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1 Introduction

One of the central concerns in time series modelling is the stability of parameters through
time. A large body of econometric work has developed around testing the hypothesis that
parameters are time invariant: see, for instance, Nyblom (1989), Andrews (1993), Andrews
and Ploberger (1994), Bai, Lumsdaine, and Stock (1998), Vogelsang (1998), Hansen (2000),
Andrews (2003) and Elliott and Miiller (2006) for some more recent contributions, and Stock
(1994) and Dufour and Ghysels (1996) for surveys and additional references. Empirically, there
is substantial evidence of instabilities in the parameters of finance and macroeconomic models
as documented in Stock and Watson (1996), Ghysels (1998), McConnell and Perez-Quiros
(2000), Lettau and Ludvigson (2001), Boivin (2003), Primiceri (2005), Cogley and Sargent
(2005) and Paye and Timmermann (2006), just to name a few.

Once instabilities are suspected, a natural next step is to document their form. Knowl-
edge of the parameter path is useful for a number of purposes. First, the estimated path
is an interesting descriptive tool, as it helps to understand potential sources of the instabil-
ity. Second, the endpoint of the parameter path is useful for forecasting purposes (see, for
instance, Chernoff and Zacks (1964), Sims (1993), Stock and Watson (1996) or Pesaran, Pet-
tenuzzo, and Timmermann (2006)). Third, economic theory might imply certain features of
parameter paths (think, for instance, of convergence models with time varying mean growth
of GDP), for which one might want to test in econometric models. Finally, the time varying
value of the parameter can sometimes be given a useful structural interpretation (cf. Cooley
and Prescott (1976)), such as, in a regression model, the time dependent marginal effect of a
certain regressor.

There are several approaches to estimating the parameter path. One develops frequentist
inference for the break date in models where the parameters are known a priori to be subject
to a small number of sudden shifts, such as Bai (1997), Bai and Perron (1998), and Elliott and
Miiller (2004). A Bayesian literature (Hamilton (1989), Chib (1998), Kim and Nelson (1999)
and Sims and Zha (2006), for instance) posits a finite number of regimes for the parameter
values and obtains posterior probabilities for each regime through time. Robinson (1989,
1991) and Cai (2007) develop nonparametric kernel estimators of the time varying parameter.
Finally, a large frequentist and Bayesian literature estimates models under the assumption of a
smooth stochastic evolution of the parameter. When the parameters enter the model linearly
and disturbances are assumed Gaussian, then these models can be written in state space form

and estimated by variants of Kalman filtering and smoothing, as in Cooley and Prescott (1973,



1976) and Harvey (1989). This is not possible for models with time varying parameters that
affect, say, variances and covariances, and considerably more involved numerical techniques
have been developed to deal with such models: see, for instance, Harvey, Ruiz, and Shephard
(1994), Jacquier, Polson, and Rossi (1995), Durbin and Koopman (1997), Shephard and Pitt
(1997), Uhlig (2001), Primiceri (2005) and Cogley and Sargent (2005) for the estimation
of models with time varying second moments. In general, the estimation of time varying
parameter models outside the Gaussian state space framework requires fairly complicated and
model-specific numerical techniques.

This paper is closely related to this last strand. We consider a general parametric model
with local time variation, in the sense that good tests would detect the instability with prob-
ability smaller than one even in the limit. We analyze estimators and tests that minimize
weighted average risk and maximize weighted average power over the set of possible param-
eter paths, where the weighting function is proportional to the distribution function of a
Gaussian process, and focusses on such local parameter variability. The main contribution
is an asymptotically efficient approximation of the sample information about the parameter
path. This approximation turns the problem of inference about the parameter path in the
general likelihood model into the problem of inference about the parameter path in a linear
Gaussian pseudo model, with the sequence of scores (evaluated at the usual maximum likeli-
hood estimator) as the observations. Asymptotically efficient parameter path estimators and
test statistics thus become straightforward to compute, and the estimation and testing prob-
lem are unified in one coherent asymptotic framework. In the special case of an underlying
parametric model that is stationary for stable parameters, and a weighting that corresponds
to the distribution of a Wiener process, the approximate pseudo model becomes a local level
model in the sense of Harvey (1989), and optimal path estimators are obtained by an expo-
nential smoothing of the sequence of score vectors. From a Bayesian perspective with the
weighting function interpreted as the prior, our results provide an asymptotically accurate
multivariate Gaussian approximation to the posterior distribution of the parameter path.

As already noted, we consider instabilities of the same magnitude as local alternatives
of efficient stability tests. The asymptotic thought experiment hence leads to a limit theory
where there is only limited information about the form of the instability (in contrast, say,
to the set-up in Robinson (1989)). In this way, the asymptotics reflect the difficulties of not
being sure about the precise form or even presence of the instability in small samples in most
econometric models of interest.

Formally, in such asymptotics the magnitude of the instability decreases as the sample



size increases. This does not mean that the theory developed in this paper only applies to
economically insignificant instabilities. Parameter variations that are ’small’ in the statistical
sense of being nontrivial to detect need not be small in an economic sense. For instance, in
a stylized model, a sudden shift of 1.2 percentage points in yearly GDP mean growth in the
middle of a sample of 180 quarterly observations is detected less than half the time by 5%
level efficient stability tests (Elliott and Miiller (2004)), yet such a shift is arguably of major
economic (and policy) relevance. Many instabilities that economists care about, such as those
arising from Lucas-critique arguments (for instance Linde (2001)), the stability of monetary
policy (for instance Bernanke and Mihov (1998)) or reduced form bivariate econometric rela-
tionships between macroeconomic variables in general (Stock and Watson (1996)) have been
difficult (or at least nontrivial) to determine empirically and are hence ’small’ in the statisti-
cal sense. In these instances, accurate approximations are generated by a modelling strategy
in which correspondingly there is only limited statistical information about the instability
asymptotically.

Our results are driven by a quadratic approximation to the log-likelihood of the general
model. Such approximations of the likelihood for models with a finite dimensional parameter
have a long history in statistics and econometrics and allow the substitution of a complex
decision problem by a simpler one; see, for instance, LeCam (1986). Recent applications of
these ideas in time series econometrics include Andrews and Ploberger (1994), Phillips and
Ploberger (1996), Ploberger (2004) and Phillips and Ploberger (2006). The sample information
about the parameter path is more difficult to approximate, as the path is not finite dimen-
sional. Some numerical methods for time series models with latent variables, such as those
developed by Durbin and Koopman (1997) and Shephard and Pitt (1997), employ quadratic
expansions of the log-likelihood at some stage, but without rigorous justification. The recent
results by Carrasco, Hu, and Ploberger (2005) on efficient tests for Markov Switching type pa-
rameter instabilities also rely on higher order expansions of the likelihood; the main difference
to our results concerns the weighting function, which in their case focusses on high frequency
parameter variations. Brown and Low (1996) and Nussbaum (1996) prove the asymptotic
equivalence of some specific infinite dimensional decision problems with the continuous time
problem of observing Gaussian White Noise with some unknown drift. These papers (essen-
tially) establish the asymptotic equivalence of the frequentist risk function for any bounded
loss function. Compared to this literature, our results are more specific, as we only show
equivalence with respect to weighted average risk, where the weighting functions correspond

to the distribution of a (finite mixture of) Gaussian processes. At the same time, our results



are substantially more general, as they apply to a wide class of parametric time series models.

The remainder of the paper is organized as follows. The next section gives a heuristic
argument for the approximation of the sample information with a linear Gaussian pseudo
model, and provides the computational details for asymptotically efficient parameter path
estimators and tests under a Wiener process weighting function. Section 3 contains the formal

discussion of our results, and Section 4 concludes. All proofs are collected in an appendix.

2 Motivation and Definition of Efficient Parameter

Path Estimators and Stability Tests

Consider a stationary and stable time series model with known log-likelihood function of the
form ZtT:l 1;(0), with parameter § € © C R*. The corresponding unstable model has the
same likelihood with time varying parameter {6;}1, = {6 + 0;}_,. Suppose the researcher
is interested in obtaining good path estimators under a weighted average risk criterion with a
weighting function that is diffuse for the benchmark value 6, and posits a weighting function
of a Gaussian process of magnitude 71/2 for the deviations {&;}Z,.

The sample information about the path {6 + §,}; is fully contained in the function
S 1(0 + 6,), where ’S"’ denotes a sum over t = 1,--- ,T. Let # be the maximum likelihood
estimator of f ignoring parameter instability, i.e. § maximizes 3 1,(6). Denote by s,(6) =
O1;(0)/90 the sequence t = 1,--- ,T of k x 1 score vectors, and by h;(0) = —ds;(0)/00" the

sequence of k£ x k Hessians. By 1" second order Taylor expansions
S (10 + 61) = 1(6)) = S[se(8) (6 + 6t — 6) — $(6 + 6, — 0)'hu(6:) (6 + 6, — )]

where 0, lies on the line segment between 6+ 0; and 0. Suppose the likelihood model is regular
enough to ensure a 'Local Law of Large Numbers’ for the Hessians, such that for sequences
{0,} with 6 close to @ for t =1,--- | T, T-* S hy(6;) — H 2 0, where the matrix H is defined
as H = TS hy(f). Since the deviations {d;}Z, are persistent and of order T-/2, and the
maximum likelihood estimator 6 is a /T’ consistent estimator of the benchmark value 0, the
sequence {0 + 0; — 9}th1 is persistent and of order T-'/2. Also, because the stable model is

assumed stationary, smooth averages of ht(ét) are close to H in all parts of the sample, so that

S0+ 6, — 0 hu(B0) (0 + 6, — B) = (0 + 6 — OY H (6 + 6, — O) (1)



and we can write

> (10 + 1) — L(0) — %St(@)'ﬁflst@))

~ —5 3 (si(0) = H(0+ 6, — )Y H*(s0(0) — H(0 + 5, — 0)). .

Neither S 1,(A) nor S s4(0) H's,(0) depend on {#+ 6;}T_,, so that ignoring these constants,
the log-likelihood of the path {6 + 6;}._, is well approximated by a quadratic form. In fact,
the right-hand side of (2) is recognized as the log-likelihood function of the Gaussian random
variable s,(0) 4+ H6 with mean 0+ 0, and covariance matrix H. The information in the sample

about 0 + 9; can therefore be approximately summarized by the pseudo model
St<é)+ﬁé:ﬁ(9+5t)+l/t,t:1,,T (3)

with v, ~ i.i.d. N(0, H). For a weighting function for the benchmark value # that is diffuse,
the weighting on the mean 7! > §; in (3) has no bearing on the analysis. For convenience,
one might thus assume a weighting function for {§;}7_, that corresponds to the distribution of
a demeaned Gaussian process (so that Y d; = 0 and ¢, is the the deviation at date ¢ from the
average parameter value ). Under that assumption, we trivially have S 6, H (0 — 0) = 0, and
also 3 5,(A) = 0 from the first order condition of the maximum likelihood estimator. Thus,
the right-hand side of (2) becomes

LS (s0(0) — HO) H(s4(0) — HO) — 2T(0 — 0Y H (O — 0)
and the sample information about 6 and {d;}L, is approximately independent and described

by the pseudo model

A

0 = 0+TV2H 1y (4)
si(0) = Hé +vy, t=1,---.T (5)

with vy ~ i.i.d. N'(0, H). The approximation in (4) is the standard result that in large samples,
the likelihood about a parameter converges to that of a Gaussian random variable with mean
0 and covariance matrix 7-'H~!. The focus and contribution of this paper is to argue for
the Gaussian ’local level” model (5) (or, equivalently, for (3)) as an asymptotically efficient
summary of the sample information about the deviations {d;}L ;, at least under Gaussian
weighting functions for {d,}{ ; that put almost all of their weight on deviations of the order
T-'/2. For weighting functions for {§,}7_, that are Markovian, the asymptotically efficient
path estimator under a wide range of symmetric loss functions can hence be computed by

variants of the Kalman smoother. Also, asymptotically efficient tests of parameter instability
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in the general likelihood model can be obtained by performing optimal tests in the pseudo
models. The next section formally derives a more general asymptotic equivalence statement
that does not require averages of ht(é) to converge in probability to the same constant in
all parts of the sample under some fairly weak regularity conditions on the likelihood. The
generalization is useful for, say, models with a time trend, for which (1) does not hold.

We now turn to an explicit description of the optimal parameter path estimator and test
statistics assuming (1) holds for a weighting function on J, that is a (demeaned) multivariate
Gaussian random walk. This choice of weighting function (or prior in a Bayesian context)
has been used extensively in econometric applications: see, for instance, Cooley and Prescott
(1976), Harvey (1989), Stock and Watson (1996, 1998, 2002), Boivin (2003) Primiceri (2005)
and Cogley and Sargent (2005). Without loss of generality, let the first p < k parameters
of 0, denoted [, be those whose path is to be estimated (so that the last k — p elements
of §; are zero). Denote by §B,t(9) the corresponding scores, evaluated at maximum likeli-
hood estimator 0 (whose first p elements are denoted B) that ignores any potential instability,
ie. 854(0) = 01,(0)/0By_p, t = 1,---,T. Let Hg = T~ 35,(0)35,(0)', which is computa-
tionally convenient and asymptotically equivalent to =71 >~ 9%,(0)/0895'|,_;- Under the
theoretically attractive choice of the covariance matrix of the Gaussian random walk for the
first p elements of {d;} to be proportional to H 5 ! (see comment 9 in Section 3 below), an

asymptotically efficient path estimator may be obtained by the following algorithm:

A A

1. Compute the sequence z; = Hﬁ_lsﬁjt(ﬁ), t=1,---,T.
2. Let z; = x1, and compute
2t = Telt—1 + ({L‘t —Qj‘t_l), t = 27 7’_T

where r. = 1 — ¢/T. That is, generate an p x 1 AR(1) process initialized at x; and

innovations Ax;.
3. Compute the residuals {Z,}]_; of a linear regression of {2}/, on {ri 'I,}L .
4. Let zp = Zp, and compute

Z =71z + (& — Zga), t=1,--- T —1

5. The efficient estimator of the parameter path for 8 is now given by {3 + z; — 7.z }L,.



6. An asymptotically weighted average power maximizing test for parameter stability of
the first p parameters of # can be based on the statistic qLL = S (1.2 — ) s3.4(6),

where stability is rejected for small values.

