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Abstract

This paper investigates a two-country model of capital accumu-
lation with country-specific production externalities. The main con-
cern of our discussion is to explore the presence of equilibrium in-
determinacy in an open-economy setting. In contrast to the exist-
ing studies on equilibrium indeterminacy in small-open economies,
the present paper demonstrates that opening up international trade
and financial interactions between two counties does not necessar-
ily enhance the possibility of indeterminacy of equilibrium. It is
shown that the results depend heavily upon not only on the degree
of external increasing returns but also on the preference structures.
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1 Introduction

The equilibrium business cycle theory based on indeterminacy and sunspots
has claimed that economic fluctuations caused by extrinsic uncertainty tend
to more prominent in open economies than in closed economies. For example,
inspecting a small-open economy version of the two-sector model studied by
Benhabib and Farmer (1996), Weder (2001) concludes that the small-open
economy requires a lower degree of external increasing returns to hold inde-
terminacy than the closed-economy counterpart. Similarly, Aguiar-Conraria,
L. and Wen, Y. (2005), Lahiri (2001) and Meng and Velasco (2003, 2004)
also demonstrate that perfect capital mobility may enhance indeterminacy
of equilibrium for small-open economies.! The main reason for this results
is that in the small-open economies the interest rate is fixed in the world
financial market, so that consumption behaves as if the utility function were
linear. Since a high elasticity of intertemporal substitutability in consump-
tion serves as a cause of indeterminacy, the small-open economies tend to
be more volatile than the closed economies with the same technologies and
preferences.

The purpose of this paper is to examine whether the volatility of open
economies emphasized by the existing studies on expectations-driven busi-
ness cycles will hold in the world economy model as well. Since the world
economy is a closed economy with heterogeneous agents, the present paper
may be considered a study on the relationship between heterogeneity and in-
determinacy.? The analytical framework of this paper is a two-country model
of capital accumulation with external increasing returns. The two countries
trade consumption goods. In addition, it is assumed that agents in both
countries can access to the perfect international bond market. Given such a
setting, we compare the indeterminacy conditions in the autarky equilibrium
with those in the world economy.?

'Meng and Velasco (2003, 2004) study two-sector dependent economy models with
sector-specific externalities in which investment goods are not traded. Lahiri (2001) ex-
amines a two-sector endogenous growth model with capital mobility. It is to be noted
that Nishimura and Shimomura (2002b) also consider equilibrium determinacy in a two-
sector small-open economy without factor mobility. Their argument follows the traditional
Heckscher-Ohlin modelling.

2In a different context, Ghiglino and Olszak-Duquenne (2005) also consider the relation
between heterogeneity of agents and equilibrium indeterminacy in a closed economy model
of economic growth with production externalities.

3In the open-macroecomics literature, we have not seen any study on indeterminacy in
a two-country model. It should be noted that in the context of the standard trade theory
context, Nishimura and Shimomura (2002b and 2006) investigate Heckscher-Ohlin models
with externalities that generate multiple equilibria. As for a general discussion concerning



Our main finding is that, as opposed to the results established in the
small-open economy models, the global economy does not necessarily show
a higher possibility of indeterminacy. In particular, if the preference struc-
tures of both countries satisfy additive separability between consumption
and labor, opening up international transactions may lower the possibility
of indeterminacy. Furthermore, even in the case of non-separable utilities,
we do not find unambiguous results indicating that the world economy holds
indeterminacy under weaker restrictions on technology and preferences than
the closed economies.

The rest of the paper is organized as follows. Section 2 sets up the base
model. Section 3 assumes specific functional forms involved in the model and
explores indeterminacy conditions under alternative assumptions on the util-
ity functions. Section 4 considers a modified model that can sustain endoge-
nous long-term growth. This section reconfirms the main finding obtained
by the base model. Section 5 concludes the paper.

2 The Analytical Framework

2.1 Structure of the Model

There are two countries, country 1 and 2. Each country produces a country-
specific, single good. We assume that country 1 specializes in good z and
country 2 specializes in good y. Each good can be either consumed or invested
for physical capital accumulation. It is assumed that the imported goods can
be consumed, but they cannot be used as investment goods. In addition,
agents in each country cannot access to the direct ownership of the foreign
capital stock. However, the agents in both counties may access to the perfect
international bond market so that they can freely lend to or borrow from
each other. Since the international bond market is assumed to be perfect,
the uncovered interest parity ensures that the nominal interest rates in both
countries are equalized in each moment. * Although our assumption that
imported goods cannot be used for investment is restrictive, it is helpful to
determine real investment in each country without introducing additional
assumptions such as the presence of adjustment costs of investment.

the effect of financial integration on macroeconomic volatility, see, for example, Evans and
Hanatkovska (2005).

4The structure of the base model is close to the two-country model examined by
Turnovsky (1997, Chapter 7). Since Turnovsky (1997) does not assume the presence
of external increasing returns, indeterminacy of equilibrium is not the issue in his argu-
ment. Baxter and Crucini (1995) use a similar model in their study on international real
business cycles.



Production
The production technology of each country is described by

Zi = fZ (kza llal;:l;l_l) 9 1= ]-7 27 (1)

where z;, k; and [; respectively denote output, capital and labor input of
country i. In addition, k; and [; express external effects associated with the
social levels of capital and labor in country . It is assumed that function
f(.) is homogenous of degree one in k; and [; and that it increases with
k; and [;. This means that while the private technology under given level
of external effects satisfies constant returns, the social technology exhibits
increasing returns to scale with respect to the aggregate levels of capital and
labor. We assume that those external effects are country specific so that
there are no international spillovers of production technologies.

