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❆❜str❛❝t

❆♥ ❛♣♣r♦❛❝❤ t♦ ✐♥❝♦r♣♦r❛t❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥t♦ ❙t♦❝❤❛st✐❝ ❋r♦♥t✐❡r

❛♥❛❧②s✐s ✐s ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❛ s❛♠♣❧❡ ♦❢ ✷✶✺ ❞❛✐r② ❢❛r♠s ✐♥ ❊♥❣❧❛♥❞

❛♥❞ ❲❛❧❡s✳ ❆ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r t❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t

♠❛tr✐① ❛r❡ ✉s❡❞ t♦ ❛♥❛❧②s❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡s❡ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡✳ ❊st✐♠❛t✐♦♥ ✐s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ❛ ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ❛♥❞
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r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐s ♣r❡s❡♥t ✇❤❡♥ ❡①♣❧❛✐♥✐♥❣

t❡❝❤♥✐❝❛❧ ✐♥❡✣❝✐❡♥❝②✳
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❉❡s♣✐t❡ ♠❛♥② ❡❝♦♥♦♠✐❝ ♣❤❡♥♦♠❡♥❛ ❜❡✐♥❣ ❞r✐✈❡♥ ❜② s♣❛t✐❛❧ ♣r♦❝❡ss❡s✱

s♣❛t✐❛❧ r❡❧❛t✐♦♥s❤✐♣s ❤❛✈❡ r❛r❡❧② ❜❡❡♥ ❡①♣❧♦✐t❡❞ ✐♥ ❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡

❜❡❢♦r❡ t❤❡ ❧❛t❡ ✶✾✾✵s✬ ✭❇♦❝❦st❛❡❧ ✶✾✾✻❀ ❆♥s❡❧✐♥ ✷✵✵✶✮✳ ❉✐sr❡❣❛r❞✐♥❣ s♣❛t✐❛❧

❛s♣❡❝ts ♦❢ t❤❡ ❞❛t❛ ♠❛② ♣r♦❞✉❝❡ ✐♥❡✣❝✐❡♥t ♦r ❜✐❛s❡❞ ❡st✐♠❛t❡s ❛♥❞

❝♦♥s❡q✉❡♥t❧②✱ ♠✐s❧❡❛❞✐♥❣ ✐♥❢❡r❡♥❝❡ ✭❆♥s❡❧✐♥ ✷✵✵✶✮✳ ❍♦✇❡✈❡r✱ ✐♥t❡r❡st

✐♥❝r❡❛s❡❞ r❡❝❡♥t❧②✱ ✐t ✇❛s ✐♥ t❤❡ ✶✾✾✵s ✇❤❡♥ t❤❡r❡ ✇❡r❡ t❤❡ ✜rst ❝❛❧❧s ❢♦r t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s ✐♥ ❛❣r✐❝✉❧t✉r❛❧ ❡❝♦♥♦♠✐❝s ✭❇♦❝❦st❛❡❧

✶✾✾✻❀ ❲❡✐ss ✶✾✾✻✮✳ ❲❡✐ss ✭✶✾✾✻✮ str❡ss❡s✱ ❛s ❞♦❡s ❇♦❝❦st❛❡❧ ✭✶✾✾✻✮✱ t❤❛t ❛♥

❡❝♦♥♦♠✐❝ ♣r♦❝❡ss s✉❝❤ ❛s ❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝t✐♦♥ ✐s ❛ s♣❛t✐❛❧ ♣❤❡♥♦♠❡♥♦♥

❛♥❞ ❢❛❝t♦rs s✉❝❤ ❛s ②✐❡❧❞✱ s♦✐❧ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❧❛♥❞s❝❛♣❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞

♣❡st ♣♦♣✉❧❛t✐♦♥s s❤♦✇ s♣❛t✐❛❧ ✈❛r✐❛❜✐❧✐t②✳ ❲❡✐ss ✭✶✾✾✻✮ ❝❛❧❧s ❢♦r t❤❡ ✉s❡ ♦❢

s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛❣r✐❝✉❧t✉r❛❧ ❡❝♦♥♦♠✐❝s✱ ❛♥❞ ♣♦✐♥ts ♦✉t t❤❛t t❤❡

r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ s♣❛t✐❛❧ ❛♥❛❧②s✐s ❛♣♣❧✐❡❞ t♦ ❛❣r✐❝✉❧t✉r❛❧ ❡❝♦♥♦♠✐❝s ✇✐❧❧
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❤❛✈❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❢❛r♠ ♠❛♥❛❣❡♠❡♥t ❛♥❞ ❢♦r ❛❣r✐❝✉❧t✉r❛❧ ❛♥❞

❡♥✈✐r♦♥♠❡♥t❛❧ ♣♦❧✐❝②✳ ❋♦r ✐♥st❛♥❝❡✱ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ r❡✈❡❛❧ ✇❤❡r❡

❢❡rt✐❧✐s❡r ❝❛♥ ❜❡ ♣r♦✜t❛❜❧❡ ❛♥❞ ✇❤❡r❡ ❝♦✉♥t❡r♣r♦❞✉❝t✐✈❡ ✭❲❡✐ss ✶✾✾✻✮✱ ♦r

✇❤❡r❡ t♦ ♣✉t ✐♥ ♣❧❛❝❡ ♣♦❧✐❝✐❡s ❛✐♠✐♥❣ t♦ ✐♥❝r❡❛s❡ ❡✣❝✐❡♥❝②✳

❙♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s ♠♦❞❡❧s ❤❛✈❡ t❤❡✐r r♦♦ts ✐♥ r❡❣✐♦♥❛❧ s❝✐❡♥❝❡ ✇❤✐❝❤✱

t❤r♦✉❣❤ t❤❡♦r❡t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦♥ ❤✉♠❛♥ s♣❛t✐❛❧ ❜❡❤❛✈✐♦✉r✱ ❛tt❡♠♣ts t♦

s♦❧✈❡ ✐ss✉❡s ❢❛❝❡❞ ❜② ❝✐t✐❡s ❛♥❞ r❡❣✐♦♥s ✭❆♥s❡❧✐♥ ✶✾✽✽✮✳ ❆❝❝♦r❞✐♥❣ t♦

❆♥s❡❧✐♥ ✭✶✾✽✽✮ t❤❡ t❡r♠ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s ✇❛s ❝♦✐♥❡❞ ✐♥ t❤❡ ✶✾✼✵s ❜②

❏❡❛♥ P❛❡❧✐♥❝❦✱ ❜✉t t❤❡ ❧✐♥❡❛❣❡ ♦❢ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s ❝❛♥ ❜❡ tr❛❝❡❞ ❢✉rt❤❡r

❜❛❝❦ t♦ t❤❡ ✶✾t❤ ❝❡♥t✉r② ❡❝♦♥♦♠✐st ❏♦❤❛♥♥ ❍❡✐♥r✐❝❤ ✈♦♥ ❚❤ü♥❡♥ ✇❤♦

❡①♣❧❛✐♥❡❞ t❤❡ ❡✛❡❝t ♦❢ tr❛♥s♣♦rt ❝♦sts ♦♥ ♣r♦❞✉❝t✐♦♥ ❧♦❝❛t✐♦♥ t❤r♦✉❣❤ ❤✐s

r✐♥❣s ♠♦❞❡❧ ✭✈♦♥ ❚❤ü♥❡♥ ✶✽✷✻✮✳ ❱♦♥ ❚❤ü♥❡♥✬s ♠♦❞❡❧ s❤♦✇s t❤❛t

♣r♦❞✉❝t✐♦♥ ✐s ❞✐str✐❜✉t❡❞ ✐♥t♦ ❞✐✛❡r❡♥t ❛r❡❛s ✭✐✳❡✳ ❝♦♥❝❡♥tr✐❝ r✐♥❣s✮✱ t❤❡

♠♦st ♣r♦✜t❛❜❧❡ ♣r♦❞✉❝t✐♦♥ ❜❡✐♥❣ t❤❡ ❝❧♦s❡st t♦ t❤❡ ❝✐t② ✭✐✳❡✳ t❤❡ ♠❛r❦❡t✮✳

❖t❤❡r r❡❧❡✈❛♥t ❛✉t❤♦rs ✇❡r❡ ❈❤r✐st❛❧❧❡r ✭✶✾✻✻✮ ❛♥❞ ▲ös❝❤ ✭✶✾✺✹✮ ✇❤♦

st✉❞✐❡❞ t❤❡ s♣❛t✐❛❧ ♦r❣❛♥✐s❛t✐♦♥ ♦❢ ♠❛r❦❡ts ❛♥❞ ♠❛r❦❡t ❝❡♥tr❡s✳

❋❛rr❡❧❧ ✭✶✾✺✼✮ s❤♦✇❡❞ ❡❛r❧② ❝♦♥❝❡r♥s ❛❜♦✉t ❤♦✇ s♣❛t✐❛❧ ❛s♣❡❝ts ♠❛② ❜❡

❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡✣❝✐❡♥❝②✳ ❍❡ ❛♣♣❧✐❡❞ ❤✐s ♠❡t❤♦❞ ♦❢ ♠❡❛s✉r✐♥❣ ❡✣❝✐❡♥❝② t♦

❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝t✐♦♥ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ❛♥❞ st❛t❡❞ ✏. . .t❤❡ ❛♣♣❛r❡♥t

❞✐✛❡r❡♥❝❡s ✐♥ ❡✣❝✐❡♥❝②. . .r❡✢❡❝t ❢❛❝t♦rs ❧✐❦❡ ❝❧✐♠❛t❡✱ ❧♦❝❛t✐♦♥ ❛♥❞ ❢❡rt✐❧✐t②

t❤❛t ❤❛✈❡ ♥♦t ❜❡❡♥ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s✱ ❛s ✇❡❧❧ ❛s ❣❡♥✉✐♥❡ ❞✐✛❡r❡♥❝❡s ✐♥

❡✣❝✐❡♥❝②✑ ✭❋❛rr❡❧❧ ✶✾✺✼✱ ♣✳ ✷✼✵✮✳ ❚❤❡♥ ❋❛rr❡❧❧ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❝♦rr❡❧❛t✐♦♥
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❜❡t✇❡❡♥ ❡✣❝✐❡♥❝✐❡s ❛♥❞ ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t✐♥❣ ❧♦❝❛t✐♦♥✱ t❡♠♣❡r❛t✉r❡ ❛♥❞

r❛✐♥❢❛❧❧ ✜♥❞✐♥❣ ❧✐tt❧❡ ❝♦rr❡❧❛t✐♦♥ ✭❋❛rr❡❧❧ ✶✾✺✼✮✳ ❉❡s♣✐t❡ t❤❡s❡ ❡❛r❧② ❝♦♥❝❡r♥s

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❤❛s ♥♦t ②❡t ❜❡❡♥ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ❙t♦❝❤❛st✐❝

❋r♦♥t✐❡r ❛♥❛❧②s✐s✳ ❊✣❝✐❡♥❝② ❧✐t❡r❛t✉r❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡rs s♣❛t✐❛❧

❤❡t❡r♦❣❡♥❡✐t②✱ ✇❤✐❝❤ r❡❢❡rs t♦ t❤❡ ❢❛❝t t❤❛t ❡✣❝✐❡♥❝② ❧❡✈❡❧s ♠❛② ❞✐✛❡r

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧♦❝❛t✐♦♥✱ ✇❤❡r❡❛s s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ r❡❢❡rs t♦ t❤❡

❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡✣❝✐❡♥❝② ❧❡✈❡❧ ❛t t❤❡ ❢❛r♠ ❛♥❞ t❤❡ ❡✣❝✐❡♥❝② ❧❡✈❡❧s

♦❢ t❤❡ ✏♥❡✐❣❤❜♦✉r✐♥❣ ❢❛r♠s✑✳ ❙♣❛t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝②

❧✐t❡r❛t✉r❡ ✐s ❝♦♥tr♦❧❧❡❞ ✭✐❢ ❝♦♥tr♦❧❧❡❞ ❛t ❛❧❧✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ❞✉♠♠② ✈❛r✐❛❜❧❡s

❢♦r ♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥s ♦❢ t❤❡ ❧❛♥❞ s✉❝❤ ❛s r❡❣✐♦♥s✱ ❝♦✉♥t✐❡s ❛♥❞ ♣r♦✈✐♥❝❡s✳

❋♦r ❡①❛♠♣❧❡✱ ❍❛❞❧❡② ✭✷✵✵✻✮ ✐♥tr♦❞✉❝❡❞ ❞✉♠♠② ✈❛r✐❛❜❧❡s t♦ ❛❝❝♦✉♥t ❢♦r

r❡❣✐♦♥❛❧ ❤❡t❡r♦❣❡♥❡✐t②✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞✉♠♠② ✈❛r✐❛❜❧❡s ✐s ❛❧s♦ ✉s❡❞ t♦

❛❝❝♦✉♥t ❢♦r s♣❛t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❝❡rt❛✐♥ ❛r❡❛s ♦❢ ✐♥t❡r❡st s✉❝❤ ❛s ❧❡ss

❢❛✈♦✉r❡❞ ❛r❡❛s ✭❍❛❞❧❡② ✷✵✵✻❀ ■r❛✐③♦③ ❡t ❛❧✳ ✷✵✵✺✮✳ ❈♦♥tr❛r② t♦ ✇❤❛t ♠❛② ❜❡

❡①♣❡❝t❡❞ s♣❛t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② ❛♥❞ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❣♦

t♦❣❡t❤❡r✳ ❚❤✐s ♠❛② ❤❛♣♣❡♥ ✇❤❡♥ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝② ♦❝❝✉rs ❛t ❛ ❞✐✛❡r❡♥t

s♣❛t✐❛❧ ❧❡✈❡❧ t❤❛♥ t❤❡ ♦♥❡ st✉❞✐❡❞✱ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ❛ ♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥✳ ❋♦r

✐♥st❛♥❝❡✱ ✐t ♠❛② ❜❡ t❤❡ ❝❛s❡ t❤❛t ♥♦ s♣❛t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐s ❢♦✉♥❞ ✭✐✳❡✳ ♥♦

❞✐✛❡r❡♥❝❡s ✐♥ ❡✣❝✐❡♥❝② ❧❡✈❡❧s ❜❡t✇❡❡♥ r❡❣✐♦♥s✱ ❝♦✉♥t✐❡s✮ ❜✉t t❤❡r❡ ✐s s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡ ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥ ♦r ❛❝r♦ss r❡❣✐♦♥s ✭✐✳❡✳ t❤❡ ❡✣❝✐❡♥❝② ❧❡✈❡❧s ♦❢ ❛

❢❛r♠ ❛r❡ ❝♦rr❡❧❛t❡❞ t♦ t❤❡ ❡✣❝✐❡♥❝② ❧❡✈❡❧s ♦❢ t❤❡ ❢❛r♠s ❛r♦✉♥❞✮✳ ❙✐♥❝❡

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝② ❧❡❛❞s t♦ ❤❡t❡r♦❣❡♥❡✐t② ❛t t❤❡ s❛♠❡ s♣❛t✐❛❧ ❧❡✈❡❧✱ t❤❡

st✉❞② ♦❢ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝② ♦r ❤❡t❡r♦❣❡♥❡✐t② s❤♦✉❧❞ ♥♦t ❜❡ r❡str✐❝t❡❞ t♦
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♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥s ♦❢ t❤❡ ❧❛♥❞✳

❆s ❢♦r ❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ s♦✉r❝❡s ♦❢

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥ ❡✣❝✐❡♥❝② ✐♥❝❧✉❞✐♥❣ s♦✐❧ q✉❛❧✐t②✱ ❝❧✐♠❛t✐❝ ❝♦♥❞✐t✐♦♥s✱

s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❛s♣❡❝ts ❛♥❞ ♦t❤❡r ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝ ❛ttr✐❜✉t❡s✳ ❋♦r ✐♥st❛♥❝❡✱

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝② ❝❛♥ ❜❡ ❢♦✉♥❞ ❜❡❝❛✉s❡ ❢❛r♠❡rs ✐♥

❛♥ ❛r❡❛ ♠❛② ❡♠✉❧❛t❡ ❡❛❝❤ ♦t❤❡r❀ ✐t ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❢r❛str✉❝t✉r❡

✐♥ t❤❡ ❛r❡❛❀ ✐t ♠❛② ❜❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝❧✐♠❛t✐❝ ❛♥❞ t♦♣♦❣r❛♣❤✐❝ ❝♦♥❞✐t✐♦♥s ♦❢

t❤❡ ❛r❡❛ ✇❤❡r❡ t❤❡ ❢❛r♠ ✐s ❧♦❝❛t❡❞✳ ❆❧❧ t❤❡s❡ ❛r❡ ✉♥♦❜s❡r✈❛❜❧❡ ❧❛t❡♥t

✈❛r✐❛❜❧❡s t❤❛t ♠❛② ❜❡ s♣❛t✐❛❧❧② ❝♦rr❡❧❛t❡❞✳

■♥ r❡❝❡♥t ②❡❛rs s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✉s❡❞ ✐♥

❛ ✇✐❞❡ ♥✉♠❜❡r ♦❢ ❛r❡❛s ♦❢ r❡s❡❛r❝❤ ✐♥❝❧✉❞✐♥❣ ❡❝♦♥♦♠✐❝s✱ s♦❝✐♦❧♦❣②✱

❣❡♦❣r❛♣❤②✱ ❜✐♦❧♦❣②✱ ♠❡t❡♦r♦❧♦❣② ❛♥❞ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡✳ ■♥ ❛❣r✐❝✉❧t✉r❛❧

❡❝♦♥♦♠✐❝s ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ❛♥❞ r❡s♦✉r❝❡ ❡❝♦♥♦♠✐❝s ❛ ♥✉♠❜❡r ♦❢

♣✉❜❧✐❝❛t✐♦♥s ❤❛✈❡ r❡✈✐❡✇❡❞ ❛♥❞ ❛♣♣❧✐❡❞ ❡✐t❤❡r s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝

t❡❝❤♥✐q✉❡s ♦r ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠ ✭●■❙✮ t❡❝❤♥✐q✉❡s✳ ▼❛♥② ♦❢ t❤❡

❛♣♣❧✐❝❛t✐♦♥s ✉s✐♥❣ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝ t❡❝❤♥✐q✉❡s ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢

❤❡❞♦♥✐❝ ♣r✐❝❡ ❢✉♥❝t✐♦♥s ♦r ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✳

❇♦❦st❛❡❧ ✭✶✾✾✻✮ ✉s❡❞ ❛♥ ❤❡❞♦♥✐❝ ♠♦❞❡❧ ❢♦r r❡s✐❞❡♥t✐❛❧ tr❛♥s❛❝t✐♦♥s ✐♥ ✇❤✐❝❤

s♣❛t✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✇❡r❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ r❡s✉❧ts ✇❡r❡ ✉s❡❞ t♦ ♣r❡❞✐❝t ❧❛♥❞

✉s❡ ❝♦♥✈❡rs✐♦♥✳ ❆♥s❡❧✐♥ ✭✷✵✵✷✮ ❞✐s❝✉ss❡s ❛ ♥✉♠❜❡r ♦❢ ✐ss✉❡s r❡❧❛t❡❞ t♦ t❤❡

✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ♠♦❞❡❧s ❝♦✈❡r✐♥❣ ❞✐✛❡r❡♥t ♠♦❞❡❧ ❛♥❞ ✇❡✐❣❤t

♠❛tr✐① s♣❡❝✐✜❝❛t✐♦♥s✳
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❚✇♦ s♣❡❝✐❛❧ ✐ss✉❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ s✉❜❥❡❝t ♦❢ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s

✐♥ ❛❣r✐❝✉❧t✉r❛❧ ❡❝♦♥♦♠✐❝s ❥♦✉r♥❛❧s ✐♥ r❡❝❡♥t ②❡❛rs✳ ❋✐rst❧② t❤❡ s♣❡❝✐❛❧ ✐ss✉❡

♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✭✷✵✵✷✮ ❛♥❞ s❡❝♦♥❞❧② t❤❡ s♣❡❝✐❛❧ ✐ss✉❡ ♦❢ t❤❡

❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✭✷✵✵✼✮✳

❍♦❧❧♦✇❛② ❡t ❛❧✳ ✭✷✵✵✼✮ ♣r♦✈✐❞❡ ❛♥ ❡①❝❡❧❧❡♥t r❡✈✐❡✇ ♦❢ r❡❝❡♥t ❧✐t❡r❛t✉r❡ ✐♥

✇❤✐❝❤ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❚❤❡ ❛✉t❤♦rs ❢♦❝✉s❡❞

t❤❡✐r r❡✈✐❡✇ ♦❢ t❤❡ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s ❧✐t❡r❛t✉r❡ ♦♥ t❤♦s❡ ♣❛♣❡rs ❞❡❛❧✐♥❣

✇✐t❤ s♣❛t✐❛❧ ❜✐♦✲❡❝♦♥♦♠✐❝ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❧❛♥❞ ✉s❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❝❛t❡❣♦r✐s❡

❛rt✐❝❧❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t✇♦ ❝r✐t❡r✐❛ ❛❜♦✈❡✿ t❤♦s❡ t❤❛t ❡①♣❧✐❝✐t❧② ✉s❡ s♣❛t✐❛❧

❡❝♦♥♦♠❡tr✐❝ ♠❡t❤♦❞s ❛♥❞ t❤♦s❡ t❤❛t ✉s❡ ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s

✭●■❙✮ t❡❝❤♥✐q✉❡s✳

❆ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ❛❝❝♦✉♥t ❢♦r s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡

s✉❝❤ ❛s t❤❡ s♣❛t✐❛❧ ❛✉t♦r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✭❙❆❘✮ ✭❆♥s❡❧✐♥ ✶✾✽✽✮✱ t❤❡ s♣❛t✐❛❧

❡rr♦r ♠♦❞❡❧ ✭❙❊▼✮ ❛♥❞ ✐ts ✈❛r✐❛♥t t❤❡ ❤✐❣❤❡r ♦r❞❡r ❝♦♥t✐❣✉✐t② ♠♦❞❡❧ ♦r

s♣❛t✐❛❧ ❉✉r❜✐♥ ♠♦❞❡❧ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❢r♦♠

♥❡✐❣❤❜♦✉r✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✭▲❡❙❛❣❡ ✶✾✾✾❀ ❇❡❧❧ ❛♥❞ ❇♦❝❦st❛❡❧ ✷✵✵✵✮✳ ◆♦♥❡ ♦❢

t❤❡s❡ ♠♦❞❡❧s ❝♦✈❡r ♦r ❞✐s❝✉ss t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝②✳

❉❡s♣✐t❡ t❤❡s❡ ❛❞✈❛♥❝❡s ✐♥ t❤❡ ❡❝♦♥♦♠❡tr✐❝ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ❛♥❛❧②s✐s

✭❆♥s❡❧✐♥ ✶✾✽✽❀ ▲❡❙❛❣❡ ✶✾✾✾✮ ✈❡r② ❧✐tt❧❡ r❡s❡❛r❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡

❧✐t❡r❛t✉r❡ ♦♥ ❤♦✇ t♦ ✐♥❝♦r♣♦r❛t❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥t♦ t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝②

❛♥❛❧②s✐s ✭❉r✉s❦❛ ❛♥❞ ❚♦rr❛❝❡✱ ✷✵✵✹❀ ❙❝❤♠✐❞t ❡t ❛❧✳ ✭✷✵✵✾✮✳

❲❡ ✐♥❝♦r♣♦r❛t❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥t♦ t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝② ❛♥❛❧②s✐s ❜②

✻



✉s✐♥❣ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ s♣❡❝✐✜❝❛t✐♦♥ ✐♥ t❤❡ ✐♥❡✣❝✐❡♥❝② t❡r♠ ♦❢ ❛ ❝♦♠♣♦✉♥❞

❡rr♦r t❡r♠ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❡✣❝✐❡♥❝② ❛♥❛❧②s✐s ❞✐✛❡r✐♥❣ ❢r♦♠ ❉r✉s❦❛ ❛♥❞

❚♦rr❛❝❡ ✭✷✵✵✹✮ ✇♦r❦✱ ✇❤✐❝❤ ❜❛s❡❞ ♦♥ ❛ st❛♥❞❛r❞ ✜①❡❞ ❡✛❡❝ts ♠♦❞❡❧ ✉s❡❞ ❛♥

❛✉t♦r❡❣r❡ss✐✈❡ s♣❡❝✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❡rr♦r t❡r♠ t♦ ❡st✐♠❛t❡ t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥✲

❞❡♥❝❡✳ ❲❡ ❛❧s♦ ❞✐✛❡r ❢r♦♠ ♣r❡✈✐♦✉s ✇♦r❦ ❞♦♥❡ ❜② ❙❝❤♠✐❞t ❡t ❛❧✳ ✭✷✵✵✾✮ t❤❛t

♠❛❦❡ ❢❛r♠ ✐♥❡✣❝✐❡♥❝② ❞❡♣❡♥❞ ♦♥ ❛ ♣❛r❛♠❡t❡r t❤❛t ❝❛♣t✉r❡s t❤❡ ✉♥♦❜s❡r✈❡❞

s♣❛t✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ❛ss✐❣♥✐♥❣ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s t♦ ✐t✳ ❖✉r ✇♦r❦ ❞✐❢✲

❢❡rs ✐♥ ❜♦t❤ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✉s❡❞ ❛♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❛♥❛❧②s✐s✳

❲❡ ❞✐r❡❝t❧② ✐♥t❡❣r❛t❡ t❤❡ ✉♥♦❜s❡r✈❡❞ s♣❛t✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ t❤❡ st♦❝❤❛st✐❝

❢r♦♥t✐❡r ♠♦❞❡❧ ❜② s♣❡❝✐❢②✐♥❣ t❤❡ ✐♥❡✣❝✐❡♥❝② t♦ ❜❡ s♣❛t✐❛❧❧② ❛✉t♦r❡❣r❡ss✐✈❡ ❛♥❞

✐♥❝❧✉❞✐♥❣ ❛ ♣❛r❛♠❡t❡r t❤❛t ♠❡❛s✉r❡s t❤❡ ❧❡✈❡❧ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡✳ ❙❝❤♠✐❞t

❡t ❛❧✳ ✭✷✵✵✾✮ ❡①❛♠✐♥❡❞ t❤❡ ✉♥♦❜s❡r✈❡❞ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ❡❛❝❤ ♠✉♥✐❝✐♣❛❧✲

✐t② ❜② ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡♠ t♦ t❤❡ ❛♥❛❧②s✐s ❛ss✉♠✐♥❣ t❤❛t ❛✮ ❡✐t❤❡r t❤❡② ❢♦❧❧♦✇

❛ ❈❆❘ ❞✐str✐❜✉t✐♦♥ ✭✐✳❡✳ t❤❡② ✐♥❝♦r♣♦r❛t❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♥❡✐❣❤❜♦✉r

♠✉♥✐❝✐♣❛❧✐t✐❡s ❤❛✈❛ ❛ s✐♠✐❧❛r ❧❡✈❡❧ ♦❢ ✉♥♦❜s❡r✈❡❞ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✮ ♦r ❜✮

❛ ◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭✐✳❡✳ ✉♥♦❜s❡r✈❡❞ ❧♦❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ ♥❡✐❣❤❜♦✉rs✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦✉r ✇♦r❦ ❛♥❛❧②s❡❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝② ❛t ✈❛r♦✉s ❛r❡❛ s✐③❡s ❜② ❡st✐♠❛t✐♥❣ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ s♣❛t✐❛❧

❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❢❛r♠ ✐♥ ❢❛r♠ ✐♥❡✣❝✐❡♥❝② ❧❡✈❡❧s✳

❘❡❣❛r❞✐♥❣ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❛♥❛❧②s✐s ❙❝❤♠✐❞t ❡t ❛❧✳ ✭✷✵✵✾✮ ❡①❛♠✐♥❡ ✉♥♦❜✲

s❡r✈❡❞ s♣❛t✐❛❧ ❡✛❡❝ts ❛t r❡❧❛t✐✈❡❧② s♠❛❧❧ ❧❡✈❡❧s ✭✐✳❡✳ ♠✉♥✐❝✐♣❛❧✐t✐❡s✮✱ ✇❤❡r❡❛s

✇❡ t❛❦❡ ❞✐✛❡r❡♥t s♣❡❝✐✜❝❛t✐♦♥s✱ s♦♠❡ ♥♦t r❡str✐❝t❡❞ ❜② ♣♦❧✐t✐❝❛❧ ❜♦✉♥❞❛r✐❡s✳

❇② ❡①❛♠✐♥✐♥❣ ❞✐✛❡r❡♥t s♣❛t✐❛❧ str✉❝t✉r❡s ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞✐s❝❡r♥ ❤♦✇ s♣❛t✐❛❧
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❞❡♣❡♥❞❡♥❝❡ ✈❛r✐❡s ✇✐t❤ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐s❛t✐♦♥s ♦❢ ♥❡✐❣❤❜♦✉r❤♦♦❞✱ ✇❤✐❝❤

✐s ❛♥ ❛s♣❡❝t t❤❡ ❙❝♠✐❞t ❡t ❛❧✳ ✭✷✵✵✾✮ ❝♦♥❝❧✉❞❡ ❛s ✇♦rt❤ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳

❖✉r ❛♣♣r♦❛❝❤ ❡♥❛❜❧❡ ✉s t♦ ♦❜t❛✐♥ ❜♦t❤ t❤❡ ❞❡❣r❡❡ ❛♥❞ s✐❣♥✐✜❝❛♥❝❡ ♦❢ s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ✇❤♦❧❡ ❛r❡❛ st✉❞✐❡❞ ❢♦r ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐s❛t✐♦♥s ♦❢ ♥❡✐❣❤✲

❜♦✉r ❢❛r♠s✱ ✇❤❡r❡❛s ❙❝❤♠✐❞t ❡t ❛❧✳ ✭✷✵✵✾✮ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥❧② ♦♥ t❤❡

s✐❣♥✐✜❝❛♥❝❡ ♦❢ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❛t ♠✉♥✐❝✐♣❛❧✐t② ❧❡✈❡❧✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❛r❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✉s❡❞✱

❛♥❞ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❢♦r ✐♥t❡❣r❛t✐♥❣ s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡ ✐♥t♦ ❙t♦❝❤❛st✐❝ ❋r♦♥t✐❡r ❛♥❛❧②s✐s ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ❡♠♣✐r✐❝❛❧

s❡❝t✐♦♥ ✐♥❝❧✉❞❡s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✉s❡❞ ❛♥❞ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞✳

❚❤❡ ❛rt✐❝❧❡ ❡♥❞s ✇✐t❤ ❛ s❡❝t✐♦♥ ❞❡✈♦t❡❞ t♦ ❝♦♥❝❧✉s✐♦♥s✳

✷ ❉❛t❛

❚❤❡ ❛♥❛❧②s✐s ✉s❡s ❜❛❧❛♥❝❡❞ ♣❛♥❡❧ ❞❛t❛ ❢r♦♠ t❤❡ ❋❛r♠ ❇✉s✐♥❡ss ❙✉r✈❡②

✭❋❇❙✮ ❢♦r t❤❡ ②❡❛rs ✷✵✵✵✲✷✵✵✺✳ ❆ t♦t❛❧ ♦❢ ✷✶✺ ❞❛✐r② ❢❛r♠s ✐♥ ❊♥❣❧❛♥❞ ❛♥❞

❲❛❧❡s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞❛t❛s❡t✳ ❚❤❡ ❋❇❙ ❞❛t❛ ✐♥❝❧✉❞❡ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢

✐♥❢♦r♠❛t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ❢❛r♠ ❡♥t❡r♣r✐s❡✳ ❲❡ ❝❧❛ss✐❢② ❢❛r♠ ♦✉t♣✉t ❞❛t❛

✐♥t♦✿ ✐✮ ♠✐❧❦ ❛♥❞ ♦t❤❡r ❞❛✐r② ♣r♦❞✉❝ts✱ ✐✐✮ ❧❡❛s✐♥❣ ♦✉t q✉♦t❛✱ ❛♥❞ ✐✐✐✮ ♦t❤❡r

♣r♦❞✉❝ts✳ ▲❛s♣❡②r❡s ❛♥❞ P❛❛s❝❤❡ q✉❛♥t✐t② ✐♥❞✐❝❡s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ♦r❞❡r

t♦ ❝❛❧❝✉❧❛t❡ ❛ ❋✐s❤❡r q✉❛♥t✐t② ✐♥❞❡① ✇❤✐❝❤ ❛❣❣r❡❣❛t❡❞ t❤❡ ♦✉t♣✉t ✐♥ ♠✐❧❦

❛♥❞ ♦t❤❡r ♠✐❧❦ ♦✉t♣✉t ✐♥t♦ ♦♥❡ ✈❛r✐❛❜❧❡ ❛♥❞ ♦t❤❡r ♣r♦❞✉❝ts ❛❧s♦ ✐♥t♦ ♦♥❡

✈❛r✐❛❜❧❡✳ ❚❤❡ ❜❛s❡ ❢♦r ♣r✐❝❡ ❛♥❞ ♦✉t♣✉t ✐♥❞✐❝❡s ✇❛s ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡
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❛✈❡r❛❣❡ ♦❢ ♣r✐❝❡s ❛♥❞ ♦✉t♣✉ts✳ ❲✐t❤ r❡❣❛r❞ t♦ ✐♥♣✉ts ✐♥❝❧✉❞❡❞✱ t❤❡s❡ ❛r❡

t❤❡ ✉t✐❧✐s❡❞ ❛❣r✐❝✉❧t✉r❛❧ ❛r❡❛ ✭❯❆❆✮ ✐♥ ❤❛❀ ❤❡r❞ s✐③❡ ✭♥✉♠❜❡r ♦❢ ❝♦✇s✮❀

❧❛❜♦✉r ✭➾✮❀ ♠❛❝❤✐♥❡r② ❛♥❞ ❣❡♥❡r❛❧ ❢❛r♠✐♥❣ ❝♦sts ✭➾✮✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s

❝♦♥tr❛❝t ✇♦r❦✱ ♠❛❝❤✐♥❡r② r❡♥t❛❧✱ ♠❛❝❤✐♥❡r② ❛♥❞ ❡q✉✐♣♠❡♥t ✈❛❧✉❛t✐♦♥✶✱

♠❛❝❤✐♥❡r② ❛♥❞ ❡q✉✐♣♠❡♥t r❡♣❛✐rs✱ ✈❡❤✐❝❧❡ ❢✉❡❧ ❛♥❞ ♦✐❧✱ ❡❧❡❝tr✐❝✐t②✱ ❤❡❛t✐♥❣

❢✉❡❧ ❢♦r ❛❧❧ ♣✉r♣♦s❡s✱ ✇❛t❡r ❢♦r ❛❧❧ ♣✉r♣♦s❡s✱ ✐♥s✉r❛♥❝❡ ❡①❝❧✉❞✐♥❣ ❧❛❜♦✉r ❛♥❞

❢❛r♠ ❜✉✐❧❞✐♥❣s✱ ❜❛♥❦ ❝❤❛r❣❡s ♣r♦❢❡ss✐♦♥❛❧ ❢❡❡s✱ ✈❡❤✐❝❧❡ t❛① ❛♥❞ ♦t❤❡r ❣❡♥❡r❛❧

❢❛r♠✐♥❣ ❝♦sts❀ ❧✐✈❡st♦❝❦ ❝♦sts ✭❝♦♥❝❡♥tr❛t❡ ❢❡❡❞st✉✛✱ ❝♦❛rs❡ ❢♦❞❞❡r✱

✈❡t❡r✐♥❛r② s❡r✈✐❝❡s ❛♥❞ ♠❡❞✐❝✐♥❡s✮✳

❙♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❢❛r♠s ✇❛s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❉❡♣❛rt♠❡♥t ❢♦r

❊♥✈✐r♦♥♠❡♥t ❋♦♦❞ ❛♥❞ ❘✉r❛❧ ❆✛❛✐rs ✭❉❡❢r❛✮ ❛s ♣❛rt ♦❢ t❤❡ ❋❛r♠ ❇✉s✐♥❡ss

❙✉r✈❡②✳ ❚❤❡ ❋❇❙ ✐♥❝❧✉❞❡s ❛ ❣r✐❞ r❡❢❡r❡♥❝❡ ✇❤✐❝❤ ♣r♦✈✐❞❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥

t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❢❛r♠ ❛t ❛ ✶✵ ❦♠ ❣r✐❞ sq✉❛r❡ ❧❡✈❡❧✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✇❛s