This procedure depends on the positive parameter ¢, which corresponds to the signal-to-
noise ratio in the smoothing problem: The smaller ¢, the smoother the estimated parameter
path { B +x;—71c2 L, becomes. One approach is to fix ¢ at some value to obtain point optimal
path estimators and tests. Elliott and Miiller (2006) suggest a value of ¢ = 10 for this testing
problem in the context of a linear regression, and their Table 1 contains asymptotic critical
values for the statistic qLL as a function of p. For the path estimation problem, a value of
¢ = 10 corresponds at least roughly to the magnitude of instabilities found in macro series,
cf. Stock and Watson (1998). Stock and Watson (2002) employ a fixed value of ¢ = 7 in their
smoothing application.

Alternatively, one might posit a weighting function for {d;} that is a mixture of ng Gaussian
random walks with signal-to-noise ratios ¢ € {c1,---,¢ne}. Let {B,(c)}L, with 3,(c) =
,5’ +xy — 12, t = 1,--- T be the path estimator as described above for a given value of c,
and let qLL(c) be the corresponding test statistic. The asymptotically average weighted risk
minimizing path estimator under this composite weighting function with truncated quadratic

loss and large truncation point is then approximately given by
A nG A
By=> wiB(c), t=1,---.T
i=1

where w; = QI)Z/ Z?gl QI)j and ZDZ = %
c €{0,5,10,--- ,45} with ng = 10, where w; = 1 and B,0)=p3,t=1,---,T. These values

for ¢ cover the range for the magnitude of most empirically relevant instabilities.

exp(—3 qLL(c;)). We suggest a default choice

In many applications, it will be of interest to get some sense of the accuracy of this path

estimator. One such measure for the accuracy of Bt for a particular time period t is given by
ng
1771
Vi=T 7 Hg' > wiky(c:) (6)
i=1

where r;(c) = c(1 + e + 2T 4 e2(-/1)) /(2 — 2¢%) for ¢ > 0 and k;(0) = 1. From a
Bayesian perspective with the weighting function for {0;} and 6 interpreted as priors, (6) is
the covariance matrix of the approximate posterior distribution of 3,. This approximate pos-

terior distribution is a mixture of multivariate normals N'(B,(¢;), T-*H 5 'ke(c;)) with mixing
probabilities w;. The interval [B“ — 2/ Viiis Btﬂ- +24/V} i) with Bt’i the 7th element of Bt and
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Vi.i the i, ith element of V; is thus approximately a 95% credible set for the ith component of 3
at time ¢ (one could, of course, also determine the exact 95% credible set for the given mixture
of normals posterior, with typically very similar results). This interval is not a confidence
interval in the frequentist sense, but it can be justified without explicit Bayesian reasoning as

a weighted average risk minimizing set estimator—see Schervish (1995), page 329.

3 Asymptotically Efficient Inference in Unstable Time
Series Models

We begin by introducing some additional notation and definitions. Consider a standard para-
metric model for data yr = (yr1, -+ ,yrr) € R™ in a sample of size T', a random vector
defined on the complete probability space (F,§, P), with parameter # € © C R* and den-
sity Hthl fr+(6) with respect to some o-finite measure . This form of likelihood arises
naturally in the forecasting error decomposition’ of models, where fr:(f) is the conditional
likelihood of yr; given Fr:—1, where §r; C § is the o-field generated by {yrs}._;. In models
with weakly exogenous components in the sense of Engle, Hendry, and Richard (1983), fr:(6)
can be decomposed into two pieces fr(0) = fr,(0)f7,, where f7, captures the contribution
of the evolution of weakly exogenous components and does not depend on 6. If this is the
case, only f1,(f) needs to be specified. Define I7,(0) = In fr,(0), s7(0) = 0lr(0)/00 and
hr(0) = —0sr4(0)/06". In the following definitions and conditions, we omit the dependence
on T of §ry, lrt, STty hry and so forth to enhance readability. Let [-] indicate the largest lesser
integer function, let || - || denote the spectral norm, let '®’ be the Kronecker product and let
2 and ’= denote convergence in probability and convergence in distribution as T — oo,
respectively. Measurability is understood in the Borel sense and with respect to the Euclidean
topology, if not indicated otherwise.

We assume the following condition on this model with true and stable parameter 6.

Condition 1 (MEAS) The functions f%t : R x © — R are jointly measurable for t =
1,---,T.

(DIFF) 6y is an interior point of ©, and in some neighborhood Oy C O of Oy, l; is twice
continuously differentiable a.s. fort=1,---,T.

(ID) There exists 1 > 0 such that for all € > 0 there exists K(¢) > 0 for which
P(supjjg_gy||>e T > SUP|jy <1 1/24n 91ve0 ({0 +v) — 1:(0))) < —K(€)) — 1



(LLLN) (i) For any decreasing ball of 0, i.e. By = {6 : || —00|| < br} for some sequence of
real numbers by — 0, TS0 supges, [10e(6) — ha(Bo)|| 2 0, (i6) T S50, 00| = Op(1)
and. (iii) suprco) [T SR 6o) — J;' T
[ (possibly indexed by 0, ), with T'(\) positive definite for all X € [0, 1].

(MDA) {s:(6y),8:} is a martingale difference array, there exists ¢ > 0 such
that T~ S0 El[s1(00)|1>*[8e-1] = Op(1) and supygpo,y |77 02 Elsi(60)s1(00)'[§e-1] —
rr@d) 2 o.

P . . .
— 0 for some nonstochastic matriz function

Condition 1 is a set of fairly standard high level assumptions on the ’forecast error
decomposition’part of the likelihood. (DIFF) assumes existence of two derivatives. (ID) is
similar to the global identification condition assumed in Schervish (1995), page 436, somewhat
strengthened to ensure that even a slightly perturbed evaluation of the likelihood at param-
eter values different from 6 still yields a lower likelihood with high probability. (LLLN) is
a Local Law of Large Numbers for the second derivatives h;. Part (i) controls the average
variability of the second derivative h; as a function of the parameter. It is implied by the
more primitive conditions A.2 and A.3 of Andrews (1987). See Gallant and White (1988) and
Andrews (1992) for further discussion of this assumption. Part (iii) allows the information
accrual to vary over the sample, and I'(\) describes the average information at time ¢t = [AT].
If hy(6p), t = 1,---,T is positive semidefinite almost surely, part (ii) of (LLLN) is implied
by part (iii). (MDA) assumes the sequence of scores to constitute a martingale difference
array with slightly more than two conditional moments, with an average conditional variance
of I'(\) at time ¢ = [AT]. Whenever the relevant conditional moments exist, {s;(fo},8:}
and {s;(00)s:(00)" — h¢(0o), T} are martingale difference arrays by construction—see Hall and
Heyde (1980), Chapter 6.2. Phillips and Ploberger (1996) and Li and Miiller (2006) make very
similar assumptions to (LLLN) and (MDA).

Now consider an unstable version of this parametric model, with time varying parameter
0, =040, t=1,---,T, so that the density of the data y; becomes

T
fr0.0) = [ fre(0 +6), 0+, €0fort=1,..-.T (7)
t=1

where 0 and 6; are k x 1 and § = (8}, ,04) € RT*. Alternative estimators of {0+ d;}L_,, or
generally actions, are evaluated via a loss function Ly : RF x RT* x A — [0, L] C R, where
the action space Ar is a topological space and Ly is assumed Borel-measurable with respect to
the product sigma algebra on R*¥ x R”¥ x Az. (For reasons that become apparent below, loss

is also defined for parameter values outside ©.) The bound L is finite and does not depend
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on T'; this assumption of bounded loss usually has little practical importance, but greatly
facilitates the subsequent analysis. When the true parameter evolution is {6 + &;}/_, and
action a € Ar is taken, the incurred loss is Ly(6,9,a). A typical action could be an estimate
of the entire entire parameter path, so that Ay = ©7, or an estimate of the parameter at a
specific point in time, in which case Ar = ©. Decisions a are measurable functions from the
data to Az. The risk of decision G given parameter evolution {6 + d;}._, is hence given as
r(0,0,a) = [ Lr(0,9,a) fr(6,0)dup, which in general depends on ¢ and 6.

Let Q7 be a measure on R™* and let w : © — R{ be the Lebesgue density of a random
k x 1 vector. For each 0 € O, let Vr(0) = {5 : 0; + 0 € OVt} C RT*. The Weighted Average
Risk of decision a is then given by

WAR(a) = /

w(@)/ r(0,0,a)dQr(5)do (8)
C Vr(9)

The weighting functions w and () describe the importance attached to alternative true pa-
rameter paths in the overall risk calculations: The weight function w attaches different weights
to the benchmark value 0, and ()7 describes the focus on deviations from this baseline value.
In the parametrization {0;}L, = {0 + §;}L_,, the average T~ §; and 0 are obviously not
uniquely identified. The same weighted average risk criterion may thus be expressed by dif-
ferent choices of w and Q7. The parametrization is useful because the weighting schemes

analyzed in this paper assume different asymptotic properties of ()7 and w as follows.

Condition 2 (GS) The weight function Qr is the distribution of {T~Y2G(t/T)}_,, where
G is a k x 1 zero mean Gaussian semimartingale on the unit interval with covariance kernel
E[G(r)G(s)'] = kg(r,s). There exists a finite set of numbers T ={0,71,--- ,7,} C [0,1] such
that ||0?k(r, s)/0rds|| and ||0*ka(r, s)/0r?|| are bounded when r,s ¢ T and r # s, kg admits
bounded left and right derivatives with respect to r for all r = s € [0,1]\7, and Ok (r,s)/0r
is bounded for r € [0,s)\T and s € T.

(CNT) The weight function w does not depend on T and w is continuous at 0.

Under Condition 2 (GS), the weight function @1 focusses on persistent paths of relatively
small variability.

Gaussian processes that satisfy the differentiability assumptions on their kernel are al-
most surely continuous for all s € [0,1]\7 by Kolmogorov’s continuity theorem, with 7;,
t =1,---,q, describing fixed break dates. This concentration on persistent parameter paths
drives the derivation of the asymptotic equivalence results below, and it is appealing in many

applications, as parameter instability is typical thought of as a low frequency phenomenon.
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A structural interpretation of a time-varying regression parameter as a time varying marginal
effect, for instance, usually makes more sense if the variation is of a persistent form. As dis-
cussed in Section 2 above, a popular choice in applied work has been the assumption that
parameters vary as a Gaussian Random Walk, which may be achieved by setting G equal
to G(-) = TY2W(.), where W is a k x 1 standard Wiener process. Random walk param-
eter variability that only occurs in, say, the first half of the sample is achieved by letting
G(s) = 1[s < 1/2]TV2W (s) + 1[s > 1/2]TY2W(1/2). An assumption of slowly mean revert-
ing parameters can be expressed by letting G be a stationary Ornstein-Uhlenbeck process,
ete.

Under Condition 2 (GS), the weighted average risk criterion (8) focusses on parameter
paths whose variability is of order of magnitude 7~/2. This choice is motivated by a desire
to develop procedures that work well when there is relatively little information about the
parameter path. For parameter paths of fixed magnitude and persistence, larger samples
naturally contain more information, as more adjacent observations can be used to pinpoint
the value of the slowly varying parameter at a given date. The sample size dependent choice
of the magnitude of {0;} under Qr counteracts this effect, making the estimation of the form
of the scaled parameter variation {7%/2§,} difficult even asymptotically. In this way, the
asymptotic arguments derived below based on the sequence of weights as described Condition
2 (GS) becomes relevant to the small sample problem where there is in fact little information
about the parameter evolution.

The order of magnitude 7'/2 for §, under Condition 2 (GS) corresponds to the local
neighborhood in which efficient stability tests have nontrivial asymptotic power. The null

hypothesis of a stability test is that the parameter path {0;}._, = {0 + §;}L, is constant, i.e.
Hy:6,=0 fort=1,---,T 9)

against the alternative that the parameter is time varying. For the development of optimal pa-
rameter stability tests, it makes sense to restrict the parameter paths under the alternative such
that the difference to the corresponding stable model is the time variability of the path, rather
than a different average value of the path. The appropriate restriction is achieved by the multi-
variate Gaussian measure Q3 of {T~V2(G(t/T) — (3L, T'(s/T)) " oL, T'(s/T)G(s/T)) }L.,.
When information accrual is constant, that is I'(s) = H for all s € [0, 1], then the restriction
amounts to a demeaning of &, such that > J§; = 0 a.s. under Q4. In the general case, the
restriction forces > I'(t/T)d; = 0, so that the information weighed parameter path deviations

sum to zero, just as in the efficient tests derived by Andrews and Ploberger (1994). Intuitively,
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a model with time varying parameter is closest to the stable model with a parameter that is
the information weighted average of the parameter path.

Possibly randomized parameter stability tests ¢, are measurable functions from the data
to the interval [0, 1], where ¢, (yr) indicates the probability of rejecting the null hypothesis of
parameter stability when observing yr. Tests of the same size can then usefully be compared

by considering their Weighted Average Power
WaP(er) = [ [ frion 9erdirio (10)
Vr

as suggested by Andrews and Ploberger (1994). While 6 is typically unknown, we show below
that there exists a feasible test ¢} that asymptotically maximizes this weighted average power.

With the weighting of parameter paths specified as the distribution of a Gaussian process,
the problem of finding weighted average risk minimizing actions essentially becomes a nonlinear
smoothing exercise. The weighted average risk minimizing decision is to choose the action a

that minimizes

Jow(®) [, £r(8,0)L1(8, 6, 0)dQr(5)d6
f@ w(@) fyT(Q) fT(e, 5)dQT(5)d9

for each data yr. With the weighting functions normalized to integrate to unity, this is simply

(11)

Bayes Rule for minimizing Bayes risk (11), which can be interpreted as finding the action
that minimizes the expected posterior loss, i.e. loss integrated with respect to the posterior
distributions of (6,¢) under a prior of (,d) that is proportional to the weights in Condition
2.

A large literature has developed around numerically finding exact posterior distributions
in nonlinear filtering/smoothing problems, usually by Monte Carlo simulation techniques.
This paper complements this research by an asymptotic analysis, yielding both a deeper
theoretical understanding of the problem and a computationally simple and asymptotically
efficient procedure for choosing the risk minimizing action.