The commodity markets in both countries are competitive. Firms maxi-
mize their instantaneous profits under given levels of external effects. Hence,
letting r; and w; be the real interest rate and the real wage rate in country ¢,
they respectively equal the net marginal product of capital and the marginal
product of labor:

where 6; € (0,1) denotes the depreciation rate of capital.

Households

The number of households in each country is normalized to one. The ob-
jective functional of the representative household in country i is a discounted
sum of utilities such that

U; :/ u' (@i, yi, l) e dt, p>0; i=1,2,
0

where z; and y; denote consumption of x and y goods. By our assumption, y;
is exported from country 2 to country 1 and x5 is exported from country 1 to
country 2. The instantaneous utility is assumed to be increasing in z; and y;,
and decreasing in labor /;. The standard concavity assumption is imposed on
u’ (.). We assume that the households in both countries may have different
utility functions but their discount rate is the same rate of p.°

The flow-budget constraint for the households in each country is given by

w; = riw; +wil; —my, 1=1,2, (3)

5This assumption is introduced only for notational simplicity.



where w; is the real asset holding and m; is real consumption expenditure.
For notational convenience, w;, w; and m; are expressed in terms of the good
country ¢ produces. Thus if p denote the price of good y in terms of good z,
the consumption spending in both countries are respectively determined by

o)
my =21 +pyr, M= ? + Yo.

The asset consists of capital stock, k;, and the foreign bond holding, b;.
Therefore, we define
wZ:k:Z%—bZ, 121,2

where b; and by are evaluated in terms of  good and y good, respectively.
The household maximizes U; subject to (3) and the initial value of w; by

controlling consumption levels and labor supply. We impose the no-Ponzi-

game condition, and hence the following intertemporal budget constraint

holds as well:
wr (0) + /0 " exp (— /0 e (s) ds> w; (1)1 (£) dt

_ /Oooexp(—/Otri(s)ds>mi(t)dt, i=1,2

Market Equilibrium Conditions
Since physical capital stocks are not traded, the market equilibrium con-
ditions for the commodity markets are:

21 = I -+ i) + i€1 + (51]61, (4)

2o =y + Y2 + ko + ks (5)

The world financial market is assumed to be perfect. This means that
the uncovered interest parity yields

p
r=17Ty+ —. 6
1=t (6)

The international borrowing and lending in the world economy should be
balanced in each moment, implying that the equilibrium condition for the
bond market is

b1 + pbe = 0. (7)

Note that the homogeneity of production functions gives z; = r;k; + w;l;
(¢ =1,2). Hence, in view of (3), (4) and w; = k; + b;, the flow budget



constraints for the home and the foreign households present the dynamic
equations of b; and by as follows:

51 =1r1b1 + 22 — pys1, (8)
. T
by = 1m3by + Y1 — ?2 9)

Equations (8) and (9) respectively describe the current accounts of country
1 and 2.9

Perfect-Foresight Competitive Equilibrium
To sum up, the perfect-foresight competitive equilibrium (PFCE) of the
world economy is defined in the following manner:

Definition: The PFCFE of the world economy is established if the following
conditions are satisfied:

(i) The firms mazximize instantaneous profits under given levels of external
effects, k;. and ;.

(ii) The households mazximize their discounted sum of utilities under given
sequences of prices, {r; (t) ,w; (t),p ()} -

(i1i) Commodity markets clear and the bonds market is in equilibrium.

(iv) The uncovered interest parity condition (6) is satisfied.

~ (v) External effects satisfy consistency conditions, that is, k; = k; and

In what follows, we analyze the corresponding planning economy rather than
the decentralized system displayed above.

2.2 A Pseudo-Planning Problem

In order to characterizes the equilibrium dynamics of the world economy, it
is convenient to consider the following pseudo-planning problem:

maX/ [t (1,90, 1) + povi® (2, Y2, 1)) €77 dt, i, >0, g +pp =1
0

6We assume that the solvency conditions for international lending and borrowing are
satisfied. Namely, the following hold:

by (0) + /O " exp (— /0 " (s) ds) 2o (t) dt = /O " exp (- /O " (s) ds)p(t) wn (b) dt,
bo (0)+/Oooexp <—/Ot |:T2 (s)+£8] ds) 0 (t)dt:/oooexp (—/Ot [7«2 (s)+i8




subject to . o
ki = ' (kb b)) — 20— 20 — 61k, (10)
];72 = f2 (kg,lg,]%g,ig) — Y1 — Y2 —62]€2, (11)

and given initial levels of k; (0) and k2 (0). A positive constant, u,;, denotes
a weight on the utility in country i. Taking the sequences of external effects,
{1211 (), 1y (t) , ko (1), 1 (t)}::o, as given, the planner solves this problem by
selecting the optimal levels of I;, x; and y;.

The Hamiltonian function for the planning problem can be set as

H = pu' (1,9, h) + lfzuz (2, Y2, l2)
+aq1 [f* (K1, l_fl,l_l) —x1 — @ — 61k
+ao [ (K2, oy ko, o) — y1 — Yo — G2ks]

where ¢; represents the shadow value of k;. The necessary conditions for an
optimum are:

pitty, (i yi, 1) = @1, i=1,2, (12)
Mzu; (T6, 95, 1)) = @2, 1=1,2, (13)
pay, (2, yi ) = @ fy (ki by ki 1), 1= 1,2, (14)
G =aq[p+06i— fl, (ki li ki 1i)], i=1,2, (15)
together with (10), (11) and the transversality conditions:

tlim e Plgik; =0, i=1,2. (16)

Inserting k; = k; and [; = [; into the optimal conditions, we find the
necessary conditions for an optimum of this pseudo-planning problem com-
pletely characterize PFEC conditions of the world economy defined above. .

