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Abstract

This paper examines the multi-scale relationshigveen the interest rate, exchange rate and
stock price using wavelet transform. In particulae apply the maximum overlap discrete
wavelet transform (MODWT) to the interest rate, lexege rate and stock price for US over
the period 1990:1- 2008:12 and using the defingiohwavelet variance, wavelet correlation
and cross-correlations analyze the association els as the lead/lag relationship between
these series at the different time scales. Ouiltseshiow that the relationship between interest
rate and exchange rate is not significantly diffikfieom zero at all scales. On the other hand,
the relationship between interest rate returnssaock index returns is significantly different
zero only at the highest scales. The exchangerestens and stock index returns have a
relationship bidirectional in this period at londprizons.

Keywords: Wavelet analysis, Interest rate, Stock price, Wetveloss-correlation, Granger
causality.

J.E.L Classification: C02, C22,

1. Introduction:

The stock markets are becoming an integral pathefeconomies of many countries.
With the introduction of free and open economiciges and advanced technologies,
investors are finding easy access to stock marketand the world. The fact that stock
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market indices have become an indication of thédtine& the economy of a country indicates
the importance of stock markets. This increasingartance of the stock market has
motivated the formulation of many theories to diéscthe working of the stock markets.

One piece of information which arrives quite ofterthe stock markets are interest rates
and stock price fluctuations. In theory the interes¢s and the stock price have a negative
correlation. This is because a rise in the interatt reduces the present value of future
dividends income which should de press stock priCesiversely, low interest rates result in a
lower opportunity cost of borrowing. Lower intereates stimulate investments and economic
activities which would cause prices to rise. On tither hand according to the parity
conditions the interest rates and the exchangesprghould be related with a negative
coefficient. Hence we would expect a relationshgiwteen exchange price and stock price
with a positive cofficient.

However the empirical studies carried out in theotss markets had revealed conflicting
results on causality between stock prices and Hweaeconomic variableddok (1993)
verified the causality of daily interest rate, eanbe rate and stock prices in Hong Kong for
the period 1986 to 1991. The results indicate ttatHIBOR (Hong Kong Inter Bankf&ered
Rate) and the price indices are independent sekesa further extension to the study the
relationship between exchange rate and stock praseexamined, the research concluded that
those series are also independent.

Hashemzadeh and Taylor (198&ve found bi-directional causality present inresgion
models between money supply and stock returns usiiogk indexes to estimate market
returns. As regards, the interest rate the resamsnot as conclusive. The direction of
causality seems to be mostly running from intesestte to stock price but not the other way.
Solnik (1987)found a weak positive relation between real stolarn déerential and the
changes in the real exchange rate and he also thahd real growth in the stock market also
has a positive influence on the exchange rate.

In this paper, we examine the relationship betwiaterest rate, exchange rate and stock
price. We adopt the time series technique basesawelet analysis. We apply the wavelet
cross-correlation between these series based umpomaximum overlap discrete wavelet
transform MODWT Percival, and Mofjeld (1997pand Daubechies (199P)families of
wavelets. The decomposition of a time series oradedhy-scale basis has the ability to unveil
structure at derent time horizons. For example, the wavelet foans produces an
alternative, known as the wavelet variance, topsodogram. This variance decomposition
may be easily generalized for multivariate timeieserStandard time-domain measures of
association for multivariate time series (e.g.seroovariance and cross-correlation) may be
defined using the coefficients from the applicatairnthe wavelet transform to each series,
thus producing the wavelet cross-covariance anclgaeross-correlation.

The remainder of the paper is organized as follblae main properties of the wavelets
and the analytical derence’s with other filtering methods are dealt viitlsection 2, where
we present the statistical properties of the wawedeance, correlation and cross-correlation.
In section 3, we describe the data used in theysand the basic statistic. Section 4 discusses
the empirical finding. Finally, section 5 conclude®l highlights some relevant remarks.



2. Wavelet Analysis:

The series were filtered using wavelet analysis thah relatively new (at least for
economists) statistical tool that, roughly speakidgcomposes a given series in orthogonal
components, as in the Fourier approach, but acoprdi scale (time components) instead of
frequencies. The comparison with the Fourier amalgsuseful first because wavelets use a
similar strategy: find some orthogonal objects (Metgefunctions instead of sines and cosines)
and use them to decompose the series. Second, tssm€®urier analysis is a common tool in
economics, it may be useful in understanding théhaamlogy and also in the interpretation
of results. Saying that, we have to stress the md®rence between the two tools. Wavelet
analysis does not need stationary assumption ier @oddecompose the series. This is because
the Fourier approach decomposes in frequencie gpat may be interpreted as events of
time-periodT (whereT is the number of observations). Puieliently, spectral decomposition
methods perform a global analysis whereas, on tiher dhand, wavelets methods act locally
in time and so do not need stationary cyclical congmts. Recently, to relax the stationary
frequencies assumption a windowing Fourier decoitipas that essentially use, for
frequencies estimation, a time-peridd (the window) event less than the number of
observationdl. The problem with this approach is the right ckoid the window and, more
important, its constancy over time. Coming back wavelets and going into some
mathematical detail we may note that there arebagic wavelet functions: the father wavelet
¢ and mother wavelet@ such that:

j @tdt=1  and j wt) =0 (1)

