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Non-Zero-Sum Stochastic Games

ANDRZEJ S. NOWAK* and KRZYSZTOF SZAJOWSKI*

Abstract

Abstract. This paper treats stochastic games. A nonzero-sum aver-
age payoff stochastic games with arbitrary state spaces and the stopping
games are considered. Such models of games very well fit in some studies
in economic theory and operations research. A correlation of strategies
of the players, involving ”public signals”, is allowed in the nonzero-sum
average payoff stochastic games. The main result is an extension of the
correlated equilibrium theorem proved recently by Nowak and Ragha-
van for dynamic games with discounting to the average payoff stochastic
games. The stopping games are special model of stochastic games. The
version of Dynkin’s game related to observation of Markov process with
random priority assignment mechanism of states is presented in the paper.
The zero-sum and nonzero-sum games are considered. The paper also pro-
vides a brief overview of the theory of nonzero-sum stochastic games and
stopping games which are very far from being complete.

AMS 1980 Subject Classification. Primary:90D15, Secondary: 93C30.
Key Words: Average payoff stochastic games, correlated stationary equilibria,
nonzero-sum games, stopping time, stopping games.

1 Stochastic Markov Games

The theory of nonzero-sum stochastic games with the average payoffs per unit
time for the players started with the papers by Rogers [1] and Sobel [2]. They
considered finite state spaces only and assumed that the transition probabil-
ity matrices induced by any stationary strategies of the players are unichain.
Till now only special classes of nonzero-sum average payoff stochastic games are
shown to possess Nash equilibria (or e-equilibria). Parthasarathy and Raghavan
[3] considered games in which one player is able to control transition probabilities
and proved the existence of stationary equilibria in such a case. Non-stationary
e-equilibria were shown to exist in games with state independent transitions by
Thuijsman [4] and in games with absorbing states by Vrieze and Thuijsman [5].
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Parthasarathy [6] first considered nonzero-sum stochastic games with countable
state spaces and proved that every discounted stochastic game always has a
stationary Nash equilibrium solution. Federgruen [7] extended the works of
Rogers and Sobel to average payoff nonzero-sum stochastic games with count-
ably many states, satisfying a natural uniform geometric ergodicity condition.
Federgruen’s result [7] was strengthened by Borkar and Ghosh [8]. In [9] the
overtaking optimality criterion in the class of stationary strategies of the players
is considered for undiscounted stochastic games, satisfying a strong ergodicity
condition.

In many applications of stochastic games, especially in economic theory, it is
desirable to assume that the state spaces are not discrete; see for example Duffie
et al. [10], Dutta [11], Karatzas et al. [12], or Majumdar and Sundaram [13].
The mentioned papers deal with dynamic programming or discounted stochas-
tic games only. There are also some papers devoted to nonzero-sum average
payoff stochastic games with uncountable state spaces. Dutta and Sundaram
[14] studied a class of dynamic economic games. They proved the existence of
stationary Nash equilibria in a class of games satisfying a number of specific
conditions and a convergence condition imposed on discounted Nash equilibria
as the discount factor tends to one. Ghosh and Bagchi [15] studied games un-
der some separability assumptions and a recurrence condition which is stronger
than uniform geometric ergodicity.

Our main objective in this section is to describe the idea of correlated equilib-
rium notion and report a correlated equilibrium theorem proved for discounted
stochastic games by Nowak and Raghavan [16]. We will also report an extension
of this result to undiscounted stochastic games obtained by Nowak [17].

To describe the model, we need the following definition. Let X be a metric
space, (S, %) a measurable space. A set-valued map or a correspondence F' from
S into a family of subsets of X is said to be lower measurable if for any open
subset G of X the set {s € S: F(s)NG # 0} belongs to X. For a broad discus-
sion of lower measurable correspondences with some applications to control and
optimization theory consult Castaing and Valadier [18] or Himmelberg [19].

An N-person nonzero-sum stochastic game is defined by the following ob-
jects:
((8,%), Xk, A, 7k, q)

with the interpretation that

(i) (S,%) is a measurable space, where S is the set of states for the game, and
Y is a countably generated o-algebra of subsets of S.

(ii) Xk is a non-empty compact metric space of actions for player k. We put
X:Xl XXQX"'XXN.

(iii) Ag’s are lower measurable correspondences from S into non-empty compact
subsets of Xj. For each s € S, Ay(s) represents the set of actions available to
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player k in state s. We put

A(s) = Ai(s) x Ag(s) x -+ x An(s), s€S.

(iv) 7, : S x X — R is a bounded product measurable payoff function for player
k. It is assumed that 7 (s, -) is continuous on X, for every s € S.

(v) ¢ is a product measurable transition probability from S x X to S, called
the law of motion among states. If s is a state at some stage of the game and
the players select an x € A(s), then ¢(- | s, ) is the probability distribution of
the next state of the game. We assume that the transition probability ¢ has a
density function, say z, with respect to a fixed probability measure p on (5, X),
satisfying the following L; continuity condition:

For any sequence of joint action tuples ™ — z,

/ | 2(s,t, ™) — z(s,t,2°) | u(dt) — 0 asn — oo.
s

The L, continuity above is satisfied via Scheffe’s theorem when z(s, ¢, ) is contin-
uous on X . It implies the norm continuity of the transition probability g(- | s, x)
with respect to x € X.

The game is played in discrete time with past history as common knowledge
for all the players. An individual strategy for a player is a map which associates
with each given history a probability distribution on the set of available to him
actions. A stationary strategy for player k is a map which associates with each
state s € S a probability distribution on the set Ay (s) of actions available to him
at s, independent of the history that lead to the state s. A stationary strategy
for player k can thus be identified with a measurable transition probability f
from S to X}, such that f(Ag(s)|s) =1, for every s € S.

Let H=5xX xS x---be the space of all infinite histories of the game, en-
dowed with the product o-algebra. For any profile of strategies 7 = (71, ...,7N)
of the players and every initial state s; = s € S, a probability measure P and
a stochastic process {0, a,} are defined on H in a canonical way, where the
random variables ¢,, and «,, describe the state and the actions chosen by the
players, respectively, on the n-th stage of the game (cf. Chapter 7 in Bertsekas
and Shreve [20]). Thus, for each profile of strategies m = (1, ..., 7y ), any finite
horizon T, and every initial state s € .S, the expected T-stage payoff to player k
is

T
f (1)(s) = ET(Y_ r(on, an))-

Here E7 means the expectation operator with respect to the probability measure
Pr. If 3 is a fixed real number in (0, 1), called the discount factor, then we can
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also consider the 3-discounted expected payoff to player k defined as

@ (m)(s) = ET (Z B ey (o, an)> :
n=1

The average payoff per unit time for player k is defined as
. 1
D (7)(s) = limsup ?q)g(ﬂ)(s)
T

Let m* = (7},...,my) be a fixed profile of strategies of the players. For
any strategy 7 of player k, we write (7*,,m) to denote the strategy profile
obtained from 7* by replacing 7} with .

A strategy profile 7* = (#},...,7y) is called a Nash equilibrium for the
average payofl stochastic game if no unilateral deviations from it are profitable,
that is, for each s € S,

Dp(m")(s) = Pr (72, 7k ) (5),

for every player k and any his strategy m;. Of course, Nash equilibria are
analogously defined for the (-discounted stochastic games.

It is still an open problem whether the (-discounted stochastic games with
uncountable state space have stationary equilibrium solutions. A positive an-
swer to this problem is known only for some special classes of games, where the
transition probabilities satisfy certain additional separability assumptions (cf.
Himmelberg et al., [21]), or some other specific conditions (cf. Majumdar and
Sundaram [13], Dutta and Sundaram [14], Karatzas et al., [12]). Whitt [22] and
Nowak [23] proved the existence of stationary e-equilibrium strategies in dis-
counted stochastic games using some (different) approximations by games with
countably many states. The assumptions on the model in Nowak [23] are as in
(i) - (v) above plus some extra integrability condition on the transition prob-
ability density. Whitt [22] assumed that the state spaces are separable metric
and imposed some uniform continuity conditions on the payoffs and transition
probabilities. Breton and L’Ecuyer [24] extended Whitt’s result to games with
a weaker form of discounting. Mertens and Parthasarathy [25] proved the ex-
istence of non-stationary Nash equilibria for discounted stochastic games with
arbitrary state spaces. Finally, Nowak and Raghavan [16] obtained stationary
equilibrium solutions in the class of correlated strategies of the players with
symmetric information or ”public signals” (see Theorem 1 below). A related
result is reported in Duffie et al. [10]. They used some stronger assumptions
about the primitive data of the game, but showed that there exists a stationary
correlated equilibrium which induces an ergodic process. Nonstationary corre-
lated equilibria in a class of dynamic games with weakly continuous transition
probabilities were studied by Harris [26]. As already mentioned, Dutta and
Sundaram [14] proved an existence theorem for stationary Nash equilibria in
some undiscounted dynamic economic games.
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1.1 Correlated equilibria

In this subsection we extend the sets of strategies available to the players in the
sense that we allow them to correlate their choices in a natural way described
below. The resulting solution is a kind of extensive-form correlated equilibrium
(cf. Forges [27]).