Note that Condition 1 makes assumptions about the stable model only, that is on its
behavior when the parameter path is constant. Clearly, with a focus on the problem of
estimating the parameter path, we need to argue for the accuracy of approximations also
when the true data generating process has time varying parameters. In general, most models
with time varying parameters generate nonstationary data, to which standard asymptotic
results are not easily applicable. In a Vector Autoregressive Regression model, for instance,
parameter instabilities lead to highly complicated interactions between the evolution of the

lagged variables and the unstable parameters. Our approach is thus to derive asymptotic
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results for unstable models as an implication of the contiguity of models with time varying
parameters of order 7~/2 to the corresponding stable model, similar to Andrews and Ploberger
(1994), Phillips and Ploberger (1996), Elliott and Miiller (2006) and Li and Miiller (2006). The
following Lemma follows from Lemma 1 of Li and Miiller (2006) and the additional discussion

in their appendix.

Lemma 1 Let my : [0, 1] — R* be a piece-wise continuous function with at most a finite num-
ber of discontinuities. Under Condition 1 the sequence of densities [[;_, fri(6o, T~*?mo(t/T))
is contiguous to the sequence fr(6o,0). Furthermore, the two sequences of densities

fv (00) fT 0o, 0)dQr(d /fVT 60) dQr(9) and fv (60) fr(0o,0)dQ% (5 /fVT (60) dQ%(9) are contigu-
ous to the sequence fr(6y,0).

The main result of the paper is the following Theorem.

Theorem 1 Let the sequence of positive definite matrices {h,}T_, = {hp,}, satisfy

[AT]

A
sup (|7~ th / 20 (12)

A€0,1]

in the stable model with parameter 6.
(i) Assume that the decision a* minimizes weighted average risk with weights as in Condi-

tion 2 or a flat weighting of 6 and the weight function Qr on 0 in the pseudo model
5:(0) + hid = he(0¢ + 0) + v4, vy ~ independent N'(0,hy), t=1,--- T. (13)

If Condition 1 and (12) hold for almost all 0y in the support of w, then for all a,
lim infp_.[WAR(a) — WAR(a*)] > 0.

(ii) Let Q% be the distribution of {T-Y?G(t/T) — T~V*(3_, h) ' S0, hG(s/T)YE,
(induced by G ), and let @4 be the level v test of (9) that mazimizes weighted average power

with respect to the weighting function Q} in the pseudo model
si(0) = o, + vy, vy ~ independent N'(0,h,), t=1,--- T. (14)

Then wunder Conditions 1 and 2, for any other test pp of (9) of asymptotic level «,
liminfr o [WAP(¢h) — WAP(pg)] > 0.

(111) Under Condition 1, the total variation difference between the posterior distribution of
(0,9) in model (7) with priors as in Condition 2 and the posterior distribution of (6,0) in the
pseudo model (18) with either the same priors or with a flat prior on 0 and prior Qr on §
converges in probability to zero in both the stable model with parameter 6y and any unstable

model that satisfies the condition of Lemma 1.
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Theorem 1 asserts that asymptotically efficient decisions and tests are obtained from
combining the sample information from pseudo models (13) and (14), respectively, with
the weighting of Condition 2. Since both of these are Gaussian, the resulting distribu-
tion can be computed explicitly. Let e be the Tk x k matrix e = (Iy,---,I;)', D; =
diag(ﬁl, e ,;LT), Y5 = Es[60'], where Ejs denotes integration with respect to Q7 of Condition

A

2, K = %5(D; S5 + Irk) ™", 8 = (s1(8), -+, sp(A)') and
Y = K + (Iry, — KD;)e(e'Dye — ¢ D; KDje) e (Iry — D; K). (15)

Note that with 6 ~ N (0, X5) and the measurements Y; = hyd, + vy, vy ~ independent N(0, Bt),
t=1,---,T, the distribution of ¢ conditional on the measurements Y = (Y{,--- ,Y/) and Dj;
is 0|(Y, Dj) ~ N(KY, K). The second term in the definition of ¥ results from the uncertainty
concerning the baseline value §. The matrix > remains the same if Y5 is substituted by the

covariance matrix of § under Q%, as defined in Theorem 1 (ii).!

Theorem 2 Let IT be the distribution N'(efl + £3,%).
(i) The decision a* that minimizes expected risk relative to the distribution e + 6 ~ II for
each yr minimizes weighted average risk in the pseudo model (13) with a flat weighting on 0.

(11) A test that rejects for large values of §¥5 is the optimal stability test in the pseudo
model (14), and under Conditions 1 and 2

Y55 9l (EG expl[ G*(s)'T(s)/2dW*(s) — 1 fG*(s)T(s)G*(s)ds])
Egexp|—3 [ G*(s)T(s)G*(s)ds]
under the null hypothesis, where G*(s) = G(s) — (f T(A\)dA)™* [T(N)G(N)dA, the standard
k x 1 Wiener process W* is independent of G and Eg denotes integration with respect to the
probability measure of G.
(111) The posterior distribution of e + 0 under a flat prior on 6 in the pseudo model (13)

1s given by 11.

Comments:

1. Part (i) of Theorem 1 establishes that for arbitrary bounded loss functions, the decision
that minimizes weighted average risk in the Gaussian pseudo model (13) is also asymptotically
optimal in the true model. As shown in part (i) of Theorem 2, this amounts to finding the

risk minimizing action relative to a multivariate Gaussian distribution for the parameter path.

!This follows from Theorem 2 (i): combined with the flat weighting on 6, all weighting functions for d; that
imply the same weighting for {§; — 7! 23:1 §s}E, yield the same overall weighting function for {6 + &;}7_;.
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Note that loss may be defined arbitrarily (subject to the bounding condition) for parameter
values outside O, allowing the problem in the pseudo model to be made entirely spherical.
For the wide range of bounded bowl-shaped loss functions for which one would choose the
posterior mean in a Gaussian model, an asymptotically efficient parameter path estimator is
hence given by ef + £5. Note that such loss functions include those that consider a weighted

average of symmetric losses incurred by estimation errors in the parameter value, such as

T
Ly(0,6,a) =Y " qreLo(T (0 + 6 — ar) Wi(0 + 6 — ay)) (16)

t=1
where a = (a},--- ,dy) € RT™* inf,crqry > 0, Zthl gr: = 1, Wy, is a nonnegative definite

k x k matrix and Lo : [0,00) — [0, L] is a monotonically nondecreasing, bounded function
with Lo(0) = 0. The scaling by 7" in (16) ensures that the loss does not become trivial as
T — oo even for good path estimators, although Theorems 1 and 2 remain true without this
scaling. This class of loss functions (16) contains the special case where one only cares about
the parameter at time 7', i.e. ¢rr = 1 and ¢y = 0 for all ¢ < T, which arises naturally in a
forecasting problem.

For more general losses and decision problems, the asymptotically efficient decision can
still be obtained by implementing the efficient decision in the Gaussian pseudo model. This
typically represents a dramatic computational simplification.

2. Part (ii) of Theorems 1 and 2 spell out the implications of the approximation for
efficient tests of the null hypothesis of parameter stability (9). Part (i) of Theorem 2 shows
that under symmetric loss, the asymptotically efficient parameter path estimator is ed + 03
with an asymptotic uncertainty described by a zero mean multivariate normal with covariance
matrix 3. The asymptotically efficient test statistic %5 = (28)'S1(X3), where X denotes
a general inverse, is recognized to be of the usual Wald form: Efficient instability tests are
based on a quadratic form in the efficient estimator of the instability. Efficient estimation and
testing in (potentially) unstable models are hence unified in one coherent framework. This
ensures coherence between the stability test and the path estimator, as §'¥§ can only be large
if the path estimator ef + Y5 shows substantial variation.

3. Part (iii) of Theorems 1 and 2 describe the approximation result in Bayesian terms: The
posterior distribution of the parameter path ef+9 comes arbitrarily close to the T'k dimensional
multivariate normal distribution A'(ef+X4, ¥). This is a considerably stronger statement than
a convergence in distribution of, say, the posterior of T%/2§ (1) viewed as an element of the space
of cadlag functions on the unit interval. With G(s) = 0, so that ¥5 = K = 0, ¥ becomes
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¥ = e(e’Dje)~'e/, and one recovers the standard result that the posterior distribution of 6
converges to N'(0, T-"H~') where H = T3 h, % [T()\)d), the average information.

In practice, part (iii) of Theorem 1 is useful for Bayesian analyses as it provides a simple
to compute approximation to the posterior of the unstable parameter path. Even if the exact
small sample posterior is required, the approximation of Theorem 1 can still be helpful, as
numerical methods typically require a reasonable initial guess of the posterior distribution.
In the appendix, we provide an iterative algorithm for generating random variables with
distribution N (X5, Y) for the special case where G is a k x 1 Wiener process.

4. The asymptotic distribution of the asymptotically efficient test statistic §'%3 is provided
in Theorem 2 (ii). This distribution is nonstandard and depends on the weighting function
G and the evolution of the information I'. Even with I' known, a simulation based on this
expression is quite cumbersome due to the integration over the measure of G. The usefulness
of Theorem 2 (ii) is that it shows the existence of an asymptotic distribution. It thus suffices to
consider a computationally convenient stable model that has the same asymptotic distribution,
such as the stable Gaussian location model y; = iLtQ + Z;, t=1,--- T with Z; independent
and distributed A(0,%;). The limiting distribution of Z'SZ with Z = (Z},---,Z}) and
Zy= Zy — Bt(zzzl ;LS)_I Zstl h.Z, is therefore the same as the asymptotic null distribution
of §%3, for data drawn both from the stable model and under all local alternatives for which
Lemma 1 implies (12) to also hold.? Asymptotically justified critical values of the test statistic
§'¥§ might hence be obtained by considering the empirical distribution of sufficiently many
draws from the distribution of Z’¥Z, similar to the approach of Hansen (1996). In the
appendix, we provide an iterative algorithm for computing §'3§ (and WA ) that does not
require inversion of Tk x Tk matrices when G is a Wiener process.

5. In contrast to Theorem 1 (ii), part (i) requires Condition 1 to hold for almost all 6,
in the support of w. This restriction can be relaxed for general decision problems that only
involve ¢, the deviations of the parameter path from its baseline value, such as assessing their
shape or size. If this is formalized with the same weighting function for § as employed in the
testing problem (10), i.e.

WAR(a) = /

Vr(0)

/ Fr(60, 6)Lr(6, ) dpdQ(0)

where Ly : RTF x A — 0, L], one obtains asymptotically efficient feasible decisions based

2Formally, this follows from replacing  and so by Z and Z = (Z,,--- , Z.)’, respectively, in the derivation

of the asymptotic null distribution in Theorem 2 (ii).
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on the pseudo model (14).> Asymptotically efficient decisions thus minimize expected risk
relative to the distribution § ~ A(X§,X). In particular, under a bowl-shaped symmetric loss
function, the asymptotically efficient estimator of ¢ is ¥5. This approximation only requires
Condition 1 to hold for the 6, that generates the data.

6. The approximation results in Theorems 1 and 2 hold for any choice of positive definite
sequences {h; }L_, that satisfy (12) in the stable model. For models with almost surely positive
definite hy(0), t = 1,--- ,T, 6 € O, a natural choice is given by hy = ht(é), which satisfies
(12) under Condition 1, as shown in Lemma 2 (vi) in the appendix. One might gain some
small sample approximation accuracy by iterating with hy = ht(@:), t=1,---,T, where 9; is
a preliminary path estimator, although for large enough 7', all choices for hy satisfying (12)
yield equivalent results.

From a computational point of view, a particular convenient choice would be to rely on
the outer product of scores, h; = s,(A)s,(0)’, which satisfies (12) under Condition 1 (see
Lemma 2 (v) in the appendix), so that no second order derivatives of the log-likelihood are
required. With this choice, k; is of course singular when k& > 1. One would be formally
justified in invoking Theorems 1 and 2 with h; = st(é)st(é)’ + 71}, where ¢r is any sequence
of positive real numbers converging to zero, at an arbitrarily fast rate. Note, however, that
% is a continuous function of the eigenvalues of {h;}7_;, with a well defined limit as s¢; — 0
for fixed T. One might thus drop the additional correction serIj, and set hy = s,(6)s,(0) in
the definition of 3 in (15) without affecting the validity of Theorem 2. (Note, however, that
Theorem 1 is false for singular h; in general, the pseudo model (13) with, say, hy = s;(0)s:(0)’
leads to a different posterior distribution than the limit of the posterior distributions for
he = 54(0)s:(0) + serI}, as sep — 0.)

7. For certain applications it makes sense to make the scale of the weighting function in
the estimation (8) and testing problems (10) a function of the information I'. In a testing
context, for instance, it often attractive to choose GG such that alternatives that are equally
difficult to detect receive a similar weight, as in Wald (1943) and, conditional on the break
date, in Andrews and Ploberger (1994). Typically, of course, I' is unknown, and needs to
be estimated from the data. Optimal decisions and tests from the pseudo models (13) and
(14) with respect to an estimated weighting function generally continue to be asymptotically
optimal decisions in terms of (8) and (10), i.e. with respect to the data independent weighting

functions described in Condition 2.

3This follows directly from combining the arguments in the proof of Theorem 1 (i) with the results employed

in the proof of Theorem 1 (ii).
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Theorem 3 Suppose {Ar}, are nonsingular k x k statistics such that S |Ary —
LIl 2 0 and SSL, Ay — Apeal] & 0 in the stable model with parameter
Oo.  Then part (ii) of Theorem 1 also holds for Qi} replaced by the distribution of
{TY2Ap, G(t)T) = TV, he) P S0 hoMp (G(s/T)YE, (induced by G). Furthermore, if
SUPgeo serT acay | Lr (0, diag(Ar1, -, Arr)d,a) — Lr(6,0,a)] — 0 for all sequences {Ar}/_,
satisfying sup,<p ||Ary — Ii|| 20 and S, [|Avy — Ay || — 0 as T — oo, then also part
(i) of Theorem 1 holds for Qp replaced by the distribution of {T—/?Aq,G(t/T)YE, (induced
by G).

