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leads to higher equilibrium prices.

Key words: price dispersion, search, search cost, bounded rationality

JEL Classification: D43, D83

*We thank Mark Armstrong, Heski Bar-Isaac, Michael Baye, Yeon-Koo Che, John Morgan,
Michael Riordan, and participants of the ELSE Workshop on Search, Mechanism Design
and the Internet at University College London, the 2009 Economic Theory Workshop at
Zhejiang University, and a seminar at Indiana University (Kelley School of Business) for

helpful comments.



1. INTRODUCTION

One of the most striking observations in consumer markets is the existence of substantial
price dispersion for seemingly identical products. In his classic model of sales, Varian
(1980) shows how price dispersion in a homogeneous-product market arises due to the
presence of consumers who are uninformed about market prices. Price-setting firms balance
their incentives to compete for the informed consumers who will pay the lowest price and
to exploit the uninformed consumers who each purchase from a randomly selected seller,
producing an equilibrium price distribution.! The behavior of the uninformed consumers
can be justified as their having prohibitively high search cost to find the price of a second
seller. Alternatively, as Ellison (2006) notes, the uniformed consumers in Varian’s model
can be viewed as being boundedly rational-their reservation price is not derived optimally
from the equilibrium price distribution.

An alternative approach to understanding price dispersion is through models of optimal
search. Stahl (1989) considers a model that is similar to Varian (1980) except that all
the uninformed consumers search optimally given their (not too high) search cost. In
equilibrium, firms price according to a probability distribution function (much as in Varian);
the informed consumers (whom Stahl calls shoppers who have zero search cost) will pay
the lowest price, whereas the uninformed consumers will engage in optimal price search,
sampling sellers sequentially with an optimal reservation price. An important contribution
of the paper is to bridge the Bertrand equilibrium of marginal cost pricing and the Diamond
equilibrium of monopoly pricing (Diamond, 1971) in a unified model of optimal consumer
search: equilibrium prices monotonically increase in consumer search cost and converge to
marginal cost when search cost goes to zero, whereas the Diamond outcome obtains in the
limit when the portion of consumers with strictly positive search costs approaches 1.

While these two influential papers and the related literature have offered significant in-

sights on equilibrium price competition and dispersion,? the startling different behaviors of

!See also Rosenthal (1980) for a related original contribution.
?The literature on price dispersion that originates from Varian (1980) and Rosenthal (1980) has come

to be known as the clearinghouse approach, after the more general model of Baye and Morgan (2001), as



the uninformed consumers in the two models are perhaps best viewed as capturing different
aspects of the reality: although some consumers may conduct optimal sequential search,
who anticipate correctly the equilibrium price distribution and set an optimal reservation
price, there may also be other consumers who behave as the uninformed consumers in
Varian (1980), searching with a limited scope. It would be desirable to incorporate these
heterogeneous searchers in a unified and yet tractable model.

In this paper, we develop an equilibrium model of oligopolistic pricing in homogeneous-
product markets with heterogeneous searchers. Fach consumer demands at most one unit
of the product. As in Varian (1980) and Stahl (1989), some consumers are informed and
will purchase from the seller with the lowest price, while others are uninformed about mar-
ket prices. The uninformed consumers will search for price information: some of whom
are what we shall call global searchers, who search sequentially with recall (as in Stahl,
1989) following some optimal reservation price; whereas the others are what we shall call
local searchers who search only once. As in Varian, the local searchers can be viewed ei-

ther as optimizing agents having prohibitively high cost for searching beyond once,?

or as
boundedly rational (henceforth BR) searchers whose reservation price is not derived from
the equilibrivum price distribution and hence may not be optimal.* When all uninformed

consumers are local searchers, our model reduces to that of Varian (1980); when all unin-

formed consumers are global searchers, the model is the same as Stahl (1989).5 By varying

opposed to the approach of optimal (sequential) search with strategic firms that Stahl (1989) examplifies (see
Reinganum, 1979 for another original contribution. Search models with fixed sample sizes include Burdett
and Judd, 1983; and Janssen and Moraga-Gonzalez, 2004). Baye, Morgan, and Scholten (2006) provides an

excellent review of the literature.
$With this interpretation, our model is complementary to Stahl (1996), which considers search costs

that follow an absolutely continuous distribution. Our model serves to unify the two approaches of Varian
(1980) and Stahl (1989) in a tractable model and enables us to derive some sharper predictions that are not

available when the search costs are continuous.
4The local searchers can also be boundedly rationality due to their loyalty to a particular seller, as in

Rosenthal (1980). Our analysis remains valid with this alternative interpretation of the local searchers.
"Stahl (1989) considers a downward-sloping demand curve for each consumer. For convenience, we assume

unit demand, but our analysis can be extended to admit elastic demand.



the uninformed consumers between these two types and by allowing both interpretations
of the local searchers, our model combines the two approaches and provides a convenient
framework to study how heterogeneity among searchers affects equilibrium outcomes.

In equilibrium, there is price dispersion due to firms adopting mixed strategies, and
the nature of the equilibrium depends on how the local searchers’ reservation price differs
from a benchmark—the optimal reservation price by global searchers if there were no local
searchers. If local searchers’ reservation price exceeds the benchmark by a large amount, the
equilibrium is a mixture distribution, where firms randomize between a high-price distrib-
ution and a low-price distribution, placing zero probability on an interval of intermediate
prices. By adopting this clustered pricing strategy, firms swing between targeting the local
searchers and global searchers, and equilibrium prices are higher in this case than if there
were no local searchers. Another interesting feature of the equilibrium in this region of
parameter values is that, unlike in Stahl (1989), global searchers may indeed search more
than once and hence there is true equilibrium sequential search.

If local searchers’ reservation price departs from (either exceeding or falls short of) the
benchmark by a relatively small amount, the equilibrium has the feature familiar in the
literature, with an equilibrium price distribution that has positive density on the entire
support. Remarkably, the presence of local searchers will have no effect on equilibrium
outcomes when their reservation price exceeds the benchmark by a relatively small amount,
but will lower equililbrium prices if their reservation price is below the benchmark by any
small amount.