Suppose that {&, : m > 1} is a sequence of so-called signals, drawn
independently from [0,1] according to the uniform distribution. Suppose
that at the beginning of each period n of the game the players are in-
formed not only of the outcome of the preceding period and the current
state s,, but also of &,. Then the information available to them is a vec-
tor W™ = (81,€1, %1, -+, 8n—1,&n—1, Tn—1,5n,&n), where s; € S, z; € A(sy),
t=1,...,n— 1. We denote the set of such vectors by H™.

An extended strategy for player k is a sequence 7y = (W,i, w,%, ...), where every
mp is a (product) measurable transition probability from H™ to X such that
T (Ag(sp) | h™) =1 for any history h™ € H". (Here s, is the last state in h™.)
An extended stationary strategy for player k is a strategy 7 = (7,73, ...) such
that each 7} depends on the current state s,, and the last signal &, only. In other
words, a strategy m of player k is called stationary if there exists a transition
probability f from S x [0,1] to Xj such that for every period n of the game and
each history h™ € H", we have n}'(- | ") = f(- | $p,&,). Assuming that the
players use extended strategies we actually assume that they play a stochastic
game in the sense of Section 1, but with the extended state space S x [0, 1]. The
law of motion, say ¢, in the extended state space model is obviously the product
of the original law of motion ¢ and the uniform distribution 7 on [0,1]. More
precisely, for any s € S, £ € [0,1], a € A(s), any set C' € ¥ and any Borel set
D C(0,1], 4(C x D | 5,€,0) = a(C | s,a)n(D).

For any profile of extended strategies m = (m1,...,7n) of the players, the
undiscounted [B-discounted] payoff to player k is a function of the initial state
s1 and the first signal & and is denoted by Fy(7)(s1,&1) [E,f(w)(shfl)].

We say that f* = (ff,..., &) is a Nash equilibrium in the average payoff
stochastic game in the class of extended strategies if for each initial state s; € S,

/‘I’k(f*)(817§1)77(d£1)2/ k(g mr) (51, €1)n(dE1), (1)
0 0

for every player k and any his extended strategy 7.

A Nash equilibrium in extended strategies is also called a correlated equilib-
rium with public signals. The reason is that after the outcome of any period of
the game, the players can coordinate their next choices by exploiting the next
(known to all of them, i.e.,public) signal and using some coordination mech-
anism telling which (pure or mixed) action is to be played by each of them.
In many applications, we are particularly interested in stationary equilibria.
In such a case the coordination mechanism can be represented b y 2 famlly of
N +1 measurable functions A!, ..., AN+1: S — [0,1] such that ;= +1 Ai(s) =1
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for every s € S. (We remind that N is the number of players. The number
N + 1 appears in our definition, because Caratheodory’s theorem is applied in
the proofs of the main results in [16] and [17].) A stationary Nash equilibrium
in the class of extended strategies can be constructed then by using a family
of N + 1 stationary strategies f{,..., ,ﬁVH, given for each player k, and the
following coordination rule. If the game is at a state s on the n-th stage and a
random number &, is selected, then each player k is suggested to use f*(- | s),
where m is the least index for which > 1" A*(s) > &,. The A”’s and f’s fixed

above induce an extended stationary strategy f;; for each player k as follows

fiC s, =falls) if €< A(s),s€8,
and (2)

feCls©=frC1s) if YIGIN(s) <€ < N(s),

for s € 5,2 <m < N + 1. Because the signals are independent and uniformly
distributed in [0, 1], it follows that at any period of the game and for any current
state s, the number A\f(s) can be interpreted as the probability that player k is
suggested to use f,i( | s) as his mixed action. Now it is quite obvious that a
strategy profile (ff,..., f&) obtained by the above construction is a stationary
Nash equilibrium in the class of extended strategies of the players in a game iff
no player k can unilaterally improve upon his expected payoff by changing any
of his strategies fi,i=1,...,N + 1.

The following result was proved by Nowak and Raghavan [16] by a fixed
point argument.

Theorem 1 Every nonzero-sum discounted stochastic game satisfying (i) -
(v) has a stationary correlated equilibrium with public signals.

To report an extension of this result to undiscounted stochastic games ob-
tained in Nowak [17], we need some additional assumptions on the transition
probability ¢. For any stationary strategy profile f and n > 1, let ¢"(- | s, f)
denote the n-step transition probability determined by ¢ and f. The following
condition is used in the theory of Markov decision processes (cf. Tweedie [28],
Hernéndez-Lerma et al. [29, 30] and their references):

C1 (Uniform Geometric Ergodicity): There exist scalars a € (0,1) and v > 0
for which the following holds: For any profile f of stationary strategies of the
players, there exists a probability measure ps on S such that

la"(-|s, f)—prC)ll, < ya™ for each n > 1.

Here || - ||, denotes the total variation norm in the space of finite signed measures
on S.

It is well-known that C1 follows from the following assumption (cf. Theorem
6.15 and Remark 6.1 in Nummelin [31] or page 185 in Neveu [32]):
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M (Minorization Property): There exists a positive integer p, a constant
¥ > 0, and a probability measure ¢ on S, such that

(D | s, f) = 95(D),

for every stationary strategy profile f,s € S, and for each measurable subset D
of S.

Condition M was used in stochastic dynamic programming (one person
stochastic game) by Kurano [33] who proved only the existence of “p-periodic”
optimal strategies in his model. It is satisfied and easy to verify in some inven-
tory models (cf. Yamada [34]) and some control of water resources problems
(cf. Yakovitz [35]).

Condition C1 has often been used (even in some stronger versions) in control
theory of Markov chains (cf. Georgin [36], Herndndez-Lerma et al. [29, 30], and
the references therein). We mention here some conditions which are known to
be equivalent to C1. By F' we denote the set of all stationary strategy N-tuples
of the players.

C2 (Uniform Ergodicity): For each f € F', there exists a probability measure
py on S such that, as n — oo,

la"(-|s, f) —ps(-)||, — 0, uniformly in s € S and f € F.

C3: There exist a positive integer r and a positive number § < 1 such that

lg"(- s, f) =a"(-1t, Fll, <20, forallsteSandfeF.

Obviously C1 implies C2 and C3 follows immediadely from C2 and the
triangle inequality for the norm || - ||,. Finally, C3 implies C1 by Ueno’s lemma
[37]. For details consult pages 275-276 in [36].

Another equivalent version of C1, called the simultaneous Doeblin condition,
was used by Hordijk [38] in control theory and Federgruen [7] in stochastic games
with countably many states. It can also be formulated for general state space
stochastic games following pages 192 and 221 in Doob [39].

C4: There is a probability measure ¥ on S, a positive integer r, and a
positive €, such that

¢ (B|s, f)<1—¢ foreachse Sand feFify(B)<e.

Moreover, for each f € F, the Markov chain induced by ¢ and f has a single
ergodic set and this set contains no cyclically moving subsets.

It turns out that C1 is equivalent to C4; see Chapter V' in Doob [39] for
details. For a further discussion of several recurrence and ergodicity conditions
which have beed used in the theory of Markov decision processes in a general
state space consult Herndndez-Lerma et al. [30]. Now the main result of Nowak
[17] can be formulated.
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Theorem 2 Every nonzero-sum undiscounted stochastic game satisfying (i)
- (v) and C1 has a stationary correlated equilibrium with public signals.

‘We now mention some special classes of nonzero-sum undiscounted stochastic
games, for which there exist Nash equilibria without public signals. First, we
consider games satisfying the following separability conditions:

SC1: For each player k and any s € S, z = (x1,...,2n) € A(s),

g ki (s, 5),

j=1

where each ry; is bounded and ry;(s, ) is continuous on X;.
SC2: For any s € S, z = (z1,...,2n) € A(s),

(-] s,x) = qu | s,2;)/N

where ¢(- | s,z;) is a transition probability from S x X; to S, norm continuous
with respect to z; € Xj.

Himmelberg et al. [21] and Parthasarathy [40] already showed that nonzero-
sum (-discounted stochastic games satisfying SC1 and SC2 possess stationary

Nash equilibria. Their theorem was extended to undiscounted stochastic games
in Nowak [17].

Theorem 3 FEvery nonzero-sum undiscounted stochastic game satisfying (i)
- (v), C1 and separability conditions SC1 and SC2 has a stationary Nash
equilibrium without public signals.

By Theorem 2, the game has a stationary correlated equilibrium, say f*.
For each player k and any s € S, we define f}(- | s) to be the marginal of
A | s) on Xy and put f* = (ff,..., f%). It turns out that (ff,..., f%) is a
Nash equilibrium point for the stochastic game, satisfying SC1 and SC2.

A version of Theorem 3 with a recurrence assumption which is much stronger
than the uniform geometric ergodicity was independently proved (by a different
method) in Ghosh and Bagchi [15].

Parthasarathy and Sinha [41] showed that S-discounted stochastic games
with state independent transitions and finite action spaces have stationary Nash
equilibria. An extension of their result to the average payoff stochastic games,
obtained in Nowak [17] sounds as follows.

Theorem 4 Assume that the action spaces Xy, are finite sets and Ag(s) =
Xy, for each s € S. Assume also that the transition probability q(- | s, z) depends
on x only and is non-atomic for each x € X. If (i), (w), (v), and C1 are also
satisfied, then the nonzero-sum average payoff stochastic game has a stationary
Nash equilibrium without public signals.
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We do not know if condition C1 can be dropped from Theorem 4. When
we deal with zero-sum average payoff stochastic games with state independent
transitions, then no ergodicity properties of the transition probability ¢ are
relevant (cf. Thuijsman [4] for the finite state space case or Theorem 2 in
Nowak [42] for general state space games).