In a typical application of Theorem 3, suppose one aims at computing the asymptotically
efficient test for a Condition 2 weighting function with G(-) = ¢['"Y/2W(-), where c is a known
scalar constant, but the average information I' = fol ['(A)dA is not known. Then Theorem
3 shows that this test may be computed from the pseudo model (14) with an estimated
weighting function that corresponds to the distribution of c/f\‘_l/QW(‘) = cf_l/zfl/ 2G(4), ie.
based on the statistic §'%§ where ¥ in the definition (15) of ¥ has 4, jth k& x k block equal
to T—2c? Z?;irll(i’j) I::l, as long as [ 2 T under 0y stable. In the more general case where
G(-) = Q(-)Go(-) with Gy a known Gaussian process and € : [0,1] — R*** an unknown
fixed and nonsingular matrix function, Theorem 3 requires beyond consistency that the scaled
estimation error Ay, = Q7 ,Q(t/T)~" is smooth by imposing 31, ||Ar; — Az, || 2 0. This
condition is typically satisfied for parametric estimators of {2 when (2 is of bounded variation,
such as, for example, when € is a linear trend of unknown slope or when {2 is a step function
with known step locations.

Moreover, optimal decisions from the pseudo model typically retain their weighted average
risk (8) optimality under such estimated weights, such as the path estimator e + %§ under
the class of loss functions (16) when Ly is Lipschitz continuous. The restriction of the loss
functions in the second claim of Theorem 3 is necessary to rule out a somewhat pathological
focus of Ly on the scale of the weighting function for .4

8. Much applied work is based on the special case where the prior or weighting function
of a time varying parameter is a Gaussian random walk, such that G(-) = Y2 (-) for some
positive semidefinite matrix T and standard Wiener process W; see the citations in Section 2.
The Markovian structure of the Wiener process enables the application of an iterative Kalman

smoothing algorithm for the computation of the path estimator ef 4+ X5 and the test statistic

4For example, with G(s) = W (s) and Agy = (14+T Y Iy, L1 (0,6,a) = (T2 tr(T S (AS:)(AS:) — 1)) Al,
imy oo [ L7(6,6,a)dQr(8) # limp o [ L (0, (1+T1/*)8,a)dQr(5).
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§'3.5 that avoids matrix computations of dimension Tk x T'k. We provide such an algorithm in
the appendix, which also takes care of the impact of the flat weighting of # in the smoothing,
along similar lines as Rosenberg (1973) and Jong (1991).

A number of previous papers have considered parameter stability tests against random
walk-type alternatives: Nyblom (1989) derives locally best tests against general martingale
variability in the parameters for general likelihood models, Shively (1988a, 1988b) considers
small sample tests in a linear regression model, and Elliott and Miiller (2006) derive asymptotic
results for point optimal parameter instability tests in linear regression models for a class
of weighting functions that includes the Gaussian random walk case. The contribution of
Theorems 1 and 2 with respect to this literature is the generalization of the point optimal
tests to general likelihood models, including nonstationary models with, say, a time trend.
The degree of generality of the results here concerning parameter stability tests is similar to
those of Andrews and Ploberger (1994), but for a different type of weighting functions.

Elliott and Miiller (2006) show that efficient tests for a Gaussian random walk in the
parameters and efficient tests for a single break at unknown date have asymptotic power
that is roughly comparable no matter what the true alternative is; the efficient tests for the
Gaussian random walk have the advantage that they avoid the need for trimming the break
dates away from the beginning and end of the sample, and their computational convenience,
at least compared to efficient tests for more than one potential break.

9. An important special case arises when the information accrual is constant, i.e. I'(s) = H
for all s € [0,1] in Condition 1. This holds in particular for all stationary models that satisfy
Condition 1. In that case, one might choose hy = ﬁ, t=1,---,T with H 2 H in the stable
model in an application of Theorem 1, and the pseudo model (13) becomes (3).

When I'(s) = H for all s € [0,1] and G(-) = TY2W(-), a theoretically appealing choice
for T is T = ¢2H~! for some scalar c. This choice equates the degree of uncertainty about
the time variation of §; in any given direction (in R¥) with the average sample information
about that direction, as under Condition 1, H~! is the information matrix of 6. It hence leads
to equal signal-to-noise ratios in all unstable directions. It is also the only choice for T that
yields asymptotic results that do not depend on a particular parametrization. Nyblom (1989),
Stock and Watson (1998) and Elliott and Miiller (2006) argue for the same choice for their
testing procedures. By an application of Theorem 3, a consistent estimator of H is sufficient to
implement asymptotically efficient tests and most weighted average risk minimizing estimators
under the weighting G(-) = cH /2 (-) for a given c.

When only the first p < k elements [ of 6 are (potentially) time varying, T =
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diag(I,,0x_,)c*H* diag(I,, 0x_,) remains an attractive choice, as it yields asymptotic results
that remain invariant to reparametrizations of 5. The algorithm described in Section 2 of this
paper exploits the additional computational simplifications when hw=H t=1,---,T. In
particular, the smoothing algorithm and formulas provided in Section 2 follow by combining
our results with those of Elliott and Miiller (2006): applying the matrix identity (21) in the
appendix, ¥ in (15) becomes (I — G.) ® (diag(I,, 0x_,)c2H ' diag(I,, 0s_,)) in their notation,
such that the asymptotic distribution of —§ 3§ simplifies to the one given in their Theorem
4, and the expression for k;(c) in Section 2 follows from their proof of Lemma 6, as the ¢, tth
element of Iy — G, equals (I — G.)i;, where ¢, is the T x 1 vector with a one as the tth
element and zeros elsewhere.

10. For some purposes, it makes sense to consider weighting functions that are more
agnostic about the magnitude and/or form of the parameter instability than is possible under
Condition 2. One way to achieve this without foregoing the computational advantages of
a Gaussian weighting function is to consider weighting functions (or priors) for § that are
a weighted average of distributions of different Gaussian processes. The following Theorem
shows how parts (i) and (iii) of Theorems 1 and 2 need to be adapted in the case of such a

finite mixture.

Theorem 4 Let G;, i = 1,--- ,ng be processes satisfying Condition 2 (GS). If Qr is the
distribution of the mizture of {TY/2G;(t/T)} with mizing probabilities p;, then parts (i) and
(i1i) of Theorems 1 and 2 hold with I1 replaced by the mizture of ng multivariate normal

distributions N (69 + %8, %) with mizing probabilities proportional to
W; = pi| DiZs) + Ir| V%' Dye — € D K;Dje| V2 exp[38/%:3], i=1,-- ,ng,  (17)

where K;, Y5 and 3; are defined as K, X5 and X in (15) with 35 replaced by s, the
covariance matriz of T~Y2(G;(1/T),Gy(2/TY,--- ,Gs(1)") fori=1,--- ng.

Theorem 4 is a simple consequence of the fact that the Gaussian pseudo model (13) re-
mains an accurate approximations of the sample information for each of the ng weighting
functions, such that the likelihood ratios can be explicitly computed. The weighted average
risk minimizing parameter path estimator under mixture weightings generally depends much
more on the loss function than in the single Gaussian process case, as mixture of normal
distributions are not generally symmetric around their mean. Under truncated quadratic loss
(16) with Lo(x) = min(x, L), the weighted average risk minimizing path estimator converges

to Y 1Y w; X8/ Y Y w; as L — oco. In the appendix, we provide a computational convenient

=
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way of computing the determinants appearing in (17) when the Gaussian processes G; of The-
orem 4 are Wiener processes of some covariance matrix. If in addition information accrual is
linear, i.e. I'() = H in Condition 1, the determinants are computed in closed from in Elliott
and Miiller (2006), and these expressions are given in Section 2 above.

11. Theorems 1-4 make asymptotic efficiency claims about estimators and tests in correctly
specified parametric models. It is plausible that the resulting test statistics remain asymptot-
ically valid for a larger class of data generating processes, as long as the score remains a valid
moment condition, and the variance estimator is of the outer product form h; = St(@)st(@)’ ,
t=1,---,T. Elliott and Miiller (2006) provide such results in linear time series regressions for
the special case where I'(-) = H and G(-) = YY2W(-). Tt seems likely that similar statements
hold true for the wider class of efficient tests considered here, but we leave such extensions to

future research.

4 Conclusions

Most economic relationships are potentially unstable over time. In empirical work, this trans-
lates into time varying parameters of estimated models. It has long been recognized (cf. Cooley
and Prescott (1976)) that it would often be desirable to keep track of this potential instability.
Going beyond time variation in the coefficients of Gaussian linear regression models, however,
typically leads to substantial numerical and computational complications.

This paper considers a general likelihood model and focusses on parameter instabilities of
a magnitude that are nontrivial to detect, which seems a relevant part of the parameter space
for many instabilities economists care about. The main contribution is an asymptotically
justified approximation to the sample information about the time varying parameter, so that
under a Gaussian weighting, weighted average risk minimizing path estimators and weighted
average power maximizing parameter stability tests become straightforward to compute. We
believe these results are not only of theoretical interest, but they add useful tool to the
applied econometrician’s toolbox: At least for a ’first look’ at model with potentially unstable
parameters, the procedures suggested here constitute an attractive alternative to numerical
approximations to the exact solution, as they are computationally straightforward, they have
rigorous asymptotic justifications, and they embed efficient tests of parameter stability and

efficient parameter path estimators in one coherent framework.
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5 Appendix

5.1 Iterative formulas for the path estimator and related statistics
when G(-) = T2 (.):

A

With §; = s,(#), compute

ay = -1+ Ptfl<BtPtfl + ]k:)fl(gt - iltdtfl)
At = At—l + Pt—l(iLtPt—l + Ik)_l(ilt — BtAt—l)
P = P+ T = Poa(hProy + I) WPy

fort =1, ,T with o = 0, Ag = 0 and Py = T—2Y. Further, compute

b = ar+ (I — T2CP Y by — )
Bt - At + (Ik - TﬁZTPfil)(Bﬂ,l - At)
R, = P—Y+ (I, —TYP YRy — P)(I, - T2TPY

fort=T—1,---,1 with by = ér, By = Ar and Ry = Pp — T—2Y. The tth k x 1 block of
ef + X5 is then given by

T
s=1

Loy
S
s=1

R - L1 .
and the ¢, tth k x k block of ¥ is given by R, + (I — B,) (zs b (I, — BS)) (I — B). Also,
. R . L\l . .
935 = S b (S 880 (X0 bl = B2)) S ubis 1D+ el = T [P+
Ii| and |¢'Dse — ¢D; KDje| = |2 (I, — By)|. To compute Z'SZ, replace 5, by Z
throughout.

To generate a draw from N (69+Z§, Y}), one may proceed as follows: Draw by ~ N (ar, Pr—
T727), and then draw iteratively for t =7 —1,--- ,1

by ~ N by — T2YP  (byr — &), T72Y = T Y P7HY).

- - N1 - . L

Draw d ~ N(0, <ZS hs(I), — Bs)> ) independent of {b;}7_,. Then {0 + b; + (I — B;)d},
constitutes a draw from N (ef + 23, %).

If T is singular, then P " is to be replaced by the Moore-Penrose generalized inverse of P,

in the above computations.
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5.2 Proofs
5.2.1 Notation

For notational ease, extend the domain of fr by letting fr(6) = 0 for 0 ¢ ©, and let s;(0) = 0 for
0¢0p,t=1,---,T.

The following notation is used in the following Lemmas and proofs:

the Tk x k vector e = (I, -+, Ij)
e the k x k matrices Iy = D(t/T), H=T""Sh; and I' = T-1 ST}

e the Tk x Tk matrices Dr = diag(I'y,--- ,I'r), Dj = diag(ﬁl, e ,iLT) and F =T Y2Fy ® I,

where Fp is a T' x T matrix with zeros above the main diagonal and ones elsewhere

o the k x 1 vectors u = TY2(0 — 6g), & = TY2(0 — 6y), 3 = (), t = 1,---,T and § =
f‘ilTil 2'521 Ftét

o the Tk x 1 vectors § = (§),---§})" and so = (s1(6o)’,--- ,s1(00)")

e the indicator functions Sy = 1[T/2 sup;<r |[0¢|| < T"], where 7 is defined in Condition 1 (ID)
and we assume 7 < 1/2 without loss of generality and Ar = 1][||u|| < ar| with ar — oo defined

in Lemma 3 below

e the real valued functions LRp(u,d) = %;10/;“’5), E}\ET(U, §) = exp[d. 80 —
LS 0y + T2 (0 — u) 3 hedy — 2o/ Hu + @/ Hu] and ZRr(8) = exp[Y §,6; — L 3" 61hed; +

T2 Sh) HIT Y25 hydy)

o the scalars my = [ Esw(0o + T~/?u) LRr(u, §)du, hr = w(6y) fE(;fET(u, d)du and Mp =
E5ITi—1 (60 +6¢) € ©]

5.2.2 Proofs of Theorems in the Main Text

The general strategy for the proof of Theorem 1 is as follows: Given Lemma 1, it suffices to prove
convergences in probability for data generated under the stable model. All following probability
calculations are thus made under the stable Condition 1 model, if not explicitly noted otherwise. We
rely on a number of Lemmas that are stated and proven in Section 5.2.3 below.

We first establish part (iii) of Theorem 1, from which part (i) follows rela-
tively easily. The main thrust of the proof of part (iii) is the argument that
[ Es ‘w(@o + T~ 12u) LRy (u, 8) — w(QO)ZET(uﬁ) du converges in probability to zero. Lemma 3 (i)
shows that replacing LRr(u,d) by Sp ArLRr(u,d) in this expression induces a negligible approxi-

mation error. The approximation via Taylor series expansions is performed in Lemma 7 (i). This
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Lemma requires bounds for integration with respect to the weight function for ¢ for various approx-
imation terms, which are provided by Lemma 6. Very similar arguments are also at the core of the

proof of part (ii) of Theorem 1.

Proof of Theorem 1:

(iii) We focus on the claim for a flat weighting on 6, the claim for a weighting w on 6 follows very
similarly.

Let fr(6,0) be the density of the observations in the pseudo model (13), so that f}\%T(u, J) =
fr(0 + u,8)/fr(0o,0). The total variation distance between the posterior distributions computed
from the true model density fr and the pseudo model density fT is then given by

/E5

w(fo + T~ /*u) LRy (u,8)  w(0o) LRy (u, )

du

mr mr

< izt / 5 (0 + T 2u) LRy (1, ) —~ w(00) LBy (u, )| dos + 105 i — v

where mr = [ Esw(0o + T~Y?u)LRr(u,8)du > 0 a.s. and 1y = w(@o)ngfET(u, d)du > 0 a.s.
Since

g — ma| < / B3 [w(6o + T~ u) LRy (u,6) — w(60) LR (u, )| du (18)

it suffices to show that [ Es ’w(@o + T 124) LRy (u, 8) — w(@o)f}\ET(u, 5)‘ du 2 0 and mpt = Op(1).