Our analysis also reveals some intriguing comparative statics. Unlike Stahl (1989), which
predicts that prices monotonically decrease as search costs become lower, in our model
prices can increase as the search cost for the global searchers decreases, holding other
parameters of the model constant. When the equilibrium involves a mixture distribution,
a lower search cost would lower the global searchers’ optimal reservation price, making it
less profitable for firms to target them. Consequently, firms increase the probability of
choosing high prices that target the local searchers, resulting in higher expected prices in

the market. Furthermore, as this search cost goes to zero, global searchers’ reservation



price will approach zero and they will effectively search all sellers; but equilibrium price
dispersion persists. In fact, in this case the equilibrium price distribution converges to that
of Varian (1980) with the mass of uninformed consumers equal to that of local searchers.
Our findings offer a simple explanation of the puzzling observations that prices for many
products do not seem to be lower on the Internet than in conventional markets and that
substantial price dispersion remains in the Internet market, although Internet appears to
have substantially lowered search cost.® We may consider the local searchers in our model
as those who have high search cost, because they lack the access to the low-cost search
technology made possible by the Internet (e.g., they may not have a computer or may not
have Internet access). Then, the low search cost to find prices through the Internet need
not reduce prices and reduce price dispersion.” In this sense, the “Digital Divide" not only
raises an equity issue, it also has important implications for market efficiency. Our model
thus complements other recent studies that offer alternative explanations (e.g., Baye and
Morgan, 2001; Baye and Morgan, 2004; and Ellison and Ellison, 2008).

We have formulated our model deliberately to allow for the interpretation of local searchers
both as fully-optimizing consumers with prohibitively high search cost or as BR consumers
whose reservation price departs from the optimum. This second interpretation is related to
a small but growing literature that models bounded rationality in the study of industrial
organization.® As in the literature, the BR consumers in our model can have either positive
or negative externalities on the rational consumers. However, in our model a relatively
small departure by some consumers from optimizing behavior either does not affect the
equilibrium or benefits all consumers, including the BR consumers themselves.

The rest of the paper is organized as follows. Section 2 presents our model. Sections 3

characterizes equilibrium price distribution. Section 4 analyzes comparative statics. Section

6See, for example, Baye and Morgan (2004), Baye, Morgan, and Scholten (2006), and Ellison and Ellison

(2005) for discussions of evidence.
"Similarly, if local searchers are boundedly rational, the low search cost on the Internet need not reduce

prices and price dispersion.
8See Armstrong and Chen (2009), Baye and Morgan (2004), Ellison (2005), Gabaix and Laibson (2006),

and Spiegler (2006) for examples of recent work, and Ellison (2006) for an insightful review of the literature.



5 discusses the implications of considering local searchers as BR consumers. Section 6

concludes. All formal proofs are relegated to an appendix.
2. THE MODEL

There are N > 2 firms, producing a homogeneous product with a constant marginal
cost that is normalized to zero. Firms simultaneously and independently set their prices.
As in the literature, we will consider only symmetric equilibrium and assume that each
firm randomly chooses a price from a probability distribution function: if the distribution
function reduces to a single point, then each firm chooses a pure strategy; otherwise the
firm adopts a mixed strategy.

The market has a unit mass of consumers, each demanding one unit of the product valued
at V. They make choices after firms set prices. Portion p € (0,1) of the consumers are
informed about all firms’ prices in the market,’ whereas portion 1 — u of the consumers
are (initially) uninformed about prices in the market. The informed consumers will always
buy from a seller with the lowest price, while the uninformed consumers will engage in
price search. As is commonly assumed in the literature, the first search has zero cost but
each additional search incurs a positive search cost. Portion A € [0, 1] of the uninformed
consumers are global searchers, who conduct optimal search sequentially with recall and
with search cost s > 0; portion 1 — X\ are local searchers who will only search one seller
and purchase if the price does not exceed their reservation price b. As in Varian (1980),
the local searchers can be viewed as optimal searchers with a sufficiently high search cost
whose reservation price is b = V, or as BR searchers who also have search cost s but have
chosen a resesrve price b that is not derived from the equilibrium price distribution. With
the second interpretation, we assume b € (by,, V], where b, > s is a parameter of the model

that will be defined later.! The global searchers are the same as the sequential searchers

9As Stahl (1989) suggests, these can be consumers who have zero search cost and even enjoy shopping

around.

10 A5 we shall see later, the restriction on b > b,, allows us to focus on situations where local searchers will

indeed search only once in equilibrium under reservation price b. We note that with reservation price b €



in Stahl (1989).

The key parameters of our model are b, u, A, and s, with V' being sufficiently high relative
to s. A (symmetric) equilibrium is a price distribution function ® (p) and a reservation price
r by the global searchers such that, given r, b, and other firms adopting ® (p) , it is optimal
for each firm to choose ® (p); and given ® (p), it is optimal for global searchers to search
sequentially with reservation price r.

By familiar arguments (e.g., Varian, 1980; and Stahl, 1989), the game has no pure-
strategy equilibrium, and the equilibrium price distribution ® (p) is atomless on its entire
support.

Denote the upper limit of the support for ® (p) by p. Then, p < max{b,r}, since a firm
will earn zero profit by pricing above max {b,r} . Also, p > min {b,r}, since if p < min {b, 7},
a firm would sell to the same number of consumers pricing higher at min {b,r} as pricing
at p. Furthermore, it cannot be true that min{b,r} < p < max{b,r}, because if it were
the case, a firm would sell to the same number of consumers pricing higher at max {b, 7} as

pricing at p. We thus have:

Lemma 1 In equilibrium, the upper limit of the support for ® (p) is either the local searchers’

reservation price b or the global searchers’ reservation price r.

Before proceeding to the analysis of our model, we discuss two of its special cases. If
A = 0, then our model reduces to that of Varian (1980), where all the uninformed consumers
purchase from a randomly selected seller if the price does not exceed their reserve price b.
The equilibrium price distribution in this case is
F'(p)=1- (1_“(1)—1 )> " with 1+2]\;fl)ub§p§b7 (1)
where the superscript v means that the distribution is the same as that in Varian (1980).

