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Abstract

After the close of an auction, the winning bidder may find that he is unable to carry
out his bid offer. This paper seeks to determine what measures the seller should take
to maximize his share of the surplus when bidders are privately informed about their
risk of default. Special attention is paid to the effect of imposing a default penalty,
the value of gathering information about each bidder’s default risk, and the role of
commitment.

It is shown that the value of gathering information is negligible when the seller has
commitment power and negative when the seller lacks commitment power. When the
seller observes each bidder’s risk, the seller benefits from the ability to commit. How-
ever, when the seller does not observe each bidder’s risk, he is able to capture nearly

all the surplus independent of whether or not he has commitment power.
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1 Introduction

Most of the auction theory literature assumes the winning bidder fulfills his bid immediately
after the auction closes. However, some auctions — particularly those involving extended
contracts — are not designed around such a “cash and carry” approach. It is in these cases
that default is of particular concern. Information revealed after the submission of bids
may make compliance with the bid offer undesirable, or even impossible. For instance,
shortly after the conclusion of the 1996 “C-block” radio frequency spectrum auction, it was
determined that the market value of the licenses was far less than the $10 billion bid for
them. As a result, several bidders were unable to make their payments to the United States
Federal Communications Commission (Congressional Budget Office, 1997).

Given the potential cost of default, sellers in high value auctions often take measures to
reduce the risk of a winning bidder defaulting on his offer. Online auction kingpin eBay
ensures that users who submit bids in excess of $15,000 are “serious about completing the
transaction” by requiring a valid credit card (eBay, 2005a). Petroleos de Venezuela, S.A.
(PDVSA) took a different approach in the 1990s when it auctioned operations contracts for
marginal oil fields: it used its assessment of each bidder’s “experience, technical capability,
and financial resources” as a factor in selecting the winning bidders (Chalot, 1996).

The purpose of this paper is to determine what measures the seller should take to maxi-
mize his share of the surplus when bidders are privately informed about their risk of default.
Special attention is paid to the value of gathering information about default risk from an

outside source and the effects of implementing a default penalty.



We also investigate how the situation changes when the seller lacks the power to commit
to the optimal mechanism. A seller is said to have commitment power if he can allocate the
contract according to some predetermined rule even when he prefers a different selection ex
post. In the absence of commitment power, the seller is unable to reject the offer whose
combination of bid payment and expected risk maximizes the seller’s expected utility.

Our results indicate that the value of gathering information about default risk is negligible
when the seller has commitment power and negative when the seller lacks commitment power.
We also show that there is a cost to lacking commitment power when the seller is informed
about each bidder’s risk but that when the seller is uninformed, he is able to capture nearly
all the surplus independent of whether or not he has commitment power.

We develop a model in which the seller offers a single contract whose value is common
to all bidders and commonly known. Each bidder is characterized by his exogenously de-
termined probability of default with each bidder knowing his own default risk but not the
risk levels of his competitors. If the winner delivers his bid offer, he collects the value of the
contract, but if he defaults, the seller reappropriates the contract and imposes a penalty.

There are a number of papers that address the problem of default risk in an auction
setting. Spulber (1990) shows that when the penalty is sufficiently low, bidders pool by
bidding the highest possible value for the contract and defaulting unless the highest value
is realized. Waehrer (1995) also demonstrates that a low default penalty results in more
aggressive bidding and a greater likelihood of default but goes on to show that the associated

loss to the seller can be reduced via renegotiation. In contrast, Harstad and Rothkopf (1995)



argue that when opportunities for renegotiation are available, a low default penalty leads to
less aggressive behavior as bidders’ attention moves away from winning the contract in the
initial round and toward obtaining the contract at a lower price in the renegotiation stage.
Hansen and Lott (1991) and Zheng (2001) allow the penalty to vary across bidders and show
that bidders who face a lower penalty bid more aggressively and are more likely to default.

In all of these papers, default is endogenously determined: bidders weigh the loss as-
sociated with delivering their bids against the loss associated with defaulting and paying
the penalty. In some cases, however, the bidder may find himself in a situation where he
is unable, rather than unwilling, to carry out his bid. One may imagine a case where a
sudden shock to the supply chain affects his ability to deliver on time. The probability of
such a shock is independent of the firm’s bid and varies across bidding firms. While the
previous models can be applied more easily to cases like the C-block auctions, our model is
better suited to examining cases in which default is directly determined by sources outside
the immediate transaction that are bidder specific.

We begin by assuming the seller can commit to any mechanism. If the seller knows each
bidder’s risk of default, he can extract the entire surplus by simply making a take-it-or-leave-
it offer to the bidder with the lowest risk of default.

If the seller is not informed about each bidder’s default risk, he can still capture nearly
all the surplus. Suppose the seller holds a standard first-price auction. In the absence of a
default penalty, price competition drives bids up to the common value of the contract. Since

the seller cannot distinguish high risk bidders from low risk bidders, he selects a winner at



random, and the outcome is likely to be inefficient. However, if the seller introduces a default
penalty, low risk bidders will have a higher expected value for the contract because they are
less likely to have to pay the penalty. As a result, low risk bidders can afford to outbid their
high risk counterparts, and the seller obtains the desired combination of high bid and low
risk.

Although the allocation is efficient, the bidder does enjoy some information rents due to
the spread in valuations generated by the penalty. As the size of the penalty increases, do
does the spread of the bidders’ expected values for the contract. The wider the spread, the
weaker the incentive to raise bids, and the larger the information rents. Thus, the seller is
well advised to choose a penalty that is arbitrarily small so as to minimize the spread of
valuations, stimulate price competition, and capture a greater share of the surplus.

In sum, by imposing a default penalty that is positive but arbitrarily the small, the
seller can capture nearly the entire surplus, and the loss associated with being uninformed is
negligible. Hence, if the cost of gathering information about each bidder’s default risk exceeds
the cost of holding an auction, the seller does better by choosing to remain uninformed and
hold an auction.

If the seller lacks commitment power, he may be unable to implement either the take-it-
or-leave-it offer or the first-price auction. In fact, the only allocation rule to which he can
credibly commit is to award the contract to the bidder who offers the bid-risk combination
that suits him best. In order to determine the effect of commitment on the seller’s share of

the surplus, we examine a first-score auction, in which each bidder bids on price alone but



the contract goes to the bidder whose combination of both bid and expected risk maximizes
the seller’s expected utility.

Suppose the seller does not observe each bidder’s risk of default. We find that even in
the absence of commitment, the seller can extract nearly all the surplus. As was the case
with the first-price auction, introducing a positive penalty generates heterogeneity in the
valuations such that low risk bidders have a higher expected value for the contract than
high risk bidders do. However, unlike the first-price auction, the first-score auction allocates
the contract on the basis of risk as well as bid. Low risk bidders would prefer to identify
themselves as such, and since they can afford to bid more than their high risk counterparts,
they can credibly signal their low risk status via higher bids.?2 As a result, the seller is able
to obtain the desired combination of high bid and low risk.

Moreover, all that is required to generate this combination is that the penalty be a
positive amount. To minimize the rents that accrue to the winning bidder, the seller selects
a penalty that is arbitrarily small. As the penalty approaches zero, the bidder’s information
rents also approach zero, and the seller extracts nearly all the surplus — which is precisely the
outcome of the first-price auction. Hence, when the seller is uninformed, he gains nothing

from the ability to commit.

ITo the extent that the seller allocates the contract on the basis of more than just price, this mechanism
is reminiscent of the literature on multidimensional auctions (e.g., Che 1993, Branco 1997, and Zheng 2000),
in which firms bid on price as well as other factors, such as quality. Our model is more similar to the work
of Rezende (2006) and Lamping (2007) in that bidders bid only on price but the allocation rule account for
factors not directly bid on.

2Goeree (2003) and Katzman and Rhodes-Kropf (2002) address the possibility of signaling in auctions,
but their work is concerned with bidders signaling their private information to other bidders so as to affect
future strategic interactions. Our setting more closely resembles that of Lamping (2007) in that the signaling
behavior is motivated by the structure of the auction game itself: bidders are interested in signaling their
private information to the seller in order to influence the choice of winner.



Finally, suppose the seller lacks commitment power but observes each bidder’s risk of
default at the outset. Competition among bidders will drive offers up to the point at which
all the rent is extracted from the bidder with the second-lowest risk of default. Since the
seller cannot commit to rejecting offers past this point, the lowest risk bidder obtains the
contract and enjoys sizable information rents. Thus, when the seller is informed, his value
for a commitment device is positive since commitment power would enable him to make a
(credible) take-it-or-leave-it offer and extract all the rent.

