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Abstract
The paper introduces new notion for the set-valued mean set of a random set. The
means are defined as families of sets that minimize mean distances to the random
set. The distances are determined by metrics in spaces of sets or by suitable gener-
alizations. Some examples illustrate the use of the new definitions.
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1 Introduction

This paper introduces set-valued means of random finite sets, based on various metrics
in spaces of subsets of a given finite set E. (This set may be, for example, the lattice of
pixels of an image analyzer.) A mean set of a series or a sample of digital images helps to
summarize the information and to find stochastic models of random spread process [20].
In Bayesian image analysis, it may be desirable to compute the mean set corresponding to
a posterior distribution. Finally, means of random sets play a role in the context of limit
theorems.

The structure of the space of sets is the principical difficulty in obtaining a good def-
inition of the mean of a random set. For random convex sets, the Aumann mean [3, 17]
can be defined as the convex set whose support function is the mean value of the support
function of the random set. This definition has many good properties, but usually yields
a convex set, even if the random set is non-convex.

Oleg Vorob’ov [15, 18, 19] introduced other means of a random set X defined as families
of thresholds. His set-median (of X) is defined as the following family:

Med X = {A CE:{o:px(x)>1/2} CAC {z: px(z) > 1/2}},
and analogously the set-expectation is defined as:
SX:{AQE:{x:pX(x)>h}§A§{x:pX(x)zh}}.

Here px(z) = P(z € X) is the coverage probability of point = by the random set X, and
the level h in the second definition is chosen in such a way that the sets of £X have a
power close to the expected power of X. The set-median minimizes the difference between
X and other sets, i.e.,

EMedXAX| = ani%E\AAX],

see [18, 19]. Here AAB denotes the symmetric difference of the two sets A and B, and
|A| is the number of elements of A or its power. Unfortunately, the set-median does not
take into account the randomness of the power of X. The notion of set-expectation solves
this problem and has also some other good properties, but it does not yield an absolute
minimum of a mean distance to X in the sense of some metric on the space of sets.

Pratt [1], Andersen [2], Taylor [16] and others have considered more general objective
functions

AXY)=> o, X,Y),

where X and Y are sets, ¢(-, X,Y) : E — R is an arbitrary function and the sum is over all
points z. In the Bayesian case, given data Y we seek a mean X=X (Y') which minimizes
EA(X, X(Y)). If A is a metric, then we arrive at Fréchet’s mean definition[8].

There are some papers [6, 9, 13] where a mean of sets is introduced by the distance
function. Any set A C FE is uniquely identified by its distance function

d(z, A) = min p(z,y),

where p is a metric given a priori in E, i.e., d(x, A) is the shortest p-distance from z to
any point in A.



In [6, 9, 13] the mean of a random set X is defined as the ’optimal’ level set of the
pointwise mean d(z) = Ed(z, X) of the distance function, where optimality is measured
by a minimum difference between d(z) and the distance function of the mean.

The distance function allows to construct various metrics in the space of sets. For
example, the Hausdorff metric

pu(A, B) = max {supd(z, B),supd(y, A)}

€A yeB
can be rewritten as a uniform metric for distance functions [7]:

pu(A, B) =sup|d(z, A) — d(z, B)|, (1)

zelR

The papers [4, 5] show that replacing the uniform metric by an L™ metric in (1),

1/n
An(A7B) = <Z |d(l‘,A> - d(x, B)|n> )

zel

produces practically useful results in image analysis. This metric has been used as an
optimality criterion in Bayesian image analysis in [10, 14].

The present paper introduces other metrics in the space of subsets of £ and, conse-
quently, further notion of means. In contrast to [6, 9, 13| a mean is here a family of sets.
The members of them do not minimize a distance to a mean function CZ(:C), but in con-
trast minimize a mean distance to X, where 'distance’ is understood with respect to some
metric.

Section 2 introduces the metrics in the space of all subsets of E. In Section 3 lemmas
are proved and formulas for mean distances are derived in an space with discrete metric. In
Section 4 the notion of the mean of a random set is defined. An example of the application
of the new mean definition is presented in Section 5.

2 Metrics in the space of subsets of a finite set

Let (E, p) be a finite metric space and P(F) be the set of all subset of E, the power set.
This section introduces new metrics in P(E).
For every set A € P(E) all points in E can be classified according to their position
with respect to A. For example, for every point the distance to A can be defined.
Definition. Let x € E, A € P(FE), then distance from point = to set A is defined as:

d(xz, A) = ryn€1£1 p(x,y).
This function is called a distance function.