If A = 1, then our model reduces to that of Stahl (1989); the equilibrium price distribution

(bm, V], local searchers are not irrational, but are boundedly rational, since any b € (b, V] is rationalizable

under some market price distribution.



and reservation price by the global searchers are uniquely given by, respectively:
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provided that r, < V. All firms simultaneously choose prices according to c.d.f. G (p;ry),
and all uninformed consumers search sequentially with recall under the optimally chosen
reservation price ry, stopping search only when she has found a price p < ry or when she
has searched all sellers (and will purchase from the seller with the lowest price). Since

/ (rg —p)dG(p;ry) = / - G(p;rg)dp — 0 as ry — 0,

1—p . b
I+(N-1Dp 9 I+(N-1p 9

and the partial derivative of the left-hand side of (3) with respect to r, is

1+/g 4G pirg) (—p> dp>1—/g 7dG(p;rg)dp:0, (4)
1— dp Ty dp

TN’ H(llv_ifl)urg
rg < V is satisfied when s is small relative to V', which we assume throughout our analy-
sis.

Applying the implicit function theorem to (3), we have:

Ory Oryg

That is, if all uninformed consumers are global searchers, their optimal reservation price

decreases in the portion of informed consumers but increases in the search cost.
3. EQUILIBRIUM PRICE DISTRIBUTION

This section characterizes the equilibrium price distribution, which depends importantly
on how b differs from r,. We shall divide the possible values of b into three connected and
mutually exclusive regions: (i) b> 14 (il) 1% > b > rg; and (iii) 74 > b > by, where by,

is the lower bound on b that we will define later in equation (14).



The analysis for cases (i) and (ii), for which b > 74, is valid whether the local searchers
are rational consumers with high search cost or BR consumers who happen to set their
reservation price above r4. The introdution of the local searchers into the Stahl model
(i.e., the model with A = 1) in these cases introduces a reason why sellers might want to
deviate from the Stahl equilibrium and set a higher price (in an attempt to rip off these
local searchers). In case (i), 1 — A > 74/b, so there are relatively many local searchers.
Proposition 1 will show that sellers mix between setting high prices to take advantage of
the large fraction of local searchers and setting low prices to attract the global searchers.
In case (ii), 1 — A < r4/b, so there are relatively few local searchers, and there is thus a
small incentive to deviate to a high price. Proposition 2 will show, perhaps surprisingly,
that the presence of such local searchers will have no effect whatsoever—the equilibrium
distribution is exactly as in Stahl.

The analysis for case (iii), for which b < ry < V, will be relevant only if we interpret
the local searchers as BR consumers. The introduction of the local searchers into the Stahl
model in this case introduces a reason for the sellers to lower prices; a strictly positive mass
of prices offered in the Stahl model would be rejected by local searchers. As Proposition
3 will show, this leads sellers to set prices less than b, which is also less than the global
searchers’ reservation price. So global searchers act like local searchers and the equilibrium
becomes that of Varian (1980).

We now formally present our results, starting with the case when b exceeds ry by a large

. 1
amount: b > T=Tg-

Proposition 1 When b > ﬁrg, there exists a unique symmetric equilibrium, in which

each firm prices according to mized strategy

(1-a)F (pa) ifti <p<rs
F(p;a,ryp) = (1—a) ifre<p<tas (6)
l—a+aby(pa) ifta<p<b

and global searchers adopt reservation price ¢, where t1 < rp <ty <b,
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and a € (0,1) and 7y satisfy

1-N(1-pa-a)
=N —p)(I—a)FA(L—p) (1—aV)+ Nup(l—a)a¥ 1’

ry="b

(1-a) /Tf(rf —p)dFi(p; ) = s. (12)

t1
Each firm’s equilibrium profit is bW' Furthermore, vy > 14, and F (p;-) < G (p;-)
so that both the expected price and the expected minimum price in the market are higher
under F (p;-) than under G (p;-). Local searchers have lower expected surplus than global

searchers, and welfare of all consumers is lower when A < 1 than when A = 1.

The equilibrium, illustrated in Example 1, has several interesting features:

First, the equilibrium price distribution is a mixture distribution consisting of two sepa-
rate cumulative distribution functions, Fi(p;«) and F(p;«), playing them randomly with
respective probabilities 1 —« and «, and a gap exists between the upper limit of the support
for Iy and the lower limit of the support for F3. Both a and r; are functions of b and are
determined endogenously. In equilibrium, with probability «, each firm will price above
ry according to c.d.f. F, and in doing so it targets the local searchers (and can sell to
the other consumers only when the other firm has also priced above r¢). With probability
1 — a, each firm will price below r; according to c.d.f. Fi. Given the reservation price 7
of the global searchers, a firm is guaranteed to sell to at least % of them if pricing at ry,
the upper limit of the support for F;, whereas with a slight increase of the price above 7y it

will lose sales to all the global searchers if another firm prices at or below ¢, which occurs

10



with probability 1 — o/¥~1 > 0. Thus, the lower limit of support for Fy, which achieves
the same expected profit as b (the upper limit of the support for both F5 and F'), must be
discretely higher than r,: when raising its price above ry, a firm’s demand jumps down,
which must be exactly offset by a jump-up of the price so that the firm’s expected profit
remains the same. Consequently, an interval of prices (ry < p < t2) on the support of the
equilibrium distribution F' will be played with zero probability. This clustered equilibrium
price distribution is in sharp contrast to the unclustered price distribution in the literature.

Second, in equilibrium, since both firms will price above r; with a positive probability,
global searchers may search more than once before purchasing; so there is true equilibrium
sequential search. This is in contrast to Stahl (1989), where in equilibrium all searchers

only search once before purchase.

Example 1 Suppose that N =3, up = 0.5, A = 0.5, s = 0.5.Then ry = 1.26, and ﬁrg = 2.

53. Let b = 5. Figure 1 shows the density function of the equilibrium price distribution:

1.0T

08T

02T

0.0 = : ; + '

Figure 1

Third, the confinement to searching only one seller is costly to the local searchers, making

their expected surplus lower than that of the global searchers. This is true because local

11



searchers pay a higher expected price given the equilibrium price distribution, compared to
the global searchers who have a lower reservation price. Moreover, the existence of local
searchers is the reason that sellers set higher prices to begin with.

Finally, the presence of local searchers exerts a negative externality on the global searchers
and the informed consumers by raising the expected prices they will pay.

We next consider the case where b exceeds r4 by a relatively small amount.

