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1 Introduction

The vector autoregressive (VAR) model is widely applied in various fields of application
to summarize the joint dynamics of a number of time series and to obtain forecasts. Espe-
cially in economics and finance the model is also employed in structural analyses, and it
often provides a suitable framework for conducting tests of theoretical interest. Typically,
the error term of a VAR model is interpreted as a forecast error that should be an inde-
pendent white noise process for the model to capture all relevant dynamic dependencies.
Hence, the model is deemed adequate if its errors are not serially correlated. However,
unless the errors are Gaussian, this is not sufficient to guarantee independence and, even
in the absence of serial correlation, it may be possible to predict the error term by lagged
values of the considered variables. This is a relevant point because diagnostic checks in
empirical analyses often suggest non-Gaussian residuals and the use of a Gaussian likeli-
hood has been justified by properties of quasi maximum likelihood (ML) estimation. A
further point is that, to the best of our knowledge, only causal VAR models have previ-
ously been considered although noncausal autoregressions, which explicitly allow for the
aforementioned predictability of the error term, might provide a correct VAR specification
(for noncausal (univariate) autoregressions, see, e.g., Brockwell and Davis (1987, Chap-
ter 3) or Rosenblatt (2000)). These two issues are actually connected as distinguishing
between causality and noncausality is not possible under Gaussianity. Hence, in order to
assess the nature of causality, allowance must be made for deviations from Gaussianity
when they are backed up by the data. If noncausality indeed is present, confining to
(misspecified) causal VAR models may lead to suboptimal forecasts and false conclusions.

The statistical literature on noncausal univariate time series models is relatively small,
and, to our knowledge, noncausal VAR models have not been considered at all prior to this
study (for available work on noncausal autoregressions and their applications, see Rosen-
blatt (2000), Andrews, Davis, and Breidt (2006), Lanne and Saikkonen (2008), and the
references therein). In this paper, the previous statistical theory of univariate noncausal
autoregressive models is extended to the vector case. Our formulation of the noncausal
VAR model is a direct extension of that used by Lanne and Saikkonen (2008) in the uni-

variate case. To obtain a feasible approximation for the non-Gaussian likelihood function,



the distribution of the error term is assumed to belong to a fairly general class of ellip-
tical distributions. Using this assumption, we can show the consistency and asymptotic
normality of an approximate (local) ML estimator, and justify the applicability of usual
likelihood based tests.

As already indicated, the noncausal VAR model can be used to check the validity
of statistical analyses based on a causal VAR model. This is important, for instance,
in economic applications where VAR models are commonly applied to test for economic
theories. Typically such tests assume the existence of a causal VAR representation whose
errors are not predictable by lagged values of the considered time series. If this is not the
case, the employed tests based on a causal VAR model are not valid and the resulting
conclusions may be misleading. We provide an illustration of this with interest rate data.

The remainder of the paper is structured as follows. Section 2 introduces the noncausal
VAR model. Section 3 derives an approximation for the likelihood function and properties
of the related approximate ML estimator. Section 4 provides our empirical illustration.
Section 5 concludes. An appendix contains proofs and some technical derivations.

The following notation is used throughout. The expectation operator and the covari-
ance operator are denoted by [ () and C (-) or C (-, -), respectively, whereas z 2 y means
that the random quantities x and y have the same distribution. By vec(A) we denote a
column vector obtained by stacking the columns of the matrix A one below another. If
A is a square matrix then vech(A) is a column vector obtained by stacking the columns
of A from the principal diagonal downwards (including elements on the diagonal). The
usual notation A ® B is used for the Kronecker product of the matrices A and B. The
mn X mn commutation matrix and the n? x n (n + 1) /2 duplication matrix are denoted
by K., and D,,, respectively. Both of them are of full column rank. The former is defined
by the relation K,,,vec(A) = vec(A’), where A is any m X n matrix, and the latter by

the relation vec(B) = D,,vech(B), where B is any symmetric n X n matrix.



2 Model

2.1 Definition and basic properties

Consider the n-dimensional stochastic process y; (t = 0,£1,+2,...) generated by
(B)® (B™")y = e, (1)

where 1 (B) =1, —11B—---—1II,B" (nxn)and ®(B')=1,—®B ' —--.—®,B*
(n X n) are matrix polynomials in the backward shift operator B, and ¢, (n x 1) is a
sequence of independent, identically distributed (continuous) random vectors with zero
mean and finite positive definite covariance matrix. Moreover, the matrix polynomials

I1(2) and ® (2) (2 € C) have their zeros outside the unit disc so that
detII(2) #0, |2/ <1, and det®(z)#0, |z|<]1. (2)

If ®; # 0 for some j € {1,..,s}, equation (1) defines a noncausal vector autoregression
referred to as purely noncausal when II; = - .- = II, = 0. The corresponding conventional
causal model is obtained when ®; = --- = &; = 0. Then the former condition in (2)
guarantees the stationarity of the model. In the general set up of equation (1) the same
is true for the process

Ut = 0] (B_l) Y-

Specifically, there exists a 6; > 0 such that II (2)71 has a well defined power series rep-
resentation II (z) " = > 2o Mz = M (z) for |2] < 14 6;. Consequently, the process

has the causal moving average representation
up =M (B)e, = Mje;. (3)
§=0

Notice that My = I,, and that the coefficient matrices M; decay to zero at a geometric
rate as j — 00. When convenient, M; = 0, j < 0, will be assumed.

Write I ()" = (detII(2)) 'Z(z) = M (z), where Z(z) is the adjoint polynomial
matrix of I (z) with degree at most (n — 1) r. Then, detIl (B)u, = Z(B) ¢, and, by the

definition of u;,



where w; = (detII(B))y;. By the latter condition in (2) one can find a 0 < 0 < 1
such that ® (z7) " Z(z) has a well defined power series representation @ (z71) " 2 (2) =

D e (ne1)r N;z=7 = N (271) for |z| > 1 —ds. Thus, the process w, has the representation

we= Y Njer, (4)
j=—(n—1)r
where the coefficient matrices IV; decay to zero at a geometric rate as j — oo.

From (2) it follows that the process y; itself has the representation

w= ) Ve (5)

j=—o0

where U; (n x n) is the coefficient matrix of z7 in the Laurent series expansion of ¥ (z) )

® (1) (2)"" which exists for 1 — dy < |z| < 1+ &; with U, decaying to zero at a
geometric rate as [j| — oo. The representation (5) implies that y, is a stationary and
ergodic process with finite second moments. We use the abbreviation VAR(r, s) for the
model defined by (1). In the causal case s = 0, the conventional abbreviation VAR(r) is
also used.

Denote by E; () the conditional expectation operator with respect to the information

set {yt,Y¢—1, ...} and conclude from (1) and (5) that

s—1 0o
= > UEi(a)+ Y Ve
j=s

j=—o0
In the conventional causal case, s = 0 and E; (¢,—;) = 0, j < —1, so that the right hand
side reduces to the moving average representation (3). However, in the noncausal case
this does not happen. Then ¥; # 0 for some j < 0, which in conjunction with the
representation (5) shows that y, and ¢;,_; are correlated. Consequently, E; (e;,—;) # 0 for
some 7 < 0, implying that future errors can be predicted by past values of the process ;.
A possible interpretation of this predictability is that the errors contain factors which are
not included in the model and can be predicted by the time series selected in the model.
This seems quite plausible, for instance, in economic applications where time series are
typically interrelated and only a few time series out of a larger selection are used in the

analysis. The reason why some variables are excluded may be that data are not available
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or the underlying economic model only contains the variables for which hypotheses of
interest are formulated.

A practical complication with noncausal autoregressive models is that they cannot be
identified by second order properties or Gaussian likelihood. In the univariate case this
is explained, for example, in Brockwell and Davis (1987, p. 124-125)). To demonstrate
the same in the multivariate case described above, note first that, by well-known results
on linear filters (cf. Hannan (1970, p. 67)), the spectral density matrix of the process y;
defined by (1) is given by

2m) '@ (e_i“)_1 I (ei“)_1 C(e) 1T (e‘iw),_l o (ew),_l
= (2m) [q) (ei‘”), II (e*i“),(C (e) "I (e“) @ (e*i‘”)] o

In the latter expression, the matrix in the brackets is 27 times the spectral density matrix
of a second order stationary process whose autocovariances are zero at lags larger than
r + s. As is well known, this process can be represented as an invertible moving average
of order r + s. Specifically, by a slight modification of Theorem 10’ of Hannan (1970), we

get the unique representation

P (eiw)l II (e_’“)/ Ce) ' (%)@ (™) = (Z Cje_iw) (Z Cjeiw) )

where the n x n matrixes Cy, ...,C,,s are real with Cy positive definite, and the zeros of
det (Z;IS Cjeiw> lie outside the unique disc.! Thus, the spectral density matrix of y;
has the representation (27) " (Zgig Cjeij‘“> B (Z;J:F(S) Cjeijw)ll, which is the spectral
density matrix of a causal VAR(r + s) process.

The preceding discussion means that, even if y; is noncausal, its spectral density and,
hence, autocovariance function cannot be distinguished from those of a causal VAR(r + s)
process. If y; or, equivalently, the error term ¢; is Gaussian this means that causal and

noncausal representations of (1) are statistically indistinguishable and nothing is lost by

using a conventional causal representation. However, if the errors are non-Gaussian using

LA direct application of Hannan’s (1970) Theorem 10’ would give a representation with w replaced
by —w. That this modification is possible can be seen from the proof of the mentioned theorem (see the

discussion starting in the middle of p. 64 of Hannan (1970)).



a causal representation of a true noncausal process means using a VAR model whose
errors can be predicted by past values of the considered series and potentially better fit

and forecasts could be obtained by using the correctly specified noncausal model.

2.2 Assumptions

In this section, we introduce assumptions that enable us to derive the likelihood function
and its derivatives. Further assumptions, needed for the asymptotic analysis of the ML
estimator and related tests, will be introduced in subsequent sections.

As already discussed, meaningful application of the noncausal VAR model requires
that the distribution of ¢, is non-Gaussian. In the following assumption the distribution
of ¢ is restricted to a general elliptical form. As is well known, the normal distribution
belongs to the class of elliptical distributions but we will not rule out it at this point. Other
examples of elliptical distributions are discussed in Fang, Kotz, and Ng (1990, Chapter

3). Perhaps the best known non-Gaussian example is the multivariate ¢-distribution.

Assumption 1. The error process ¢; in (1) is independent and identically distributed
with zero mean, finite and positive definite covariance matrix, and an elliptical distribution

possessing a density.

Results on elliptical distributions needed in our subsequent developments can be found
in Fang et al. (1990, Chapter 2) on which the following discussion is based. To simplify

—-1/2

notation in subsequent derivations, we define ¢, = 37'/?¢; where ¥ (n X n) is a positive

definite parameter matrix. By Assumption 1, we have the representations
d d
e = p, Y%, and e = p,uy, (6)

where (p;, v;) is an independent and identically distributed sequence such that p, (scalar)
and v; (n x 1) are independent, p, is nonnegative, and v, is uniformly distributed on the
unit ball (and hence vjv; = 1).

The density of ¢, is of the form

1 IN—1, .
fg(m;)\):mf(mz x,)\) (7)



for some nonnegative function f(-;\) of a scalar variable. In addition to the positive
definite parameter matrix ¥ the distribution of ¢, is allowed to depend on the parameter
vector A (d x 1). The parameter matrix 3 is closely related to the covariance matrix of
€. Specifically, because E (v;) = 0 and C (v;) = n~'I,, (see Fang et al. (1990, Theorem

2.7)) one obtains from (6) that
E (p7)

C(e) = 3. (8)

Note that the finiteness of the covariance matrix C (¢;) is equivalent to E (p?) < co.

A convenient feature of elliptical distributions is that we can often work with the scalar
random variable p, instead of the random vector ¢;. For subsequent purposes we therefore
note that the density of p7, denoted by ¢,z (+; A), is related to the function f (-;A) in (7)
via

7.{.n/2

0 ((A) = Wc"/“f (A, ¢=0, (9)

where I' () is the gamma function (see Fang et al. (1990, p. 36)). Assumptions to be
imposed on the density of ¢, can be expressed by using the function f ({; A) (¢ > 0). These
assumptions are similar to those previously used by Andrews et al. (2006) and Lanne and
Saikkonen (2008) in so-called all-pass models and univariate noncausal autoregressive
models, respectively.