Lemma 1 If py and p, are appropriately selected, the necessary conditions
for an optimum for the planning problem and the PFEC in the world economy
are identical.

Proof. See Appendix 1. m

Due to this fact, we can focus on the dynamic behavior of the pseudo-
planning economy when examining the equilibrium dynamics of the world
economy.



2.3 Dynamical Systems

The necessary conditions for the planning problem may be summarized as
a complete dynamical system with respect to the state variables, k; and ks,
and the costate variables, ¢; and ¢y. The structure of the dynamic system
is sensitive to the specification of the preference structure. First, consider
the general case where the instantaneous utility functions are non separable
ones. In this case, by use of (12) and (13), consumption demand x; and y;
may be expressed as functions of ¢;. g2 and k;. Substituting those functions
into (14) and assuming that k; = k; and [; = I;, we find that I; depends on
q1, q2 and k;. Therefore, the equilibrium levels of x;, y; and [; are written as:

xi:xi (k’MQla(h)? yz:yl (kz>q17Q2)7 lz :lz <k27Q1>q2)7 1= 172

Substituting those into (10), (11) and (15) the complete dynamic system
may be written as

k1 = 2! (k1,q1,92) — a! (k1,q1,q2) — a? (k2,q1,q2) — 61k,
7;?2 = 2? (k27 qi, Q2) - yl (/ﬁ, qi, Q2) - ?JQ (/f27 q1, Q2) — 62ks,

q;i = q; [:0 -7 (k’iachach)] , 1=1,2

where

Zi (ku q1, q2) = fl (kh ll (k’n q1, QQ) 7k’i> lz (k’n q1, QQ)) )
' (kza q1, Q2) = fk‘ (kw I (kzv qi1, 92) ) kiv I (k’u qi1, 92)) - 62

Next, assume that the utility function is additively separable between
consumption and labor in such a way that

u' (24,5, i) = QL (ziys) + % (1) -

Then it is easy to see that x; and y; depend only on ¢; and ¢ alone, while
2*(.) and r* (.) involve only k; and g

ifl =z (k1,q1) — ! (91,(12) —a? (91,(12) — 61k,

kg = 22 (Ko, g2) — v (a1, ¢2) — ¥° (a1, q2) — Oaka,
Gi=qilp+6i—r (k,q)], i=12

Finally, consider the case in which the utility function is additively sepa-
rable for each argument, that is,

u' (@i, 55, i) = O () + &% (i) + o1, (i)

8



As demonstrated by Turnovsky (1997, Chapter 7), this assumption simplifies
the dynamic system substantially: consumption demand for x goods depends
on ¢ alone and that for y good depends on ¢, alone. Thus the dynamic
system is described by

/%71 = 2! (1, q1) — a! (1) — a? (q1) — 61k1,

ii‘z = 2 (k27 Q2) - ?Jl ((_12) - y2 (C]2) — 62k,

qi = qi [P+5¢—7’i(/ﬂ,qz’)]7 1=1,2.

Notice that this system consists of two independent sub-system with re-
spect to (k1,q1) and (ko,q2) . Therefore, while the current account depends
on the foreign variables (see (8)equations (9)), consumption and investment
decisions in each country are not interdependent each other even in the fi-
nancially integrated world. Since the most general case will not produce
tractable results in the base model, we focus on the second and the third
cases when examining exogenous growth models in the next section. In sec-
tion 4 we treats non-separable utility between consumption and labor in the
case of endogenous growth.

3 Equilibrium Dynamics

3.1 Specification

In order to obtain more concrete results about determinacy of equilibrium, we
now specify the production and the utility functions as the forms that have
been frequently employed in the literature on indeterminacy and sunspots in
the real business cycle models. The production function of each country is

zZi = kiaililiail;iotiiaizﬂﬂraiil? 0< a; < 17 a’iwgi > O? o; + ﬁz > 1.

Accordingly, imposing k; = k; and [; = I;, we obtain the social production
function in each country as follows:

z=k¥10 =12 (17)

In what follows we assume that 0 < a; < 1, so that capital externalities are
not so large that unbounded growth is possible. The rate of return to capital
and the real wage rate are respectively given by

ri = fi—6; = a;k® N — 6, i =1,2, (18)

wi = fi=1—a) k" i=1,2. (19)

9



The utility function is assumed to be additively separable between con-
sumption and labor. More specifically, the instantaneous utility of the house-
holds in country i is given by

]

(xleiyilfei)lfai —1

, 0<0;, <1, v,>0, 0,>0,

ui (xiv Y, ll) = 1- Ti 1 + ’yf‘F"/i
O;lnz; + (1 —0,)lny; — — , for o; =1.
( )Iny T,

Given those specifications, the optimal conditions (12), (13), (14) and
(15) may be written as

Mieixfi(l—ai)—lyz(l—ﬁi)(l—ai) = q, i = 1,27 (20)

14 (1 . 91) xfi(l—ai)yi(l—ei)(l—o'i)_l g i=1,2, (21)
pllt = (1= a) ko1 g, i =1,2, (22)

¢ = (P + 6 — aikf‘i_llfi) , 1=1,2. (23)

3.2 Indeterminacy with Logarithmic Utility Functions

We first examine the case where the utility function has a log-additive form in
consumption. Ever since Benhabib and Farmer (1994), this specification has
been most popular in the studies on indeterminacy and sunspots in the real
business cycle settings. In this case o1 = 05 = 1, and hence the consumption
demand functions become

1 1
= y Yi=
w101 pi (1 —0;) qo

As pointed out in the previous section, the demand functions for each good
depend on its own price alone. On the other hand, from (21) we obtain

x; i=1,2. (24)

1

1—a;|"t=F —Gis —— .

zi:l G]W N (25)
g

This states that the effects of changes in capital and commodity price on
the equilibrium level of labor input depends on the sign of v,,+1 — g,. If
the external effect of labor is small enough to satisfy v, +1 > 3,, then the
employment level is positively related to ¢; and k;. If v, + 1 < (3,, the labor
employment decreases with ¢; and k;.