The basic idea of the proof of Theorem 2 is rather simple. Let L be any
positive number such that |rx| < L for every player k. Then, for every discount
factor 3, and any stationary correlated equilibrium fg‘ obtained in Theorem 1,
(1- ﬂ)@k(fé‘)() is in a compact ball B(L) with radius L in L*°(S, X, 1) space,
endowed with the weak-star topology o(L°°, L1). Therefore, it is possible to find
a sequence {f3, } of discount factors which converges to one and (1—f,)®x(f3 )
converges to some function Ji € B(L). Using C1, it is shown that Jj are
constant equilibrium functions of the players, and flg‘n converges (in some sense)
to a stationary correlated equilibrium for the undiscounted game.

As far as two-person zero-sum games are concerned, it is possible to drop
the assumption that the transition probability is dominated by some probability
measure . To prove the existence of stationary optimal strategies of the players,
one can use the following assumption (see Nowak [42]).

B: Assume (i)-(iv) and that ¢(D|s, -) is continuous on X = X; x X for each
D € ¥. Let vg(-) be the value function of the 8-discounted game, 8 € (0,1).
We assume that there exists a positive constant L such that

lug(s) — va(t)| < L for all s,t € S and § € (0,1).

It is easy to see that C1 implies B. Moreover, B holds if the transition prob-
ability ¢ is independent of the state variable. The main tool in the proof given
in [42] is Fatou’s lemma for varying probabilities (see Dutta [11] or Schal [43]
for a related approach in dynamic programming). That is the main difference
between the proofs contained in [17] and [42]. The existence of value for undis-
counted stochastic games in the class of nonstationary strategies is discussed in
a paper of Sudderth which is included in this volume.

2 Stopping games

The theory of stopping games started with the paper by Dynkin [44]. He con-
ceived the zero sum game based on optimal stopping problem for discrete time
stochastic processes. Let {X,,}>°, be a stochastic sequence defined on some
fixed probability space (Q,F,P). Define F, = o(Xo,X1,...,X,). If each
player chooses a strategy, A, u respectively both Markov times, the payoff is
given by R(A, ) = Xxn,. The first player is to maximize the expected value of
R(, 1) and the other is to minimize. Dynkin [44] assumes a restriction on the
moves of the game. Namely, the strategies of the players are such that Player 1
can stop on odd moments n and Player 2 can choose even moments. Under
this assumption Dynkin proved the existence of the game value and optimal
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strategies. Kifer [45] obtained another existence condition. Neveu [46] modi-
fied the Dynkin’s game changing the payoff function following. There are two
preassigned stochastic sequences {X, 15, {Y,,}22 , measurable with respect to
some increasing sequence of o-fields F,,. The players’ strategies are stopping
times with respect to {F,}52,. The payoff equals

_ X\ on {>‘ < /1‘}7
R n) = { X, on{A>pu}, (3)
with the condition
X,, <Y, for each n. (4)

Under some regularity condition Neveu proved the existence of the game value
and e-optimal strategies.

The restriction (4) has been suppressed in some cases by Yasuda [47]. He
considers the zero-sum stopping game with payoff equals

R(\ p) = Xallp<y + Wiallp— iy + Yalps gy,

where I is an indicator function. To solve the game the set of strategies has
been extended to a class of randomize strategies.

A version of Dynkin’s game for Markov chains was considered by Fried [48].
More general version of the stopping game for the discrete time Markov processes
was solved by Elbakidze [49]. Let (X, Fn, P4)52, be a homogeneous Markov
chain with state space (E, B), while g, G, e and C are certain B-measurable real
valued functions. There are two players. The process can be stopped at any
instant n > 0. If the process is stopped by the first, second or simultaneously
by the two players, then the payoffs of the player are g(X,,), G(X,) and e(X,,),
respectively. For an unlimited duration of the game the payoff of the first player
equals limsup,, . C(X,,). The strategies of the first and second player are given
by Markov moments relative to {F,}52,. Let £ denote a class of B-measurable
functions f such that E;{sup, |f(Xn)|} < cc. It is assumed that

g(z) <e(x) <G(x), g(z) <C(x) <G(x), x€eEand g,G € L

Under these assumptions the value of the game and e-optimal strategies are
constructed.

Two-person nonzero-sum stopping games is investigated, among others, by
Ohtsubo [50]. Let {Xi}12 (. {V,i}>0 ) and {W:}5° . i = 1,2, be six sequences
of real-valued random variables defined on fixed probability space and adapted
to {Fn}se,. It is assumed that

(i) min(X?,Y}) < Wi < max(X:,Y}) for each i = 1,2.

(ii) Efsup,, | X:|] < oo and E[sup, |Y;!|] < oo for each i = 1,2.
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The strategies of the players are stopping times with respect to {F,}5%,. If
the first and the second players choose stopping times 7 and 7o, respectively,
as their controls, then the i-th player gets the reward

gi(rm) = Xiliar) + Y I, n)
W;,H(Ti:Tj<OO) + limsup WZLH(T'i:Tj<OO)7Z‘7j = 1727j 7é {

Under the above assumption the Nash equilibrium for the game is constructed.
Ohtsubo [50] gave the solution for the version of the game for the Markov pro-
cesses. Recently, Ferenstein [51] solved the version of the nonzero-sum Dynkin’s
game with different, special, payoff structure.

Continuous time version of such a game problem was studied by Bensous-
san & Friedman [52], [53], Krylov [54], Bismut [55], Stettner [56], Lepeltier &
Maingueneau [57] and many others.

We focus our attention to a version of stopping game called the random
priority stopping game. The zero-sum version of the problem is considered in
Section 2.1 and the nonzero-sum case is presented in Section 2.2.

2.1 Zero-sum random priority stopping game

Let (Xy, Fn, P.)2Y_, be a homogeneous Markov process defined on probability
space (2, F,P) with fixed state space (E,B). The decision makers, henceforth
called Player 1 and Player 2, observe the process sequentially. They want to
accept the most profitable state of the process from their point of view.

We adopt the zero-sum game model for the problem. In view of this ap-
proach, the preferences of each player are described by gain function f : EXE —
R. The function depends on the state chosen by both players. It would be nat-
ural to consider the stopping times with respect to (F,,)_, as the strategies of
the player if the players could obtain the state which they want. Since there is
only one random sequence (X,,)N_, on a trial, therefore at each moment n only
one player can obtain realization x,, of X,,. The problem of assigning an object
to the players when both want to accept the same one at the same moment
is solved by adopting the random mechanism i.e. a lottery chooses the player
who benefits. The player chosen by the lottery obtains realization z,, and the
player thus deprived of the acceptance of =, at n < N may select any later
realization. The realization can only be accepted when it appears. No recall is
allowed. We can think about the decision process as an investigation of objects
with characteristics described by the Markov process. Both players together
can accept at most two objects.

The above described decision model is a generalization of the problems con-
sidered by Szajowski [58] and Radzik & Szajowski [59]. The related questions,
when Player 1 has permanent priority, have been considered by many authors
in the zero-sum game or the non-zero sum game setting. One can mention,
for example, the papers of Ano [60], Enns & Ferenstein [61], Ferenstein [62]
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and Sakaguchi [63]. Many papers on the subject were inspired by the secretary
problem (see the papers by Enns and Ferenstein [64], Fushimi [65], Majumdar
[66], Sakaguchi [67, 63], Ravindran and Szajowski [68] and Szajowski [69] where
non-zero sum versions of the games have been investigated). Sakaguchi [63] con-
sidered the nonzero-sum two-person game related to the full information best
choice problem with random priority. A review of these problems one can find
in Ravindran and Szajowski [68]. For the original secretary problem and its
extension the reader is referred to Gilbert & Mosteller [70], Freeman [71], Rose
[72] and Ferguson [73]. We recall the best choice problem in Section 2.1.2.

A formal model of the random priority is derived. The lottery is taken into
account in the sets of the strategies of the players. The very interesting question
concerns the influence of the level of priority on the value of the problem or the
probability of obtaining the required state of the process ( or, in other words,
the required object). The tip of the problem is shown by the example related
to the secretary problem. The simplest problem with asymmetric aims of the
players is considered. The first player’s aim is to choose the best applicant (BA)
and the second player wants to accept the best or the second best (BOS) but a
better one than the opponent. The numerical solution provides that the game is
fair when Player 1 has priority p 22 0.7579 (in the limiting case when N — o0).
More examples and further considerations can be found in [74].