Now by Fubini’s theorem and a direct calculation
/ EsLRy(u,8)du = (2r)*/?| H| /2 exp[L & Ha) EsLR1(5). (19)

Lemma 2 (iii) shows & = O,(1), so that also exp[—%ﬁ,’ﬁﬂ] = Op(1). By Lemma 8, EsLRr(5) > 0
has an absolutely continuous limiting distribution, so that by the continuous mapping theorem,
(EsLR7(5))~ = Op(1), and ;' = O0,(1) follows.

Furthermore, with Sy and A7 as defined in Lemma 3,
/ B3 [w(6o + T~ u) LRy (u,6) — w(6o) LR (u, )| du
< / By [ ArSruw (6 + T~u) LR (u, ) — w(80) LR (u,6)| du
+ / Es(1 — ArSr)w(fo +TV2u) LR (u, 8)du.
The last term converges in probability to zero by Lemma 3, part (i). Also
/ Bs [ ArSruw(8o + T72u) LR (u,6) — w(60) ERer (u, )| du

< / (60 + T~/2u) — w(6o)| Es ArSr LRz (u, 6)du + (o) / By | ArSrLRr(u, 6) ~ Thr(u, )| du.
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The last term converges in probability to zero by Lemma 7, part (i). For the first term after the

inequality, we compute
/ lw(0 + T~2u) — w(bo)| Es ArSr LRy (u, §)du
< sup |w(lo + T %u) — w(6o)] < / Es|ApStLRr(u,8) — LRy (u, §)|du + w(90)1mT> .
[[ul|<ar

But 7-'2ar — 0 and the continuity of w at 6y imply SUD||u||<ay [W(00 + T-12u) — w(f)| — 0.
Furthermore, as shown above, 7y = Op(1), and the result follows from Lemma 7 (i).

The convergence in probability under the unstable model follows from Lemma 1.

(i) For brevity, we again focus on the case of a flat weighting on 6 only.

By definition of the weighted average risk and Fubini’s Theorem
WAR(a)
- / w(6o) s / L (8o,6,a) f (09, 6)dpdoy

- IR s

/w(9 )/ J EsLy(6o T2y, 6, a) LRy (u, 8)w(8 + T~2u)d
= 0

mr

u
Es fr(0o, 6)dppdoy.
Similarly, define

7 AD E LR L T—1/2 -
WAR(a) = /w(ao)/f sw(6o) LR (u,d) AT(HO"F u,d,a)du
mr

Es fr(0o,6)durdby. (20)
Note that

sup |WAR(a) — WAR(a)|

a€AT

< E/w(ao)//ﬂs

Now since mg > 0 and m7 > 0 a.s., we have

/E5

LRy (u, 8)w(fo + T~ *u)  w(fo)LRr(u,d)
mr mT

duEs fr (0o, 6)dprdbo.

LRr(u, 8)w(fo + T~ *u)  w(fo)LRr(u,d)

— du
mr mr

< / 85 (ma LR (u, (0o + T~%u) + 1 w(00) LR (1, 6)) du = 2

almost surely. Let My = Ej H,f:l 1[(6g + 6;) € O] > 0. Since O contains an open ball around 6
and supy¢jo 1) [[G(A)|| is bounded almost surely, M7 — 1. Note that for all T Mz Esfr(6o,9) is a
probability density with respect to pup, so that the convergence in probability
/ o | LR (u, 8w (8o +T/?u) w(00)LRr(u, )
5 _

p
— du — 0
mrT mrT
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established in part (i) of this proof under the unstable model with density M. YEs5 fr(6o,6) implies

via dominated convergence that

MT//E6

for almost all 8. Since this is also bounded by 2, by another application of the dominated convergence

LRy(u,0)w(0o + T~"/*u)  w(00) LRy (u, )

1
o T duMy " Es fr(6o, 6)dup — 0

theorem, we have

fuon | 5

Since for any a, m(&) - m(&*) > 0 by the definition of a* and m(&),

LRr(u,0)w(0 +T"*u) _ w(0)LRr(u,9) duEs fr (0o, 8)durddy — 0.

mr mr

WAR(a) — WAR(a*) = (m@ - m(a*))
+ (WAR(@) - WAR(@)) + (WAR(@*) - WAR(a"))
> (WAR(&) - m(a)) + (m@*) - WAR(&*)) 0.
(ii) By the Neyman Pearson Lemma and Fubini’s Theorem, the weighted average power maximizing
test of (9) under Condition 2 weighting rejects for large values of EsLRr (0,0 — ed), and the weighted

average power maximizing test in the pseudo model (14) rejects for large values of EsLR7(5). We

have

|EsLR7(0,6 — ed) — EsLR7(0)| < Es|STLR1(0,0 —ed) — LR (0)]
+E5(1 — Sp)LRr(0,6 — ed) 2 0

by applying Lemmas 3 (ii) and 7 (ii). Furthermore, the asymptotic distribution of EsLRy(§) under
the null hypothesis is absolutely continuous by Lemma 8, so that the result follows from the second
claim in Lemma 1 by the same arguments as employed in Andrews and Ploberger (1994) in the proof

of their Theorem 2.

Proof of Theorem 2:
(iii) In matrix form, the pseudo model (13) is § + D;Le§|(D,~L, 6,0) ~ N(Dj, (6 + ef), D;), so that
conditionally on Dj, and ¢ only,

S+ D;LGQ |(Dl~1, 0) ~ N Dﬁee ’ DE + DBE5DE D;LE(; ‘
0 0 Z(gDE s

Using the identity
(I, + D3 %s) " = Iry — (I, + D3 %s) ' D; s (21)
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we find with K = E‘SDE(DB + DﬁZéDﬁ)il =5 — Z‘sDiL(Dﬁ + DiLE(SDiL)ilDiLZ‘; that
8|(5 + Dyeb, D;,0) ~ N (K (5 + D;e(0 — 0)), K).

Furthermore, with a flat prior, the posterior for 6 is proportional to the likelihood, so that (§ +
Dje)|(Dy,0) ~ N(Djet, Dj+D;%5D;,) implies 0|(8+Dj,e0, D;) ~ N((€/(D7 ' +55)"te)~1e/ (D} '+
£5)71D7 '8 40, ('(D; "t + 55)7te)7t). Thus

b G+ Db D) ~ N K(3 = Dje(e!(D; '+ 55)"te)1e/(Dy !+ 56) 71D 1) Vo
0 e (¢'(D; '+ 35)te)"Le (D5 + 55) 1D 5 40 ’
where Vg — ( K + KDje(¢/ (D' +%5)'e) '¢/Dy K KDje(e/(D; " + %) 'e) ™ )

(e'(Di:1 +3s) " te) e’ Dy K (e’(Di:1 +35)te)7t

and employing once more (21), we conclude 0 + ef|(§ + D;Leé, D;) ~ N(eb + %5, %).
(i) Immediate from Theorem 1 (i) and the proof of part (i).
(i) Let R(8) = exp[—38'D;6 + %5'D,~Le(e’D;e)*le’D;l(5]. Using (19), we find

EsLRry(6)

= = 15%3).
E,R(0) exp(5 58 X3]

By Lemma 7 (iv), EsR(8) — Esexp[—36'Dr(5 — ed)] 2 0. By the CMT, exp[—16'Dr (s — d)] =
exp[—3 [ G*I'G*], and since R(§) < 1 a.s., also EsR(0) — Egexp[—3 [ G¥T'G*]. The result now

follows from Lemma 8.

Proof of Theorem 3:

We write At for ATﬂf to enhance readability.

For the first claim, note that if {h;}7_ | satisfies (12) under the stable model, so does ; = AzhzAj.
Thus, with D; = diag(A1, -+, A7) and D, = diag(ha,- - , hr),

EsLRr(D;0) = Esexpl§' D36 — 16'D;0 + 28’ Dje(e’ Dy e)~'e' Dy, 6]

By summation by parts with Ao = A4

t t t t—1
T7YEY T Rjsi(0) = T2 Tsi(0) = D (A = Aj ) (T2 Y s(0))
j=1 j=1 j=1 j=1
so that by Lemma 2 (iv) and the assumptions on Ay, supy<p ||T~1/2 Zﬁzl(f&g — I)s;(0)] <
(sup;<r HT‘I/2 22:1 3](9)]|)(ZtT:1 HAt — At_1|| + supy<r HAt — It|]) 2. Proceeding as in the
proof of Theorem 1 (ii), it is seen that the only additional complication arises through the additional
term 37 5¢(0)' (A — I;)d; in the definition of ¢% and ¢% (and thus T&, ¢k, % and ¢J) in Lemma 7 (ii)

A~ ~

and (iii). By letting &, = (A} — Ix)s¢(f) while invoking Lemma 6 (ii), it continues to be the case that
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Es exp 25 2 1, Esexpch 2 1, Esexp 2?% 2,1 and Ej exp S% 2,1 even under this new definition,
so the result follows as before.

For the second claim, proceed as in the proof of part (ii) of Theorem 1, but with m(&) in (20)
substituted by

_ Esw(00)LRy(u, D;8)L(0g + T~Y?u, D6, a)d
WARA(a):/w(eo)/f sw(00) LRr (u, A;n (60 +T~'?u, D33, )
AT

u
Es fr (0o, 0)dupdfo

where a7 = ngw(Go)fET(u, D;d)du. We have

. Esw(00) LRy (u, D;8)L(60 + T~ 8, d)du
\Wmmw—/mw/fé(” v, D3O L A (0, )y d

MA,T

g/@%> sup |Lr(6, D36, a) — Lr(6,6,a)| | Esfr (6, 8)duzddy — 0
0cO,6cRTk acAp

where the convergence follows from supycg serTr g, |[L7(0, Did,a) — Lr(0,6,a)] 2,0 in the stable
model, Lemma 1 and the dominated convergence theorem as suppeg serr* qeny |L7(0, D3, a) —
L7(0,6,a)] < 2L. Tt thus suffices to proceed as in the proof of Theorem 1 with ﬁT(u, 9) replaced
by

ZET(U,, DA(S)
= exp(§D;d — 30’ D6 + T2 — u)'e'D; D6 — %T_lu’e(e'Dﬁe)_lu'e + T_lﬂ’e(e'D,;e)_lu’e).

The difference between §'D; 6 and §'9 can again be handled by suitably modifying ¢7 in Lemma 7 (i)
as in the proof of the first claim, and further inspection of the proof reveals that the only important
properties of the Tk x Tk matrices in the innerproducts with respect to (d,0), (e,e) and (e, d) are
that (i) they are block diagonal constructed from k x k matrices satisfying (12) in the stable model,
and (ii) that the ones for (9, d) and (e, e) are symmetric and positive definite, both of which remains
the case for ZET(U, D;0).

Proof of Theorem 4:

For the claim regarding the analogous statement of Theorem 1 (iii), proceed up to equation (18)
as in the proof of Theorem 1 (iii) with Es now denoting integration with respect to the mixture.
With Ej(;) denoting integration with respect to the measure of {T=12G;(t/T)}, it then suffices to
show that [ Ejg;) |w(fo + T-124) LRy (u, 3(i)) —w(Gg)fET(u, d()) | du 2o 0fori =1,--- ,ng and
it = (w(o) X, pi fE(;(i)fET(u, 6(j))du)~t = Op(1). Without loss of generality, assume p; > 0.

Then m./w(6o)p1 > ng(l)f]\%T(u, d(1))du, and the result it follows from the same reasoning as

in the proof of Theorem 1 (iii). The result now follows by proceeding as in the remainder of the proof
of Theorem 1 (iii) and by invoking invoking Lemmas 3 (i) and 7 (i) for each of the ng components

in the measure of .
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The claim regarding the analogous statement of Theorem 1 (i) follows as in the proof of Theorem
1 (i) from this result by substituting integrations with respect to d by integrations with respect to
the mixture.

For the claim regarding Theorem 2 and the mixing probabilities, note that
E(S(z) /(2%)_k/2‘1~{‘1/2 exp[—%f/ﬁﬁ]f}\?;r(u, 6(1))du
= Esu / (2m) 2| H |2 expl§'6) — 360,y D) + T 2@ — u)'e' Doy — 3(u — @) H(u — @)]du

= Es;»LRr(6(;))
|D; %5 + Irg| V2| Dye — ¢ Dy K; Die| V% exp[35'5;4]

so that the posterior odds of model ¢ and model j in the pseudo model are as claimed.

5.2.3 Additional Lemmas

Lemma 2 Under Condition 1:

(i) T-1/? ZE'T] st(60) = [, TY2(1)dW (1), where W is a k x 1 standard Wiener process
(i1) SUDy< {0} T, eCT fi )T et 1T~ st 2f0 Ahs(Bp + vs + )\vs)d)\ - & 0 and
SUDy< 7 {0,}7, €CT (i }L 1ecTT ol ZS 1 fo s(00 + AMvs — 0g))dX = T )|| — 0, where Cr is an arbi-

trary decreasing neighborhood of 0o, and CE = Cp x -+ x Cr
(ii) &= TY2(0 — 0y) = O b(1)
(iv) bupt<T||T_1/2Z s5(0)[| = Op(1)
() suprcony T~ S su@)su@) ~ [T 0 and T4 s 00)u00) = 0501
(vi) suprepo. 1771 S5 he(B) — J3 T(@)al]] 2 0

Proof. (i) Fix any k x 1 vector v with v'v = 1, and let 7, = v"s;(0g). Then {n,,:} is a martingale
difference array and T-'S°7_ | Efjn, [>T [3— 1] < TV Ellls:(00)|1%7¢|F¢-1] = Op(1) by Condi-
tion 1 (MDA). Let wp = fl V'T'(1)vdl and g(A f)‘ v'T(l)vdl/w?, which is a continuous and strictly

increasing function on the unit interval, so that it has an inverse g~ !. By Corollary 3.8 of McLeish

(1974), T—1/2 ngill(')T] Ny = wyWhy(-), where W), is a standard scalar Wiener process and the conver-
gence is on the space of cadlag functions on the unit interval, equipped with the Skorohod norm. By
the continuous mapping theorem, we hence obtain 7'~1/2 Zt 11 = waWh(g()) ~ v fo (DY2dw (1)
and the result follows from the Functional Cramer-Wold device (see, for 1nstance, Proposition 7.26
of White (2001)).