✉s❡❞ t♦ ❜✉✐❧❞ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t✐✈✐t② ✭♦r s♣❛t✐❛❧ ✇❡✐❣❤t✮ ♠❛tr✐❝❡s W

✇❤✐❝❤ ❣❛t❤❡r t❤❡ r❡❧❛t✐✈❡ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❢❛r♠s✳

✸ ▼❡t❤♦❞s

❙♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ r❡❢❡rs t♦ ❤♦✇ ♠✉❝❤ t❤❡ ❧❡✈❡❧ ♦❢ t❡❝❤♥✐❝❛❧ ✐♥❡✣❝✐❡♥❝② ❢♦r

❛ ❢❛r♠ i ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ t❡❝❤♥✐❝❛❧ ✐♥❡✣❝✐❡♥❝② s❡t ❜② ♦t❤❡r ❢❛r♠s

j = 1, . . . , n✳ ❙♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥❡✣❝✐❡♥❝② (z) ♦❢ ❢❛r♠s ❛t

✶◆♦t❡ t❤❛t ♠❛❝❤✐♥❡r② ✭❛ ✢♦✇✮ ✐s ♥♦t ❛❞❞❡❞ t♦ ✈❛❧✉❛t✐♦♥ ✭❛ st♦❝❦✮ s✐♥❝❡ ❡q✉✐♣♠❡♥t
✈❛❧✉❛t✐♦♥ ✐s ❞❡♣r❡❝✐❛t❡❞ ✐♥ t❤❡ ❋❇❙✳ ❋♦r ✐♥st❛♥❝❡✱ ❝❛rs ✈❛❧✉❛t✐♦♥ ❛❝❝♦✉♥ts ❢♦r ✶✼✪ ❞❡♣r❡✲
❝✐❛t✐♦♥✳

✾



❧♦❝❛t✐♦♥ i ❞❡♣❡♥❞ ♦♥ ❤♦✇ ✐♥❡✣❝✐❡♥t ❢❛r♠s ❛r❡ ❛t ❧♦❝❛t✐♦♥s j 6= i✳ ❚❤❡ ❥♦✐♥t

❞❡♥s✐t② ✐s ♥♦t t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♠❛r❣✐♥❛❧s ❢♦r zi ❛♥❞ zj ❛t ❧♦❝❛t✐♦♥s j 6= i✳

✸✳✶ ❚❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐①

❆❧t❤♦✉❣❤ t❤❡ ✉s❡ ♦❢ ♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥s ♦❢ t❤❡ ❧❛♥❞ ✐♥ ❡✣❝✐❡♥❝② ❛♥❛❧②s✐s ♠❛②

❝❛♣t✉r❡ s♦♠❡ ❡✛❡❝ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣♦❧✐❝✐❡s ❛t r❡❣✐♦♥❛❧✱ ❝♦✉♥t② ♦r

♣r♦✈✐♥❝✐❛❧ ❧❡✈❡❧s t❤❡r❡ ♠❛② ❜❡ ❢❛❝t♦rs s✉❝❤ ❛s ❝❧✐♠❛t✐❝ ❛♥❞ t♦♣♦❣r❛♣❤✐❝

❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❞✐✛❡r ✇✐t❤✐♥ t❤♦s❡ ♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥s✳ ■♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t

❢♦r t❤♦s❡ ❢❛❝t♦rs t❤❛t ♠❛② ❜❡ ♣r❡s❡♥t ♦♥ ❛ s♠❛❧❧❡r ♦r ❧❛r❣❡r s❝❛❧❡✱ ❛

q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❢❛r♠s ❢♦r t❤❡

❡✣❝✐❡♥❝② t❡r♠ ✐♥ t❤❡ st♦❝❤❛st✐❝ ♠✉❧t✐✲♦✉t♣✉t ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s

✐♥tr♦❞✉❝❡❞✳

❚❤❡ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❢❛r♠s ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ ❛ ❝♦♥♥❡❝t✐✈✐t②

♠❛tr✐① ♦r s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐①✳ ❆ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥

❞✐✛❡r❡♥t ✇❛②s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡s❡❛r❝❤❡r✬s ✈✐❡✇s ❛❜♦✉t ✇❤❛t ❝♦♥st✐t✉t❡s ❛

♥❡✐❣❤❜♦✉r❤♦♦❞✱ ✇❤✐❝❤ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ♣r❡✈✐♦✉s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡

♣❛rt✐❝✉❧❛r ✐ss✉❡ st✉❞✐❡❞✱ ♦r ❞✉❡ t♦ t❤❡ t②♣❡ ♦❢ s♣❛t✐❛❧ ❞❛t❛ t❤❛t t❤❡

r❡s❡❛r❝❤❡r ❤❛s ✭✐✳❡✳ s❝❛❧❡✮✳ ❚❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐① ✐s

s♣❡❝✐✜❡❞ ✐s r❡❧❡✈❛♥t✳ ❚✇♦ q✉❡st✐♦♥s ✉s✉❛❧❧② ❛r✐s❡ ✇❤❡♥ ❛♥❛❧②s✐♥❣ t❡❝❤♥✐❝❛❧

❡✣❝✐❡♥❝②❀ ❤♦✇ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐s s♣❡❝✐✜❡❞ ❛♥❞ ✇❤❛t s✐③❡ ✐s ❝♦♥s✐❞❡r❡❞

❛❞❡q✉❛t❡ t♦ s♣❡❝✐❢② ✇❤✐❝❤ ❢❛r♠s ❛r❡ ❝❧♦s❡✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② ♣r♦❜❧❡♠❛t✐❝ ✐♥

♠✐❝r♦ ❞❛t❛ ❡♥✈✐r♦♥♠❡♥ts ✇❤❡r❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ s❝❛tt❡r❡❞ t❤r♦✉❣❤♦✉t ❛

✶✵



❧❛♥❞s❝❛♣❡ ✭❍♦❧❧♦✇❛② ❛♥❞ ▲❛♣❛r ✷✵✵✼❀ ❇❡❧❧ ❛♥❞ ❉❛❧t♦♥ ✷✵✵✼✮✳ ❚❤❡r❡ ❛r❡ t✇♦

♠❛✐♥ ✇❛②s ✐♥ ✇❤✐❝❤ W ❝❛♥ ❜❡ ❞❡✜♥❡❞✿

❛✮ ❆ ❝♦♠♠♦♥ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r q✉❛♥t✐❢②✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡ ✉s❡❞ ✐♥ ❧✐t❡r❛t✉r❡ r❡❧✐❡s ♦♥ ❛ n × n s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐① W

✇✐t❤ ❡❧❡♠❡♥ts Wij ≥ 0 ✭❛❢t❡r ❜❡✐♥❣ r♦✇ st❛♥❞❛r❞✐s❡❞ s✉❝❤ ❛s t❤❡ r♦✇

❡❧❡♠❡♥ts ❛❞❞ ✉♣ t♦ ♦♥❡✱ ❛s ✐t ❢❛❝✐❧✐t❛t❡s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♠♦❞❡❧

❝♦❡✣❝✐❡♥ts✮ ❢♦r ♦❜s❡r✈❛t✐♦♥s j = 1, . . . , N s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ ♦❜s❡r✈❛t✐♦♥ i

❛♥❞ Wij = 0 ♦t❤❡r✇✐s❡ ✭▲❡❙❛❣❡✱ ✶✾✾✾✮✳ ▲❡t✬s ❝♦♥s✐❞❡r ✹ ❢❛r♠s ✇❤❡r❡ ❢❛r♠ ✶

✐s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ ❢❛r♠ ✷❀ ❢❛r♠ ✷ ✐s ❝❧♦s❡ t♦ ❢❛r♠s ✶✱ ✷ ❛♥❞ ✸❀ ❢❛r♠ ✸ ✐s ❝❧♦s❡

t♦ ❢❛r♠s ✷ ❛♥❞ ✹❀ ✇❤✐❧❡ ❢❛r♠ ✹ ✐s ❝❧♦s❡ t♦ ❢❛r♠s ✷ ❛♥❞ ✸✳ ❚❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t

♠❛tr✐① ❜❛s❡❞ ♦♥ t❤✐s s♣❛t✐❛❧ ❡①❛♠♣❧❡ t❛❦❡s t❤❡ ❢♦r♠

W =

























0 1 0 0

1 0 1 1

0 1 0 1

0 1 1 0

























✭✶✮

❚❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts Wii ❛r❡ s❡t t♦ ✵ ✐♥ ♦r❞❡r t♦ ♣r❡❝❧✉❞❡ ❛♥ ♦❜s❡r✈❛t✐♦♥

♦❢ t❤❡ ❡✣❝✐❡♥❝② zi ❢r♦♠ ❞✐r❡❝t❧② ♣r❡❞✐❝t✐♥❣ ✐ts❡❧❢✳ ❚❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐①

✐s r♦✇ st❛♥❞❛r❞✐s❡❞ s♦ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ st❛♥❞❛r❞✐s❡❞ ♠❛tr✐① W S✱

wij = wij
∑

j
wij

✱ ✐s ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ❛s s❤♦✇♥ ❜❡❧♦✇

✶✶



W S =

























0 1 0 0

0.33 0 0.33 0.33

0 0.5 0 0.5

0 0.5 0.5 0

























✭✷✮

❈❧♦s❡ ♣r♦①✐♠✐t② ❝❛♥ ❤❛✈❡ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❚❤✉s✱ ✐t ❝❛♥ ♠❡❛♥

❛❞❥❛❝❡♥t ♥❡✐❣❤❜♦✉rs ♦r ♥❡✐❣❤❜♦✉rs ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ❞✐st❛♥❝❡✳ ❋♦r t❤❡ ❧❛tt❡r

t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ W ♠❛tr✐① ❛r❡ ❣✐✈❡♥ ❜②✿ wij = 1 ✐❢ ✵ ❁ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥

i, j ≤ h ✭h ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡②♦♥❞ ✇❤✐❝❤ ♥♦ ❞❡♣❡♥❞❡♥❝❡ ✐s ❛ss✉♠❡❞✮❀

♦t❤❡r✇✐s❡ wij = 0 ❜❡❢♦r❡ ❜❡✐♥❣ r♦✇ st❛♥❞❛r❞✐s❡❞✳

❊✛❡❝t✐✈❡❧② ✇❤❡♥ ✇❡ ❡st✐♠❛t❡ ❛ ♠♦❞❡❧ s✉❝❤ ❛s z = ρWz + ε t❤❡ ♣❛r❛♠❡t❡r ρ

♠❡❛s✉r❡s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ z ❛♥❞ t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ z✳ ❯♥❞❡r

t❤✐s ❛♣♣r♦❛❝❤ ❛❧❧ ♥❡✐❣❤❜♦✉rs ❤❛✈❡ t❤❡ s❛♠❡ ✇❡✐❣❤t ✐♥ t❤❡ ❛✈❡r❛❣❡✳ ■❢ z

r❡❢❡rr❡❞ t♦ ❢❛r♠ ❡✣❝✐❡♥❝② t❤❡♥ ρ ✇♦✉❧❞ r❡♣r❡s❡♥t t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥

✐♥❞✐✈✐❞✉❛❧ ❢❛r♠ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ♠❡❛♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❢❛r♠s✳

❜✮ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ t❤❡ ♦♥❡ s❤♦✇♥ ❛❜♦✈❡ ✐s t❤❡ ✉s❡ ♦❢ ✇❡✐❣❤t

♠❛tr✐① ❜❛s❡❞ ♦♥ ❞✐st❛♥❝❡ ✭❆♥s❡❧✐♥ ✷✵✵✷✮✳ ■♥ t❤✐s ❝❛s❡ ♥❡✐❣❤❜♦✉rs ❤❛✈❡

❞✐✛❡r❡♥t ✇❡✐❣❤ts ✐♥ t❤❡ ❛✈❡r❛❣❡✱ t❤♦s❡ ✇✐t❤ ❤✐❣❤❡r ✇❡✐❣❤ts ❜❡✐♥❣ t❤❡ ❝❧♦s❡st

✐♥ ❞✐st❛♥❝❡✳ ❚❤❡r❡❢♦r❡ ρ ✇♦✉❧❞ ❜❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢❛r♠ ❡✣❝✐❡♥❝②

❛♥❞ ❛❞❥✉st❡❞ ❜② ❞✐st❛♥❝❡ ♠❡❛♥ ❡✣❝✐❡♥❝② ♦❢ ♥❡✐❣❤❜♦✉r✐♥❣ ❢❛r♠s✳ ❚❤✐s

❛♣♣r♦❛❝❤ ✐s ❛❧s♦ ❛r❜✐tr❛r② ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ✐s ❛r❜✐tr❛r✐❧②

s❡❧❡❝t❡❞✳ ❚❤❡ ❞✐st❛♥❝❡ ✇❡✐❣❤t s♣❡❝✐✜❝❛t✐♦♥ ✉s❡❞ ❤❡r❡ ✐s ♦♥❡ ♦❢ ❛ ♣♦✇❡r ❢♦r♠
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wij = exp
(

−d2
ij/h

2
)

✭✸✮

✇❤❡r❡ dij ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ❢❛r♠ ✐♥ ❧♦❝❛t✐♦♥ i ❛♥❞ ❛ ❢❛r♠ ✐♥ ❧♦❝❛t✐♦♥

j❀ h ✐s t❤❡ ❞✐st❛♥❝❡ ❛r♦✉♥❞ ❛ ❣✐✈❡♥ ♦❜s❡r✈❛t✐♦♥ ♦✈❡r ✇❤✐❝❤ ♦t❤❡r

♦❜s❡r✈❛t✐♦♥s ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ❞❡♣❡♥❞❡♥t✳

❚❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ❝❤♦s❡♥ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐st❛♥❝❡ ❜❡②♦♥❞ ✇❤✐❝❤ s♣❛t✐❛❧

❡✛❡❝ts ❛r❡ ♥♦t r❡❧❡✈❛♥t ✐s ❛ ❦❡② ✐ss✉❡✳ ❇❡❧❧ ❛♥❞ ❇♦❝❦st❛❡❧ ✭✷✵✵✵✮ ❢♦✉♥❞ t❤❛t

t❤❡✐r r❡s✉❧ts ✇❡r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t

♠❛tr✐① ✭✐✳❡✳ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡✮ t❤❛♥ t♦ t❤❡ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡

✉s❡❞✳ ❚❤❡② ❢♦✉♥❞ t❤❛t t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❡st✐♠❛t❡ ❝❤❛♥❣❡❞ ✇✐t❤ t❤❡

❞✐st❛♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡✱ ✐♥❝r❡❛s✐♥❣ ✜rst ❛t ❛ s♠❛❧❧ ❝✉t♦✛

❞✐st❛♥❝❡ ❛♥❞ ❢❛❧❧✐♥❣ ❛❢t❡r✇❛r❞s ❛s t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ✇❛s ✐♥❝r❡❛s❡❞✳ ❚❤❡②

❛♣♣❧✐❡❞ ❛ ❤✐❣❤❡r ♦r❞❡r ❝♦♥t✐❣✉✐t② ♠♦❞❡❧ ❛♥❞ s❤♦✇❡❞ ❤♦✇ s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡ ❞✐♠✐♥✐s❤❡s ✇✐t❤ ❞✐st❛♥❝❡✳

❘♦❡ ❡t ❛❧✳ ✭✷✵✵✷✮ ❤✐❣❤❧✐❣❤t t❤❛t t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ✐s ❛♥

❡♠♣✐r✐❝❛❧ ✐ss✉❡✳ ❚❤❡② ❡st✐♠❛t❡❞ t❤❡✐r ♠♦❞❡❧s ✉s✐♥❣ ❞✐✛❡r❡♥t ❝✉t♦✛

❞✐st❛♥❝❡s✳ ❑✐♠ ❡t ❛❧✳ ✭✷✵✵✸✮ ✉s❡❞ ❙❆❘ ❛♥❞ ❙❊▼ ❤❡❞♦♥✐❝ ♣r✐❝❡ ♠♦❞❡❧s t♦

♠❡❛s✉r❡ t❤❡ ❜❡♥❡✜ts ♦❢ ❛✐r q✉❛❧✐t② ✐♠♣r♦✈❡♠❡♥t✳ ❚❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐①

✇❛s s♣❡❝✐✜❡❞ ❜❛s❡❞ ♦♥ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❞✐str✐❝t ❝❡♥tr♦✐❞s ✇✐t❤ ❛ ❝✉t♦✛

❞✐st❛♥❝❡ ♦❢ ✹ ❦♠ ❝❤♦s❡♥ ❛❢t❡r ❡①♣❡r✐♠❡♥t✐♥❣ ✇✐t❤ ❛ s❡r✐❡s ♦❢ ❞✐✛❡r❡♥t ❝✉t♦✛

❞✐st❛♥❝❡s✳ ❚❤❡s❡ ❛rt✐❝❧❡s s❤♦✇ t❤❛t ❛ ❝✉t♦✛ ❞✐st❛♥❝❡ ❡①✐sts ✇❤❡r❡ s♣❛t✐❛❧

❞❡♣❡♥❞❡♥❝❡ r❡❛❝❤❡s ❛ ♠❛①✐♠✉♠✳
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✸✳✷ ❙❝♦♣❡

