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ON A RANDOM NUMBER OF DISORDERS

BY

KRZYSZTOF SZAJOWSKI* (WROCLAW)

Abstract. We register a random sequence which has the following
properties: it has three segments being the homogeneous Markov processes.
Each segment has his own one step transition probability law and the length
of the segment is unknown and random. It means that at two random mo-
ments 01, 62, where 0 < 01 < 62, the source of observations is changed. In
effect the number of homogeneous segments is random. The transition prob-
abilities of each process are known and a priori distribution of the disorder
moments is given. The former research on such problem has been devoted to
various questions concerning the distribution changes. The random number
of distributional segments creates new problems in solutions with relation
to analysis of the model with deterministic number of segments. Two cases
are presented in details. In the first one the objectives is to stop on or be-
tween the disorder moments while in the second one our objective is to find
the strategy which immediately detects the distribution changes. Both prob-
lems are reformulated to optimal stopping of the observed sequences. The
detailed analysis of the problem is presented to show the form of optimal
decision function.
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1. INTRODUCTION

Suppose that the process X = {X,,,n € N}, N = {0,1,2,...}, is observed sequen-

tially. The process is obtained from three Markov processes by switching between them at
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2 K. Szajowski

two random moments of time, #; and 5. Our objective is to detect these moments based on
observation of X.

Such model of data appears in many practical problems of the quality control (see
Brodsky and Darkhovsky [5], Shewhart [17] and in the collection of the papers [2]), traffic
anomalies in networks (in papers by Dube and Mazumdar [6], Tartakovsky et al. [22]),
epidemiology models (see Baron [1]). In management of manufacture it happens that the
plants which produce some details changes their parameters. It makes that the details change
their quality. Production can be divided into three sorts. Assuming that at the beginning of
production process the quality is highest, from some moment #; the products should be
classified to lower sort and beginning with the moment 8 the details should be categorized
as having the lowest quality. The aim is to recognize the moments of these changes.

Shiryaev [18, 19] solved the disorder problem of the independent random variables
with one disorder where the mean distance between disorder time and the moment of its
detection was minimized. The probability maximizing approach to the problem was used
by Bojdecki [3] and the stopping time which is in a given neighborhood of the moment of
disorder with maximal probability was found. The disorders in more complicated depen-
dence structures of switched sequences are subject of investigation by Pelkowitz [14, 15],
Yakir [24], Mustakides [11], Lai [9, 10], Fuh [7], Tartakovsky and Veeravalli [23]. The
probability maximizing approach to such problems with two disorders was considered by
Yoshida [25], Szajowski [20, 21] and Sarnowski and Szajowski [16]. Yoshida [25] investi-
gated the problem of optimal stopping the observation of the process X so as to maximize
the probability that the distance between the moments of disorder ¢; and their estimates,
the stopping times 7;, ¢ = 1,2, will not exceed given numbers (for each disorder inde-
pendently). This question has been reformulated by Szajowski [21] to the simultaneous
detection of both disorders under requirement that the performance of procedure is globally
measured for both detections and it has been extended to the case with unknown distribu-
tion between disorders by Sarnowski and Szajowski [16] (see also papers by Bojdecki and

Hosza [4] for related approach with switching sequences of independent random variables).
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The method of solution is based on a transformation of the model to the double optimal stop-
ping problem for markovian function of some statistics (see Haggstrom [8], Nikolaev [12]).
The strategy which stops the process between the first and the second disorder with maximal
probability has been constructed by Szajowski [20]. The considerations are inspired by the
problem regarding how we can protect ourselves against a second fault in a technological
system after the occurrence of an initial fault or by the problem of detection the beginning
and the end of an epidemic.

The paper is devoted to a generalization of the double disorder problem considered
both in [20] and [21] in which immediate switch from the first preliminary distribution to
the third one is possible (i.e. it is possible that the random variables 6, and 65 are equal with
a positive probability). It is also possible that we observe the homogeneous data without
disorder when both disorder moments are equal to 0. The extension leads to serious diffi-
culties in the construction of an equivalent double optimal stopping model. The formulation
of the problem can be found in Section 2. The main results are subject of Sections 4 (see

Theorem 4.1) and 5.

2. FORMULATION OF DETECTION PROBLEMS

Let (X,)nen be an observable sequence of random variables defined on the space
(Q, F,P) with values in (E, B), where E is a Borel subset of R. On (E, B) there is o-
additive measure p. On the same probability space there are defined random variables 61,

02 with values in N and the following distributions:

2. Py =j) = Ij—oy()m + Isoy ()70 4,
(2.2) P(Oy=k|01=j) = Ipjy(k)p+Ipspk)pps 7 a2

where j = 0,1,2,..,.k=45,j+1,j+2,...,7m=1—m, p =1— p. Additionally we
consider Markov processes (X:, G5, PL) on (Q,F,P), i = 0, 1,2, where o-fields G/, are
the smallest o-fields for which (X?)°°

n=0’

1 =0, 1, 2, are adapted, respectively. Let us define
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process (X, )nen in the following way:

(23) X, = XSH{91>n} + X%H{X;Fl:xglfl,elgme?} + Xgﬂ{xgrlzxgrl,aggn}-

We make inference on ¢ and 65 from the observable sequence (X,,, n € N) only. It should
be emphasized that the sequence (X,,, n € N) is not markovian under admitted assumption
as it has been mentioned in [20], [24] and [6]. However, the sequence satisfies the Markov
property given 1 and 6, (see Szajowski [21] and Moustakides [11]). Thus for further con-
sideration we define filtration {F,,},cn, where F,, = o(Xp, X1, ..., X,,), related to real
observation. Variables 6y, 2 are not stopping times with respect to F,, and o-fields G,.
Moreover, we have knowledge about the distribution of (61, 62) independent of any obser-
vation of the sequence (X, ),en. This distribution, called the a priori distribution of (01, 62)
is given by (2.1) and (2.2).

It is assumed that the measures P%(-) on F, i = 0, 1, 2, have following representation.
For any B € B we have

P,(w:Xj€B)=P(Xj € B|X;=1) = jB"fé(y)M(dy) = Lgu?;(dy) = 1i3(B),
where the functions fi(-) are different and fZ(y)/ fgng)mOdg (y) < oo fori=0,1,2andall

z,y € E. We assume that the measures pi%, x € E are known in advance.
Forany D, = {w: X; € B;, i =1,...,n}, where B; € B, and any x € E define

PJ:(Dn) =P(Dy|Xo=2) = f Sn(xagn)ﬂ(dgn) = f Na:(dgn) = Nm(xylei)a

x| B; x| B;
where the sequence of functions S, : x}* ;£ — ¥t is given by (7.5) in Appendix.