Using wavelets, any function irfI(R) can be written as a linear combination of theetyp

f(t)= Zzaj,kqoj,k (t) = ZSJ,kqu,k (t) +szj,k‘/’j,k (t) (2)

i>J k
Where S, =<f(t),¢)jyk(t)> andd; , =<f(t),zpj’k(t)> are the wavelet céécients and where
@ ¥, the so-called scaling are and wavelet functiorspeetively. The formal definition
of the father wavelets is the function

g, =2""¢(271-k) 3)

defined as non-zero over a finite time length supploat corresponds to given mother
wavelets

W ) =2 27t-k) (4)

The former integrates to 1 and reconstructs thgdsntime-scale component of the series
(trend), while the latter integrates to O (simyatd sine and cosine) and is used to describe all
deviations from trend. The mother wavelets playoke similar to sins and cosines in the
Fourier decomposition.



2.1. The Discrete Wavel et Transfor m:

Lethy = (wo. . ..,hi1,0, ..., 0) denote the wavelet filter ciients of a Daubechies
compactly supported wavelet for unit sc@laubechies (1992kero padded to lengtd by
defininghy; =0 forl > L. A wavelet filter must satisfy the following thrbasic properties:

-
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hy=0; Sh?= 5)

1=0

=
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o

L-1
zhu h,.., =0 for all non zero integerns. (6)
1=0
That is, a wavelet filter must sum to zero (hav®zeean), must have unit energy, and must
be orthogonal to its even shifts.
Letg: = (10, - . ..011.0, . .., 0) be the zero padded scaling filter coefficientdjred via

g, =(-D""*h, ., and let Xo, . . ., Xy be a time series. For scales that L;j , where
L, = (2' -1)(L-1) +1, we can filter the time series usingo obtain the wavelet coefficients

W, =2"W {(L—z)(l—i.ﬂsts{ﬁ—lJ, (7)
' i 2]ty 2 2

L -1

~ 1 4

WN:WZhJV,xH, t=L,-1,...,N-1 (8)
1=0

Where,

The ij,t coefficients are associated with changes on aeschllengthr, =2"and are

obtained by sub sampling everitr2of theVT/jyt coefficients, which forms a portion of the

maximal overlap discrete wavelet.

However the orthonormal discrete wavelet transf@dWT), even if widely applied to time
series analysis in many disciplines, has two maawbacks: the dyadic length requirement
(i.e. a sample size divisible by P and the fact that the wavelet and scaling atieffts are

not shift invariant due to their sensitivity toaitar shifts because of the decimation operation.
An alternative to DWT is represented by a non-agtmal variant of DWT: the maximal
overlap DWT (MODWT).

2.2 Maximal Overlap DWT (MODWT):

In contrast to the DWT, the MODWRHercival et al (2000)3oes not decimate the coefficients
and therefore the number of scaling and wavelefficants at every level of the transform is
the same as the number of sample observationsthisoreason the MODWT is also called
non-decimated DWT. Although it loses orthogonakiyd efficiency in computation, this
transform does not have any restriction on the $amsige and it is shift invariant. Wavelet
coefficients, i.ew,  and scaling coefficients, i.&,, atlevelg; j=1,...J, are obtained as

follows:
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L-1 _
Wi, = Z Vi griman and v, = Zhlvj—l,t—l modN 9)
=0

1=0
The wavelet and scaling filters, , ﬁl are rescaled ag, = 9i Dirz F\j :h/zj,z . Non-

decimated wavelet coefficients represent differsrimtween generalized averages of the data
on a scaler; =2'™ (or levelj).

MODWT provides the usual functions of the DWT, swgh multiresolution decomposition
analysis and cross-correlation analysis based aeleatransform coefficients, but unlike the
classical DWT it can handle any sample size; issieion invariant, as a shift in the signal
does not change the pattern of wavelet transformfficaents; and provides increased
resolution at coarser scales. In addition, MODWavpdes a larger sample size in the wavelet
correlation analysis and produces a more asympthticefficient wavelet covariance
estimator than the DWT.