(ii) We have

1||Z /)\h (B0 + vs + )X — )|

<T1HZ /Ah (B0 + v+ A)AA— b))+ T ST — (B

s=1
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Now supt<TT ISt (Ts — hs(80))]] 2 0 by Condition 1 (LLLN) and supyey |77 S0 Ty —
fo (s)ds|| — 0, and

sup 1HZ / s(00 4 vs + ATs) — hs(0o))dA]|

t<T {Ut} IGCT7{Ut}t IGCT

< 2T~ 12 sup ||he(0o + 20) — he(6p))|| 2 0
=1 veCr
by Condition 1 (LLLN). The second claim follows similarly.
(iii) For any € > 0,

P([10 = 6oll = &) <P( sup T [(0) - l(bo)] = —K(e))

[10—00l|>¢
< 1-P( sup T7'Y  sup [0 +v)—1(00)] < —K(c)) =0
[16—6ol|>e [[v]|<T—1/2+n

by Condition 1 (ID) and so 6 2 6.

Further, as § 2 6, there exists a sequence of decreasing 77 neighborhoods of 6y such that
P(@ € 7r) — 1. For v € Og, we have by the fundamental theorem of calculus applied row by row
that s¢(60 + v) — s¢(0p) = (— fol hi(60 + Av)dA) v almost surely for t = 1,---,T. Let T be large
enough so that 7p C ©g, and define hy = fol hi(00 + )\(é —6p))dA if § € Tr, and hy = h: otherwise,
so that from the first order condition 1[0 € 77] 3" 5:(0) = 0, we obtain

16 € 77 (T*W Y si(bo) - (T*I 3 hf) TV2(f — 90)) =0 (22)
almost surely for t = 1,--- ,T. From part (i), T~'/2 > 5:(0o) = Op(1). Applying the result of part
(i), we obtain T-' S kY — 7715 Ty & 0. But 7' STy — J T, which is positive definite, so the
result follows from (22) and P(# € T) — 1.

(iv) Proceed as in the proof of part (iii) to obtain
t t t
1[0 € T <T1/2 D 56(0) =TV " s4(60) + (Tl Zhs) TY2(0 — 90)> =0
s=1 s=1 s=1
almost surely, so that

supHT 1/225 \<supHT 1/2238 (60) H+T1/2s,upHT 1ZhSH 116 — Bo|| + 0,(1)
s=t s=t

and the result follows from parts (i), (ii) and (iii) of this Lemma and the CMT.
(v) From the proof of part (iii), 1[0 € T7](s:(0) — s:(60) + h3(6 — 0p)) = 0, almost surely for
t=1,---,T, so that

AT

sup ||T™ 128’5 9 128’5 (00)s¢(600)'|

A€0,1]

< Al S T sup |se(Bo)|| + 7~ *sup |11 177 3 1]
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with probability P( € T7) — 1. Now T~ 3 ||hf|| = O,(1) and ||i|| = Op(1) from parts (ii) and (iii)
and Condition 1 (LLLN), and 7—1/2 Z,[;T] st(00) = [, T/2(1)dW (1) implies 71/ SUp;<r Hst(HO)H it
0, and also T~ supycr |[7]] < T~ supicp ||he(00)]] + T~ 15upt<T9€TT ||ht(90) — m(0)|| * 0 by
Condition 1 (LLLN) (i) and (iii), so that supycp 17 [|7~ ! Zt’\zi] s1(0)s.(0) =T Zt 1 st(ég)st(ﬂg) |2
0.

Let v € R* and define n, = v's{(fp). Then from Condition 1 (MDA), {n;,3:} is a
martingale difference array with conditional variance process V.2, = v'E[s¢(60)s¢(00)|§:-1]v,
and  supjepo 1) |71 ZE/\:E] V2 - v’(fo)‘ r(Hdyv] 2 0. Note that 7! Zle VE <
[lPT" 0 Ellse(00)|P*[e-1] = Op(1) implies T7' S E[ppifly,| > TY2d[F-a] = 0
for all 0 < ¢ < oo, so that from Theorem 2.23 of Hall and Heyde (1980),
supy<r [T 00, (2 = V2,)| = supyepo [T 'zﬁ(st(eo)st(eoy — Blsu(00)51(00)|§1-1])| £ 0,
so that also supycjo 1) Tt Z,[f); (st(60)st(00) fo Idl)v| £ 0. This holds for arbitrary v € R¥,
so in particular jointly for all vectors v;, j =1,--- , 2k Wlth elements that are either zero or one. It
is easy to see that if ngovj = v}-Alvj for all such v;, j =1,--- ,2F for two symmetric matrices Ay
and Aj, then Ag = A1, and both results follow.

(vi) Follows from parts (ii) and (iii). =

Lemma 3 Under Conditions 1 and 2, there exists a sequence of real numbers ar with ar — oo and
T-12q7 — 0 such that

(i) [w(Bo +T~Y?u)Es(1 — ArSt) LRy (u,8)du 2 0

(ii) Es(1 — Sp)LR7(0,5 — ed) 2 0

Proof. (i) For any choice of ar, we have

| / w(fo + T~Y2u)E5(1 — ApSp)LRr(u, 8)dul

IN

| / w(fo + T Y?u)Es(1 — Sp) LRy (u,8)du| + | / w(0o + T~ ?u)EsSr(1 — Ar) LRy (u, 6)du|

= p1+ P2
For p; = [w(fo + T~Y?u)Es(1 — Sr) LR (u, §)du, note that by Markov’s inequality, for any € > 0

P(p, > e <€ 'Ep
_ //w(go + T V20) Bs(1 — Sp) LRy (u, 6)dufr (6o, 0)dpuy

_ e_l/w(90+T_1/2U)E6(1_ST)/fT(90+T_1/2u’5)d'quu

where the interchange of the order of integration in the second equality follows from Fubini’s Theorem.
For any fixed u and 4, if for all t < T, 8y + T~ Y?u+ §; € O, then fr(0y +T~'/?u,d) is a probability
density with respect to pip, and [ fr(0o-+T"?u, §)duy = 1. If for some t, 0o +T~/?u+5; ¢ O, then
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fr(0o + T7Y%u,6) = 0, and also [ fr(6o + T~Y/2u,8)duy = 0. Therefore, sup,err serrk | fr(00 +
T=Y2u,8)dus < 1, and we obtain

Plp, > e <e! /w(90 + T2 Es(1 — Sp)du

= ¢! /w(90 + TV 20)du Es1[T"? sup ||6:]| > T7].
t<T

Now by a change of variable [w(6y + T~"?u)du = T*/? [w(0)dd = T*/2. Furthermore, let G =
sup;<r1i<k |G (t/T)|, where G(;(s) is the ith element of G(s). Then G < sup; seo,1] |G o) (5],
which is bounded with probability one. By the Gaussian Isoperimetric Inequality (see, for instance,
Pollard (2002), p. 279), this implies that the tail probability of G' decays exponentially. Therefore,
with n > 0, TF/2Es1[T"/? sup;< |[0¢|| > T"] — 0. Since ¢ is arbitrary, this implies p; 0.

For p,, note that for any fixed n, by Condition 1 (ID), there exists T%(n) such that for all
T > T*(n),

P( sup T sup (1:(0 +v) —1,(0p)) < —K(n 1) >1—n"L.
110—00]|>n—1 o||<T~1/2+7 0400

For any T', let ng be the largest n such that simultaneously, T' > sup,,,, T*(n), TV2K(n') > 1
and T-Y*n < 1. Note that np — oo, since for any fixed n, T*(n + 1) and n + 1 are finite and
K((n+1)"1) > 0. By construction,

P( sup T7! Z sup (1:(0 +v) = 1(60)) < =K (ng')) > 1 —ngt. (23)
|10—00]|>nr" llo||<T=1/2+7 6400

Now set ar = T'/2n;' = o(T"/?). Note that

Sr(1 = Ap)LRr(u,8) = Sp(1—Ar)exp[> (0o + T~ *u+6;) — 1;(60))]
< (I—Ap)exp]d  sup  (L(B0+ T ?u+v) —1i(60))]

|lvl|<T=1/2+n

< exp[ sup Z sup  (I4(6 +v) — 1:(60))]-
10=60||>nyt  [lvl|<T—1/2Hn

Hence, with probability of at least 1 — n;l — 1,

py < /w(00 + T 20)du - exp [ sup Z sup  (L(6 +v) —1:(00))

[|0—60]|>n7" [[o||<T—1/2+n

< TF?exp [—TK(n}l)] < T*2 exp [—Tl/z} — 0

where the last inequality holds since T2 K (n;l) > 1 by construction of nr.
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(ii) Similarly to the reasoning concerning p; in the proof of part (i), for any e > 0, by Markov’s

inequality
P(Es(1 —S7)LR7(0,6 —ed) > € < *1EE5(1 — S7)LR7(0,6 — €d)
= FEs(1-— /fT 00,6 — ed)dpur
< Es;(1—-87)—0.
|

Lemma 4 Let D} = diag(hl,---,h}), D = diag(h?, -+, h3.) where the k x k matrices hi and h?
satisfy supyepo 1] |71 Z?gﬂ((hz}, h2) — (0, T )| 2 0. If2—1"1 20, then

(i) sup; j<p T7Y||[F'D}eZe' DIF — F'Drel' "teDrF; || 5 0

(it) sup; j<r ||[F'(D}, — D})FJ; ]| £ 0.

Proof. (i) We compute
|[F'D}e=e' D2F — F' Drel ~Y¢/ Dr F); |
|[F'D}e=e' D3F — F' Dre=e’ DEF); |

+||[F' Drel’~Y¢' DrF — F'Drel' =t/ (Ir @ TE) D2 F); 4|

= ||[[F"(D}, = Dr)eEe D Flij|| + ||[F' Drel ='¢/(Dr — (Ir @ [Z) DR) Fi |

IN

and

T
.S,‘1<PTT_1H[F'(D;1L — Dr)e=¢' D Fly| = Sup H 12 (he =To))ET™Y hZ|| 50
17‘7_ .

and

sup T~ Y|[F' Drel~Y¢/(Dr — (Ir © T=) D}) F; ||
1, <T
= sup 7 1zr o Y - T 2
(YRS s=1t

(ii) We compute

I[E"(Dy, = Dy) Fligll < |[E"(Dy, = Dr)Flijll + [|[F'(Dj; — Dr) Fligl|

and
sup |[[F'(Dy, — Dr)Flijl| = sup 1 gl Z (hy =Tl &0
sup [[[F'(Dj — Dr)Fli || = sup T7Y| Z (hi — 0.
i,5<T i,j<T =i

| |
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Lemma 5 Let ¥z(u) be a Tk x Tk matrixz consisting of k x k blocks =; j(u), i, =1,---,T, possibly

dependent on w and define ¢§ = sup; j<p uerr [|Zij(u)||. Under Condition 2, there exists a constant

cg independent of u and T such that
(i) [tr(F 'S8z (u)| < e
(it) |tr(F 25 N Eg(u) (F 26 171 2 (u)] < (F)?c2.

Proof. Note that for 1 < i < j, the 4,jth k x k block of F~13sF'~! is given by
kG(1/T,j/T) — k(@ —1)/T,/T) + k(@ = 1)/T,(j = 1)/T) — s (/T, (j — 1)/T)

by ka(1/T,7/T) — ka(1/T,(j —1)/T) for i =1 < j, and by kg(1/T,1/T) for i = j = 1.
Ifi = jand ((:—1)/T,i/T)NT = @, due to the symmetry of kg and by the Fundamental Theorem
of Calculus
66 (i/T,i/T) = ka((i = 1)/T,i/T)]] < T7" sup |[Vika(r,s)]]
r,s€[0,1]\7

lkG(i/T, (i = 1)/T) — k(i = 1)/T. (i~ 1)/T)]| < T7F e IV ke (r, s)|

where Vi kg(r,s) and V{kg(r,s) are the left and right partial derivatives of kg with respect to
the first argument, so that in this case, the 7,4ith block has a norm that is bounded by T lcp =

T_l(SUPr,se[o,l]\T ||VIRG(T7 5)” + SUPy sefo,1]\r ||VTKG(T7 5)| |)
It ((j — 1)/T,§/T) N7 # @ and ((i — 1)/T,i/T] N 7 # @, then

ke (/T,5/T) = ka((i = 1)/T,j/T) + sa((i = /T, (j = 1)/T) — £ (i/T, (7 — 1)/T)|

<4 sup |[|lkg(r,s)||=cy
r,s€[0,1]

which is also a valid bound for ||kg(1/T,1/T)]||.
Ifl<i<jand ((j—1)/T,7/TINT=((:—1)/T,i/T]NT = &, then by the Fundamental Theorem

of Calculus

ka(i/T,j/T) = ka((i = 1)/T,5/T) + ka((i = 1)/T, (G = 1)/T) = sa(i/T, (5 — 1)/T)||

B 0?kg(r, s)
S T 2 sup H 8 8 H -
r#s,r,s€[0,1]\7 ros

Also,if 1 <i < jand ((j—1)/T,7/T)NT # @, and ((i—1)/T,i/T|N7T = &, then by the Fundamental

Theorem of Calculus

] ] ; : - Oka(r,s
Inai/T,3/T) ~ ro(li~ /T 3T < 7 sup 2200,
ser, r€[0,1\7 T
] ] ' ; - Okg(r,s
kG (i/T, (G — 1)/T) = k(i — )T, —1)/T)]| < T sup 2663
ser, re[0,1)\7 or
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so that the norm of the ,jth block is bounded by T co = 2T ! sup,e, rel0,1)\r Haﬁ%—g’s)][, which is
also a valid bound for ||kg(1/T,j/T) — ka(1/T,(j —1)/T)|-

We can hence decompose
TF ISP ' =Sp+S0+Sc+ 3y

where ¥ p is a block diagonal matrix whose 4, ith k x k block has a norm that is bounded by ¢p (”the
variance of the increments of the continuous part of §”), 3¢ is a Tk x Tk matrix whose 7, jth block
has a norm that is bounded by T~ 'co ("the covariance of the increments of the continuous part of
"), Xo = Z?:l Yo, with ¥¢; Tk x Tk matrices whose only nonzero k x k blocks are in one (block)
row and column and correspond to the jump at time 7;, and these nonzero blocks have a norm that
is bounded by cc (“the covariance between the jumps and the increments of §”) and ¥; with ¢
nonzero k X k blocks whose norm is bounded by ¢;T" ("the variance of the jumps”), and all these
bounds are uniform in 4,5 and 7.

