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Abstract

We discuss the Heston [Heston-1993] model with stochastic interest rates driven
by Hull-White [Hull, White-1996] (HW) or Cox-Ingersoll-Ross [Cox, et al.-1985]
(CIR) processes. A so-called volatility compensator is defined which guarantees
that the Heston hybrid model with a non-zero correlation between the equity
and interest rate processes is properly defined. Two different approximations of
the hybrid models are presented in order to obtain the characteristic functions.
These approximations admit pricing basic derivative products with Fourier tech-
niques [Carr,Madan-1999; Fang,Oosterlee-2008], and can therefore be used for
fast calibration of the hybrid model. The effect of the approximations on the
instantaneous correlations and the influence of the correlation between stock and
interest rate on the implied volatilities are also discussed.

Key words: Heston-Hull-White; Heston-Cox-Ingersoll-Ross; equity-interest rate
hybrid products; stochastic volatility; affine jump diffusion processes.

1 Introduction

Modelling derivative products in Finance usually starts with the specification of a
system of Stochastic Differential Equations (SDEs), that correspond to state variables
like stock, interest rate and volatility. By correlating the SDEs from the different
asset classes one can define so-called hybrid models, and use them for pricing multi-
asset derivatives. Even if each of these SDEs yields a closed form solution, a non-zero
correlation structure between the processes may cause difficulties for modelling and
product pricing. Typically, a closed form solution of the hybrid models is not known, and
numerical approximation by means of Monte Carlo (MC) simulation or discretization of
the corresponding Partial Differential Equations (PDEs) has to be employed for model
evaluation and derivative pricing. The speed of pricing European products is however
crucial, especially for the calibration. Several theoretically attractive SDE models, that
cannot fulfill the speed requirements, are not used in practice.

The aim of this paper is to define hybrid SDE models that fit in the class of affine
diffusion processes (AD), as in Duffie, Pan and Singleton [Duffie, et al.-2000]. For
processes within this class a closed form solution of the characteristic function exists.
Suppose we have given a system of SDEs, i.e.,
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This system (1.1) is said to be of the affine form if:

w(Xy) = ag+a1Xy, for any (ag,a1) € R® x R, (1.2)

o(X)o (X))t = (co)ij + (cl),»l;Xt, for arbitrary (cg,c1) € R™*™ x R™*"™*" (1.3)
r(X;) = ro+riXy, for (rg,r) € R x R™, (1.4)

for i,5 = 1,...,n, with (X;) being an interest rate component. Then, the discounted

characteristic function (ChF) is of the following form [Duffie, et al.-2000]:

T
6(w,X,1,T) = E2 (eXP <_/ rods + z’uTXT) |ft> = AT,
t

where the expectation is taken under the risk-neutral measure, Q. For a time lag,
7 :=T —t, the coefficients A(u,7) and BT (u, 7) have to satisfy the following complex-
valued ordinary differential equations (ODEs):

d 1

—B(u,7)= -r+a;B+ -BT¢B,

d 1 ’
EA(u, )= —ro+BTag+ iBTcoB,

with a;,¢;, 7, 1 =0,1, as in (1.2), (1.3) and (1.4).

In this article we focus our attention specifically on a hybrid model which combines
the equity and interest rate asset classes. Brigo and Mercurio [Brigo,Mercurio-2007]
have shown that the assumption of constant interest rates in the classical Black-Scholes
model [Black,Scholes-1973] can be generalized, and by including the stochastic interest
rate process of Hull and White [Hull,White-1996], one is still able to obtain a closed
form solution for European-style option prices. Originally, the Black-Scholes-Hull-White
model in [Brigo,Mercurio-2007] was not dedicated to pricing hybrid products, but to
increasing the accuracy for long-maturity options. The model is, however, not able to
describe any smile and skew shapes present in the equity markets.

In [Zhu-2000] a hybrid model was presented which could provide a skew pattern
for the equity and included a stochastic (but uncorrelated) interest rate process.
Generalizations were presented in [Giese-2004] and [Andreasen-2007], where the He-
ston [Heston-1993] stochastic volatility model was used, and an indirectly correlated
interest rate process. Some form of correlation was indirectly modeled by including
additional terms in the SDEs (this approach is discussed in some detail in Section 3.1.1).

In [Grzelak, et al.-2008a; vanHaastrecht, et al.-2008] the Heston stochastic volatility
model was replaced by the Schobel-Zhu [Schobel,Zhu-1999] model, while the interest rate
was still driven by a Hull-White process (SZHW model). In this model a full matrix
of correlations can be directly imposed on the driving Brownian motions. The model
is well-defined under the class of AD processes, but since the SZHW model is based
on a Vasicek-type process [Vasicek-1977] for the stochastic volatility, the volatilities can
become negative.

A different approach to modelling equity-interest rate hybrids was presented by
Benhamou et al. [Benhamou, et al.-2008], extending the local volatility framework
of Dupire [Dupire-1994] and Derman, Kani [Derman,Kani-1998] and incorporating
stochastic interest rates.

Here, we investigate the Heston-Hull-White, and the Heston-Cox-Ingersoll-Ross
hybrid models and propose approximations so that we can obtain their characteristic
functions. The framework presented is relatively easy to understand and implement.
It does not require several preliminary calculations of expectations like in the case
of Markovian projection methods [Antonov-2007; Antonov, et al.-2008]. The resulting
option pricing method benefits greatly from the speed of characteristic function
evaluations.

The interest rate models studied here cannot generate implied volatility interest
rate smiles or skews. They can therefore mainly be used for long-term equity options,
and for ‘not too complicated’ equity-interest rates hybrid products. As described



in [Hunter-2005], for accurate modelling of hybrid derivatives it is necessary to be able
to describe a non-zero correlation between equity and interest rate. This is possible in
the approximations presented here.

The paper is organized as follows. In Section 2 we discuss the full-scale Heston
hybrid models with stochastic interest rate processes. Section 3 presents a deterministic
approximation of the Heston-Hull-White hybrid model, together with the corresponding
characteristic function, and Section 4 gives the characteristic function based on another,
stochastic, approximation of that hybrid model. In Section 5 we deal with the Heston-
Cox-Ingersoll-Ross model. In Section 6 the calibration based on the approximations of
the full-scale hybrid models is applied. Section 7 concludes.

2 Heston Hybrid Models with Stochastic Interest
Rate

With state vector X; = [Sy, 0¢]T, under the risk-neutral pricing measure, the Heston
stochastic volatility model [Heston-1993], which is our point-of-departure, is specified
by the following system of SDEs:

{dSt = rSydi+ /TS, dWE, Sy > 0, 21)

doy = k(G —op)dt+  vy/ordW7, o >0,

with 7 > 0 a constant interest rate, correlation dWdWy7 = p, »dt, and |pg,»| < 1. The
variance process, o3, of the stock S; is a mean reverting square root process, in which
K > 0 determines the speed of adjustment of the volatility towards its theoretical mean,
& > 0, and v > 0 is the second-order volatility, i.e., the variance of the volatility.

As already indicated in [Heston-1993], the model given in (2.1) is not in the class of
affine processes, whereas under the log transform for the stock, x; = log Sy, it is. Then,
the discounted ChF is given by:

on(u, X4, 7) = exp (A(u, 7) + By (u, 7)xt + Bo(u, 7)0¢) , (2.2)

where the functions A(w,7), B.(u,7) and B,(u,7) are known in closed form
(see [Heston-1993]).

The ChF is explicit, but also its inverse has to be found for pricing purposes. Because
of the form of the ChF, we cannot get its inverse analytically and a numerical method
for integration has to be used, see, for example, [Carr,Madan-1999; Fang,Oosterlee-2008;
Lee-2004; Lewis-2001] for Fourier methods.