▼✐❧❦ ♣r♦❞✉❝❡r ❢❛r♠ ❡✣❝✐❡♥❝✐❡s ✐♥ ❊♥❣❧❛♥❞ ❛♥❞ ❲❛❧❡s ❛r❡ st✉❞✐❡❞ ✐♥ t❤✐s

♣❛♣❡r✳ ▼✐❧❦ ♣r♦❞✉❝❡rs ❤❛✈❡ ❛♥ ❛♥♥✉❛❧ ♠✐❧❦ q✉♦t❛ t❤❛t ♣❛rt✐❛❧❧② ❜✐♥❞s

♣r♦❞✉❝t✐♦♥ s✐♥❝❡ ♣r♦❞✉❝❡rs ❝❛♥ ❧❡❛s❡ ✐♥ ❛♥❞✴♦r ❧❡❛s❡ ♦✉t ♠✐❧❦ ❞✉r✐♥❣ t❤❡

♣r♦❞✉❝t✐♦♥ ②❡❛r✳ ❚❤❡r❡❢♦r❡ ✇❡ ✐♥❝❧✉❞❡ ✐♥ t❤❡ ❛♥❛❧②s✐s t❤❡ ❢❛❝t t❤❛t

♣r♦❞✉❝t✐♦♥ ✐s ♣❛rt✐❛❧❧② ❝♦♥str❛✐♥❡❞ ❜② t❤❡ ❛♥♥✉❛❧ q✉♦t❛ Q ✇❤✐❝❤ ✐♥❝❧✉❞❡s

t❤❡ ✐♥✐t✐❛❧ q✉♦t❛ ± q✉♦t❛ ❜♦✉❣❤t✴s♦❧❞✱ ❧❡❛s✐♥❣ ✐♥ q✉♦t❛ qui ❛♥❞ ❧❡❛s✐♥❣ ♦✉t

q✉♦t❛ quo✳ ◆♦t ❛❝❝♦✉♥t✐♥❣ ❢♦r s✉❝❤ ❝♦♥str❛✐♥ts ♠❛② ❧❡❛❞ t♦ ✇r♦♥❣❧②

❛ttr✐❜✉t✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ s✉❝❤ ❝♦♥str❛✐♥ts t♦ t❤❡ ❢❛r♠❡r ❜❡✐♥❣ ✉♥s✉❝❝❡ss❢✉❧

✐♥ ♦♣t✐♠✐s✐♥❣ ♣r♦❞✉❝t✐♦♥ ✭❋är❡ ❡t ❛❧✳ ✶✾✾✹✮✳

❆ss✉♠✐♥❣ t❤❛t ♣r♦❞✉❝❡rs ♦♣t✐♠✐s❡ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ❜② ♥♦t ✇❛st✐♥❣

r❡s♦✉r❝❡s ❧❡❛❞s t❤❡♠ t♦ ♦♣❡r❛t❡ ♥❡❛r t❤❡✐r ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s s❡t✳

❍♦✇❡✈❡r t❤❡r❡ ♠❛② ❜❡ ❛♥ ❛rr❛② ♦❢ ♠♦t✐✈❡s ❢♦r ✇❤② ♥♦t ❛❧❧ ♣r♦❞✉❝❡rs ❛r❡

s✉❝❝❡ss❢✉❧ ✐♥ ♦♣t✐♠✐s✐♥❣ ♣r♦❞✉❝t✐♦♥✳ ■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ❢♦❝✉s ♦♥ ❞❡✈❡❧♦♣✐♥❣ ❛

✇❛② t♦ ❡①♣❧❛✐♥ t❡❝❤♥✐❝❛❧ ✐♥❡✣❝✐❡♥❝② t❤r♦✉❣❤ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝②✳ ❚❤❡

❞❡♣❛rt✉r❡ ♣♦✐♥t ♦❢ ❛♥② t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝② ❛♥❛❧②s✐s ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ♦❢ ❛ ✜r♠✳ ❚❤✐s ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐s❡❞ ✐♥ t❡r♠s ♦❢ ❛

t❡❝❤♥♦❧♦❣② s❡t✱ t❤❡ ♦✉t♣✉t s❡t ♦❢ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣②✱ ❛♥❞ t❤❡ ♣r♦❞✉❝t✐♦♥

❢r♦♥t✐❡r✳
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✸✳✸ ❖✉t♣✉t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥

❲❡ ✉s❡ ❛ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤ s✐♥❝❡ ✐t ❞❡s❝r✐❜❡s t❡❝❤♥♦❧♦❣② ✐♥ ❛ ✇❛②

t❤❛t ❛❧❧♦✇s ❡✣❝✐❡♥❝② t♦ ❜❡ ♠❡❛s✉r❡❞ ❢♦r ♠✉❧t✐✲✐♥♣✉t ❛♥❞ ♠✉❧t✐✲♦✉t♣✉t

❡♥t❡r♣r✐s❡s ✭❈♦❡❧❧✐ ❡t ❛❧✳ ✷✵✵✺✮✳ ❆♥ ♦✉t♣✉t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡

❞❡❣r❡❡ t♦ ✇❤✐❝❤ ❛ ✜r♠ ❝❛♥ ❡①♣❛♥❞ ✐ts ♦✉t♣✉t ❣✐✈❡♥ ✐ts ✐♥♣✉t ✈❡❝t♦r✳ ❲❡

st❛rt ❢r♦♠ ❛ ♣r♦❞✉❝✐❜❧❡ ♦✉t♣✉t s❡t✱ ✇❤✐❝❤ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♦✉t♣✉ts t❤❛t ❝❛♥

❜❡ ❢❡❛s✐❜❧② ♣r♦❞✉❝❡❞ ✉s✐♥❣ t❤❡ s❡t ♦❢ ❛❧❧ ✐♥♣✉ts✳ ❚❤❡ ♦✉t♣✉t s❡t ❢♦r

♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ✐s ❞❡✜♥❡❞ ❛s

P (x, Q) =
{

y ∈ RM
+ : x can produce y given y = Q + qui − quo

}

=

= {y : (x, y) ∈ T} ✭✹✮

✇❤❡r❡ y r❡❢❡rs t♦ ❛❧❧ M ♦✉t♣✉ts ♦❢ t❤❡ ❢❛r♠ ✐♥❝❧✉❞✐♥❣ ♠✐❧❦✱ t❤❡ ❧❡❛s✐♥❣ ♦✉t

♦❢ q✉♦t❛ (quo) ❛♥❞ ♦t❤❡r ♦✉t♣✉ts✱ ✇❤✐❝❤ t❛❦❡ ♦♥❧② ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs

RM
+ ✱ ❛♥❞ x r❡❢❡rs t♦ ❛❧❧ K ✐♥♣✉ts ✉s❡❞ ✐♥ t❤❡ ❢❛r♠✱ ✇❤✐❝❤ t❛❦❡ ♦♥❧② ♣♦s✐t✐✈❡

r❡❛❧ ♥✉♠❜❡rs RK
+ ✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❧❡❛s✐♥❣ ✐♥ q✉♦t❛ (qui) ❛♥❞ t❤❡ ❛♥♥✉❛❧

❛❧❧♦❝❛t✐♦♥ ♦❢ q✉♦t❛ Q ✇❤✐❝❤ ✐♥❝❧✉❞❡s ± ❛♠♦✉♥t ♦❢ q✉♦t❛ ❜♦✉❣❤t✴s♦❧❞ ✐♥ t❤❡

❝✉rr❡♥t ②❡❛r✳ ❚❤❡ ♦✉t♣✉t s❡t ✐s ✐♥❝❧✉❞❡❞ ✇✐t❤✐♥ t❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❡t T ✳

❚❤❡ ♦✉t♣✉t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ♦✉t♣✉t s❡t P (x, Q) ❛s

✶✺



DO (x, y,Q) = min
{

θ :
(

y

θ

)

∈ P (x, Q)
}

for all x ∈ RK
+ ✭✺✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✐♥✐t❛❧ ❛❧❧♦❝❛t✐♦♥ ♦❢ q✉♦t❛ Q✱ t❤❡ ❧❡❛s✐♥❣ ✐♥ qui ❛♥❞

❧❡❛s✐♥❣ ♦✉t q✉♦t❛ quo ❛r❡ tr❡❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❝♦♥✈❡♥t✐♦♥❛❧ ✐♥♣✉ts

(x) ❛♥❞ ♦✉t♣✉ts (y)✳

❆ss✉♠✐♥❣ ❛ tr❛♥s❧♦❣ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r t❤❡ ♣❛r❛♠❡tr✐❝ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥

✇✐t❤ M ♦✉t♣✉ts ❛♥❞ K ✐♥♣✉ts ♦✛❡rs s❡✈❡r❛❧ ❛ttr❛❝t✐✈❡ ♣r♦♣❡rt✐❡s ✐♥❝❧✉❞✐♥❣

✢❡①✐❜✐❧✐t②✱ ❛s ✇❡❧❧ ❛s ♠❛❦✐♥❣ ✐t ❡❛s② t♦ ❞❡r✐✈❡ ❛♥❞ ♣❡r♠✐t t❤❡ ✐♠♣♦s✐t✐♦♥ ♦❢

❤♦♠♦❣❡♥❡✐t②✱ ✇❤✐❝❤ ♠❛❦❡s ✐t t❤❡ ♣r❡❢❡rr❡❞ ❢♦r♠ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❈♦❡❧❧✐ ❛♥❞

P❡r❡❧♠❛♥ ✶✾✾✾❀ ▲♦✈❡❧❧ ❡t ❛❧✳ ✶✾✾✹❀ ❇rü♠♠❡r ❡t ❛❧✳ ✷✵✵✷❀ ❇rü♠♠❡r ❡t ❛❧✳

✷✵✵✻✮✳

ln DOi = α0 +
M
∑

m=1

αm ln ymi +
1

2

M
∑

m=1

M
∑

n=1

αmn ln ymi ln yni +
K
∑

k=1

βk ln xki +

+
1

2

K
∑

k=1

K
∑

l=1

βkl ln xki ln xli +
K
∑

k=1

M
∑

m=1

δkm ln xki ln ymi

i = 1, ..., N ✭✻✮

✇❤❡r❡ i ❞❡♥♦t❡s t❤❡ it❤ ❢❛r♠ ✐♥ t❤❡ s❛♠♣❧❡❀ qui ❛♥❞ Q ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ x ❛s

✐♥♣✉ts❀ ❛♥❞ quo ❛r❡ ♣❛rt ♦❢ y ❛s ❛♥ ♦✉t♣✉t✳ ❇② ✉s✐♥❣ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ♦❢

✶✻



t❤❡ ♦✉t♣✉t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ✐♥ ♦✉t♣✉ts✱ ❡q✉❛t✐♦♥ ✭✸✮ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞

✐♥t♦ ❛♥ ❡st✐♠❛❜❧❡ r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ❜② ♥♦r♠❛❧✐s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❜② ♦♥❡ ♦❢

t❤❡ ♦✉t♣✉ts ✭❇rü♠♠❡r ❡t ❛❧✳ ✷✵✵✻❀ ❇rü♠♠❡r ❡t ❛❧✳ ✷✵✵✷❀ ❈♦❡❧❧✐ ❛♥❞

P❡r❡❧♠❛♥ ✶✾✾✾❀ ❈♦❡❧❧✐ ❛♥❞ P❡r❡❧♠❛♥ ✷✵✵✵❀ ▲♦✈❡❧❧ ❡t ❛❧✳ ✶✾✾✹❀ ❖r❡❛ ✷✵✵✷❀

❖✬❉♦♥♥❡❧❧ ❛♥❞ ❈♦❡❧❧✐ ✷✵✵✺✮✳ ❋r♦♠ ❊✉❧❡r✬s t❤❡♦r❡♠✱ ❤♦♠♦❣❡♥❡✐t② ♦❢ ❞❡❣r❡❡

♦♥❡ ✐♥ ♦✉t♣✉t ✐♠♣❧✐❡s✿

M
∑

m=1

αm +
M
∑

m=1

M
∑

n=1

αmn ln yni +
M
∑

m=1

K
∑

k=1

δkm ln xki = 1 ✭✼✮

✇❤✐❝❤ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ✐❢
∑M

m=1 αm = 1✱
∑M

m=1 αmn = 0 ❢♦r ❛❧❧ n✱ ❛♥❞

∑M
m=1 δkm = 0 ❢♦r ❛❧❧ k✳ ❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ❝♦♥str❛✐♥ts ✐s ❡q✉✐✈❛❧❡♥t t♦

♥♦r♠❛❧✐s✐♥❣ ❜② ♦♥❡ ♦❢ t❤❡ ♦✉t♣✉ts✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s✿

ln DO

(

yi

y2i

, x

)

= ln Do

1

y2i

(yi, x) ✭✽✮

❛♥❞

− ln y2 = α0 +
M
∑

m=1

α1 ln
ymi

y2i

+
1

2

M
∑

m=1

M
∑

n=1

αmn ln
ymi

y2i

ln
yni

y2i

+
K
∑

k=1

βk ln xki +
K
∑

k=1

K
∑

l=1

βkl ln xkl ln xli

+
K
∑

k=1

M
∑

m=1

δkm ln xki ln
ymi

y2i

+ εi − zi ✭✾✮

✶✼



✇❤❡r❡ εi ✐s ❛ s②♠♠❡tr✐❝ r❛♥❞♦♠ ❡rr♦r t❡r♠ t❤❛t ❛❝❝♦✉♥ts ❢♦r st❛t✐st✐❝❛❧

♥♦✐s❡ ❛♥❞ zi ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❡❝❤♥✐❝❛❧

✐♥❡✣❝✐❡♥❝②✳

▼♦♥♦t♦♥✐❝✐t② ❝♦♥str❛✐♥ts ✐♥✈♦❧✈❡ ❝♦♥str❛✐♥ts ♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❛❧

❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❜② ❖✬❉♦♥♥❡❧❧ ❛♥❞

❈♦❡❧❧✐ ✭✷✵✵✺✮ t❤❡ ❡❧❛st✐❝✐t✐❡s ♦❢ ❞✐st❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts

❛r❡ ✐♠♣♦rt❛♥t ❞❡r✐✈❛t✐✈❡s✳

∂ ln Do

∂ ln xk

= βk +
K
∑

k=1

βkl ln xli +
M
∑

m=1

δkm ln
ymi

y2i

✭✶✵✮

∂ ln Do

∂ ln ym

= αm +
M
∑

m=1

αmn ln
yni

y2i

+
K
∑

k=1

δkm ln xki ✭✶✶✮

❋♦r Do t♦ ❜❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✐♥ x✱ ∂ ln Do

∂ ln xk
≤ 0 ✇❤✐❧❡ ❢♦r Do t♦ ❜❡

♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ y ∂ ln Do

∂ ln ym
≥ 0✳ ❚❤❡ ❞❛t❛ ✇❡r❡ ♥♦r♠❛❧✐s❡❞ s♦ t❤❛t ❡❛❝❤

✈❛r✐❛❜❧❡ ❤❛❞ ❛ s❛♠♣❧❡ ♠❡❛♥ ♦❢ ♦♥❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠♦♥♦t♦♥✐❝✐t②

❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s αm ≥ 0 ❛♥❞ βk ≤ 0✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t

❝♦❡✣❝✐❡♥t r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❝❤❛♥❣❡❞ t❤❡ s✐❣♥ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❡①♣❡❝t❡❞

❝♦❡✣❝✐❡♥ts s❤♦✉❧❞ ❜❡ αm ≤ 0 ❛♥❞ βk ≥ 0✳

❲❡ ✉s❡❞ t❤❡ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❞❛t❛s❡t t♦ ❝r❡❛t❡ ❛

♥✉♠❜❡r ♦❢ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ W ♠❛tr✐① ❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡s❡

♦♥ t❤❡ r❡s✉❧ts✳ ❖♥❡ ✐♥✈♦❧✈❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ s♣❛t✐❛❧ ❝♦♥♥❡❝t✐✈✐t②

♠❛tr✐① ✇❤♦s❡ ❝♦♠♠♦♥ s♣❡❝✐✜❝❛t✐♦♥ ✐s n × n ♠❛tr✐① W ✇✐t❤ ❡❧❡♠❡♥ts

✶✽



Wij = 1 ❢♦r ❢❛r♠s j = 1, . . . , n ✇✐t❤✐♥ ✶✵ sq✉❛r❡ ❦♠ ❣r✐❞ t♦ ❢❛r♠ i ❛♥❞

Wij = 0 ❢♦r t❤♦s❡ ❢❛r♠s t❤❛t ❛r❡ ♥♦t ❝❧♦s❡✳ ❖♥❝❡ W ✐s r♦✇ st❛♥❞❛r❞✐s❡❞ t❤✐s

❡✛❡❝t✐✈❡❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ ❛✈❡r❛❣❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❢❛r♠s s✉rr♦✉♥❞✐♥❣ t❤❡

❢❛r♠ ✇✐t❤✐♥ t❤❡ ✶✵ ❑♠ sq✉❛r❡ ❣r✐❞✳ ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❡s t❤❛t t❤❡

s♣❛t✐❛❧ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① W ❤❛s ❡❧❡♠❡♥ts Wij = 1 ❢♦r ❢❛r♠s j = 1, . . . , n

✇✐t❤✐♥ t❤❡ ●❖❘ ♦❢ ❢❛r♠ i ❛♥❞ Wij = 0 ❢♦r t❤♦s❡ ❢❛r♠s t❤❛t ❛r❡ ✐♥ t❤❡ s❛♠❡

●❖❘✳ ❋✐♥❛❧❧②✱ ❢♦✉r ♠♦r❡ ❛❧t❡r♥❛t✐✈❡s ✇❡r❡ ✉s❡❞ ❜② s♣❡❝✐❢②✐♥❣ ❛ s♣❛t✐❛❧

❞✐st❛♥❝❡ ♠❛tr✐① W ✇✐t❤ ❡❧❡♠❡♥ts Wi,j = di,j ✇❤❡r❡ dij ✐s t❤❡ ❊✉❝❧✐❞❡❛♥

❞✐st❛♥❝❡✳ ❚❤❡ ✇❡✐❣❤t s♣❡❝✐✜❝❛t✐♦♥ ✉s❡❞ ✇❛s t❤❡ ♣♦✇❡r ❢♦r♠ ✭❡q✉❛t✐♦♥ ✶✶✮

❛♥❞ ❢♦✉r ❝✉t♦✛ ❞✐st❛♥❝❡s ✇❡r❡ ✉s❡❞ ✭h =✷✵ ❑♠❀ h =✶✵✵ ❦♠❀ h =✶✽✵ ❦♠

❛♥❞ h =✷✹✵ ❦♠✮✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❛❜♦✈❡✱ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ✇❤✐❝❤ ❞❡✜♥✐t✐♦♥ ♦❢