The presented model has the following heuristic justification: two disorders take place
in the observed sequence (X,,). They affect distributions by changing their parameters.
The disorders occur at two random times ¢ and 65, 81 < 6. They split the sequence of
observations into segments, at most three ones. The first segment is described by (X?), the

second one - for §; < n < 63 - by (X}). The third is given by (X2) and is observed
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when n > 05. When the first disorder takes the place there is a ”switch” from the initial
distribution to the distribution with the conditional density f: with respect of the measure
1, where i = 1 or i = 2, when 07 < 0 or 61 = 05, respectively. Next, if §; < 6o, at the
random time 65 the distribution of observations becomes 2. We assume that the variables
01, 05 are unobservable directly.

Let S denote the set of all stopping times with respect to the filtration (Fp,), n =
0,1,...and 7 = {(7,0) : 7 < 0, 7,0 € S}. Two problems with three distributional
segments are recalled to investigate them under weaker assumption that there are at most

three homogeneous segments.

2.1. Detection of change. Our aim is to stop the observed sequence between the two
disorders.This can be interpreted as a strategy for protecting against a second failure when
the first has already happened. The mathematical model of this is to control the probability

P, (1 < 00,0, < 7 < 62) by choosing the stopping time 7* € S for which

2.4) P,(01 < 7F<03) =supP,(7 < 00,0; <7 < b).
T€T

2.2. Disorders detection. Our aim is to indicate the moments of switching with given
precision dy, da (Problem Dy, 4,). We want to determine a pair of stopping times (7%, 0*) €
7T such that for every z € E

(2.5) P$(|T*—91| <d1,|0*—92‘ <d2)= sup Px(|7'—91| <d1,|0—92| <d2).
(r,0)€T
0<T<o0<0

The problem has been considered in [21] under natural simplification that there are three

segments of data (i.e. there is 0 < 61 < 65). In the section 5 the problem Dy is analyzed.
3. ON SOME A POSTERIORI PROCESSES

The formulated problems are translated to the optimal stopping problems for some
Markov processes. The important part of the reformulation process is choice of the statistics

describing knowledge of the decision maker. The a posteriori probabilities of some events
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play the crucial role. Let us define the following a posteriori processes (cf. [25], [20]).

3.1) IL, = Poy(6; <n|Fn),

(3.2) I;? = Pu(6h =0y >n|F,) = P61 = 02 > n|Fmn),

(3.3) Ly, = Pi(01 =m, 0z > n|Fnn),

where Fp,, = Fp form,n = 1,2,..., m < n, i = 1, 2. For recursive representation of

(3.1)—(3.3) we need the following functions:

(1) f(y)

Wl = Ry o)
(e y.0.8.7) = (q2a+(1;z§7+’qé7)§§(y)
weyas) = gl
s -

where H(z, y,a,8,9) = (1 = a)p1 f3(y) + [p2(e = B) + a1(1 — o = )] fa(y) + [z +
P23 + q17] f2(y). In the sequel we adopt the following denotations

(3.4 a = (a,f3,7)

(3.5) M, = (I),T2 1?).

The basic formulae used in the transformation of the disorder problems to the stopping

problems are given in the following

LEMMA 3.1. For each x© € E the following formulae, for m,n = 1,2,..., m < n,

hold:

(36) H7lH_1 - Hl(XanJrlvH}wH?erle)
(37) H31+1 = HQ(Xann+17H71’L7H’?L7H’}L2)
(3.8) M2, = I%(X,, X4, I, 112, 1002)

(3.9) Mpnir = (X, Xy, 0L 112 1122 10,,, )
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with boundary condition I} = m, 13(x) = mp, U§*(x) = 7p, and Wy, = (1 —

QIf}(m71 (Xm) 1
p) plfg{m,l (Xm) (1 - Hm)

PROOF.  The cases (3.6), (3.7) and (3.9), when 0 < 6; < 65, have been proved in
[25] and [20]. Let us assume 0 < 01 < 65 and suppose that B; € B,1 < i < n+ 1. Letus
assume that Xy = x and denote D,, = {w : X;(w) € B;,1 <i < n}.

Ad.(3.6) For A; ={w: X; € B;} € F;,,1 <i<n+1land D,,11 € F,+1 we have by

properties of Sy, (Z,,) where &), = (zo, ..., ;) (see Lemma 7.1)

f PI(91 >n+ 1|fn+1)dPx = f H{91>n+1}dPx

Dn+1 Dn+1
J (f2=0r=(Z10) + [7°0=2(T10)  P1fi, (ns1)
=

x" B, Sn(7n) H(zn, 2ns1, In ()

L % (Xnga)
= f (1 - Hn) =3
Dpg1 H(XanJrl’ Hn)

ﬂx(dfl,nJrl)

dP.

Thus, taking into account (3.1) we have II} | = 1 — P, (01 > n+1| Fppq) =
1—(1-I)p1f%, (X)) H (X, X1, ﬁn) This proves the form of the formula
(3.6).

Ad. (3.7) Under the same denotations like in the proof of (3.6) we have using denotation

from Section 7.1 and the results of Lemma 7.3

f Pw(92 <n+1 ‘ ~fn—i—l)d]-:)w = f H{02§n+1}dPx

Dt Dyt
(21) f f£1<92<n+1(fl,n+1)
g, (T H (@, Ty, T (7))
[ eI Gon) + oIl Eow) + aILAEon)lf2, ()
X" H1B; H(zy, Tpi1, ﬁ)n(fn))
_ [goIT} + polI2 + i II2) f3 (Xs1)
- Dr1 H(XTL’X?H-laﬁ)n)

Mz (dfl,nJrl)

,Ux(dfl,n—l-l)

dP.
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Thus we get:

2., =P,(0e<n+1]|Fn1)

N
= [(I, = T3) g2 + 1T} + 1L f%, (X)) H ™ (X, X, I10)
which leads to the formula (3.7).
Ad. (3.8) By (3.2) and the results of Lemma 7.3

[ Po(lo=01>n+1|Fop1)dPe = [ ILig,—p,5n413dP2

Dpia Dyi1
91 O2>n (3
X?:llB- S ($n)H($na Tn+1, Hn(
HD(xn)plfx (Tn41) .
- f uz(dwl,n—&—l)

_>
'n+lB H(mn7xn+17 ( ))

U, NEH
= =
Dpt1 H(Xan—&-lv Hn)

dPg,

which leads to:
2 = pid2 %, (X)) H (X, Xga, ﬁn)
and it proves the formula (3.8).
Ad. (3.9) Similarly, by the definition (3.3) and the results of Lemma 7.3 we get

f Pm(el = m,@g >n+1 ’ fn_:,_l)dPx = f H{Olzm,92>n+1}de

Dn+1 Dn+1
ﬁﬁpl Q1p2+1 H gcg 1 xs Hk m xk 1 k)f:cn (xn—i-l) .
= f — x(d"rl,n—i—l)
x" B, Sn(ffO,n)H(mmxn—l—la I, (Zn))
I, (% L I L(x
_ f mn( n)prI_n)( T:+1) m(dfl,nJrl) _ f mnPZan( T;l)dPx.
X?ille‘ H(xna Tn+1, Hn(xn)) Dni1 H(Xna Xn—i—l, Hn)

It leads to relation

—
W nt1 = p2lly nf}(n (Xn+1)H_1(Xn7Xn+1a Hn)
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and it proves the formula (3.9).