2.1 Full-Scale Hybrid Models

A constant interest rate, r, may be insufficient for pricing interest rate sensitive
products. Therefore, we extend our state vector with an additional stochastic quantity,
ie.: Xy = [Sy,04,7¢)T. This model corresponds to a hybrid stochastic volatility equity
model with a stochastic interest rate process, r;. In particular, we add to the Heston
model the Hull-White (HW) interest rate [Hull,White-1996], or the square root Cox-
Ingersoll-Ross [Cox, et al.-1985] (CIR) process. The extended model can be presented
in the following way:

dSt = T’tStdt+ @Stthx, SO > 0,
doy = k(6 —op)dt+ /o dW7, oo >0, (2.3)

dry = MO — ry)dt+ nridW/, ro >0,

where exponent p = 0 in (2.3) represents the Heston-Hull-White (HHW) model and for
p = 1 it becomes the Heston-Cox-Ingersoll-Ross (HCIR) model. For both models the
correlations are given by AW dW¢ = p, ,dt, dAWFdW] = p, .dt, AWZdW] = p, rdt,
and k, v and 7 are as in (2.1), A > 0 determines the speed of mean reversion for the
interest rate process; 6; is the interest rate term-structure and 7 controls the volatility



of the interest rate. We note that the interest rate process in (2.3) for p = % is of the
same form as the volatility process o;.

System (2.3) is not in the affine form, not even with x; = log S;. In particular, the
symmetric instantaneous covariance matrix is given by:

0t Pzx,o70t Pz,rnrf\/a
ocX)oX)" = | *  Flor  proyrtor . (2.4)
* * 7727"? P (3x3)
Setting the correlation p, , to zero would still not make the system affine. Matrix (2.4)
is of the linear form w.r.t. state vector [x; = log Sy, 04, 7¢]T, if two correlations, Pr.o
and p;,,, are set to zero'. Models with two correlations equal to zero are covered
in [Muskulus, et al.-2007].

Since for pricing equity-interest rate products a non-zero correlation between stock
and interest rate is crucial (see, for example, [Hunter-2005] ), alternative approximations
to the Heston hybrid models need to be formulated, so that correlations can be imposed.
Variants are discussed in the sections to follow. These approximate models are evaluated
with the help of the Cholesky decomposition of a correlation matrix.

We can decompose a given general symmetric correlation matrix, C, denoted by

1 p1 po
* % 1

as C = LLT, where L is a lower triangular matrix with strictly positive entries:

1 0 0
p1 1—pi 0

L= 2
P2 pP3 1/12;%1 \/1 _ pg _ (Ps 1/125{1)
__We can rewrite a system of SDEs in terms of the independent Brownian motions,
dW,, with the help of the lower triangular matrix L.

Since our main objective is to derive a closed form ChF while assuming a non-zero
correlation between the equity process, S¢, and the interest rate, r;, we first assume that
the Brownian motions for the interest rate r; and the volatility o; are not correlated.

By exchanging the order of the state variables X; = [S, 0,74 T to X; = [ry, 04, S¢] T,
the HHW and HCIR models in (2.3) then have p1 = pro = 0, p2 = pzr # 0 and
p3 = pso # 01in (2.5) and read:

(2.6)

)\(Gt — Tt) nrf 0 0 d@tr

dX; = | k(@ -0y |di+ 0 g 0 dwy
’rtSt px,TﬁSt px,UﬁSt @St\/ 1- pg:,a - p%,r dﬁg

(2.7)

2.2 Reformulated Heston Hybrid Models

In the previous section we have seen that for the HHW and HCIR models with a full
matrix of correlations given in (2.3), the affinity relations [Duffie, et al.-2000] are not
satisfied, so that the ChF cannot be obtained by standard techniques.

In order to obtain a well-defined Heston hybrid model with an indirectly imposed
correlation, py r, we propose the following system of SDEs:

ds; = reSpdt+ \/aStde+ QtrfStdW[ + A\/EStth", So > 0,
doy = k(G —op)dt+ v/ o dW/, o0 >0, (2.8)
dry = A0y —ry)dt+ nrydWy, o >0,

lwhere we assume positive parameters



with

AWEAW? = ppodt,
AWzdWr = 0, (2.9)
AWgdwy = 0,

where p = 0 for HHW and p = % for HCIR. We have included a function?, €,
and a constant parameter, A. Note that we still assume independence between the
instantaneous short rate, r, and the volatility process oy, i.e., pr s = 0.

By exchanging the order of the state variables, to X} = [ry, 04, ST, system (2.8) is
given, in terms of the independent Brownian motions, by:

)\(Gt — Tt) 7’]7”? 0 0 d@tr
dX; = | k(G —o0y) | dt+ 0 1o 0 dwy |
TtSt QtTfSt @St (ﬁm,o’ + A) @St\/ 1- ﬁ%p’ de
(2.10)

In the lemma below we show that the model (2.8) is equivalent to the full-scale HHW
model in (2.3), with a non-zero correlation p .

Lemma 2.1. Model (2.8) is a well-defined Heston hybrid model in the sense of
Equation (2.3) with non-zero correlation, py ., for:

0 = p:c,rrt_p\/ Ot, ﬁi,a = pi,g + pi,ra A= Pz,0 — ﬁw,oﬁ (211)
where correlation py » is as in model (2.8) and py . as in model (2.3).

Proof. We presented the two models (2.3) and (2.8) in terms of the independent
Brownian motions, (2.7) and (2.10), respectively. By matching the appropriate
coefficients in (2.7) and (2.10), we find that the following relations should hold:

QP8 = Pa.r\/OtSt,
V1= P2oVoiSi= 1 =p%, =P oSt (2.12)
(w0 + A)/0rS, = Pz,o\/ LSt
By simplifying (2.12) the proof is finished. O

When including the results (2.11) directly in the main system (2.8) the affinity
property of the system would be lost. So, in order to satisfy the affinity constraints,
appropriate approzimations need to be introduced.

2.3 Log-Transform

Before going into the details of the approximations of the HHW and HCIR models
let us first find the dynamics for the log-transform for the reformulated Heston hybrid
models. By applying It6’s lemma, model (2.8) in log-equity space, x; = log Sy, with a
constant parameter, A, and a function €, is given by:

dxt

1
{rt = (erfp top (14 A2+ 2px,aA))} dt + adWE + QurPdWT + Ao dWe

1
(Tt - QUt) dt + /o dW + QerydWY + Ay/o dWY, (213)

because of (2.11).
For a given state vector X} = [ry, 04, 2|7, the symmetric instantaneous covariance
matrix (1.3) is given by:

. 172rt2p 0 thrfp
Y :=0X})o(X))" = * Yoy VPz,00t + YACY . (2.19)
* * o + erfp + A2%0, + 20g,0 A0y

2which under certain conditions can also be stochastic



As we consider two cases for parameter p = {0,1/2}, the affinity issue appears in only
one term of matrix (2.14), namely, in element (1,3) :

Npus/ar, for HHW,
Npzry/0ty/Tt, for HCIR.

Although term X(33) does not seems to be of the affine form, by (2.11), it equals
3 (3,3) = 0y, and therefore it is linear in the state variables.

Remark. In order to make either the HHW or the HCIR model affine, however, one
does not necessary need to approximate function €;, but only the non-affine terms in
the corresponding instantaneous covariance matrix®. By approximation of the non-affine
covariance term, 3(; 3), the corresponding pricing PDE also changes. The Kolmogorov
backward equation for the log-stock price (see, for example, [Jksendal-2000]) is now
given by:

Z:(1,3) = thTtQP = npx,r\/;ﬂ’t = { (2.15)

15] 1 0 15) 5] 1 92
0 = 8f+( -z )8i—|— k(G U)—i—&-)\(ﬁt—r)—f—i—fa—(b
2 2 2 2
172 A ¢+pmv0 ° 3% f>%—r¢, (2.16)

+ 502 T 3T g 9200 1) grar

subject to terminal condition ¢(u, Xy, T,T) = exp (tuxr). In the sections to follow we
discuss two possible approximations for 3, 3).

3 Deterministic Approximation for Hybrid Models

In order to make the Heston hybrid model affine we provide a first approximation
for the expressions in (2.15) in Section 3.1. The corresponding ChF is derived in
Subsection 3.2.

3.1 Deterministic Approach, the HI-HW Model

The first approach to finding an approximation for the term X 3y = NPzr\/07} in
matrix (2.14) is to replace it by its expectation, i.e.:

A
E(1,3) ~ npx,rE (Tf\/‘?t) = nvarE(Tf)E(\/a), (3-1)

assuming independence between r; and o;.

The approximation for 3, 3y in (3.1) consists of two expectations: one with respect
to \/o¢ and another with respect to r{. E (r}) =1 for p =0, and it is E (,/r¢) for p = 3.
Since the processes for o; and r; are then of the same type, the approximations are
analogous. By taking the expectations of the stochastic variables the model becomes of
the affine form, so that we can obtain the corresponding characteristic function.