❝❧♦s❡ ♣r♦①✐♠✐t② t♦ ✉s❡ ✐s ❛r❜✐tr❛r② ❛s ✐s t❤❡ s✐③❡ ♦❢ t❤❡ s♣❛t✐❛❧ ❡✛❡❝t ✭✐✳❡✳

❝✉t♦✛ ❞✐st❛♥❝❡✮✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❢❛r♠s ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡

❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡

d1,2 =
√

(x1 − x2)
2 + (y1 − y2)

2 ✭✶✷✮

✇❤❡r❡ xi, yi ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts✳

✸✳✹ ❊st✐♠❛t✐♦♥

❆ ❇❛②❡s✐❛♥ ♣r♦❝❡❞✉r❡ ✐♥✈♦❧✈✐♥❣ t❤❡ ✉s❡ ♦❢ ❛ ●✐❜❜s s❛♠♣❧❡r ❛♥❞ t✇♦

▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s st❡♣s ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢

❢❛r♠ ❡✣❝✐❡♥❝②✳ ❲❡ st❛rt ✇✐t❤ t❤❡ st❛♥❞❛r❞ st♦❝❤❛st✐❝ ♦✉t♣✉t ❞✐st❛♥❝❡

✶✾



❢✉♥❝t✐♦♥ ♠♦❞❡❧ ✇❤✐❝❤ ✐s s♣❡❝✐✜❡❞ ❛s

yit = xitβ + εit − zi ✭✶✸✮

✇❤❡r❡ yit ✐s ❛ ✈❡❝t♦r ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ ♠✐❧❦ ❛♥❞ ♦t❤❡r ♠✐❧❦ ♣r♦❞✉❝ts ❢♦r

❡❛❝❤ ❢❛r♠ i ✐♥ ②❡❛r t❀ xit ✐s ❛ ♠❛tr✐① ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ ♦t❤❡r ♦✉t♣✉ts ❛♥❞

✐♥♣✉ts ♦❢ t❤❡ ❢❛r♠ i ✐♥ ②❡❛r t❀ β ✐s ❛ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ ♦✉t♣✉ts ❛♥❞ ✐♥♣✉ts ♦❢ t❤❡ ❢❛r♠ t♦ ❜❡ ❡st✐♠❛t❡❞❀ εit ✐s t❤❡ r❛♥❞♦♠ ❡rr♦r

❛♥❞ zi r❡♣r❡s❡♥ts t❤❡ ✐♥❡✣❝✐❡♥❝② ♦❢ t❤❡ ❢❛r♠✳ ◆♦t❡ t❤❛t ❡✣❝✐❡♥❝② ❤❡r❡ ✐s

✉♥❞❡rst♦♦❞ t♦ ❜❡ t❤❡ ♠❛①✐♠✉♠ ♦✉t♣✉t ❡❛❝❤ ❢❛r♠ ❝❛♥ ♦❜t❛✐♥ ✇✐t❤ t❤❡ ❣✐✈❡♥

✐♥♣✉ts✳ ❙t❛❝❦✐♥❣ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ✐♥t♦ ♠❛tr✐❝❡s ✇❡ ♦❜t❛✐♥

yi = xiβ + εi − zi1T ✭✶✹✮

✇❤❡r❡ yi, xi ❛♥❞ εi ❞❡♥♦t❡ ✈❡❝t♦rs ♦❢ T ♦❜s❡r✈❛t✐♦♥s✳ ❖r ✐♥ ♠❛tr✐① ❢♦r♠

y = xβ + ε − (z ⊗ 1T ) ✭✶✺✮

❚❤✐s st❛♥❞❛r❞ ♠♦❞❡❧ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ t♦ ❛❝❝♦✉♥t ❢♦r s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡

✐♥ t❤❡ ✐♥❡✣❝✐❡♥❝② t❡r♠✳ ❚❤❡ s♣❛t✐❛❧❧② ❞❡♣❡♥❞❡♥t ✐♥❡✣❝✐❡♥❝② t❡r♠ ✐s

z = ρWz + z̃ ✭✶✻✮

✷✵



z̃ = (I − ρW ) z ✭✶✼✮

z = (I − ρW )−1 z̃ ✭✶✽✮

✇❤❡r❡ W ✐s ❛ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① t❤❛t ✐♥❝❧✉❞❡s t❤❡ r❡❧❛t✐✈❡ s♣❛t✐❛❧

✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❢❛r♠s ❛♥❞ ρ ✐s t❤❡ s♣❛t✐❛❧ ❝♦❡✣❝✐❡♥t ❛♥❞ z ❛♥❞ z̃ ❛r❡

❧❛t❡♥t ✈❛r✐❛❜❧❡s ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥❛❧ ❢♦r♠ ✐s ✉♥❦♥♦✇♥✳ ❇② ♣❧✉❣❣✐♥❣ ✭✶✽✮

✐♥t♦ ✭✶✺✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

y = xβ + ε −
(

(I − ρW )−1 z̃
)

⊗ 1T ✭✶✾✮

❚❤❡ ♣❛r❛♠❡t❡r ρ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✱ ❛❧t❤♦✉❣❤ ✇❡ ✇✐❧❧ ❜r❡❛❦

t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r r❡s✉❧ts✳

✸✳✹✳✶ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥

❚❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❞❡t❡r♠✐♥❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞

❢✉♥❝t✐♦♥✳ ❍❡r❡✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ ❧❛t❡♥t

❡rr♦rs ❛r❡ ♥♦r♠❛❧ ❛♥❞ ❣❛♠♠❛ ❞✐str✐❜✉t❡❞ ✭❑♦♦♣ ✷✵✵✸❀ ❑♦♦♣ ❡t ❛❧✳ ✶✾✾✺✮✳

■♥ t❤✐s ❝❛s❡ ♥♦r♠❛❧✐t② ✐s ❛ss✉♠❡❞✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ i = 1, . . . , N ❢❛r♠s

♦❜s❡r✈❡❞ ❞✉r✐♥❣ T ②❡❛rs ✭t = 1, . . . , T ✮✳ ❍❡r❡ p() r❡❢❡rs t♦ t❤❡ ❞❡♥s✐t② ❛♥❞

p(|) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t②✳

✷✶



p
(

y|β, h, ρ, µ−1
z , z̃

)

=
N
∏

i=1

h
T
2

(2π)
T
2

exp

(

−h
ε′iεi

2

)

✭✷✵✮

p
(

y|β, h, ρ, µ−1
z , z̃

)

∝ h
TN
2

N
∏

i=1

exp

(

−h
ε′iεi

2

)

✭✷✶✮

♥♦t✐♥❣ t❤❛t p (y|β, h, ρ, µ−1
z , z̃) = p (y|β, h, ρ, µ−1

z , z) = p (y|β, h, µ−1
z , z̃)✳

❉❡✜♥✐♥❣ ỹi =
[

yi + (I − ρW )−1 z̃iιT
]

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ✐s ♦❜t❛✐♥❡❞

p
(

y|β, h, µ−1
z , z̃

)

∝ h
TN
2 exp

[

−
h

2
(ỹi − xiβ)

′

(ỹi − xiβ)

]

✭✷✷✮

❚❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ✐s ♦❢ ❛ st❛♥❞❛r❞ ❢♦r♠ ✉s❡❞ ❢♦r ❡✣❝✐❡♥❝② ❛♥❛❧②s✐s

✭❑♦♦♣ ✷✵✵✸❀ ❑♦♦♣ ❡t ❛❧✳ ✶✾✾✺✮ ✇✐t❤ t❤❡ s♣❛t✐❛❧ ❡❧❡♠❡♥t ❜❡✐♥❣ t❤❡ ❡①t❡♥s✐♦♥

♦❢ t❤❡ ♠♦❞❡❧✳

✸✳✹✳✷ ❚❤❡ ♣r✐♦rs

❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ♠✉st ❜❡ ❝♦♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥

t❤❡ ♣❛r❛♠❡t❡rs (β, h, µ−1
z , ρ) ❛♥❞ t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ z ✐♥ ♦r❞❡r t♦ ❝♦♥❞✉❝t

❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡✳ ❚❤❡ ♠❛tr✐① W ✐s ♣r❡❞❡✜♥❡❞ r❛t❤❡r t❤❛♥ ❡st✐♠❛t❡❞✳ ❆♥

✐♥❞❡♣❡♥❞❡♥t ◆♦r♠❛❧✲●❛♠♠❛ ♣r✐♦r ✐s ✉s❡❞ ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡

♣r♦❞✉❝t✐♦♥ ❢r♦♥t✐❡r ❛♥❞ t❤❡ ❡rr♦r ♣r❡❝✐s✐♦♥✳ ❚❤❡ ♣r✐♦rs ❢♦r β ❛♥❞ h ❛r❡

β ∼ N (0, V0) ✭✷✸✮

✷✷



p (h) = h
v0−2

2 exp

(

−hs2
0

2
v0

)

✭✷✹✮

✇❤❡r❡ V0, s2
0 ❛♥❞ v0 ❛r❡ ❤②♣❡r ♣❛r❛♠❡t❡rs s❡t ♣r✐♦r t♦ ❡st✐♠❛t✐♦♥✳

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐♥❡✣❝✐❡♥❝② t❡r♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

z✱ ✇❤✐❝❤ ✐s ❛ ❧❛t❡♥t ✈❛r✐❛❜❧❡✳ ❲❡ ❞❡✜♥❡ p (z̃|µ−1
z ) ✐♥st❡❛❞ ♦❢ p (z|µ−1

z )✱ ✇❤✐❝❤

✐s ❞❡✜♥❡❞ ❣✐✈❡♥ ρ✱ W ❛♥❞ p (z̃|µ−1
z )✳ ❚❤❡ ♣r✐♦r ❢♦r t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ z̃ ✐s

p
(

z̃i|µ
−1
z

)

= fG

(

z̃i|α, µ−1
z

)

=
zα−1

i

µjΓ (α)
exp

(

−µ−1
z z̃i

)

✭✷✺✮

✇❤❡r❡ Γ (.) ✐s t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥❀ ❛♥❞ fG (z̃i|α, µ−1
z ) ✐♥❞✐❝❛t❡s t❤❡ ●❛♠♠❛

❞❡♥s✐t② ✇✐t❤ ♣❛r❛♠❡t❡rs α ❛♥❞ µ−1
z ✳ ❚❤✐s ♣r✐♦r ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥

❧✐t❡r❛t✉r❡ ✭❋❡r♥á♥❞❡③ ❡t ❛❧✳ ✷✵✵✵❀ ❑♦♦♣ ❡t ❛❧✳ ✶✾✾✺❀ ✈❛♥ ❉❡♥ ❇r♦❡❝❦ ❡t ❛❧✳

✶✾✾✹✮✳ ❆ss✉♠✐♥❣ α = 1✱ t❤❡ ✐♥❡✣❝✐❡♥❝② ❞✐str✐❜✉t✐♦♥ ✐s ❡①♣♦♥❡♥t✐❛❧ ❛♥❞ t❤❡

✐♥❡✣❝✐❡♥❝② ♣r✐♦r ❜❡❝♦♠❡s

p
(

z̃i|µ
−1
z

)

∝ exp
(

−µ−1
z z̃i

)

✭✷✻✮

❚❤❡ ♣r✐♦r ❢♦r µ−1
z ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❣❛♠♠❛ ✇✐t❤ ♣❛r❛♠❡t❡rs ✷ ❛♥❞ − ln (r∗)

p
(

µ−1
z

)

∝ fG

(

µ−1|2,− ln (r∗)
)

✭✷✼✮

p
(

µ−1
z

)

∝ µ−1
z exp

(

µ−1
z ln (r∗)

)

✭✷✽✮

✷✸



✇❤❡r❡ r∗ ✐s t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳

❋✐♥❛❧❧②✱ t❤❡ ♣r✐♦r ❢♦r ρ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✳

f (ρ) = I (ρ ∈ [0, 1]) ✭✷✾✮

❚❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ✐s ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐ts ❛♣♣❧✐❝❛❜✐❧✐t② ❞❡♣❡♥❞s

♦♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✇❡✐❣❤t ♠❛tr✐①✳ ❚❤❡ ✐♥❞✐❝❛t♦r

❢✉♥❝t✐♦♥ I (·) = 1 ✐❢ ρ ∈ [0, 1] ♦r ♦t❤❡r✇✐s❡ I (·) = 0✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡

♣❛r❛♠❡t❡r ρ t❤❛t ❛❝❝♦✉♥ts ❢♦r s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐s ❡①♣❡❝t❡❞ t♦ ❤❛✈❡ ❛

♣♦s✐t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡✣❝✐❡♥❝② s❝♦r❡s✳

✸✳✹✳✸ ❚❤❡ ❥♦✐♥t ♣♦st❡r✐♦r

❚❤❡ ❥♦✐♥t ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❜r♦❦❡♥ ❞♦✇♥ ✐♥t♦ ❛s t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣r✐♦rs✳ ❚❤❡

❥♦✐♥t ♣♦st❡r✐♦r ✐♥ t❡r♠s ♦❢ z ✐s

p
(

β, h, µ−1
z , z, ρ|y

)

= p
(

y|β, h, µ−1
z , z

)

× p (β) × p (h) × p
(

z|µ−1
z

)

× p
(

µ−1
z

)

× I (ρ ∈ [0, 1]) ✭✸✵✮

✸✳✹✳✹ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦rs

❚❤❡ ●✐❜❜s s❛♠♣❧❡r ✐s ❜❛s❡❞ ♦♥ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✈❛❧✉❡s ❢♦r ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ✇❤✐❝❤ ❛r❡

✷✹



❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♦❜s❡r✈❛❜❧❡s✳ ❚❤❡ ✉s❡ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s

❢❛❝✐❧✐t❛t❡s ♦❜t❛✐♥✐♥❣ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st✳ ■♥

♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ♠♦❞❡❧ ✐t ✐s ✉s❡❢✉❧ t♦ ❤❛✈❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s

✐♥ ♦r❞❡r t♦ ❡♠♣❧♦② t❤❡ ●✐❜❜s s❛♠♣❧✐♥❣ ♠❡t❤♦❞ ✭●❡♠❛♥ ❛♥❞ ●❡♠❛♥ ✶✾✽✹❀

❈❛s❡❧❧❛ ❛♥❞ ●❡♦r❣❡ ✶✾✾✷✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r β ✐s ❛ ◆♦r♠❛❧

❞✐str✐❜✉t✐♦♥ ❛❢t❡r ❡①tr❛❝t✐♥❣ t❤❡ ❦❡r♥❡❧ ❢♦r β ❢r♦♠ ❡①♣r❡ss✐♦♥ ✭✸✵✮✳ ❋♦r t❤❡

❢✉❧❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦rs t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡

❆♣♣❡♥❞✐①✳

p
(

β|h, µ−1
z , z̃, ρ, y

)

∼ N
(

b, V̄
)

✭✸✶✮

❆s ✐♥ ❑♦♦♣ ✭✷✵✵✸✮ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❞❡♥s✐t② ❢♦r h ✐s

p
(

h|β, µ−1
z , z̃, ρ, y

)

∼ G
(

s̄−2, v̄
)

✭✸✷✮

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r µ−1
z ✐t ✐s ♠♦r❡ ✉s❡❢✉❧ t♦ ✉s❡

z̃ r❛t❤❡r t❤❛♥ z✳ ❚❤❡ ❥♦✐♥t ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❞❡♥s✐t② ❢♦r µ−1
z ❛♥❞ z̃ ✐s t❤❡

❦❡r♥❡❧ ❢r♦♠ ❡①♣r❡ss✐♦♥ ✭✸✵✮ t❤❛t ✐♥✈♦❧✈❡s µ−1
z ❛♥❞ z̃ ✭s❡❡ ❆♣♣❡♥❞✐① ❢♦r ❢✉❧❧

❞❡r✐✈❛t✐♦♥✮✳

p
(

z̃, µ−1
z |β, h, y, ρ

)

∝
N
∏

i=1

exp

(

−h
ε
′

iεi

2

)

× p
(

z̃|µ−1
z

)

× p
(

µ−1
z

)

✭✸✸✮

❢r♦♠ ✇❤✐❝❤ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r µ−1
z ✐s

✷✺



p
(

µ−1
z |z̃, β, h, y, ρ

)

∝ p
(

z̃|µ−1
z

)

× p
(

µ−1
z

)

✭✸✹✮

p
(

µ−1
z |z̃, β, h, y, ρ

)

∼ G (m, η) ✭✸✺✮

✇❤✐❝❤ ✐s ❛ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs m = N+1
∑N

i=1
z̃i−ln(r∗)

❛♥❞

η = 2N + 2✳

❘❡❝❛❧❧✐♥❣ t❤❛t z ❛♥❞ z̃ ❛r❡ r❡❧❛t❡❞ ❛s ✐♥ ❡①♣r❡ss✐♦♥ ✭✶✼✮ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r z̃i ✐s

p (z̃i|β, h, µz, y, ρ) ∝ exp



−
hT

2

[

zi −

(

x
′

iβ − yi +
µ−1

z

Th

)]2

+ (z̃i − zi) µ−1
z





✭✸✻✮

✇❤❡r❡ X i =
∑T

t=1
xi,t

T
❛♥❞ yi =

∑T
t=1

yi,t

T
✳

❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s ♥♦t ♦❢ ❛ r❡❝♦❣♥✐s❛❜❧❡ ❢♦r♠✳ ❚❤❡r❡❢♦r❡ ❛ ♣♦st❡r✐♦r

s✐♠✉❧❛t♦r ✭✐✳❡ ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✮ ♥❡❡❞s t♦ ❜❡ ✉s❡❞✱ s✉❝❤ ❛s ❛

▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❛❧❣♦r✐t❤♠ ✭▼❡tr♦♣♦❧✐s ✶✾✼✵❀ ❍❛st✐♥❣s ❡t ❛❧✳ ✶✾✺✸✮✳ ❲❡

✉s❡ ❛ r❛♥❞♦♠ ✇❛❧❦ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❛❧ ✇❤❡r❡❜② ❛ ♥❡✇ s❡t ♦❢ z̃i ❛r❡ ♣r♦♣♦s❡❞