Moreover, when the seller lacks commitment power, he prefers to be uninformed. That
is, the seller’s value for the information is actually negative. By observing each bidder’s
default risk at the outset, the seller introduces a bias in favor of low risk bidders. The lowest
risk bidder capitalizes on this bias by bidding less aggressively than he otherwise would.?

The remainder of the paper is organized as follows. Section 2 introduces the model. In
Section 3, we assume the seller can commit to any mechanism and establish that the seller can
capture the entire surplus whether or not he obtains information about each bidder’s default
risk prior to allocating the contract. In Section 4, we assume the seller lacks commitment
power and determine the extent to which gathering information affects the share of the

surplus captured by the seller. Conclusions are offered in Section 5.

3Milgrom and Weber (1982b) and Cantillon (forthcoming) also examine the negative impact of asymme-
tries on price competition. Milgrom and Weber consider the case in which one bidder is better informed
than the other about the value of the object, while Cantillon addresses the more general case in which bidder
types are drawn from different distributions.



2 The Model

A seller is to auction off a contract to one of n risk-neutral bidders (n > 2). In order to
simplify the analysis and focus on the role of default risk, we assume every bidder values the
contract at v € R, where v is common knowledge.

Bidder #’s private information is his type, 6; € [Q, 9] C [0, 1], which represents his ex-
ogenously determined probability of delivering on his bid offer given that he is awarded the
contract. Bidder i’s default risk can then be represented as 1 — 6;. We assume the 6,’s
are independently and identically distributed according to a commonly known cumulative

distribution function (cdf) F(0) with F () = 0 and F () = 1.
Assumption 1 The distribution F(0) is continuous over [Q, 5] and has positive density f.

To participate in the auction, each bidder submits a bid independently and simultaneously
in addition to posting a letter of credit for the amount of the predetermined default penalty.
Let b; € R denote the bid submitted by bidder 2 and ¢ € R denote the default penalty.

If bidder ¢+ does not win the contract, he ends up with his reservation utility of zero.
However, if he is awarded the contract and delivers on his bid offer, his utility is v — b;.
If, instead, he defaults on his offer, he loses the contract and pays the default penalty, c.

Therefore, bidder i’s expected utility from contracting with the seller is

The seller’s reservation utility is vy € R. If the seller contracts with bidder ¢ and bidder
1 delivers on his bid offer, the seller forgoes vy but gains b;. If, instead, bidder i defaults,
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the seller retains vy and collects c. Hence, the seller’s expected utility from contracting with
bidder ¢ is
0;b; + (1 —6;) (vo +¢) .
The following assumption is imposed so as not to rule out the possibility of a mutually

beneficial trade:

Assumption 2 (participation condition) v is strictly greater than vy.

3 Rent Extraction under Commitment

Although v is common across bidders, the surplus is greatest when the seller contracts with
the bidder whose risk of default is lowest. However, if the seller is uninformed as to the risk
associated with each bidder, he may not be able to select the bidder with the lowest risk. For
instance, suppose the seller were to simply announce a price of v. If default were costless,
every bidder would be willing to purchase the contract at that price. Since the seller forfeits
v if the bidder defaults, the seller would prefer to contract with the bidder who is least likely
to do so, but without additional information, the seller would be unable to identify who that
bidder is.

We are interested in which mechanisms resolve this problem and maximize the surplus
appropriated by the seller. In this section, we assume the seller can commit to any mecha-
nism. Under commitment, the seller can credibly announce any allocation rule. That is, the
seller is committed to allocating the contract in accordance with the announced rule even if

he prefers a different selection ex post.



We pay special attention to two tools the seller has at his disposal: imposing a default
penalty and gathering information about each bidder’s risk level. The seller can impose a
default penalty by requiring bidders to either post a letter of credit or put up collateral. For
example, PDVSA required that each bidder present a $250,000 letter of credit along with
his bid; if the winning bidder failed to sign the contract by the predetermined date, PDVSA
could cash his letter of credit (Bids, 1992). The seller can also gather information about
each bidder’s risk level ex ante and use the information to exclude high risk bidders. eBay
facilitates this practice by making each user’s profile publicly available (eBay, 2005b); in
practice, sellers of high value items often elect to cancel bids from bidders whose rating or
experience falls below a certain threshold (eBay, 2005¢).

In the following section, we examine how the seller can use this information to appropriate
a greater share of the surplus while in Section 3.2, we investigate how much the seller should

be willing to pay for this information.

3.1 The Full Information Case

Suppose the seller is able to costlessly observe the vector of types prior to allocating the con-
tract. With the information in hand, the seller can extract the entire surplus by approaching
the bidder with the lowest risk of default and making him a take-it-or-leave-it offer: the
contract at price v with no default penalty other than the reappropriation of the contract.
If the bidder with the lowest risk has type 6, then the seller’s expected utility is v+ (1 —
0)vg. The seller has no incentive to exclude high risk bidders since fv + (1 — 0)vy is at least

as high as the seller’s reservation utility, vg.
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Moreover, a risk-neutral seller gains nothing by imposing a default penalty of ¢ > 0. If
the seller did impose such a penalty, a bidder with type 6 would refuse any offer in which
the price exceeded v — (10%9) c. That is, the bidder would adjust for the expected penalty.
Suppose the seller were to make the following offer to the bidder with the lowest risk of
default: the contract at a price of v — (%) ¢ with a penalty of ¢ and the reappropriation of

the contract if default occurs. Under this scheme, the seller’s expected utility would still be

Ov + (1 — 0)vy.
3.2 The Incomplete Information Case

We have established that observing the types allows the seller to appropriate the entire
surplus. Thus, if it is costless to obtain this information, it is clearly in the seller’s interest
to do so. But what if there were a cost associated with gathering information about each
bidder’s risk of default?” How much should the seller be willing to pay for the information?

Suppose the seller does not observe the vector of types and assume he allocates the
contract via a standard first-price sealed-bid auction with a reserve price of b, and a default
penalty of c. Let P;(b) represent bidder i’s probability of winning given that he bids b. Since
the seller awards the contract to the bidder offering the highest bid, P;(b) is simply the
probability that b is the highest bid submitted if b > b, and zero otherwise. It follows that

if bidder ¢ has type 6 and bids b, his expected utility is

Ui(b,0) = [0(v = b) — (1 = 0)c] Pi(D).
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Let 5; : R x [Q,ﬂ — R, represent bidder i’s equilibrium bidding strategy (possibly a
mixed strategy), where [3; (b, 0) is the density function that determines bidder i’s probability
of bidding b in equilibrium when his type is 6. Bidder i’s problem is to select 3; such that
for any type 6 € [Q, 5] and any bid b in the support of 3;(-,0), the following two conditions
are satisfied:

and

Ui(b,0) > 0.

We proceed by reformulating the bidder’s problem so as to directly apply the standard

independent private values results. Let

Ui(b,0) = {v - (%) c— b] Pi(b).

Since 6 is positive, U;(b, ) is a monotonic transformation of Uy(b,#). Therefore, bidder 4’s
problem is to select [3; such that for any type 6 € [Q, 5] and any bid b in the support of

Bi(+,0), the following two conditions are satisfied:
Ui(b,0) > Ui(z,0) Yz eR

and

Note that by interpreting v — (1%9) ¢ as the bidder’s type, we can map this formulation
into the standard independent private values framework and invoke Maskin and Riley (1986)
and Riley and Samuelson (1981) to obtain the following result:

12



Proposition 1

(i) Suppose ¢ > 0 and let

zzinf{ee 0.7] ;U_<¥)c>b*}.

There exists a unique equilibrium in which any bidder with type 6 € [t, 0] bids according

) v — (157 - ( 1 e W) :

and any bidder with type 0 € [0,t) bids b(f) < b,.*

to

(i) Suppose ¢ <0 and let

zzsup{ee 0,8 v — (¥>c>b*}.

There exists a unique equilibrium in which any bidder with type 6 € [0, ] bids according

b0) o — (150 ) e+ ( : }F<§))d> )

and any bidder with type 6 € (t, 0] bids b(#) < b,.

to

The first two terms of the bidding functions represent the bidder’s expected value for the
contract while the third term represents the degree to which the bidder shades his bid. The
default penalty ¢ enters into the shading term because ¢ is the source of heterogeneity in
the valuations: the greater the magnitude of ¢, the greater the range of valuations, and the

greater the margin by which each bidder can shade his bid.