2.1.1 Random priority and stopping the Markov process

Let a homogeneous Markov chain (X,,, F,,, P.)N_, be defined on a probability
space (2, F,P) with a state space (E,B) and let f : EXE — R be a Bx B
real valued measurable function. Horizon N is finite. The players observe
the Markov chain and they try to accept the “best realization” according to
function f and a possible selection of another player. Each realization z, of
X, can be accepted by only one player and each player can accept at most one
realization. If the players have not accepted previous realizations, they evaluate
the state of the Markov chain at instant n and they have two options, either
to accept the observed state of the process at moment n or to reject it. If
both players want to accept the same realization, the following random priority
mechanism is applied. Let &1,&s,...,&n be a sequence of i.i.d. r.v. with the
uniform distribution on [0, 1] and o = (a1, g, ..., an) be a given vector of real
numbers, «; € [0,1]. When both players want to accept realization z, of X,,
then Player 1 obtains z,, if £, < a,, otherwise Player 2 benefits. If Player 1
rejects the applicant, then Player 2 turns to exercise one of his options which
also consists in accepting the observed state of the Markov chain or rejecting
it. If one of the players accepts realization z,, of X,,, then the other one is
informed about it and he continues to play alone. If, in the above decision
process, Player 1 and Player 2 have accepted states x and y, respectively, then
Player 2 pays f(x,y) to Player 1. When only Player 1 (Player 2) accepts state

z (y) then Player 1 obtains fi(x) = sup,cg f(7,v) (f2(y) = infeer f(2,y)) by
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assumption. If both players finish the decision process without any accepted
state, then they gain 0. The detail construction of the model is given in [74]. A
brief is presented below.

Let SV be the aggregation of Markov times with respect to (F,)_,. We
admit that P,(7 < N) < 1 for some 7 € SV (i.e. there is a positive probability
that the Markov chain will not be stopped). The elements of SV are possible
strategies for the players with the restriction that Player 2 cannot stop at the
same moment than Player 1. If the players declare willingness to accept the same
object, the random device decide which player is endowed. Let us formalize these
consideration. Denote S = {r € S : 7 > k}. Let A} and M}¥ be copies of
SN (SN = S8Y). One can define set of strategies AN = {\, {o1}) : A € AN, o] €
AN, for every n} and MY = {(11,{02}) : p € MV,02 € M}, for every n}
for Player 1 and 2, respectively. Denote F,, = o(Fn,&1,&2,...,&n) and let SN
be the set of stopping times with respect to (]}n)g:o« Define 71 = M{x<py +
Mgy <ant + ulignsay ) ln=py + 0ulpspy and 72 = plpsgy + (0l >a,) +
oX <oy In=py + 03 Linscny-

~ Lemma 1 Random variables 7 and 75 are Markov times with respect to
(Fn)ho and 11 # 7.

Let E, f;7(X,) < 0o and E, f; (X,,) < 0o for n,m =0,1,..., N and x € E.
Let s € AN and t € MN. Define R(z,s,t) = E,f(X,,,X,,) as the expected
gain of Player 1. In this way the normal form of the game (AN, MN, R(z, s,t))
is defined. This game is denoted by G. The game G is a model of the considered

bilateral stopping problem for the Markov process.

Definition 1 Pair (s*,t*), s* € AN, ¢ € ]~\;[N is an equilibrium point in
the game G if for every x € E, s € AN and t € MY we have

R(w,s,t") < Rz, s*,t*) < R(z,s",1).

The aim is to construct the equilibrium pair (s*,¢*). To this end, the following
auxiliary game G,.
Define so(z,y) = So(z,y) = f(x,y) and

sn(x7y) = ln‘sf Eyf(m7XT)v
TES™T

Sn(z,y) = sup E;f(Xr,y)
TEST

for all xz,y € E, n = 1,2,...,N. By the theory of optimal stopping for the
Markov processes [75], the function s,(z,y) (Sn(x,y)) can be constructed by
the recursive procedure as s, (z,y) = Q.. f(z,y) (Su(z,y) = Q. f(z,v)),
where Qminf(may) = f(x’y) /\TZf(l'vy) (Qmaxf(x’y) = f(xvy) \/Tlf(xﬂ y)) and
Tof(x,y) = Eyf(x,X1) (T f(z,y) = Exf(z,y)). (A, V denote minimum and
maximum, respectively). Operations A and T, (V and T}) preserve measurabil-
ity. This can be proved in a standard way. Hence s, (z,y) (Sn(z,y)) are B® B
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measurable (cf. [76]). If Player 1 is the first to accept x at moment n, then his
expected gain is
h(n,z) :EmSN—n—l(x,Xl), (5)

forn=0,1,...., N — 1 and h(N,z) = f1(z). When Player 2 is the first then the
expected gain of Player 1 is

H(n,z) = E,SN—n-1(X1,2), (6)

for n = 0,1,..,N — 1 and H(N,z) = fo(x). Functions h(n,z) and H(n,x)
are well defined. They are B-measurable of the second variable, h(n, X;) and
H(n, X1) are integrable with respect to P,. Let A and M be sets of strategies
in G, for Player 1 and Player 2, respectively. For A € AN and p € MY, define
payoff function

h(% X3) Iy +Ipn=pgn<ay) ,
r(Ap) =9 +H(, Xp)Tpsuy + Ipzpe,>a,)) fA<Norpu<N,
0 otherwise,
(7)

where [ 4 is a characteristic function of set A. As a solution of the game we
search for equilibrium pair (A*, u*) such that

R(w, M) < R X ") < R, A\, p)  forall 2 €B,  (8)

where R(z, A\, u) = Eyr(\ p). By (7) we can observe that G, with the sets
of strategies AN and MY is equivalent to the Neveu’s stopping problem [46]
considered by Yasuda [47] if the sets of strategies are extended to the set of
stopping times not greater than N + 1 and the payoff function is (7). The
monotonicity of gains are not fulfilled here, but the solution is still in pure
strategies. Because the Markov process is observed here, one can define a se-
quence v,(x), n=0,1,...,N 4+ 1 on E by setting vy11(z) =0 and

— h(n,m)an + (1 - O[.,L)H(TL,Z‘) h(n,x)
vp(x) = val Hin, ) Tun i (2) 9)
forn=0,1,..., N, where Twv.(z) = E,v.(X1) and val A denotes a value of the
two person zero-sum game with payoff matrix A (see [77], [47]).

To prove the correctness of the construction let us observe that the payoff
matrix in (9) has the form

s f
s (a=ba+b a

A= f b c |’

(10)

where a, b, ¢, are real numbers and « € [0, 1]. By direct checking we have
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Lemma 2 The two person zero-sum game with payoff matriz A given by
(10) has an equilibrium point (e,8) in pure strategies, where

(s,8) if a > b,
_ (s,f) ifc<a<hb,
(,0) = (.s) ifa<b<e,

(.f) ifa<c<b.

Notice that vy 41 is measurable. Let us assume that functions v;, i = N, N —
1,...,n+ 1 are measurable. Denote

AY = {zx€E:h(n,z)> H(n,x)}
A = {ze€E:h(n,z) < H(n,x),h(n,z) > Tv, ()}
AS = dzeR:h(n,z) < Hn,z), Hn,z) < Tv,1(z)}

and
AT = E\(47uU4yuap).

By sets A%, 431 A € B and Lemma 2 we have

vn(z) = [(h(n,x) = H(n,2))on + H(n, 2)]Lags (v) + h(n, 2)Lyer ()
+ H(n, x)]IAgs(x) + Tvn+1($)HA§(w)’

hence v, () is B-measurable.
Define \* = inf,,{X,, € A$ U A%} and p* = inf, {X,, € A% U AB}.

Theorem 5 ([7}]) Game G, with payoff function (7) and sets of strategies
AN and MY for Player 1 and 2, respectively, has a solution. Pair (\*,u*) is
the equilibrium point and vo(x) is the value of the game.

Let us construct an equilibrium pair for game G. Define (see [76])

ol = imf{m > n: SN (X, Xn) = f(Xm, X0) 1, (11)
o2 = if{m>n:sy_m(Xn, Xm) = f(Xn, Xpn)}. (12)

Let (A*, u*) be an equilibrium point in G,.

Theorem 6 ([74]) Game G has a solution. Pair (s*,t*) such that s* =
(N {ol ) and t* = (u*, {02 }) is the equilibrium point. The value of the game
is vo(x).

Proof. Let

o= Mpecpy Vg <o) + 00 Lgesar ) et + 00 Ipes ey
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7= wlpeseey + (g saney 0% Len <an- Pz} + 0% L cpry-

We obtain by the properties of conditional expectation and by (11) and (12)

R(z,s" 1) = Eof(Xep, Xop) = Eellpne cpmyupar=pe 63- <aye 1/ (X, Xoar)
s o= g >an [ (X1, Xpe)]
= Eullinecupune=p gas <o 1 Ex e f(Xon, X2 )
+ Bl s i yu e =ps 6y >ane } Ex e f(Xg;*; s Xpuv)
= Rz, A", u").
Let t = (u, {02}) € MN. We obtain

R(z,s*,t") = R(z,\*,p*) < R(z, A", )
= Bl cpyuinr=pmers <a BT, Xoax)
+ Lo sy U{ns =paatae >ann= }H (1 X))
= Eullpn cupuine=p e <o,y Bxye f(Xoe, X2t
Hlopes o =g >ane 1 (1 Xy
Eollpne <pyuine=p g <o) Exye f(Xor, Xo2 )

IN

ooz >an ) Ex, f(Xope Xu)]
= Eollpncupupnie=pens <andf (Xne, X2 )
+ I s puiar =pgar >ane 1 (X1, X))

- wa<Xs*7Xt) = R(J?, 8*7 t)

Similarly one can show that for every s € AY we have R(x, s, t*) < R(z, s*,1*).