We denote by A the permissible parameter space of A and use f’((; ) to signify the
partial derivative df (¢, A) /O¢ with a similar definition for f” ({; \). Also, we include a
subscript (typically A\) in the expectation operator or covariance operator when it seems
reasonable to emphasize the parameter value assumed in the calculations. Our second

assumption is as follows.

Assumption 2. (i) The parameter space A is an open subset of RY and that of the
parameter matrix Y is the set of positive definite n x n matrices.

(ii) The function f (;\) is positive and twice continuously differentiable on (0, 00) x A.
Furthermore, for all A € A, lim¢_,q, 2y ((;A) =0, and a finite and positive right limit
lime o1 f(¢; A) exists.

(iii) For all A € A,

/OoCn/2+1f(C;)\)dC < oo and /oo("/z(l—l-C)—/\)
0 0 [
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Assuming that the parameter space A is open is not restrictive and facilitates exposi-
tion. The former part of Assumption 2(ii) is similar to condition (Al) in Andrews et al.
(2006) and Lanne and Saikkonen (2008) although in these papers the domain of the first
argument of the function f is the whole real line. The latter part of Assumption 2(ii) is
technical and needed in some proofs. The first condition in Assumption 2(iii) implies that
By (p}) is finite (see (9)) and altogether this assumption guarantees finiteness of some ex-

pectations needed in subsequent developments. In particular, the latter condition implies

A o
/ crrz U LG A) f’ C)\» VGA) e g,

% A&y )] -

where the latter equalities are obtained by using the density of p? (see (9)). The quan-

finiteness of the quantities

. 47Tn/2 n/ ))) _4
QY _nFn/2/C2 i) g_ﬁE’\

and

n/2

tities j (A) and % (\) can be used to characterize non-Gaussianity of the error term ;.

Specifically we can prove the following.

Lemma 1. . Suppose that Assumptions 1-3 hold. Then, j (A\) > n/Ey (p?) and i (\) >
(n+2)% [Ey (p2)]° /4B, (p}) where equalities hold if and only if ¢, is Gaussian. If € is
Gaussian, 3 (A) =1 and i (\) =n(n+2) /4.

Lemma 1 shows that assuming j (\) > n/Ey (p?) gives a counterpart of condition
(A5) in Andrews et al. (2006) and Lanne and Saikkonen (2008). A difference is, however,
that in these papers the variance of the error term is scaled so that the lower part of the
inequality does not involve a counterpart of the expectation By (p?). For later purposes

it is convenient to introduce a scaled version of j (A) given by

T (A) =3 (M) Ex (p}) /n. (12)

Clearly, T (A\) > 1 with equality if and only if ¢, is Gaussian.
It appears useful to generalize the model defined in equation (1) by allowing the
coeflicient matrices II; (j = 1,...,r) and ®, (j = 1, ..., s) to depend on smaller dimensional

parameter vectors. We make the following assumption.
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Assumption 3. The parameter matrices II; = II; (¢4) (j = 1,...,7) and ®; () (j =
1,...,s) are twice continuously differentiable functions of the parameter vectors 9 € 01 C
R™ and 15 € Oy C R™2, where the permissible parameter spaces ©; and ©, are open

and such that condition (2) holds for all ¥ = (91,1;) € ©1 X O,.

This is a standard assumption which guarantees that the likelihood function is twice
continuously differentiable. We will continue to use the notation II; and ®; when there

is no need to make the dependence on the underlying parameter vectors explicit.

3 Parameter estimation

3.1 Likelihood function

ML estimation of the parameters of a univariate noncausal autoregression was studied by
Breidt et al. (1991) by using a parametrization different from that in (1). The parame-
trization (1) was employed by Lanne and Saikkonen (2008) whose results we here extend.
Unless otherwise stated, Assumptions 1-3 are supposed to hold.

Suppose we have an observed time series ¥, ..., y7. Denote
detIl(z) =a(z)=1—a1z— -+ — ap2"".

Then, w; = a (B) y; which in conjunction with the definition u; = ® (B~!) y; yields

Uy y1 — Pryp — - — Doy (7
UT—s Yr—s — Pryr—ss1 — - — Pyr H Yr—s
p— pr— 1
Wr—s+1 Yr—s+1 — 0Yr—s — -+ — OppYT—s—nr+1 Yr—s+1
i wr i i Yr — 1yYyr—1 — *° — AneYT—nr i i yr i
or briefly
Tr = Hly



The definition of u; and (1) yield I (B) u; = ¢ so that, by the preceding equality,

Uy 4 Uy
Uy Uy Uy
€rt1 Ur41 — Hlur - Hrul Ur41
= =H,
€T—s Ur—s — HIUT—S—I - HTU/T—S—T Ur—s
Wr—s+1 Wr—s+1 Wr—s+1
wr wr wr
or
z = HQZI}.

Hence, we get the equation

z :H2H1y7

where the (nonstochastic) matrices H; and Hs are nonsingular. The nonsingularity
of H, follows from the fact that det (Hy) = 1, as can be easily checked. Justifying
the nonsingularity of H; is somewhat more complicated, and will be demonstrated in
Appendix B.

From (3) and (4) it can be seen that the components of z given by z; = (uy, ..., u,),
Z9 = (er“, s GT—S—(n—l)T); and 23 = (€7—s—(n—1)r41s - €7—s; Wr—s41, --., Wr) are indepen-
dent. Thus, (under true parameter values) the joint density function of z can be expressed

as
T—s—(n—1)r

hz, (21) H fs (€5 A) | hzy(23),

t=r+1
where h,, () and h,, (-) signify the joint density functions of z; and zj, respectively.
Using (1) and the fact that the determinant of H is unity we can write the joint density

function of the data vector y as

T—s—(n—1)r

hz, (21 (V) [T A@BSB)ysA) | helzs (9)) [det (Hy)

t=r+1
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where the arguments z; (¢) and z3 () are defined by replacing w;, ¢, and w; in the
definitions of z; and z3 by ® (B™1) y;, I1 (B) ® (B~ ')y, and a (B) y;, respectively.

It is easy to check that the determinant of the (7" — s) n x (T' — s) n block in the upper
left hand corner of H is unity and, using the well-known formula for the determinant of a
partitioned matrix, it can furthermore be seen that the determinant of H is independent
of the sample size T. This suggests approximating the joint density of y by the second
factor in the preceding expression, giving rise to the approximate log-likelihood function

T—s—(n—1)r

r(0)= Y (), (13)

t=r+1

where the parameter vector 6 contains the unknown parameters and (cf. (7))

S 1
g (0) =log f (€t (V) % lEt (D) )\) 3 log det (¥), (14)
with
e (0) = e (92) — Y L (91) wg—j (Vo) (15)
=1
and uy (V2) = I, — D1 (V2) Y1 — - - - — P (¥2) y44s. In addition to ¥ and A the parameter

vector 6 also contains the different elements of the matrix ¥, that is, the vector ¢ =
vech(X). For simplicity, we shall usually drop the word ‘approximate’ and speak about
likelihood function. The same convention is used for related quantities such as the ML
estimator of the parameter 6 or its score and Hessian.

Maximizing (7 (f) over permissible values of 6 (see Assumptions 2(i) and 3) gives an
approximate ML estimator of . Note that here, as well as in the next section, the orders

r and s are assumed known. Procedures to specify these quantities will be discussed later.

3.2 Score vector

At this point we introduce the notation 6y for the true value of the parameter # and
similarly for its components. Note that our assumptions imply that 6, is an interior point
of the parameter space of §. To simplify notation we write €; (¥9) = €; and wu; (V20) = ugy
when convenient. The subscript ‘0’ will similarly be included in the coefficient matrices

of the infinite moving average representations (3), (4), and (5) to emphasize that they are
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related to the data generation process (i.e. Mjo, Njo, and ;o). We also denote 7; (¢1) =

vec(Il; (¥1)) (j =1,...,7) and ¢, (¥2) = vec(®; (J2)) (j =1,...,5), and set

Vi (th) = {8%1”1 (CAVRRERE (%17%« (191)]/
and
Vali) = | pon (Oa) s g <192>]'.

In this section, we consider Olr (6y) /00, the score of § evaluated at the true parameter
value 6. Explicit expressions of the components of the score vector are given in Appendix
A. Here we only present the expression of the limit limp_ o, T7'C (9l (o) /00). The
asymptotic distribution of the score is presented in the following proposition for which
additional assumptions and notation are needed. For the treatment of the score of A we

impose the following assumption.

Assumption 4. (i) There exists a function f; (¢) such that f;° ¢ (¢) d¢ < oo and,
in some neighborhood of Ag, |0f (;A) /ON| < f1(¢) forall ( > 0andi=1,...,d.

(i)

00 Cn/271 o P
/0 f(c )\0) a)\,f(C; )\O) aaf (Ca )\0> (| < oo, 1,7=1,...,d.
) i j

The first condition is a standard dominance condition which guarantees that the score
of A (evaluated at ) has zero mean. The second condition simply assumes that the
covariance matrix of the score of A\ (evaluated at 6) is finite. For other scores the corre-
sponding properties are obtained from the assumptions made in the previous section.

Recall the definition 7 (\) = 7 (\) Ey (p?) /n where j ()) is defined in (10). In what

follows, we denote j, = J (\o) and 7¢ = j,Ey, (p?) /n. Define the n x n matrix

Chi(a,b) = 7o Z Mp—apX0Mj,_4
k=0

and set Cy (6p) = [C11 (a,b) ® Eal]zbzl (n?r x n?r) and, furthermore,

Zo,0, (00) = V1 (910) Ch1 (60) V1 (Y10) -

Notice that j,'Cy (a,b) = Ey, (uoﬂg_aug’tfb). As shown in Appendix B, Zy, 9, (6o) is the

standardized covariance matrix of the score of ¥; or the (Fisher) information matrix of
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¥ evaluated at #y. In what follows, the term information matrix will be used to refer to
the covariance matrix of the asymptotic distribution of the score vector dlr (6y) /06.

Presenting the information matrix of 9, is somewhat complicated. First define
Jo = 4o [(vech(v,v})) (vech(v,v}))'] — Lvech (1,) vech (1),

a square matrix of order n (n + 1) /2. An explicit expression of the expectation on the
right hand side can be obtained from Wong and Wang (1992, p. 274). We also denote
Mo = I (Yyg), i = 1,...,7r, and gy = —1I,,, and define the partitioned matrix Cas (fg) =
[Ca2 (a,b;00)]; ,—y (n®s x n®s) where the n x n matrix Ca, (a,b; ) is

Cy (a,b;6y) = 19 Z Z (\Ijk—f—a—i,OEO\I/;c-}-b—j,O®H;0261Hﬂ))

k=—00 i,j=0
k0

+ 3 (T so%h @ TS, ) (4D D, = Ko (2620550 3L )

i.j=0
Now set

L0, (00) = V2 (920)" Ca2 (60) V2 (¥20) ,

which is the (limiting) information matrix of ¥, (see Appendix B).
To be able to present the information matrix of the whole parameter vector 1 we define

the n? x n? matrix

012 ((Z, b, 90) = —To Z Z (Mkfa,OEO\IJ;€+bfiyo (059 Ealnlg) + Knn (\I’;)ia’o X [n)

k=a =0
and the n%r x n%s matrix Ciy (0y) = [Cia (a,b;00)] = Co1 (6p) (a = 1,...,7, b =1,....5).

Then the off-diagonal blocks of the (limiting) information matrix of v} are given by
Lo, 0, (00) = V1 (910) Cr2 (60) Va2 (920) = Ly,0, (60)-
Combining the preceding definitions we now define the matrix
Loy (0) = {Iﬁiﬂj (6))]1',]‘:1,2 :
For the remaining blocks of the information matrix of 8, we first define
T,. (60) = D, (251/2 ® 251/2) DyJoD!, (251/2 ® 251/2) D,

13



and
Ty, (o) = —22 819 i (\I/j ZOE1/2 oI, 2—1/2) DD, (2—1/2®2—1/2) D,

with Zy,o (1) = Zyg, (0). Finally, define

1000 = i | e (7 €0) (760

and

_ _ A
T (00) = D, (25" @ 55"2) D,veeh (1 / C”/Qf 20 9 1 (ciag)dc

f (G o) 0
with Z,» (o)’ = Ze (0g). Here the integrals are finite by Assumptions 2(iii) and 4(ii), and

n/2

the Cauchy-Schwarz inequality.