4Despite the multiplicity of bids satisfying the condition b(f) < b., we assert that the equilibrium is
unique in the sense that these bids can be classified as “non-participating.”
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If ¢ is positive, the bidding function is increasing in #, and therefore, the winner is the
bidder with the lowest risk of default. This is in contrast to the results in Zheng (2001)
and Hansen and Lott (1991), where the winner is the bidder with the highest default risk.
The difference arises from the structure of penalty payments. In Zheng and Hansen and
Lott, penalty payments vary across bidders; the bidder facing the smallest penalty payment
can afford to bid more aggressively but also finds defaulting more attractive. In our model,
the penalty payment is constant across bidders, but the expected penalty payment varies:
bidders with a low risk of default are less likely to incur the penalty payment, and therefore,
their expected penalty payment is smaller. As a result, low risk bidders can afford to bid
more aggressively. Since default risk is exogenous in our model, these higher bids do not
raise the probability of defaulting, and the seller obtains the desired combination of high
bids and low risk.

Despite this, the bidder does enjoy some information rents as represented by the shading
term. Since the seller is not able to appropriate the entire surplus, there is some value in
gathering information about each bidder’s default risk in advance. However, as the penalty
payment approaches zero, the information rents also approach zero. Therefore, if t = 6,
then as ¢ approaches zero, the outcome of this auction approaches the outcome in the full

information case.

Corollary 1 If the seller has commitment power, the value of information about each bid-

der’s default risk is negligible.
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Note that there is a discontinuity at ¢ = 0. If the seller sets the penalty payment to zero,
then every bidder bids v, but since the seller remains uninformed, he cannot distinguish
between high risk and low risk bidders. Therefore, ¢ must be positive in order to generate
heterogeneity in valuations such that low risk bidders have a higher value for the contract
than high risk bidders do. However, if ¢ is too large, competition among bidders becomes
less intense, and the seller’s share of the surplus is reduced. This may explain why the letter
of credit required by PDVSA was for such a small amount in relation to the value of the
operations contracts.

As long as the information is free, the seller is better off (though marginally so) observing
the vector of types and extracting the entire surplus. However, if the cost associated with
acquiring the information exceeds the cost of administering the auction, then the seller is

better off not observing the types and holding the auction.

4 Rent Extraction under No Commitment

The analysis in Section 3 assumed the seller had commitment power. In the full information
case, the seller committed to walking away if the bidder with the lowest default risk refused
the take-it-or-leave-it offer. In the incomplete information case, the seller committed to
awarding the contract to the bidder submitting the highest bid even if another bidder offered
a more attractive combination of bid and risk.

In this section, we assume the seller lacks commitment power. That is, we assume the

seller always selects the offer he likes best even if that offer is not the one specified by the
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allocation rule. In this context, we ask how much the information is worth to the seller and

how the seller can introduce a default penalty in order to generate a more favorable outcome.

4.1 The Game Form

In the absence of commitment, the seller allocates the contract to the bidder whose combi-
nation of bid and risk maximizes the seller’s expected utility. Consider the following auction

game:
1. Each bidder submits a bid independently and simultaneously.

2. The seller contracts with the bidder whose offer maximizes the seller’s expected utility
provided that the offer is not less than the seller’s reservation utility, vo. That is,

bidder 7 wins the contract if
E (0;|b;) b; + [1 — E (6;|b;)] (vo + ¢) >
E(0;1b;) b +[1 — E(05]6;)] (vo +¢)  Vj#i
and

E (6:]b;) bi + [1 — E (6:]b:)] (v + ¢) > .

Ties are resolved by a random draw with equal probability.

3. Once the contract is allocated to bidder ¢, he delivers his bid offer with probability 6;
and defaults with probability 1 — ;. The seller’s payoff is b; if the bid is delivered and
Vg + ¢ otherwise. Similarly, bidder i’s payoff is v — b; if he delivers his bid and —c if he
defaults. All other bidders get zero. The auction game is then over.

16



We call this auction game a first-score auction, where the term “score” refers to the combi-
nation of bid and risk. For instance, bidder i’s score is given by E (0;]b;) bi+[1 — E (6;|b;)] (vo + ¢).
As indicated in the timeline above, the contract is allocated to the bidder with the highest
score provided that that score is at least vy.

The first-score auction is much like a first-price auction in that the winning bidder pays
his bid. However, unlike a first-price auction, the winner is the bidder who offers the most
attractive combination of bid and risk. This allocation rule allows the seller to reject an offer
made by the highest bidder and allocate the contract to another bidder whose pairing of bid
and risk is more attractive than the pairing offered by the highest bidder. Since there is no
ex-post regret, the seller does not require commitment power in order to adhere to this rule.

Our approach will be to investigate the perfect Bayesian equilibria of the first-score
auction in both the full information case and the incomplete information case and then

compare the results.

4.2 The Incomplete Information Case

We begin by examining the case in which the seller does not observe the vector of types.
In Section 3.2 we found that the seller could get infinitely close to appropriating the entire
surplus by administering a standard first-price auction with a positive but arbitrarily small
default penalty. In this section, we ask whether the seller’s lack of commitment power causes
him to forfeit a share of the surplus. In other words, how much should the seller be willing

to pay for a commitment device?
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Once again, we let P;(b) represent bidder i’s probability of winning with a bid of b.
Although the seller accounts for default risk in selecting a winner, he observes only the bids
offered, and therefore, each bidder’s probability of winning the auction is a function of his
bid alone. In addition, let 3; : R x [0,0] — R, represent bidder 4’s equilibrium bidding
strategy (possibly a mixed strategy), where 3;(b, ) is the density function that determines

bidder ’s probability of bidding b in equilibrium when his type is 6.

Lemma 1 Suppose there exist 6 € [Q, 5} and some b in the support of [;(-,0) such that

P;(b) > 0.

(i) If ¢ > 0, then for all > 0 and all b in the support of ﬁ,(,é), it is the case that

Pi(b) > 0.

(ii) If ¢ < 0, then for all & < 0 and all b in the support of ﬁi(-,é), it is the case that

Pi(b) > 0.

Proof: See Appendix. O

If the default penalty is positive, the expected penalty faced by low risk bidders is less
than the expected penalty faced by high risk bidders, and any bid which is profitable when
the bidder draws type 6 must also be profitable when the bidder draws any type greater
than 6. Hence, if the bidder finds it profitable to participate in the auction when his type
is @, he will also find it profitable to participate when his type is greater than #. Lemma 1

indicates that when c is positive, there exists a threshold, t., for each bidder such that if the

Y39
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type drawn exceeds this threshold, the bidder’s probability of winning is positive but if the
type drawn falls short of this threshold, the bidder’s probability of winning is zero.

In contrast, if the default penalty is negative, low risk bidders are less likely to enjoy
the benefit of defaulting. That is, drawing a lower type raises the expected benefit from
defaulting, and as a result, any bid b which is profitable when the bidder draws type 6 must
also be profitable when the bidder draws any type lower than 6. Lemma 1 indicates that
when c¢ is negative, there exists a threshold, ¢;, for each bidder such that if the type drawn
falls below this threshold, the bidder’s probability of winning is positive but if the type drawn
is higher than this threshold, the bidder’s probability of winning is zero.

Since the available surplus decreaes with the bidder’s risk of default, we are interested in
equilibria in which the seller can identify which bidders have the lowest risk of default. Thus,
we elect to focus on separating equilibria of the first-score auction. In the following lemma,
we show that in any separating equilibrium, if ¢ is positive, bids are strictly increasing in

type for ; > t., but if ¢ is negative, bids are strictly decreasing in type for 6; < t;.

Lemma 2 Let 3; : R X [Q,m — Ry be a separating equilibrium bidding strategy. Suppose

there exist 6 € [Q, 5] and some b in the support of B;(-,0) such that P;(b) > 0.
(i) If ¢ >0, 0 >0, and b is in the support ofﬁi(-,é), then b > b.

(i1) If ¢ <0, 0 <0, and b is in the support ofﬂi(-,é), then b > b.

Proof: See Appendix. O
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In a separating equilibrium, the seller can fully extract types from bids. Lemma 2 suggests
that if ¢ is positive, then for each bidder a higher bid signals lower risk. Since reducing risk
reduces the expected penalty, low risk bidders have a higher expected value for the contract.
As a result, bidders can credibly signal their lower risk by offering higher bids. On the
other hand, if ¢ is negative, Lemma 2 indicates that a higher bid signals higher risk. Since a
negative default penalty functions as a reward for defaulting, high risk bidders enjoy a higher
expected reward, which raises their expected value for the contract. Since high risk bidders
can afford to bid more than their low risk counterparts, higher bids signal higher risk.

In the following lemma, we establish that the incentive to separate breaks down if the

magnitude of ¢ is too high.

Lemma 3 Let §; : R x [Q,m — Ry be a separating equilibrium bidding strategy. Suppose
there exist 0,0 € [Q,ﬂ , b in the support of B;(-,0), and b in the support of Gi(-, é) such that

Pi(b) > 0 and Py(b) > 0. Let 0 > 0.