Hence (s*,t*) is the equilibrium pair for G.
O

2.1.2 The best vs the best or the second best game

Two employers, Player 1 and Player 2, are to view a group of N applicants for
a vacancies in their enterprises sequentially. Each of the applicant has some
characteristic unknown to the employer. Let K = {x1,232,...,2n} be the set of
characteristics, assuming that the values are different. The employer observes a
permutation 71,72, ..., ny of the elements of K sequentially. We assume that all
permutations are equally likely. Let Zj denote the absolute rank of the object
with the characteristics 7y , i.e.

Zp =min{ r:n = /\ \/ Ni; }s

1<i1 <. <3 SN 1<5<r
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(A, V denote minimum and maximum, respectively). The object with the
smallest characteristics has the rank 1. The decisions of the employer at each
time n are based on the relative ranks Y7,Y5, ..., Yn of the applicants and the
previous decisions of the opponent, where

Y =min{ r:n = /\ \/ i, }-

1<ip<...<ir<k 1<j<r

The random priority assignement model is applied when both players want to
accept the same applicant. We assume that a,, = p,p € [0, 1] for every n. If the
applicant is viewed the employer must either accept or reject her. Once accepted
the applicant cannot be rejected, once rejected cannot be reconsidered. Each
employer can accept at most one applicant. The aim of Player 1 is to accept
BA and Player 2 is to accept BOS but a better one than that chosen by the
opponent. Both players together can accept at most two objects. It makes
the problem resembling to the optimal double stop of Markov process (cf. [78],
[79], [76]). It is a generalization of the optimal choice problem. We adopt
the following payoff function here. The player obtains +1 from another if he
has chosen the required applicant, —1 when the opponent has done it and 0
otherwise.

Let us describe the mathematical model of the problem. With sequential
observation of the applicants we connect the probability space (Q,F,P). The
elementary events are a permutation of the elements of K and the probability
measure P is the uniform probability on €. The observable sequence of relative
ranks Y, k = 1,2,... N defines a sequence of o-fields 7, = o(Y7,...,Y%),
k=1,2,...,N. The random variables Y}, are independent and P(Y;, = i) = 1/k.
Denote by SV the set of all Markov times 7 with respect to the o-fields {Fx }_,.
The problem considered can be formulated as follows. For s € AN and t € MV
denote A1 ={w: X, =1}t and Ao ={w: X, =1} U{w: X, =2, X #1}
Define the payoff function g(s,t) =14, — 14, and the expected payoft G(s,t) =
Eg(s,t). We are looking for (s*,t*) such that for every s € AN and t € MV

G(s,t7) < G(s",7) < G(s,1).

It is obvious that the essential decisions of the players can be taken when
applicants with relative rank 1 or 2 have appeared. We will call them candi-
dates. For further consideration it is convenient to define the following random
sequence (Wy)_ ;. Let Wy = (1,Y7) = (1,1), p1 = 1. Define

pe =1inf{r > p;_1:Y, € {1,2}}, t > 1,
(inf 0 = oc0) and Wy = (p¢,Y,,). If py = co then we put Wy = (o0, 00). Markov

chain (W4, Gy, P(l,l))]{il with state space E = {(s,1) : l € {1,2},s =1,2,..., N}U
{(c0,00)} and G; = (W, Ws,...,W;) is homogeneous. One step transition
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probabilities are following.

p(r,s) = P{Wt+1 = (87l8> | Wy = (T’ lT)}
(14)
1 ifr=1, s=2,
= r(r_1) if2<r<s,

s(s—1)(s—2)
ifr>sor(r=1, s#2),

p(oo,00) =1, p(r,c0) =1 — QZiV:THp(r, s) for ls,l. € {1,2} and 1 <r < s <
N. We will call this Markov chain the auxiliary Markov chain (AMC ).

The solution of the two decision makers problem will use partially the so-
lution of the problem of choosing BOS (see [70], [80], [68]). The problem can
be treated as an optimal stopping problem for AMC with the following payoff

function
r(2N—r—1) if l'r _

fBOS (7’, lT") = { r]z‘(ivljl)

. (15)
N(N=T) if I, =2.

Let TN = {1 € SV : 7 =r = Y, € {1,2}}. It is a set of stopping times with
respect to G, t = 1,2,..., N. We search 7* € SV such that

P{Z- € {1,2}} = sup P{Z; € {1,2}} = sup Eq1)fBos(Ws).
TESN oceTN

Denote T'(r,s) = {(t,ly) : t > r, s = 1FU{(t, ;) : t > s, Iy = 2}. Let
r < s and c(r,s) = Eq.;,) fBos(Ws), where o = inf{t : W; € I'(r,s)}. Denote

c(r) = Eqa,) fBos(Ws,) = 2;\",((]]\67_’“1)), where o9 = inf{t : Wy € I'(r,r)}. We have

s—1 .
r 2N —i—1 r
c(r,s) = NN=T) Z-:%,H P + p— 10(57 1) (16)

forr <s,rs=12...,N (3, =0ifs <r). Define r, = inf{l <r < N :
fBos(r,2) > ¢(r,r)} and rp, = inf{l <r <ry: fgos(r,1) > c(r,rq)}. Denote

epos(rl,) = sup P{Z, € {1L,2}| Y, =1,}.

TESi\’_H

We have
C(T) lf TaST§N7

égos(r, L) = égog(r) =< c(r,rq) if r, <r<rg, (17)
c(ry —1rg) if 1<r<m.

The optimal stopping time for the one decision maker problem of choosing BO.S
is o = inf{t : Wy € T'(rp,74)} € TN or 7* = inf{r : (,Y;) € [(rp,74)} € SV.
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We have a = lim % =3, b= lim § =0.3470 and lim égos(1) = 0.5736
(cf. [81], [80], [82]).

To solve the two person competitive stopping problem described at the be-
ginning of the section let us perform a strategy of the players when one of them
accepts some observation at moment r with relative rank Y, = [,.. Since the
aims of the players are different we have to consider independently the situation
when Player 1 has stopped as the first and when Player 2 has done it. We

introduce useful denotation
hi(r,ly) = P(Aplr =175 > 73, Y, = 1)

for k,i,j=1,2,i# 45, r=1,2,... N, [, =1,2.

Let Player 1 stop the process as the first at the moment r on the object with
Y, = I,.. As he wants to accept the object with the absolute rank 1, it is obvious
that he will stop on the relatively first object. He will also accept probably,
in some circumstances, the relatively second objects to disturb Player 2 in the
realization of his aims. We will see that this supposition is true. Player 2 staying
alone will use a strategy 02" = ¢*(r,[,.) defined by

h(n lT) = E(T,lr)g((rv o—lll,)’ (Ma " (7“, lr))) = geiglf\’ E(r,lr)g((r7 U;lL)v (:U" U)>’ (18)

r+1

where the expectation is taken with respect to P, ;) of AMC . To perform
strategy ¢*(r,l.) let us consider the possible essential situations. Let W; =
(r,1;). Since Player 2 minimizes his expected loss (cf. (18)), he can do it by
stopping on some object with relative rank 1 or 2. If [, = 1 then he cannot
change the payoff stopping on the objects with relative rank 2 before another
one having relative rank 1 has appeared. Let W, = (m,1) and W, = (n,2)
foru = t+1,t+2,...,s — 1. Player 1 can be the winner in this case if
Wsi1 = (00,00) and Player 2 does not accept the m-th object. We see that
it is the first moment after the accepting decision of Player 1 when Player 2
can change the gain of Player 1. We want to know if it is optimal to stop at
(m, 1) for Player 2. If he stops, he has —1 with the probability fgog(m,1) (
see (15)). When he passes over and he will behave optimally in future, he has
—1 with probability égog(m). Since he minimizes his loss therefore his optimal
strategy in (m,1) is the same as in the mentioned one player problem. If it
happens that n < m < rp, then according to the optimal strategy in the one
player choosing BOS problem, m-th object will not be accepted and Player 2
will behave according to o*. It means Player 1 will have +1 if n-th object is the
best or it happens that his candidate is the absolutely second and the best one
will not be chosen by Player 2 (because she has appeared before r;,). Hence, by
(14), (17) and (15) we have

hia(r,ly) = P{Ay |17 =rm>7m,Y, =1}

N r s(2N —s— ~ .
= 2s=rt1 3-T) max{ (]%Z(N—Ul) ; CBOS(S)} if I, =1,
cpos(r) if I, =2,
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where 0/ = ¢*(n,Yy), s = (A, {oL"}) and t = (u, {¢2"}). The optimal strategy
¢*, after the first acceptance has been done at moment r on Y, = [, has the
form

197“ if 197” > Tb, for L. =1
o ifd,<m T T (19)

o for I, =2,

where ¥, = inf{s > r : Y; = 1} and of = inf{s > r : (s,Y;) € T'(rp,74)}
Consequently,

<H(ryly) =

h(r, 1) = hir(r, 1) — haa(r, 1),

where we have hq1(r, 1) = % for [, =1 and 0 otherwise.