✉s✐♥❣ ❛ ▼❡tr♦♣♦❧✐s ❜❛s❡❞ ♦♥ t❤❡ ♣♦st❡r✐♦r ❛❜♦✈❡✳ ●✐✈❡♥ ❛ ♥❡✇ ❞r❛✇ ♦❢ z̃i

t❤❡♥ t❤❡ ❡♥t✐r❡ z ♥❡❡❞s t♦ ❜❡ ✉♣❞❛t❡❞ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❚❤✐s ✐s ❞♦♥❡ ✉s✐♥❣

❡①♣r❡ss✐♦♥ ✭✶✽✮ ❛❜♦✈❡✳

✷✻



■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ♦❢ ρ t❤❡ s♣❛t✐❛❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡

r❡♣r❡s❡♥t❡❞ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s

y + (z ⊗ 1T ) = Xβ + ε ✭✸✼✮

(

y +
(

(I − ρW )−1 z̃
)

⊗ 1T

)

− Xβ = ε ✭✸✽✮

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r ρ ✐s

p (ρ|β, h, µz, y, z̃i) ∝ exp

(

−h
ε
′

ε

2

)

× p (ρ)

= exp

(

−h
ε
′

ε

2

)

× I (ρ ∈ (0, 1)) ✭✸✾✮

✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ❜❛s✐s ❢♦r t❤❡ ✉s❡ ♦❢ ❛ s❡❝♦♥❞ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s st❡♣✳

❆ r❛♥❞♦♠ ✇❛❧❦ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞ t♦ ❞r❛✇ ρ ✇✐t❤

♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝❝❡♣t❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ρ∗ ❜❡✐♥❣

prob = min

(

1,
p (ρ∗|y, β, h, z)

p (ρold|y, β, h, z)

)

✭✹✵✮

❘❡❝❛❧❧ t❤❛t ❡①♣r❡s✐♦♥s ✭✸✼✲✸✾✮ ❛r❡ ❢♦r t❤❡ ❝❛s❡ t❤❛t ρ > 0✳ ■♥ t❤❡ ❝❛s❡ ♦❢

ρ = 0 ✭✐✳❡✳ t❤❡r❡ ✐s ♥♦ s♣❛t✐❛❧ ❝♦♠♣♦♥❡♥t✮ ♥♦t❡ t❤❛t z = z̃ ✳

✷✼



✹ ❘❡s✉❧ts

❲❡ ❡①♣❡❝t t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ✇✐❧❧ ❞❡t❡r♠✐♥❡ t❤❡ r❡s✉❧ts

❛♥❞ ❢♦r t❤✐s r❡❛s♦♥ ✇❡ ✇✐s❤ t♦ ❡①♣❧♦r❡ ❛❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r t❤❡

✇❡✐❣❤t ♠❛tr✐①✳ ❲❡ ✇♦✉❧❞ ❡①♣❡❝t ρ t♦ ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ❢♦r

t❤❡ s♣❛t✐❛❧ ❡✛❡❝ts ✉♣ t♦ ❛ ❞✐st❛♥❝❡ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡✳ ❲❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❡

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ t♦ ❜❡ ❧♦✇❡r ❢♦r s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞s s✐♥❝❡ s✉❝❤ ❛r❡❛s

♠❛② ♥♦t ✐♥❝❧✉❞❡ t❤❡ ✇❤♦❧❡ ❛r❡❛ ✇❤✐❝❤ ❤❛s ❛ s♣❛t✐❛❧ ✐♥❝✐❞❡♥❝❡ ♦♥ ❡✣❝✐❡♥❝②✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❛t ♦♥❝❡ ✇❡ r❡❛❝❤ ❛ ❣✐✈❡♥ ❝✉t♦✛ ❞✐st❛♥❝❡ t❤❡

s♣❛t✐❛❧ ❡✛❡❝t s❤♦✉❧❞ ❞❡❝r❡❛s❡ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❤❛s ❛

❧✐♠✐t✳ ❚✇♦ s♣❛t✐❛❧ ♠♦❞❡❧s ❢♦r ✐♥❡✣❝✐❡♥❝② ✇❡r❡ ❡st✐♠❛t❡❞✱ ♦♥❡ ✇❤❡r❡ t❤❡

✇❡✐❣❤t ♦r ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ✐s s♣❡❝✐✜❡❞ r❡❣❛r❞✐♥❣ ♥❡✐❣❤❜♦✉rs ❛s ❢❛r♠s

✇✐t❤✐♥ ❛ ✶✵ ❦♠ sq✉❛r❡ ❣r✐❞ ✭❙▼✶✮❀ ♦♥❡ ✇❤❡r❡ ♥❡✐❣❤❜♦✉rs ❛r❡ t❤♦s❡ ❢❛r♠s ✐♥

t❤❡ s❛♠❡ ●❖❘ ✭❙▼✷✮❀ ❛♥❞ ❛♥♦t❤❡r ✇❤❡r❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ✐s

s♣❡❝✐✜❡❞ ❛s ❛ ❞✐st❛♥❝❡ ♠❛tr✐① ✭❙▼✸✮✳ ❚❤❡ ❙▼✸ ✇❛s ❡st✐♠❛t❡❞ ✉s✐♥❣ ✹

❝✉t♦✛ ❞✐st❛♥❝❡s✱ ✷✵✱ ✶✵✵✱ ✶✽✵ ❛♥❞ ✷✹✵ ❦♠ ✭❙▼✸✲✷✵❀ ❙▼✸✲✶✵✵❀ ❙▼✸✲✶✽✵ ❛♥❞

❙▼✸✲✷✹✵✮✳

❘❡s✉❧ts ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts ♦❢ t❤❡

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❛❜❧❡ ✶ ❢♦r ♠♦❞❡❧s ❙▼✶ ❛♥❞ ❙▼✷❀ t❛❜❧❡ ✷

❢♦r ♠♦❞❡❧s ❙▼✸✲✷✵ ❛♥❞ ❙▼✸✲✶✵✵ ❛♥❞ t❛❜❧❡ ✸ ❢♦r ♠♦❞❡❧s ❙▼✸✲✶✽✵ ❛♥❞

❙▼✸✲✷✹✵✳ ❆❧❧ s✐❣♥s ❛r❡ ❛s ❡①♣❡❝t❡❞ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ❢♦r

t❤❡ ❧❡❛s✐♥❣ q✉♦t❛ ✐♥✱ ✇❤✐❝❤ ✐s ♥❡❣❛t✐✈❡ ❜✉t t❤❡ ✾✵✪ ❝♦✈❡r❛❣❡ ♣♦st❡r✐♦r

r❡❣✐♦♥ s❤♦✇s t❤❛t t❤❡r❡ ✐s ♥♦ ❝❧❡❛r ❡✈✐❞❡♥❝❡ t❤❛t s✉♣♣♦rts t❤❡ ❜❡❧✐❡❢ t❤❛t

✷✽



t❤✐s ❝♦❡✣❝✐❡♥t ✐s ♥❡❣❛t✐✈❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦✇s ❛♥❞ ♠✐❧❦ q✉♦t❛ ❛❧❧♦❝❛t❡❞ ❛t

t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ②❡❛r ❛r❡ t❤❡ t✇♦ ♠♦st ✐♠♣♦rt❛♥t ✐♥♣✉ts ✐♥ t❡r♠s ♦❢

♠✐❧❦ ♣r♦❞✉❝t✐♦♥ ✇❤❡r❡❛s t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♦t❤❡r ♦✉t♣✉ts ❜② t❤❡ ❢❛r♠

r❡❞✉❝❡s t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♠✐❧❦✱ ❤♦❧❞✐♥❣ ❡✈❡r②t❤✐♥❣ ❡❧s❡ ❝♦♥st❛♥t✳

❋✐❣✉r❡s ✶ ❛♥❞ ✷ s❤♦✇ t❤❡ ❦❡r♥❡❧ ❞✐str✐❜✉t✐♦♥s ❢♦r ❢❛r♠ ❡✣❝✐❡♥❝② ❢♦r ♠♦❞❡❧s

❙▼✶✱ ❙▼✷ ❛♥❞ ❙▼✸✳ ❘❡s✉❧ts s✉❣❣❡st t❤❛t t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡

❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ❧❡✈❡❧s ♦❢ ❡✣❝✐❡♥❝②✳ ❚❤❡

❡✣❝✐❡♥❝② ❛✈❡r❛❣❡ ✐s ✵✳✽✻ ✇❤❡♥ ♥❡✐❣❤❜♦✉rs ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤♦s❡ ✇✐t❤✐♥

❛ ✶✵ ❦♠ ❣r✐❞ sq✉❛r❡ ❛♥❞ ✵✳✼✽ ✇❤❡♥ ♥❡✐❣❤❜♦✉rs ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤♦s❡

❢❛r♠s ✐♥ t❤❡ s❛♠❡ r❡❣✐♦♥✳ ❋✐❣✉r❡ ✷ s❤♦✇s s♠❛❧❧❡r ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡

❛❧t❡r♥❛t✐✈❡s✳ ❚❤❡ ♠❡❛♥ ❡✣❝✐❡♥❝✐❡s ❛r❡ ✵✳✽✹✱ ✵✳✽✶✱ ✵✳✽✵ ❛♥❞ ✵✳✽✵ ❢♦r ❙▼✸✲✷✵✱

❙▼✸✲✶✵✵✱ ❙▼✸✲✶✽✵ ❛♥❞ ❙▼✸✲✷✹✵ r❡s♣❡❝t✐✈❡❧②✳

❘❡❣❛r❞✐♥❣ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡

s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ρ✱ t❤❡s❡ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✸ ❛♥❞ ✹✳

❘❡s✉❧ts ❢♦r ❙▼✶ ❛♥❞ ❙▼✷ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸ ✇❤❡r❡❛s t❤❡ ❢♦✉r

❛❧t❡r♥❛t✐✈❡s ♦❢ ▼❙✷ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳ ❙♣❛t✐❛❧ ♠♦❞❡❧s ❙▼✶ ❛♥❞ ❙▼✷

s❤♦✇ s✐♠✐❧❛r r❡s✉❧ts ❢♦r t❤❡ s♣❛t✐❛❧ ♣❛r❛♠❡t❡r ρ ✇✐t❤ ❛✈❡r❛❣❡s ♦❢ ✵✳✶✸ ❛♥❞

✵✳✶✽ r❡s♣❡❝t✐✈❡❧② ✇❤✐❝❤ s✉❣❣❡sts t❤❛t ❡✣❝✐❡♥❝② ✐s ❢❛r♠ ❞❡t❡r♠✐♥❡❞ r❛t❤❡r

t❤❛♥ s♣❛t✐❛❧❧② ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ ♣❛r❛♠❡t❡r ρ ✐s ✺✾✳✷✪ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡

❤✐❣❤❡r ✉s✐♥❣ ❙▼✷ t❤❛♥ ❙▼✶ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐s

❧❛r❣❡r t❤❛♥ ❥✉st ❛ ✶✵ ❦♠ sq✉❛r❡ ❣r✐❞✳

▼♦❞❡❧s ❙▼✸ ✇❡r❡ r✉♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ❝❤♦s❡♥
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♦♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ρ ❜❡t✇❡❡♥ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ❛❞❥✉st❡❞ ❜② ❞✐st❛♥❝❡ ♠❡❛♥

❡✣❝✐❡♥❝②✳ ❘❡s✉❧ts s❤♦✇ t❤❛t t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ρ ✐♥❝r❡❛s❡s

✇✐t❤ t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ✉♣ t♦ ❛ ♣♦✐♥t ❜❡t✇❡❡♥ ✶✵✵ ❦♠ ❛♥❞ ✷✹✵ ❦♠ ❛♥❞

t❤❡♥ ❞❡❝r❡❛s❡s✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ρ ✉s✐♥❣ ❙▼✸✲✶✽✵ ✐s ❤✐❣❤❡r t❤❛♥ ✉s✐♥❣

❙▼✸✲✷✹✵ ✐s ✺✸✪ ✇❤❡r❡❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ρ ✉s✐♥❣ ❙▼✸✲✶✽✵ ✐s ❤✐❣❤❡r

t❤❛♥ ❙▼✸✲✶✵✵ ✐s ✺✾✪✳ ❚❤❡s❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ s♣❛t✐❛❧ ♣❛r❛♠❡t❡r ρ

♠❛② ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❝✉t♦✛ ❞✐st❛♥❝❡ ❜✉t ✇✐❧❧ ❞❡❝r❡❛s❡ ♦♥❝❡ t❤❡ ❝✉t♦✛

r❡❛❝❤❡s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ✶✵✵ ❛♥❞ ✷✹✵ ❦♠✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r t♦

t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ❇❡❧❧ ❛♥❞ ❇♦❝❦st❛❡❧ ✭✷✵✵✵✮ ✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ❡st✐♠❛t❡

✐♥❝r❡❛s❡s ❛♥❞ t❤❡♥ ❢❛❧❧s✳ ❆ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t s♣❛t✐❛❧ ♠❛tr✐① W ❛t s♠❛❧❧

❞✐st❛♥❝❡s ♠❛② ♥♦t ❝♦♥t❛✐♥ ❡♥♦✉❣❤ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❤❡❧♣ t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞

❡st✐♠❛t❡ ♦❢ t❤❡ ♠❡❛♥ ❡✣❝✐❡♥❝② ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ❚❤❡ s♣❛t✐❛❧ ❡st✐♠❛t❡

✇✐❧❧ st❛rt t♦ ❢❛❧❧ ♦♥❝❡ ❢❛r♠s t❤❛t ❛r❡ ♥♦t r❡❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❡✣❝✐❡♥❝② ✇✐t❤

t❤❡ ❢❛r♠ ♦❢ ✐♥t❡r❡st st❛rt t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s♣❛t✐❛❧ ❞✐st❛♥❝❡ ✇❡✐❣❤t

♠❛tr✐① W ✳ ❚❤✐s ✇✐❧❧ ♦❝❝✉r ❛t ❛ ❣✐✈❡♥ ❞✐st❛♥❝❡✳ ❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ♠❡❛♥ ♦❢

ρ t❤✐s ✐s ✵✳✶✹✱ ✵✳✸✶✱ ✵✳✸✺ ❛♥❞ ✵✳✸✹ ❢♦r t❤❡ ✷✵✱ ✶✵✵ ❛♥❞ ✶✽✵ ❛♥❞ ✷✹✵ ❦♠

❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳

✺ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ✇♦r❦ ♦✉t❧✐♥❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ ❤❛s s❤♦✇♥ ❤♦✇ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❝❛♥ ❜❡

❛❝❝♦✉♥t❡❞ ❢♦r ✇✐t❤✐♥ ❛ st♦❝❤❛st✐❝ ❢r♦♥t✐❡r ♠♦❞❡❧✱ t❤✉s ✜❧❧✐♥❣ ❛ ❣❛♣ ✐♥ t❤❡

❧✐t❡r❛t✉r❡✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ❣✐✈❡s ✐♥s✐❣❤t❢✉❧ ✐♥❢♦r♠❛t✐♦♥
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♦♥ ✇❤❡t❤❡r t❤❡r❡ ✐s s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝②✳

❘❡s✉❧ts ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ♦❢ t❤❡ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ρ

❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ✇❡✐❣❤t ♠❛tr✐①✳ ■t ♠❛② ♥♦t ❜❡

♦♥❧② ❞✉❡ t♦ ✇❤❡t❤❡r ✇❡ ✉s❡ ❛ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ♦r ❛ ❞✐st❛♥❝❡ ❜❛s❡❞

s♣❛t✐❛❧ ♠❛tr✐① ❜✉t ❛❧s♦ ❞✉❡ t♦ t❤❡ ❝✉t♦✛ s✐③❡ ❝❤♦s❡♥✳ ❚❤✉s r❡s✉❧ts ❢r♦♠ t❤❡

❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① r❛✐s❡ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❜✐❣ t❤❡ s✐③❡ ♦❢ t❤❡ s♣❛t✐❛❧

❡✛❡❝t ✐s✳ ▼❡❛♥ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠ ♦✈❡r ❛ ✶✵✵ ❦♠

❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❢❛r♠✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢ ❤♦✇ s❡♥s✐t✐✈❡ r❡s✉❧ts

❛r❡ t♦ t❤❡ t②♣❡ ♦❢ ✇❡✐❣❤t ♣✉t t♦ ✐♥❞✐✈✐❞✉❛❧ ❢❛r♠s ❛s ✇❡❧❧ ❛s t♦ t❤❡ ❝✉t♦✛ s✐③❡

❝❤♦s❡♥ ♠✉st ❜❡ ❝♦♥❞✉❝t❡❞ ✐♥ ♦r❞❡r t♦ ♣r❡s❡♥t ♠❡❛♥✐♥❣❢✉❧ r❡s✉❧ts✳

❘❡s✉❧ts s✉❣❣❡st t❤❛t t❤❡r❡ ✐s ❛ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❛s♣❡❝t ✐♥ t❡❝❤♥✐❝❛❧

❡✣❝✐❡♥❝② ✐♥ ❞❛✐r② ❢❛r♠s ✐♥ ❊♥❣❧❛♥❞ ❛♥❞ ❲❛❧❡s✱ ❛♥❞ ♥♦t ❛❝❝♦✉♥t✐♥❣ ❢♦r ✐t

♠❛② ♣r♦❞✉❝❡ ❜✐❛s❡❞ r❡s✉❧ts ❢♦r t❤❡ ❡✣❝✐❡♥❝② ❞✐str✐❜✉t✐♦♥✳ ❋❛r♠ t❡❝❤♥✐❝❛❧

❡✣❝✐❡♥❝② ❞❡♣❡♥❞s t♦ s♦♠❡ ❞❡❣r❡❡ ♦♥ ✇❤❡r❡ t❤❡ ❢❛r♠ ✐s ❧♦❝❛t❡❞ ❛♥❞

t❤❡r❡❢♦r❡ ♣♦❧✐❝✐❡s ❛✐♠✐♥❣ t♦ ✐♠♣r♦✈❡ ❡✣❝✐❡♥❝② s❤♦✉❧❞ t❛❦❡ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✳

❲❤❡♥ ❛♥❛❧②s✐♥❣ s♣❛t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② t❤❡r❡ ✐s ♥♦t ❛ str♦♥❣ r❡❛s♦♥ t♦

s✉♣♣♦rt t❤✐s ❜❡✐♥❣ ❛♥❛❧②s❡❞ ❛t t❤❡ ♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥ ❧❡✈❡❧✳ ■♥ ❢❛❝t✱ ✉s✉❛❧❧②