Further details concerning recursive formula for conditional probabilities can be found in

Remark 7.1 in Appendix. R

REMARK 3.1. Let us assume that the considered Markov processes have the finite state
space and T, = (xo,x1,...,Ty), Ty = T are given. In this case the formula (3.9) follows

from the Bayes formula:

p?an 1fi‘)s 1 )(Sn(l_:n))_l lf]>n7
p]k:H =1 :Bs 1 )
P.(01 =j,00 =k X, =2,) = x [T - ae (@) (Sn(Zn)) ! ifji<n<k,

pjk | - fg(c)s,l(ffs) f:_jl %Fl(fct)
<TI0y £2, (@) (Su(@n)™t ifk<n

where p?k =P(61 = j,02 = k) and S, () is given by (7.5).

LEMMA 3.2. For each x € E and each Borel function u : E — R the following

equations are fulfilled:

(3.10) E; (u(Xnt1)(1 — ) [ Fo) = (1= I5)p {U(y)féin(y)u(dy),
G.11) E, (u(Xp1) [y —T540) | Fo)
= [@(1 = 10, = T12) + po(IT;, — 113)] {utﬂ)f}cn (y)p(dy),
(3.12) E, (w(Xni1)IIZ, ) | Fr) = [qoII), + poll} + uI17] {My)f%n (y)u(dy),
(3.13) E; (u(Xns1)IL2) | Fa) = prll? { u(y) X, (v)n(dy)
(3.14) Eq; (w(Xp41)|Fn) = [JE’ u(y)H (X, y, Tyl dy).

PROOF. The relations (3.10)-(3.13) are consequence of suitable division of 2 de-

fined by (01, 62) and properties established in Lemma 7.3. Let us prove the equation (3.12).
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To this end let us define o-field F,, = o(01, 62, Xy, ..., X;,). Notice that F,, C F,,. We have:

Ew(u(XnJrl)H?z-i-l | Fn) = Ez(u(Xn+1)Ex(H{62<n+1} | Frt1) | Fn)
= Ex(u(Xn—&-l)H{OanJrl} ‘ fn) = Em(Ew(u(Xn-i-l)H{GggnJrl} | ﬁn) ’ Fn)

= Es(lpycnyBe(u(Xns) | Fo) | Fo) = {U(y)f)%n (W) u(dy)Pe (02 <n+ 1] Fy)

L£'3(Q2H711 + poIll + IL?) [uly) 3, (v)p(dy)
E

We used the properties of conditional expectation and point 5 of Lemma 7.3. Similar trans-
formations give us equations (3.10), (3.13) and (3.11) when the points 1 and 2, the point 4
and the point 1 of Lemma 7.3, respectively. From (3.10)-(3.12) we get (3.14). The proof of

the lemma is complete.

4
4. DETECTION OF NEW HOMOGENEOUS SEGMENT

4.1. Equivalent optimal stopping problem. For X, = x let us define: Z,, = P,(0; <
n <6y | F,) forn=0,1,2,.... We have

(4.1) Zn=Pu(0h <n<by| Fp) =T —TI2
Yy, = esssupgrer, ron)Px(01 <7 <6y | Fy) forn =0,1,2,... and
4.2) 7 = inf{n>0:2,=Y,}

Notice that, if Zo, = 0, then Z, = P, (61 < 7 < 02 | F;) for 7 € T. Since F,, C F-

(when n < 7) we have

Y, = esssupEx(Z; | Fn).
T>n

LEMMA 4.1. The stopping time 1y defined by the formula (4.2) is the solution of the
problem (2.4).



Random number of disorders 11

PROOF.  From the theorems presented in [3] it is enough to show that lim 2, = 0.

n—~oo

For all natural numbers n, k, where n > k for each x € E we have:
Zn = EIE(H{91<TL<92} | ‘7:71«) < Em(s'gpﬂ{91<j<92} | Fn)
jzn

From Levy’s theorem limsup,,_,. Zn < Ez(sup;sj g, <jcp.) | Foo) where Foo =

o (Up2y Fn). It is true that: klim suplg, <j<p,} = 0 a.s. and by the dominated conver-
T gz2k
gence theorem we get

k—o0

lim ECU(SU‘EH{91<]'<92} | Foo) =0 a.s.
Jjz

what ends the proof of the lemma. K

The reduction of the disorder problem to optimal stopping of Markov sequence is the

consequence of the following lemma.

LEMMA 4.2. System X® = {XZ}, where X% = (X,_1, Xy, 1}, 112, T1!2) forms a

Sfamily of random Markov functions.

PROOF.  Define a function:
(4.3) o(x1, 20,0 52) = (1:2,z,Hl(xg,z,&),HQ(JCQ,2,54'),1_[12(332,2,62))
Observe that
X = (X2, X1, 15 Xp) = 9(X3_15 Xi)

Hence X}V can be interpreted as the function of the previous state X*_; and the random
variable X,,. Moreover, applying (3.14), we get that the conditional distribution of X, given
o-field F;,—1 depends only on X7 _,. According to [19] (pp. 102-103) system X* is a family

of random Markov functions. »
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This fact implies that we can reduce the initial problem (2.4) to the optimal stopping of the

five-dimensional process (X,,_1, Xy, [T}, TI2, TI12) with the reward
4.4) h(z1,x2,d) =a—f

The reward function results from the equation (4.1). Thanks to Lemma 4.2 we construct the
solution using standard tools of optimal stopping theory (cf [19] ), as we do below.
Let us define two operators for any Borel function v : E? x [0,1]®> — [0, 1] and the

set D ={w: X, 1=y, X, =21} =a,II2 = 3,112 = 4}:
R —
Txv(y,Z,Oé) = Ex(v(Xnan+1v Hn+1) ’ D)

From the well known theorems of optimal stopping theory (see [19]), we infer that the

solution of the problem (2.4) is the Markov time 7q:
* : - * =
(4.5) To = mf{n >0: h(Xn,Xn_H, Hn+1) > h (Xnan+1a Hn+1)},

where:
h*(y,z,d) = lim Qﬁh(y,z,o’é).
k—o0
Of course

Qru(y, 2, @) = max{Q 1w, T, Q¥ 1w} = max{v, T.Q¥ 1v}.