10



In view of (10), (11), (23),(24) and (25), the complete dynamic system
with logarithmic utility functions is given by the following:

by = Ak l ot ] = ik (26)
— Yy - q: - _ _|_ - ,
! i Oy Oopn | @1 e
L A k:iflﬁﬁlz) szf B2 [ 1 1 } 1 ok ( 7)
0 = Ay gyt T — + — — 02k, 2
2 ? (1 - 91) 1251 (1 - ‘92) Ko | 42
. a1(+711:%1)_1 fllfﬂ
@1 =q {,0 + 01 —a Atk gyt 1] , (28)
O42('712+1)_1 ﬁlz
G2 = G2 [,0 + 0y — agAsky? 2 g?t _ﬁQ] : (29)

where

Bi

A; = [1_%]%“ Y=
M

It is easy to see that the steady state equilibrium, if it exists, is uniquely

determined. Letting £k and ¢ be the steady-state values of capital stocks

and prices., the dynamic system linearized at the steady state is written as

ey hiy 0 hig O ki — K
ko | | O hay 0O hy ky — k3
Gi | | hat O hg O a—q |’
o 0 he 0 hy G2 — G5

where 9k, /Ok1, hiz = Ok, /0qi, etc, all of which are evaluated by the steady-
state values of kf and ¢f. Denote the eigenvalue of the coefficient matrix
given above by A. Then the characteristic equation of the coefficient matrix
in the above linear system is written as

P‘2 — (P11 + hss) A+ hayhss — hashs]

30
X [)‘2 - (hll + h33) A+ hoghyy — h24h42] =0. ( )
ai(vitl) Bi
1B 1 W15

Notice that in view of the steady-state condition, a;A;k;” q; =
p + 6;, we obtain:

. aj(v1+1) B1
a; (%+1) ST P e v

Ly F1-8 o '
_ _mtl B,
v +1-0; v +1

11



implying that
sign hy; =sign (v, +1-06;), =12

We also see that when v, +1 — 3, > 0, it holds that hy3, hs1, hos hae > 0
and hgs, hag < 0. As a result, we show that if v, + 1 — 3, > 0, then (30) has
two positive and two negative real roots. The presence of two-dimensional
stable manifold around the steady state means that the initial levels of jump
variables, ¢; and ¢» can be uniquely determined. Therefore, we obtain the
following result:

Proposition 1 If the utility function is additively separable between domes-
tic and tmported good and production technologies of both countries satisfy
v, +1—=0;, >0 (i=1,2), then the steady state of the world economy is
determinate.

In contrast, if y,+1 < 3; (i = 1,2), it holds that hy1, hoo, hi3, hes < 0 and
hs1, hss, ha2, has, > 0. Thus it is possible to have the following inequalities:

h11 + h33 < O, hn + h33 < 0,
hiithss — highst > 0,  hoghas — hoghas >0

If this is the case, (30) have four roots with negative real parts, implying
that there are a continuum of converging path near the steady state. Hence,
the steady state of the world economy is at least locally indeterminate. If
71+ 1> (3, and v, + 1 < 35, then the steady state of country 2 will be
indeterminate, but that of country 1 is determinate. Since fluctuations of
country 2 do not affect investment and price in country 1.

In addition, volatility in country 2 does not fluctuate the current account
of country 1 either. To see this, we should note that, as shown in Appendix
A, the relative price p in the market economy is proportional to the ratio of
shadow values of capital, ga/q;. Given this fact, from (24) the current account
of country 1 is described by

by = r! (K1, q1) b + 22 (q1) — %m (42)
q1lq

a1(vi+l) 4 81 1
1— 1—
= .CLlAlkfl+ A1 q;lJr A1 b1 +

_ 125)
poboqy (1 —01) @

What is noteworthy is that the current account of country 1 depends on k;
and ¢; alone. Therefore, even if the equilibrium trajectory of country 2 is
indeterminate so that ¢o exhibits volatility, the imported good y in terms of

12



good z is independent of the behavior of ¢o.” The current account of country 1
is affected by sunspot-driven expectations only when the autarkic equilibrium
of country 1 is indeterminate. In sum, we have shown:

Proposition 2 If the utility functions of both countries are logarithmic in
consumption goods, then the possibility of indeterminacy will not enhanced by
international trade and financial integration. Indeterminacy in one country
will not spillover to the other country in any respect.

3.3 Indeterminacy with CES Utility Functions

When o; # 1 so that the utility functions are of CES forms in consumption,
equations (20) and (21) yield the following consumption demand functions:

(1-6;)(1-0;)-1  (1—05)(1-6;)

- AZJ;QI 7 qs 7 - 61k13 1= 13 2 (31)
N € D€l e SN €l € el NN
Yi = A; aq . 5 7 — ko, 1=1,2, (32)
where
‘ 1 g, N\ (1—o)(1-0)
AL = . > 0,
¢ it (1 - ei)
Al = : > 0.
! 10 (1 - Hi)

We see that the own price effect is always negative, while the effects of foreign
price on consumption demand for the home good depends on the sign of 1—o;.
If o; > 1, the substitution effect dominate so that a rise in the foreign price
increases in consumption demand for the home goods. Conversely, if o; < 1,
a higher foreign good price lowers demand for the home goods.