(i) If ¢ >0, then b and b satisfy

0b — 0b
= > v+ C
0 —
(i) If ¢ <0, then b and b satisfy
b — Ob
~ <wvg+c
0—46

(with strict inequality if 6 > 0).

Proof: See Appendix. O
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Lemma 2 stipulates that if ¢ is positive, higher types submit higher bids. However, if ¢
is too large, the seller stands to gain if the bidder defaults. In this case, the seller prefers to
contract with a high risk bidder despite the fact that high risk bidders submit lower bids.
Incentive compatibility is then violated for low risk bidders since these bidders clearly gain
if they are able to both reduce their bids and raise their probability of winning. Therefore, if
c is too large, the incentive to separate breaks down, and there is no separating equilibrium.

Separation also fails when c is too small. Lemma 2 indicates that if ¢ is negative, higher
types submit lower bids. However, if the magnitude of ¢ is too large, the seller is more
concerned with the amount he has to pay in the event of a default than with the bid itself.
In this case, the seller prefers to contract with a low risk bidder despite the fact that low risk
bidders submit lower bids. As a result, high risk bidders have an incentive to mimic their
low risk counterparts, and the incentive to separate breaks down. Hence, if ¢ is too small,
there is no separating equilibrium.

We proceed by solving for the symmetric separating equilibria of the first-score auction.

The following lemma establishes that equilibrium bidding strategies must be pure.

Lemma 4 Let f: R x [Q, 5] — Ry be a symmetric separating equilibrium bidding strategy.

Suppose 6 € [Q,m and there ezists some b in the support of B(-,0) such that P(b) > 0.

(i) If ¢ >0, then G(-,0) must be a pure strategy.

(i1) If ¢ <0 and 6 # 0, then 5(-,0) must be a pure strategy.

Proof: See Appendix. O
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Suppose ¢ > 0. Lemma 1 indicates that there exists a t € [0, 5] such that bidders
with types greater than ¢ are awarded the contract with positive probability and bidders
with types less than t are never awarded the contract. Lemma 4, in turn, indicates that in
any symmetric separating equilibrium, the bidding strategy is pure when the bidder’s type
exceeds t. Therefore, the equilibrium bidding strategy of any bidder with type 6 € (¢, ] can
be represented by b : (¢,0] — R, where b(0) = {b: 3(b,0) # 0}.

Similarly, if ¢ < 0, Lemma 1 indicates that there exists a ¢ € [6,0] such that bidders
with types less than ¢ are awarded the contract with positive probability and bidders with
types greater than ¢ are never awarded the contract. Lemma 4 then indicates that in any
symmetric separating equilibrium, the bidding strategy is pure when the bidder’s type is less
than ¢. Therefore, the equilibrium bidding strategy of any bidder with type 6 € [8,) can be
represented by b: [0,1) — R.

The following two lemmas determine the functional form of b.

Lemma 5 In any symmetric separating equilibrium, the bidding strateqy b is continuous

over

(i) (t.0] if c>0,
(it) [6,7) if c <0 and § >0, and

(iii) (0,%) if c <0 and § =0.

Proof: See Appendix. O
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Lemma 6 In any symmetric separating equilibrium, a bidder with type 6 bids

cf? L1z

(i) b(9):v—(%)c—£j§T@Mm ifc>0,t>0, and 6 € (t,0]

t 1 pn—1
clg =F (z

(ii) b(6) = v — (152) e+ L2 if e <0 and 6 € (8,7).

Proof: See Appendix. O

The bidding function specified by Lemma 6 is identical to the bidding function specified
by Proposition 1. By Lemma 3, the contract goes to the bidder with the lowest risk when
the penalty is positive and to the bidder with the highest risk when the penalty is negative.
Since Lemma 2 stipulates that bids increase in type when the penalty is positive and decrease
in type when the penalty is negative, the contract always goes to the bidder submitting the
highest bid — which is precisely the allocation rule in a first-price auction.

However, unlike the bidding function in the first-price auction, the bidding function
specified by Lemma 6 cannot be sustained for any ¢ € R. Lemma 3 indicates that the
magnitude of ¢ cannot be too large. The following lemma imposes additional restrictions on
c and establishes the existence of a symmetric separating equilibrium when those restrictions

are met.
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Lemma 7 Suppose the seller sets a reserve score of tv + (1 — t)vy, where t € [Q, 5] and a

default penalty of ¢ = ~v(v — vy), where v € R.
(i) If v > t, then there is no symmetric separating equilibrium.

(11) If v € (0,t], then there exists a symmetric separating equilibrium in which bidders bid
according to
_ Cfte %F”_l(z)dx . —
WO) = v () e— EEEIDE g1
b(d) < b(t) otherwise

and the seller’s off-equilibrium-path beliefs are such that E (0;|b;) € (0,t] if b; < b(t).

(iii) If v < 0 and t = 0 > 0, then there exists a symmetric separating equilibrium in which
bidders bid according to
b(h) = v—(%)c if0 =20
b)) < v—(58)c— (%) (v —wp) otherwise

and the seller’s off-equilibrium-path beliefs are such that E (0;|b;) = 0 if b; < b(8).

(i) If v < 0 and either t = 0 = 0 or t > 0, then there is no symmetric separating

equilibrium.

Proof: See Appendix. O

Part (i) follows directly from Lemma 3. Parts (iii) and (iv) all but rule out the existence
of symmetric separating equilibria when the default penalty is negative. When ¢ < 0, high
risk bidders can afford to bid more than low risk bidders. Nevertheless, high risk bidders
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prefer not to outbid their low risk counterparts because doing so would identify them as
high risk thereby mitigating the increase in the probability of winning that would normally
accompany an increase in bid.

Turning our attention to the equilibrium outlined in part (ii), we find that, as was the
case with the first-price auction, the first-score auction delivers the desired combination
of high bid and low risk. Moreover, the seller can reduce the bidder’s information rents
and capture a greater share of the surplus by making the default penalty arbitrarily small.
However, when the seller lacks commitment power, he is unable to reject offers that exceed

his reservation utility, vg. That is, vy is the only reserve score the seller can sustain.

Proposition 2 Suppose the seller sets a reserve score of vy and a default penalty of ¢ €
(0,8(v — vg)|. There ezists a symmetric separating equilibrium in which bidders bid according

to

1-0\ cf; S P (z)d
¢ Fr1(6)

if 0 € [Q, 5] and the seller’s off-equilibrium-path beliefs are such that E (0;|b;) = 0 if b; < b(0).
Proof: See Appendix. O

Proposition 2 indicates that the seller’s inability to reject offers that exceed vy does not
preclude him from capturing the entire surplus; to do so, he need only make the default

penalty arbitrarily small. Therefore, there is no cost associated with a lack of commitment

power. That is, the value of a commitment device is zero.
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Corollary 2 When the seller does not observe each bidder’s default risk in advance, he gains

nothing from the ability to commit.

In the following section, we examine whether this result continues to apply when the

seller does observe the bidders’ types in advance.

4.3 The Full Information Case

In Section 3.1 we found that if the seller is informed and has commitment power, he can
capture the entire surplus by identifying the bidder with the lowest risk of default and making
him a take-it-or-leave-it offer: the contract at price v with no default penalty other than the
reappropriation of the contract. In this section we ask whether an informed seller without
commitment power can also capture the entire surplus.

We begin by examining the first-score auction outlined in Section 4.1 under the assump-
tion that the seller observes the vector of types in advance.® Since the seller awards the
contract to the bidder whose bid-risk combination is most attractive, each bidder’s proba-
bility of winning is a function of both his bid and his type. Let P; (b, ) represent bidder i’s
probability of winning the contract with a bid of b given that his type is 6. It follows that if

bidder i has type € and bids b, his expected utility is

Uy(b,0) = [0(v — b) — (1 — 0)c] P(b, 0).