In Lemma 3.1 the closed form expressions for the expectation and the variance of
/0t (a CIR-type process) are presented.

Lemma 3.1 (Expectation and variance for CIR-type process). For a given time t > 0
the expectation and variance of \/o¢, where o, is a CIR-type process (2.1), are given by:

- 1 kr(%“rk)
E(Var) = /2¢(t) kz::? W7 (3.2)
and
ar(\/or) =c¢ — 2¢(t)e=® Ool kw i
Var(y/3) = e(t)(d+ A1) - 26(0) (; pow Tt e

3The drifts and the interest rate are already in the affine form, presented in (1.2) and (1.4).



where

1 4ko droge”

C(t) = E’)ﬂ(l - eim)v d= ?7 A(t) -

with T'(k) being the gamma function defined by:

I'(k) = / th=te~tdt.
0

Proof. By [Dufresne-2001] one can find the closed form expression for the expectation
E(/a¢), which by the principle of Kummer [Kummer-1936] can be simplified. O

The analytic expression for the expectation, either of \/a; or /¢ in (3.1) is involved
and requires rather expensive numerical operations.

In order to find a first order approximation we can apply the so-called delta method,
see for example [Amstrup, et al.-2006; Oehlert-1992], which states that a function ¢(X)
can be approximated by a first order Taylor expansion at E(X), for a given random
variable, X, with expectation, E(X), and variance, Var(X), assuming that for ¢(X) its
first derivative with respect to X exists and is sufficiently smooth.

The lemma below provides details of the approximation.

Lemma 3.2. The expectation, E(\/o¢), with stochastic process op given by Equa-
tion (2.8), can be approzimated by:

E(\/o7) ~ \/c(t)()\(t) — 1) +e(t)d+ Q(dcf)f(t)) = A(), (3.5)

with ¢(t), d and \(t) given in Lemma 3.1, and k, &, v and oy are the parameters given

Proof. Assuming the function ¢ to be sufficiently smooth, and the first two moments of
X to exist, we obtain by first order Taylor expansion:

P(X) % G(EX) + (X - EX) £ (EX). (3

Since the variance of ¢(X) can be approximated by the variance of the right-hand side
of (3.6) we have:

Var(p(X)) =~ Var ((p(IEX) + (X - IEX)S;?(EX))
<gf( (IEX)) VarX. (3.7)

Now, by using this result for function ¢(oy) = /o, we find

Var(y/oy) ~ (;@) Var(oy) = iV]Eaz( )) (3.8)

However, from the definition of the variance we also have:
Var(y/7) = E(o) — (Ev/a7)°. (3.9)

and by combining Equations (3.8) and (: we obtain the following approximation:

(3.9)
E(\/a7) ~ \/E(at) - iv]gzg)t). (3.10)
(2.8)

Since o; is a square root process, as in , we have

¢
oy =0pe "+ 5(1—e ") + 'y/ e”(s_t)«/adeS”. (3.11)
0

The expectation of E(o;) equals E(oy) = ¢(t)(d + A(t)), and for the variance we get,
Var(o;) = c2(t)(2d + 4\(t)), with ¢(t), d and \(t) given in (3.4).
Now, by substituting these expressions in (3.10), the lemma is proved. O



Since Lemma 3.2 provides an explicit approximation for ¥ 3y in (3.1) in terms of a
deterministic function for E(,/0%), we are, in principle, able to derive the corresponding
ChF.

Remark. We assume that the first-order linear terms around the parameter values in
the Taylor expansion give an accurate representation. However, this may not work
satisfactory for ’flat’ density functions, like those from a uniform distribution. In
order to increase the accuracy, higher order terms can be included in the expan-
sion [Amstrup, et al.-2006]. More discussion on the conditions for the delta method
to perform well can be found in [Oehlert-1992].

The approximation for E( /o) in (3.5) is still non-trivial, and may cause difficulties
when deriving the corresponding characteristic functions. In order to find the coefficients
of the ChF, a routine for numerically solving the corresponding ODEs has to be
incorporated. Numerical integration, however, slows down the option pricing engine, and
would make the SDE model less attractive. As we aim to find a closed form expression
for the ChF, we simplify A(t) in (3.5). Expectation E(,/7;) can be further approximated
by a function of the following form:

E(\/o7) ~ a+ be~ =: A(t), (3.12)
with a, b and ¢ constant. Appropriate values for a, b and ¢ in (3.12) can be obtained
via an optimization problem of the form, ming .. ||A(t) — A()]|,, where ||-||,, is any nt"

norm.
We propose here, instead of a numerical approximation for these coefficients, a simple
analytic expression in Result 3.3:

Result 3.3. By matching functions A(t) and 7\(15) fort — 400, t = 0 andt =1, we
find:

: Y S o
tl}IEOOA(t) = 0— 5= a= ti}rllooA(t),
lim A(t) = Voo = a+b= %ir%K(t), (3.13)
lim A(t) = A)= a+be“=  lim A(2).
The values a, b and ¢ can now be estimated by:
2
a=\l6-21, b=\Go—a, c=—log(b " (A(1)—a)), (3.14)

8K
where A(t) is given by (3.5).

The approximation given in Result 3.3 may give difficulties for & < +2/8k in
Equation (3.14) (the expression under the square root then becomes negative). The
variance process o; is always positive and cannot reach zero if 2k6 > ~2 (the Feller
condition), which, rewritten, equals & > v2/2x. With all the parameters assumed to be
positive, this means that, if the Feller condition is satisfied, the approximation in (3.14)
is also well-defined. However, if the Feller condition does not hold our experience shows
that one can safely use the exact formula for the expectation given in Lemma 3.1.

In order to measure the quality of approximation (3.14) to E(\/o;) in (3.2), we
perform a numerical experiment (see the results in Figure 3.1). For randomly chosen
sets of parameters the approximation (3.14) resembles E(/0¢) in (3.2) very well.

We call the resulting model the HI-HW model (Heston-Hull-White model-1).

3.1.1 The Case A =0 and {2; = const.

With A = 0 in the Systems (2.8) and (2.10), the model resembles the one
in [Giese-2004; Andreasen-2007]. There, a constant parameter {2 = Q, was prescribed,
and an instantaneous correlation was indirectly imposed.

The following lemma, however, shows that this model with A = 0 resembles the
full-scale HHW and HCIR models only for correlation p, , = 0.



proxy: £ =1.2,y =0.1,6 =0.03,00 =0.04

O exact

proxy: £ =1.2,7 =0.1,6 =0.02,00 =0.035

[} exact

proxy: £ =1.2,y=0.1,6 =0.04,00 =0.01

O exact
proxy: £ =0.8,y =0.1,6 =0.04,00 =0.015

exact

proxy: £ =1,7=0.2,6 =0.04,00 =0.02

m} exact

0.12 1

0.1 L L L L L L L L L E

time (t)

Figure 3.1: The quality of the approximation E(,/g7) ~ a + be™¢ (continuous line)
versus exact solution given in Equation (3.5) (squares) for 5 random &, vy, & and oy.

Lemma 3.4. The hybrid models (2.8) with A = 0 are full-scale HHW and HCIR models,
in the sense of System (2.3), only if the instantaneous correlation between the stock and
the interest rate processes in System (2.3) equals zero, i.e., py, = 0.

Proof. The proof is analogous to the proof of Lemma 2.1. We see from the equalities
in (2.11) that System (2.7) resembles System (2.10) with A = 0, only if:

Q= Pm,ﬂ";p\/f?ta Pz,0 = Pz,o ﬁ?g,a = Pi,a + p?p,r' (3.15)
The equations (3.15) only hold for p, , = 0. So, the models with A = 0 are not full-scale
HHW and HCIR models with a non-zero correlation p, ;. O

Although the model with A = 0 is not a properly defined Heston hybrid model, one
can still proceed with the analysis. Parameter 2 was derived based on the following
equality, see [Giese-2004], using the definition of the instantaneous correlation,

E (dStht> — ]E(dSt)E(th) _ Q’I‘f
\/crtSt2 dt + Q2rt2pSt2 dt\/n2rt2p dt \/gt + QQT?P

x,Tr

(3.16)

To deal with the affinity issue a constant approximation for  was proposed, given by:

~ T % T p
Pz,r 1 / 1 /
~ ——E | = dt E| = de | . 3.17
\/ 1- pA% r (T 0 7 ) / (T 0 " ( )

By choosing 2 = 0 the model collapses to the well-known Heston-Hull-White model
(p = 0) or Heston-CIR model (p = 1) with zero correlation p,,,. B

It is worth mentioning that alternative approximations for parameter ) are also
available. In [Antonov-2007; Antonov, et al.-2008] the Markovian projection method
was used for obtaining an approximation.