The information matrix of the whole parameter vector 6 is given by

1—191191 (90) I191192 (90) 0

0

T (0 ) 1—192191 (90) 1-192192 (90) Iﬁ20 (90) 0
00 \Vo) =

0 1_0192 (00) Ia’o 60) IU)\ (00)

(

(
0 0 Tno (00) I (6o)

Note that in the scalar case n = 1 and in the purely noncausal case r = 0 the expressions
of Ty,9, (6o) and Zy,y, (0y) simplify and Zy,, (fy) becomes zero (see equality (B.6) in
Appendix B). The latter fact means that in these special cases the parameters ¥ and
(o, A) are orthogonal so that their ML estimators are asymptotically independent.
Before presenting the limiting distribution of the score of # we introduce conditions
which guarantee the positive definiteness of its covariance matrix. Specifically, we assume

the following.

Assumption 5. (i) The matrices V; (910) (rn? x my) and Va (919) (sn? x my) are of full

column rank.

IO'O’ (90) Iov\ (90)

(ii) The matrix is positive definite.

Ino (00) I (60)

Assumption 5(i) imposes conventional rank conditions on the first derivatives of the

functions in Assumption 3. Assumption 5(ii) is analogous to what has been assumed
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in previous univariate models (see Andrews et al. (2006) and Lanne and Saikkonen
(2008)). Note, however, that unlike in the univariate case it is here less obvious that
this assumption is sufficient for the positive definiteness of the whole information matrix
Zgo (0p). The reason is that in the univariate case the situation is simpler in that the
parameters A and o are orthogonal to the autoregressive parameters (here ¢; and 5).
In the present case the orthogonality of o with respect to 5 generally fails but it is still
possible to do without assuming more than assumed in the univariate case. Note also
that, similarly to the aforementioned univariate cases, Assumption 5(ii) is not needed to
guarantee the positive definiteness of Z,, (). This follows from the definition of Z,, (6y)
and the facts that duplication matrices are of full column rank and the matrix Jy is
positive definite even in the Gaussian case (see Lemma 4 in Appendix B).

Now we can present the limiting distribution of the score.

Proposition 1. Suppose that Assumptions 1-5 hold and that €; is non-Gaussian. Then,

T—s—(n—1)r

(T—s—nr)™* 3" g:(60) % N (0,Z (60)),

t=r+1

where the matrixz Lag (0y) is positive definite.

This result generalizes the corresponding univariate result given in Breidt et al. (1991)
and Lanne and Saikkonen (2008). In the following section we generalize the work of these
authors further by deriving the limiting distribution of the (approximate) ML estimator
of 8. Note that for this result it is crucial that ¢; is non-Gaussian because in the Gaussian

case the information matrix Zy (6) is singular (see the proof of Proposition 1, Step 2).

3.3 Limiting distribution of the approximate ML estimator

The expressions of the second partial derivatives of the log-likelihood function can be found
in Appendix A. The following lemma shows that the expectations of these derivatives
evaluated at the true parameter value agree with the corresponding elements of —Zgg (6y).

For this lemma we need the following assumption.

Assumption 6.(i) The integral [ ¢"/271f" (¢; o) dC s finite, lime o /21 (¢ o)

= 0, and a finite right limit lim._4 f" ({; Ao) exists.
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(ii) There exists a function f> (¢) such that [ ¢ £, () d¢ < oo and, in some neigh-
borhood of Ao, C|Of (¢;A) /ON| < f2(C) and [0%f (¢;A) /ONOA;| < fa(C) for all ¢ > 0
and 7,5 =1,...,d.

Assumption 6(i) is similar to the latter part of Assumption 2(ii) except that it is
formulated for the derivative f’({;Ag). Assumption 6(ii) imposes a standard dominance
condition which guarantees that the expectation of dg; (6y) /ONIN' behaves in the desired
fashion. It complements Assumption 4(i) which is formulated similarly to deal with the

expectation of dg; (0y) /OX. Now we can formulate the following lemma.
Lemma 2. If Assumptions 1-6 hold then —T By, [0%I1 (0) /0000'] = Ly (0y) -

Lemma 2 shows that the Hessian of the log-likelihood function evaluated at the true
parameter value is related to the information matrix in the standard way, implying that
dg: (09) /0000 obeys a desired law of large numbers. However, to establish the asymptotic
normality of the ML estimator more is needed, namely the applicability of a uniform law
of large numbers in some neighborhood of 6y, and for that additional assumptions are
required. As usual, it suffices to impose appropriate dominance conditions such as those

given in the following assumption.

Assumption 7. For all ( > 0 and all A in some neighborhood of \g, the functions

ﬁﬁﬁf ﬂ@»' 1 <a _)2
(f(C; N TGN TGN 8)\jf(f, A)
1 d ., 1 52 ' o

are dominated by a1 + a2(*® with a;, a, and a3 nonnegative constants and

[ ¢ £ (¢ M) dC < o0

The dominance means that, for example, (f' (C;\) /f (GA)? < ay + ay¢® for ¢ and A
as specified. These dominance conditions are very similar to those required in condition
(A7) of Andrews et al. (2006) and Lanne and Saikkonen (2008).

Now we can state the main result of this section.
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Theorem 1. Suppose that Assumptions 1-7 of hold and that €; is non-Gaussian. Then

there exists a sequence of (local) mazimizers 6 of Ly (0) in (13) such that
(T — s —nr)"* (0 — 00) % N (0,Zg0 (60) ") -
Furthermore, Ty (0o) can consistently be estimated by — (T — s — nr) ™" 0210(0) /0006’

Theorem 1 shows that the usual result on asymptotic normality holds for a local max-
imizer of the likelihood function and that the limiting covariance matrix can consistently
be estimated with the Hessian of the log-likelihood function. Based on these results and
arguments used in their proof, conventional likelihood based tests with limiting chi-square
distribution can be obtained. It is worth noting, however, that consistent estimation of the
limiting covariance matrix cannot be based on the outer product of the first derivatives of

the log-likelihood function. Specifically, (T' — s — nr) ™" f:;:("_l)r(ﬁgt(@) 100)(dg,(0)/00")
is, in general, not a consistent estimator of Zyy (6p). The reason is that this estimator does
not take nonzero covariances between 0g;(6y)/00 and 0gx(6y)/00, k # t, into account.
Such covariances are, for example, responsible for the term K, ( ) In) in Zy, 4, (0o)
(see the definition of Ci (a, b; 0y) and the related proof of Proposition 1 in Appendix B).
For instance, in the scalar case n = 1 this estimator would be consistent only when the

ML estimators of 1¥; and ¢J5 are asymptotically independent which only holds in special

cases.

4 Empirical application

We illustrate the use of the noncausal VAR model with an application to U.S. interest
rate data. Specifically, we consider the so-called expectations hypothesis of the term
structure of interest rates, according to which the long-term interest rate is a weighted
sum of present and expected future short-term interest rates. Campbell and Shiller (1987,
1991) suggested testing the expectations hypothesis by testing the restrictions it imposes
on the parameters of a bivariate VAR model for the change in the short-term interest rate
and the spread between the long-term and short-term interest rates. The general idea

is that a causal VAR model captures the dynamics of interest rates, and therefore, its
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forecasts can be considered as investors’ expectations. If these expectations are rational,
i.e., they do not systematically deviate from the observed values, this together with the
expectations hypothesis imposes testable restrictions on the parameters of the VAR model.
This method, already proposed by Sargent (1979), is straightforward to implement and
widely applied in economics besides this particular application. However, it crucially
depends on the causality of the employed VAR model, suggesting that the validity of
this assumption should be checked to avoid potentially misleading conclusions. If the
selected VAR model turns out to be noncausal, the estimates may yield evidence in favor
of or against the expectations hypothesis. In particular, according to the expectations
hypothesis, the expected changes in the short rate drive the term structure, and therefore,
their coefficients in the ® matrices should be significant in the equation of the spread.

The specification of a potentially noncausal VAR model is carried out along the same
lines as in the univariate case in Breidt et al. (1991) and Lanne and Saikkonen (2008).
The first step is to fit a conventional causal VAR model by least squares or Gaussian ML
and determine its order by using conventional procedures such as diagnostic checks and
model selection criteria. Once an adequate causal model is found, we check its residuals
for Gaussianity. As already discussed, it makes sense to proceed to noncausal models
only if deviations from Gaussianity are detected. If this happens, a non-Gaussian error
distribution is adopted and all causal and noncausal models of the selected order are
estimated. Of these models the one that maximizes the log-likelihood function is selected
and its adequacy is checked by diagnostic tests.

We use the Ljung-Box and McLeod-Li tests to check for error autocorrelation and
conditional heteroskedasticity, respectively. Note, however, that when the orders of the
model are misspecified, these tests are not exactly valid as they do not take estimation
errors correctly into account. The reason is that a misspecification of the model orders
makes the errors dependent. Nevertheless, p-values of these tests can be seen as convenient
summary measures of the autocorrelation remaining in the residuals and their squares. A
similar remark applies to the Shapiro-Wilk test we use to check the error distribution.

Our data set comprises the (demeaned) change in the six-month interest rate (Ar;)

and the spread between the five-year and six-month interest rates (S;) (quarter-end yields
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on U.S. zero-coupon bonds) from the thirty-year period 1967:1-1996:4 (120 observations)
previously used in Duffee (2002). The AIC and BIC select Gaussian VAR(3) and VAR(1)
models, respectively, but only the third-order model produces serially uncorrelated errors.
However, the results in Table 1 show that its residuals are conditionally heteroskedastic
and the Q-Q plots is the upper panel of Figure 1, indicate considerable deviations from
normality. The p-values of the Shapiro-Wilk test for the residuals of the equations of
Ar; and S; equal 5.06e-9 and 7.23e-7, respectively. Because the most severe violations
of normality occur at the tails, a more leptokurtic distribution, such as the multivariate
t-distribution, might prove suitable for these data.

The estimation results of all four third-order VAR models with ¢-distributed errors are
summarized in Table 1. By a wide margin, the specification maximizing the log-likelihood
function is the VAR(2,1)-¢t model. It also turns out to be the only one of the estimated
models that shows no signs of remaining autocorrelation or conditional heteroskedasticity
in the residuals. The Q-Q plots of the residuals in the lower panel of Figure 1 lend
support to the adequacy of the multivariate ¢-distribution of the errors. In particular, the
t-distribution seems to capture the tails reasonably well. Moreover, the estimate of the
degrees-of-freedom parameter A turned out to be small (4.085), suggesting inadequacy of
the Gaussian error distribution. Thus, there is evidence of noncausality.

The estimates of the preferred model are presented in Table 2. The estimated ®,
matrix seems to have an interpretation that goes contrary to the implications of the
expectations hypothesis discussed above: an expected increase of the short-term rate has
no significant effect on the spread. Furthermore, an expected future increase of the spread
tends to decrease the short-term rate and increase the spread. This might be interpreted
in favor of (expected) time-varying term premia driving the term structure instead of
expectations of future short-term rates as implied by the expectations hypothesis.

The presence of a noncausal VAR representation of Ar; and S; invalidates the test
of the expectations hypothesis suggested by Campbell and Shiller (1987, 1991). If non-
causality prevails more generally in interest rates this might also explain the common
rejections of the expectations hypothesis when testing is based on the assumption of a

causal VAR model.
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5 Conclusion

In this paper, we have proposed a new noncausal VAR model that contains the commonly
used causal VAR model as a special case. Under Gaussianity, causal and noncausal VAR
models cannot be distinguished which underlines the importance of careful specification
of the error distribution of the model. We have derived asymptotic properties of an
approximate (local) ML estimator and related tests in the noncausal VAR model, and
we have successfully employed an extension of the model selection procedure presented
by Breidt et al. (1991) and Lanne and Saikkonen (2008) in the corresponding univariate
case. The methods were illustrated by means of an empirical application to the U.S. term
structure of interest rates. In that case, evidence of noncausality was found, invalidating
the previously employed test of the expectations hypothesis of the term structure of
interest rates explicitly based on a causal VAR model.

