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A NEW APPROACH TO STOCHASTIC OPTIMIZATION:

THE INVESTMENT-CONSUMPTION MODEL

ABSTRACT. We derive general explicit solutions to the investment-
consumption model without the restrictive assumption of HARA or exponen-
tial utility function and without reliance on the existing duality or variational

methods.



1 Introduction

Diffusion models have been used extensively in the economic and financial
literature. The contemporary literature usually adopts incomplete market
framework. The usual assumption is that the parameters of the model de-
pend on a random external economic factor (stochastic volatility models).
Some of these studies applied these models to the problem of optimal in-
vestment. Examples include Musiela and Zariphopoulou (2007), Focardi
and Fabozzi (2004), Pham (2002) and Liu (1999). Castaneda-Leyva and
Hernandez-Hernandez (2006) considered a consumption-investment model;
while Fleming (2004) examined a consumption-production model.

The previous studies in this area have two common features. First, to
provide solutions they relied on the duality approach and/or variational tech-
niques. Second, they adopted the assumption of exponential or HARA utility
function (especially a logarithmic utility function) in order to obtain explicit
solutions. Clearly, this is a fairly restrictive assumption and sometimes un-
realistic.

Consequently, in this paper, we relax the HARA or exponential utility as-

sumption. In so doing, we obtain explicit solutions to the random-coefficient



portfolio and consumption model without placing any restrictions on the
functional form of the utility. Moreover, we do not rely on the two existing
approaches (duality and variational methods). That is, we present a new
method of obtaining general explicit solutions to the optimization problem

in incomplete markets.

2 The model

We use a two-dimensional standard Brownian motion {Wis, Was, Fs}ic o
based on the probability space (€2, s, P), where {F,},_ ., is the augmen-
tation of filtration. Similar to previous models, we consider a risky asset, a

risk-free asset and a random external economic factor. The risk-free asset

T
r(Ys)ds
price process is given by Sy = etf , where r (Y;) € C? (R) is the rate of

return and Y, is the economic factor.
The dynamics of the risky asset price are given by

dSs = Sy {p (Ys) ds + o (Yy) AWy}, (1)

where 1 (Y;) and o (Y;) are the rate of return and the volatility, respectively.



The economic factor process is given by

d}/s =g (YTS) ds + dels + v 1- deW257 Y, = Y, (2)

where |p| < 1 is the correlation factor between the two Brownian motions
and g (Y;) € C* (R) with a bounded derivative.

The wealth process is given by

T T
X5¢ =g+ / [r (V) X7 4 (1 (V) — v (V) s — 5} ds + / roo (Y,) dWa,,
t

t 3)

where x is the initial wealth, {7, F}, .., is the portfolio process and

T T

{¢s, Fs}icyer 1s the consumption process, with [72ds < 0o , [¢,ds < o0
T t t

and ¢ > 0. The trading strategy (ms,cs) € A(z,y) is admissible (that is,

X™¢ > (). We define 0 (Y;) = o~ (Ys) (1 (Ys) — 7 (Y3)) .

The investor’s objective is to maximize the expected utility of the terminal

wealth and consumption

e

V(t, 2,0 (y)) = SupE |U' (X}°) + /U2 (cs)ds | Fy| s (4)



where V' (.) is the indirect utility function, U (.) is continuous, bounded and

strictly concave utility function.

3 The solutions

We can rewrite (4) as (and suppressing the notations)

— T T
Ul g;+/{rX”+(,u—r)7r—ac+b}ds+/7de81
V ()=SupFE ¢ T '
’ +/U2(c)ds\ft

L t _

()

where a is a shift parameter with initial value equals one, b is a shift parameter
with initial value equals zero (see Alghalith (2008)). Differentiating both

sides of (5) with respect to p and b, respectively, we obtain

Va() =T =t)mE[U"() | F], (6)

V() =T -t E[U"()|A], (7)



where the subscripts denote partial derivatives; thus

A
Vi)

*
Ty

where * denotes the optimal value. Similarly,

Vo=—(T =) GE U ()| A, 9)
and hence
L Va()
“TT0 1o

Consider the following nth-order exact Taylor expansion of V' (.)

= nion2 N3 jn4g
V (z,0,a,b) V—i—VIa:—i—VgH—i—Vaa—l—Vbb—i—...Jrn! 90 Do b"4x 0™a"3b"™.

ni,n2,n3,n4
(11)

Differentiating (11) with respect to u, @ and b (around b = 0 and a = 1),

respectively, we obtain

1 v
S —1 _ n1 TL271
Vi =0 W) Vot oot D om0 (12)

n1,n2




1 % 1 s
Va(l)=Vat ...+ Enlzm T rye (13)
1 oV -
% () - % +o Tt ﬁ T;z axnlaenzaangabm;x 0. (14)

All the derivatives in the r.h.s. of (12) — (14) are constant and therefore for

a constant o we have

Vo()=0c"(y) [ ao+...+ Z At A I (15)
ni,ne
Va () = 1 +...+ Z anl,ngxn19n27 (16)
ni,n2
‘/b () =qQg + ... + Z Oénl,nzl’nlerm. (17)
ni,n2

Consequently, using (8) and (10), we obtain

no—1

Qo +. Tt Zn n Oénl’n2l’n19 (y)
1,n2 — (18)

ag + ...+ me Oy np ™6 ()

m=0"(y

ap+ ...+ Zm,nz anl,mxnle <y)n2
Qg+ ...+ Znan anl’mx"lg (y)nz ‘
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