Proposition 2 When 7y < b < ﬁrg, there exists a unique symmetric equilibrium, in
which firms set prices according to G(p,rq), and global searchers adopt reservation price
rg. Lach firm’s equilibrium profit is I_T“rg. In equilibrium, local searchers have the same
expected surplus as global searchers, and the presence of local searchers has no effect on the

equilibrium outcome.

Remarkably, when the local searchers’ reservation price exceeds r, by a relatively small
amount (which can be large if A is large), their presence has no effect on the equilib-
rium price distribution, which remains to be G (p,ry), same as if all searchers were global
searchers. Thus Stahl (1989)’s analysis is robust even in the presence of such local searchers.
Intuitively, although the local searchers’ reservation price exceeds that of the low-cost
searchers, since the difference is relatively small-either because b is close to r4 or because A
is large, firms’ price strategy is driven by the consideration of global searchers’ reservation
price. Consequently, the local searchers have the same expected search outcomes as global
searchers. Firm conduct and market performance are not affected by their presence. The
global searchers exert a positive externality on the local searchers: firms do not want to
lose sales to the global searchers by pricing above 4, which, given that r, < b, means that
having the reservation price at b is equivalent to setting it at r, in equilibrium. Example 2

below illustrates the equilibrium price distribution in Proposition 2.

Example 2 FEverything is the same as in Evample 1 except 1.26 < b < 2.53. Figure 2

12



shows the density function of the equilibrium price distribution:

Figure 2

Finally, we consider the case where b is lower than r,. For b < rg, let r, = ry, (b) satisfy

b
(rn = p)dE*(p) = s, (13)

1—p b
1—p+Np

where FY(p) is the distribution in Varian (1980) defined in (1). Given that r, exists uniquely,
it is straightforward to verify that rj exists uniquely for any given b > 0. The result below

establishes the unique existence of some b € (0,7g).

Lemma 2 For any given A < 1, if b < rg, thenb <rp <rg, 0 <1} (b) <1, and there exists

a unique b such that b = \ry, (I;) , with b > Ary, (b) if b > b and b < \ry, (b) if b < b.
The next result shows that if b € (by,,r4), where
by, = max {B, s} , (14)

then the equilibrium price distribution is exactly F (p), the Varian distribution.

13



Proposition 3 Suppose that r4 > b > by,,. Then, there exists a unique symmetric equilib-
rium outcome in which firms set prices according to F(p) given by (1), and each firm’s equi-
librium profit is bl_T“. An equilibrium reservation price of the global searchers is v, = rp, (b)
given by (13). In equilibrium, local searchers have the same expected surplus as global

searchers, and the presence of local searchers increases all consumers’ welfare.

Interestingly, when local searchers’ reservation price is below 7,4, global searchers choose
their optimal reservation price above the upper limit of the support for the equilibrium
price distribution. In other words, firms always price strictly below the global searchers’
reservation price. While the firms’ pricing strategy may seem counter-intuitive, it is easier
to understand once the presence of local searchers is taken into account. Since b < 7}, but
the difference is relatively small, a firm would want to lower its price to b or below in order
to sell to the local searchers—it would not be profitable for the firm to raise its price to
r. Consequently the equilibrium price distribution is determined by the reservation price
of the local searchers and is F? (p).'!

Although local searchers’ reservation price is below that of the global searchers’, all
searchers have the same expected search outcomes and expected payoffs. This is simi-
lar to the case when b exceeds 7y by a small amount. The difference is that here firms
change their pricing strategy in response to the reservation price of local searchers, and all

consumers are better off compared to the equilibrium where A = 1. So this is a case where

local searchers exert a positive externality on global searchers.
4. COMPARATIVE STATICS

Our analysis has shown how the nature of equilibrium changes with b: When b exceeds 7
by a relatively large amount, global searchers set reservation price ry > r, and firms adopt

clustered pricing. When b exceeds 7, by a small amount, global searchers set reservation

Y Other reservation prices by the global searchers can also support the unique symmetric equilibrium
outcome, such as a reservation price that is slightly below r,. The upper support of the price disstribution

will still be below such a reservation price and thus the same equilibrium outcome will prevail.

14



price r4 and firms price as if there were no local searchers. When b is lower than r, (but by
a limited amount), global searchers’ reservation price will be 7, < rg4, and firms will price
lower than if local searchers were not present.

We next discuss how other parameters of the model, s, p, and A, affect market outcomes.
Let r be global searchers’ equilibrium reservation price, p the expected market price, 7* the
equilibrium profit of each firm, w* each consumer’s welfare, and W* aggregate consumer

welfare. We first consider the effects of search cost s.

Corollary 1 Holding all else constant:
.\ dp .
(i) £ > 0ifb € [ry, ﬁrg).
14) There exist parameter values under which P 0ifb> 1 in particular, <0
ds ds

ey
b>1r_—g>\ and N = 2.

(i1 % < 0 for all consumers if b € [ry, 17;—9)\) but there exist parameter values under which
aw* ; L
a5 - 0 Zfb > ﬁ.

(iv) As s — 0, ™ does not converge to 0, and price dispersion persists.

When b exceeds r4 by a relatively small amount, the equilibrium price distribution is the
same as in Stahl (1989), and a decrease in search cost has the familiar effect on equilibrium
price and consumer welfare, lowering p and raising w*. It is surprising, however, that a
reduction in search cost can raise the expected price in the market and reduce aggregate
consumer welfare when b exceeds 74 by a large amount. To see the intuition behind this
result, recall that when b > 17"_—9)\, in equilibrium firms randomize between a set of high
prices targeting the local searchers and a set of low prices targeting the global searchers. As
s becomes lower, the global searchers lower their reservation price, reducing the expected

payoff from trying to sell to them. Firms thus find more profitable to target the local

searchers, placing a higher probability on the interval of high prices. Consequently, the

15



expected price in the market is higher.'?!3 This can lead to higher expected price for all
consumers, reducing aggregate consumer welfare.

Price dispersion persists in our model even as s vanishes, because there are local searchers
whose reservation price is b > 0, and b > 1% as s — 0 (ry — 0). In fact, as s — 0, the
equilibrium price distribution in our model converges to that in Varian (1980) with the
number of uninformed consumers becoming (1 — \) (1 — ) . The presence of local searchers
also means that a reduction in s may not lower equilibrium firm profit; and for given b > 0,
equilibrium profit remains positive as s vanishes.