To obtain a clearer formula for 73 and the solution of the problem (2.4), we formulate (cf

(3.5) and (3.4)):

THEOREM 4.1. (a) The solution (4.5) of the optimal stopping problem for the stochas-

tic system X* defined in Lemma 4.2 with payoff function (4.4) is given by:

(4.6) 7 =inf{n > 0: (Xn, Xni1, Ops1) € B
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Set B* is of the form:

B* = {(,2@):(a—=p)>(1-a—7)[n {R*(y, w, Ty (y, u, @) f0 () ()

+ [ Sy u, Ty, w, @) fL () p(du)]
E

+ (a=B)p2f 5*(y,u7ﬁl(ymﬁ))fyl(U)M(dU)} ;
E

where R*(y, z,d) = limy_o R¥(y,2,d), S*(y,2,&) = limy_oo S¥(y, 2, &). The
functions R* and S* are defined recursively: R'(y, z,d) = 0, S*(y, z,d) = 1 and

@.7) R (y, z,8) = (1 - Ig, (y,2,d)) <p1 [ Ry, u, T (y, u, @) £2(u)(du)
E
+QI_I£Sk(y7u7ﬁ>1(y7u7&>)fg}(u):u’(du)> ’

“8)  SMNy,z,d) = Ig(y,2 @) + (1 -Ig,(y, 2,d))
“paf "0, T (y, u, @)) £y (w)u(du),
where the set Ry, is:
(4.9) { Y2, @)t hly, 2, &) > TIQ’;_lh(y,z@)}
={(y.z,d):(a-p)>21-a-7)

x |1 [ R¥(y,u, T (y, w, @) f0(w) ()
E

+ QIf Sk(y7u7 ﬁl(:%ua CHV))fyl (u)ﬂ(du)]
E

N
+ (a = B)p2 [ S*(y,u, M (y, u, @) f, (u)u(du)} :
E
(b) The optimal value for (2.4) is given by the formula

V(z) = max{p2@p, Vo(z)}
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where

Volx) = 7p |p1 [ B* (2, u, T (2, u, 7, pr, 7)) £2 () po(dus)
E

[ S (@ u, T (2, u, 7, pr, p(1 — 7)) £ (u) ()
E
+ﬁppgfS*<3§',U,ﬁ)1(fE,u,7T,,O7T,p(1 - W)))fa%(”)ﬂ’(du)
E

and 7 = 0y, mp>vo (@)} + 70 Upamp<vo@)}-

PROOF.  Part (a) results from Lemma 3.2 - the problem reduces to the optimal stop-
ping of the Markov process (X,,_1, X, I1}, T12, T1}?) with the payoff function h(y, z, &) =
a— (. Given (3.11) with the function v equal to unity we geton D = {w : X,,_1 =y, X, =
2, 1L = o, 112 = 3,112 = 4}

T.h(y,2,d) = E, (I, —12 1 |F) [p
= (1 =10, = I} + (1L, — 117 )p2) % fx, (Wp(du) | [p
= (I-—a=7)q+ (a=pB)p.
From the definition of R and S' it is clear that

h(ya 2, O_Z) = Ol—ﬁ = (1 - _V)Rl(y,zvd)) + (a _ﬂ)Sl(y,Z?&)

Also Ry = {(y, 2,d) : h(y, z,d) > Tyh(y, z,d)}. From the definition of Q,, and the facts

above we obtain
Qwh(y727&) = (1—Oé—’}/)RQ(y,Z,&)+(Oé—6)52(y,2’70_2),

where R?(y,z,d) = q1(1 — Ig, (v, 2,@)) and S?(y, 2, &) = p2 + (1 — p2)Ig, (y,2,@)).
Suppose the following induction hypothesis holds

Qﬁ*_lh(yv 2 0_2) - (1 - 7)Rk(ya 2, 62) + (Oé - ﬁ)sk(yv 270_2)7
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where R¥ and S* are given by equations (4.7), (4.8), respectively. We will show
Qihly, 2,d) = (1 - a = )R (y,2,8) + (o = S (y, 2, d).
From the induction assumption and the equations (3.10), (3.13) and (3.11) we obtain:

4100 T,QF 'h(y,2,d) = T,(1 —a—)R*(y,2,d)
+ Tz(a - ﬁ)sk(ya 2y 62)

- (1 - ’Y)pl f Rk(ya u, ﬁl(:% u, @))f;)(u)ﬂ(du)
E

+[(1—a—7aq + (a— B)ps] { S*(y, u, T (y, w, @)) £ (u) ()

— (1—a—7) |p1 [ R*(y,u, 1 (y, u, @)) fO(u) ()
E

tq1 [ Sy, u, T (y, w, @) £ (w)pa(du)
E
+(a — B)ps [ S*(y,u, 1 (y, u, @) f1(w)p(du).
E
Notice that
(1—a—7R"y,z,d) + (o — B)S*(y, z,d)

is equal @ — 8 = h(y, z,d) = QFh(y, z,qd) for (y,2,&) € Ry and, taking into account
(4.10), it is equal T, QF'h(y, z,d) = QFh(y, 2, @) for (y, z,d) ¢ Ry, where Ry, is given
by (4.9). Finally we get

Q];h(y’ 2y 62) = (]‘ - Q= V)Rk—i_l(ya 2762) + (Oé - B)S}H—l(ya 2 62)

This proves (4.7) and (4.8). Using the monotone convergence theorem and the theorems of
optimal stopping theory (see [19]) we conclude that the optimal stopping time 7 is given

by (4.6). %
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PROOF.  Part (b). First, notice that IT}, I13 and T1}? are given by (3.6)-(3.8) and the

boundary condition formulated in Lemma 3.1. Under the assumption 7% < co a.s. we get:

P,(77" < 00,00 <7< 03) =supEZ;
T
= Emax{h(z, X1, 0 1), Toh* (2, X1, 1)} = E lim Q}h(z, X1, )
— 00
—E [(1 I - )R (2, Xy, ) + (I — T12)S* (2, X1, T1)

__ * =4 —\\ £0
= wpp1 [ R (x,u, W1 (2, u, 7, pr, 7)) f2 () dur)
E

+(ﬁ-ﬁq1 + FﬁpQ)f S*(.’E, u, ﬁ>1('7;7 U, T, P, pﬁ)).f; (u)lu(du)
E

We used Lemma 3.2 here and simple calculations for IT}, I12 and IT{2. This ends the proo&<

4.2. Remarks. It is notable that the solution of formulated problem depends only on
two-dimensional vector of posterior processes because II12 = p(1 — II.). The obtained
formulae are very general and for this reason — quite complicated. We simplify the model
by assuming that P(¢; > 0) = 1 and P(62 > 6;) = 1. However, it seems that some further
simplifications can be made in special cases. Further research should be carried out in this
direction. From a practical point of view, computer algorithms are necessary to construct

B* — the set in which it is optimally to stop our observable sequence.