Let A and B be Tk x Tk matrices with ¢, jth k x k block [A]; ; and [B]; ;, respectively. Note that
the 4, jth k x k block of AB, [AB]; ; satisfies

T T
I[ABigll = 11 AsiBugll < Y [1Asll - [|Bugll < [ABli
=1 =1

where for any Tk x Tk matrix C with 4, jth k x k block [C]; j, C denotes a T x T matrix whose 4, jth

element [C]; ; is at least as large as 1[[|[C]; ;]| > 0] sups<r <7 ||[Cls |- Also

T

T
I[ABCBlijll = 11D _[AB[CBli Il <) |[[AB]yg
=1 =1

CBIli

T
< ) [AB]y[CBi; = [(AB)(CB)i,-
=1

Hence, using |tr[AB]; ;| < k||[AB];,||, we obtain
|tr AB| < ktrAB and |tr ABCB|<ktr ABCB.

Note that we can choose Yo = T lcpepe), Xp = cplr, X5 = Teyirtl, So = co(iref + eotl) and
Y=(u) = cyepel where ¢r is a T x 1 vector with elements [¢,]; = 1[(( — 1)/T,5/T) N7 # 2] and e
is a T x 1 vector of ones.

i) We compute
(i)

|tr(F1SsF 1S (u))|

T tr(Ep + X0 + Sc + 2) 8= (u)]
KT tr(Sp + S0 + Zc + 2) 2z (u)

IN

kT tr(eplr + T reoegel + Tegirt + col(ire) + ehir))eoch

= kc(cp + co + ciq® + 2ccq).
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(ii) We compute

|tr(F 1S F DS (u) (FISs F'~H) Sz (u)|
= T%tr(Sp+ X0+ To + £1)%=(w)(Ip + To + T + 25)T=(u)
T2ktr(Ep + 20+ 20+ 27)2=(w)(Ep + Zo + Zo + X7)2=(u)

T 2k(Fepleplr + T coeoey + Tegirt, + colireh + ehir)]en)?.

IN

Lemma 6 Under Conditions 1 and 2:
(i) There exists a sequence of random variables Cr = O,(1) satisfying C':Fl = Op(1) such that

sup (Ejexp[—2(6 — T~V2ev) D; (8 — T7Y2ev)] — exp[—1Cr|[v]|]) <
vERK,T
(i) If € = (&4, ,&p)" and D¢ (u) = diag(Cl( )y, Cp(u)), where the k x 1 vectors & and k x k

matrices ¢,(u) satisfy sup<p T2 57 €11 2 0 and supyer e [T 5, Co(w)l| 2 0, and if
F'S.F is a Tk x Tk symmetric matriz consisting of k x k blocks [F'S.F);;, i,j = 1,---,T that

satisfy sup; ;< ||[F'Se F; 4| 2,0, then
sy exp[Ar||v]|’] < Es expl¢’s + T7/%0'e De(u)6 — 56"5:6] < For explAr[v]?]

uniformly in v and T, where the scalar random variables r, Ag, Fr and At do not depend on u or
v andﬁTgl,ETgl,ATAO andATAO.

(iii) Esexp[48'd] = Op(1).

(iv) If Jp € D is a nonstochastic sequence converging to J € D, where D is the set of cadlag
functions on the unit interval, then

sup E exp[T"/2Jp(1) (67 — 6) = T2 " Jp((t — 1)/T) (5 — 61-1)] < 00

Proof. (i) A direct calculation yields

Es exp|—2(0 — T_1/2ev)’D,~L(6 — T 12ev))
Es exp[—26'D; 6]

= exp[—8T 1o/ '(D + 25) " Lew)].

We have e’(Di:1 +35) " le = e’D%ﬂ(ITk + D%/225D%/2)_1D}~1/26, so that

T (Dt +55)el| < TV Dyel]
T (D +25) el > (T e Dye) M7 (A + (1D} 255Dy 2 )

where T '¢/Dje EiS J T(s)ds and

1D;255 D3| < tr DS

IN

k sup ||kg(s,s)|[T tr Dy Bk sup ||kg(s,s)||tr [T(s)ds
s€[0,1] s€[0,1]
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and finally Ejexp[—26'D;0] <1 a.s.
ii) Let U = T~Y2F' D¢ (u) ev. We first show the result for the upper bound. By the Cauchy-
¢

Schwarz inequality

Esexpl¢/d + 0 F'7IU — L'5.8] < (Ejexpldd’e)) Y4 (Es expldd F'~U)) Y4 (Bs exp|—o'%.6]) /2
= exp[28'Ssé 4+ 2U'F IS5 F' T U (Es exp|—6'%.6)) 2.

Now

UF'SsF U = T %eDe(w)FFSsF'  F'De(u) ev
< |Ptr T F' D¢ (u)ee’ De(u) FF 1S5 F/ L

But the norm of the ijth &k x k block of T 'F'D¢(u)ee’De(u)F is bounded

— T
by (SUPth,ueRk || lzs:t CS(U)H)Q e

0.
supy ek tr(T~ F'De(u)ee' De(u) F)YF 1S5 F'~1 20, and U'F~155F'~'U < Ag||v||?. Similarly, also
€858 =tr FIed FF-1ssF -1 2o,
For each T, let Ag be the (Tk x £) matrix such that F~13sF'~1Ag = 0, and B the Tk x (Tk—/)
matrix such that B’yBa = Iry_¢ and BaBy = Ma = I — Ag(A’GAg)’lA’G (if F7138sF'~ is full
rank, define By = I7y). Then

Hence, by Lemma 5 (i), Ar =

Esexp[—0'S.0] = Esexp[—6'F'"*ByB,F'S.FBAB,F~14].

Note that the covariance matrix of B,F~'6, B, F1S;F~VB, is positive definite, and
MAFISsF VM, = F7IS5F7V, Let A, i = 1,--- kT — £ be the eigenvalues of the symmetric
matrix

Y9 = (BYF 'S5 F VB 2B F'S.FBA(B F 'S F~V By)Y2.

Then, by Lemma 5,

Tk—4
SN = twBYF IS FYBAB)F'S.FB, (24)
=1
= trF IS FVE'S. F 20
and also
Tk—¢
> N = wBF 'S F ' BABF'S.FBAB,F ' SsF' "' BAB, F'S. FBy (25)

=1
= tr F I P . FE IS F RS F Do,

Let L1 = 1[sup;<pr_¢|Ni| < 1/2], and define Y. = LrY., Sg = LrYg and N, = Lp)g, i =
1,---,Tk — £. Note that E(1 — L) < P((ZZT:]TZ )\%)1/2 > 1/2) — 0 by (25), so that it suffices to
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show L7 Ejexp[—0'S.0] 2 1. We compute

LrEsexp|—§'Y.0) < FEjs exp[—&'ied]

= Esexp[—0'F' " 'BABF'S.FBsB, F~14]

= |BYF 'SsF' By V2 BYF'S.FBy + (ByF 'S5 F' 1By~ |~ 1/2
[ Iri—e + Sg| 712

Since for # € [~1/2,1/2], x — 22 < In(1 + z) < =, we find

Tk—t Tk—t Tk—t

~ ~2 ~ ~ ~
=A< WA+ X)) =In|Ip+3s/< > N

=1 =1 =1

and the result follows from (24) and (25).

For the lower bound, note that by Jensen’s inequality,
Esexpl¢'d + T_l/gv'e’DC(u) — 28'5.6) > (Esexp[—€'6 — T_l/Qv'e'Dg(u)é + %5’255])_1

and proceeding as for the upper bound yields the result.
(iii) Note that
Esexp[d4 Y 5:(0)'6,] = exp[8tr F'38' F(F~'S;F ).
The i, jth kxk block of F'35'F is given by (T2 Y1 5,(8))(T~1/? ZtT:j 5¢(9))’, whose norm is O,(1)
uniformly in 4,j by Lemma 2 (iv). Hence applying Lemma 5 yields Esexp[4 Y s:(6)'d¢] = Op(1).
(iv) Let Jp = (Jp(0Y, Jp(1)TY,--- , Jr((T—1)/TY) and J = eJp(1)—Jp—T " F'DpeT1Jp(1).

We compute

Esexp[T"2Jr(1) (67 — 8) = T2 " Jr((t — 1)/T) (8 — 6¢-1))]
= Esexpl|(eJr(1) — Jp — T~ F' DreT 1 p(1)) F16]
= exp[strJJ (F1EF V)]

But the 4, jth k x &k block of J.J' is given by [Jp(1)(I, — (T~ L. T)T ™) = Jp((i— 1) /T)][Jr (1) (I, —
(T1 Zf:j )01 — Jp((j —1)/T)], whose norm is O(1) uniformly in 7,5, T by assumption, so that

the result follows from Lemma 5. m

Lemma 7 Under Conditions 1 and 2:
(i) [ Es )LRT(u, 8) — ArSTLRr(u, )| du % 0
(ii) EsLR7(8) — EsSrLR7(0,5 — ed) 2 0
(iii) EsLRr(5) — Esexp[(6 — ed)'so — 36D (8 — ed)] = 0
(iv) Esexp[—36'D;6 + %5'D,~le(e’D}~:16)_1e’D;L5] — Esexp[—30Dp (8 — €d)] 20
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Proof. Let Ur be the indicator of the event that ||4|| < ar. By Lemma 2 (iii), @ = O,(1), so that
EUr — 1. Note that if Urir 2, 0 for some sequence of random variables Y7, then also ¥ 2,0, so
that we may multiply the left-hand side of the expressions in (i)-(iv) by Ur. Let T be large enough
such that O = {0 |0 —o|| < 27"?ap + 172+ 17712 (sup (o 1 [[TN)])/ (infrcpo,y [TV} €
Oy, so that 0y + ApStUr(u — 4+ 0y — §) € O for all t < T.

(i) Let gy : [0,1] — R with g,(A) = 1;(60 + Av) — l¢(0p). Note that for 6y + v € O, g, is twice
continuously differentiable with g, (A) = v's¢(0p + Av) and g¢)/(X) = —v'h (6o + Av)v, so that by a
first order Taylor expansion in the integral remainder form, [;(6y + v) — l;(6p) = gu(1) — g,(0) =

) + fo Agi(1 — N)dX = v's4(09) — 3 2f0 Ahri(Bo + (1 = X)v)dA)v, and similarly, s¢(6g + v) =
st(90 - fo he(0o + Av)dA)v. Thus, for [|u|| < ar, TY? sup,<p ||6¢]| < T" and ||4]| < ar

(00 + T Pu+6,) — (00 + T V2u) = s4(00 + T %) 5, — 18,01 4(u, 6)d;
(00 + T~ %u) — 1,(00) = T2 s4(00) — 3u'ho(u)u
si(00 + T~ Y2u) = s4(00 + T Y20) — hay(u, @) T (u — 0)
s5:(00) = si(Bo +T7YV20) 4 hay(@)T 20 (26)
almost surely, where 1 4(u,8) = 2 [} My(6g + T~ 2u + (1 — A)dt)d)\ hoy(u) = 2 [} Mhy(Bo + (1 —
NT12u)d), hay(u, @) = fol hi(Bo + ANT~Y2(4 — u))dX and hy (@ fO he( 90 + A\T120)d), t =

,T. Define {hy4(u,0)}_; = {h«(60)}L; when |[u|| > ar or Tl/2 sup;<r |[0¢| > T, define
{ha (@Y = (he¥y when [lul] = ar, define {hss(u, )T, = {he}L, when |[ull = ar or ||al| >
ar, and define {has(2)}1, = {h}_, when ||i|| > ap. Further, let Hy(d) = T—' hay() and
Hy(u) = T~ hot(u). For notational convenience, we drop the dependence of hy ¢, ho s, H3 and Hy

on u, & and . We these definitions, we have

sup .ATSTZ/[T ’ LRT (u, (5)

ueRk §eRTk
— exp Z 86y + T~ 1/2 Z h3 0 — 5 Z Sy 16t + @ Hyu — %u’ﬁgu]\ =0
almost surely.
Let
ST = ( T_1/2Z hgt —ht O — Z(St hlt ht)5t— U (HQ H)u—|—@'(f[4—ﬁl)u.

Now sup,cgrr serrr ArSTUT|LRT (U, 6) — ﬁ(u, d)expsr| = 0 a.s., and by the Cauchy-Schwarz in-
equality and Up <1 a.s.

Us / By [LRr(u,6) — ArSrLBr(u,0)|du = / EsLRr(u,0) Uy — ArSzliy expsr|du

IA

/KE&EET(U’ 8)?)(E5(1 — ArSrexpsr)?)])H 2du.
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We have

ZET(U, 5)2 = exp[2 Z 8,0t — Z(Ssztét + 2T_1/2(12 —u) Z hidy — ' Hu + 211'1{[11,]
= exp[28'0 — (6 — T~V 2e(t— ) Dy (6 — T~V 2e(t — u)) + 24’ Hl

and by another application of the Cauchy-Schwarz inequality
EsLRy(u,8)? < exp[2d/ Ha)(Es exp[48'6])) /2 (Es exp[—2(6 =T 2e(a—u)) D; (6—T2e(i—u))]) /2.
By Lemmas 2 (iii) and 6 (iii), exp[2d’Ha] = Op(1) and Ejexp[48'6] = O,(1). By Lemma 6 (i),

By expl-2(5 — T2e(it - u)) Dy (6 — T~e(it — w))] < expl—~3Crlfi - ul?

where Cp = O,(1) and C;' = O,(1) and does not depend on u.
Therefore,
EsLRr(u,0)° < Op(1) exp[~3Crlla — ull’] (27)

and with ®(u) the cdf of u ~ N (i, Cp'Iy,)
/ (EsTRr(u, 0)2) (Es(1 — ArSr expor)2)] Y 2du
< 0,(1) [ expl—4li — ulPCrl (Eo(1 - ArSrexpsn)?) du
— 0,(1)@r)F20 k) / (Bs(1 — ArSrexpor))/2dd(u)
< 0,()( [ Bt - ArSrexpsr)dd(w)'?

where the inequalities use Jensen’s inequality.