The dynamical equations in the case of non-separable utility between x;
and y; are thus displayed by

aj(y1+1) (1-6)(1-0;)-1 _ (1-0;)(1-6;)

];:1 — A kv1+1 B1 ’Yl+1 B1 Z qul o4 & o _51]{:1’ (33)
1=1,2
. az('vlz+ﬂl) 512 - (1—%)(1‘—91‘)—1+1 7(1—%‘)(‘1—91'),
ky = Aok T 22T SN NG » — 83k, (34)
i=1,2

TIf this is the case, comparative dynamics analysis by Turnovsky (1997, Chapter 7)
that assumes determinacy of equilibrium should be re-examined.

13



together with (26) and (27).

Inspecting the dynamical system derived above, we find that if the closed
economies hold determinacy of equilibrium, opening up international trade
will not enhance volatility. More formally, we obtain the following result:

Proposition 3 Suppose that v,+1—03, > 0 fort =1 and 2 so that the steady
state in the autarkic equilibrium of both countries are locally determinate.

Then the world economy holds determinacy of equilibrium for any values of

Proof. See Appendix B. =

In this model, the price of foreign good affects capital formation of the
home country only through consumption demand. The above proposition
indicates that such an interaction between the two countries may not en-
hance the possibility of indeterminacy. Therefore, in this case, globalization
would not produce fluctuations due to extrinsic uncertainty in self-fulfilling
expectations. On the contrary, globalization may be a ’stabilizing factor’, as
the following proposition demonstrates:

Proposition 4 Suppose that country 1 holds indeterminacy in the autarkic
equilibrium, while country 2 satisfies determinacy condition, i.e. yo+1 > [,.
Then if the own price effects in the consumption demand functions dominate
their cross price effect, the world economy may establish determinacy of equi-
librium.

Proof. See Appendix C. =

The intuition behind this result may be stated as follows. From (22) we
obtain
mly
0
Given the price, ¢;, and capital, k;, the left-hand side of the above expresses
labor supply curve and the right-hand side is the labor demand curve. If
country 1 is a closed economy, v, + 1 < (3; is a necessary condition for
local indeterminacy around the steady state. As discussed by Benhabib and
Farmer (1994), in this case the labor demand curve has a positive slope and
it is steeper than the labor supply curve. Now suppose that country 1 is in
the steady state initially. Then if the household anticipates a reduction in
price, g1, the labor supply curve shifts up, implying that labor employment
and production increase. Since a lower price raises the domestic demand for
x goods, such an increase in consumption demand may be consistent with

=(1—a) ki

14



a rise in production. This means that the initial anticipation of a lower
price will be self fulfilling. In the world economy, the mechanism that may
generate indeterminacy is essentially the same as that in the close economy.
If the households in the world anticipated a decrease in ¢, the consumption
demand for x goods increase. This again makes the labor supply curve in
country 1 shifts up, which raises the production level of z. However, in
the case of world economy a lower g; increases the export for country 2 as
well as the domestic consumption demand. If such a demand effect is large
enough, a rise in employment in country 1 is insufficient to satisfy the newly
created consumption demand. In this case the initial anticipation cannot be
self fulfilled. Therefore, the equilibrium is determinate even though labor
externalities are sufficiently large to satisfy v; +1 < f3;.

4 Endogenous Growth

So far, we have considered a model of exogenous growth in which the world
economy will not display sustained growth in the steady-state equilibrium. In
this section, we consider an endogenously growing world economy by mod-
ifying the base model. It is shown that in the case of endogenous growth
we may treat a lower dimensional dynamic system than in the base model.
This enables us to examine the model with nonseparable utilities between
consumption and labor supply in which there is a strong interdependency
between the two countries.®

In the following, we assume that both countries have Ak technologies
in the sense that their production functions are linearly homogenous with
respect to the private and the social levels of capital. Hence, we assume that
a1 = ap = 1, implying that the social production function in each country

becomes B B
7 = kBT el piteTt — P =12, (35)

As a result, the rate of returns to capital are given by

ri=al — 68, i=1,2. (36)

4.1 Separable Utility

We first inspect the model with spareable utility functions. As is well known,
if the utility function is additively separable between consumption and labor,

8The model in this section is an example of two-country model of endogenous growth.
Farmer and Lahiri (2005 and 2006). present alternative formulations of two country models
with endogenous growth.
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the sub-utility generating from consumption should be logarithmic to hold
balanced growth equilibrium with a positive growth rate. Thus in this section
we assume that o; = 1, so that

. 1+
u' (4, yi, ;) = 0 Inx; + (1 —6;) Iny; — 11_’_ .
Vi

Given this function, (14) yields
DR = (1 — ) gk, i=1,2.

Let us denote ¢;k; = v;. Then the equilibrium level of employment in country
11s )
i =nu % i=1,2 (37)

)

1
where n; = (1 — a;)"+1-F . The equilibrium employment level in each country
increases (resp. decreases) with the value of capital, if v, + 1 > [,.(resp.
v; +1 < f3;). In this case, the demand functions for final goods are given by

ri = p0i/qi, yi=p; (L —0:) /g, i=1,2. (38)

By use of (24), we show that the growth rates of capital stocks in both
countries are expressed as follows:

Ky . vmel—al b+ pebs

7. — 'l
kl 1 (1

_517

2 nv'ygflizfﬂz_ul<1_01)+/‘2(1_02)

2 — 0.
ko 2 U2 2
The price in each good changes according to
@:p—ail;ﬁ", 1=1,2.
qi
By the definition of v; (= ¢;k;) , we thus obtain:
;. B1 2] 2]
“_ (1— al)mvlﬂﬂ—ﬁl +p— P01 Pals 1, (39)
U1 01
v RS 1—601)+py (196
11_2 — (1 o a2) n2U272+1 B2 +p o [Ml( 1>U :u2( 2)] . 62. (40)
2 2