5. IMMEDIATE DETECTION OF THE FIRST AND THE SECOND DISORDER

5.1. Equivalent double optimal stopping problem. Let us consider the problem Dyg
formulated in (2.5). A compound stopping variable is a pair (7, c) of stopping times such
that 0 < 7 < o a.e.. The aim is to find a compund stopping variable (7*, c*) such that

5.1 P.((01,02) = (7",0%)) = sup P.((01,02) = (1,0)).

(r,0)€ET
0<r<o<oo

Denote 7,,, = {(1,0) € T : 7 > m}, Tpyy = {(1,0) € T : 7 = m,0 > n} and
Sm = {7 € §: 7 > m}. Let us denote Fpp,,, = Fp, myn € N, m < n. We define
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two-parameter stochastic sequence &(x) = {&nn, m,n € N, m < n, x € E}, where
gmn = Px(el =m, 92 = n|fmn)

We can consider for every x € E, m,n € N, m < n, the optimal stopping problem of £ ()
on 7, = {(r,0) € Tpun : T < o}. A compound stopping variable (7%, o*) is said to be
optimal in 7,7 (or 7,1 ) if
(5.2) Eérvor = sup Ei&ro

(1,0)ETm

(or Ep& vpr = SUP(; oyeT, E. &, 5). Let us define

(5.3) Nmn = esssup By (§rq|Fmn)-
(1,0)€Titn

If we put £,,,00 = 0, then
Dmn = esssup P, (01 = 7,0 = o|Fpn)-
(1,0)€Ttn
From the theory of optimal stopping for double indexed processes (cf. [8],[13]) the sequence

Nmn satisfies

Nmn = max{gmna E(nmn+1|fmn)}'

Moreover, if o}, = inf{n > m : Ny = &nn}, then (m, o) is optimal in 7.}, and
NMmn = Ex(ﬁmg;;|.7:mn) a.e.. The case when there are no segment with the distribution

fX(y) appears with probability p. It will be taken into account. Define

ﬁmn = maX{&nn, E(T/m n+1’fmn)}7 forn > m.

if 6f, = inf{n > m : Ymn = &mn}, then (m,d7,) is optimal in 7, and My =

E.(&moz, | Fmm) a.e.. For further consideration denote

LEMMA 5.1. The stopping time o}, is optimal for every stopping problem (5.3).
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PROOF. It suffices to prove lim,, .o &nn = 0 (cf. [3]). We have for m,n, k € N,
n>k>mandeveryx € E
Ew(H{Glzm,OQ:n}‘fmn) = Emn(7) < Em(sgg H{Olzm,egzj}’fm)y
J/
where [ 4 is the characteristic function of the set A. By Levy’s theorem

lim sup §mn(z) < Eq (SUP ]I{Gl:mﬂg:j} |Fnoo)s

n—00 J=k

where Foo = Froo = 0(U,—; Fn). We have lim suplg, —,, g,—;; = 0 a.e. and by domi-
k

k—o0 >
P
nated convergence theorem

lim Bz (sup Ip,—m,g,—j}[Foc) = 0.
Jj=k

k—o0

e

00, 00

What is left is to consider the optimal stopping problem for (7,,)
(Ton) 5% Let us define

m=0,n=m"

mzo»n:m on

(5.5) Vin = esssup E (0| Fun).
TESM

Then V,,, = max{nm, Ez(Vin4+1|Fm)} a.e. and we define 7,7 = inf{k > n: V}, = ni}.
LEMMA 5.2. The strategy 7 is the optimal first stop.

PROOF.  To show that 7 is the optimal first stop strategy we prove that P, (75 <
o0) = 1. To this end, we argue in the usual manner i.e. we show lim,;, o0 7, = 0.

We have

Nm = Em(émaﬁJFm) = EJ:(E:L‘(H{lem,Gg:U;*n}|fm0',’fn)‘]:m)
Fm)-

- Em(H{91:m,92:J;‘n}‘fm) < Em(sgg H{elzj,egza;}
J/

Similarly as in proof of Lemma 5.1 we have got

lim sup 1y (2) < B (SUP Lo, =j 0,07 | Foc)

m—00 jz
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Since limy 00 SUP; >, ]1{91:,6792:0;} < limsupy,_, o I1g, =%} = 0, it follows that

lim 7, (x) < hm E, (sup]I{g1 - a*}|.7: ) =

m—0o0 k—oo

<

Lemmas 5.1 and 5.2 describe the method of solving the “disorder problem” formulated

in Section 2 (see (5.1)).

5.2. Solution of the equivalent double stopping problem. For the sake of simplicity we
shall confine ourselves to the case di = da = 0. It will be easily seen how to generalize
the solution of the problem to solve Dy, 4, for di > 0 or do > 0. First of all we construct
multidimensional Markov chains such that &,,,, and 7,, will be the functions of their states.
By consideration of Section 3 concerning a posteriori processes we get oo = mp and for

m<n

ffnn = Px(é?l =1m, 92 = Tl|fmn)

A Y TEZ Y (X0 TS F (X0 f%, (X0
- Sn(0, X1, .-+, Xn)

q2 f_%(n_l(Xn)
p—znmn(fﬂ) f)l('n_l (Xn)

and for n = m, by Lemma 7.3,

1 P, )
pl f-g](m—l (Xm)

We can observe that (XnaXn—‘,-l,ﬁ)n—‘,-l,Hmn—i-l) form = m+1,m+ 2,...is a func-

(5.6) =P, (01 =m, 02 =m|Fpm) = (1—10).

Emm

tion of (X, 1, X, ﬁn, II,,,,) and X,,;+1. Besides, the conditional distribution of X1
given F,, (cf. (3.14)) depends on X, IT}(z) and I12(x) only. These facts imply that
{(Xn,XnJrl,ﬁn+1,Hmn+1)}Z°:m 41 form a homogeneous Markov process (see Chap-
ter 2.15 of [19]). This allows us to reduce the problem (5.3) for each m to the optimal stop-
ping problem of the Markov process Z,,(z) = {(Xn—1, Xn, ﬁn,Hmn), m,n € N, m <

n, x € E} with the reward function h(t,u, @, ) = g—zéﬁ%
t
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LEMMA 5.3. A solution of the optimal stopping problem (5.3) for m = 1,2, ... has a

form
* . f2n71 (Xn) *
(5.7) o =inf{n >m: f;l()(n) > R*(X,)}
where R*(t) = po fE r*(t, 8) f£(s)u(ds). The function r* = lim,,_,« 7, where ro(t,u) =
fE(w)
ftl(u),
2
69) ity ) = mas{ Iy [ )7L ()uds)).
fi (u) E

So r*(t,u) satisfies the equation

(5.9) r*(t,u) = max{ Ji(w) fr*(u s)f(s)u(ds)}

. ) - fl (U) y D2 p u 1% .

t E
The value of the problem
_ _ o f)l(mfl(Xm) 1\ p*
(5.10) Nm = Ba(Mmm+11Fm) = Em(l - Hm)Rp(mela Xm),
where
* ft2(u) q2 *

(5.11) Ri(t,u) = max{pftl(u) , p—2(1 — p)R*(u)}.