Corollary 1 offers an explanation of the puzzling observation that the Internet, which has
substantially reduced search cost, has not significantly reduced prices and price dispersions
for many products (e.g., Baye and Morgan, 2004; Baye, Morgan, and Scholten, 2006; and
Ellison and Ellison, 2005). Our theory suggests that this can happen if there are local
searchers whose reservation price is above r4. These may be consumers who lack the access
to the new search technology made available by the Internet and hence their search cost
remains high. Thus even as other consumers who search on the Internet have dramatically
reduced their search cost, equilibrium price dispersion remains. In this sense, the so-called
"Digital Divide" is not only an equity issue but also has important implications for market
efficiency.

Next, we consider the effects of changes in the portion of global searchers (A) among

uninformed consumers. Recall that the equilibrium price distribution is denoted by @ (-),

"2 This result is related to the finding in Stahl (1989) that equilibrium prices are higher with more sellers.
There, as the number of sellers increases, the incentive to attract more informed buyers decrease (since
the probability of being the lowest-priced seller goes down). This increases sellers’ incentive to target less

informed buyers, increasing prices.
3In an interesting recent paper, Bar-Isaac, Caruana, and Cufat (2009) identifies a different channel

through which a lower search cost can increase prices. There, a reduction in search cost can lead to a change

in product design that softens price competition, which in turn raises prices.
H8ince the global searchers benefit from the lower search cost, our numerical examples show that they are

better off from the lower search cost, despite the higher expected price. The local searchers and the informed
consumers are worse off due to the higher prices. Numerical examples show that the higher expected prices

sometimes result in lower aggregate consumer welfare.
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and the equilibrium price distributions in Varian (1980) and in Stahl (1989) are denoted by
Fv(:) and G (-), respectively.

Corollary 2 (i) An increase in A lowers p and 7, and benefits all consumers when the

higher A moves the parameter region from b > {_—9)\ to lr_—g)\ > b > ry; and a marginal increase

in X has no effect on market outcomes if by, < b < 17;9)\. (i) ® (p) — F? (p;b) if A — 0; and
®(p) = G(-)if N\ — 1.

As one would expect, an increase in the number of global searchers tends to reduce market

prices and benefit consumers. This happens when b > % and an increase in A changes

the nature of the equilibrium price distribution. Numerical analysis suggests that this is

Tg

also the case for a marginal increase in A when b > %,

although we have not been able to

show this analytically. However, it is also possible that a higher A\ does not lower prices, as

Tg
-\

in the case when b <
To the extent that the portion of local searchers (e.g., consumers who have no access to
computers or the Internet) may decrease over time, or A may increase over time, our result
suggests that as time passes, prices on the Internet might become less dispersed and become
closer to marginal cost.
Next, changes in the portion of informed consumers (u) have expected effects, as in the

following:
Corollary 3 (i) % <0, and (i) p— 0 and 7™ — 0 as p — 1.

Thus, more informed consumers result in lower equilibrium profits. As all consumers
approach to being fully informed, prices approach marginal cost and firm profits approach
Zero.

Finally, we can find out the limiting distribution when N goes to infinite.

Corollary 4 As N — oo, ®(p) — §(b), the degenerate probability distribution with unit

mass at b.

Therefore, as N grows large, in the limit the equilibrium price distribution collapses to

the local searchers’ reservation price, consistent with the findings of Varian (1980) and
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Stahl (1989). Intuitively, as N — oo, the price distribution G (-) will concentrate at the
reservation price r, because the probability of being the firm with lowest price diminishes to
zero. The concentration of prices increases the reservation price as search benefit decreases,
which in turn increases the incentive for firms to set higher prices. As a result, r, converges
to V and hence b < 4. Therefore, as N — oo, ®(p) = G(p) — 6(V) if b = V, and
O (p)=F"(p) —do(b)ifb< V.

5. DISCUSSIONS

Like the uninformed consumers in Varian (1980), the local searchers in our model have
two alternative interpretations. We now discuss the implications of our result, focusing
on the interpretation that the local searchers are boundedly rational—they have the same
search cost s as the global searchers but their reservation price is not derived from optimal
sequential search. This connects our analysis closely to a small but growing literature that
considers bounded rationality in the study of industrial organization. Our formal results in
Sections 3 and 4 are all valid under this interpretation for all b € (b, V]. From Propositions

2 and 3, we have:

Corollary 5 Suppose that the local searchers are boundedly rational in choosing their reser-

vation price b. If the degree of departures from optimal search is relatively small in the

market (in the sense that 1r_g>\ >b> l;), then the BR searchers will have the same expected
payoffs as rational searchers, and the equilibrium outcome for all consumers is either the

same as or is better than that when all consumers are fully rational.

Our finding is in contrast to the result in many other models that BR consumers are
always harmed by their non-optimizing behavior in equilibrium (e.g., Armstrong and Chen,
2009; Gabaix and Laibson. 2006; and Spiegler, 2006). Unlike in these models, in our model
a small degree of non-optimizing behavior by some consumers is harmless and can benefit
all consumers. Thus, BR searchers can have a positive externality on rational searchers and

informed consumers.
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1-X

However, if b > so that the departure from optimal search is relatively large, non-
optimizing search behavior is costly to the BR searchers, reducing their welfare below that
of the rational searchers. Furthermore, the presence of BR searchers now exerts a negative

externality on rational searchers and informed consumers by encouraging firms to raise

prices. We thus have:

Corollary 6 If b > 1’}/\ so that the degree of departures from optimal search is relatively

large in the market, then the BR searchers will have lower expected surplus than rational

searchers, and their presence makes all consumers worse off.