2.3 Thewavelet variance, covariance, correlation and cross-correlation:

The basic idea of the wavelet variance is to stutetithe notion of variability over certain
scales for the global measure of variability estaday sample variance.
The wavelet variance of stochastic process X isnaséd using the MODWT coefficients for

scaler; =2'™ through:
R 1 N, 2
Ui(ri)zﬁ j,k) (10)

WhereVijk is the MODWT wavelet coefficient of variabl at scaler; . Nj =N-L;+1lis
the number of coefficients unaffected by boundaryd L, = (2" =1)(L-1) +1 is the length

of the scaler j wavelet filter.

Although the wavelet covariance decompose the @ves between two stochastic processes
on a scale-by-scale, in some situations it may beeficial to normalize the wavelet
covariance by the variability inherent in the obser wavelet coefficients. The wavelet
covariance at scalg; can be expressed as follows:

N-T
Vxv (Tj ) =Cov,, (Tj ) = I\Ali sz?(ijTk (11)

j k=Lj—1

Given that covariance does not take into accoumivtriation of univariate time series, it is
natural to introduce the concept of wavelet cotraeha

The wavelet correlation is simply made up of theve¥at covariance forX;, Y and wavelet
variances for Xt} and {Ytf}. The MODWT estimator of wavelet correlation cam &xpressed
as follows:



- Cov,, \T.
,Oxy(Tj)z _ XYA(ZI) (12)

O \T; JOy\T;

As with the usual correlation coefficient betweevo trandom variable#ﬁXY(rszl. The

wavelet correlation is analogous to its Fourieriegjent, the complex coherencgéncay et
al (2002, p: 258)

The wavelet cross-correlation decomposes the awssiation between two time series on a
scale-by-scale basis thereby making it possibleet how the association between two time
series changes as a function of time horizéanacay et al (2002)efine the wavelet cross-
correlation as:

Px x (Tj ) = (Tj)

alirj )Ezfrji

(13)

where af(rj) , O (rj) are, respectively, the wavelet variancesxigrandx; ; associated with
scaler; and y, , (rj) the wavelet covariance betwegn andx,, - kassociated with scalg, .

Just as the usual cross-correlation is used tardete lead-lag relationships between two
processes, the wavelet cross-correlation shoulmbleto provide a lead-lag relationship on a
scale by scale basi&éncay et al (2009)

3 Datadescription and basic statistics:

The analysis was conducted using monthly dataHerinterest rate of American Treasury
securities at 3-month constant maturity providedheyFederal Reserve and the exchange rate
between USD and EURO. The closing S&P500 indexseduas the indication of the stock
price fluctuation. Empirical analysis covers theige form January 1990 to December 2008
providing a 228 observation in total. In this studwe investigate the returns
seriesr, =In(p,)-In(p,,) . Initially Tablel shows some brief summary statistics for the

returns series of interest rate, exchange ratestouk index respectively. From tAable 1

we make the following observations. (a) The mearetfrns series is equal zero for all series.
(b) Interest rate returns have higher standardatiewi than exchange rate and stock index
returns showing that the interest rate has higb&tiity than the exchange rate and than the
stock market. (c) Monthly returns of interest riagied to have high excess kurtosis.

Both series appear to have similar characteristicierms of mean and variation, but a more
thorough description is available to use throughudti scale analysis.

min max mean std.dev.  skewness  kurtosis
Interest rate -1.85 0.3 -0.02 0.17 -7.37 68
Stock index -0.06 0.08 0 0.02 0.14 0.16
Exchange rate -0.18 0.11 0 0.04 -0.88 2.04

Table1: Descriptive Statisticsfor returnsseries

4 Multi Scale Analysis:

We apply the maximal overlap discrete wavelet ti@ngs to the monthly returns for the three
series using the Daubechi&s) (vavelet filter of lengthL = 4, that is D(4), based on four non-



zero coefficientDaudechies (1992)with periodic boundary conditions. The applicatiof
the translation invariant wavelet transform withhnamber of scaled = 5 produces five
vectors of wavelet filter coefficients, that ve, wa, ws, Wo, Wi, and one vector of scaling
coefficients,vs. Since we use monthly data, the wavelet filterfiogents, wsy, . . . , Wik,
represent progressively finer scale deviations ftbe smooth behavior, and correspond to
32-64,16-32,8-16, 4 — 8 and 2 — 4 monthsgherespectively.

The main purposes of this paper are to examinéettklag relationship and cross-correlation
between interest rate, stock market and exchangeonger the various time scales using
wavelet analysis. To examine the lead-lag relatigngn wavelet analysis, first we test for
Granger causality up to level 5. The results of@nanger causality tests are reportedaitle

2. As can be seen ihable 2 the stock market and interest rate show a fedédtsationship
only at higher scales (Dand ). The results show also, the unidirectional catysélom
stock market to exchange market in various timdescand from interest rate to exchange
market at scalesDDs, D, and B.