Let us assume that Player 2 has stopped the process as the first on some
object at moment r with relative rank Y, = [,. Player 1 will use a strategy
o}" = 6*(r,1,). The strategy 6*(r,1,.) is such that

H(rv ZT) = E(T,lr)gl(()‘> o (T7 lT))J (7‘, Ui)) = SHE E(T,lr)gl(OH U), (T, Ui))
UEST+1

Let W; = (r,1,). Since Player 1 maximizes his expected gain and he would
like to choose the best object he can do it by stopping on some object with
relative rank 1. Denote ¢ga(r) = sup P{Z, =1|Y, =1}, re =inf{l <r <

TGS?’_H
N : ZZ i1 707 < 1} and 77 = inf{s > r : ¥; = 1,s > r.}. The optimal
strategy 6* of Player 1, after the first acceptance done at the moment r on
Y, = I, by Player 2, has the form

9y A9, =1, _
{ m ity <r, T =D

T for I, =2

0 (r,ly) = (20)

where ¥, is the first moment after » when Y,. = 1. We have

H(r, 1) = ha1 (7, 1) — haa(r, 1),

where
N
hor(r, 1) = Y p(r,s maX{ ,eBA(r)} + éBa(r)] = cpa(r)
s=r+1
and
hgg(’f’,lr) = P{A2|T2:7’, T > Ta, Yr:lr}

1
Y e M=y T <Te

r(r—1) _
N(N=1) for [, =2

, 0 if r >r,
~t re—1 rs(s=1) for I, =1,
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Denote hy(r, 1) = ph(r,l.) + (1 — p)H(r,l,). Define ry = min{l < r <
N : h(r,2) > H(r,2)} and 7y = min{l < r < rq: h(r,1) > H(r,1)}. During
the recursive construction of o(r,l,;p) and the strategy according to Theorem
5 and 6 (see also (9)) for a large N we get that there exist r,(,) = min{r <
rq: H(r,2) < o(r;p)} and py = min{0 <p < 1:h((1) < 0(¢p)}. Forp > py
there exists 7,y = min{r <y : H(r,1) < 9(r;p)} and for p < p; there exists

T(py = min{r < ¢ : h(r,1) > o(r;p)}. These points 74, 7¢, 7o (p), Tx(p) are such
that
hp(r,1r) if (r, 1) € Br,n(1) U By n(2),
H(Tz l’") if (Tv l?“) € Bry(p)rd_1(2)7
o(r,lrip) = ¢ H(r b)Lp>53 (21)
+h(r ) ppy i (rlr) € Br,yr—1(1),
o(r; p) if (r,1+) € Bir,,—1(1) U Bir,, -1(2),
where
w(r,r+1,r+1,r+1;p) ifrg<r<N,
w(r,r+ 1,7+ 1,7r4;p) ifryp <r<rg,
o(r;p) = Tv(r,lsp) = § w(r, T+ 1,700),7d; ) ifre<r<r,p, (22)
UJ(T e, Tv(p Td,p) if T'k(p) <r <y,
U)( Tr(p))Tes V(p)ardap) ifl1<r< Tk(p)
and
s—1 r
w(r, s, t,u;p) = ——[HG, Dpzp,y + 20 Dlpepy]
51,3061
t—1 r u—1 T(t o 2)
;J(J—l) p0r1) ;J(]—l)(J—Q)[ P 1)+ H2)
N
(t—2)
+ - hy(4,1) + hy(7,2

for r < s < t < w. The optimal first stop strategy is given by sets
A(tgs = BTZN(l) U BTdN<2)’ Afs = (]I{p2131}Bm(p)Tz—1(1)) U BTV(p)Td—l(Q)v A;tgf =
Lip<in) Brogyre-1(1), Al = E\ (AP UA[* U A}T), t = 1,2,...,N. Here we
adopt convention that for every set A we have 1- A = A and 0- A = (), where
(- the empty set.

The function w(r, s,t,u; p) depends also on 7, and r.. Let r < s <r <t < w.
When N — oo and  — 71, 7 — T2, %-’2}1, ~ — Y2 we get

w(x17x27y17y2;p) = ]\}iirlmw(r7s7t,u;p)

= W (w1, T2, Y1, Y23 P)p>p y + W2 (w1, 22, Y1, Y25 P) {p<pi
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where
A~ x 1
W1 (T1, T2, Y1, Y2; p) = xl[(ln;; - 5((1nx2)2 — (@) 50
1 1
— (5 +Inzz + 5(Inw2)) i, <]
1lp sy +cl{zy <c} |
I 14{z1>c} { 1 }wl(x%ylay?;p)v
T2
A T
Won (1, 2, y1,y2:p) = a1[((lnae)? — (Inwi)? + 21 — 29 + 21nz—j)11{m>b}
b
+((4—=2b+2nb)In — + (2 —b)(z1 — b)
T
+ () = () — w2 + b+ 20 ), <o)
21l + blly,,
4 Dot} TSt s p)
x2
and
A 3 _1
W1 (T2,y1,Y2;p) = 22[(3p—1) ln% +2 ((Iny1)? = (Inw2)?) — plyr — a2)]
1 1 In gy Inyo
+ 2oy 320 — 1)(— = —) + (Bp—2)(—— —
201[3(2p )(y1 y2) (3p X n Y2 )
hn 2 1
+ (1 +p)n=]+yillp—1)(— —1)
Y2 Y2
In 1
+(p—2) (=2 + = —1) = (2p— 1) Inyy].
Y2 Y2

Parameter p; is asymptotic equivalent of p;. The value of p; can be determined
as the solution of some equation which will be given later.
Let d = lim & = 0.7587 and ¢/ = lim % = 0.4237. We have v(p) =

—00 N—oo
]\}iinm TVT(’)) is the solution of the equation w; (v, v, d;p) = fI(zx, 2) in [¢,d]. Now
we can determine p; as the solution of the equation 1wy (¢, v(p),d;p) = H(¢,1)
with respect to p in [0,1]. Such solution exists since (¢, v(p),d;p) is non-
decreasing function of p and H(¢,v(1),d;1) < w1 (¢,v(1),d;1). We have p; =
0.5659.

Determine k(p) = ngnoo =) The decision point (p) is the solution of the
equation w(k, ¢, v(p);p) = ﬁ(n, 1)]I{p<p1} + fI(/{, l)H{prl}.
w(z, z,x, ;D) ifd<z<1,
w(x, z,z,d;p) if v(p) <z <d,
o(z;p) = lim o(r;p) = w(z,z,v(p),d;p) L < <v(p), (23)
N=eo w(z, L, v(p),d;p) if k(p) <z <,
w(k(p), L,v(p),d;p) if 0 <z <rk(p)
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We can formulate

Theorem 7 For a large N, in the competitive two person problem of choos-
ing the best vs the best or the second best applicant but a better than the oppo-
nent, the asymptotically optimal strategy of the first stop is described by the sets
Aj®, A{S, Aff and A{f. The second stop is according to ¢* given by (19) for
Player 2 and 0* given by (20) for Player 1. The value function of the problem
is given by (21), the expected value with respect to P(,.; y of AMC by (22) and
its limit by (23).

2.2 Nonzero-sum random priority stopping game

A construction of Nash equilibria for a random priority finite horizon two-person
non-zero sum game with stopping of Markov process is considered in this section.
Let (X, Fn, P-)N_, be a homogeneous Markov

process defined on a probability space (2, F,P) with a state space (E, B).
At each moment n = 1,2, ..., N the decision makers (henceforth called Player 1
and Player 2) are able to observe the Markov chain sequentially. Each player
has his utility function g; : E — R, i = 1,2, and at each moment n each decides
separately if he accepts or rejects the realization z,, of X,,. We admit g; are
measurable and bounded. If it happens that both players have selected the same
moment n to accept x, , then the similar random assignment mechanism, as in
the zero-sum game model described in Section 2.1, is applied. If a player has
not chosen any realization of Markov process he gets gf = inf ¢ g;(x). The aim
of each player is to choose a realization which maximizes his expected utility. In
fact, the problem will be formulated as a two person non-zero sum game with the
concept of the Nash equilibrium as the solution. The problem with permanent
priority for Player 1 (i.e. o, =1, n = 1,2,...) has been solved by Ferenstein
[62]. This game is also strictly connected with optimal stopping of stochastic
processes. The ideas of Kuhn [83] and Rieder [84] as well as Yasuda [47] and
Ohtsubo [50] will be adopted to this random priority game model. Based on
this approach, as an example, we deal with non-cooperative two-person time
sequential non-zero-sum game version of the best choice problem (the secretary
problem). The example is a generalization of a game model of the problem
considered by Fushimi [65].

In non-cooperative non-zero sum games one of possible definitions of solution
is Nash equilibrium. This approach gives very often many different solutions in
stopping games (pairs of strategies for the players) with various gains for the
players. It is important to have knowledge about all possible solutions of the
game. Investigation of alternative solutions is also an interesting theoretical
problem. Consideration in this direction for the matrix games can be found,
for instance, in Moulin [85]. A tip from two person non-zero sum generalized
secretary problem with fixed priority has been given in Szajowski [69] and from
the random priority game in Sakaguchi [63]. A very interesting illustration of
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the problem in stopping games are models of two person best choice problems
considered by Fushimi [65]. One of them is generalized in this paper and can
be described as follows.