While the new model appears useful in providing a more accurate description of time
series dynamics and checking for the validity of a causal VAR representation, it may
also have other uses. For instance, in economic applications noncausal VAR models are
expected to be valuable in checking for so-called nonfundamentalness. In economics, a
model is said to exhibit nonfundamentalness if its solution explicitly depends on the future
so that it does not have a causal VAR representation (for a recent survey of the relevant
literature, see Alessi, Barigozzi, and Capasso (2008)). Hence, nonfundamentalness is
closely related to noncausality, and checking for noncausality can be seen as a way of
testing for nonfundamentalness. Because nonfundamentalness often invalidates the use
of conventional econometric methods, being able to detect it in advance is important.
However, the test procedures suggested in the previous literature are not very convenient
and have not been much applied in practice.

Checking for causality (or fundamentalness) is an important application of our meth-
ods, but it can only be considered as the first step in the empirical analysis of time series
data. Omnce noncausality has been detected, it would be natural to use the noncausal
VAR model for forecasting and structural analysis. These, however, require methods that
are not readily available. Because the prediction problem in noncausal VAR models is

generally nonlinear (see Rosenblatt (2000, Chapter 5)) methods used in the causal case
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are not applicable and, due the explicit dependence on the future, the same is true for
conventional simulation-based methods. In the univariate case, Lanne, Luoto, and Saikko-
nen (2010) have proposed a forecasting method that could plausibly be extended to the
noncausal VAR model.

Regarding statistical aspects, the theory presented in this paper is confined to the
class of elliptical distributions. Even though the multivariate ¢-distribution belonging to
this class seemed adequate in our empirical applications, it would be desirable to make
extensions to other relevant classes of distributions. Also, the finite-sample properties
of the proposed model selection procedure could be examined by means of simulation

experiments. We leave all of these issues for future research.

Mathematical Appendix

A Derivatives of the log-likelihood function

It will be sufficient to consider the derivatives of g; (#) which can be obtained by straight-
forward differentiation. To simplify notation we set h ((;\) = f/((;N) /f (¢; A) so that

W (6 (9) 16, (9); ) = LGOI E 0 0)50) (fl (et(ﬁ>'216t(”);A)> - (A1)

f (& (9) e (9) 5 A) f (& (9) 7t (9) 5 A)

Next, define
e (0) =h (e (9) S e (9);0) 5%, () and  eq = e (0o). (A.2)
From (6) it is seen that
eor = pih (s M) ve = piho (pF) vt (A.3)

where the latter equality defines the notation hq (-) = h (+; Ao).

First derivatives of i1 (f). From (14) we first obtain

0
a9, gt

9
99, "

(0) = 2h (& (9) 7', () 3 N) @) S le (9), i=1,2, (A.4)
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where, from (15),

0 "0
8_191€t ) = — ; a_’ﬁlﬂ-i (191> (ut—i (192) X In) (A5)
and
r s a /
3_192675 Z Z 3192 192 yt+] i @ 1L ) (A'G)

=0 j=1
with [Ty = —I,, = Tgy. We also set Uy (99) = [(ur—1 (92) @ L) -+ (up—y (02) @ L,)']
and Vi1 (1) =[S0 (W1 @ I - 37 (Yr45—i @ IT2)']". Then, using the notation
Ui—1 (¥90) = U -1 and Yiiq (V10) = Y0441,

0
3191“% (6o) = _22819 (Vo) (uo—i ® 1) Xy 1/2€Ot (A7)

= —2V; (Y1o) Uo,t—lzal/zem

and

T

0
a—%gt (90) = 22819 1920 Zo(ytH Z®H )E 1/2€Ot (AS)

= 2V, (?920) %,t+1261/2€0t

As for the parameters o = vech(X) and A,

9, e 7 N 1, _
559 0) = —h(e()ES e 0);N) D, (@S (6 (V) @€ (9)) — §Dnvec (=7
= D, (0% (et ® oo %eq: + %VGC (ZO)> , as 6 =0, (A.9)
and
0 1 0
—g.(0) = +(9) 7 (9) ;A A.10
1 8
= —f (635 e A 0 = 0.
f(EQEEIEt;)\o) 8)\f (6t o €t 0) as 0
Second derivatives of I (). First note that
9. 0) = (e @) S ®);0) 52 0. (9) (A.11)
819; t t t ) 67.9; t .
+21 (e (0) 7' (9) 3 A) N2, (9) & (0) B 0 ¢ (), i=1,2.

619’
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Using these expressions we now have

62 r ) a a
e = —_ . ! ! - /2 _ _ )
90,00, g: (0) 2 ; (Ut—z (P2) e (0) X ® Iml) v, vec (8191 T (191))
~ 0 L D
23 g ) (s 00) 1) 57 e 0, (A12)
2 -g1 (0) = 2ii (y’ Qe (9)/2—1/211. Q1 ) ivec iqy (95)
39,00,™ j=1 i=0 e 90, 8oy 07
s a r , e a
2 2 59, Z (erss @ ) 2705 5ren (0), (A.13)
and
0? X
— _ /2
a0,0079 22 o0, (@™ (0)) 5 o, - i (02)

where Ouy_; (J2) /05 = — Z;:1<yz{,+jﬂ' ® 1,)09¢; (V) /0.
Next consider 9%¢; (6) /0o’ and conclude from (A.9) that

62

prewiidC) hie (W) S e (0);0) (6 (9) @ e (9) @ D) (I @ Ky @ 1,)

X [E @S @vec (7)) +vec () @2 @XT] D,
+1' (e (0) S (9); M) DL (S @S (6 (W) & (9) @ & (9) & (9))
x (X' eX ) D, + %D; (z'ex™) D, (A.15)

and furthermore that (see(A.4))

819?80’*% 0) = —2h (€t (0) = Ye, (9) ; )\) (et ¥) ® 8?91' € (19)) (A.16)
X 'exs D
—2h (et (19)’ Yl (9); )\) 8?% e (9) N le, (9) (Et (19)/ ® ¢, (19),)

x (S @X ) D, i=1,2.
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For &%g; (0) /OAON it suffices to note that

52 1 0 .
N 0) = _f (e (9) S1e, (V) )\)2 af (e (9) 27 e (0) ;)
% %f (e () 70 (9);0)
1 0? . .
ey e @y aav! (@@ ETa @A) (A7)
whereas
—819(?8)\/91? (0) = Qa%iet (9) £ e, (9) %h (e (0) 27 e (9);0), i=1,2, (A.18)
and
00 (0) = D, (57 @57 (6 () @ 6 (9) o h (e (0) S (9):0), (A19)
where

—h (& (9) e (0);) =

o\ —f (Et (19)/ Y e, (9); )\)

f (& (9) S1e (9) 5 A) OA
A (e () =76 (U) ;)
(f (Et (9) 27te (9); /\))

0 P '
QWf(et(l(}) by et(ﬁ),)\).

B Proofs for Sections 2 and 3

Proof of Lemma 1. For the former inequality, first consider the expectation

n/2 pr

2 2 /2
By [oh (07 0)] =

(GA)d¢ =~ (B.1)

where the definition of the function h (see the beginning of Appendix A), density of p?
(see (9)), and Assumption 2(ii) have been used (see the discussion after Assumption 2).

The same arguments combined with the Cauchy-Schwarz inequality and the definition of

7 (A) (see (10)) yield
= 271'"/2 ”/4 n/4
b= {nF n/2/ ¢ V.f CAdC}

e f’ c A
nl’ n/2/ ¢ C

= 7\ EA pt /”

s eriena ®2
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Thus, we have shown the claimed inequality.
From the preceding proof it is seen that equality holds if and only if there is equality in
(B.2). As is well known, this happens if and only if ("/* ' (C; X) /v/f (C; \) is proportional

to ¢"*\/f (¢; ) or if and only if
FGA) _ 0,
F(GA) 0¢

This implies f ((;A) = bexp (—a() with @ > 0 and b > 0. From the fact that f (2'z; \),

n/2

og f((;A\) = ¢ for some c.

x € R™, is the density function of p,v; (see (6) and (7)) it further follows that b = (a/7)

and that p,v, has the normal density (27) "/

exp (—2'z/2). Here the identity covariance
matrix is obtained because p? ~ X2, and hence from (8), C (p?v;) = I,, (cf. the corollary
to Lemma 1.4 and Example 1.3 of Fang et al. (1990), p. 23). Thus, ¢ is Gaussian
as a linear transformation of p,v;. On the other hand, if ¢ is Gaussian the equality
(¢ N) /f (¢ A) = c clearly holds with ¢ = —1/2 and, because then p? ~ x2, By (p?) = n
and j (A) = 1. This completes the proof for j (A).

Regarding % ()\), first notice that

|G - (c”/“lf(c;A)l?—”f / 4”/2f<c;A>d<)
0 0

n+2 T(n/2)..
- - 2 ° 7_‘_”/2 EA (pt)’

where we have used Assumptions 2(ii) and (iii), and the expression of the density of p?

(see (9)). Proceeding as in the case of the first assertion yields

— 2 n/4+1/2 J \5H ) f (C /\ n/4+1/2 /
! ((n+2>E (07) n/2 / ¢ 7 (¢ >\) F(GA dC)

(= <p3>)2 ), (%f)) ) f(GAdC

n/2
n/z / Cn/2+1 C )\) C

2 S A
= (o) (OB

(see the definition of 4 (A) in (11)). This shows the stated inequality and the condition
for equality leads to the same condition as in the case of j (). Finally, in the Gaussian

case, By (p?) = n and B, (p}) = 2n + n?, implying 2 (\) = n(n +2) /4. O
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Proof of the nonsingularity of the matrix H;. To simplify notation we demonstrate
the nonsingularity of H; when s = 2. From the definition of H; it is not difficult to
see that the possible singularity of H; can only be due to a linear dependence of its last
n (r 4+ 2) rows and, furthermore, that it suffices to show the nonsingularity of the lower

right hand corner H; of order n (r +2) x n (r + 2). This matrix reads as

L —®, —By, 0 0 |
0 |
|
0 I, —®, —a, 0 0
H = : .0 0 I, - —®, 0
0 00 0 I, 1 B —,
—a, - A ST & 0
0 —ap L, e e e e —ad, L
def | Bun B
| Bs Ba

where the partition is as indicated. The determinant of B;; is evidently unity so that
from the well-known formula for the determinant of a partitioned matrix it follows that
we need to show the nonsingularity of the matrix By1.0 = Bsy— B 21B1_11B12. The inverse
of B1; depends on coefficients of the power series representation of L (z) = ® (z)~" given
by L(z) = 372, L;2z? where Ly = I, and, when convenient, L; = 0, j < 0, will be
used. Equating the coefficient matrices of z on both sides of the identity L (z) ® (2) = I,
yields L; = L;_1®, + L;_o®,. Using this identity it is readily seen that By} is an upper
triangular matrix with I,, on the diagonal and L;, j = 1, ...,nr — 1, on the diagonals above
the main diagonal. This fact and straightforward but tedious calculations further show

that

B B I, — Z;; a;jL; - 27;1 ajL; 1P
112 —
D L R R e DY AT R
In 0 nr
S
j=1

0 I,

Lj Lj_lq)g
Liy Lj_ 5%
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Next define the companion matrix

D, Py

and note that the latter condition in (2) implies that the eigenvalues of ® are smaller
than one in absolute value. Also, the matrices L; and L;_; (j > 0) can be obtained from
the upper and lower left hand corners of the matrix ®7, respectively. Using these facts,
the identity L; = L;_1®1+ L;_2®,, and properties of the powers ®J it can further be seen
that -

B11.2 == IQn — aj<I>j =P (Ign —

J=1

aij ) P

j=1

where the latter equality is based on the Jordan decomposition of ® so that ® = PDP .
Thus, the determinant of Bii.5 equals the determinant of the matrix in parentheses in
its latter expression. Because D’ is an upper triangular matrix having the jth powers of
the eigenvalues of ® on the diagonal this determinant is a product of quantities of the
form 1 — Z?Ll a;’ where v signifies an eigenvalue of ®. By the latter condition in (2)
the eigenvalues of ® are smaller than one in absolute value whereas the former condition
in (2) implies that the zeros of a (z) lie outside the unit disc. Thus, the nonsingularity of
B1.5, and hence that of H 92) and H; follow.