We have confined our analysis to the three cases of b > lr_g)\, lr_g)\ >b>rg,andryg > b > b.
If b < b, it can be shown that in equilibrium BR searchers may search multiple sellers. Since
our purpose is to develop a model that bridges Varian (1980) and Stahl (1989), with the
local searchers being the uninformed consumers who search only once, we have confined our

analysis to situations where b > l;, so that the BR consumers indeed search only once in

equilibrium, as in Varian (1980).!5
6. CONCLUSION

We have developed a simple search model that unifies two different approaches of studying
homogeneous-product markets with imperfect consumer information. Our analysis suggests
that including the two types of searchers from Varian (1980) and Stahl (1989) in a single
model yields interesting new insights about oligopolistic pricing. Most strikingly, equilib-
rium prices may follow a mixture distribution, with clusters of high and low prices separated
by a zero-density gap in the middle; and a reduction in search cost sometimes leads to higher

market prices. Under a boundedly rational interpretation for the local searchers, a small

151 b < l;, the following can be shown: If b < b by a medium amount, there is an equilibrium with the
feature that firms randomize between a high-price distribution and a low-price distribution, but this time
the low prices target the BR searchers, whose presence benefits other consumers. If b is small enough, the
equilibrium is the same as that in Stahl with the number of informed consumers including the BR searchers,

who will search all sellers and become informed in equilibrium.
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degree of bounded rationality in the market either has no effect on equilibrium outcomes
or benefits all consumers while reducing firm profits.

While our mixture-distribution equilibrium contrasts with the standard result in the liter-
ature (e.g., Varian, 1980; Stahl, 1989) that the equilibrium price distribution is gapless, the
existence of such an equilibrium requires certain conditions. In our specific model, we have
identified plausible conditions under which the equilibrium price distribution does or does
not have a gap. More generally, our analysis suggests that the nature of price distribution
will be sensitive to the specifications of consumer search costs or search behavior, as well
as to other market conditions.'¢

For future research, it would be interesting to extend our model to study markets with
horizontal product differentiation. It would also be interesting to study how firms might
separate the local searchers from the global searchers in order to engage in price discrimina-
tion. Another direction for future research is to extend our model to settings where there is
information imperfection in multiple dimensions, such as in both price and product quality.
It would also be interesting to explore alterntive models of bounded rationality in a search

equilibrium context. Moreover, it would be desirable to investigate empirically the nature

of price dispersions, particularly whether/when prices follow mixture distributioins.
APPENDIX

Proof of Proposition 1.

Step 1. We verify that F(p;-) is a c.d.f. Since Fi(ry;-) = 1, Fa(te;-) = 0, Fi(p;-)
and F5(p;-) increase in p, it follows that F(p;-) is continuous and weakly increases in p.
Furthermore, F(t1;-) = (1 — a)Fi(t1;-) =0, and F(b;-) =1 — a + aF5(b;-) = 1. Therefore
F(p;-) is a continuous c.d.f.

Step 2. We show that each firm is optimizing following F(p;-), given that other firms

When the number of firms is large, our mixture-distribution equilibrium can be alternatively interpreted
as an asymmetric equilibrium where « portion of the firms price higher according to Fh whereas 1 — «
portion of the firms price lower according to Fi. This suggests that high-price stores and low-price stores

might coexist persistently, with price dispersion among each type of stores.
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choose prices according to F', local searchers’ reservation price is b, and global searchers’
reservation price is ry. The expected profit when a firm chooses price p is:

(i) Iftl <p< TF,

N P 141
N-1
N -1 —1—4 i %
sy (Ve - ) - )
i=0
L=NA=p Al—p)(1-a") N-1
= 1-— 1— Fi(p,-
p[ N ey e (=) (1= A ) |
because the firm sells to w of local searchers with probability 1, to ’\(itlu ) of

global searchers when i other firms also price below 7y (which occurs with probability

(N ;l)aN —1-i(1 — a)"), and also to all informed consumers (p) when its price is lowest

(which occurs with probability [a 4 (1 —a) (1 — Fi(p,-))]¥ ). The equality above then
follows from operations of combinations.

(i) If o <p <b,

1-N{1—p _ _
wmp T i) e - B, )
because the firm sells to % of local searchers with probability 1 and to all global

searchers and informed consumers with probability oV =1(1 — Fy(p,-))N~! (when p is the

lowest price).

) (1— A1—p)(1—aV _
(ii) pr:?“faﬁzrf((l Aﬁél w4 X J\Z)l(—a) )+MaN h).

: 1-X)(1—
(iv)Ifp=b, 7= b%.

Equal profits from (i) and (iii) yield

Fl (p7 a, Tf)
1
—)(1—alN ., N1
1- [aN—l + <(1§$‘/}“) L Aiet) | aN—l) (% - 1)]
_ ;o (15)
l-a

which, after substituting r; from (11), yields equation (7), where ¢; is given by equation

(9). Equal profits from (ii) and (iv) yield equation (8), where t5 is given by equation (10).
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And equal profits from (iii) and (iv) yield the expression for rf, equation (11). Note that
t1 <71y <ty < b Therefore, the firm is optimizing choosing prices p € [t1,b] according
to F' (p;-) . Moreover, global searchers will search optimally, which gives equation (12), and
the assumption that b < ﬁV ensures that ry < V.

Step 3. We show the existence of « € (0,1). Substituting rf, t1, and F; as functions of

a and b into the left-hand side of equation (12), which can then be denoted as

r¢(asb)
I'(a;0)=(1-— a)/ Fi(p; o, 7 (a; ) )dp. (16)
t1(a;d)
I" is a continuous function of «, for any given b (and given all other parameter values).

Thus, the proposed pricing strategy F' and the search strategy ry constitute an equilibrium

if there exists some « € (0, 1) that solves I' (a; b) = s. Since

ors (asb) 1-N(1-w(-a) .
b 1-NA1-p(l-a)+ X1 -—p)(1—-aN)+ Nu(l—-a)alN-1
and for p € [t1,ry]
OF(p;e) _ OFi(p;a) <_p> . _O”p; a), (17)
Ory Op T Op
we have
ol (a;b) Ory (a;b) /Tf(o‘;b) OF(p; o) Ory (o b)
T A S SRl A o P
ry (a;0) / 1) §Fy (p; o)
= 1l—-a) ———= 1+ ————=dp
( ) 8b tl(a;b) 8rf
ry (a;0) / 1) §Fy (p; o)
> 1l—a)————= |1 — ———~dp| =0.
( ) ob [ t1(csb) op 7

If « = 0, we would have b = ﬁrg from equations (11), (7), and (3). Thus, for b > 17,
I'(a;b) > sif a=0,and I' (o;b) = 0 < s if @ = 1. Hence for any b € (ﬁrg, <1+ ﬁ) V],
there exists some « € (0, 1) that solves I' (a; b) = s.