Differential equations (39) and (40) constitute a complete set of dynamic
system.
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The balanced-growth of the world economy is attained when v; = vy =
0. Note that in the balanced growth equilibrium, the real income of both
countries need not grow at a common rate. If each country grows at a
different rate, the relative price between = and y goods continue to change at
a constant rate to keep the uncovered interest parity condition, r = p/p+rs,
Hence, letting g; be the steady-growth rate of country ¢, in the balanced-
growth equilibrium, we obtain

gi=all —p—8=—¢/g i=1,2, (41)

which means that change in the relative price on the balanced-growth path
is

P @1 ¢ B2 81
—:———:agl —CLll +51—52. 42
p ¢ @ 2 ' (42)
The rate of change in asset holding in country 1 is given by
b 0 1-46
_1:gl+p+u11_puz( 2)
b q1b1 q2b1

In the balanced-growth equilibrium b; changes at the rate of g; and thus it
holds that
Py (L =05) by _ pyr— a1
q2b1 q1b1 by
Similarly, the balanced-growth condition in country 2 involves zs/p —y; =
pbg.

Due to the assumption of log-additive utility functions, there is no inter-
action between the dynamic behaviors of v; and vy. It is easy to confirm
that the steady-state value of v; is uniquely given if v, + 1 > 3,. We also
find that if v, + 1 < f3,, then either there is no steady state or there are
dual steady states. Here we assume that both countries have dual balanced-
growth paths when v,+1 < (3,. Additionally, we can confirm that when there
are two steady state, one with a lower value of v; is locally indeterminate and
the other with a higher value of v; is locally determinate.” Consequently, we
may state:

Proposition 5 Ifvy,+1—73;, > 0 fori = 1,2, the world economy has a unique
balanced growth path that satisfies global determinacy. On the contrary, if
v, +1—08;, <0 fori=1,2, then there may exist four steady states: one in
which both country grow at the lower rate is locally determinate, while the
other three are locally indeterminate.

9Denote the steady state values of v; as v} and v}* (v < vj*). It is seen that that
dv;/dv; < 0 for v; = v} and dv;/dv; > 0 for v; = v}*. Since v; is not a predetermined
variable, indeterminacy emerges around v; = v}.
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Figure 1-a depicts the phase diagram of (39) and (40) for v, +1 > £,
(1 =1,2) (so that the world economy is globally determinate). If this is the
case, the world economy stays on the balanced-growth path and it has no
transitional dynamics. In contrast, if v, + 1 < 3, (i = 1,2), then the world
economy involves four steady states: the balanced-growth path on which
both countries attain lower growth rates will not display indeterminacy, while
other three are locally indeterminate. As Figure 1-b shows, the steady state
where both countries attain higher growth rates is a sink. This suggests that
the behaviors of the terms of trade and current accounts of both countries
may be totally indeterminate around on the high-growth steady state of the
world economy.

It is worth emphasizing that in our setting each country may attain a
different rate of balanced growth. In particular, in the case of Figure 1-b, the
balanced-growth rate of each country may differ from each other even though
both countries have the identical production and preference structures. This
is because the balanced growth path where country 1 (country 2) grows faster
than country 2 (country 1) may be attained as a steady state equilibriums
the world economy even in the presence of free trade and a well-organized
international financial market.

4.2 Non-Separable Utility

We now assume that the utility functions are non-separable between con-
sumption and labor. We specify the instantaneous utility function is given
by

1—0;

0; 1-0;
‘ x iy N (1 —1 )
uz(mhyiali): ( i Ui 1_(0_)) ) Z:172-a Ui>07 Uz‘%]w
where )
[

When o; = 1, the utility function takes a log-additive form used before. The
necessary conditions for an optimum for the planning problem involve the
following conditions:

Iuieixz(lfai)@rly(lfdi)@*@i)Ai (l)l—m; = q, (43)

0 (1 o 92') x«?i(lﬂn)y(l*@i)(1*U¢)*1Ai (li)l_a'i = ¢, (44)

(2 7

piad Ty GO IIN YN (1) = —g (1 — @) Ik, (45)

%
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g = qi p+6i_ailiﬂi : (46)

From (43), (44) and (45), the consumption demand functions are given
by
Ir = 91 (1 — al) lfli’ylilkl
Ty — @02 (]_ — (lg) lgziﬂ&ill{?g
q
4 = % (1—6,) (1 —ay) P g,
2

Yo = (1 — 92) (1 — Gg) l52_72_1]€2

Given the non-separable utilities, consumption demand in each country is
directly related to capital and labor input as well as to the relative price.
Observe that substituting those demand functions into (43) and (44) yields

R o)1t o B [+l
(I)lk;glqgl 1)(1 01)q2 (I-o1)(1 91)111(1+71 B1) exp (_ (1 _ 0-1) ) =q,

@21{2—02qlf(lfaz)ezq§1702)92l32(1+72—/32) exp | — (1 o 0,2) = o, (48)
Y2 +1
where ¢, and ®, are positive constants. Those equations show that the
equilibrium level of [; depends on k1, ¢; and ¢o, while that of [, depends on
ko, g1 and go.
Logarithmic differentiation of both sides of (47) and (48) with respective
to time yields the following relations:

. ! by i
L, or—+1—(1—-01)(1—-61)]—
b oi(l+y—8) - (L—o) ™ [ iy, T =) (=60
+(].—O'1) (1—01)@:| ,
q2
j2 b2 2 Q1
A oo— + (1 —09) 00—
& 02 (L7 =) = (L—02) 3" [ 23, T o)
+<1 _92+0292) @1 .
a2
On the other hand, from (10) and (11) we obtain:
Z_i B lfl —0(-a) fl_%_l —mb (1 - as) lgz_yz_l — 6 =& (I, l2,m)

(49)
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]'{2 P l?l*’h*l
l{_ = l22—(1 — 01) (1 — CLl)
2

(50)
where m = qoka/q1k1. Using those relations, we obtain the following differ-
ential equations:.