We note that in the case s = 1 the preceding proof simplifies because then we need to

show the nonsingularity of the matrix obtained from H 52’2) by deleting its last n rows and

columns and setting ®; = 0. In place of B11.5 we then have [, — Z?Ll a]@{ and, because
now the eigenvalues of ®; are smaller than one in modulus, the preceding argument applies

without the need to use a companion matrix. []

Before proving Proposition 1 we present some auxiliary results. In the following lem-
mas, as well as in the proof of Proposition 1, the true parameter value is assumed, so
the notation E (-) will be used instead of E,, (-) and similarly for C(-). In these proofs
frequent use will be made of the facts that the processes p, and v; are independent and
that E (v;) = 0 and E (v,v},) equals 0 if ¢ # k and n~'1, if t = k. The same can be said
about well-known properties of the Kronecker product and vec operator, especially the

result vec(ABC') = (C" ® A)vec(B) which holds for any conformable matrices A, B, and
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C. This and other results of matrix algebra to be employed can be found in Liitkepohl
(1996). We also recall the definition ¢; = ¥, 12, (see (6)) and, to simplify notation, we
will frequently write f (-; A\g) = fo (-) and similarly for f} (-) and fJ (-).

Lemma 3. Under the conditions of Proposition 1,

E(ept) =0 and Cley) = JZOIn, (B.3)
and
0, if t#k
C (8,5, egk) = (B4)
—3L,, if t=k

Proof of Lemma 3. By the definition of the function hg (-) (see (A.3)) and the density

of p? (see (9)) we have
2 7Tn/2 > 2 (/J 2 n.
B [o? (ho ()] = gy [ ¢ e = o

where the latter equality is due to (10). Thus, because E (v;) = 0 and C (v;) = n™'1,,

the independence of the processes p, and v; in conjunction with (A.3) proves (B.3). The

same arguments and (6) yield

E (sieqr) = B [pocho (01)] B (vivy)

where E (v,v),) = 0 for ¢ # k. Thus, one obtains (B.4) from this and (B.1). O

Lemma 4. . Under the conditions of Proposition 1,

)
D, JyD., if t=k, i=75=0
e, if t=k i=3j#0

C (e1—i ® eot, p—j @ €or) = 14 ‘ . .

Ko, if t#Fk i=t—k j=k—t

0, otherwse.

\

Moreover, the matrixz Jy is positive definite even when €; is Gaussian.
Proof. First notice that (see (6) and (A.3))
d
Et—i @ et = py_ipho (P?) (Vi @ vy) . (B.5)
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Consider the case t = k and ¢ = j = 0. Using (B.5) and independence of p, and v, yields
1
E(e: ®eor) =E [piho ()] E (v @ vy) = —§Dnvech (I,),

where the latter equality is due to (B.1) and E (v; ® v;) = vec(E (v,v})) = n~tvec(l,).

By the same arguments we also find that

E((e; ® epr)(e: @ eqy)] = B [pf (ho (p?))ﬂ E (v} ® vv}) = 0B (v0] @ v,0)),
where the latter equality follows from the definition of 7, (see (11)). Because

E (v, @ vv}) = E[(ve ® vy) (v, ® v})] = D,E [(vech(vev})) (vech(v,v}))'] Dy,

the stated result is obtained from the preceding calculations and the definition of the
matrix Jy.

To show the positive definiteness of the matrix Jy, note first that J; is clearly sym-
metric. From the definition of 43 and (B.1) we find that, even when ¢, is Gaussian,
i > {E [p2ho (p2)]}? = n?/4 where the inequality is strict because p? has positive density.
Now, let x be a nonzero n x 1 vector and conclude from the preceding inequality and the

definition of Jy that

42’ Jox > n*2'E [(vech(vyv})) (vech(vev}))'] o — a'vech (1,) vech (1,) z
= n%2'C (vech(va})) z,
where the equality is justified by B [vech(vsv})] = n~'vech(I,) . Because the last quadratic
form is clearly nonnegative, the positive definiteness of J; follows.

For the case t = k, i = j # 0 we have by independence E(g;_; ® eg;) = E () ®
E (eo;) = 0. Thus, by (B.5) and arguments already used,

C(eri @ con e @ o) = B (07) B [pf (o (6))°] [B (vi-ivi_) @ B (v})]

The stated result is obtained from this by using definitions and E (v,v}) = n™'1,.
In the caset # k, i =t —k, and j = k — t we have i # 0 # j and, as in the preceding
case, E (g, ® eq;) = 0. We also note that &, @ egr = Kyn(eor @ &;) (see Result 9.2.2(3) in
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Liitkepohl (1996)). As before, we now obtain

C(ex ®eor, et @eor) = Cer @ eor, Knn (€or @ 1))
= E[(owvr @ peho (p7) vt) (prho (k) vi, @ pv))] K,
= {E[p?ho (p?)]}* {B (vi}) @ B (v} K},
1

= _Knrw
4

where the last equality follows from (B.1), the symmetry of the commutation matrix K,
and the fact E (vv)) = n'1,.

Finally, in the last case the stated results follows from independence. [J

Now we can prove Proposition 1.

Proof of Proposition 1. The proof consists of three steps. In the first one we show
that the expectation of the score of 6 at the true parameter value is zero and its limiting
covariance matrix is Zyg (fg). The positive definiteness of Zgg (0y) is established in the
second step and the third step proves the asymptotic normality of the score.

Step 1. We consider the different blocks of Zyg (6y) separately and, to simplify nota-
tion, we set N =T — s — nr. In what follows, frequent use will be made of the identity
(f (625" e M) /f (6,55 e X)) Bt = 251/26(% (see (A.2)).

Block Zg,9, (6p). From the definitions and (3) it can be seen that Uy;—; and ey are
independent. Thus, (B.3), (A.7), and straightforward calculation give E (0g; (6y) /091) =

0 and, furthermore,

T—s—(n—1)r
0 /
o e Z a0, 7" (6o) | = Vi1 (o) Cu1 (6o) Vi (V10) = Ly, (6o) -
t=r+1

Block Ty,9, (0o). Deriving Zy,9, (69) is somewhat complicated. From the expression of
0g: (0y) /U2 (see (A.8)) it may not be quite immediate that the expectation of the score of
15 is zero so that we shall first demonstrate this. Recall that ® (2)™" = L (2) = > oo L7
with Ly = I,, and, L; = 0, j < 0. Similarly to the notation Mjy, Njo, and V¥, we shall also
write Ljo when L, is based on true parameter values. Equating the coefficient matrices

related to the same powers of z in the identity L (27') = W (2)II(2) (see the discussion
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below (5)) one readily obtains

. 0, 7>0
- Z U, iollip=< I,, 7j=0 (B.6)
- L jo, j<0,
where, as before, I1og = —1,,. To simplify notation we also denote

Ay (ki) = VoS 2 @ TS, 2 and By (d) = MypoXy? @ 55 /2.
0 0

Notice that from (B.6) we find that

ZAO a—1i,i)vec(l,) = vec (ZH’ vl 10) =0, ae{l, .. s}. (B.7)

Now recall that the matrix Yy, consists of the blocks >\ (yrra—i ® ), a €

{1, ..., s}, and consider the expectation

E (Z (Yerami ® o) g 1/2€0t> = > > B ((Whotrra ik @ Ty )enr)

=0 1=0 k=—o00

— Z Z Ao (k7)) E (e44a—i—k ® eor)

=0 k=—o00
where the former equality is based on (5) and the latter on the definition of A (k,4) and

the definition ¢, = ¥, Y %, By Lemma 3, the expectation in the last expression equals

zero if k # a — i and —3vec([,) if k = a — i. From this and (B.7) we find that
T 1 T
E (;(ytﬂ (@ I) Xy 1/2 t) — _§;AO (a —i,i)vec(I,) =0.
This in conjunction with (13) and (A.8) shows that E (0lz (6y) /0Y2) = 0, and we proceed

to the covariance matrix of the score of ¥5.

Let 1 (-) stand for the indicator function and, for a,b € {1, ..., s}, consider the covari-
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ance matrix

C( (Yerai ® Iig) g 2e0r, > (s ® 11 )E‘We%)

i=0 Jj=0

= Z Z Ao (¢,1) C ((Etra—i-c ® €or), (Ektpj—a @ eor)) Ao (d, j)'

c,d=—001 j—O

— Z ZAO (c+a—i,i)Ag(c+b—j,7) 1(t=k)

cf—ooz] =0

+ZZAo(t—k+a—z’,z’)Kon(k:—t+b—j,j)'1(t7ék;)

i,j=0
+ > Ag(a—i,4) DpJoDyAg (b—5,§) 1(t = k).
i,j=0
Here the former equality is again obtained by using (5) and the definition of A (k,7)
whereas the latter is justified by Lemma 4. Summing the last expression over t,k =
r+1,...,T —s— (n—1)r, multiplying by 4/N, and letting 7" tend to infinity yields the
matrix Cas (a, b; 0y) (see (A.8) and the definition of Zy,y, (6)). Thus,

O (a,b:00) = 7o Y Y Aolk+a—i,i)) Ao(k+b—jj)
Icz;(?o i=0 j=0
+ Z ZAO (k+a—ii KMZAO (—k+b—7,5)
kgggoz 0
+43 " Ao (a—1i,9) DuJoDy > Ao (b—j,5)' - (B.8)
i=0 j=0

To see that the right hand side really equals the expression given in the main text, we
have to show that the second term vanishes when the range of summation is changed to

k=0,+1,£2, ..., or that

Z Z <‘I’k+a S @ II 2_1/2> Kon <E(1J/2‘I’/—k+b—j,o ® 251/21'[]0) = 0.

k=—001,j=0

To see this, notice that (Vg ., 1021/2@)1'[’ pIN 1/2)Knn = K, (IT} %, 1/2®\I/k+a,i,02(1)/2) (see
Liitkepohl (1996), Result 9.2.2 (5)(a)). Thus, the left hand side of the preceding equality
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can be written as

Knn Z Z (H;()\Ill—k+b—j,0 ® \I’k+a—i,0Hj0) = K Z Z ( HQO\I’/—Haer—j—i,o ® \I!l,OHj())

k=—001,j=0 l=—o0 =0 \i=0

(Li—aprjo ® Wiolljo)

—0

= K,, Z <L§€70 ® Z ‘1’k+a+b—j,oﬂjo>

=0

F
8

Here the second and fourth equalities are obtained from (B.6) (because a, b > 0).

From (A.8), the definition of A (¢, ), and the preceding derivations it follows that the
covariance matrix of the score of ¥5 divided by N converges to Zg,s, (6o)-

Block Tg,9,(0o). Let a € {1,....,7} and b € {1,...,s}. Using (3) and (5), and the
previously introduced notation Ag (k,i) and By (k) (By (k) = 0 for k < 0) we consider

C ((Uo,ta ® I,) 261/260157 Z (Yrrpi @ IT}) 261/260/%)

=0

= 3% S By C((erae @ o), (Fhipioa ® o)) Ao (d, )’

c=0 d=—o00 i=0

_ %ZZBO(c—a)AO(c+b—i,@')'l(t:k)

c=a 1=0

1 — -
+ZZBO(1§—k—a)Kon(k:—ter—z,z)’l(t;ék:),

i=0

where the latter equality is based on Lemma 4. Summing over t,k = r + 1,...,T —
s — (n —1)r, multiplying by —4/N, and letting 7" tend to infinity yields the matrix
Cis (a,b;00) (see (A.7), (A.8) and the definition of Zy,y, (fy)). Thus,

Clg(a,b;eo) = —TozZBo(C—CL)AO(C+b—i,i)I

c=a 1=0

SN By(e— a) KA (—c+ b —i,i) . (B.9)

c=a =0
It is easy to see that the first term on the right hand side equals the the first term on the
right hand side of the defining equation of Ci (a, b; 0y). To show the same for the second
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term, we need to show that

Knn (\Ij;) a,0 & ] Z Z ( c—a 021/2 ® X 1/2) Knn <Z(1)/2\Il,—c+b—i,() ® Eal/zni(]) .

c=a =0

Using again Result 9.2.2 (5)(a) in Liitkepohl (1996) and the convention M;, = 0, j < 0,

we can write the right hand side as

—Kon Z Z c+b 10®MC aOHl‘J) = —IGn Z <‘I’20®ZHiOMka+bi,o>

c=—0o0 1=0 k=—00 =0

= K (\Ij;)fa,() ® [n) .

Here the latter equality can be justified by using the identity II(z) M (z) = I,, to obtain
an analog of (B.6) with ¥,_, ¢ and L_jo replaced by M;_; o and 0, respectively.