PROOF.  For any Borel function v : E x E x [0,1]* — [0,1] and D = {w : X,, 1 =
t, Xp = u, I} (z) = o, 112 (x) = B, 1112 = 7,11, o () = &} let us define two operators

N
Txu(t,u,o?,é) = Em(U(Xnan+laHn—l—l(x)ynmn—i—l(x))’D)

and

Quu(t,u,d,d) = max{u(t,u,d,d), Tou(t,u,a,d)}.

On the bases of the well-known theorem from the theory of optimal stopping (see [19], [13])

we conclude that the solution of (5.3) is a Markov time

— —
oy, =1inf{n >m: h(X,—1, Xpn, 1, pnpn) = B (Xno1, X, O (2), Onn)},
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where h* = limg_,oo Q¥R(t,u,d,6). By 3.9)and 3.14)on D = {w : X,, 1 =, X,, =

u, I, = o, I} = B, 1% = 7,10, = 6} we have

q2 1f)2(n(X"+1)|D)

D2 mnt f)l(n (Xn+1)

= qu(sng( fz%(Xn+1)_) f'[?(XVH’l)
p2 H(u, Xpt1,d) fi(Xnt1)

2
= QQ5‘I£ }mf[(u,s,d’)u(ds) = 26

Tmh(t,u,&’, 5) = E:v(

[ Fn)lD

and
- q2 ftQ(U)
(5.12) Q.h(t,u,d,d) = —dmax , D2}
( ) p2 {ftl(u) }
Let us define 7¢(¢,u) = 1 and
JE(u
Pt 0) = max{2 [ (u,5) 1 (5)u(ds)}.
fi () E
We show that
(5.13) QLh(t,u, @, 0) = %m(t,u)
2
for/ =1,2,.... We have by (5.12) that Q,h = %77"1- Let us assume (5.13) for ¢ < k. By
GBl4H)onD ={w: X, 1 =t,X, =u, 1! = a2 = 3,12 = v I, = §} we have
got
T, QiA(t, u,@,0) = Ex%HmkHrk(Xn,anD)
= Lopy [r(u,5)fL(s)uds).
D2 E

It is easy to show (see [19]) that
Q1 h = max{h, T,Qn}, fork =1,2,....
Hence we have got Q+1h = Z—iérkﬂ and (5.13) is proved for £ = 1,2, .. .. This gives

(5.14) h*(t,u,d,d) = 25 1im ri(t,u) = q—Qér*(t, u)
p2 k—oo P2
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and

-
Nmn = esssup Eg(&rq|Fmn) = W (Xn—1, Xn, 1Ly, I p).
(1,0)€Tmn

We have by (5.14) and (3.9)
T b (t,u, &, 6) = 2opy [ (u, ) f1(s)u(ds) = L8R (u)
b2 E b2

and o}, has form (5.7). By (5.4), (5.6) and (3.14) we obtain

_
(5.15) Im = max{film, E(nmm+1|fm)} = f(Xm—la X, o, Hmm)

a Jx,,  (Xm) oa,, )
P W(l —1I,), D2 (1 = I ) R*(Xon) }

L31 q1 anL—l(XnL) 1y p*
T R, T )
m—1 m

=  max{p—

e

REMARK 5.1. Based on the results of Lemma 5.3 and properties of the a posteriori
process 1., we have that the expected value of success for the second stop when the ob-
server stops immediately at n = 0 is wp and when at least one observation has been made

E(m|Fo) = LE((1 — ) 558 By (2, X1)|Fo) = L(1—m)p1 [y f2(u) Ry, u)p(du).

As a consequence we have optimal second moment

0 ifmp>q(l—m) ff VRS (2, u) pu(du),

Q>
O
I

oy otherwise.

By Lemmas 5.3 and 3.1 (the formula (3.9)) the optimal stopping problem (5.5) has been

transformed to the optimal stopping problem for the homogeneous Markov process

W = {(Xm_1, Xm, OLm), m €N, z € E}

with the reward function

1
(5.16) F(t,u,@) = 2% ;CZOEZ; (1 — a)R5(t,u).
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THEOREM 5.1. A solution of the optimal stopping problem (5.5) forn = 1,2, ... has

a form
(5.17) 7 =inf{k > n: (Xp_1, Xy, g, ) € B*)
where B* = {(t,u,d) : i Eug Ry(t > pr fE (u, 8)fO(s)u(ds)}. The function
v*(t,u) = limy, o0 v, (t, u), where ’U(]( ) Ry(t,u),
(5.18) Up1(t, u) = max{ ftl(u) R (t,u),p1 [ vn(u, s)fL(s)u(ds)}.

i (u) E
So v*(t,u) satisfies the equation

2
(5.19) v*(t,u) = max{ ftl <U)R;(t, u), p1 fv*(u, s)f;(s)u(ds)}.

fi () E

The value of the problem V,, = v*(X,,—1, Xy,).

PROOF.  For any Borel function u : E x E x [0,1]2 — [0,1]and D = {w : X,, | =
t, Xp = u, I} (z) = o, 112 (x) = B,1112 = 7} let us define two operators

—
Txu(t>u70_2) = Ex(u(XnaXn-i-l?Hn-i-l)‘D)

and Qg u(t, u, @) = max{u(t,u, @), Tru(t,u,@)}. Similarly as in the proof of Lemma 5.3

we conclude that the solution of (5.5) is a Markov time
* : = * =4
o =1inf{n >m: f(Xp—1, Xp, ) = fF(Xn-1,Xpn, )},
where f* = limy_ .. Q¥ f(t,u,d). By 3.14) and (5.16)on D = {w : X,, 1 = t, X
u, I} = o, TI2 = 3, 11}2 = 4} we have

1
T.f(tud) = EJ(2(1 Hnﬂ)m

RN(X,, X, D
P an( n+1) p( +1)| )

@ SO Xnv1)  fi(Xng1) o,
B 271(1 - a)plE(H(u,XnJrhaﬁ) fS(XnH)R’D(XmXnﬂ)‘}—n)b

- L q1 f&(s) *
- 171(1 _a)pI{mH<uvs7avﬂ>Rp(ua S)M(ds)

= B4 aypr [ R s)f(s)ulds)
b1 E




24 K. Szajowski

and

l’l,L
(520Quf(hu.d) = L1 —a)ymax{ LY Rt ).y [ By )7 o)t}

D1 £ (u)
= %avl (t,u).