The map A — d(-, A) embeds P(FE) into the space of distance functions {d(-, A) : A €
P(E)}. Therefore metrics in spaces of functions can be used to construct metrics in P(E).
For example, the Hausdorff metric between sets is equal to the uniform metric between
their distance functions, i.e.,

pu(A, B) = max {maxd(x, B), maxd(y, A)} = max |d(x, A) — d(z, B)|.
A yeB el

S
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In [4, 5] instead of the uniform metric, an L™ metric was used

1/n
A™(A, B) = (Z |d(z, A) — d(x, B)|”)
el

which is convenient to analyze images, since it is less sensivitive to small variations of
images than the Hausdorff metric.

Two new families of metric in P(E) can be introduced as follows. The first metric is
defined for n = 1,2, ... as

n> 1/n

> (d(w, A) — d(w, B))

zeE

(A, B) = (Z |d(z, A) — d(z, B)| +

zeFE

To define the second metric use the notation
Esp={x€ E :d(z,A) > d(z,B)},
Epa={x € E :d(z,A) <d(xz,B)}
for two subsets A and B of E. The metric
pn(A, B) =

n n\ 1/n
- (( S (d(x, A) —d(:c,B))> + ( > (d(x,B) —d(%A))) )

r€EFEAp zc€Epa

is defined. The function p,, is the metric in a corollary of the Minkowski inequality.
Note that some of these metrics coincide. For example

Al = p, = Z |d(x, A) — d(z, B)|,

and
o Daepld(@A) —d(z, B)| + [, cpld(x, A) — d(z, B))|
Pee =79 = 2 -
— max ( > (d(x,A) —d(z,B)), Y (d(x,B) - d(x,A))) .

An important particular case is the discrete metric in £
L, z#y
plz.y) = :
0, z=y
In the case of the space with discrete metric the Hausdorff metric is equal to the discrete
metric in P(E)
1, A#B
0, A=B
The A™ metric is defined by the (1/n)th power of symmetric difference between sets
A"(A, B) = |AAB|Y™,
and new metrics have the following forms:
pn(A, B) = (JA\ B|" +|B\ A[")~,
ny L
(A, B) = (|AAB[ + ||A] — |B|[")".

pH(AvB) = {



3 Mean distances in the space with discrete metric

This section introduces some further notation and proves lemmas and formulas for mean

distances in the space with discrete metric.
Let E be a space with discrete metric and X : (2,4, P) — (P(E),P(P(E))) be a

random set with realization in P(F) and use the following notation:

p(A) =P(X = A),

Sx(h)={Ae€P(E):{re€E:px(z)>h} CAC
C{a € Bipxle) > h}).
X = [ min |A|, max \Aq
AcSx ()" AESK(h)

Fx(s) =P(|X] < s),

1 = [t(Fe(s) 2 0. supl(s) < ).

sz{he[o,1]:l,LX‘mI;<7é®},

where x € E, h€]0,1], s€R.
In these notations the set-median and the set-expectation can be written as:

MedX = Sx(1/2),

and
EX =S8x(h),

where h is chosen to satisfy the condition E|X| € I;¥.
The following theorem is a basic property of the set-median [18, 19].
Theorem. For MedX 1t is

MedX = {A CE:A= argglci%E]XAB\}

In Section 4 analogous theorems for the metric p,, and for the square of metric 7o
instead symmetric difference are proved. In the proofs the following lemmas are needed.

The first of them is the following lemma, which presents a formula for the calculation
of mean distances.

Lemma. For any subset A € P(FE) it holds

|
Epso(X, A) = > px(x) + Y Fx(n), (2)
and
Erj(X,A) =E[X]* + E[X[+ ) (1 - 2px(z) + |4] - 2E[X]). (3)
T€EA

6



Proof. It is

Epo(X,A) = ) max{|A\ B|,|B\ Al}p(B) =

BCE
= > [B\ApB)+ Y |A\Bp(B)=
BCE,|B|>|A| BCE,|B|<|A]
=Y [B\Alp(B)+ > (|[A\B|—|B\ A)p(B) =
BCE BCE,|B|<|A]
= > px@+ D> (|Al-IB)p(B).
2E€AC BCE,|B|<|A|
Furthermore
|Al-1
S (A =1BhpB) =Y. > (lAl-IBl)p(B) =
BCE,|B|<|A| m=0 BCE,|Bl=m
|A]—1
= Z |Al = m)P(|X] =m).
On the other hand,
|4 Al n—1 |[Al-1 |A|
Y Fxn)=> > P(X|= ZPIXI m) Y 1=
n=0 n=0 m=0 n=m+1

IAI 1

= Z Al =m)P(|X]| =m),

what proves formula (2).
Formula (3) is obtained by

Eri(X,A) = E|XAA| +E(|X| - |A])? =
= E|X|+ |A] — 2E|X N A| + E|X|* + |A]* — 2|A|E|X| =
=E|X” +E[X|+ |4 - 2) px(z) +|A](|A] - 2E|X]) =

z€EA

=E[X[*+E|X[+ ) (1-2px(2) + |4] — 2E[X]).