The preceding derivations and the definitions (see (A.7) and (A.8)) show that the
covariance matrix of the scores of ¥J; and ¥, divided by N converges to Zy,s, (6o)-

Block Z,, (0p). First note that, by (A.9) and independence of ¢;, we only need to show
that E (0g; (0g) /0o) = 0 and C(0g; (0y) /00) = L, (6p). These facts can be established
by writing equation (A.9) as

0 1
a—agt (6p) = =D’ (2, 1/2 R 1/2)(5t ® eor + ivec (1,)),

using Lemma 4 (case t = k and i = j = 0), and arguments in its proof.
Block Ty (0p). As in the preceding case, it suffices to show that E (9g: (6y) /ON) =0
and C (9g; (0p) /ON) = Zxx (0g). For the former, conclude from (A.10) and (6) that

0 1 0
B (3000 - E“(f(pt,xo) axf (52) HO>

n/2

— n/2—1

S el AR AGE S
n/2

~ s RGN e

Here the second equality is based on the expression of the density function of p? (see (9)),

the third one on Assumption 4(i), and the fourth one on the identity

/000 Cn/271f (C’ )\) ¢ = Z//zz /f (TL/Q)’ (BlO)

n/2




which can be obtained as in Fang et al. (1990, p. 35).

That C(0g; (00) /ON) = Zyx (0p) is an immediate consequence of Assumption 4(ii),
(A.10), (6), and the expression of the density function of p?.

Blocks Ly, (00) and Ly, (0p). That these blocks are zero follows from (A.7), (A.9),
(A.10), independence of €;, and the fact that Uy, is independent of ¢; and has zero mean
(see (3)).

Block Ty,, (0p). Consider the covariance matrix (cf. the derivation of Zy,9, (6o))

=0

T , B a
C ( (Ytra—i @ I1iy) 2, 1/2€0t, a—agk (90)>

= = 3 Y A6, ) Cl(Eramioe ® ear), (ex ® ) (B9 * © 2, *)D,

c=—o00 =0
= =Y Ao(a—i,i) Dudo Dy (52 @ 5D (t = k).
i=0
Here the former equality is based on (5), the definition on Ay (¢, ), and the expression of
Jg: (0y) /0o given in the case of block Z,, (Ay). The latter equality is due to Lemma 4.
The stated expression of Zy,, (Ay) is a simple consequence of this, (A.8), and (A.9).

Block Ty, (). Similarly to the preceding case we consider the covariance matrix

T ) 3 a
C (Z (Yera—s ® IT) By 2eqr, N (90)>

=0

= Z Z A() (C, Z) C (5t+a—i—c 0y €0t)7 2gk (00)
o\

c=—o00 1=0
o0

" | 19
D Y A B (e tiranics ® i () 0) e (62 00)]

c=—00 1=0

= Z Z Ao (C, Z) E (Ut-i—a—i—c X Ut) E |:pt+a—i—c:0th0 (P?) #

2
c=—00 i=0 0 PkO)

0
! (pZ;Ao)} -

Here the first equality is justified by (5) whereas the remaining ones are obtained from
(A.10), (6), (A.3), the independence of the processes p, and vy, and the fact that dg; (6y) /OA

has zero mean. Thus, because E (v, i @ v¢) = n tvec(l,) 1 (c = a —1),

T , 3 a
¢ (Z (Yita—i ® Iy) 55 eqr, oIk (90)>

=0
p? ho (67) i
" fo (p2;) ON

- %ZAO(a—i,i)vec(In)E< f(p?;Ao)>1(t=k),
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which in conjunction with (B.7) gives the desired result Zy, (6y) = 0.
Block I,y (0p). The employed arguments are similar to those in the cases of blocks

Zss (00) and Zyy (Ag). By the independence of ¢, it suffices to consider

B B , )
C (%gt (90) , 5‘% (90)) = _Dn (E 1/2 SN 1/2> E {(gt X eOt)Wgt (00):| ,

where the expectation equals (see (6), (A.3), and (A.10))

E{@M@ptho(p?) )f0<1 )aA’f(p“ 0)} :E(U@w)E[ JZO<(pt,)>aXf( )}'

Because B (v; @ v;) = n~tvec(Il,) = n~tD,vech(I,), the stated expression of Z, ()
follows from the definitions and the expression of the density function of p? (see (9)).
Thus, we have completed the derivation of Zyg (0p).
Step 2. From Assumption 5(i) it readily follows that it suffices to prove the positive
definiteness of Zgg (0g) when V1 (010) = L2 and Vg (099) = I,2. First we introduce some

notation. Define the sn? x n? and rn? x n? matrices

Z Ao (k+j -1, z‘)] and By (k) = [Bo (k —1)];_; ,

j=1
where, as before, Ay (k+j —14,1) = Uit 0%, 12 ® 11 2_1/2, j=1,...,s,and By (k — i) =
Mk—i,ox(l)ﬂ ® 251/2, i1 =1,...,7. We also set

"GN
/ g"/Qf EAS) D\ (¢;Ao)dC - vech (1) Jg' (d x in(n+1))

Fo= n/ 2)
Let , = [0y M M M) be a sequence of independent and identically distributed
random vectors with zero mean. The covariance matrix of 7, as well as the dimensions of

its components will be specified shortly. We consider the linear process

Ty = ZQO (k) ne,

k=1
where x; = [2}, x5, x4, ) and
—By(k) 0 0 0
G| BB AR 2E=DAE-1D, 0
= 0 0 —1(k=1D. (505D, 0
0 0 1(k=1)F, 1(k=1)14
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With an appropriate definition of the covariance matrix of 7, we have C (x;) = Zpg (6y).

This is achieved by assuming

Tolp2 Kup
C(n,) = diag 2 Jo 0 D (6o) — FodoFy |

K. 1ol
where the first block defines the covariance matrix of [}, n15,]". Thus, [0}, 5], 73, and
14 are uncorrelated and the dimension of both 7,, and 7,, is n? x 1 whereas the dimensions
of 1y, and n,, are (n(n+1)/2) x 1 and d x 1, respectively. The dimensions of x;; agree
with those of 7, (i =1,...,4). By straightforward calculations one can check that the
equality C(x;) = Zyg (0p) really holds (with V; (¥19) = L2 and Vi (¥g9) = I,2). Here
we only note that for Zyy (6y) the calculations yield the expressions given for Ca (a, b; 0p)
and Cy (a, b;0p) in the derivation of Zy,s, (6y) and Zy,9, (0) (see (B.8) and (B.9)) and
that for Zy, (0y) equation (B.7) can be used.

From Lemma 1 and the fact that K, is a permutation matrix it follows that the first
block of C(n,) is positive definite. Indeed, this is implied by the positive definiteness
of 7ol,2 — TalK;me = Tol,2 — 7'51]”2, which clearly holds because 79 > 1. That Jy
is positive definite follows from Lemma 4 whereas the positive definiteness of the third
block of C(7,) holds in view of Assumption 5(ii) and the identity Zx) (6o) — FoJoF} =
I (6o) — s (00) Zssr (00)_1 Z,x (0p), which can be checked by direct calculation. Thus,
the whole covariance matrix C (n,) is positive definite.

The preceding discussion implies that we need to show that the covariance matrix
C () is positive definite. This holds if the infinite dimensional matrix [G (1) : G, (2) : - - -]
is of full row rank. First note that the first block of rows is readily seen to be of full row
rank. Indeed, using the definition of B, (k) it is straightforward to see that the matrix
[By (1) : -+ : By (r)] (rn? x rn?) is upper triangular with diagonal blocks 251/2 ® 261/2
and, therefore, of full row rank. The last two block of rows are also linearly indepen-
dent because the covariance matrix of [x3, 2/,] equals that of the scores of o and A,
which is positive definite by Assumption 5(ii). It is furthermore obvious that these two
block of rows are linearly independent of the first block of rows. Thus, from the de-

finition of G, (k) it can be seen that it suffices to show that the infinite dimensional

matrix [A, (—=1) : Ay (—2) : -- -] is of full row rank. We shall demonstrate that the matrix
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[Ay (=1) -2 Ay (=7 — 8)] (sn? x s(s+1)n?) is of full row rank. For simplicity, we do
this in the special case s = 2.

Consider the matrix product

5, g ® B 0
271/21—[ ® 21/2
[Ag (1) -+ Ay (=1 — 2)] o TmEe (B.11)
—1/2 1/2 .
Yy e @ %, :
0 Zal/QHro ® E1/2

> im0 (s Uojmiollo @ 1) 3270 (37 Po1-j-i0llio ® Hﬁ'o)

i Z; 0 (Zz =0 Wyj—iollio ® H ) Z§=0 (Zg:o _jiollio ® HQ‘O)
> o (—Ljp® H;‘O) o (—Ljy10® H;‘0>

| Z;=0 (_LJfLO ® HQ'O) ijo (_LJO ® HQO)

where the equalities follow from the definitions and from (B.6) by direct calculation.

We shall show below that the last expression, a square matrix of order 2n? x 2n?, is
nonsingular. Assume this for the moment and note that the latter matrix in the product
(B.11) is of full column rank 2n? (because Ilgg = —1I,, ). Thus, as the rank of a matrix
product cannot exceed the ranks of the factors of the product, it follows that the matrix
[Ay(=1):---: Ay (—r — 2)] has to be of full row rank 2n?.

To show the aforementioned nonsingularity, it clearly suffices to show the nonsingu-

larity of the matrix

Z;:O (_LjO ® H;O) Z;:O (—Lj+1,0 ® H;O) In2 _q)lo ® In

| o (FLi0®TW) 35 (—Ljo ©1T)) 0 L
I, Lig — P10 .
2

_ ol — Ljo  Ljt10— LjoPio 1T,
I 0 I, ; Li1o Ljo— Li—10P10
I, 0 - Lijo Lj_10%20
= @In= S ® ILjy
| 0 I, =1 Li10 Lj_20®P20

As in the proof of proof of the nonsingularity of the matrix H, we have here used the
1dent1ty LjO = Lj_170‘1)10 + Lj_270(1)20 with LOO = In and LjO = 0, j < 0, as well as direct

calculation. In the same way as in that proof, we can now show the nonsingularity of the
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last matrix by using the fact that this matrix can be expressed as

Lo @I, =) (®@1) = (Py®1I,) <[n2 ®L-> (Dj® H;0)> Pyl @1,),

j=1 j=1

where ®( is the companion matrix corresponding the matrix polynomial I, — ®9z —
DPyp2? and Py= PyDP, lis its Jordan decomposition (cf. the aforementioned previous
proof). The determinant of the matrix on the right hand side of the preceding equation
is a product of determinants of the form det (In — 25:1 H}Ow) where v signifies an
eigenvalue of ®y. These determinants are nonzero because, by the latter condition in (2),
the eigenvalues of ®( are smaller than one in absolute value whereas the former condition
in (2) implies that the zeros of det IT (2) lie outside the unit disc. This completes the proof
of the positive definiteness of Zgg (6y).

Step 3. The asymptotic normality can be proved in the same way as in previous
univariate models (see Proposition 2 of Breidt et al. (1991)). The idea is to use (3)
and (5) to approximate the processes u;_; (¥19) and yerj—; (i =1,...,r, j=1,...,8) in
0g: (0y) /0Y1 and Ogy (0y) /01, respectively, by long moving averages. This amounts to
replacing Jg; (0g) /00 by a finitely dependent stationary and ergodic process with finite
second moments. As is well known, a central limit theorem holds for such a process. The
stated asymptotic normality can then be established by using a standard result to deal
with the approximation error (see, e.g., Hannan (p. 242)). As in the aforementioned
univariate case, one can here make use of the fact that the coefficient matrices in (3) and

(5) decay to zero at a geometric. Details are omitted. [

Proof of Lemma 2. In the same way as in the proof of Step 1 of Proposition 1 we
consider the different blocks of Zyy (6y) separately. For simplicity, we again suppress the
subscript from the expectation operator and denote E (-) instead of Ey, (-).