In order to show [ Es(1—ApSrexp 57)2d®(u) 2,0, we first compute the expectation with respect
to ¢. This is complicated by the fact that h;; depends on §. To circumvent this problem, we bound
st by ¢ < ¢r <<, where ¢, and S are defined just as ¢p, but with hy; replaced by a term that
does not depend on § (or u).

Specifically, for each t < T', define

d¢ =2 sup
[[vl|<ar+TM

he(Bo + T~Y20) — by (90)H .

Note that for any v € R* with ||v|| = 1,
V' (he (B0) — hag)v] < [[he (00) — hagl| < d

since for |[u|| < ar and TY2sup,<p||0:|| < T, ||he (80) — hagll = |2 fol Ahe(Bo + T~ 2u + (1 —
N)3t) — he(00))dA|| and hq4(u, ) = h(0p) otherwise. Thus, for all § € RT*,

Z 8y (he(0o) — dily) 6 < Z §yh1 40 < 252 (ht(00) + dily;) 04
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Now let

Sr = sr+1i Z 04(h1e — he(0o) + de Iy )0y
Sp = sr+1i Z(S;:(hl,t — h(6o) — dil)o¢

so that ¢, < ¢ < <. We obtain

0 < Es(1—AprSrexpsr)?

< 1-2E5ArSrexpsy + EsArStexp 27

< 1-2Esexpg; + Esexp 201 + 2E5(1 — ArSt) exp gy
We will now show that [ Esexp ¢,;d®(u) is bounded below by random variable that converges to one
in probability, that [ Ej5exp 257d®(u) is bounded above by a random variable that converges to one in
probability, and [ Es(1—SpAr) exp ¢-d®(u) 2,0, which implies 0 < [ E5(1—ArSr expsr)2d®(u) 2
0.

With Dyg = diag(hs 1, -, hs 1), Dy = diag(h1(6o),--- ,hr(00)) and Dy = diag(dily, - ,drly)
we have
Esexpsy = exp|—iu/(Hy — H)u + @' (Hy — H)u]
-Esexp|(@ — u)' T~V (D3 — D;)8 — 8’ (Dy, — D;, + Dy)d]

and
Esexp2Xp = exp|—u/(Hy — H)u+ 24’ (Hy — H)ul
By exp[2(it — u)'T~Y2e/(Dy3 — D)5 — 8'(Dy, — D;, — Dq)d).
Since
t
1 7 -1 ~ 7 P
uE]lS{gI;<TT H; (1, 8) = ho)l| < t<T|\uHileF):HﬁH<aTT | Zh&s(u’u) ~hell =0
sup 7™~ 1HZ o(00) + duIi — hy)|| < sup |7 IZ h)l|+ T 1Zdt_>0

t=1
by (12), Lemma 2 (ii) and Condition 1 (LLLN), and similarly, sup,<p ||T" St (hs(B0) — diIy —

'.)|| 2 0, Lemmas 4 (ii) and 6 (ii) are applicable, and we obtain

Byexps, > expl—yu/(Hy — Hyu+ i/ (Hy — Hyulng expldpllu — il
Esexp2ip < exp|—u/(Hy — H)u + 24’ (Hy — H)ulFr exp[Arp||lu — 0)?]

uniformly in u, where £p, Fr, Ap and At do not depend on u and K R 1, Ry EX 1, Ap 2,0 and
Ar 2 0. Also
sup ||[Ha(u) — H|| < sup T hoy(u) — Tyl 50

u€ERk l|ul|<ar
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by (12) and Lemma 2 (ii), and similarly, Hy—T 2 0. Thus, | Esexp gTdCD ) > [ K explAf||lu —
al|?)d®(u) 2 1 and [ Es eprgTd(ID ) < [ "y exp[AL||lu — 4| *)d(u) & 1, and we are left to show
that [ Es(1 — SpAr) expspd®(u) 2 O. By the Cauchy-Schwarz inequality

[ / Es(1 — SrAr) expgTd<1>(u)r < [ / Es(1 —ST.AT)Qd(I)(u)] [ / Ejexp 26,.d®(u) | .

From the same reasoning as above, [ Ejexp 2¢d®(u) = Op(1), and
/E5 (1—SpAr)d®(u /E5 (1 —87)d®(u /E5 (1—Ap)d®(u).

But [ Es(1—Sr)d®(u) = Es(1 - Sr) = Es1[T"/? sup<r |[0¢]| > T — 0, and [ Es(1 — Ar)d®(u) <
[1[Jul| > ar)d®(u) 2 0 since ||a]| = Oy(1), 6';1/2 = O0,(1) and ap — 0.
(ii) Similar to the proof of part (i), we have for all 7/2 sup;<r |[0¢|| < T and [[a]| < ar
(00 + 8¢ — e8) — 1i(00) = $4(00) (61 — 0) — 5(6¢ — 6)'h54(8) (6 — 0)
almost surely for t =1,--- , T, where hs(0) =2 fol My (0o + (1= N)(8; — 8))dA for TV/? sup;< |[0¢]] <
T" and hs4(8) = hy. Thus, by (26)
SrUr LR1(0,6—ed) = Spld exp Y _ 5(0)' 0, +T /20y " hay(@)(5:—0)— 5 Y (6:—06)'h5.4(8)(6;— )]

almost surely. Define H5(8) = T—' Y hs4(6), and we again omit the dependence of hy (@), hs(9),
Hy () and Hs(8) on 4 and d for notational convenience.
Let

C* 1/2 /Zh4t 575—(5 (5t_3),h5t(5t_5)

+3 ) 0thudy — (T2 Za’ H'T2Y " hysy.

Now supsegprt StUr|LR7(0,6 — ed) — LR7(8) exp¢k| = 0 a.s., and by the Cauchy-Schwarz inequality
and Ur <1 a.s.,

EsLRp(6) |Up — Splr exp oy
[EsLRr(6)?)"* [Es(1 - Srexp )]

UrEs }H%T(é) — SrLRp (0,6 — 65)|
1/2

IN

By a direct calculation
EsLR7(8)* = (2m) %2 |2H|"/? exp|—i/ Ha) Ey / LRy (u,6)du
which is O,(1) by (27). Furthermore,

0

IN

Es(1 — Srexpei)?
= 1—2Es;Srexpsr + EsSrexp 26
< 1-2Esexpgy + Esexp 25 — 2E5(1 — Sr) expgrp
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where

f% = §§~ — % (515 — 5)’(ht(00) — 2dtlk — h5,t>(5t — (_S)
S;“ = g% — % (5t — (_S),(ht(e[)) + 2dtlk - h5,t>(6t - 3)

since supy<p ||0; — 8| < 2supycr ||0¢]]. Let hgy = H,D'Ty, and note that

Z hatd = Z he 101 (28)

and define Dy = diag(he.,1, - - , he,r) and Dpg = diag(hi(6o) — 2d1 1y, - - - , hr(00) — 2dr1};), so that

?:} = 1/2 'Z h4t 5t (51& - 5)/(ht(90) - thlk)(‘st - 5)
% Z 5/ htét — 5 1/2 Z 5/ lT 1/2 E htfst
— T2y ¢/ (Dpg — Dh6)5 + 15 [T 1theF ¢/ Dr (29)

+T 7 Drel’ "¢/ Dyg — T~ 2Drel’ "Y' Dpgel ~¢/ Dr — T D;eH e’ D — Dyg + D; .

By Lemma 2 (i), sup,ege <7 7| ST (hyy — HiT7'TY)]) 2 0, and after adding and subtracting
T—'Drel’~'¢/Dr twice to the quadratic form in & in (29) we can appeal to Lemma 4 (i) and (ii)
to conclude by Lemma 6 (ii) with v = 4 that Ejexp 23} 2, 1. By very similar arguments, also

Esexpgr 2. Finally,
0 < (Es(1 - Sr)expsy)? < (Es(1 — S1) (s exp 2s))

and since Ejsexp2¢. = Op(1), the result follows from 0 < Es5(1 — Sr) = Es1[T/? sup;< |[0¢]| >
T — 0.
(iii) We have for ||d|| < ar

Zst(ﬁg)'(ét — (_5) = Z St 1/2 ,Zh4t 5t — 5

= Zsté (5 + T 1/2 /Z h4t hﬁt (5,5

where the second inequality uses 3" s4(#) = 0 for ||a]| < ar and (26). Define

g% = 1/2”2 h4t—h6t 5t+225t ht Fz‘,)(st (30)
% 1/225/ lT 1/2Zh 5 + 1/225/ lT 1/22Ft(5t

so that UrEsexp[(6 — ed)'so — 26Dr (6 — ed)] = UrEsLRy () expsd a.s. By the Cauchy-Schwarz
inequality and Uy <1 a.s.

(UrEsLRy(5) — Up Es exp[(5 — ed)'sg — 26Dp(8 — e6)])* < (EsLR2)Es(1 — 2expcd + exp 265).

But as shown above, E(;H%QT = Op(1), and an application of Lemmas 2 (ii), 4 (i) and (ii) and 6 (ii)
yields Esexp ¢t 2,1 and Ejsexp 2¢% 21
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(iv) Follows from the same reasoning as in part (iii) with hs; — he in (30) replaced by 0. m
In the following lemma, we write [G*TY/2dW for fol G*(s)T(s)Y/2dW (s), [G*TG* for
fol G*(s)'T'(s)G*(s)ds and so forth.

Lemma 8 Under Conditions 1 and 2,
EsLR7(8) = Egexp| / GYTV2dw — 3 / GYT G|

where G*(s) = G(s) — ([ T(N)dA) ™! [T(A)G(N)dA, and the limiting distribution is absolutely contin-
uous.

Proof. By Lemma 7 (iii),
EsLR7(8) — Esexp|(6 — ed)'so — %5D1"((5 —ed)] 2.

Note that, by the summation by parts formula,

T t-1

T
> si(60)'s Z (B0) = > (O 55(60)) (8¢ — 61-1).

t=1 s=1

Now by Lemma 2 (i), T7-'/2 L'T] s¢(0o) = [, T'( (M\)Y/2dW ()), where the convergence is on the space
Dyp,q) of cadlag functions on the unit interval in the Skorohod metric. By the Skorohod representation
Theorem (see, for instance, Davidson (1994), Theorem 26.25), there exists a sequence of stochastic
processes St € Dj,1) defined on some probability space (]3 5. P ~) and event A € § with FN’(A) =
1, such that Sr has the same distribution as 71/2 Z[ ]st(éo) S has the same distribution as
JoT(A 1/2dI/V A) (and is continuous with S(0) = 0) and Sp(-,&) — S(-,&) for all & € A. Denote by
(]:p, Sp, ) the probability space obtained as the product space of (F,§, P) and (Fa,8a, Pa), where
G of Condition 2 is a stochastic process defined on (F¢g,§¢, Pa) (so that Es denotes integration with

respect to a measure induced by Pg). By this construction,

LRr(6,S7) = exp[T2Sp(1)or — T2 Sp((t —1)/T) (6 — 6¢-1) — T/2Sp (1)’
—3) 0T+ 2TV )T HT V2D Ty

is a random variable defined on (F,,§p, Bp), and E5LRp(8) defined on (F,3,P) and Ejexp|(6 —
e6)'so—36Dr(6—ed)] defined on (F, §, P) have the same distribution for all T' (since they are functions
of Sy and T—1/2 ZLZ]I st(0o), respectively). It therefore suffices to find the limiting distribution of
EsLR7(5).

With Spr(@) = (S7(0,), Sr(1/T,&),---,Sr(T — 1)/T,&)") and S defined analogously,
TYV2 Sp((t —1)/T,&) (6; — 64-1) = Sp(@)' F~18, so that for any & € A,

E5[(Sr(@) — S(@))F~ 166 F(Sp(@) — S(@))] = tr F 1S58V (Sr(@) — 5(@))(Sr(@) - S@))'-
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But the 4, jth k x k block of (S7(@) — S(©))(Sr(@) — S(@))" is equal to

(Sr((i = 1)/T,@) = S((i = 1)/T,@))(Sr((G — 1)/T,@) = S((j = /T, @))’

whose norm converges to zero uniformly in i and j. Therefore, by Lemma 5, (S7(@)—S5(@))F~16 2 0

in Pg, and hence

exp[T/2Sp(1,@) (67 — 8) — Sp(@) F~'6 — 18'Dr(5 — €d)]
— exp[T2S7(1,&) (67 — ) — S(@) F~'6 — 36'Dr(s —ed)] & 0

in Pg.
By Theorem 21, p. 64, of Protter (2005), and the CMT,

exp[T1/2ST(1 @)'(5T— 5) —S@ ) 15'Dp(5—65)] (31)
= exp[S(1,@)( - (ot fra fSl 5)dG(l) - 3 [GTG+ ([TG)(JT)1([TG)]

in Pg. Furthermore,
Es(LR7 (5, S7(-, @))% < Esexp[2T2Sr(1,&) (67 — 6) — 287(0) F~16]

which is uniformly bounded in T by Lemma 6 (iv), so that for all @ € A, LRy(8, St (-,&)) is uniformly
integrable on (Fg, g, Pg). Hence (31) implies that also

EsLR (8, St (-, a;))
—  Egexp[S(1,&) — (/D) TG) - [S(l,@)dG() — % [GTG+ (JTG)(fT) (S TG).

But almost sure convergence implies convergence in distribution, so that in (,7} .3, ]5)

EsLRr(6, ST)
= FEgexp[S(1) — (D) TG) - [SdG -1 [GTG+ ([TG)(JT) ' (TG)]
= FEgexp[[(G - fr TG dS -3 [(G—(fT)! [TG)TG]
~  Egexp[[G*TY2dW — 1 [ G*TG]
where the equality follows from the integration by parts formula on p. 83 of Protter (2005).
Finally, conditional on G* # 0, exp[[ G* 24w — % [ G¥T'G*] has a nondegenerate lognormal

distribution, which is absolutely continuous. With Eg1[G* # 0] = 1, the mixture of lognormals
Egexp[[ G*TY/2dW — L [ G¥T'G*] is therefore absolutely continuous, too. m
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