: l
b= & zh) (1! (1, o m) + [1 = (1= ) (1= 6)] (p— el
+(1_O-1) (1_61) (p—&2l§2>:| , (51)
: l
la = A, 112) [02/{2 (l1,l0,m) + (1 — oq) 2 (,0 — allfl)
! @
= m |1 (s m) = K (1, ym) + anl)’ = sl (53)

where
Dynamic equations (51), (52) and (53) present a complete system of [y, Iy
and m (= qka/q1k1) -

The balanced-growth equilibrium is attained when /; and m stay constant
over time, which means that the growth rate of income in each country is
constant and the relative price satisfies (.42). We assume that the dynamic
system involves a feasible stationary solution. As shown by (47) and (48),
once the initial values of k; and ¢; are selected, the initial values of [, and [, are
determined as well. This indicates that under a given level of ky (0) /&1 (0),
the initial levels of [y, I and m cannot be chosen independently: only two of
them are unpredetermined. Therefore, if the linearized system of (51), (52)
and (53) involves one stable and two unstable roots, then the balanced-growth
equilibrium is locally determinate. If the approximated system has at least
two stable roots, then the balanced-growth path is locally indeterminate.

When the utility function is not additively separable between consump-
tion and labor, dynamic behavior of the closed-economy of country ¢ is ob-
tained by setting #; = 1 and 05 = 0, respectively. Thus the dynamic system
of closed economy is

i lz N5 _ — . ﬂi*ﬂyi*l]
l; o (47— F) — (o [(Uz a))l;' +p—(1—a)l; .

We now find that either if
v;,+1>p,ando; > 1, i =1,2 (54)
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or if
v, +1<B,and 0; <a;, i=1,2, (55)

then each country has a unique balanced-growth path that satisfies global
determinacy. Inspection of the world economy dynamics given by (51), (52)
and (53) shows that if (54) holds, it is hard to establish indeterminacy in
the world economy. However, if conditions in (55).are fulfilled, the world
economy tends to have indeterminate equilibria.

Proposition 6 If v, + 1 > (3, and o; > a; then both the closed and the
world economies may hold determinacy of equilibrium. If v, +1 < 3, and
o; < a;, then the world economy has indeterminate equilibria, while each
closed economy does never have indeterminacy.

Proof. See Appendix D. m

Although the non-separable preferences increase interdependency between
two counties, the above proposition suggests that such a stronger relationship
does not necessarily produce complex dynamics. This result is an example
showing that internationalization of markets under complex preference struc-
tures may or may enhance the possibility of multiple equilibria and sunspots
fluctuations. Unlike small-open economies where openness usually presents
a higher possibility of indeterminacy, such an unambiguous relationship may
not exist in the global economic system.

5 Conclusion

The central message of this paper is that the relation between indeterminacy
of equilibrium and openness of the economy is sensitive not only to produc-
tion technologies but also to preference structure. By use of a two-country
models with financial integration, we have examined whether or not financial
interactions and international trade enhance the possibility of indeterminacy.
We have found that, as opposed to the results shown by the existing stud-
ies on small-open economies, opening up international transactions does not
necessarily yield a higher possibility of indeterminacy. On the contrary, in
some cases globalization may serve as a ’stabilizing factor’ in the sense that
the equilibrium path of the world economy can be determinate even though
the autarky equilibrium of each country is indeterminate. Since our finding
depends heavily upon the model structure we use in the paper, it may not
be appropriate to claim that the global economy is in general less volatile
than closed economies. However, our analysis has suggested that the rela-
tion between the sunspot fluctuations and openness of the economy may not
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be so straightforward as the small-open economy models demonstrate, if we
consider the general equilibrium of the world economy.
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Appendices

Appendix A: Proof of Lemma 1
First consider the optimization behavior of the households in country <.
The Hamiltonian function for the household’s problem is

H; = u' (x4, 95, 1) + v (1 +wili —my), i=1,2,

where my = 1 + py; and my = x2/p + y2. The necessary conditions for the
optimization problems are summarized as follows:

ug (21,91, 1) = o1, 0l (22, 4a,1s) = va/p, (A1)

uy (21,1, 1) = o, ul (22,90, 12) = vs, (A2)

up (23,93, 1) = vawi, i =1,2, (A3)

vijvi=p—ri 1=1,2, (A4)

tlirgo vie Plw; =0, i=1,2. (A5)

Keeping the non-arbitrage condition (6) in mind, the equations in (?7?)

present
(I
p V2 U1
This shows that the relation between the relative price, p, and the marginal
utility of capital, v;, must satisfy

where p is a positive constant. From (?7) p satisfies

Ui (w2, Y2, 12)
H= "7

uy (v1,91,h)
Thus if the economy involves a steady state in which each variable stays

constant over time, substituting the steady-state values of z;, y; and [; into
the above equation determines the magnitude of p.

From (A1), (A2) and (A6) we obtain
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Now remember that the optimal conditions (12) and (13) for the planning

problem yield:
1 2
Uy @y U Uy (A8)

1 20 1 2 :
Uy G2 uy o Uy Uy

< N

Therefore, if we set q1/ga = p and p,/py = p, (A7) and (A8) receptively
correspond to (12) and (13) for the planning problem, so that the optimal
conditions for the consumption decisions in the market economy and those
in the planning economy are exactly the same. In addition, the optimal
conditions for labor supply (A3) is identical to (14) in the planning problem
and the commodity market equilibrium conditions (4) and (5) are described
by (10) and (11), repetitively.