Let us define vy (¢, u) = max{ u) R* ), P1 fE R} (u, s) )u(ds) and

. t1 (u) * 0

Un+1(t7 U) - maX{ 0 Rp(tvu)apl fvn(u, S)fu (S)M(ds)}
i (w) E
We show that
(5:21) QG (1, ) = 71— a)ur(t,w)
1

for¢ =1,2,.... We have by (5.20) that Q, f (¢, u, &) = %(1—(1)1}1(15, u) and let us assume
(521 for < k.ByB.14)onD ={w: X,, 1 =t, X, = u, 11}, = a, 112 = 3,1[}2 = ~}

we have got
T, QL f(t,u,d@) = Ew%(l—HiH)vk(Xn,XnHMD)
= B aypy [ on(u, ) fO(s)(ds).
yai E

Hence we have got Q¥+ f = %(1 — a)vg41 and (5.21) is proved for ¢ = 1,2,.... This

gives

* - q1 q1

t,u,a 1—a) lim vg(t,u —av”(t,u

£t @) = L1 = ) Jim vy(t0) = Law'(tu)

and
Vip = (1 — T )0 (X1, Xom).
P

We have

T, f*(t,u, @) = L (1 — a)ps [ (a, $)f2(s)u(ds).

b1

Define B* = {(t,u, d) : E ;R* (t,u) > m fE u, 8)fO(s)u(ds)} then 7 for n > 1 has

a form (5.17). The value of the problem (5.2), (5.5) and (2.5) is equal

wofe) = manc{m, B (V) = max{m, (1 = mhpu [ 0 (0,206}
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and
0 ifr > qu(l— ) [v*(u,8)f2(s)n(ds),
7o = E
75 otherwise.
BY
Based on Lemmas 5.3 and 5.1 the solution of the problem Dgg can be formulated as
follows.

THEOREM 5.2. A compound stopping time (7*,0%.), where o, is given by (5.7) and

*

T* = 74 is given by (5.17), is the solution of the problem Dqoo. The value of the problem
P, (1% < 0" < 00,60 =7%,6; = 0%.) = max{m, ¢:(1 — 7) [v*(u, ) f2(s)u(ds)}.
E
REMARK 5.2. The problem can be extended to optimal detection of more than two
successive disorders. The distribution of 01, 02 may be more general. The general a priori
distributions of disorder moments leads to more complicated formulae, since the corre-

sponding Markov chains are not homogeneous.
6. FINAL REMARKS

It is notable that the final optimal solutions turns out to have an unexpectedly simple
form. It seems that some further simplifications can be made in special cases. From a prac-
tical point of view, computer algorithms are necessary to construct B* — the set in which
we stop our observable sequence. Since we always refer to the transitions densities it is still

open problem of switching between the independent Markov sequences.
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7. APPENDICES
APPENDIX 1 — USEFUL RELATIONS

7.1. Distributions of disordered samples. Let us introduce the n-dimensional distribu-

tion for various configuration of disorders.

n
(7.1) fastesnz )y = 7p S {pl” q1H 0 (s H
j=1

n—1 n . . — — n
+ip Y S a7 e ]H1 12 () tH‘ Far s (x0) Hk fr. (@)}
sS= =7 u=

J=1 k=j+1

+ﬂ-p H f:cs 1 xS)
(7.2) forsn<b2(z, ) = 7@p Z{pl apy H 12 (xs) Hfi,,_l(wt)}
=1 t=j
~ n i1 j—1 1 n 9
+ 7 Z Py q2 Hl fzs,1 ($S) H fxt71(xt)}
sS= t=j3
(13) [0 @) = pmpt 1_11 fo. (@)

n
(7.4) fr<0r<be(z,,) = prp} H1 £ ().
-

Let us define the sequence of functions S, : x! ;E — R as follows: Sy(zp) = 1 and for
n>1
(75) Sn (fn) = f€1§02§n(3—:’1,n) + f91<n<02 (fl,n)

_|_f91 92>n( )+fn<91<92($1 n)

)

LEMMA 7.1. Forn > 0 the function S, (Z1 ) follows recursion

(76) Sn+1(fl,n+1) = H({En, Tn+41, ﬁ)n)sn(fl,n)
where
(1.7) H(z,y,a,8,7) = (1 = a)p1f2(y) + [pa(a = ) + a1 (1 —a = )] f2(y)

+ (g2 + pa B+ V) f2 ().
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PROOF. Let us assume 0 < 67 < 67 and suppose that B; € B,1 < i < n+ 1 and let us
assume that Xy = x and denote D,, = {w : X;(w) € B;,1 <i<n}.For4, ={w: X, € B;} €

Fi, 1 < i < n+ 1 we have by properties of the density function .S, (%) with respect to the measure

w(-)
f dP, = f Sn+l(fn+1)ﬂ(df17n+l)
Dri1 K,
= f f f(@ns1|Tn) p(dzn11) Sn(Zo,n) p(dT1 )
B B"n+1
= f P(An+1|Xn = Tp) o (dT1 )
Xio1Bi
= [ Pu(Aps1|X1,2)dP, = [ Py(Ans1|Fn)dP, = [ 1a,,,dP,
Dn Dn D”

Now we split the conditional probability of A, into the following parts

(7.8) Pr(Xn+1 € An—l—l ‘ fn) = (n <0 < 92, n+1 € An+1 ‘ .7'—”)
(7.9) + P (91 n < 92, nt+l € An—i—l ‘ fn)
(7.10) + P (n <01 =09, X1 € A1 ‘ fn)
(7.11) + P01 <0 <, X1 € Auyr | F)
In (7.8) we have:
f P,(02>601 >n,X,11 € Apyqr | Fp)dP, = f (H{91=n+1} + H{91>n+1})HAn+1sz
D, D,
= [ (@) (0 f), (1) + aufa, (Bng1))p(dEr )
x"B;
= [ (@) [ 0uf (@ng) + o fs, (@ngr))u(dan) p(diy )
XD B Bt
= f P,(02> 61 >n| fn)[POX,L(An+1)p1 + Q1P§<n (Apt1)]dPy.
D,

In (7.9) we get by similar arguments as for (7.8)
Pa,(al <n < 02 3 Xn—i—l S A7L+1 | fn)
= (91 n<6y,0=n+1, Xn+1€An+1|.7:)
(91 n<927927én+1 Xn+1€An+1|.7:)
= P01 <n|F,)—P.(la<n|F))

X@2P%, (An+1) + p2PX (Ani1)]
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In (7.11) this part has the form:
Po(0 <n,Xny1 € Apsr1 | Fn) = Po(02 <n | F)P%, (Ans1)
In (7.10) the conditional probability is equal to

P,(01=0>n , X,11€Anp1|Fn)
= P,(01=02>n,00=n+1,X,11 € Ans1|Fn)
+P, (01 =0 >n,00#An+1,X,,11 € Api1 | Fr)
= Pu(h =0 >n|F)aP%, (Ans1) + P&, (Angr)]