5Given that v is common knowledge and the seller observes each bidder’s default risk, one might ask
what purpose an auction serves in this context. Our immediate purpose is to isolate the effect of observing
the types on the strategic interaction among bidders by holding the game form constant and varying the
seller’s information. However, it should be noted that in reality the seller is often uninformed about v, and
this uncertainty may be sufficient reason to hold an auction. Our model casts light on the value (if any) of
obtaining information about default risk within an auction framework.
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Let 5; : R x [Q,ﬂ — R, represent bidder i’s equilibrium bidding strategy (possibly a
mixed strategy), where [3; (b, 0) is the density function that determines bidder i’s probability
of bidding b in equilibrium when his type is 6. Bidder i’s problem is to select 3; such that
for any type 6 € [Q, 5] and any bid b in the support of 3;(-,0), the following two conditions

are satisfied:

and

We proceed by reformulating the bidder’s problem using bidder i’s score as the choice
variable. This reformulation permits us to directly apply the standard independent private

values results. Let

s=60b+ (1 —0)(vy+c) (4.1)

denote the score offered by a bidder with type # who bids b. Note that since both the bidder
and seller observe 6 ex ante, the bidder’s choice of bid unambiguously determines his score.
Let Q;(s) represent bidder i’s probability of winning with a score of s. Since the seller awards
the contract to the bidder with the highest score, @;(s) is simply the probability that s is
the highest score offered if s > s, and zero otherwise. Finally, let o; : R x [Q, ﬂ — R, be an
equilibrium score strategy (possibly a mixed strategy), where o; (s, ) is the density function

that determines bidder ¢’s probability of offering s in equilibrium when his type is 6.

27



Using this notation, we can now reformulate the bidder’s problem. Bidder i selects o;
such that for any type 0 € [Q, ﬂ and any score s in the support of o;(+, ), the following two
conditions are satisfied:

Uy(s,0) > Ui(z,0) VzeR

and

A

Ui(57 9) Z Oa

where

A

Ui(s,0) = [0v+ (1 — 0)vg — 5] Qi(s).

Note that by interpreting v + (1 — #)vg as the bidder’s type, s as the bidder’s bid,
and s, as the reserve price, we can map this formulation into the standard independent
private values framework. Therefore, we can invoke Maskin and Riley (1986) and Riley and

Samuelson (1981) to obtain the following result:

Lemma 8 Let
0, = inf {(9 € [Q,@] c0v+ (1 —0)vg > 3*} )

There exists a unique equilibrium in which any bidder with type 0 € [0,, 0] offers a score of

[V Y (z)dx

5(0) = b0+ (1= 0)u — (v = ) ™y

and any bidder with type 6 € [0,0.) offers a score less than s,.
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Since the seller lacks commitment power, the only reserve score that can be sustained is
s. = v, and since Qv + (1 — 0)vy > vp, no type is excluded. Therefore, the equilibrium score

function is given by

f; FYz)dx
s(0) =0v+ (1 —0)vy — (v— UO)W

for all 6 € [6,6].

The equilibrium score function indicates that higher types offer higher scores, and there-
fore, the contract will be awarded to the bidder with the lowest risk of default. How-
ever, this does not imply that higher types offer higher bids. Using the fact that s(f) =
0b(0) + (1 — 0)(vp + ¢) in equilibrium, we derive the equilibrium bidding function specified

in the following proposition.

Proposition 3 There ezists a unique equilibrium in which any bidder with type 0 € [0,0]

bids according to

o (50 (52) E i

Once again, the first two terms of the bidding function represent the bidder’s expected
value for the contract while the third term represents the degree to which the bidder shades
his bid. However, in this case, ¢ does not appear in the shading term, and as a result, the
seller is unable to reduce bidder rents by manipulating the default penalty.

To gain a better understanding of the shading term, we set aside the first-score auction
and consider a Bertrand game in which bidders make competing offers. In the absence of
commitment, the seller is unable to reject any offer which exceeds his reservation value but
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cannot be matched by any other bidder. Hence, the best the seller can do is allocate the
contract to the bidder with the lowest risk of default, who, in turn, delivers a score equal
to Oov + (1 — 63)vg, where 05 is the type corresponding to the bidder with the second-lowest
risk of default.

Let 61 be the type of the bidder whose risk of default is lowest and let p be the selling price

of the contract. By setting the bidder’s score, 61p+ (1 —61)(vo +¢), equal to Oav + (1 — 63) vy,

() ed) (e

The first two terms represent the maximum price the bidder with the second-lowest risk

we obtain

of default is willing to pay for the contract, while the third and fourth terms represent the
extent to which the bidder with the lowest risk of default can undercut his closest competitor
and still win the auction. The third term is driven by the reduction in the expected penalty
payment that results from selecting a bidder who is less likely to default. In contrast, the
fourth term is associated with the increase in the seller’s expected utility that results from
selecting a bidder who is more likely to deliver the selling price.

By rewriting equation (4.2) as

we see that the third term in equation (4.2) is absorbed by the second term of the bidding
function in Proposition 3. Hence, the last term of equation (4.2) corresponds to the shading

term in the bidding function, which indicates that a bidder in a first-score auction shades
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his bid to the extent that the seller prefers him over a more risky competitor because he is
more likely to deliver his bid.

The existence of this term is contingent on the seller’s knowledge of bidder types. In
order for a bidder to capitalize on his low risk status, the seller must be aware that the
bidder’s risk of default is low. More generally, the seller’s knowledge of bidder types generates
an asymmetry across bidders which dampens price competition. Manipulating the default
penalty no longer stimulates price competition because low risk bidders have no need to
signal their types. Reducing the penalty does raise bids but only by enough to counteract
the associated reduction in the seller’s expected penalty revenue.

Before we sum up our results, note that this Bertrand game delivers the same expected
utility to the seller as a first-score auction does. Consider a second-score auction, in which
the object is allocated to the bidder offering the highest score but that bidder delivers only
the second-highest score offer. Clearly, the outcome of the Bertrand game is the same as
the outcome of the second-score auction. By invoking the revenue equivalence results of
Riley and Samuelson (1981), we establish that the second-score auction delivers the same
expected utility to the seller as the first-score auction. Therefore, the seller is indifferent

between having the bidders submit competing offers and holding a first-score auction.

Proposition 4 When the seller lacks commitment power and observes each bidder’s default
risk in advance, the first-score auction, second-score auction, and Bertrand game deliver the

same expected utility to the seller.
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Regardless of which of the three mechanisms the seller implements, his knowledge of the
bidders’ types precludes him from capturing the entire surplus. This implies that in the
absence of commitment, the seller prefers not to gather information about each bidder’s
default risk prior to allocating the contract. Moreover, if circumstances are such that the
seller is informed about bidder types in advance, he benefits from being able to commit to

a take-it-or-leave-it offer.

Corollary 3 If the seller lacks commitment power, the value of information about each

bidder’s default risk is negative.

Corollary 4 When the seller observes each bidder’s default risk in advance, the value of a

commitment device is positive.

5 Conclusion

After the close of an auction, the winning bidder may find that he is unable to deliver his
bid offer. This paper has addressed the question of how the seller maximizes his share of the
surplus in the presence of exogenously determined default risk.

It has been shown that the value of gathering information about default risk is negligible
when the seller has commitment power. This follows from the fact that the seller can capture
nearly the entire surplus even when he is uninformed about each bidder’s risk of default. The
introduction of a default penalty causes low risk bidders to have a higher expected value for
the contract than do their high risk counterparts, which translates into bidders with lower

risk submitting higher bids. Moreover, by making the penalty arbitrarily small, the seller
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minimizes the spread in valuations, thereby stimulating price competition, and minimizing
the rents captured by the winning bidder.

On the other hand, when the seller lacks commitment power, the value of gathering
information is negative. When the seller is uninformed about each bidder’s risk of default,
low risk bidders are compelled to signal their low risk status by submitting higher bids. But
when the seller elects to inform himself about each bidder’s risk, low risk bidders no longer
have the need to signal their status. Moreover, they can capitalize on the fact that the seller
is biased in their favor by bidding less aggressively than they otherwise would.

This paper has also examined the value of commitment. When the seller is informed about
each bidder’s risk, the seller’s value for a commitment device is positive. In the absence of
commitment, low risk bidders capitalize on the bias in their favor by bidding less aggressively.
However, when the seller has commitment power, he can make a take-it-or-leave-it offer to
the bidder with the lowest risk of default and extract all the surplus. In contrast, when the
seller is uninformed, he is able to capture nearly all the surplus — independent of whether or
not he has commitment power — by introducing a small but positive default penalty.

A pair of interesting points should be highlighted before closing. First, the existing
literature has indicated that high bids are accompanied by high risk. We have shown that to
the extent that default risk is exogenously determined, the seller can reverse this relationship
by introducing a default penalty. Though the default penalty is constant across bidders, the
expected penalty is higher for bidders with sizable exogenous risk and lower for bidders with

low exogenous risk. As has been shown in the literature, a lower penalty leads to more
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aggressive bidding, but it is now the lower risk bidders who face a lower penalty and deliver
higher bids.

Second, the best outcome for the seller occurs when the penalty payment is positive but
small. This result is driven by the assumption that the value of the contract is common
across bidders and may not hold when this assumption is relaxed. Nevertheless, it suggests
a tradeoff between raising the penalty so as to achieve a stronger correlation between high
expected value and low risk and lowering the penalty so as not to weaken price competition
by widening the existing spread of valuations.