Block Zy,9, (o). Using the independence of ug;—; (i > 0) and eq; along with (B.3) it
can be seen that the first term on the right hand side of (A.12) evaluated at 6 = 6, has
zero expectation. Thus, it suffices to consider the expectation of the second term. To this

end, recall the notation ¢, = ¥, Y 2et and define
Wiy, (a,b) = 28 [ho (cle) (wo-ate—y @ 5]
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roen (-~
ng27)9 (CL, b) = 4K 0 (gltgt) (UO,t—au6 t—b ® Ealﬁtﬁgxo_l) s
1V1 _fO (5t5t) s

and

Wé%l (a,b) = —4E | (ho (52&))2 (u(),t_aug’tfb ® Eglete;Zal)} )

Using these definitions in conjunction with (A.11), (A.1), and (A.5) we can write the

aforementioned expectation (see (A.12)) as
0 [ 19 O
- ; g9, "o (V0B | (o0 © In) Ty v a9, (90)]

9 oy B
= =23 () B o (€0 (t0ama © 1) 55 e (00)

0 [ fy (eler) L 0
4y 7, (V) B | L2t L) S5 tee, syt ¥
> e B[ BED (4, o 1) sy T 0]

9 o 9
+4Y 27 (010) B _(ho (1e0)” (040 ® 1)) Sg ere Sg a7 (790)]

i)
o

- - (tho) (WL, (@.0) + W3, (a.0) + WD, (@.0)] 2m (o).

We need to show that the last expression equals —Zy,s, (8g), which follows if 377 qu?ﬁl (a,b)

—C1; (a,b) @ X', To see this, conclude from the definitions, (6), and the fact C (v;) =
n~1I, that

Wit (0ob) + Wi (0.0) =2 B (o (7)) + 28 (9D | (8 (st ) 0 2.

Using definitions and the expression of the density of p? (see (9)) yields

st 25(£569)

n/2 () oo
- ”T/Z< [Terig@ac 2 [Tongo )

n/2
- s ([Cemnoa 2erpol - [Tertio )

where the last two equalities are justified by Assumption 6(i). Thus, we can conclude

that W), (a.b) + W52, (a,b) = 0.
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Regarding Wé%l (a,b), use again (6) and the fact C (v;) = n~'I,, to obtain

4
Wi, (@) = == [ (ho ()] B (uos-atihs—s) © 5"

= —j,E (u07t_au67t_b) ® %5t

by the definitions of hg (-) and 7, (see (10)). Thus, because j B (uo—att),_,) = C11 (a,b),
we have 30| Wé‘?ﬁl (a,b) = C11 (a,b) @ X5, as desired.

Block Zy,9, (0o). The first term on the right hand side of (A.13) evaluated at § = 6 has
zero expectation by arguments entirely similar to those used to show that the expectation
of g (0y) /0V5 is zero (see the proof of Proposition 1, Block Zy,s, (fo)). Thus, it suffices

to consider the second term for which we first note that

B(Es) = ) RO

7Tn/Z o 042 o
= /241 — n/2 et
- o (e -1 [T e )

= n(n+2)/4, (B.13)

where the last equality is justified by Assumption 6(i) and (B.1).
Next define

T

ho <€;€t> Z (yt+a—z‘y:t+b—j ® Hgozalnj@

i.j=0

Y

Wb, (a,b) = 2B

W2, (a,b) = 4B

"~ T
0 (5t€t) / ! —1_ ry—1

E a—i _ @ 1LY, ey g 1L
fo (&) = (yt+ Yitv—j 0&0 €t€t4o ]0)

and

r

2 / I -1, -1
(ho (g1¢)) E Z/t+a7iyt+b7j ® oY " €€y g HjO)
1,7=0

W, (a,b) = —4E

Using these definitions in conjunction with (A.11) and (A.6) the expectation of the second
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term on the right hand side of (A.13) evaluated at § = 6, can be written as

2}:8ﬁ (920) B
- 22&9 (V20) B

" (Elgt) T
+4 E o (U 0 \%¢ SIS el
e 319 20) fo (e/e1) i; (yt+ Yppp—j @ g2y €€ 2 ]0)

T ) 3 8
Z (Yerai ® Mjg) By /2 819’ (90)]

=0

Jo (e1e) _
f0 (61&) Y Wera-tips g © T4 Lo
i,j=0

0
8_19;¢b (¥20)

0
a_%¢b (V20)

f/ (8’&5) 2 r 3 3
—4 Z 319 o (V20) E (fg ey 2 (et @ MioNg e 25 o)

a,b=1 4,7=0

0
8_19’2% (U20)

0
= Z 819 o (U20) [Wmm (a,b) + quz (a,b) + WﬁQﬁQ( ,0) 8_19’2¢b (¥20) -

a,b=1

Thus, to show that the last expression equals —Zy,4, (6o) it suffices to show that 327 Wéi@ (a,b) =
—C5 (a, b, ;00). To this end, first note that, by (5),

Wé;z% (CL, b) = 2 Z Z hO gtgt 506t+a_i_06:5+b—j—d\ljiiO ® Hgozalnjo)}

4,j=0 ¢, d=—o00

T

2 ) = . .

= EE(Pf)E(ho(QEt))E >~ Ag(c+a—i,i)Ag(c+b—j,j)
iJ:Oc:foo
c#0

— > Ag(a—i,i) Ao (b—j,j),

i,j=0
where, as before, \IkaZl/ ’® I, E_l/ 2= A (k,i). The latter equality is a straightforward

consequence of (6), (B.1), and the fact C (v;) = n~11,.
For ngzz% (a,b) one obtains from (5)

2 (5’ _ _
qu2392 (a,b) = 4 Z Z [ 65 \IJCUGtJrCL*i*CG;erfjfd\IlZlO ® Iy Y5 e, X 1HjO)
4,j=0 ¢,d=—00

_ %E(Pt) (2f0/(ppt )Z Z Ag(c+a—1i,9) Ag(c+b—j,7j)

1,]= Oc——oo
4B (

where the latter equality is again obtained from (6) and the fact C (v;) = n™'I,,. From

)ZAO a—zz ('UtU;®/Ut/U;)AO<b_jaj)a

42



(B.12) and (B.13) we can now conclude that

W192’192 (a,b) + W$f392 (a,b) = _ZZAO (a—1,1) Ag (b—j,7)
i=0 j=0
+n(n+2)> > Ag(a—1i,9) B (vev; @ vevy) Ag (b= 5,5)
i=0 j=0

Next, arguments similar to those already used give

W, (a,b) = _42 Z [ho ) 2(qfcoetﬂfifce;b,jid%o@Hgozgletegzglnjo)}

1,7=0 ¢,d=—o0

= —%E(P?)E[Pt ho (p7) }Z Z Ag(c+a—i,i)Ag(c+b—7,7)

4,j=0 c=—00
c#0

_4E[ (o (52) ]ZAOCZ—ZZ E (v} ® vvp) Ao (b— j. )

2,7=0

= —710)_ > Ag(cta—ii)Ag(ctb—jj)
i,j:OC:—OO
c#0

—4Y " Ag(a—1i,i) Dy JoD), Ag (b= j, ) -

i,j=0
Here the last equality follows from the definitions of Tg, %y, and Jy (in the term involving

Jo (B.7) has also been used).

From the preceding derivations we find that

X:I/Vzﬁ2 = —TOZ ZAo(c+a—z',i)A0(c+b—j,j)
1,j=0 c=—00
c#£0

- Z Ag (a —1i,1) 4D, Jo D!, + I, — n(n + 2)E (vv; @ vyv})] Ag (b— 7, 7) -

1,j=0

That 27, Wéi)% (a,b) = —C9 (a, b, ;0) holds, can now be seen by using the identity

E [(vec(vev})) (vee(ver}))'] = L2 + Ky + vec (1) vee (1,)) (B.14)

1
n(n+2)
(see Wong and Wang (1992, p. 274)) and observing that the left hand side equals

E (v} ® v0)) and the impact of the term vec(l,)vec(I,)" on the right hand side can-
cels by equality (B.7) (see the definition of Cs (a, b, ;0p)).
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Block Ty,9, (0o). First conclude from (A.14), (A.11), (A.6), and (6) that

02 _ ) )
5o g% B0 = 2;;&9 o (010) (10 520 (00)) (10 ® L) 55700 (0)
T ) B a
_2 ; ; 819 o (D10) ho (£25:) ; (uﬂat*aywrb—i ® X 1Hi0) 3_19/2¢b (920)

- / — /N — 0
—4 Z Z 819 1910 h‘O (€t€t) Z (u07t_ayt+b_i X EO 1€t6t20 1Hi0) a_q%¢b (’1920) .

a=1 b=1 =0

In the first expression on the right hand side,
(In ® 251/2@ (90)> Wisp-a © In) = ho (g1et) Knn (50 €ip—0 @ In)
by the definition of e; () and Result 9.2.2(3) in Liitkepohl (1996). Define

With, (a,6) = 2K, [ho (sie1) (S5 o @ 1)

r

ho (g16¢) Z (10,—a¥t4p—s ® T 'Thig)

1=0

W, (a,b) = —2E

0 (cted) § , 1 e
Z (uO,t—ayt+b—i®EO €16, HiO)

W) b) = —4E | ¥————=
Y192 ( ) fO (5;5}) par

and
.

(ho (ehee)® Y (w0 e—abtps ® Sg vy Sg ' Thio)

1=0

We need to show that Z?Zl Wé?ﬁz (a,b) = —Ci2(a,b;60p). The employed arguments,

Wi, (a,b) = 4B

based mostly on (3), (5), (6), and the fact C (v;) = n~'1,, are similar to those used in

the previous cases. First note that

Wi, (a.b) = 2K Y Elho(eler) (S0 etehyy o oWho ® 1))

C=—00

2
= EE [p?ho (p?)} Knn (\Il;;—a,o ® ]”)
= _Knn (\I];;fa,o ® In) ’

where the last equality is due to (B.1). Next,

Wéﬂ% (a,0) = _22 Z ZE [ho (e0) (Meo€t—a—c€ipp—iaPio © T ' Thio) |
c=0 d=—o00 1=0
2 [e.e] T
- _EE (pt h‘O pt Z COEO\D/+a+b i,0 &® > 1Hz0)
c=0 =0
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and

" 6/8
CICUIEED 3 3pal [ (NS R 8

c=0 d=—o00 =0 fO (gtgt

T

4 2 o
- __E ('Ot) < (p; > ZZ Mooy, qp- 0 ®Xg 1Hzo)

(pt =0 =0

From the preceding expressions and (B.12) it is seen that Wg%z (a,b) + Wé%z (a,b) = 0.

Regarding W&%Q (a,b), we have

W (ab) = 42 Z ZE [ (ho (1)) (Meg€r—a—sctlry i gVl @ S5 e} S5 Hzo)}
c=0 d=—o0 i=0

4 o0
= EE (p}) E [pt ho (p7) }Z MoV q1-10 ® g 'io)

c=0 =0

= T()ZZ c— aOEO\IJ/—i-b 10®E HZO)

c=a 1=0
where the last equality holds by the definitions of kg (-) and 7. Combining the preceding
derivations yields 377, ng?ﬂz (a,b) = —C12 (a, b; 0y), as desired.
Block Z,, (0p). From (A.15) and (6) we obtain

82 / / / /
8080’% (00) = ho(eier) (6@ 6@ Dy) (1 @ Kyp @ 1)

x [Z5' ®@ 5yt @ vee (351) + vee (551) ® ' @ 551 D,
+h (eher) D (S0 @ 50 %) (eve) @ 1) (59 P @ 55 ) D,
+ %D; (Z' @ Xg") D,
The first term on the right hand side consists of two additive terms. Using (6) and taking

expectation the first one can be written as
E (p2ho (2)) (Vec (5B ) 5i?) o D;) (1, ® Ko ® 1)
x (B @ B! @ vee (5¢1)) Dy,
= —%D; (vec (Zo) @ Lz2) (In @ K @ I,) (S9! @ S5 @ vee (Z51)) D,
I -1
= —;D.(Ee@xT) D

Here the former equality is based on (B.1) and the fact E (vv,) = n~'I, whereas the

latter can be seen as follows. Let By and B, be arbitrary symmetric (n x n) matrices and
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consider the quantity

vech (B;)' D, (vec (30) @ I2) (In @ Kpn @ I,) (55" @ S' @ vece (7)) Dyvech (Bs)

= vec(B1) (vec (o) ® Ina) (I @ Knp @ 1) (S5 @ £51) vec (Ba) @ vec (S51))
= vec(By) (vec(Z0) ® In2) (I @ Ky ® 1) (vec (Sg ' BoXg ') @ vee (35))

= vec(B1) (vec (o) @ I2) vec (I B! @ )

= vec(B1) (S5 BEp ' @ Bg ) vee (o)

= vec(By) vec (S5 ByS5 ")

= vech(B1)' D), (55" @ 2¢") Dyvech (Bs) .