In Figure 3.2 we present the behavior of the instantaneous correlation between the
equity and the interest rates. We see that for time-dependent €); the instantaneous
correlations are stable and oscillate around the exact value, chosen to be p,, = 0.6,
whereas for the model with Q, = Q a different correlation pattern is observed. For the
latter model, initially the correlation is significantly higher than 0.6, and it decreases
in time. These results show that a constant Q in the model with A = 0 may give an
average correlation close to the exact value, although the instantaneous correlation is
not stable in time.
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Figure 3.2: The instantaneous correlations for different models. The blue line represents
the model with A = 0 with constant 2, the dotted-red line corresponds to the full-scale
HHW model, and the green line to the model with time-dependent §2;. The parameters
are § = 0.03, k = 1.2, 6 = 0.08, v = 0.05, A = 1.1, n = 0.05, py» = —0.5, pgy, = 0.6,
So =1, rg =0.08, 0p = 0.0625 and maturity 7 = 2.

The assumptions of constant 2 and A = 0 also have an impact on the corresponding
pricing PDE. With the Feynman-Kac theorem the corresponding PDE is given by:

_ 76¢ _ 1 o 2p()2 76¢ 5 — 7E¢ i¢ 1 o 2p()2 7é2¢

0 ot " 2 ( " ) or H( ) )\(9 )87“ 2 ( " ) 02
1 ) 52 ¢ 92 y 924 . 924

2 8 277 6‘ or2 Vw0 Oxdo 77 " OxOr e (3'18)

with the boundary condition the same as for (2.16). The assumption of constant { and
A = 0 gives rise to unfavorable additional terms in the convection and diffusion parts
of PDE (3.18).

3.2 Characteristic Function for the H1-HW Model

We derive a ChF for the Heston-Hull-White hybrid model. For p = 0, the non-affine
term, X ), in matrix (2.14) equals Xy 3y = 7 = 1npz/0¢. We assume here that
the term-structure for the interest rate 6; is constant, 8; = 6. A generalization can be
found in [Brigo,Mercurio-2007].

According to [Duffie, et al.-2000], the discounted ChF for the HI-HW model is of
the following form:

dur-aw (u, X¢, 7) = exp (A(u, 7) + By (u, T)xt + Bo(u, 7)o + By(u, 7)re) (3.19)

with boundary conditions A(u,0) = 0, B, (u,0) = iu, B,(u,0) = 0, and B,(u,0) = 0,
and 7 := T —t. We derive the ChF for the HI-HW model, with A and €2 given in (2.11)
and approximated by (3.1). The ChF for the HI-HW model can be derived in closed
form, with the help of the following lemmas:

Lemma 3.5 (The ODEs related to the HI-HW model). The functions B, (u,T) =: By,
B (u,7) =: By, By(u,7) =: By and A(u,7) =: A foru € R and 7 > 0 in (3.19) for the

10



HI1-HW model satisfy the following system of ODFEs:

B
B _ o, By(w,0) = iu,
dr
dB
" = —1-AB,+ B,, B.(u,0)=0,
dr
dB, 1 1
= —B.(B,—1)+ ((B: — k) By + =v*B2, B,(u,0) =0,
dr 2 2
dA 1
ar = MB,+ k0B, + 5772B72- + npa;,'r]E( o't)BxBra A(ua O) =0, (320)
- %

witht =T — 7, ( = pgo + A, and K, A\, 8 and n correspond to the parameters in
Model (2.8), A and p , are given by (2.11).

Proof. The proof can be found in Appendix A. O

The following lemma gives the closed form solution for the functions B, (u,T),
B, (u,T), Bs(u,7) and A(u,7) in (3.19).

Lemma 3.6 (Characteristic function for the HI-HW model). The solution of the ODE
system in Lemma 3.5 is given by:

B,(u,7) = iu, (3.21)
Br(u,7) = (iu— 1A (1 —e7), (3.22)
1— —Dr )
By(u,7) = m (k — vCiu— D), (3.23)
A(u, T) = )\9[1(7') + K&IQ(T) + %7’]2[3(7') + npw,TL;(T), (324)
Kk —~Ciu—D

with D = \/(7Ciu — k)2 — y2iu(iu — 1), g = F it D K, 8, m, A\, v are as in (2.8);
¢ = Puo+A, where A and py » are given by (2.11).The integrals I (), I2(7), and Is(T)
admit an analytic solution, and I4(T) a semi-analytic solution:

1 1
h = -7+ 3 -).
T . 2 1—ge_DT
I = — (k- —D)— =1 -
2(7) 72(5 vCiu — D) ~ Og( Ty )
1
I3(r) = ﬁ(z +u)? (34+e 2T —4e™ —2)7),

L) = iu /O " E(/57=3) By (u, 5)ds

Proof. The proof can be found in Appendix B. O

Note that by taking E(,/o7_5) ~ a + be~“T=%) with a, b and c as given in (3.12)
we obtain the closed form expression:

1 b a b
I — _Z(; 2\ | Y (p—ct _ —cT ST 1 —cT (1 _ —T(c+>\))
4(7) )\(zu—i—u) c(e e )+CLT+)\<G )—1—67)\6 e ,
with 7 =T —t.
In Appendix C we present the generalization to a full matriz of non-zero correlations
between the processes, and discuss the effect of the correlations on at-the-money implied
volatilities.
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4 Stochastic Approximation for Hybrid Models

In the previous section a rather straightforward way to approximate the non-affine
elements in the instantaneous covariance matrix was presented. Here, we model those
elements by stochastic processes, and call the resulting approximate model H2-HW
(Heston-Hull-White model-2).

4.1 Stochastic Approach, the H2-HW Model

In the lemma below an approximation for finite time ¢ and a non-zero centrality
parameter is presented.

Lemma 4.1 (Normal approximation for /gy, for 0 < t < 00). For any time, t < o0,
the square root of oy in (2.8) can be approximated by

Vo= N <\/c(t)()\(t) —1) +c(t)d+ m,c(t) - Q(Clcf);l(t))> : (4.1)

with ¢(t), d and \(t) from (3.4). Moreover, for a fized value of x in the cumulative
distribution function Fm(x), and a fixed value for parameter d, the error is of order

O(N2(t)) for A(t) — 0 and OA()"2) for A(t) — .
Proof. As given in [Patnaik-1949] an accurate approximation for the non-central chi-

square distribution, x%(\(¢)), can be obtained by an approximation with a centralized
chi-square distribution, i.e.:

X2 (d, A1) & al(t)x*(£(2)), (4.2)
with a(t) and f(¢) in (4.2) chosen so that the first two moments match, i.e.:
alt) = m, £(t) =d+ di(;)w) (4.3)

It was shown in [Cox, et al.-1985; Broadie, Yamamoto-2003] that, for a given time ¢ > 0,
oy is distributed as c(t) times a non-central chi-squared random variable, x2(d, A(t)),
with d the degrees of freedom parameter and non-centrality parameter A(t), i.e.: oy =
c(t)x? (d,\(t)), t > 0. By combining this with (4.2) we have:

Ve /et Vat)E(f(1). (4.4)

Now, we use a result by Fisher [Fisher-1922] that for a given central chi-square random
variable, x2?(d), the expression /2x2(d) is approximately normally distributed with
mean v/2d — 1 and unit variance, i.e.:

Fe@(@) ~ @ (V2e - vV2d—1), (4.5)

which implies:

1 1
Vo= N <\/(f(t) — 2) c(t)a(t), 2c(t)a(t)> . (4.6)
The order of this approximation can be found in [Johnson, et al.-1994]. O

As already indicated in [Patnaik-1949], the normal approximation resembles the non-
central chi-square distribution very well for either a large number of degrees of freedom,
d, or a large non-centrality A(t). For t — 0, the non-centrality parameter, A(t), tends to
infinity. Therefore, accurate approximations are expected.