Two companies (Player 1 and Player 2) interview a sequence of applicants
one by one (as in the best choice problem which has been recalled above) every
morning independently of the other company, and the results of the interviews
are communicated to the applicant in the afternoon. If only one of the compa-
nies decides to accept the applicant, she agrees to this offer at once, the other
company is informed of this fact and continues the interviewing process. If, on
the other hand, both companies decide to accept the applicant, she selects one of
them with equal probabilities and the other company can continue interviewing
and employ another applicant. In Fushimi (1981) the threshold strategies for
the players were admitted. It was shown that equilibrium strategies for players
in the model are different. One of the players should behave more hastily than
in the original secretary problem and he should start solicitation at .2865 for the
limiting version of the problem. There are two Nash equilibria in the consid-
ered set of strategies for this game with values (.2865,.2963) and (.2963, .2865),
respectively.

The following generalization of the above problem has been considered in
Section 2.2.2. It is assumed that if both companies want to accept the same
applicant, Player 1 is selected with fixed probability «, Player 2 with prob-
ability 1 — a, a € [0,1], and the player who has not been chosen continues
interviewing and employs another applicant. Also a more general set of strate-
gies is admitted. This particular game problem is presented as interesting per
se. The mathematical model of the above formulated problem will be presented
and equilibria for each « will be derived. The problem need modified set of
strategies with respect to those applied in the zero-sum random priority game
(see Section 2.1). More details are in [86].

2.2.1 The payoff functions and strategies

In the problem of optimal stopping the basic class of strategies 7V are Markov
times with respect to o-fields {F,}Y_;. We admit that P(r < N) < 1 for some
7 € TN. The class of strategies described in Section 2.1 is not sufficient in the
nonzero-sum stopping game. To extend the class of strategies we consider a
class of randomized stopping times. It is assumed that the probability space is
rich enough to admit the following constructions.

Definition 2 (see Yasuda [47]) A strategy for each player is a random se-
quence p = (pp) € PN or q = (g,) € QY such that, for each n,

(i) Dn, Gn are adapted to Fy;
(”) 0<pn, gn<1as. .

If each random variables equals either O or 1 we call it a pure strategy.
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Let Ay, As,..., Ay and By, Bs,..., By be ii.d.r.v. of the uniform distri-
bution on [0, 1] and independent of Markov process (X, Fn,P,)N_,. Let H,
be the o-field generated by F,,, {A1,As,...,A,} and {B1, Bs, ..., B,}. A ran-
domized Markov time A(p) for strategy p = (p,) € PV and u(q) for strat-
egy ¢ = (q,) € QV are defined by A(p) = inf{N >n >1: A4, < p,} and
p(g) = inf{N >n >1: B, < g,}, respectively. We denote by AN and MY
the sets of all randomized strategies of Player 1 and Player 2. Clearly, if each
Dn 1s either zero or one, then the strategy is pure and A(p) is in fact an {F,}-
Markov time. In particular an {F, }- Markov time A corresponds to the strategy
p = (pn) with p,, = I{y—py, where I4 is an indicator function of the set A.

Denote TN ={reTV . .7> k;} One can define the set of strategies

= {(p, {O’n}) p e PN {o}} € TN, for every n} and let MN ={(q,{02}):
g€ QN {02} € T, for every n} for Player 1 and Player 2, respectively.

Let 51,52,.. be ii.d.r.v. uniformly distributed on [0 1] and indepen-
dent of \/ _1 Hy, and the lottery is given by & = (a1, aq,...,an). Denote
H, = o{Hn,&1,82,...,&n} and let TN be the set of Markov times with re-
spect to (H,)N_,. For every pair (s,t) such that s € AN, t € MY we define

Tl(s7t) = A(p)ﬂ{k(p)<;t(q)} + ()\(p)]l{ﬁx(p)fa;(p)} +O—/1L(q) {&)\(p)>|1k(p) }) {A(p)=w(a)} +
T Lirm>u(a)y and 72(5,8) = (@) Irp)> ur (D e, >0 1 3 ) e <a
Ui(p)H{A(p~)<u(q)}' The random variables 71 (s,t), To(s,t) € TN for every s € A
and t € M.

Definition 3 The Markov times T1(s,t) and T2(s,t) are selection times of
Player 1 and Player 2 when they use strategies s € A and t € M, respectively,
and the lottery is a.

For each (s,t) € AN x MV and given @ the payoff function for the i-th player
is defined as fl(s t) = gz( 7i(s, t)) Let R; (JZ § t) E, fl(s t) = Ea:gi(Xn(s,t))
be the expected gain of i-th player if the players use (s,t). We have defined
the game in normal form (AN MN . Ry, Rg) This random priority game will be
denoted G,,,.

Definition 4 A pair (s*,t*) of strategies such that s* € AN and t+ € MN
is called a Nash equilibrium in G, if for allx € E

vi(z) = Ry(x,s*t*) > Ri(x,s,t*) for every s € AN,
va(z) = Ry, s*,t*) > Ry(x,s*,t) for every t € MN.
The pair (v1(z),v2(x)) will be called the Nash value.

Denote h;(n, X,) = esssup Fx, g:(X,) and ot a stopping time such that
TeTN

hi(0,x) = Eygi(Xy«i) for every 2 € E, i = 1,2. Let I', = {z € E : hij(n,z) =
gi(x)}. We have o*' = inf{n : X,, € F;} (cf. Shlryaev (1978)). Denote

“u(a)

DI =)+
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o*t = inf{n > k : X,, € T:}. Taking into account the above definition of
Grp one can conclude that the Nash values of this game are the same as in the
auxiliary game G,,, with the sets of strategies of the players PN, QN and payoff
functions (cf. Yasuda (1985))

01(0,0) = 91X Ipnm<atyr + (@), X)) ae)> @} (24)
[gl(X/\(p))O‘A(p +hi(A(p) X)) (1~ A(m)] Lom=n@y

02(0,0) = 92(Xu@) ity <rmy +h2(A®) Xa) (@2} (25)
[92(X/\(p))(1 —anp) + hz(A(p)vXMp))aA(p)} Lae=n@y

for each p € P, q € Q, where hi(n, X,,) = esssup Ex, g;(X;) = Ex, hi(n +
TeTH

n+1
1, Xpnt1). Denote R;(z,p,q) = Er¢i(p,q) for every x € E, i = 1,2.
Let Py = {p = (pn) € P :p1 = ... = po1 = 0,py = 1} and Q)Y =
{e=1(0m) €Q:q1 = ..=¢q1 =0,y =1} We will use the following

convention: if p € PV then (p,,p) is the strategy belonging to P~ in which the
n-th coordinate is changed to p,.

Definition 5 A pair (p*,q*) € PN x QN is called an equilibrium point of
Gup at n if

v(n,X,) = Ex,e1(p*,q") > Ex,¢1(p,q*)for every p € PN, P,-a.s.,
va(n, Xn) = Ex,2(0",4") > Ex,2(p", q)for every g € QFY, Py-a.s. .

A Nash equilibrium point at n = 0 is a solution of Guwyp. The pair (v1(0,x),v2(0, x))
of values is a Nash value corresponding to (p*,q*) € PN x QN.

Theorem 8 (/86]) There exists a Nash equilibrium (p*, ¢*) in the game Gy,p.
The Nash value and an equilibrium point can be calculated recursively.

Proof. At moment N the players play the following bimatrix game

( (91(N,XN),52(N, Xn)) (91(Xn),95) )
(97, 92(Xn)) (91,93)

where §1(n,2) = ang1(x) + (1 — ay)hi(n,x) and ga(n,z) = (1 — ay,)g2(z) +
apha(n, ). This game always has an equilibrium in pure or randomized strate-
gieson {w : Xy = x} for every z € E. We denote a Nash equilibrium in P x Q¥
by (py,¢y) and the corresponding Nash value by (v1(N,z),v2(N,z)). Let us
assume that an equilibrium (p*,¢*) € P2, x QN | has been constructed and
(vi(n+ 1,2),v2(n + 1,x)) is the Nash value corresponding to this strategy on
{w: X,, = z}. We consider the following bimatrix game

( (gl(nvxn)’§2(n’ X’ﬂ)) (gl(Xn)’BQ(n’ Xn)) ) (26)
(hl(naXn)aQZ(Xn)) ({)1(713 Xn)762(naXn)
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where 9;(n, z) is such that 9;(n, X,,) = Ex,v;(n +1,X,41), § = 1,2. On the
set {w: X,, = x} there is at least one equilibrium point in pure or randomized
strategies in this bimatrix game. By measurability of g;(x) there exists (pf, ¢;)
such that p},q} € F, and (p},q}) is a Nash equilibrium in the above bimatrix
game. We are now in a position to show that ((pX, p*), (¢, ¢*)) is an equilibrium
of Gyyp in PN x ON. Let (p,,p) € PV, where p € 737]1\;1. By properties of
conditional expectation and induction assumption we have P,-a.s.

Ex,01((pns0), (07,47) = pPnandi(n, Xn) +pu(l = q,)91(X5)
+ (1= pa)gyha(n, Xy,)
+ (1 =pu)(1 —q,)Ex, Ex, p1(p,q")
< Pndndi(n, Xn) +p5 (1 = 43)91(X5n)
+ (1 =pp)gyha(n, X,)
+(Q-p)1—=g)Ex,vi(n+1,Xnt1) =v1(n, X,).

for each = € E. The same is valid for Player 2. This proves the theorem.
O

The solution of the game G,, can be constructed based on the solution
(p*,q*) of the corresponding game G,p.