z€A

The lemma is proved.
The formulas (6) and (7) yield the following result:

E(pOO(Xv A) - pOO(X7 B)) =

Y eemaPx(T) = Yo s Px (@), 1Al = |B],
A

Y eemaPx(@) = Yocappx(@) + S L Fx(n), A > B,
B

Y eemaPx (@) = Y,easpx(@) — 02 Fx(n), 1B| > Al

7



E(ry(X,A) = r3(X,B)) =2 ) px(z) —
z€B\A

=2 ) px(@)+ (Al = [B)(JA| + [B| - 2E[X] + 1). ()
z€A\B

Lemma. The set Hx is nonempty for any random set X.
Proof. Let N = |E|. Order the points of F in decreasing order of coverage probabilities
of X:
px (1) = px(z2) > ... > px(an),
and define numbers p; by po = 1,p; = px(z;) for i =1,... N, pxy1 = 0. Furthermore, let

fi=Fx(@), i=0,...,N+1.
Since py > fo and pyi1 < fyy1 an integer [ can be defined by
l=min{i:0<i<N+1 and f;>p}

Two cases are possible:
fiei <pi-1, fi=p
and
Jier <pie1, fi >
In the first case it is f; € Hx. Indeed, let h = f; = p;, then
{z:px(e) > b}l =1-1, {o:px(z) = h}| =1
and
inf(Fx(s) >h)=1—1, sup(Fx(s) <h)>I,
hence
[—1,0CiXnX+£0.
In the second case for any h € (max{fj_1,p;}, min{f;, pi—1})
Hx:px(x) >h} =1-1, [{x:px(x)>h}=1-1
and
inf(Fx(s) >h)=1—1, sup(Fx(s) <h)=1-1,
therefore
X'y = {1 -1} £0.

The lemma is proved.

Lemma. For any h € Hy there is a subset A € Sx(h) such that

1Al e X' n LY
Proof. An existence of the set follows from the fact that for any h € Hg
gk g

(K)

and for any a € I,/ N IX C I there is a set A € Sk (h) such that |A| = a. The lemma

is proved.



4 Means of random sets

In this section a set-valued mean of a random set X is defined which minimizes a mean
distance to X. This distance is determined by some metrics in P(E) or by functions of
these metrics. In the case of a space with discrete metric for the metric ps(A, B) and
for the square of metric r3(A, B) theorems are proved by which means of random set are
calculated from coverage probabilities and from characteristics of | X]|.

Definition. The function ¢ : P(E)xP(E) — [0,00) is called to be a measure of closeness
on F if it satisfies the following properties

S(AB)=0 iff A=B,
©(A,B)=p(A,B), A BeP(E).

Using a given ¢ a mean for random sets can be defined. It is the family of sets E,(X)
which minimze the mean distance to X:

E,(X) = {A CE:A= argglcirElEcp(X, B)}

and is called to be the mean the random set X relative to .
Assume in the following that X is a space with discrete metric p. Consider the family
of sets
Six) = {A CE:AeSx(h), heHy, |AlelXn f,f}

It could be called the power-distirbution threshold of X. The following shows that S|
coincides with the mean relative to ¢ = po.
Theorem. For ¢ = py it is
E,(X) = Sx).
Proof. Let A € Sjx|, and let B be an arbitrary subset of £. Then (4) implies the

following.
1. If |A| = |B|, then

Epoo<Xa A) _Epoo(X’B) = Z pX(J:) - Z px(ﬂf) <

z€B\A z€A\B
< h|B\ A —h|A\ B| = 0.
2. If |A| > |B|, then
EPOO<X7 A) - Epoo(X, B) =

|A]
S O S S
z€B\A z€A\B n=|B|+1

< h(IB\ Al = |A\ B|) + (|A] = [B) Fx(]A]) <
< MIB\ A= [A\ B[ +[A] = |B]) = 0.

3. If |A| < |B|, then
Epoo(X, A) — Epo(X, B) =

| Bl
=Y )= Y )= S Falw) <
z€B\A z€A\B n=|A|+1

<h(IB\A| = [AN\ B]) = (|B] = [A) Fx(|4]) <
< W(B\A] = [A\ B[ = [B| +]4]) = 0.

9



Thus it is A € E,(X). For A ¢ §x|, then for B € S| the inequality

is not valid, i.e., A ¢ E,(X). The theorem is proved.
Order the point of E in decreasing order of coverage probabilities of X:

px(71) > px(22) > ... > px(zn),

and define numbers p; by po = 1,p; = px(x;) fori =1,... N, px11 =0.

Denote by hx the coverage probability p,,x)+1, where m(X) = [E|X|] is the greatest
integer in E|X|. Then E|X| € [m(X),m(X)+1] C IX .