In the case of long maturities, the non-centrality parameter converges to 0, which
may give an inaccurate approximation. In this case, satisfactory results depend on the
size of the degrees of freedom parameter d. It is clear that d in (3.4) is directly related
to the Feller condition. In practical applications, however, 2k is often smaller than 2.

12



In the numerical experiments to follow we will study the impact of not satisfying the
Feller condition.

In Lemma 4.1 we have shown that /oy can be well approximated by a normally
distributed random variable. As the application of It60’s lemma to find the dynamics
for \/o; is not allowed (the square root process is not twice differentiable at the
origin [Jackel-2004]), we construct here a stochastic process, vy, so that equality in

d
distribution holds, i.e.: v, &~ /0;. Since a normal random variable is completely
described by the first two moments, we need to ensure that E(v;) = E(\/0y) and
Var(v;) = Var(,/0¢). For this purpose we propose the following dynamics:

dvy = pidt+ Y dW7, vy = /0o, (4.7

with some deterministic, time-dependent functions p}, and 9y, determined so that the
first two moments match. By moment matching the unknown functions pf and %y
in (4.7) read:
v d v d
My = aE(\/a% (CHEES &Var(\/a). (4.8)

Using the results from Section 3.1, the expectation, E(,/c;), and the variance, Var(,/o¢),
can be approximated by a Taylor expansion:

c(t) (2 —d(d+ A(t))‘z) AN) + (—2 +2X\(t) +d (2 + (d+ A(t))‘l)) de(t)

Qﬂ\/c(t) (—2+22) +4(2+ 7))

v

Ht

Q

oL [d M)A+ 2A(1)) Fe(t) + de(t) FAD)
vz \/ (d+A(t)? ’ “9)
with d, ¢(t) and A(t) given in (3.4), and
d _ Ao(0)k%e d R

The expressions for uy and 7 in (4.9) are not exact as they are the result from the
approximation introduced in Lemma 4.1. The exact expressions can be found, but since
the approximations are cheap to compute we stay here with those.

Since the approximate hybrid models are to be used for the calibration to European-
style options (with one terminal payment) we do not need path-wise equality between
processes vy and /o, but only equality in terminal distribution.

4.2 Characteristic Function for the H2-HW Model

We now use the (stochastic) approximation for the term 3 3, with the process dv;
given by (4.7), and the time-dependent functions p} and )} as in (4.9).

This approximation gives rise to an extension of the 3D space variable X; =
[St, 04, 7¢] " to a 4D space X; = [S;, 04, ¢, v¢] T, with the following system of SDEs:

A4S, = rSydt + ESidWE + pa,/orSe AW + Ay S, dWP, So >0, (4.11)

and
doy = k(G —op)dt+ vy /ordW/, og > 0,
dry = M6 —ry)dt+ ndW;, o > 0, (4.12)
dv, = ey dt+ i dWye, vg = v/og > 0,
where
dWEAW? = pyedt,
dwgawy] = 0, (4.13)
dwzdwy = 0,

with /oy = vy} pge, A are given in (2.11) and py,3y is defined in (4.9).
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By taking the log-transform, x; = log .S, in the model above all the drift terms are
linear, and the symmetric instantaneous covariance matrix, with vy ~ /0y, is given by:

ot YCoy  prmur Yy Qg
5 * 'yzat 0 Yy vy
= 2
* * n 0

* X (W)
which, since { = pg -+ A is constant and 1} is a deterministic time-dependent function,

is now affine.
Since the system of SDEs (4.11), (4.12) is affine, we derive the corresponding ChF:

dt, (4.14)

¢H2-HW(ua Xt7 T) = exp (A(’LL, T) + B:L’ (U, T)xt + BJ (u7 T)Ut + B’I’(”? T)rt + Bv (u7 T)Ut) )
(4.15)
with boundary conditions ¢mo-pw(u, X7,0) = exp(iuxy) and vy = /0y.
The functions A(u, 1), B, (u, ), By (u, ), By(u,7) and B, (u, 7) satisfy the complex-
valued ODEs given by the lemma below.

Lemma 4.2 (The ODEs related to the H2-HW model). The functions By(u,T) =: By,
B,(u,7) := By, By(u,7) =: B,, By(u,7) =: B, and A(u,7) =: A for u € R and
T=T—t>0in (4.15), satisfy:

dB,
? = O, B$(U, O) = iu,
dB,
— = —14B,—\B,, B.(u,0)=0,
dr
dB 1 1
7 = -(B,—1)B, B, — K)Bo + =v?B2%, B,(u,0) =0
ar 2( ) Bx + (¢ K) + 57 Bs (u,0) =0,
dB,
? = pw7rnBacBr + waBva + 71/)2)3031); B, (u, 0) =0,
dA 1 1
& = K0Bo+ 2B+ i By + 51" Bl + o ( U2 B2, A(u,0) =0, (4.16)
-

with ¢ = pg.o + A, and p W7 as given in (4.9).
Proof. The proof is very similar to the proof of Lemma 3.5. O

Lemma 4.3 (Solutions to the ChF coefficients of the H2-HW model). The solutions to
the ODEs for By (u,T), By(u,7), Br(u,7), defined in Lemma 4.2, are given by:

B,(u,7) = iu,
By (u,7) = (iu—1A(1—e ),
By (u, 1) # (k — ycgiu — D), (4.17)
72 (1 —ge=P7)
with D = \/('yCQiu —k)? = C(iu— 1)iuy?, and g = %
Proof. The proof is analogous to the proof of Lemma 3.6. O

Note that the remaining two functions, B,(u,7) and A(u,7), involve the rather
complicated function ¥y. We leave these equations to be solved numerically with a
basic ODE routine.

4.3 Numerical Experiment

Here we determine the performance of the deterministic (Section 3.2) and the
stochastic (Section 4.2) approximations to the HHW model. We compare the fit to
the full-scale HHW hybrid model, in terms of relative errors. The HHW benchmark
prices were obtained by Monte Carlo simulation, as in [Andersen-2008].
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In Table 4.1 we present the relative errors for European equity call options, €(py ),
for different correlations between the stock, S;, and the short rate, r;, and different
strikes. We show results for a maturity of ten years, 7 = 10, and for parameters that do
not satisfy the Feller condition®.

Both approximations give very similar, highly accurate, results for low correlations,
pz,r. This is different for high values of p;,. The deterministic approach generates
somewhat more bias for high strikes, whereas the stochastic approach is essentially bias-
free. The errors presented in Table 4.1 depend on the volatility parameter of the interest
rate process, 1. For very low volatility, the two approximations provide a similar level
of accuracy. As the volatility of the short rate process increases, a higher accuracy is
expected for the stochastic approximation. Other results will be presented in Section 6,
where the calibration results is discussed.

Pz.,r Approx. Strike

K=40 | K=100 [ K=160 | K=260
0.2 | Vo~E(/o;) || 0.003 0.005 0.008 0.012
(0.006) | (0.009) | (0.016) | (0.032)
Vo = N(-) 0.003 0.006 0.009 0.014
(0.006) | (0.009) | (0.016) | (0.031)

0.8 | Vo ~E(/a;) || -0.006 | -0.010 | -0.021 | -0.047
(0.005) | (0.008) | (0.013) | (0.032)
Jor~N() |[ 0001 | 0.003 | 0.006 | 0.010

(0.005) | (0.008) | (0.013) | (0.027)

Table 4.1: Error €(p,,) for the deterministic and stochastic approximations. Numbers
in parentheses are sample standard deviations. The parameters were chosen as follows:
k=120 =0.06,y=0.5,0=0.04 A =12, 7n7=0.05 and p; , = —0.3, with initial
values: Syp = 100, 09 = & and rg = 0.04.

5 Heston-Cox-Ingersoll-Ross Hybrid Model

We also present the ChF for a Heston-Cox-Ingersoll-Ross hybrid model, p = 1/2
in (2.3), which is more involved than the Hull-White based hybrid models. For
the Heston-Hull-White models, HI-HW and H2-HW, we have used two different
approximations for the non-affine term in the instantaneous covariance matrix (2.14).
In the Heston-CIR model the non-linearity is given in (2.15). Again we use two
approximations to obtain the ChF'. In the first model, H1-CIR, we use the deterministic
setup and for the second model, H2-CIR, we determine the stochastic approximation.