These formula lead to

F(Xni1|X10) = H(X,0, Xy g, L, 112 T122).

n’

which proves the lemma.

oy

7.2. Conditional probability of various events defined by disorder moments. According
to definition of ITL, TT2, IT12 we get

LEMMA 7.2. For the model discribed in Section 2 the following formulae are valid:
Lo Pu(62 >0 > n|F,) =1 T, — T2 = L5720,

01=03>n Z
2. Pu(f = 61 > n|F,) = 112 = L2 (),
3. Po(0) < n <0y F,) =T11L — TI2;
4. Pa( ) =

P60 > 04 >n|}'

1 7TP1 Hn 1fz5 1( g)
1-1I, = Su @) .
PROOF.
1. We have
(7.12) Q = {w n<f < 92} @] {w 0 <n< 92}

U{w:0; < <n}U{w:0; =0 >n}.
Hence 1 =P, (w:n < 6 < 03|F,) + (I} —112) + 112 + 1% and

P.(w:n<6 <0sF,) = 1-TI. —12
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Let B; € B,1 < i < n, Xg = z and denote D,, = {w : X;(w) € B;,1 < i < n}. For

Ai={w:X,; € B;} € F;,,1<i<nand D, € F, we have
[ LigysoromydPe = [ Pu(bs >0y >n|F,)dP, = [ Py(6 > 0, > n|X,)dP
D, D, D,
= P1(92 >0 > ’ILDn) = f f£<91<92 (i"l,n),u(dfl)n)
Xi_1Bi
= f f;:l<91<92 (fl,n)(Sn(fn))_l,“z(dfl,n)
Xiz1 Bi
= f f:?<91<92 (X,l,n)(sn()zn))ildpw-
Dy,

Thus P, (02 > 01 > n|F,) = papt [T, £, (Xi)(Sa(Xn)) L
2. The second formula can be obtained by similar argument.
3. Let 61 < 0s. Since {w : 02 < n} C {w: 91 < n} it follows that P, ({w : 61 < n <
On}|Fn) = Po({w: 01 <n}\{w: 02 <n}|F,) =1L, —II7.
These end the proof of the lemma.

Y

REMARK 7.1. Let B; € B,1<i<n+1, Xg =z anddenote D,, = {w : X;(w) € B;,1 <

<nt ForA;={w:X; € B;} € F;, 1 <i<nand D, € F, we have
[ LigsmydPy = [ Pu(01 >n|F,)dP, = [ P,(6; > n|X,)dP,
D, D, D,
= P01 >n,D,) = f p H f0 p(dzy )

7, 1

f DY H fg(c), 1 () ( (fn))ilﬂx(dfl,n)-

X” B =

Thus P, (61 > n|F,) = pt [T, /%, (X:)(Sn (X)) L. Moreover

—

L= = pufR, (X)L = 1) Su(X0) (Spar (K1) ™

and Sn+1(Xn+1) =H(X,, X1, ﬁ})Sn(Xn) Hence

- pf%, (Xnp)(1 —11;)
e .
H(XnaXn—i-h Hn)

n+1_1_
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7.3. Some recursive formulae. In derivation of the formulae in Theorem 3.1 the form of the

distribution of some random vectors is taken into account.

LEMMA 7.3. For the model discribed in Section 2 the following formulae are valid.:
L. Py(02 =01 >n+1F,) =pIIL2 = p1p(1 —T1L);

P.(02 > 6, >n+1|F,) = p1(1 - II} — I112);

P01 <n+1|F,) =P,(01 <n+1<b]F,)+Pi(0 <n+1|F,);

P.(0y <n+1<60:|F,)=q(l—T0L —TIL2) + po(TIE —T12);
P,(0 < n+1F,) = qoII}, + polI2 + ¢y 112
P,(01 =m, 02 > n+ 1|F,) = poll,, 5.

.O\.U‘:PP’!\’

PROOF.
l. Ontheset D ={w: Xg=2,X; € A1, Xy € Ay,..., X, € A, } € F,, we have

S Lo,=0,5n113dP: = Po(D)P,(6 =61 > n+1|D)
D
= o > pila [ H £ (x)p(ditr.n)
j=n+2 ><" A =1
= p1pﬁp? f H £ () u(dF )
L A=l

= p1P$(D)Px(02 =01 > n‘D) = D1 fﬂ{92:91>n}sz-
D

By (3.2) and the definition of the conditional probability this implies P, (62 = 61 > n + 1|F,) =
plﬂf. Next,

D
= Z pl o f Hf;{ (@) p(day )
j=n+1 A =1

1
= ;P ( ) (92 =t > n|D - fﬂ{Qz 6’1>n}dP

These prove the part 1 of the lemma.
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2. Similarly as above we get
f]I{92>91>n+1}sz = P(D)P,(62 > 6, >n+1|D)
D

= p1p7py f H fg, 1 (w3) p(dT1 )

X A =1

= piP(D)P,(02 > 01 > n|D) = p1 [ 19,50, 5n1dPs
D

By point 2 of Lemma 7.2 we get the formula 2 of the lemma.
3. It is obvious by assumption 67 < 65.

4. On the set D we have

[ Lo, <nt1<6,3dPs = P(D)P,(0; <n+1< D)
D
n—+1 [e%s) n
(2.1),(2.2) . _ -
=N Pwiti=4) Y T e fo (zs) T 2 (@) u(dF,n)
j=0 k=n+2 XD A 5= r=j
= ﬁ—p?ql(l_p) f H fg?s 1 xs (dfl,n)
><n A s=

n .

+p2 Y Plw: b =5)py " [ H ooy () H fo,_y (@) u(dF,n)
0 XD A s=

(L.7.2)

- f H{02>01>"}dPx +p2 fﬂ{91§n<92}dPx-
D D
5. If we substitute n by n + 1 in (7.12) than we obtain

P, <n+1F,) = 1-P,(n+1<6 =06,F,)
—P,(n+1<0; <6:|F,) —Py(61 <n+1<6|F,)
= 1—pIL? —pi(1 =10, = IL?) — qi (1 — T, — I1,%)

+p2(T12 — 1)) = goIl} + poll? + ¢y I1}2.
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6. We have
f]l{91:m,92>n+1}dP:v = Pz(D)Pm(61 =m, 92 >n—+ ]_|D)
D
= wp e X p " e [ ILA (@) T1 fa, (z)u(dE)
j=n+2 ><?=1Bi =1 j=m-+1

m n
= porpp tapy™™ [ T1 S0 (@) TT fa, (25)u(d@ )
xn B, i=1 j=m+1

= pZPm(D)Px(al - m702 > 71|D) = P2 fﬂ{91:m702>n}dPx~
D

By (3.3) and the definition of conditional probability this implies P, (62 = m,0; > n + 1|F,) =

p2ll,, . These prove the part 6 of the lemma.
K
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