Consider the family of sets

'SE|X\ = {A CFE:Acec Sx(hx)},

where subsets A such as:

m(X), hy + [(X) <1
Al = { m(X) +1, hx + f(X) > 1.
m(X), m(X)+1, hy+ f(X)=1

It could be called the mean-power threshold of X. Here f(X) = {E|X|} is the fractional
part of the mean power.
2

The following shows that Sg x| coincides with the mean relative to ¢ = r3.

Theorem. For ¢ = r3 it is

E,(X) = Sgix|-

Proof. Let A € Sgjx| and let B be a arbitary subset of £. Then (5) implies the
following.

E(r3(X,A) —r3(X, B)) =

=2 Z px(x) —

z€B\A

~2 ) px(@) + (|A] = [B)(A| + |B| - 2E|X| + 1) <
x€A\B
< (IA] = B)(1 = 2hx + [A] + [ B] = 2E[X]).

Let’s consider two cases. The first,
0<hy+ f(X) <1, Al =m(X),
and
E(ry(X, 4) —r3(X, B)) =
= (m(X) — |B)(1 = 2hx — 2f(X) + |B| = m(X)). (6)

Since 1 — 2hx —2f(X) € [—1,1], and | B| can be equal to integers, then the difference (6)
is less than zero. The second, 1 < hx + f(X) <2, |A]l=m(X)+1 and

E(ry(X, 4) —r3(X, B)) =

= (m(X) +1 = [B[)(2 = 2hx = 2f(X) + |B] — m(X)) (7)

10



POCCHNCKASA
AKAJZIEMHS HAYK

MATEMATUYECKUA
UHCTUTYT

- umenn B.A.CtekaoBa

Figure 1: The original image (left) and realization of the corresponding random set (right)

The difference (7) is less than zero also.
Thus it is A € E,(X).
For A ¢ Sg)x|, then for B € Sgjx| the inequality

E(r3(X,A) —r3(X,B)) <0

is not valid, i.e., A ¢ E,(X). The theorem is proved.

5 An example

The following example is related to Bayesian image classification [11]. The starting point
is a 300 x 150 binary image which was obtained by scanning the text fragment shown in
Fig. 1.a. Realizations of a random set X were generated by adding to the original image
independent uniform noise consisting of black pixels. The intensity of the noise is so that
its coverage probability is 0.17, while the coverage probability of the original image is 0.4
(Fig. 1.b).

Two series of 10 and 100 independent samples were generated. For each series the means
of the random set relative to the metrics ps, and 73 and also the Molchanov-Baddeley mean
set [6] were derived. The outcomes of evaluations are represented in Fig.2 and Fig.3.

There are no discernible differences between mean sets relative to the measure of near-
ness 75 and p., (Fig. 2.a, 3.a). Figures 2.b and 3.b shows Molchanov-Baddeley mean set
[6].

The statistical analysis shows clear differences between the means, between the new
mean introduced in the present paper, see Fig. 2.a, 3.a, and the Molchanov-Baddeley
mean, see Fig. 2.b, 3.b. Obviously the new mean shows better behaviour, because its
theoretical value coincides with original image.

It is rather interesting that the Molchanov-Baddeley mean is not improved by increasing
sample size. The result for 100 realizatons is practical the same as that for 10.

However, the Molchanov-Baddeley mean can be improved by a choice of the the ’opti-
mal’ level set of the pointwise mean Ed(z, X) of the distance function, where optimality is

11
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 AKAJEMHSTHAYK
MATEMATUYECKN
 UHCTUTYT

umery B.A.CtexaoBa

Figure 2: Means based on 10 realizations of the random set. (left-up) The mean cor-
responding to 75 or ps. (right-up) The Molchanov-Baddeley mean. (center-down) The
improved Molchanov-Baddeley mean with optimal threshold.
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measured by a minimum difference between the mean of random set and the original im-
age. Figures 2.c and 3.c show the improved Molchanov-Baddeley means with the optimal
threshold.

Our mean (Fig. 2.a, 3.a) is better than Molchanov-Baddeley mean (Fig. 2.b, 3.b) and
has the same properties with improved mean (Fig. 2.c, 3.c).

AKAAEMVIHHAYK o AKAAEMMHI-WK
MATEMATUYECKMIA MATEMATmEcmﬁ
© MHCTUTYT - MHCTHATYT
- umenn B.A.CTekaoBa | .{ mam BACW

POCCHUMCKASA
AKAZIEMHSA HAYK
MATEMATUYECKUIA
MHCTUTYT

mmerm B.A.CtekaoBsa

Figure 3: Means based on 100 realization of random set. (left-up) The mean set rela-
tive to 73 or ps. (right-up) Molchanov-Baddeley mean set. (center-down) The improved
Molchanov-Baddeley mean set with the optimal threshold.
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