5.1 Characteristic Function for the H1-CIR model
The dynamics for the log-stock price, ¢, in the Heston-CIR model read:

1 1
dxt = (Tt — §Qt2'l"t — 5 (1 + 2[)1-70-A + AZ) O't) dt + \/Oﬁde + Qt\/ﬁthr + A\/OﬁdWéy

With Q¢ = pg » %t’ from Lemma 2.1, the dynamics simplify:
1
dxy = (T’t — 2@) dt + /o dW,' + po /o dW] + Ay/o dW/.

We assume that correlation p,, = 0. 31 3y in (2.15) can then be approximated, as:

2 13) & 190, E (VT/T0) = 100 E(V/r0)E(V7).- (5.1)

4For short maturities, 7 < 10, and for model parameters for which the Feller condition is satisfied,
we did not find any significant differences between the two approximations and the full scale model.
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Since the processes involved are of the same type, the expectations in (5.1) can be
determined as already presented in Section 3.1. The ChF and the corresponding Riccati
ODEs are defined as below:

our-cir (u, X, 7) = exp (A(u, 7) + Bz (u, 7)xt + Bo(u, 7)ot + By (u, 7)r¢) (5.2)

Lemma 5.1 (The ODEs related to the H1-CIR model). The functions B, (u,T) =: By,
B,(u,7) =: By, Br(u,7) =: B, and A(u,7) =: A foru € R and 7 > 0 in (5.2) satisfy:

dB, .
i 0, B.(u,0)=iu,
dB 1
" = —1+B,—AB,+-n*B? B, =

dT + + 2/'7 T (u’ 0) 07
dB, 1 L opo _

dr - 5 (Bz 1) Bz + (’VCB:L’ H) BU + 5'7 Baa BJ(U,O) - 07

dA

> = kG By + A0 By + 1npg »E(\/01)E(\/1¢) By By, A(u,0) =0. (5.3)

with ( = pyo + A, and E(\/0¢) and E(\/¢) from Lemma 3.2.
Proof. The proof is very similar to the proof in Appendix A. O

Lemma 5.2 (Solutions for the ChF coefficients of the H1-CIR model). The solutions
for the ODEs for B,(u,T), By(u,7), Byr(u,7) and A(u,T), defined in Lemma 5.1, are
given by:

B.(u,7) = iu, (5.4)
By (u,7) LT b)) (5.5)
’ n? (1= Gye=P17) ’
1— eng‘r )
Ba(uv 7_) = (ﬁ - ’YCZU - DZ) ) (56)

’}/2 (1 — GQG_D2T)

and

Au, 1) = /OT (k& By (u, s) + ABy(u,s) + po  mivE(y/or—s)E(\/rr—5)Br(u,s)) ds,

with ¢ = pg.o + A, D1 = /A2 4+2n%(1 —iu), Dy = \/(WCiu — ) = (iu — Diun?,

A—Dy K — vCiu — Do
Gy = dGy= ——">——=.
! A+ D ana L2 Kk —yCiu + Do
Proof. The proof is very similar to the proof in Appendix B. O

The integral for A(u,7) in Lemma 5.2 can only be determined analytically for
constant approximations of the two expectations involved.

5.2 Characteristic Function for the H2-CIR model

As before, we aim to find an approximation of the instantaneous covariance matrix for
which the affinity of the approximation model is obtained, but now with the stochastic
approximation.

3(1,3) now consists of two stochastic components, \/o; and /r;. We approximate
both and obtain:

3 ~ 5v:(1,3) = paUile, Re =T, v =/0y. (5.7)

This form, based on the product of two random variables, is not affine. To linearize (5.7)
we need to specify the joint dynamics, d(/o;+/7¢). If we assume that the dynamics for
d(y/o¢) and d(,/7¢) can be approximated by normally distributed processes, we find, by
1t6’s lemma, that the dynamics of z; = v, Ry are given by:

dey = (pitve + py Ry) dt + by Red W + ¢ ffo,dWy (5.8)
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With three additional variables, vs, R; and z;, the state vector X;, with log-stock
process z; = logS; is expanded to X; = [z¢,0¢,7¢, ¢, Ry, 2¢]", with the following
corresponding system of SDEs:

1
dz; = (Tt - Qat) di+ Vo dWi+  pop/ordWi+  AordW7, (5.9)
and
do, = k(o —op)dt+  yy/or dW7, oo > 0,
dr; = AO: —r)dt+  ny/redWY, ro > 0,
dv, = py dt+ Y AWy, vo = /00, (5.10)
dR, = pdit W], Ro =y,

dz; = (Mf@t + Nth) dt+ Yy /redW7+ ¢ﬁ\/07tthT, 20 = \/To\/00,

with A, p; » and the other coeflicients as in (2.11).
The symmetric instantaneous covariance matrix reads:

o (ot NPz, rzt Py Cuy ch,M/)tRUt Cy 2 + Pac,rl[)tRO't

2oy 2O W yvy RO 71/);7; 2

S * % 07T 0 Yy nRy ULCrE

5= : 5.11
foox @) 0 (V92 R, (5:11)
* 0 x * (f)? (Vf)2v;
% * % % * (W) ?re + (VF)204

where ( = p, o, + A. Since 9} and Y are deterministic time-dependent functions, the
approximate H2-CIR model is now affine and we can derive the corresponding ChF:

onz-cir(u, Xe, 7) = exp (A(u, 7) + By (u, 7)xt + By (u, 7)ot + By (u, 7)7¢

5.12
©By(u, 7)o + Brlu, 1) Ry + Bo(u,r)z), )

with vy = \/o¢, Ry = \/Tt, 2+ = \/0¢\/T¢, and the functions A(u, 7), By(u,7), By(u,T),
B,.(u,7), By(u,7), Br(u,7) and B,(u, ) satisfy the ODEs given by the lemma below.

Lemma 5.3 (The ODEs related to the H2-CIR model). The functions B,(u,T) =: By,
B,(u,7) =: By, Br(u,7) =: By, By(u,7) =: By, Br(u,7) =: Bg, B.(u,7) =: B, and
A(u,7) =: A foru e R and 7 > 0 in (5.12), satisfy:

dB,

—Z =0 5.13
dr ’ ( )
B 1 1
B, _ 4 + B, — AB, + -n*B2 + ~(y¥)*B2, (5.14)
dr 2 2
dB
o = B+ 9B B+ (V) BB, (5.15)
dB
< = "PerBeBr+ (U ByBe + 10} Bo Bz + i B, B, (5.16)
dA 1 1
= 0B+ MB + By + ' Br+ S (W)’ B} + S (0f)*Bh, (5.17)
and
dB, 1 1 1
dT = iBr (B'r - 1) - KBO’ + VCBTBU + 57233 + pT,TQZ}tRBTBz + 5@5)2337
dB, v v
? = NEBZ + 7/% (BB, + ’Yd’t B,B, + px,rwarBR + (lbﬁ)ZBRBu

with the boundary conditions: B, (u,0) = iu, By(u,0) =0, Bg(u,0) =0, B,(u,0) =0,
By (u,0) = 0, B,(u,0) = 0 and A(u,0) = 0. Parameters u?, uf, ¥, vF are specified
in (4.9), constant ¢ is as in (5.11), and the remaining parameters are in (5.10).
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Proof. The proof is very similar to the proof in Appendix A. O

The system of the ODEs given in Lemma 5.3 is difficult to solve analytically.
To find the solution we have used an explicit Runge-Kutta method [Forsythe, et al.;
Kahaner-1989], ode45 from the Matlab package. Numerical results are presented in the
next subsection.

The results above are obtained by expanding each process around the mean, but
the framework presented is also valid with higher order terms of the Taylor expansion
included, or when exact representations are used.

The extension of the H2-CIR model to the case of a full matrix of correlations is a
trivial exercise.

5.3 Numerical Experiment

We compare the performance of the approximations H1-CIR and H2-CIR with the
full-scale HCIR model. As in the case of the HHW models, we have chosen here T = 10,
and the model parameters are chosen so that the Feller condition does not hold. The
results, presented in Table 5.1, are very satisfactory. Both approximation models, H1-
CIR and H2-CIR, provide a relative error, €(p, ), for a call option within the confidence
bounds. For higher correlation p, , the error grows, but it is still small.