Theorem 9 (/86]) Game G, has a solution. The pair (s*,t*), where s* =
(p*,{o*L}) € AN and t* = (¢*,{0*2}) € MY, is an equilibrium point. The
value of the game is (v1(0,z),v2(0, z).

In fact, the players play optimally G,, using a Nash equilibrium strategy
from G,p. If the strategy of both players indicates stopping at moment n and
neither player has stopped earlier, then the lottery chooses one of them. The
player who has not been selected will accept any future realization according to
the adequate optimal strategy in the optimization problem.

2.2.2 Two person best choice problem with random priority

The solution of the best choice problem (one player game), described in Sec-
tion 2.1.1, is auxiliary in the solution of the two person game with random prior-
ity. It is used in further consideration. Let us consider the two person nonzero-
sum game with random priority described in Section 2.2 related to the secretary
problem. We admit that both players observe Markov chain Wy, t = 1,2, ... and
their utility functions g;(r) = f(r), j = 1,2, r € E. Let lottery & be constant,
ie. a; =a, i =1,2,...,N. Denote &(r) = ¢ga(r) defined in Section 2.1.1 and
re = inf{l §T§N:Z£T+1ﬁ <1} and 7f =inf{s > r:Y; = 1,5 > r.}.
We have g1(r) = af(r)+(1—a)é(r), §2(r) = (1—a) f(r)+aé(r) and gf = 0. Our
aim is to determine the equilibria which give the highest and lowest value for
Player 1. At first, we construct the highest value Nash equilibrium for Player 1.
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*

By analysis of the matrices (26) we have that p = ¢* = 1 is an equilibrium

point for r > r,. We have then
N

w(r) = Y plri)gi)
i=r+1
N

o(r) = Y p(ri)ga(i)
i=r+1

for j = 1,2. For r = r, — 1 we have two pure equilibria in (26) in this case: (1,0)
and (0, 1) and one in randomized strategies. Since for r < r, we have f(r) < é(r)
henceforth we can choose (1,0) at r = r, — 1 and assume for induction that the
same strategy is optimal for r < r,. Under this assumption

Tq—1 N

B(r) = > pri)g())+ > p(r,i)gi)
i=r+4+1 1=Tq

B = S P i) + S plr )i
i=r+4+1 i=Tq

Since f(r) is increasing and ¢&(r) is constant for r < r, the strategy (1,0) can
be used as equilibrium in r, < r < r,, where rp, = inf{r < r, : 01(r) < ¢1(r)}.
Denote ry = inf{r < r, : 02(r) < g2(r)}. For large N we have rp, < rp if
a < ag=min{a €[0,1]: 72~ > e*FTa} 2 0.5299. Denote

2+«
s—1 N
wi(rs,a) = 3 pni)f)+ D pri)an)
z;:—il- z];s
wa(r, s,a) = Z p(r,i)é(i)+2p(r,i)gg(i).
i=r+1 i=s

For a < a¢ we have

(1,1) ifr>r,,
(pjaq:) = (1,0) if ry <1< Ta, (27)
0,0) if1<r<rp

and
w;(r,r+1,a) if r>rg,
vi(r) = ¢ w;i(r,re, @) if ry, <r <rg, (28)
wilry —Lrg,a) i 1<r<ry,
j =1,2. The value of the game is (v1,vs) = (v1(1),v2(1)). When N — oo such
that - — = we obtain

w;(z,z,a) if > a,

vj(x) = lim v;(r) = w;(z,a, ) fb<r<a,
wj(baaaa) if0<r <y,
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where

wi(z,y, ) = —zxzlnz+ (1—a)z(lny +

9

(Iny)?
— )

(Iny)?
2

we(x,y, ) = y—z—(1—a)zlny+ ax

and b =limy ..o & =e %2*. The asymptotic value of the game in this equi-
librium is

(61,5) = (77" 7! = S5, (29)
Let a > ag. Denote
s—1 t—1 N
nrosta) = 3 pri)e) + S p(ri) f() + 3 p(ri)a ),
i=r+1 i=s i=t
s—1
ug(r, s, t,a) = Z —l—Zprz —|—Z p(r,1)g2(i
i=r41 i=rq
Similar analysis as above leads to conclusion that
(1,1) ifr>rg,
v v (1,0) ifrp <7 <7y,
(prv q'r) - (0’ 1) lf Te S r< Th, (30)
(0,0) if1<r<rg,
and
ui(r,r+1,r+1a) ifr>r,,
R BTV (% i o W e)) ifry <r <rg,
vi(r) = w; (7, 1y, Tq, ) ifre <r <y, (31)

uj(rc—l TpyTa, )  if 1 <71 <7,

j = 1,2, where r. = inf{r < ry : 92(r) < g2(r)}. When N — oo such that

+ — x we have

N
Uj(z,z,z, ) if x > a,
o = g i = | S KOs
i(e,bya, ) i 0<r<e,
where 41(x,y,z,a) = z — x§ + %wl(y,z,a) and dy(z,y,2,a) = rlnZ +

511)2(3/, z,a). The asymptotic value of the game for this equilibrium point is

i-o 11—«
(01,02) = (e +e 3Fe 7 (1—e %) 750 7 ), (32)



30 A.S. NOWAK & K. SZAJOWSKI

Theorem 10 In the random priority two person non-zero sum game of
choosing the best applicant the Nash equilibrium which gives the mazimal prob-
ability of success for Player 1 is given by (27) for a < ag and by (30) for
a > ag. The Nash value for the equilibrium is (28) and (31), respectively. For
the limiting case the Nash value is given by (29) and (32), respectively.

Now, we construct the Nash equilibrium with the lowest probability of suc-
cess for Player 1. The same arguments as above suggest that one can choose
(0,1) in r, — 1. Using backward induction procedure as long as possible we
minimize the Nash value of Player 1. In such a way we obtain the following
equilibrium strategy. For a > 1 — ag

(1,1) ifr>mr,,
(pr,qr) = (0,1) ifrg <r<rg, (33)
(0,0) if1<r<ry,

and the Nash value

wi(r,r+1,a) if r>rg,
vi(r)=q wi(r,re,a) ifrg <r<rg, (34)
wi(rg —1,rg,) if 1 <7 <y,

where wi(r, s, @) = wa(r,s,1 —a), wi(r,s,a) = wi(r,s,1 —a) and rq = inf{r <

o s 0F(r) < g1(r)}.

For v < 1 — a9 we have

(L,1) ifr>mr,,
« o) (0,1) ifrg<r<mr,,
(prar) = (1,0) ifry <r<mrg, (35)
(0,0) f1<r<ry,
and
;(rrJrlrJrloz) ifr>rg,
wi(r,r +1,rq, ) ifrg <r<rg,
* = U;
UJ(T) ;‘(r TdyTas Q) ifry <r<rg, (36)
ui(ry — Lrg,re, o) if 1 <71 <rp,

where uj(r, s, t,a) = u3(r,s,t,1 — a), u(r,s, t,a) = uj(r,s,t,1 —a) and ry =
inf{r < rq : 01(r) < g1(r)}. When N — oo such that & — 2 we obtain

M —d=e" "2 and %f — f= e~31¢* The asymptotic value of the game in

this equilibrium is

(37)

(07,83) = (e’g“%,e*l+e’%+e%(1—e%)) ifa<l-—ap
ifa>1-—ag.
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Theorem 11 In the random priority two person non-zero sum game of
choosing the best applicant the Nash equilibrium which gives the lowest prob-
ability of success for Player 1 is given by (33) for a« > 1 — g and by (35) for
a < 1—ag. The Nash value for the equilibrium is (34) and (36), respectively.
For limiting case the Nash value is given by (37).

Remark 1 These solutions do not exhaust all Nash points in considered
game. The other pure Nash equilibria can be obtained, roughly speaking, by
more often “switches” between (1,0) and (0,1) strategy (when both strategies
are the Nash equilibria in bimatriz game (26)). This idea is used in Remark
3 to construct Nash equilibria, for a € [1 — ag, o], with equal Nash values for
both players.

Remark 2 For a € (0,1) and for r such that v1(r) < f(r) < &(r) and
Oa(r) < f(r) < é(r) we can use the randomized Nash equilibrium (see Moulin
(1986) for details)

. Ba(r) = 1) Ba(r) — f(r)
(Pra) = (vw) — )+ (1= a)(F0) — &) () — () +a(f(r) - e<r>>) |

Table 1. Decision points for selected a.

« d b

o 3677 .2908
.525 .3432 .2936
.520 .3335 .2966
515 .3264 .2998
510 .3205 .3032
.505 3154 .3069
.500 .3109 .3109

Remark 3 Let o € (1 — ag, ). We have at least two Nash equilibria with
the same Nash values for both players equal exp(—(3 — ap)/2) (in the limiting
case). The first pair of strategies is (30) and the second pair is (35) with ¢ =
f = .2908 and b, d, chosen in an appropriate way. The values of b and ¢ one
can obtain as solution of the system of equation i1 (c,b,a, ) = Gs(c,b,a,a) =
exp(—(3 — ap)/2). Similarly, d and f is solution of the system of equation
i (f,d,a, ) = 45(f,d,a,a) = exp(—(3 — a0)/2). The values of b and d for
selected o are given in Table 1.

It seems that the concept of correlated equilibria applied to nonzero-sum
stopping games would be an interesting and important approach.
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