Here the third equality follows from Liitkepohl (1996, Result 9.2.2(5)(c)) whereas the other
equalities are due to definitions and well-known properties of the Kronecker product and
vec operator (especially the result vec(ABC) = (C" ® A)vec(B)). Because B; and B, are
arbitrary symmetric (n x n) matrices the stated result follows and in the same way it can
be seen that a similar result holds for the second additive component obtained from the
first term of the preceding expression of 9%g; (6) /0cdo’. Thus, we can conclude that
9 _ 1 —1/2 —1/2 1ot ’ / —1/2 —1/2
(50 (00) ) = D (2, " @, )E[h (eher) (eie; @ e))] (72 @ 27Y%) D,
1
— =D, (x'ex ) D,.
ACEEDS

Using (6) and (A.1) one obtains

" 2
2
Bl e e e = [B (A5 ) <8 o o)) | Blevio et
2
— %E (vevy ® vvy) — o (Vv ® vev})

where the latter equality is based on (B.13) and the definition of 4y (see (11)). Thus,

0? 1 - )
E(a 9579t (%)) = 1 Du(% Y2 @ 552 [n(n + 2)E (v, @ ) — 2L:] (552 @ £5 %) D,

— 4D (Zy? @ 55 P)E (v, @ ) (S92 @ By %) D

Because E (vv] @ vvy) = DyE ((vech(vgv}))(vech(vv))) D), the right hand side equals

—Z,s (0o) if the expression in the brackets can be replaced by vec(I,)vec(I,)". From

46



B.14) it is seen that this expression can be replaced by vec(I,)vec(l,) + Kunpn — 2.
( y

Thus, the desired result follows because
(Kon — 1n2) (552 @ 552Dy = (852 @ S9%) (Ko — In2) Dy = 0

by Results 9.2.2(2)(b) and 9.2.3(2) in Liitkepohl (1996).
Block Ty (6o). By the definition of Z,, (6y) and (A.17) it suffices to note that

1 0? B /2 00 - 52 . B
® [roEgman! °>} _W/o T g (G2 dC =0,

where the former equality follows from (9) and the latter from Assumption 6(ii) (cf. the

corresponding part of the proof of Proposition 1, Block Zy, (6y)).

Blocks Ly, 5 (0) and Zy,  (6p). The former is an immediate consequence of (A.16), the
independence of ¢; and Je; (¥y) /01, and the fact E (Je; (¥y) /091) = 0 (see (A.5)) which
imply E (0%g; (6y) /09100") = 0.

As for Zy, (0p), it is seen from (A.18), (A.1), and (A.5) that we need to show that

1
" fo (gter)

and similarly when 1/, ()e;) is replaced by f; (ele;) / (fo (€)e:))?. These facts follow from

0
(Uot—a @ 1,,) Tp e )\,f (glei; No)| =0, a=1,..,r,

0

the independence of ug;—, and €; and E (up;—,) = 0.

Block Zy,, (0p). From (A.16) and (A.6) we find that

82
Wgt (0o)

T

= —2hg (gie: Z 819 by, (V20) Z (€ @ Yirp—a @ ) (X' @ %57) Dy

a=0
r

/ / a — —
—2hy (161) Z 8_192¢b (¥20) Z (Yrp-0 @ I10) X5 'es (6} @ €)) (E lgpxn 1) D,.
b=1

a=0
By independence of ¢, and equation (5), y;1p_ on the right hand side can be replaced

by ¥y, 06 when expectation is taken. Thus, using the definition of ey (see (A.2)) and
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straightforward calculation the expectation of the first term on the right hand side becomes
—~ 9
_22819 1920 ZE[G(R@\PIJ aOet®H > 1/2] (Z‘, 1/2®Z 1/2)Dn
b=1
S 8 '
= 22 5p,% () S Ao (b ) B [(ehy ® 20 ® L) (52 © 55 3)D,
b=1 =0
= s igb (19 )iA (b—(ll) 1/2®E 1/2)D
2 9, b (V20 2 0 , .

where, again, Ag (b — a,i) = U}, a021/2®ﬂ )3 /2 and the latter equality is due to E(ep @
g ®1,) =B(gey, @ I,) = =272 (see (B.4)).
The expectation of the second term in the preceding expression of 9%g; (6y) /0200’

can similarly be written as

where, by (6) and (A.1), the expectation equals

=l

2)
— < (n+ )ZAob_‘” E (vv] @ vevy) .

B[ hy(shen) Y (Thaoer © 1) So'les (5, @ ) | (25 @ 5 /) D,

a=0

} B o (ko (67) }}ZAob—az E (00} ® vyv})

Here we have used (B.13), the definition of 4y (see (11)), and straightforward calculation.

Combining the preceding derivations shows that

2 S a r
((‘31988 g: (6 )) = 2 (io — M) > 20 (D20) > Ap (b — a,i) B (0} @ vy})
b=1 a=0

y (2—1/2 2 2—1/2)Dn

T

+ Z 819 1920 — AO (b — a, Z) (E 1/2 &® h3N 1/2)Dn

= 22&9 (920) ZAO — a,i) Do Jo D (54" © $3V/*) D,
b=1 a=0

where the last expression equals —Zy,, (fg) and the latter equality can be justified by
using the definition of .Jy, the identity (B.14), and arguments similar to those already
used in the case of block Z,, (0y) (see the end of that proof).
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Block Ty, (6p). From (A.18) and (A.6) it is seen that we need to show that

r

3 1 0
B\ a—i IT; 2_1 av/ " (e ’/\ = 0, = ].7..., )
|:f0 (5250 (yt+ ® ZO) o €t I\ f (515& 0):| a r

i=0
and

4, 0
o (52&))2 (Ytga—i ® ITig) Xg 1€tmf (gies; /\0)] =0, a=1,..r

The argument is similar in both cases and also similar to that used in the proof of Propo-

’“0 . [( i (cie0)

=

sition 1 (see Block Zy, (6p)). For example, consider the former and use (5) and indepen-

dence of ¢, to write the left hand side of the equality as

0
ZE { (eret) Voo @ Mip) Xy 1@Wf, CE% )\0)}

. Pt
;A()(a_ZaZ)E(Ut@Ut) fO( )a/\/f(ta ):|7

where that equality is due to (6). Because E (v; ® vy) = vec(E (vv})) = n™tvec(I,,) the

last expression is zero by (B.7). A similar proof applies to the other expectation.
Block I,y (6y). One obtains from (A.19) that E(9%g; (0g) /0cON) is a sum of two

terms. One is
—D.(S @ Sy E Lif’ (e ro)| = —DL(S5"? @S5 A (v @ vy)
n\~0 0 f0<5;5t>a)\, -ty n
P
E
! )
where the equality is based on (6) and, using (9), the last expectation can be written as
/2 o0 0
n/2 ! . )\
o [ gl @)

Here the former equality is justified by Assumption 6(ii) and the latter by (B.1). By similar

_ n/2
1= gt [ RGN oy =0

A=Xo

arguments it is seen that the second term of B (9%g; (0y) /0cdN) becomes —Z,, (0p). O

Proof of Theorem 1. First note that our Proposition 1 and Lemma 2 are analogous
to Lemmas 1 and 2 of Andrews et al. (2006) so that the method of proof used in that
paper also applies here. That method is based on a standard Taylor expansion and, an

inspection of the arguments used by Andrews et al. (2006) in the proof of their Theorem
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1, shows that we only need to show that the appropriately standardized Hessian of the
log-likelihood function satisfies

T—s—(n—1) 82 82 )
—1 - o
s VY (90— e | 20 (B.15)

(2SN P—l

where O is a small compact neighborhood of 6, with non-empty interior (cf. Lanne and
Saikkonen (2008)). From the expressions of the components of 9%g,(0)/0000" it can be
checked that 9%g,(0) /0000 is stationary and ergodic, and, as a function of 6, continuous.
Hence, a sufficient condition for (B.15) to hold is that 9%g,(0)/0006" obeys a uniform law

of large numbers over ©g, which is turn is implied by

Ey, (sup
(ASSH)

(see Theorem A.2.2 in White (1994)).

82

We demonstrate (B.16) for some typical components of 9%g;(6) /0006’ and note that the
remaining components can be handled along similar lines. Of 9g(6)/09;00 i,j € {1,2}
we only consider 92g;(6)/99,1005. In what follows, ¢;, ca, ... will denote positive constants.
From (A.14), Assumption 3, and the definitions of the quantities involved (see (A.2),
(A.11), (A.6)) it can be seen that

92
_Z <
0191819/2%(9)“) < By, (sup e (0

<Supz“ut g )

[ISCH i=1

 (92)

Eo, (sup
[dSSH

IN

xEs, (||yt| sup [t e (05 et<z9>;A)|)
reuEa (Hytu49su5 0 S )] )
€0o

The finiteness of the last two expectations can be established similarly, so we only show

the latter. First conclude from (A.1) and Assumption 7 that, with ©y small enough,

as
sup |A' (e, (9) S (9); )| < 2a1 + 20, <Sup e (0) X e (19))
0€B (JS(CN

s (1 + sup ||e (19)“2“3)

[US(SH
< e (T4 wl™),

IA
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where the last equality is obtained from the definition of ¢ (J) (see (15)) and Loeve’s
¢,—inequality (see Davidson (1994), p. 140). Thus, it follows that we need to show the

finiteness of Ey, (HytH4+2a3) or, by (5) and Minkowski’s inequality, the finiteness of

n/2
Bay (| 2) < erB (7172) = 7

/ooo G £ (G M) dC < oo,

where the former inequality is justified by (6) and the latter by Assumption 7.

From (15) and (A.15) it can be seen that the treatment of 9%g,(0)/dcdo’ is very similar
to that of 8%¢;(6)/019,09, and the same is true for 92¢,(0)/09;00" (i = 1,2) (see (A.16),
(A.5), and (A.6)). Next consider 9%g;(0)/0NON. The dominance assumptions imposed
on the third and fifth functions in Assumption 7 together with the triangular inequality
and the Cauchy-Schwarz inequality imply that, with © small enough,

5 o
——0:(0)]| | <2a1 + 2a;Ey, 9) B! ﬁ) >
o®)) <200 200, ( (s 0 (057 )

where the finiteness of the right hand side was established in the case of 92g,(6)/919,005.

(i
[AS(SH)

The treatment of the remaining components, 9%g;(6)/09;0\" and 92g,(0)/0c0N, involve
no new features, so details are omitted.
Finally, because

T—s—(n—1)r
—(T = s —nr)" 0°1p(0)/0600' = —(T —s—nr)™" Y 0°9,(0)/0600,

t=r+1

the consistency claim is a straightforward consequence of the fact that 92g;(0) /9006’ obeys

a uniform law of large numbers. This completes the proof. [J
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Figure 1: Quantile-quantile plots of the residuals of the VAR(3,0)-N (upper panel) and

VAR(2,1)-t (lower panel) models for the U.S. term structure data.
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Table 1: Results of diagnostic checks of the third-order VAR models for the term structure.

Model
VAR(3,0-N VAR(3,0-f{ VAR(Z,1)-f VAR(L,2)-t VAR(0,3)-1
I jung-Box (4) 0.172 0.014 0.094 9.4e 5 0.003
JUnS 0.118 0.069 0.063 3.9¢ 5 0.027
. 0.4.204 0.023 0.896 5.2¢5 0.101
McLeod-Li (4) 0.002 0.183 0.930 0.018 0.003
Log-likelihood  258.510 T9920.9085  —922.053  -227.454  —9231.252

VAR(r, s) denotes the vector autoregressive model for (Ary, S¢)’ with the rth and sth order
polynomials TI(B) and ®(B~1), respectively. N and t refer to Gaussian and t-distributed errors,
respectively. Marginal significance levels of the Ljung-Box and McLeod-Li tests with 4 lags are
reported for each equation.
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Table 2: Estimation results of the VAR(2,1)-¢t model for (Ar, S;)".

~0.458  0.782
11

(0.156)  (0.189)

0.138 0.075

(0.143)  (0.183)

-0.241  0.298
1,

(0.090)  (0.184)

0.320  -0.006

(0.097)  (0.164)

0.399  -0.210
51

(0.126)  (0.067)

-0.240  0.673

(0.260)  (0.144)

0296  —0.167
)

(0.096)  (0.106)

~0.167  0.312

(0.106)  (0.189)

4.085
(1.210)

The figures in parentheses are standard errors based on the

Hessian of the log-likelihood function.
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