Finally, the solvency conditions for international lending and borrowing
requires that

Tim by () exp (- /0 - (t) ds) = lim by (1) exp (- /0 "y (s) ds> = 0.

Thus the transversality conditions (A5) give lim; .o, e Pvky =0 (i =1,2) .
Since we may set ¢; = p,;v;, conditions in (A5) are equivalent to (16) for the
planning problem.

Appendix B: Proof of Proposition 3
The dynamic behavior of the closed economy is described by

a(vi+1) B 1

fy = k)T g = (B1)
ai(i+l) By
q'i =q |p + 61 _ aiki’m‘+l—ﬁi qi’yi-‘rl—ﬁi . (BQ)

Linearizing (B1) and (B2) at the steady-state equilibrium, it is easy to see
that the trace of the coefficient matrix equals to p (> 0). On the other hand,
the coefficient matrix of the linearized system of (33), (34), (26) and (27)is
given by:

A — hn 0 _h13 _h14
_ 0 >\ - h22 _h23 _h‘24 o
AN=1 0 Ak, o |70
0 —hyo 0 A — hay

where hi3 = 0z1/0q1 + 0x2/0q1, hia = 0x1/0q1 + 0x2/0q1, hes = Oy1/0q1 +
0Ya/O0qu, .and hay = Oy1/0qa2 + Oya/Oga. All of the elements are evaluated at
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the steady state. The characteristic equation is thus written as

A ()\) = [)\2 — (hll -+ h33) A + h11h33 — hlghgl] (B3)
X [)\2 — (ha2 + haa) X + haohys — h24h42] — hiahozhsihgs = 0.

Given our assumptions, if hyq = hog = 0, then A () = 0 has two positive
and two negative roots. Thus if the number of negative roots of A () =0 is
higher than three for hy4 # 0 and hys # 0, then the steady state of the world
economy is locally indeterminate. Notice that

A (0) = (h11h33 - h13h31) (h22h44 - h24h42) - h14h23h31h42,

AN (0) = — (h11 + hss) (haohas — hoshas) — (hag + has) (hi1hss — hashsy) -

As well as the closed system, if v, +1 > 3, (i = 1,2) holds, hy; +hgz > 0 and
hao+has > 0. In addition, the saddle-point properties of the closed economies
mean that hoshas — hoshao < 0 and h11h33 — h13h31 < 0. HGHCG, N (0) >0
and A (0) > 0 for hyg = hog = 0. This shows that A’ (\) = 0 has two positive
and one negative roots, and thus when hyy = hog = 0, the graph of the
characteristic equation may be depicted as Figure Al. Therefore, regardless
of the sign of highoghgihae, the characteristic equation, A (A) = 0, has at
most two negative roots.

Appendix C: Proof of Proposition 4

Since country 1 has an indeterminate steady state and country 2 has a
determinate one, (B3) involves three negative and one positive roots when
hi4 = hes = 0. Namely, A (0) in Appendix B has a negative value if hyy =
haos = 0. Observe that A (0) can be written as

A(0) = hirhoshsshas — hirhashoshss — hsihishoshas
+hg1hag (hizhos — hishas) .

Under our assumption, v, +1 < ; and v,+1 > 3,, it holds that h3; > 0 and
hss > 0. Therefore, if
hizhag — hiahes <0, . (C1)

then A (0) may have a positive sign. As Figure A2 shows, if this is the case,
the characteristic equation has two positive and two negative roots so that
the steady state of the world economy is determinate. Condition (C1) is
equivalent to

(o) (s2)- (s () -
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which states that the own price effects on consumption demand dominates
the cross price effects.

Appendix D: Proof of Proposition 6

Ify,+1> f;and 0; > 1, then A; (1) = (v, + 1 = 8;)— (1 — o) 7 > 0.
Assume that the dynamic system has a feasible steady-state equilibrium.
Linealized system has the coefficient matrix such that

ll/Al 0 0 J11 J12 0'1/‘67171
J = 0 I/A, O Jo1 J22 Ok,
0 0 m || &2—rl—aBl? K2 — kbl K2 — kD
(C1)
where

k(L m) =1 =6, (1 —a) 197 —mby (1 — ag) 15272,

B1—v1—1
K2 (11, o, m) =152 — (1 — 6,) (1 — ay) 2
m

and ! = Ok7/0q; > 0 (i,j =1,2), k), = Ok'/Om < 0, K2, = OK?>/Om >
0.and

—(1—6:) (1 —ag) 15>,

Ju = Ul’ﬁ —afi[1 = (1 —01)(1—61)] lflil’
Jig = 01/12 —agfy (1 — o) (1 —64) lgrl >0,

Ja = ookt —arfy (1 —0) 92151_1 >0,
(

Jros = oaky — a1y (1 — Oy + O909) 15

From the determinacy condition for the closed economy, it may hold that
J11 > 0 and Jyy > 0. In view of those sign patterns, we find that

det J < 0 and trace J > 0.

This confirms that the dynamic system involves one stable and two unstable
roots. Hence, the world economy also satisfies determinacy.

Ifv,+1 < (3, and 0; < a;, then J;; > 0 and Jop > 0 still may hold. Since
/i;- (i #7) < 0, we obtain Jjp < 0 and Jy; < 0. Remembering that in this
case A’ (I;) < 0, we see that

det J > 0 and trace J < 0.

This demonstrate that the world economy may observe indeterminate equi-
libria, even though each closed economy has a unique converging path.
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