One of the stronger assumptions made is that each bidder’s risk of default does not vary
with the magnitude of the bid submitted. In the future, it may be useful to relax this
assumption and allow the likelihood of default to rise with the bid. One way to do this
would be to modify existing models in the literature. In these models default is driven by
uncertainty about the value of the contract, where the assumption is that the probability of a
high realization of the contract’s value is independent of which bidder wins the contract. By
allowing the probability to vary across bidders, we can incorporate the notion of exogenous
sources of risk into existing frameworks and allow the risk of default to vary with the bid

submitted and be determined within the context of the model.
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A Appendix: Proofs

Proof of Lemma 1: We first show that the lemma does not apply when 6 equals zero and
then prove the lemma.

Suppose that in equilibrium, bidder 7 plays the (possibly mixed) strategy (; : R x [Q, 5] —
R.. Suppose further that b is in the support of Bi(-, é), b is in the support of f;(+,0), and
P;(b) > 0.

By individual rationality,
[0(v —b) — (1 —0)c|Pi(b) > 0. (A.1)

If 6 = 0, inequality (A.1) would reduce to —cP;(b) > 0. Since P;(b) > 0, ¢ cannot be positive,
and since the lemma only applies to cases in which either ¢ > 0 and 6 > 6 or ¢ < 0 and
6 < 0, it cannot be the case that 6 = 0.

We will now proceed to prove the lemma. Given inequality (A.1) and the assumption
that P;(b) > 0, it must be the case that #(v — b) — (1 — @)c > 0. Since 0 # 0, we can divide

by 6, multiply by 0, and add [(6 — ) /6]c to both sides to obtain
O(v—b) — (1 —0)c > (%) c.

Ifeitherc>0andé>90rc<0andé<9,then

~

[0(v —b) — (1 — 0)c]Pi(b) > 0.

By incentive compatibility,

~

[O(v—b) — (1= 0)JP,(b) > [0(v—10)— (1 —0)c]Pi(b)
>
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Therefore, it must be the case that P;(b) > 0. O

Proof of Lemma 2: Following the proof of Lemma 1, Lemma 2 does not apply when
0 equals zero. Therefore, we assume that 6 > 0 for the remainder of this proof.

Since we are constraining ourselves to separating equilibria, 6 # 0 implies b # b. Hence,
it is sufficient to show that if either ¢ > 0 and § > 0 or ¢ < 0 and 6 < 0, then b>b.

Incentive compatibility requires that
[0(v —b) — (1 = 0)c|P:(b) > [0(v — b) — (1 — 0)c] P;(b) (A.2)

and

If 6 # 0, we can combine inequalities (A.2) and (A.3) to obtain

e [H(z}) - H-(b)] > (v+4c) [B(B) - B(b)] + bP;(b) — bP;(b)
> § [Pi(f)) — Pi(b)] ;

which implies that ¢(6 — 0)[P;(b) — P;(b)] > 0. If either ¢ > 0 and 6 > 0 or ¢ < 0 and 0 < 0,

it must be the case that P;(b) > P;(b) > 0. If = 0 and ¢ < 0, inequality (A.3) reduces to
—cPi(b) = —cPi(b),

and again it must be the case that P;(b) > P,(b) > 0.

Given this, inequality (A.2) can be rewritten as

Pi(b) — P,(b)

b—b>[0(v—0b)— (1—6) P
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The right-hand side of the inequality above is nonnegative since by definition of equilibrium,

[0(v — b) — (1 — 6)c]P;(b) > 0. Therefore, it must be the case that b > b. O

Proof of Lemma 3: Suppose ¢ > 0. Since the individual rationality constraint (inequality
(A.1)) is violated when ¢ > 0, P;(b) > 0, and # = 0, # cannot be equal to zero. Since

6>06> 0, we can follow the proof of Lemma 2 and assert that
c (é . 9) [3(6) - R-(b)] >0, (A.4)

P;(b) cannot equal P;(b) because if P;(b) = P;(b), incentive compatibility (inequalities (A.2)
and (A.3)) would require that b = b, which would violate the assumption that the equilibrium
is separating. Therefore, it must be the case that P,(b) > P;(b), meaning that the score

associated with a bid of b is greater than the score associated with a bid of b:

AN ~

6b+ (1 —0)(c+wvg) > 0b+ (1 —6)(c+ v).

Rearranging terms yields the condition outlined in part (i) of the lemma.

~

Now suppose ¢ < 0. If # = 0, then inequality (A.1) reduces to —cP;(b) > —cP;(b), which

implies that P;(b) > P;(b). Therefore, the score associated with a bid of b is greater than or

equal to the score associated with a bid of b:
b+ (1 —0)(c+wvo) > 0b+ (1 — 0)(c+ o).

Rearranging terms yields the condition outlined in part (ii).
If ¢ < 0 and 6 # 0, we can invoke inequality (A.4) and assert that P,(b) > P,(b). Once
again, P,(b) cannot equal P;(b) because inequalities (A.2) and (A.3) would imply that b = b,
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which would violate the assumption that equilibrium is separating. Therefore, P;(b) > P;(b)

and the score associated with b is strictly greater than the score associated with b:
0b+ (1 — 0)(c+vo) > 0b+ (1 — 0)(c + vo).

Rearranging terms yields the condition outlined in part (i) with strict inequality. O

Proof of Lemma 4: Suppose ¢ > 0. By Lemma 1, there exists ¢ € [Q, 5] such that
bidders with types in (t, 9] win the auction with positive probability, while bidders with
types in [f,t) win with probability zero. Hence, a bidder whose type is in (¢, 6] beats any
bidder whose type is in [0, 1).

Suppose 6,0 € (t,0] and 6 > 0. Let b be in the support of B(-,0) and b be in the support

of A(, é) By Lemma 3, b and b must satisfy

b — 6b
— > ¢+ Vg,
0—40

which implies that the score offered by a bidder with type @ is larger than the score offered

by a bidder with type 0:
0b+ (1 — 0)(c+vo) > 0b+ (1 — 0)(c + vo).

Hence, a bidder with type 6 beats a bidder with type 6.
By combining these two results, we find that if a bidder’s type is 6 € (¢,0], the bidder
wins the auction if the type of every other bidder is strictly less than # and loses the auction

if there exists a bidder whose type is strictly greater than 6. Since the distribution of types,
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F', has positive density, f, we can say that a bidder with type 6 € (t,6] wins the auction
with probability F™~1(9).

Let § € (¢,0] and 3(-,6) be a mixed strategy. Suppose the support of 3(-,6) includes not
only b but also ¥ # b. Since a bidder with type 6 should be indifferent among bids in the

support of 3(+,0), it must be the case that
[0(v —b) — (1 = O)]F"1(0) = [0(v — ) — (1 — )] F"1(0).

Since F"71(#) > 0 (P;(b) is strictly positive by assumption), the bidder is not indifferent
between b and b’ — a contradiction.
An analogous argument can be used to show that (-, 6) must be a pure strategy when

c<0Oand f#+#0. 0

Proof of Lemma 5: Suppose ¢ > 0 but b : (¢,6] — R is not continuous at some 0 € (¢, 6)].

Then, for some € > 0, there is no ¢ > 0 such that
d e (t,8] and ‘é - 9‘ <6= (b(é) - b(@)( <e

By Lemma 2, b is strictly increasing on (¢,0]. Therefore, we can restate the discontinuity

condition as follows: there exists € > 0 such that either

b(h) —b(h) > €, VO e (t,0) (A.5)
b(d) —b(0) >, VO (6,9]. (A.6)
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Incentive compatibility for a bidder with type 6 requires that
[0(v = 0(8)) — (1= O)JF"*(8) = [6(v — b(8)) — (1 = O)c]F"~(9)
for all 6 € (t,8]. If condition (A.5) holds, then
8(v — b(h)) — (1 — (9)0] [F"’l(e) - anl(é)] > 0F"L(0)e (A7)

for all 6 € (t,0). Since F' is continuous on [Q,ﬂ, Fn~! s also continuous on [Q, 5], which

implies that for all € > 0, there exists ' > 0 such that
0e(t,0)and 0 —0 <& = Fr1(0) — F"1(0) < €.

That is, F"~1(9)—F™ ! (é) can be brought arbitrarily close to zero by selecting a 8 sufficiently
close to 0. Furthermore, since 6 € (6,6] and € > 0 is fixed, 6F"~()e is both positive and
fixed. Therefore, inequality (A.7) is violated for some 6 sufficiently close to 6, and condition
(A.5) cannot hold.