Pa,r Approx. Strike

K=40 [ K=100 | K=160 | K=260
0.2 | Vo~E(/o;) || 0.001 0.003 0.007 0.019
(0.006) | (0.009) | (0.016) | (0.032)
Vor =~ N(-) -0.001 | -0.002 0.003 0.018
(0.006) | (0.009) | (0.016) | (0.031)

0.8 | Vo ~E(/a;) || 0.004 | 0.012 | 0.029 | 0.036
(0.007) | (0.013) | (0.020) | (0.039)
Joi~N() |[ 0002 | 0.008 | 0.027 | 0.035
(0.007) | (0.013) | (0.020) | (0.039)

Table 5.1: Error €(p, ) for a deterministic and stochastic approximation of the HCIR
model. Numbers in parentheses are sample standard deviations. The parameters were
chosen as 7 = 10, kK = 1.2, ¢ = 0.06, v = 0.5, 8§ = 0.05, A\ = 1.2, n = 0.05, and
Pz,o = —0.3. Initial values: Sy = 100, oy = 0.04 and ry = 0.05.

We also present the time needed for obtaining the plain vanilla option prices, with
the characteristic functions H2-HW (Section 4.2) and H2-CIR (Section 5.2) based on
the numerical solution for the system of Riccati ODEs. Table 5.2 shows that, although
the ODEs in Lemma 5.3 need to be solved numerically, the time for obtaining European
option prices, by the COS pricing method [Fang,Oosterlee-2008], is often less than 0.1
seconds. The pricing of the options by means of the COS method, a method based on
Fourier cosine series expansions, was performed with a fixed number of 250 terms, which
guaranteed highly accurate option prices (up to machine precision).

The tolerance for the ODE solves, by Matlab’s ode45, is varied in the experiments
shown in the table.

Table 5.2: Time in seconds for pricing a call option based on an explicit Runge-Kutta
method combined with the COS method [Fang,Oosterlee-2008].

Model Accuracy Maturity
T=05] 7=1]7=21]7=5]7=10
H2-HW 1072 4.37e-2 | 4.80e-2 | 6.41e-2 | 7.49e-2 | 8.10e-2
107° 5.32e-2 | 5.82e-2 | 8.05e-2 | 9.74e-2 | 1.21e-1
H2-CIR 1072 7.78e-2 | 7.80e-2 | 8.38e-2 | 8.48e-2 | 8.90e-2
1075 8.33e-2 | 8.97e-2 | 1.05e-1 | 1.34e-1 | 1.62e-1
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6 Calibration of the Heston Hybrid Models

Here, we evaluate the performance of the approximations HI-HW, H2-HW, H1-CIR
and H2-CIR for the Heston hybrid models, HHW and HCIR, in a calibration setting.

Reference call option prices are given in Table D.1 in Appendix D. For all models
the simulation was performed with an a-priori defined speed of mean reversion for the
variance process, kK = 0.3 (which is set small on purpose). The calibration is here
performed with varying correlations, p, .. In practice, these correlations can be obtained
from historical data.

The calibration procedure is performed in two stages. First, the parameters for the
short rate process are determined (independent of the equity part). In the second stage,
the calibrated r; is included in the Heston model, and the remaining parameters are
determined. The parameters for the interest rate part are found to be Agw = 0.501,
nuw = 0.005, Acmr = 1.1, and ncomr = 0.03.

First, we also perform, as a benchmark, the calibration of the pure Heston model with
constant interest rate, see Table 6.1. SSE stands stands for the “sum-squared error”. In

Table 6.1: Calibration results for the Heston stochastic volatility model with
deterministic interest rate. The mean reversion parameter is k = 0.3.

model H ~y \ o \ Pz, \ oo \ r H SSE
Heston [[ 0.5995 [ 0.0871 [ -0.5289 | 0.0391 | 0.04 [[ 4.1411e-5

Table 6.2 the calibration results for the HHW approximations, HI-HW and H2-HW, are
presented. For both models a highly satisfactory fit is obtained, with a slightly better
performance of the stochastic approximation H2-HW. For p, , = 0.2 and p,, = 0.8 the
calibration procedure gives roughly the same sets of parameters for both models. In
the case of high correlation the differences appear only after the third decimal. When
comparing the calibration results for HHW with those for the pure Heston model, we
see that the inclusion of stochastic interest rates in the model results in a lower vol-
vol parameter, v, and a more negative correlation, p, ,. The decrease of the vol-vol
parameter can be explained by additional volatility which comes from the interest rate
process.

Table 6.2: Calibration results for the HI-HW model from Section 3.2, and the H2-HW
model from Section 4.2, with £ = 0.3, and correlation p, , = {0.2,0.8}.

model \ Pa.r H y \ o \ Pz,o ‘ 0o H SSE
H1-HW | 20% || 0.4804 | 0.0807 | -0.6054 | 0.0392 || 5.9614e-5
80% || 0.4746 | 0.0776 | -0.6339 | 0.0391 || 7.5487e-5

H2-HW | 20% || 0.4802 | 0.0807 | -0.6051 | 0.0392 || 5.9373¢-5
80% || 0.4771 | 0.0770 | -0.6256 | 0.0392 || 6.0059e-5

In Table 6.3 the results for the approximations of the HCIR model are shown. The
conclusions are analogous to those for the HHW model.

In Figure 6.1 the corresponding implied volatilities for a long maturity time (7 = 10y)
are presented. Both hybrid models perform very well. A higher accuracy for the hybrid
models compared to the plain Heston model can be observed.

7 Concluding Remarks

In this article we have presented the extension of the Heston stochastic volatility
equity model by stochastic interest rates. We have focused our attention on two hybrid
models, the Heston-Hull-White and the Heston-Cox-Ingersoll-Ross models.

By approximations of the non-affine terms in the corresponding instantaneous
covariance matrix, we placed the approximation hybrid models in the framework of
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Table 6.3: Calibration results for the H1-CIR, and the H2-CIR models defined in
Section 5.1 and Section 5.2. The experiment was done with a-priori defined x = 0.3,
and correlation p, , = {0.2,0.8}.

model \ Pa.r H ¥ \ o \ Pz, \ o H SSE
H1-CIR | 20% || 0.5413 | 0.0876 | -0.5976 | 0.0396 || 1.9655¢e-5
80% || 0.5445 | 0.0855 | -0.6022 | 0.0405 || 4.4726e-5

H2-CIR | 20% || 0.5313 | 0.0877 | -0.6076 | 0.0394 || 1.7753e-5
80% || 0.5350 | 0.0853 | -0.6125 | 0.0398 || 2.7583e-5

Maturity=10 y x10° Maturity=10 y
0.55 25
Market
—O— Heston
0.5R —— H1-HW |
—B- - H2-HW
A— Hi-CR

0.45 \ A ocRf
z
E 04
E
E w
S 035
E

03 —y & —O— Heston SA

—— H1-HW A
-15 —B- - H2-HW
0.25 A— H1-CIR
-2 —A- - H2-CIR AT
0.2 - - - - - - - - - -2.5 - - - - - - - - -
04 06 08 1 12 14 16 18 2 22 04 06 08 1 12 14 16 18 2 22
Strike (K) Strike (K)

Figure 6.1: The implied Black-Scholes volatilities for Heston hybrid models compared to
the pure Heston model and a reference implied volatility curve. Correlation, p, , = 80%.
The left-hand graph presents the implied volatilities for 7 = 10. The corresponding
implied volatility error with respect to the reference is shown in the right-hand figure.

affine diffusion processes. The approximations in the models have been validated by
comparing the implied volatilities and instantaneous correlations to the full-scale hybrid
models.

The approximations in the Heston-Hull-White and the Heston-Cox-Ingersoll-Ross
models lead to highly efficient solutions for the characteristic function. The more
sophisticated approximation is based on a transformation of the 3D Heston-CIR model
to a 6D representation.

