ αi
F ≤ 0✱ t❤❡♥ t❤❡ ♣r♦✜❧❡ ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ♣❧❛②❡rs ❛❧✇❛②s

❝♦♥t✐♥✉❡ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ Ω\E ′✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❢❛❝t t❤❛t cF = simple
✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ❞✐str✐❜✉t✐♦♥ θ ∈ ∆(DF × I) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i ∈ I✿
✭✶✮ θ(d, i) > 0 ⇒ Ri

{i},d = αi
F ✳ ✭✷✮ αi

F + ǫ ≥
∑

j∈I, d∈DF

θ(d, j) ·Ri
{j},d ≥ αi

F − ǫ✳ ■♥

t❤✐s ❝❛s❡✱ ♦♥❡ ❝❛♥ ✉s❡ ❛ ♣r♦❝❡❞✉r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s✉❜s❡❝t✐♦♥✱ t♦ ❝♦♥str✉❝t ❛ ♣❡r❢❡❝t ǫ✲❡q✉✐❧✐❜r✐✉♠ ✐♥ G(F,D) ❝♦♥❞✐t✐♦♥❡❞ ♦♥
ω ∈ Ω\E ′ ❛♥❞ ❣✐✈❡♥ m ∈ M\M ′✳

✽ ❊q✉✐❧✐❜r✐✉♠✬s ❙♣❡❝✐❛❧ Pr♦♣❡rt✐❡s ✐♥ ❙♣❡❝✐✜❝ ❈❛s❡s

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ s♣❡❝✐✜❝ ❦✐♥❞s ♦❢ st♦♣♣✐♥❣ ❣❛♠❡✱
✇✐t❤ ❛♣♣❧✐❝❛t✐✈❡ ✐♥t❡r❡st✱ ❛♥❞ ✇❡ s❤♦rt❧② ❞✐s❝✉ss t❤❡ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤♦s❡ ❝❛s❡s✳

✭✶✮ ❙②♠♠❡tr✐❝ st♦♣♣✐♥❣ ❣❛♠❡s✿ ❙t♦♣♣✐♥❣ ❣❛♠❡s ✇❤❡r❡ t❤❡ ♣❛②♦✛ ♣r♦❝❡ss
✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ♣❧❛②❡rs✳ ❚❤❛t ✐s✿∀i, j ∈ I, S ⊆ I, n ∈ N, hS

n ∈
HS

n , Ri
S,n,hS

n
= Rj

Si↔j ,n,h
Si↔j
n

✱ ✇❤❡r❡ Si↔j ✐s t❤❡ ❝♦❛❧✐t✐♦♥ ❞❡r✐✈❡❞ ❢r♦♠ ❙ ❜②

s✉❜st✐t✉t✐♥❣ ♣❧❛②❡rs ✐ ❛♥❞ ❥ ✮✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ ❙❡❝t✳
✼✱ s✉❝❤ ❣❛♠❡s ❛❞♠✐t ❛ s②♠♠❡tr✐❝ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ (δ, ǫ)✲❡q✉✐❧✐❜r✐✉♠✳

✭✷✮ ❊✈❡♥t✉❛❧ ❝♦♥t✐♥✉❛t✐♦♥ ●❛♠❡s✿ ❙t♦♣♣✐♥❣ ❣❛♠❡s ✇❤❡r❡ ❧❛t❡ ❡♥♦✉❣❤ ✐♥ t❤❡

✷✶



❣❛♠❡ ❡❛❝❤ ♣❧❛②❡r ✇♦✉❧❞ r❛t❤❡r ❝♦♥t✐♥✉❡ ❢♦r❡✈❡r t❤❛♥ st♦♣ ❛❧♦♥❡✳ ❚❤❛t
✐s✱ ∃N0 ∈ N✱ s✉❝❤ t❤❛t ∀i ∈ I, i ∈ S ⊆ I, n > N0, hi

n ∈ H i
n, hS

∞ ∈
HS

∞ Ri
i,n,hi

n
≤ Ri

S,∞,hS
∞
✳ ❙✉❝❤ ❣❛♠❡s ❛❞♠✐t ❛ ♣❡r❢❡❝t ◆❛s❤✲❡q✉✐❧✐❜r✐✉♠✿

P❧❛②❡rs ♣❧❛② t❤❡ ♣❡r❢❡❝t ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ✜♥✐t❡ ❣❛♠❡ t❤❛t ❡♥❞s ❛t
N0 ✇✐t❤ ❛♥ ❛❜s♦r❜✐♥❣ ♣❛②♦✛ ♦❢ Ri

S,∞,hS
∞
✭✇❤❡r❡ S ✐s t❤❡ s❡t ♦❢ ♣❧❛②❡rs ✇❤♦

❤❛✈❡ ♥♦t st♦♣♣❡❞ ✉♥t✐❧ st❛❣❡ N0✮✱ ❛♥❞ ❝♦♥t✐♥✉❡ ❢♦r❡✈❡r ❛❢t❡r✇♦r❞s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❘✳❏✳ ❆✉♠❛♥♥✱ ❙✉❜❥❡❝t✐✈✐t② ❛♥❞ ❈♦rr❡❧❛t✐♦♥ ✐♥ ❘❛♥❞♦♠✐③❡❞ ❙tr❛t❡❣✐❡s✳ ❏✳ ▼❛t❤✳
❊❝♦♥✳✱ ✶ ✭✶✾✼✹✮✱✻✼✲✾✻✳