Step 4. We establish equilibrium uniqueness. It is straightforward to verify that F' is the
only possible symmetric equilibrium price strategy of the game given any . The uniqueness

of the equilibrium is then established if, for any given b, a (b) uniquely solves T' (a;b) = s,
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which would be true if « (b) is monotonically increasing in b. Rewriting

1
l—«

F = [1—Aﬁ],

where from (15)

A aN—1+<aN—1+(1—M)(1—>\)+(1_N))‘(1_0‘N)> <77_ >>0’

Nu Nup(l—a)
we have % > 0 and

R 1 11 L, 0A

1
= — = |1—-AN-1I| — - An—T I
O« (1—a)2[ } l—aN-1 O«

. F1 1 1 1—(1—0&)F1%

- (1-a) 1—-aN-1 A da’
Thus

8F1 1 1—(1—&)F18A
Therefore
Il (a; b)

Oa

7 ¢ (a;b)
= —/tl Fi(p;a,ry (a;b))dp + (1 — o) [ e

(a;b) 8 an 804

(a;b)

1(a;b)
< 0,

a;b)

because w < 0 from (11), 1 + f:{iabb gf;dp > 0 from (17), and (1 — «)

Fi(p;a,ry (a;b)) <0 from (18). It follows that

o' (a;b
da(b) _ "GP
db aFéa;b) '

Step 5. We show 7y > r, by proving the two claims below

Claim 1. 7y must be monotonic in b.

0 :b ri(eb) ro9F OF O
i ( )+/ < OF, | OF Ory
t1

Ory

0F1

o

)

’r‘f(OGb) 8F]_ 87‘f (a’b) T (Oé b) 8F]_
= /t [(1 —Oé)aia —F1(p,a rf (a b))] dp—i—(l—a)T 1_|_/t1(

|
)

(19)

Suppose to the contrary that r; is non-monotonic in b. By the continuity of 7y in b, there

will be some b # b associated with some common 7 ¢. Suppose b > b. Then o > @& from (19)
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and t; > t; from (9) and (11). Thus, using (15) for I,

s = (1-a) /t”m(p;a,rf(b))dp

(o (e 20 ) (2

‘ =

]
—
N——
2
i

‘ =

3 /:Tf 1__6/\,1+((I—A)(l—u)_i_)\(l—ﬂ)(lj&]v)+dN1) <rf_

=3

~_
b4
L

a contradiction.
Claim 2. 7y cannot be decreasing in b for all b > ﬁrg.

Suppose to the contrary that r; monotonically decreases in b. Then ry < 7, when

(1—aN) — ZN—l a

11—« n=0

1-MNA-p(d-a)

1 .
b > 1= ry. But, since

o A S ) F A=) (=) + Na(l=a)al
. (12 (-
TNt A0 w2 fam t Npad 1
(1-=XN)(1—p)

> (1—)\)(1—M)+)\(1—M)N+NM>Tgy

when b > b = (1_>‘)(1(_1“_):\~_)>(‘§1_;‘)‘)N+N”rg, a contradiction.

Together, Claim 1 and Claim 2 imply that ry monotonically increases in b, and hence
ry > rg for b > ﬁrg.

Finally, F5 < Fi, and F; < G because

N-1 (1=N-p) | A=m(-a¥) N1 (s

1

B

o P
G-F = -
! 1—a+ 1—«
1
1—w,r N-1
JETRY
w o p
1 _1 1 _1
— r —1 — -1
> - o - N—l_|_ 14 7f_ _ 7/1’(7;9_ )
l-a 1-a« Np \p Nup “p
1 1
1—p (Tf N-1 1—p rg N1
1 o =G mG )
> -2 (N FT 4 LEEAT . >0

24



Thus F first-order stochastically dominates G. It follows that the distribution of the min-
imum prices under F(-),1— [1 — F(-)], also first-order stochastically dominates the dis-
tribution of minimum prices under G (-), 1 — [1L — G (-)] . Therefore, both the expected
price and the expected minimum price are higher under F' than under G, and all consumers
are worse off compared to the situation where A = 1. Local searches have lower surplus

than global searchers, since with positive probability they have different search outcomes.

Q.E.D.

Proof of Proposition 2. Given G(p;7), the global searchers are searching optimally with
reservation price r4. To show that the proposed is an equilibrium, we thus only need to show
that, given b and r,4, and given other firms choose G(p;ry), each firm is optimizing choosing

any p € [H(lj\?ifl)urm rg] . For any such price, the firm’s expected profit is

1—p

pT +pp (1 — G(p; Tg))N_l
1—p I—p ryg 1—p
PN PR TN, (p )=—N T

Then, the most profitable deviation is p = b, because any p > b would lead to zero profit
and any p € (rg,b) would result in the same amount of sales as p = b but at a lower price.

However, profit at p = b is

A-NA-p), Q=NA-p 1~ 1-p
N - N 1-\7 N

Tg-

Therefore the firm is maximizing its profit by choosing its price from G(p;ry), and each

1—p
N Tg

firm’s equilibrium profit is

Furthermore, from familiar arguments there can be no other equilibrium price distribu-
tion. The uniqueness of 7, then implies that there can be no other symmetric equilibrium.
Since b > ry, local searchers always have the same search outcomes as global searchers;
and since the equilibrium distribution is identical to that when A = 1, the presence of local
searchers has no effect on the equilibrium outcome. Q.FE.D.

Proof of Lemma 2. From (13) and (3), we have

Tg

b .
me [, wF O == [ pdGlry) =,
TN TN’
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and thus r, < rq since G(p;rg) < FY(p) for b < r4. Also, for b < rg, if r, < b, we would

have

b b
s= [ e [ o-paro)
P -

1—p+Np 1—p+Np

< (rg —p)dF’(p) = s,

where the last inequality follows from (4). This is a contradiction. Therefore, if b < r,
b<ry<ry.

Rewriting (13) as

-0+ [, Fd=s
1 ;L-&-N;Lb
we have
df 1- (p)dp
0 < r}l(b)zl IMNZib
b b
dF"(p dF?(p P

= [ e[ TR ()
17;1,+N;4b 1*N+Nﬂb p

B /b dF"(p) (g) iy < /b dFv(p)dp _1

1 71;;;3\1# b dp b 1 71;;%\’# b dp

From 0 < 7}, (b) < 1, together from b > Arj, if b — 74 and b < Arp, if b — 0, there is some
b € (0,r,) that uniquely solves b = Ary, (5) , with b > Arp, (b) if b > b and b < Ary, (b) if
b<b. Q.E.D.