The deterministic and the stochastic approach for approximating the instantaneous
covariance matrix of the hybrid model provide very similar prices for European options.
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A Proof of Lemma 3.5

Proof. For a given state vector X} = [ry, oy, x4]T, for p = 0, the symmetric instantaneous
covariance matrix (1.3) is given by:

. 7”0 0., E(/or)
Y =0(X})o(X})" = x 7oy VPz.00t , (A.1)
* * o

which, with (1.2), (1.3), (1.4) and (1.5), implies:

T -A 0 1

ap=[XN k& 0] ,afl=| 0 —-x -1 |, (A.2)
0 0
and: )
" 0 1psrE(\/T7)
co = 0 0 0 , (A.3)
npzE(/0:) 0 0

(0,0,00T  (0,0,0)T (0,0,0)T
a=| (0,00 (0,720 (0,700,507 |. (A.4)

(0,0,0)"  (0,7ps,0,0)"  (0,1,0)"
Note that in covariance matrix (A.1) we have used ( = ppo — A = pp, from

Equation (2.11).
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So, for B, := B.(u,7), B, := By(u,7) and B, := Bg(u,T) the system of ODEs
(see [Duffie, et al.-2000]) to be solved is of the following form:

41 B 1 -2 0 1 B, 0
| B | =0 |+ 0 - —3 By |+| 37°BZ+pr.0B:Bs + 3 B2
1 B, 0 0 0 0 B, 0

since B := [B,(u,7), B,(u,7), Bg(u,7)]T we have:

q M UN 0 7psrE(\/07)
de(u, =BT | ke | + 5BT 0 0 0 B. (A.6)
T 0 npz - E(/or) 0 0
By simplifications the proof is finished. O

B Proof of Lemma 3.6

Obviously, due to the boundary condition, B, (u,0) = iu, we have B,(u,T) = iu.
For the second ODE, by multiplying both sides with e*” we get:
d

o (eATBT) = (iu — 1)eM, (B.1)

by integrating both sides and using the boundary condition, B, (u,0) = 0, we find
B, (u,7) = (iu— 1A' (1 - e_AT) .

By setting a = —%(u2 +iu), b=~(iu— kK, c= %727 and d = k& the ODEs for B, (u, )

and I>(7) are given by the following Riccati-type of equation:

d
d—Bn(u,T) = a+bBy(u,7)+ cBg(u,T), B, (u,0) =0, (B.2)
-

Iy (7) KO /OT B, (u, s)ds. (B.3)

Equations (B.2) and (B.3) are of the same form as those in [Heston-1993]. Their solutions
are given by:

—-b—D —2¢c

_ _ D1
Bo’(uvT) - 20(1 _ Ge,D.,-) (1 € )a (B4)
d 1—Ge D7
—-b—D —2c
. _ R _
with D = Vb? — dac, G T D20

The evaluation of the integrals I1(7), Is(7) and I4(7) is straightforward. The proof
is finished by appropriate substitutions.

C Hybrid Model with Full Matrix of Correlations

Similar to the approximation of the non-affine terms in the instantaneous covariance
matrix of the Heston hybrid model presented in Section 3.1, we discuss here the inclusion
of the additional correlation, p,,, between the interest rate r; and the stochastic
volatility o;. We call the resulting model the Heston-Hull-White Hybrid Model-3, and
denote it by H3-HW. For the state vector X; = [z4,0¢,7¢]T the H3-HW model has the
following symmetric instantaneous covariance matrix:

Ot Px,c7V0t pw,rn\/a
Si=0(X)o(X)T = | * V2o, pm,'yg\/a . (C.1)

* * n (3x3)
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The affinity issue arises in two terms of matrix (C.1), namely, in elements (1,3) and
(2,3):

31,3) = PV 0t 2(2.3) = ProVNN Ot
For completeness, we also present the associated Kolmogorov backward equation, which
is now given by:

0o - 2 <r—1)W)—FK(U—U)M—F)\(H,:—T)%—FI 09 | L, 00

ot 27 ) oz 9o ar 2% T 27 7902
1 ,0% 826 26 826
* 2" a2 + P2.079 5 v00 T2 OzOr MRaCEY orde re, (C.2)

with boundary condition equal to:
¢(u, X7, T,T) = exp(iuzxT).

By taking p,, = 0 the H3-HW model with a full matrix of correlations collapses to the
setup in Section 3.1.

As before, we can use the deterministic approximation X 3y =~ p.nE(\/0¢) and
X (2,3) ~ proYNE(y/0¢) for which Result 3.3 can be used.

The representations of the Heston-Hull-White model in (2.8) and the model in (2.3)
with p,, # 0 for p = 0 are closely related. The lemma below specifies the relation in
terms of the coefficients of the corresponding ChF.

Lemma C.1 (The ChF for the H3-HW model with full matrix of correlations). The
discounted ChF for the H3-HW model is of the following form.:

dns-npw(u, Xy, 7) = exp (/i(u, T) + tuxz + éa(u, T)or + Br(u, T)rt) ,

with the functions A(u,7), By(u,7) and B,(u,T) given by:

(u,7) = Bp(u,7), (C.3)
(u,7) = Bs(u,71), (C.4)

with By.(u,7) in (3.22) and By, (u,7) given in (3.23). For A(u,7) we have:

B,
B,

Afu,7) = A7)+ pro / " E(yo70) B, 5) By (u, 5)ds, (C5)

where A(u,T) is given in (53.24).

As it is now possible to include a full matrix of correlations, we can show the effect
of varying p, , and p,, in Figure C.1. The impact of the correlations on the implied
at-the-money Black-Scholes volatilities is evaluated. Both correlations, p, , and p, g,
have a significant impact on the implied volatilities. For p, , = 0.3 the implied volatility
is higher than for p,, = 0 and lower for p, , = —0.3, whereas higher correlations p; ,
imply lower implied volatilities. We also see that the effect of correlation p, , is more
significant than for p; ..

The agreement between the results with the full-scale HHW model and the H3-HW
model is very well. In practical applications the correlation p,, can be used as an
additional degree of freedom for example to increase the accuracy of the model fit to
market data.

D Market Data Used for the Calibration
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Figure C.1: The impact of correlations p,, and p,, on the at-the-money implied
volatilities. The parameters in both cases were chosen to: § = 0.05, xk = 0.5, ¢ = 0.2,
v=0.25, A=0.8,7=0.15, Sy =1, rg = 0.05 and o¢ = 0.2.

strike 2
T 40 50 60 70 80 20 100 110 120 130 140 150 160 200 220 240
id 0.600 0.500 0.400 0.300 0.200 0.100 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2w 0.601 0.501 0.401 0.301 0.201 0.102 0.016 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Im 0.601 0.502 0.402 0.302 0.203 0.105 0.025 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3m 0.604 0.505 0.406 0.307 0.210 0.119 0.043 0.006 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
6m 0.608 0.510 0.413 0.317 0.224 0.137 0.063 0.017 0.004 0001 0.000 0000 0.000 0.000 0.000 0.000
9m 0.612 0.516 0.421 0.327 0.237 0.153 0.079 0.028 0.009 0003 0.001 0001 0000 0.000 0.000 0.000
ly 0.616 0.522 0.428 0.337 0.249 0.167 0.094 0.040 0.015 0.006 0.003 0.002 0.001 0.000 0.000 0.000
ly4m 0.623 0.530 0.439 0.350 0.265 0.184 0.113 0.056 0.024 0.011 0.006 0.003 0.002 0.000 0.000 0.000
1y 8m 0.628 0.538 0.449 0.362 0.279 0.201 0.130 0.072 0.035 0.018 0.010 0006 0.004 0.001 0.000 0.000
2y 0.635 0.546 0.459 0.374 0.293 0.216 0.147 0.088 0.047 0.025 0.014 0009 0.006 0.001 0.001 0.000
2.5y 0.643 0.557 0.473 0.391 0.313 0.238 0.171 0.112 0.067 0.039 0.023 0015 0.010 0.003 0.002 0.001
3y 0.652 0.568 0.487 0.407 0.331 0.259 0.193 0.135 0.088 0.055 0.034 0.022 0.015 0.004 0.003 0.002
Sy 0.684 0.609 0.537 0.466 0.399 0.335 0.275 0.220 0.171 0.130 0.096 0.070 0.052 0.018 0.011 0.008
8y 0.726 0.662 0.601 0.541 0484 0429 0377 0.329 0.283 0.242 0.204 0.171 0.142 0.066 0.046 0.033
10y 0.751 0.693 0.637 0.583 0.532 0.482 0435 0.390 0348 0309 0.273 0239 0.209 0.117 0.087 0.066
15y 0.802 0.757 0.713 0.671 0.630 0.591 0.554 0.518 0.483 0450 0.419 0389 0.361 0.264 0.224 0.190

Figure D.1: Interpolated equity call option prices
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for standardized equity Sy = 1.
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