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A NEW STOPPING TIME AND AMERICAN OPTION
MODEL: A SOLUTION TO THE FREE-BOUNDARY

PROBLEM

ABSTRACT: We present a new model of stopping times and American

options. In so doing, we solve the free-boundary problem.



1 Introduction

The existing theoretical and empirical literature on American options and
stopping times is usually based on conventional partial differential equations
with inequalities. Examples include Musiela and Zariphopolou (2007), Ben-
sossan (1984), Focardi and Fabozzi (2004) and Cvitanic and Zapatero (2004),
among many others. Consequently, the conventional models of American
options result in a cumbersome free-boundary problem, which is impossible
to solve without numerical methods. Even with numerical methods, it is
generally very difficult to obtain a solution. Therefore, the theoretical and
empirical pricing of American options is an unresolved problem and consti-
tutes a major gap in the literature. Thus a new approach to stopping times
and American options is needed.

In this paper, we introduce a new model of stopping times and American
options, which will not yield a free-boundary problem. Moreover, we show
how the optimal stopping time can be determined. In addition, we present
two versions of option pricing: risk neutral pricing and non-risk-neutral pric-

ing. This new model simplifies the pricing of American options.



2  Risk neutral pricing

As usual the stock price dynamics can be expressed as

dS, = Sy (rudu + o (Sy,) dW1,) , (1)

where S, is the price of stock, r, is the risk-free rate of return, o is the stock
price volatility, Wy, is a standard Brownian motion defined on the usual
probability space {2, F,P}. Since the stopping time depends on the asset

price, the dynamics of the random stopping time 7 are given by

dr = adu + pdWy,, + /1 — p2dWy,, 74 = v, (2)

where W5, is a standard Brownian motion and p is the correlation factor
between the Brownian motion driving the price and the Brownian motion

driving the stopping time. Thus 7 can be expressed as

T

T:7_'—|—/6udW2u,

t

where 7 is the expected (deterministic) stopping time and ¢ is its volatility.

The option writer maximizes the expected (discounted) payoff g with



respect to expected stopping time. That is, the writer chooses 7* (which

maximizes F; [¢g (7)] ) and sets the option price A; equal to E; [g (7%)]

T
— [ rudu

At s,y) = SupE e+ g(Su,7) Ift]; (3)

where ¢ (.) is bounded and differentiable,0 <t < T, 7 € [t,T],s = S;.

The option price satisfies the HJB PDE

1 1
Ay + sriAs + iAyy + Sup (TAy + spo (T,y) Asy + 53202 (7,v) Ass) =0,

A(T,s) =g (s), (4)

since 7* maximizes E; [g (.)]. To solve for the optimal stopping time 7*, we

simply differentiate the HJB with respect to 7 and obtain
Ay + {spAsy + s°0 (7*,y) Ass } 07 (F*,y) = 0. (5)

Solving this PDE is as easy as solving the classical Black-Scholes equation.



3 Pricing without risk neutrality

Under risk aversion or risk loving, the writer’s objective function is

V(t,s,y) = SupE

U (e[mdug (SU,T)> |ft] ; (6)

where U is a bounded and differentiable utility function. The value function

satisfies the HJB PDE

1 1
Vi + sr Vy + §Vyy + S?_Lp (?Vy + spo (T,y) Vey + 55202 (7,v) Vss) =0,

V(T,s)=g(s). (7)

As before the solution yields

Vy + {8pVey + s°0 (7*,y) Vis } 07 (7*,y) = 0. (8)

Once 7* is determined, E; [g (77)] will be known and thus A; will be known,

since by construction A; = E; [g (7*)]. In contrast to the utility based indif-



ference pricing, the solution does not yield a free-boundary problem.



References

1]

Bensoussan, A. (1984). “On the theory of option pricing.” Acta Appl.

Math., 2, pp 139-158.

Cvitanic, J. and Zapatero, F. (2004). Introduction to the economics and

mathematics of financial markets, MIT Press, Cambridge, MA.

Focardi, F. and F. Fabozzi (2004). “ The Mathematics of Financial Mod-

eling and Investment Management. ” Wiley E-Series.

Musiela, M. and T. Zariphopoulou (2007). “Investment and valuation
under backward and forward dynamic exponential utilities in a stochastic
factor model.” in Advances in Mathematical Finance, Birkhauser, Boston,

pp 303-334.