Proof of Proposition 3. First, F'Y(p) is a continuous c.d.f.. Given that all other firms

follow the strategy FV(p) and given r and b, if a firm charges any p € [1 “JrNub b]

expected profit is

L—p N-1_ o l—p
— 1—H(p;b =b——.
p—— e (p; b)] N
Furthermore, if it prices below kifﬁvub or above rp, its expected profit would be lower
than bigt ~; and if it prices between b and 7y, since Ary, < b for b > by, its expected profit
would be
A1 —p) AI—=p)  bA(1—p) 1—p
< — =b
P =N AN N

N
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Thus each firm is optimizing by choosing mixed strategy F"(p).

Next, expecting price distribution F(p), it is optimal for global searchers to search with
reservation price r,. Therefore the proposed pricing and search strategies indeed constitute
an equilibrium, with 7* = ka“, and there is no other symmetric equilibrium outcome.
Since b < 1y, bl_T“ < rgl_T“, and thus firm profit is lower than when A\ = 1. Given firms’
equilibrium pricing strategy, local consumers have the same search outcome as the global
searchers, and thus have the same expected surplus in equilibrium.

Finally, since G(p;ry) < F"(p) with b < ry, the expected price is lower under F"(p).
Moreover, since the distributions of the minimum price in the market are 1 —[1 — G(p; rg)]N
and 1 — [1 — F¥(p)]", respectively, which preserves the stochastic ordering, the expected

lowest price is also lower under FV(p). Thus all consumers are better off due to the presence

of the local searchers. Q.E.D.

Proof of Corollary 1. (i) If b € [ry, 1157y), a marginal reduction in s reduces r from (5)
and hence increases G (p;-) from (2), lowering p.

(ii) It suffices to show that % < 0if b > tLry and N = 2. From Proposition 1, when
N =2:

p = EplF]=(1-a)EplF]+aFp|F)]

a2y (=N b
B TU R PR <m4u+xu—n»“ w)

LSO (=)
21 (1+aX) (1 —p)+2ap
(1—=X)(1—p) bln(1+a)\—)\(1—a))(1—u)+2a,u.

T2 A —p) =N (- p)
Thus
dp _ bA(L—a)® (1= N) (1= > (A (L = ) +20) »
do~ [(1=N) (1= g+ 20m) + 20N [+ + ar (1 — w)] [(1 — i) (1 + aX) + 2a]

(20)
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From (12) and (10),

s = (1-a)(ry-EplA]) =(1-a) <Tf S agzl(l—of)t)pf Qaurf Hz>

L)1 -N (0w _b(l—A)(l—u>m< (1+0M)(1—u)+2u>
(14 aX) (1 —p)+2ap 24 (1+aX)(1—p) +2au)"

Thus
da (14 g+ ar (1 — )] (1 — aX — 20 + adp — 1) '

Therefore, from (20), (21), and the fact that there is one-to-one match between s and «

from the proof of Proposition 1, we have % < 0 and
dp  dp da
=t
(iii) A marginal reduction in s increases welfare for all consumers if b € [ry, ﬁrg), since
it lowers both p and the expected minimum price in the market; but it can reduce W* if
b> ﬁrg. For example, if N =2, A=0.5, u=0.5,V =6, b =5, we have W* = 4.7364 if
s = 0.8 while W* = 4.7286 if s = 0.4.
(iv) As s = 0, 7y — 0 and hence b > ﬁrg for any given b > 0. Thus, the equilibrium
price distribution will be F' (p.-) as s — 0. Moreover, from (12), ?)—? < 0,and o — 1 as
s — 0. Thus, as s — 0, F (p.-) — F5(p.-), which is a non-degenerate c.d.f. , and each firm’s

equilibrium profit is Wb >0. Q.E.D.

Proof of Corollary 2. (i) First, suppose initially b > ﬁrg and the equilibrium price
distribution is F' (p;-). A higher A can move the parameter region to ﬁrg > b > rg,
changing the equilibrium price distribution to G (p;-) > F (p;-), resulting in lower p and 7*
while benefiting all consumers (who may also save on search costs in equilibrium). Second,
if by, < b < %, then the equilibrium price distribution is either G (-) or F*(-), which is
independent of .
(i))As A — 0, b > 137 if b > ry, and from Proposition 1
1— b N-T
o) = F) 1~ |0 -0 ).

On the other hand, as A — 1, we have b < 17;—9)\, firms will ignore the local searchers and

®()—G(-). QE.D.
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Proof of Corollary 3. (i) for n*, we have three possible cases. If 7* = Wb or
T = Wl), then obviously % < 0. If m* = I_T“rg, then since %‘j < 0 from (5), we

also have % < 0. (ii) as p — 1, the equilibrium price distribution converges to 0 (marginal

cost), and hence p — 0 and 7* — 0. Q.E.D.

Proof of Corollary 4. First, we show that, as N — oo, r; — V. The proof is similar
to the proof of Proposition 4 in Stahl (1989). Note that, for p <7, <V, (%9 - 1) (%)
is bounded away from zero. Thus, as N — oo, from (2), G (-) — 0. That is, as N — oo,
G (-) concentrates at its upper bound. It follows that, as N — oo, for any € > 0, we can

always find some p’ arbitrarily close to r, such that G (p') < e. Suppose ¢ is such that

p' =rg—s+€V. Then, as N — oo,

/

Tg Tg P
/ . Glprgdp = / G (p; Tg)dp+/ . Glprg)dp
TFNEDR"S v THN-DR"
1—p
< (rg—p’)—i-eV:s,

which implies that the benefit from search is smaller than s. Therefore, as N — oo,
reservation price 7, must approach to V.

Next, Since b < V by assumption, we must have b < r, as N — oo. If b = V| as
N — 00, ®(p) =G() = 0(V). If b< V,as N — 00, b < ry and ®(p) = F"(p). But
for p < b, (;% — 1) (177“) is bounded away from zero. Thus, as N — oo, from (77),

F¥(p) — 0. Therefore, if b <V, ® (p) = F¥(p) — § (b) as N — oo. Therefore ® (p) — 0 (b)
as N — 00.Q.E.D.
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