❬✷❪ ❘✳❏✳ ❆✉♠❛♥♥✱ ❈♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ❛s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ ❇❛②❡s✐❛♥ r❛t✐♦♥❛❧✐t②✱
❊❝♦♥♦♠❡tr✐❝❛ ✺✺ ✭✶✾✽✼✮✱ ✶✲✶✽✳

❬✸❪ ❘✳❏✳ ❆✉♠❛♥♥✱ ▼✳ ▼❛s❝❤❧❡r✱ ❘❡♣❡❛t❡❞ ❣❛♠❡s ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡
▼■❚ ♣r❡ss ✭✶✾✾✺✮✳

❬✹❪ ❏✳ ❇✉❧♦✇✱ P✳ ❑❧❡♠♣❡r❡r✱ ❚❤❡ ●❡♥❡r❛❧✐③❡❞ ❲❛r ♦❢ ❆ttr✐t✐♦♥✱ ❆♠❡r✳ ❊❝♦♥✳ ❘❡✈✳
✽✾✿✶✭✳ ✷✵✵✶✮✱ ✶✼✺✲✶✽✾✳

❬✺❪ ❘✳ ❈❤r✐st✐❡✲❉❛✈✐❞✱ ▼✳ ❈❤❛✉❞❤r② ❛♥❞ ❲✳ ❑❤❛♥✱ ◆❡✇s r❡❧❡❛s❡s✱ ♠❛r❦❡t
✐♥t❡❣r❛t✐♦♥✱ ❛♥❞ ♠❛r❦❡t ❧❡❛❞❡rs❤✐♣✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❘❡s❡❛r❝❤ ❳❳❱✭✷✮
✭✷✵✵✷✮✱ ✷✷✸✲✷✹✺✳

❬✻❪ ❆✳ ❉❤✐❧❧♦♥✱ ❏✳❋✳ ▼❡rt❡♥s✱ P❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝
❚❤❡♦r② ✻✽ ✭✶✾✾✻✮✱ ✷✼✾✲✸✵✷✳

❬✼❪ ❊✳ ❇✳ ❉②♥❦✐♥✱ ●❛♠❡ ✈❛r✐❛♥t ♦❢ ❛ ♣r♦❜❧❡♠ ♦♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣✳ ❙♦✈✐❡t ▼❛t❤✳
❉♦❦❧✳ ✶✵ ✭✶✾✻✾✮✱ ✷✼✵✲✷✼✹✳

❬✽❪ ❈✳❍✳ ❋✐♥❡✱ ▲✳ ▲✐✱ ❊q✉✐❧✐❜r✐✉♠ ❡①✐t ✐♥ st♦❝❤❛st✐❝❛❧❧② ❞❡❝❧✐♥✐♥❣ ✐♥❞✉str✐❡s✳ ●❛♠❡s
❊❝♦♥✳ ❇❡❤❛✈✳ ✶ ✭✶✾✽✾✮✱ ✹✵✲✺✾✳

❬✾❪ ❋✳ ❋♦r❣❡s✱ ❆♥ ❆♣♣r♦❛❝❤ t♦ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❊q✉✐❧✐❜r✐❛✱ ❊❝♦♥♦♠❡tr✐❝❛ ✺✹ ✭✶✾✽✻✮✱
✶✸✼✺✲✶✸✽✺✳

❬✶✵❪ ❉✳ ❋✉❞❡♥❜❡r❣✱ ❏✳❚✐r♦❧❡✱ Pr❡❡♠♣t✐♦♥ ❛♥❞ ❘❡♥t ❊q✉❛❧✐③❛t✐♦♥ ✐♥ t❤❡ ❆❞♦♣t✐♦♥ ♦❢
◆❡✇ ❚❡❝❤♥♦❧♦❣②✳ ❘❡✈✳ ❊❝♦♥✳ ❙t✉❞✳✱ ▲■■ ✭✶✾✽✺✮✱ ✸✽✸✲✹✵✶✳

❬✶✶❪ ❉✳ ❋✉❞❡♥❜❡r❣✱ ❏✳ ❚✐r♦❧❡✱ ❆ ❚❤❡♦r② ♦❢ ❊①✐t ✐♥ ❉✉♦♣♦❧②✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✺✹ ✭✶✾✽✻✮✱
✾✹✸✲✾✻✵✳
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❬✶✸❪ ❱✳ ❑r✐s❤♥❛✱ ❏✳ ▼♦r❣❛♥✱ ❆♥ ❆♥❛❧②s✐s ♦❢ t❤❡ ❲❛r ♦❢ ❆ttr✐t✐♦♥ ❛♥❞ t❤❡ ❆❧❧✲P❛②
❆✉❝t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✼✷ ✭✶✾✾✼✮✱ ✸✹✸➶➧✻✷✳
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