Now suppose condition (A.6) holds. Incentive compatibility for a bidder with type 0

requires that
[B(v = b(8)) — (1 — ) F"1(8) > [8(v — b(8)) — (1 — B)] F~L(6)
for all 6 € (t,6]. By imposing condition (A.6), we obtain

[é(v —b(O) — (1 é>c} {Fﬂ*l(é) — g > GF(6)e (A5)
0)e

> OF"1(0)

for all 6 € (0,0]. As before, F"~1(f) — F"=(0) can be brought arbitrarily close to zero by
selecting a 0 sufficiently close to 6, and since 0F"~1(6)e is both positive and fixed, inequality
(A.8) is violated for some @ sufficiently close to 6.
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Since neither condition (A.5) nor condition (A.6) holds when ¢ > 0, b must be continuous

over (t,0]. An analogous argument can be used to verify parts (ii) and (iii). O

Proof of Lemma 6: Suppose ¢ > 0 and ¢ > 0. Our approach will be to first establish a

boundary condition by showing that

lim b(@):v—i—c—g

0—tt

and then use this condition to derive the bid function.
By Lemma 5, b is continuous, and hence, the limit exists. Suppose limg .+ b(0) # v +

¢ — ¢/t. Then there exists an € > 0 such that either

C
lim b(6 — - A9
girg()>v+c £+€ (A.9)
or
c
lim b(6 — - —€ A10
Ggg()<v+c ;€ (A.10)

Suppose Condition (A.9) holds and consider a bidder with type = t + 0, where ¢ is
small and positive. By Lemma 2, the bidding function b is strictly increasing for all § > ¢,
and hence, the bidder submits a bid () > v + ¢ — ¢/t + €. Furthermore, since 6 > ¢, the

bidder’s probability of winning is F"~1(§) > 0. Thus, the bidder’s expected utility is

0(v —b(0)) — (1= 0)c] F*"1(0) < [0(—c+c/t—e) — (1—0)c] F*~1(6)
= [(0/t)e = L+ 0)e] F" (L +9).

If § is sufficiently close to zero, (6/t)c — (t + 0)e is negative, and individual rationality is
violated.
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Now suppose Condition (A.10) holds and t > 6. Consider a bidder with type 8 =t — ¢,
where 0 is small and positive. Since # < ¢, the bidder does not win the auction and earns
utility of zero. By Lemma 5, b is continuous. Therefore, there exists a x > t such that
b(x) < v+ c—c/t —e. If the bidder deviates to b(z), his expected utility is

[B(v —b(z)) = (1 = )] F*~H(z) > [0(=c+c/t+e)—(1—0)c] F" ()
= [(t=0)e—(6/t)d F"~'(x).

If § is sufficiently close to zero, (t — d)e — (d/t)c is positive, making the deviation to b(z)
profitable.

And finally, suppose Condition (A.10) holds and ¢ = §. Consider a bidder with type § = t.
Since ¢t = 6, his probability of winning the auction is zero; therefore, he earns utility of zero.
By Lemma 5, b is continuous. Therefore, there exists a > ¢ such that b(x) < v+c—c/t—e.

If the bidder deviates to b(x), his expected utility is
00— b(&) — (1— O F*1(x) > [B(—c+ e/t +e)— (1) F1(a)

(te) P\ (x)
0.

Vol

Therefore, the deviation to b(x) profitable.

We have shown that limy_,+ b(f) = v + ¢ — ¢/t. We now proceed with our derivation of
the bidding function, b(-).

Consider a bidder with type 6 € (¢,0]. If the bidder offers a bid of b(z), where x € (¢, )],

then the bidder’s expected utility is
U(z,0) = [0(v—>bx)) — (1 —0)c] F"(z).

In equilibrium, b(-) must satisfy the following conditions for all § € (¢, 0):
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Global IC :  U(#,0) > U(x,0), Vz € (t,0];
and
Local IC :  U,(0,0) = 0.

Since b is continuous, Global IC implies Local IC for all € (¢,6). Taking the derivative
of U(z, 8) with respect to x, substituting 6 for x, and setting the resulting expression equal
to zero yields

db(0)

—2F"71(0) + b(0)

i dF"1(0) _ < c> dF”‘l(Q)‘

0 vremg) T

Integrating both sides and evaluating the integrals from ¢ to 6 yields

b(0) =1 (0) — lim, e b(z) F~ (2) =

(v+c—2) FrL(g) — (v te— t) Frlt) — e [0 L P (2)da.

Using the boundary condition (lim, .+ b(xz) = v + ¢ — ¢/t) and solving for b(f) gives the

bidding function

1—6 c te S P (z)dx
) )

for @ € (t,6). Since b(-) is continuous over (¢,6], the bidding function specified gives the
equilibrium bid for type 6 as well.

An analogous argument can be used to show that if ¢ < 0, the bidding function is

B 1-0 c ;I—EF”_l(x)dx
b(d) =v — (—6 ) c+ i)
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for 6 € (0,t). By Lemma 5, if > 0, b(-) is continuous over [0, ), and therefore the bidding

function gives the equilibrium bid for a bidder with type 6 as well. O

Proof of Lemma 7: We will prove each part in succession.

Proof of (i). Let v > t and suppose there exists a symmetric separating equilibrium. Since
¢ > 0, Lemma 1 indicates that there exists a threshold type such that if the type drawn
exceeds this threshold, the bidder’s probability of winning is positive but if the type drawn is
less than this threshold, the bidder’s probability of winning is zero. Let t € [Q, ?] represent

this threshold. Lemma 3 requires that

d[0b(0)]
do

> ¢+ (A.11)

for all 6 € (ﬁ, 5]. By applying the bidding function outlined in Lemma 6 and making a

substitution using ¢ = (v — vg), we obtain

limg_,+ WOL — Jim, . 00/ (0) + b(6)

a0
— u— (L) e
o t

= ct+v+ (%—%) c.
If t <, then limy .+ 60/ (6) +b(6) is strictly less than c+wp. Since 0b'(0) +b(0) is continuous

over (Z, @], there exists an € > 0 such that
(t+e)b (t+e)+b(t+€) < c+ vy,

which clearly contradicts inequality (A.11). Therefore, it must be the case that t > ~.
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Suppose t is strictly greater than v and let b = ¢ + vy. Note that the score associated

with b is equal to ¢ 4 vy for any belief the seller may hold about b. Since

c+vg = v+ (1—=79)vy
> tv+ (1 —t)v,

the score associated with b exceeds the minimum score set by the seller. Consider a bidder
with type 6 € (v,t). Since the bidder’s type is strictly less than the threshold type ¢, the
bidder is never awarded the contract in equilibrium and earns zero utility. However, if the
bidder bids b, his probability of winning is F"~! (¢) since his score exceeds the minimum score
but falls short of the scores offered by bidders with types in (E, 5]. Therefore, his expected
utility is
(v —b) = (L=0O) ] F*' () = (0—7)(v—vo)F""" ()
> 0.

Since b delivers positive utility, it is a profitable deviation for the bidder. Hence, it cannot
be the case that ¢ > ~.

Finally, suppose t = ~. Since t =« and ¢ = (v — vp),

limg 4+ 6(0) = v— (%) c
= C+/Uo.

Let b = ¢+ vy — ¢, where € > 0. The score associated with b is given by

E@b)b+[1 — E0)b)] (c+wvo) = E@|b)[b— (c+ vo)] + (c+ o)
= E(0|b)[—€] +yv+ (1 —v)vo.

For any belief E(0|b) € [0, ], there exists an e such that the score associated with b is greater

than the minimum score, tv 4+ (1 — t)vg. We fix € accordingly. Now consider a bidder with

type 8 =t — 0, where 0 > 0. Since the bidder’s type is strictly less than the threshold type,

45



the bidder is never awarded the contract in equilibrium and earns zero utility. However, if
the bidder bids b, his probability of winning is F~! (¢) since his score exceeds the minimum
score but falls short of the scores offered by bidders with types in (ﬁ,ﬂ. Therefore, his

expected utility is

[6(v = b) = (1= 6)c] F"71 (1) (£ =0)(v—vo+€) =] F"1 (1)

= [ye—=0(v—vo+e€)] F* ().

Since € is positive and fixed, we can select ¢ such that it satisfies ye — (v —vy+¢€) > 0. Since
b delivers positive expected utility to a bidder with type t — ¢, it is a profitable deviation for

that bidder. Hence, it cannot be the case that t = ~.

Proof of (ii). Our approach will be to derive the equilibrium expected utility for a bid-
der with type 6 € [Q, ?} and then show that there is no profitable deviation available to that
bidder.