S Dy Do D3 Dy Ds
FX - IR 3.935* 1.850* 1.2413 1.6985 1.1638 1.6188
(0.001) (0.038) (0.2489) (0.0833) (0.2918) (0.0565)
SM - IR 2.910% 1.405 1.2349 1.6506 1.9651* 2.8365*
(0.002) (0.159) (0.2533) (0.0950) (0.0113) (0.0002)
IR - FX 1.225 1.700 2.0217* 2.7712* 3.0075* 1.9646*
(0.276) (0.063) (0.0183) (0.0032) (0.0001) (0.0126)
SM - FX 2.087* 2.156* 2.8408* 2.3289* 1.4176* 2.4540*
(0.0271) (0.013) (0.0007) (0.0130) (0.1202) (0.0012)
IR - SM 2.1934* 1.399 1.1638 1.1361 2.1623* 2.4685*
(0.019) (0.162) (0.3065) (0.3371) (0.0044) (0.0011)
FX - SM 1.653 1.480 1.2736 2.0022* 1.4643 1.2351
(0.0934) (0.127) (0.2273) (0.0349) (0.1003) (0.2348)

Note — S5 is the original data transformed by tamelet filter D(4). The significances levels in patheses.
* Significant at the 5% level.
Table 2: Multi scale Granger Causality

Turning to the second purpose of our paper (cros®lation in various time scale), we
examine the cross-correlation between the stockehamterest rate and exchange rate in
various time scale.

In Figuresl, 2 and3 we report the estimated wavelet cross-correlatamesficients and the
corresponding approximate confidence intervals reggaime leads and lags for all scales
between the interest rate returns and exchangereaims, interest rate returns and stock
index returns and between exchange rate returnstaoll index returns respectiveligurel
shows that, for all scales, the relationship betwiagerest rate and exchange rate in generally
not significantly different from zero at all leadrd lags (slightly significant at scale 3). This
means that interest rate returns and exchangeetaies in this period were independent and
historical information of interest rate was notrsfigantly predictive for exchange rate. In
Figure2 we report that at shortest scales, i.e. 1-3rataionship between interest rate and
stock index is not significantly different from perOn the other hand, at the coarsest scales,
i.e. 4-5, we report a significant positive relasbip between the two series. Also, at scale 5,
we underlying positive leading relationship betweeterest rate and stock returns, and we
note the asymmetry in the wavelet cross-correlaseguence. At the fifth scale (associated
with associations of 32 to 64 months), the interast is positively correlated with the stock
return at a lead 10 months but not at a lag of d@ths. This figure also shows that most of



significant coefficients have positive values. Thidicates that the interest rate appreciation
(depreciation) was associated with a fall (riseytock index. The wavelet cross-correlation
provides that exchange rate returns and stock inetexns are independent at short horizons
(high frequencies). ThEigure3also shows a significant relationship betweenttie series
only at coarsest scale. We note also that sigmificaefficients have positive values at leads
and negative values at lags (scale 5). This mdamsxistence a relationship bidirectional
between the two series at long horizons.
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Figure 1: Wavelet cross-correlation between Interest rate and Exchangeratereturns
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Figure 2: Wavelet cross-correlation between Interest rate and Stock index returns

5 Conclusion:

In this paper we apply a wavelet multi-scaling @agh based on a maximum overlap discrete
wavelet transform to investigate the relationshgiween interest rate, exchange rate and
stock price over different time scale. Through alesdy scale decomposition of the cross-
correlation between two time series we try to sbauie light on the scaling properties on the
relationship at different time horizons. The magsults are summarized as follows:

» The wavelet cross-correlation analysis show thatrelationship between interest rate
and exchange rate not significantly different freemo at all leads and lags and at all scales.

* The relationship between interest rate and stodkx is significantly different zero only
at the coarsest scales, i.e. 4-5, which correspgrtdilonger horizons. The analysis provides
evidence about the finding that interest rate ret@are leading stock index returns.

« Only at low frequencies (longer horizons), we rdmarsignificant relationship between
exchange rate and stock index at this period.



In general it seems that the interest rate and amgdh rate series are generally quite
independent at the period of studies and at allescalhere was, however a possible
unidirectional causality running from interest ratethe stock price but not vice versa at
highest scales. Therefore, our results show thpossible bidirectional causality running
between exchange rate and stock index only at ldmy#&zons.
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Figure 3: Wavelet cross-correlation between Exchangerate and Stock index returns
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