Consider a bidder with type 6 = 0. Since such a bidder defaults with probability one,
the bidder’s utility is —c if he wins the auction and zero if he does not. Since his reservation
utility is zero, individual rationality requires that the bidder never be awarded the contract

in equilibrium.
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Consider a bidder with type 6 € [0,t) and suppose 6 > 0. Since the equilibrium is
separating, the seller can infer 6 from b(6), and the bidder’s score is given by
s(@) = 0b(0)+ (1 —0)(c+wo)
< 60b(t)+ (1 —0)(c+ vo)
< th(t) + (1 —t)(c + vo)
= tv+ (1 —1t)vo.
The first inequality follows from the fact that b(#) < b(t) if 8 € [0, ). The second inequality
follows from the fact that b(t) > ¢+ v if ¢ < t(v — vg). Since s(#) is less than the minimum
score, the bidder will not be awarded the contract. Hence, any bidder with type 0 € [0, 1)
earns utility zero in equilibrium.
Consider a bidder with type 6 € [t,@]. Since b(f) is strictly increasing over [t,ﬂ and
b(t) > c+ vy, scores are strictly increasing in 6 over [t, 5] . Therefore, the bidder’s probability

of winning the contract is F"~!(#), and his expected utility can be written as
[0(v —b(0)) — (1 —8)c] F*~1(0).

We now show that no bidder has an incentive to deviate to another bid on the equilibrium
path. Suppose a bidder has type 6 € [Q,ﬂ. If this bidder deviates to a bid b(x), where
x € [0,t), then his resulting utility is zero, which does not improve upon his equilibrium
expected utility. Suppose a bidder has type 6 € [t,@]. If he deviates to a bid of b(x), where

x € [t,@}, then his expected utility is

0(v — b(x)) — (1 — 6)d F*"Y().
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Substituting for b(x) and taking the derivative with respect to x yields
(0 - ZL‘) dF"1(x)
& )
x dx

which is positive for < 6 and negative for x > 6. Therefore, bidding b(z) delivers lower

expected utility than bidding b(6). Finally, suppose a bidder has type 6 € [6,t). If he

deviates to a bid of b(z), where = € [t,ﬂ, then his expected utility is

[6(v = b(z)) = (1 = O)c] F" ()

A A

where the first inequality follows from the fact that b() is increasing over [t,4]. Since
the expected utility associated with bidding b(z) is less than zero, b(x) is not a profitable
deviation.

We now show that no bidder has an incentive to deviate to a bid off the equilibrium path.
Consider the deviating bid b > b(f). A bidder with type # = 0 has no incentive to deviate
to b since his utility is —c if he wins the auction and zero otherwise. Suppose the bidder has
type 0 € [Q,m, where € > 0. If he does not win the auction, his utility is zero, and he gains
nothing. If he does win the auction, his expected utility is (v —b) — (1 —0)c, which is strictly
less than his expected utility from bidding b(f). Since b(f) is not a profitable deviation, b is
not a profitable deviation either.

Now consider the deviating bid b < b(t). If E (0;|b;) € (0,t] when b; = b, then the score
associated with b is

E(0]b)b+ (1 = E(6]b))(c + vo) E(elb)b() (1 — E(6]b))(c + vo)

<
< th(t) + (1 - )(C+vo)
= tv+ (1 —1t)v
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Since the score associated with b is less than the minimum score, the contract is never

awarded to a bidder offering a bid of b. Therefore, b cannot be a profitable deviation.

Proof of (iii). Our approach will be to derive the equilibrium expected utility for a bid-
der with type 6 € [Q, 5} and then show that there is no profitable deviation available to that
bidder.

If the bidder draws type 6, he wins the contract with probability one but earns zero
utility in expectation. If the bidder draws type 6 > 6, his equilibrium score is

s(@) = 6b(0)+ (1 —6)(c+ o)
< 0 [v— (58)c— (9%@) (v—vo)] + (1 =6)(c+ )
= v+ (1—0)v.
Since s(0) is less than the minimum score, the bidder does not win the contract and therefore,
earns utility zero.

We now show that no bidder has an incentive to deviate to another bid on the equilibrium
path. Suppose a bidder has type 6 € [Q, 5} . If this bidder deviates to a bid b(z), where x > 6,
he earns utility zero, which does not improve upon his equilibrium expected utility. Now
suppose a bidder has type # > 6. If the bidder deviates to b(#), he wins the auction with
probability one and earns expected utility of

(v — b(d)) — (1 — B)c = (%) c
< 0.

Since deviating to b(f) delivers negative utility in expectation, it is not a profitable deviation.
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Finally, we show that no bidder has an incentive to deviate to a bid off the equilibrium
path. Consider a bidder with type 0 € [Q,m and a deviating bid b > b(f). If the bidder
does not win the auction, his utility is zero, and he gains nothing. If the bidder does win

the auction, his expected utility is

v —>0)—(1—0)c < O(v—>b(0))—(1—0)c

< 0.

Since b > b(6) does not deliver positive expected utility, it is not a profitable deviation.
Now consider the deviating bid b < b(#). Since the seller’s off-equilibrium-path beliefs

are such that E(6;|b;) = 6 when b; < b(f), the score associated with b is
0b+ (1 —0)(c+wvo) < b+ (1—0)(c+ vo)

= Ov+ (1 —0)vp.

Since bidding b delivers a score that falls short of the minimum score, the bidder is not

awarded the contract and earns utility zero. Therefore, b < b(€) is not a profitable deviation.

Proof of (iv). Since v < 0, c is negative. By Lemma 1, there exists a threshold type
such that if the type drawn exceeds this threshold, the bidder’s probability of winning is
zero but if the type drawn is less than this threshold, the bidder’s probability of winning is
positive.

Suppose t > . Consider a bidder with type 8, where § > 0. If the bidder’s probability of
winning is positive in equilibrium, then individual rationality requires that his equilibrium
bid satisfy b () < v — <1—_Q> c. Therefore, the bidder’s equilibrium score is

0

s(0)

= 60b(0) + (1 —80) (c+ o)
< v+ (1—0)vg
< tv+ (1 —t)wvp.
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Since the bidder’s score is strictly less than the minimum score, there is no symmetric
separating equilibrium in this case. Now consider a bidder with type § = 0. The bidder’s
score is ¢ + vy independent of the bid he submits. Since this score is less than the minimum
score, there is no symmetric separating equilibrium in this case either. Therefore, there is
no symmetric separating equilibrium when ¢ > 6.

Suppose t = 6 = 0. In this case, the minimum score is vg. Once again, consider a bidder
with type 8 = 0. Since the bidder’s score is ¢ + vy < vg, there is no symmetric separating

equilibrium when t =6 =0. O

Proof of Proposition 2: Our approach will be to derive the equilibrium expected utility
for a bidder with type 6 € [Q, 5] and then show that there is no profitable deviation available
to that bidder.

Suppose € > 0 and consider a bidder with type 6 € [Q, ﬂ . Since b(#) is strictly increasing
over [Q, 5] and b(0) > ¢+ wg, scores are strictly increasing in 6 over [Q,ﬂ. Therefore, the
bidder’s probability of winning the contract is F" !(f), and his expected utility can be

written as

0(v — b(0)) — (1 — 0)c] F*~1(8).

We proceed by showing that no bidder has an incentive to deviate to another bid on the
equilibrium path. Suppose a bidder has type 0 € [Q, 5] . If this bidder deviates to a bid b(z),

where x € [Q, m, then his expected utility is

[0(v — b(z)) — (1 — 0)c] F*!(x).
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Substituting for b(x) and taking the derivative with respect to x yields
(0 - ZL‘) dF"1(x)
& )
x dx

which is positive for < 6 and negative for x > 6. Therefore, bidding b(z) delivers lower

expected utility than bidding b(6).
We now show that no bidder has an incentive to deviate to a bid off the equilibrium path.
Suppose a bidder with type 0 € [Q,ﬂ deviates to a bid b > b(f). If he does not win the

auction, his utility is zero, and he gains nothing. If he does win the auction, his expected

utility is 6(v — b) — (1 — )¢, which is strictly less than his expected utility from bidding b(6).
Since b(@) is not a profitable deviation, b is not a profitable deviation either. Now suppose
the bidder deviates to a bid b < b(@). Since E (6;|b;) = 0 when b; = b, the score associated
with b is

E(0]b)b+ (1 — E(0]b))(c + vo) E(0]6)b(8) + (1 = E(6]b))(c + vo)
0b(0) + (1 —0)(c + vo)

v+ (1 — 0)vp.

A A

Since the score associated with b is less than the lowest score offered in equilibrium, the
contract is never awarded to a bidder offering a bid of b. Therefore, b cannot be a profitable

deviation.
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