❤❡t❡r♦❣❡♥❡✐t② ♦❝❝✉rs ❞✉❡ t♦ t❤❡ ❣❡♦❣r❛♣❤✐❝❛❧ ❛♥❞ ❝❧✐♠❛t✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢

t❤❡ ❛r❡❛✱ ✇❤✐❝❤ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ♣♦❧✐t✐❝❛❧

❞✐✈✐s✐♦♥s ♦❢ t❤❡ ❧❛♥❞✳ ❚❤❡r❡❢♦r❡ ✐t s❤♦✉❧❞ ♥♦t ❜❡ s✉r♣r✐s✐♥❣ t❤❛t

❤❡t❡r♦❣❡♥❡✐t② ✐s ♥♦t ❢♦✉♥❞ ❛t ♣♦❧✐t✐❝❛❧ ❞✐✈✐s✐♦♥ ❧❡✈❡❧ ❛♥❞ ✐t s❤♦✉❧❞ ❜❡

❛♥❛❧②s❡❞ t❛❦✐♥❣ t❤✐s ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ st✉❞②✐♥❣
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❤❡t❡r♦❣❡♥❡✐t② ❛t t❤❡ ✇r♦♥❣ s♣❛t✐❛❧ ❧❡✈❡❧ ♠❛② ❜❡ ✐♠♣♦rt❛♥t ❛s ♣♦❧✐❝②

❞❡❝✐s✐♦♥s ✇♦✉❧❞ ❜❡ ❜❛s❡❞ ♦♥ ♠✐s❧❡❛❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ❜❛s❡❞ ♦♥

❛♥ ❛♥❛❧②s✐s ✇❤♦s❡ r❡s✉❧ts s❤♦✇ t❤❛t ♥♦ ❤❡t❡r♦❣❡♥❡✐t② ✐s ❢♦✉♥❞ ❜❡t✇❡❡♥ ❛

♥✉♠❜❡r ♦❢ r❡❣✐♦♥s t❤❡ s❛♠❡ ♣♦❧✐❝② ♠❛② ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡s❡ r❡❣✐♦♥s✳

❍♦✇❡✈❡r✱ ✐❢ ❤❡t❡r♦❣❡♥❡✐t② ✐s ✐♥ ❢❛❝t ♣r❡s❡♥t ❛t ♦t❤❡r s♠❛❧❧❡r ♦r ❧❛r❣❡r s♣❛t✐❛❧

❧❡✈❡❧s ❛ ♠♦r❡ ❛♣♣r♦♣✐❛t❡ ♣♦❧✐❝② ✇♦✉❧❞ ❜❡ t♦ ❛♣♣❧② ❞✐✛❡r❡♥t ♣♦❧✐❝✐❡s ✇✐t❤✐♥

t❤♦s❡ r❡❣✐♦♥s ♦r ❝♦✈❡r✐♥❣ ✈❛r✐♦✉s r❡❣✐♦♥s✳ ❘❡s✉❧ts s❤♦✇♥ ✐♥ t❤✐s ❛rt✐❝❧❡ ❛r❡

✐♠♣♦rt❛♥t ❢♦r ♣♦❧✐❝② ♠❛❦❡rs ❛s t❤❡② ❤✐❣❤❧✐❣❤t t❤❛t ♣♦❧✐❝✐❡s ❞❡✈♦t❡❞ t♦

✐♠♣r♦✈✐♥❣ ❢❛r♠ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ♥♦t ❤❛✈❡ ♥❡❝❡ss❛r✐❧② t♦ ❜❡ ❛♣♣❧✐❡❞ ❛t t❤❡

♥❛t✐♦♥❛❧ ♦r r❡❣✐♦♥❛❧ ❧❡✈❡❧✳ ❙♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝② ♦r ❤❡t❡r♦❣❡♥❡✐t② ♠❛② ❝r♦ss

♣♦❧✐t✐❝❛❧ ❜♦r❞❡rs ♦r ❞✐✛❡r ✇✐t❤✐♥ t❤❡ s❛♠❡ ♣♦❧✐t✐❝❛❧ r❡❣✐♦♥✳ ❚❤✐s r❡♣r❡s❡♥ts ❛

❝❤❛❧❧❡♥❣❡ t♦ ♣♦❧✐❝② ♠❛❦❡rs ♦♥ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t ♣♦❧✐❝✐❡s ❛t t❤❡ ✏r✐❣❤t✑

❣❡♦❣r❛♣❤✐❝❛❧ ❧❡✈❡❧✳ ●♦✈❡r♥♠❡♥ts ✇♦✉❧❞ ❧✐❦❡ t♦ s❡❡ ♣r♦❞✉❝t✐♦♥ ❛❧❧♦❝❛t❡❞ t♦

t❤♦s❡ ❛r❡❛s ✇❤❡r❡ ❡✣❝✐❡♥❝② ✐s ❤✐❣❤❡r ❛♥❞✴♦r ❤❡❧♣ t♦ ✐♥❝r❡❛s❡ ❡✣❝✐❡♥❝② ✐♥

t❤♦s❡ ❛r❡❛s ✇❤❡r❡ ❡✣❝✐❡♥❝② ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞✳ ❚❤✐s ❛rt✐❝❧❡ ❤❛s s❤♦✇♥ t❤❛t

❢❛r♠ s♣❡❝✐✜❝ ✐♥❡✣❝✐❡♥❝② ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❝❛♥ ❜❡

✐❞❡♥t✐✜❡❞ ❛s ✇❡❧❧ ❛s t❤♦s❡ ❢❛r♠s ✇❤✐❝❤ ♠❛② ♥❡❡❞ ❤❡❧♣ ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡✐r

♣❡r❢♦r♠❛♥❝❡✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ s✐♥❝❡ ❢❛r♠ ❡✣❝✐❡♥❝② ✇❛s ❢♦✉♥❞ t♦ ❜❡

s♣❛t✐❛❧❧② ❞❡♣❡♥❞❡♥t t❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❛r❡ ❞r✐✈❡rs ❜❡❤✐♥❞ t❡❝❤♥✐❝❛❧

❡✣❝✐❡♥❝② t❤❛t ❛r❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✇❤❡r❡ ❢❛r♠s ❛r❡ ❧♦❝❛t❡❞✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢

t❤❡s❡ ❞r✐✈❡rs ❝❛♥ ❤❛✈❡ ❛ ♠❛❥♦r ✐♠♣❛❝t ♦♥ ❞❡s✐❣♥✐♥❣ ♣♦❧✐❝✐❡s ❛✐♠✐♥❣ t♦

✐♠♣r♦✈❡ ❢❛r♠ ♣❡r❢♦r♠❛♥❝❡✳

❚✇♦ ❛r❡ t❤❡ ❛r❡❛s ♦♥ ✇❤✐❝❤ ❢✉t✉r❡ r❡s❡❛r❝❤ s❤♦✉❧❞ ❢♦❝✉s✳ ❋✐rst❧②✱ r❡s❡❛r❝❤
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s❤♦✉❧❞ ❢♦❝✉s ♦♥ ❞❡✈❡❧♦♣✐♥❣ ✇❛②s t♦ ❡st✐♠❛t❡ t❤❡ ❞✐st❛♥❝❡ ❛t ✇❤✐❝❤ t❤❡

❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠✳ ❚❤✐s ✇♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧ t♦

❞❡s✐❣♥ ♠♦r❡ ❛❝❝✉r❛t❡❧② t❤❡ s♣❛t✐❛❧ ❧❡✈❡❧ ♦❢ ♣♦❧✐❝✐❡s t❤❛t ❛✐♠ t♦ ✐♠♣r♦✈❡ ❢❛r♠

❡✣❝✐❡♥❝②✳ ❙❡❝♦♥❞❧②✱ ♦♥❝❡ ✐t ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ t❤❛t s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡

❡①✐sts✱ r❡s❡❛r❝❤ s❤♦✉❧❞ ❝♦♥❝❡♥tr❛t❡ ♦♥ ✐❞❡♥t✐❢②✐♥❣ ❛♥❞ ✐♥❝♦r♣♦r❛t✐♥❣ ✐♥t♦ t❤❡

❛♥❛❧②s✐s ♣♦t❡♥t✐❛❧ ❡①♣❧❛♥❛t♦r② ❢❛❝t♦rs ❢♦r s✉❝❤ s♣❛t✐❛❧ ❞❡♣❡♥❞❡♥❝❡✳

✻ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❲❡ ✇✐s❤ t♦ t❤❛♥❦ Pr♦❢❡ss♦r ❆❧❛♥ ❙✇✐♥❜❛♥❦ ❢♦r ❤✐s ❛❞✈✐❝❡✱ s✉❣❣❡st✐♦♥s ❛♥❞

✉s❡❢✉❧ ❝♦♠♠❡♥ts✳ ❲❡ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❊❝♦♥♦♠✐❝ ❛♥❞ ❙♦❝✐❛❧

❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✭❊❙❘❈✮ ❛♥❞ t❤❡ ❯❑ ❉❡♣❛rt♠❡♥t ❢♦r ❊♥✈✐r♦♥♠❡♥t✱ ❋♦♦❞

❛♥❞ ❘✉r❛❧ ❆✛❛✐rs ✭❉❡❢r❛✮ ❢♦r ❢✉♥❞✐♥❣ t❤✐s r❡s❡❛r❝❤✳

❘❡❢❡r❡♥❝❡s

❆♥s❡❧✐♥ ▲ ✭✶✾✽✽✮✳ ❙♣❛t✐❛❧ ❊❝♦♥♦♠❡tr✐❝s✿ ▼❡t❤♦❞s ❛♥❞ ♠♦❞❡❧s✳ ❙♣r✐♥❣❡r

❆♥s❡❧✐♥ ▲ ✭✷✵✵✷✮ ❯♥❞❡r t❤❡ ❤♦♦❞✳ ■ss✉❡s ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞

✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ s♣❛t✐❛❧ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s✳ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s

✷✼✿✷✹✼✲✷✻✼

❆♥s❡❧✐♥ ▲ ✭✷✵✵✶✮ ❙♣❛t✐❛❧ ❡✛❡❝ts ✐♥ ❡❝♦♥♦♠❡tr✐❝ ♣r❛❝t✐❝❡ ✐♥ ❡♥✈✐r♦♥♠❡♥t❛❧

❛♥❞ r❡s♦✉r❝❡ ❡❝♦♥♦♠✐❝s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s

✽✸✭✸✮✿✼✵✺✲✼✶✵
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❇❡❧❧ ❑P✱ ❇♦❝❦st❛❡❧ ◆❊ ✭✷✵✵✵✮ ❆♣♣❧②✐♥❣ t❤❡ ●❡♥❡r❛❧✐s❡❞✲▼♦♠❡♥ts

❡st✐♠❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ s♣❛t✐❛❧ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ♠✐❝r♦❧❡✈❡❧ ❞❛t❛✳ ❚❤❡

❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✽✷✭✶✮✿✼✷✲✽✷

❇❡❧❧ ❑P✱ ❉❛❧t♦♥ ❚❏ ✭✷✵✵✼✮ ❙♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝ ❛♥❛❧②s✐s ✐♥ ❞❛t❛✲r✐❝❤

❡♥✈✐r♦♥♠❡♥ts✳ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✺✽✭✸✮✿✹✽✼✲✺✵✶✳

❇♦❝❦st❛❡❧ ◆❊ ✭✶✾✾✻✮ ▼♦❞❡❧✐♥❣ ❡❝♦♥♦♠✐❝s ❛♥❞ ❡❝♦❧♦❣②✿ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛

s♣❛t✐❛❧ ♣❡rs♣❡❝t✐✈❡✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s

✼✽✿✶✶✻✽✲✶✶✽✵✳

❇rü♠♠❡r ❇✱ ●❧❛✉❜❡♥ ❚✱ ▲❯ ❲ ✭✷✵✵✻✮ P♦❧✐❝② r❡❢♦r♠ ❛♥❞ ♣r♦❞✉❝t✐✈✐t②

❝❤❛♥❣❡ ✐♥ ❈❤✐♥❡s❡ ❛❣r✐❝✉❧t✉r❡✿ ❆ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢

❉❡✈❡❧♦♣♠❡♥t ❊❝♦♥♦♠✐❝s ✽✶✿✻✶✲✼✾✳

❇rü♠♠❡r ❇✱ ●❧❛✉❜❡♥ ❚✱ ❚❤✐❥ss❡♥ ● ✭✷✵✵✷✮ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Pr♦❞✉❝t✐✈✐t②

●r♦✇t❤ ❯s✐♥❣ ❉✐st❛♥❝❡ ❋✉♥❝t✐♦♥s✿ ❚❤❡ ❈❛s❡ ♦❢ ❉❛✐r② ❋❛r♠s ✐♥ ❚❤r❡❡

❊✉r♦♣❡❛♥ ❈♦✉♥tr✐❡s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s

✽✹✿✻✷✽✲✻✹✹✳

❈❛s❡❧❧❛ ●✱ ●❡♦r❣❡ ❊■ ✭✶✾✾✷✮ ❊①♣❧❛✐♥✐♥❣ t❤❡ ●✐❜❜s s❛♠♣❧❡r✳ ❚❤❡ ❆♠❡r✐❝❛♥

❙t❛t✐st✐❝✐❛♥ ✹✻✭✸✮✿✶✻✼✲✶✼✹

❈♦❡❧❧✐ ❚❏✱ Pr❛s❛❞❛ ❘❛♦ ❉❙✱ ❖✬❉♦♥♥❡❧❧ ❉❏✱ ❇❛tt❡s❡ ●❊ ✭✷✵✵✺✮ ❆♥

■♥tr♦❞✉❝t✐♦♥ t♦ ❊✣❝✐❡♥❝② ❛♥❞ Pr♦❞✉❝t✐✈✐t② ❆♥❛❧②s✐s✳ ◆❡✇ ❨♦r❦✱ ❯❙❆✱

❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✰ ❇✉s✐♥❡ss ▼❡❞✐❛✱ ■♥❝✳
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❈♦❡❧❧✐ ❚❏✱ P❡r❡❧♠❛♥ ❙ ✭✶✾✾✾✮ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ♣❛r❛♠❡tr✐❝ ❛♥❞

♥♦♥✲♣❛r❛♠❡tr✐❝ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s✿ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❊✉r♦♣❡❛♥ r❛✐❧✇❛②s✳

❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ✶✶✼✿✸✷✻✲✸✸✾✳

❈❤r✐st❛❧❧❡r ❲ ✭✶✾✻✻✮ ❈❡♥tr❛❧ P❛❧❝❡s ✐♥ ❙♦✉t❤❡r♥ ●❡r♠❛♥②✳ Pr❡♥t✐❝❡ ❍❛❧❧✱

❊♥❣❧❡✇♦♦❞ ❈❧✐✛s✱ ◆✳ ❏✳ ✭♣✉❜❧✐s❤❡❞ ✐♥ ●❡r♠❛♥ ✐♥ ✶✾✸✸✮

❉r✉s❦❛ ❱✱ ❚♦rr❛❝❡ ❲❈ ✭✷✵✵✹✮ ●❡♥❡r❛❧✐③❡❞ ♠♦♠❡♥ts ❡st✐♠❛t✐♦♥ ❢♦r s♣❛t✐❛❧

♣❛♥❡❧ ❞❛t❛✿ ■♥❞♦♥❡s✐❛♥ r✐❝❡ ❢❛r♠✐♥❣✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧

❊❝♦♥♦♠✐❝s ✽✻✭✶✮✿✶✽✺✲✶✾✽✳

❋är❡ ❘✱ ●r♦ss❦♦♣❢ ❙✱ ▲♦✈❡❧❧ ❈❆ ✭✶✾✾✹✮ Pr♦❞✉❝t✐♦♥ ❢r♦♥t✐❡rs✳ ❈❛♠❜r✐❞❣❡

❯♥✐✈❡rs✐t② Pr❡ss✳

❋❛rr❡❧❧ ▼❏ ✭✶✾✺✼✮ ❚❤❡ ▼❡❛s✉r❡♠❡♥t ♦❢ Pr♦❞✉❝t✐✈❡ ❊✣❝✐❡♥❝②✳ ❏♦✉r♥❛❧ ♦❢

t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✳ ❙❡r✐❡s ❆ ✭●❡♥❡r❛❧✮✱ ✶✷✵✿✷✺✸✲✷✾✵✳

❋❡r♥á♥❞❡③ ❈✱ ❑♦♦♣ ●✱ ❙t❡❡❧ ▼❋❏ ✭✷✵✵✵✮ ❆ ❇❛②❡s✐❛♥ ❛♥❛❧②s✐s ♦❢

♠✉❧t✐♣❧❡✲♦✉t♣✉t ♣r♦❞✉❝t✐♦♥ ❢r♦♥t✐❡rs✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✾✽✿✹✼✲✼✾✳

●❡♠❛♥ ❙ ●❡♠❛♥ ❉ ✭✶✾✽✹✮ ❙t♦❝❤❛st✐❝ r❡❧❛①❛t✐♦♥✱ ●✐❜❜s ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞

t❤❡ ❇❛②❡s✐❛♥ r❡st♦r❛t✐♦♥ ♦❢ ✐♠❛❣❡s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❛tt❡r♥ ❆♥❛❧②s✐s

❛♥❞ ▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡ ✻✿✼✷✶✲✼✹✶✳

❍❛❞❧❡② ❉ ✭✷✵✵✻✮ P❛tt❡r♥s ✐♥ ❚❡❝❤♥✐❝❛❧ ❊✣❝✐❡♥❝② ❛♥❞ ❚❡❝❤♥✐❝❛❧ ❈❤❛♥❣❡ ❛t

t❤❡ ❋❛r♠✲❧❡✈❡❧ ✐♥ ❊♥❣❧❛♥❞ ❛♥❞ ❲❛❧❡s✱ ✶✾✽✷✲✷✵✵✷✳ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧

❊❝♦♥♦♠✐❝s ✺✼✿✽✶✲✶✵✵✳
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❍♦❧❧♦✇❛② ●✱ ▲❛♣❛r ▲ ✭✷✵✵✼✮ ❍♦✇ ❜✐❣ ✐s ②♦✉r ♥❡✐❣❤❜♦✉r❤♦♦❞❄ ❙♣❛t✐❛❧

✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♠❛r❦❡t ♣❛rt✐❝✐♣❛t✐♦♥ ❛♠♦♥❣ ❋✐❧✐♣✐♥♦ s♠❛❧❧❤♦❧❞❡rs✳ ❏♦✉r♥❛❧

♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✺✽✭✶✮✿✸✼✲✻✵✳

■r❛✐③♦③ ❇✱ ❇❛r❞❛❥✐ ■✱ ❘❛♣✉♥ ▼ ✭✷✵✵✺✮ ❚❤❡ ❙♣❛♥✐s❤ ❜❡❡❢ s❡❝t♦r ✐♥ t❤❡ ✶✾✾✵s✿

✐♠♣❛❝t ♦❢ t❤❡ ❇❙❊ ❝r✐s✐s ♦♥ ❡✣❝✐❡♥❝② ❛♥❞ ♣r♦✜t❛❜✐❧✐t②✳ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠✐❝s

✸✼✿✹✼✸✲✹✽✹✳

❑✐♠ ❈❲✱ P❤✐♣♣s ❚❚✱ ❆♥s❡❧✐♥ ▲ ✭✷✵✵✸✮ ▼❡❛s✉r✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢ ❛✐r

q✉❛❧✐t② ✐♠♣r♦✈❡♠❡♥t✿ ❛ s♣❛t✐❛❧ ❤❡❞♦♥✐❝ ❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢

❊♥✈✐r♦♥♠❡♥t❛❧ ❊❝♦♥♦♠✐❝s ❛♥❞ ▼❛♥❛❣❡♠❡♥t ✹✺✿✷✹✲✸✾✳

❑♦♦♣ ● ✭✷✵✵✸✮ ❇❛②❡s✐❛♥ ❡❝♦♥♦♠❡tr✐❝s✳ ❈❤✐❝❡st❡r✱ ❲❡st ❙✉ss❡①✱ ❏♦❤♥ ❲✐❧❡②

✫ ❙♦♥s ■♥❝✳

❑♦♦♣ ●✱ ❙t❡❡❧ ▼❋❏✱ ❖s✐❡✇❛❧s❦✐ ❏ ✭✶✾✾✺✮ P♦st❡r✐♦r ❆♥❛❧②s✐s ♦❢ ❙t♦❝❤❛st✐❝

❋r♦♥t✐❡r ▼♦❞❡❧s ❯s✐♥❣ ●✐❜❜s ❙❛♠♣❧✐♥❣✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s

✶✵✿✸✺✸✲✸✼✸✳

▲❡❙❛❣❡ ❏P ✭✶✾✾✾✮ ❚❤❡ t❤❡♦r② ❛♥❞ ♣r❛❝t✐❝❡ ♦❢ s♣❛t✐❛❧ ❡❝♦♥♦♠❡tr✐❝s✳

❤tt♣✿✴✴✇✇✇✳s♣❛t✐❛❧✲❡❝♦♥♦♠❡tr✐❝s✳❝♦♠✴❤t♠❧✴s❜♦♦❦✳♣❞❢

▲ös❝❤ ❆ ✭✶✾✺✹✮ ❚❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ❧♦❝❛t✐♦♥✳ ◆❡✇ ❍❛✈❡♥✱ ❈♦♥♥✿ ❨❛❧❡

❯♥✐✈❡rs✐t② Pr❡ss ✭P✉❜❧✐s❡❞ ✐♥ ●❡r♠❛♥ ✐♥ ✶✾✹✵✮

✸✻



▲♦✈❡❧❧ ❈❆❑✱ ❘✐❝❤❛r❞s♦♥ ❙✱ ❚r❛✈❡rs P✱ ❲♦♦❞ ▲▲ ✭✶✾✾✹✮ ❘❡s♦✉r❝❡s ❛♥❞

❋✉♥❝t✐♦♥✐♥❣s✿ ❆ ◆❡✇ ❱✐❡✇ ♦❢ ■♥❡q✉❛❧✐t② ✐♥ ❆✉str❛❧✐❛✳ ❇❡r❧✐♥✱

❙♣r✐♥❣❡r✲❱❡r❧❛❣ Pr❡ss✳

▼❡tr♦♣♦❧✐s ◆✱ ❘♦s❡♥❜❧✉t❤ ❆❲✱ ❘♦s❡♥❜❧✉t❤ ▼◆✱ ❚❡❧❧❡r ❆❍✱ ❚❡❧❧❡r ❊ ✭✶✾✺✸✮

❊q✉❛t✐♦♥s ♦❢ st❛t❡ ❝❛❧❝✉❧❛t✐♦♥s ❜② ❢❛st ❝♦♠♣✉t✐♥❣ ♠❛❝❤✐♥❡s✳ ❏♦✉r♥❛❧ ♦❢

❈❤❡♠✐❝❛❧ P❤②s✐❝s ✷✶✿✶✵✽✼✲✶✵✾✷✳

❖✬❉♦♥♥❡❧❧ ❈❏✱ ❈♦❡❧❧✐ ❚❏ ✭✷✵✵✺✮ ❆ ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ t♦ ✐♠♣♦s✐♥❣ ❝✉r✈❛t✉r❡

♦♥ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✷✻✿✹✾✸✲✺✷✸✳

❖r❡❛ ▲ ✭✷✵✵✷✮ P❛r❛♠❡tr✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣❡♥❡r❛❧✐③❡❞ ♠❛❧♠q✉✐st

♣r♦❞✉❝t✐✈✐t② ✐♥❞❡①✳ ❏♦✉r♥❛❧ ♦❢ Pr♦❞✉❝t✐✈✐t② ❆♥❛❧②s✐s ✶✽✿✺✲✷✷✳

❘♦❡ ❇✱ ■r✇✐♥ ❊●✱ ❙❤❛r♣ ❏❙ ✭✷✵✵✷✮ P✐❣s ✐♥ s♣❛❝❡ ▼♦❞❡❧✐♥❣ t❤❡ ❙♣❛t✐❛❧

❙tr✉❝t✉r❡ ♦❢ ❍♦❣ Pr♦❞✉❝t✐♦♥ ✐♥ ❚r❛❞✐t✐♦♥❛❧ ❛♥❞ ◆♦♥tr❛❞✐t✐♦♥❛❧ Pr♦❞✉❝t✐♦♥

❘❡❣✐♦♥s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✽✹✭✷✮✿✷✺✾✲✷✼✽✳

❙❝❤♠✐❞t ❆▼✱ ▼♦r❡✐r❛ ❆❘❇✱ ❍❡❧❢❛♥❞ ❙▼✱ ❋♦♥s❡❝❛ ❚❈❖ ✭✷✵✵✾✮ ❙♣❛t✐❛❧

st♦❝❤❛st✐❝ ❢r♦♥t✐❡rs✿ ❛❝❝♦✉♥t✐♥❣ ❢♦r ✉♥♦❜s❡r✈❡❞ ❧♦❝❛❧ ❞❡t❡r♠✐♥❛♥ts ♦❢

✐♥❡✣❝✐❡♥❝②✳ ❏♦✉r♥❛❧ ♦❢ Pr♦❞✉❝t✐✈✐t② ❆♥❛❧②s✐s ✸✶✿✶✵✶✲✶✶✷✳

✈❛♥ ❉❡♥ ❇r♦❡❝❦ ❏✱ ❑♦♦♣ ●✱ ❖s✐❡✇❛❧s❦✐ ❏✱ ❙t❡❡❧ ▼❋❏ ✭✶✾✾✹✮ ❙t♦❝❤❛st✐❝

❢r♦♥t✐❡r ♠♦❞❡❧s✿ ❆ ❜❛②❡s✐❛♥ ♣❡rs♣❡❝t✐✈❡✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s

✻✶✿✷✼✸✲✸✵✸✳

✈♦♥ ❚❤ü♥❡♥✱ ❏❍ ✭✶✽✷✻✮ ❉❡r ■s♦❧✐❡rt❡ ❙t❛❛t ✐♥ ❇❡③✐❡❤✉♥❣ ❛✉❢ ▲❛♥❞✇✐rts❝❤❛t

✉♥❞ ◆❛t✐♦♥❛❧♦❡❦♦♥♦♠✐❡✳ ❏❡♥❛ ✶✾✷✶✳ ❱♦❧ ■✳

✸✼



❲❡✐ss ▼❉ ✭✶✾✾✻✮ Pr❡❝✐s✐♦♥ ❢❛r♠✐♥❣ ❛♥❞ s♣❛t✐❛❧ ❡❝♦♥♦♠✐❝ ❛♥❛❧②s✐s✿ r❡s❡❛r❝❤

❝❤❛❧❧❡♥❣❡s ❛♥❞ ♦♣♣♦rt✉♥✐t✐❡s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❆❣r✐❝✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s

✼✽✿✶✷✼✺✲✶✷✽✵

❆♣♣❡♥❞✐①

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t✐t❡s

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r β✳ ❉❡✜♥✐♥❣

b =
(

V −1
0 +

∑

XiXi

)

−1
∑

Xi (yi + 1T zi) ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

p
(

β|h, z, µ−1
z , y

)

∝ exp



−h
(β − b)

′
(

V −1
0 +

∑

i XiX
′

i

)

(β − b)

2



 ✭✹✶✮

p
(

β|h, z, µ−1
z , y

)

∼ N



b, h−1

(

V −1
0 +

∑

i

XiX
′

i

)

−1


 ✭✹✷✮

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r h✳ ❚❤❡ ❦❡r♥❡❧ ❢♦r h ❢r♦♠

❡①♣r❡ss✐♦♥ ✭✸✵✮ ✐s

p
(

h|z, µ−1
z , y, β

)

∝ h
TN
2

N
∏

i=1

exp

(

−h
ε
′

iεi

2

)

× h
vo−2

2 exp

(

−hs2
0

2
v0

)

✭✹✸✮

t❤✉s

✸✽



p
(

h|z, µ−1
z , y, β

)

∝ h
TN
2

+
v0
2
−1

N
∏

i=1

exp



−h





ε
′

iεi +
s2
0v0

n

2







 ✭✹✹✮

❯s✐♥❣

∑N
i=1 ε

′

iεi + s2
0v0

2
=

TN + v0

2s̄−2
✭✹✺✮

✇❤❡r❡

s̄−2 =
TN + v0

∑N
i=1 ε

′

iεi + s2
0v0

✭✹✻✮

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣r❡❝✐s✐♦♥ h ❤❛s ❛ ♣♦st❡r✐♦r ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ✉s✐♥❣

❑♦♦♣✬s ♥♦t❛t✐♦♥ ✭❑♦♦♣✱ ✷✵✵✸✮✳

p
(

h|z, µ−1
z , y, β

)

∼ G

(

TN + v0
∑N

i=1 ε
′

iεi + s2
0v0

, vo + TN

)

✭✹✼✮

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r µ−1
z ✐s ❛s ❢♦❧❧♦✇s✳ ❋r♦♠

❡①♣r❡ss✐♦♥ ✭✸✹✮ ✐♥ t❤❡ t❡①t✿

p
(

µ−1
z |β, h, ρ, z̃, y

)

∝

[

N
∏

i=1

µ−1
z exp

(

−z̃iµ
−1
z

)

]

× exp
(

µ−1
z ln (r∗)

)

= µ−N
z exp

(

N
∑

i=1

−z̃iµ
−1
z + µ−1

z

ln (r∗)

N

)

=
(

µ−1
z

)

2(N+1)
2

−1
exp

(

−µ−1
z

(

N
∑

i=1

zi − ln (r∗)

))

✭✹✽✮

✸✾



❯s✐♥❣

(

N
∑

i=1

z̃i − ln (r∗)

)

=
2N + 2

2m
✭✹✾✮

m =
N + 1

(

∑N
i=1 z̃i − ln (r∗)

) ✭✺✵✮

✇❡ ♦❜t❛✐♥

p
(

µ−1
z |β, h, ρ, z̃, y

)

∼ G

(

N + 1
∑N

i=1 z̃i − ln (r∗)
, 2N + 2

)

✭✺✶✮

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣♦st❡r✐♦r ❢♦r z̃ ✐s ❛s ❢♦❧❧♦✇s✳ ❋r♦♠

❡①♣r❡ss✐♦♥ ✭✸✹✮ ✐♥ t❤❡ t❡①t✿

p
(

z̃, |µ−1
z y, β, ρ, h

)

∝

[

N
∏

i=1

exp

(

−h
ε
′

iεi

2

)]

× p
(

z̃|µ−1
z

)

✭✺✷✮

❚❤❡ ✐t❤ ✐♥❡✣❝✐❡♥❝② ❤❛s t❤❡ ♣♦st❡r✐♦r

p
(

z̃i, |µ
−1
z y, β, ρ, h

)

∝ exp

(

−h
ε
′

iεi

2
− z̃iµ

−1
z

)

× I (z̃i > 0) ✭✺✸✮

❯s✐♥❣✿

(

ei,t +
µ−1

z

Th

)2

= e2
i,t +

µ−2
z

T 2h2
+ 2ei,t

µ−1
z

Th
✭✺✹✮

✹✵



❛♥❞

ε
′

iεi =
T
∑

t=1

e2
i,t =

T
∑

t=1

(

ei,t +
µ−1

z

Th

)2

−
µ−2

z

Th2
− 2ēi

µ−1
z

h
✭✺✺✮

✇❤❡r❡ ēi =
∑T

t=1
ei,t

T
✳

■t ❢♦❧❧♦✇s t❤❛t

p
(

z̃i, |µ
−1
z y, β, ρ, h

)

∝ exp





−h

∑T
t=1

(

ei,t + µ−1
z

Th

)2

2
+ ēiµ

−1
z − z̃iµ

−1
z







×I (z̃i > 0) ✭✺✻✮

❆ss✉♠✐♥❣ ρ 6= 0 ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t z̃ = (I − ρW ) z

ēiµ
−1
z − z̃iµ

−1
z = ēiµ

−1
z − ziµ

−1
z + (z̃i − zi) µ−1

z

= ȳi − x̄iβ + (z̃i − zi) µ−1
z ✭✺✼✮

p
(

z̃i, |µ
−1
z y, β, ρ, h

)

∝ exp





−Th

(

zi −
(

x
′

iβ − ȳi + µ−1
z

Th

))

2
+ (z̃i − zi) µ−1

z







×I (z̃i > 0) ✭✺✽✮

✹✶



❚❛❜❧❡ ✶ ❙❧♦♣❡ ♣❛r❛♠❡t❡rs ❢♦r ♠♦❞❡❧s ❙▼✶ ❛♥❞ ❙▼✷
❙▼✶ ❙▼✷

❈♦❡✛✳ ✾✵✪ ♣♦st❡r✐♦r ❈♦❡✛✳ ✾✵✪ ♣♦st❡r✐♦r

α0 ✲✵✳✵✸ (−0.10, 0.04) ✵✳✵✹ (−0.06, 0.18)
▲❡❛s✐♥❣ q✉♦t❛ ♦✉t ✲✵✳✶✷ (−0.18,−0.05) ✲✵✳✶✶ (−0.18,−0.05)
❖t❤❡r ♦✉t♣✉t ✲✵✳✷✽ (−0.33,−0.24) ✲✵✳✷✾ (−0.34,−0.25)

❯t✐❧✐s❡❞ ❆❣r✐❝✉❧t✉r❛❧ ❆r❡❛ ✵✳✵✺ (0.00, 0.10) ✵✳✵✺ (0.00, 0.12)
▼✐❧❦ ◗✉♦t❛ ✵✳✸✾ (0.28, 0.50) ✵✳✸✺ (0.24, 0.46)

◆✉♠❜❡r ♦❢ ❝♦✇s ✵✳✹✷ (0.31, 0.54) ✵✳✹✻ (0.34, 0.58)
▲❡❛s✐♥❣ q✉♦t❛ ✐♥ ✲✵✳✵✷ (−0.06, 0.02) ✲✵✳✵✷ (−0.06, 0.02)

▼❛❝❤✐♥❡r②✫●❡♥❡r❛❧ ❝♦sts ✵✳✶✵ (0.03, 0.18) ✵✳✶✵ (0.02, 0.17)
▲❛❜♦✉r ❝♦sts ✵✳✵✸ (−0.03, 0.09) ✵✳✵✸✻ (−0.03, 0.10)

▲✐✈❡st♦❝❦ ❝♦sts ✭♣❡r ❝♦✇✮ ✵✳✶✻ (0.10, 0.22) ✵✳✶✽✶ (0.12, 0.25)

✹✷



❚❛❜❧❡ ✷ ❙❧♦♣❡ ♣❛r❛♠❡t❡rs ❢♦r ♠♦❞❡❧s ❙▼✸✲✷✵ ❛♥❞ ❙▼✸✲✶✵✵
❙▼✸✲✷✵ ❙▼✸✲✶✵✵

❈♦❡✛✳ ✾✵✪ ♣♦st❡r✐♦r ❈♦❡✛✳ ✾✵✪ ♣♦st❡r✐♦r

α0 ✵✳✵✷ (−0.06, 0.11) ✵✳✶✼ (−0.03, 0.51)
▲❡❛s✐♥❣ q✉♦t❛ ♦✉t ✲✵✳✶✶ (−0.18,−0.05) ✲✵✳✶✶ (−0.17,−0.05)
❖t❤❡r ♦✉t♣✉t ✲✵✳✷✾ (−0.34,−0.24) ✲✵✳✷✾ (−0.34,−0.25)

❯t✐❧✐s❡❞ ❆❣r✐❝✉❧t✉r❛❧ ❆r❡❛ ✵✳✵✻ (0.00, 0.12) ✵✳✵✻ (0.00, 0.12)
▼✐❧❦ ◗✉♦t❛ ✵✳✸✺ (0.24, 0.46) ✵✳✸✶ (0.17, 0.43)

◆✉♠❜❡r ♦❢ ❝♦✇s ✵✳✹✺ (0.34, 0.57) ✵✳✺✵ (0.36, 0.65)
▲❡❛s✐♥❣ q✉♦t❛ ✐♥ ✲✵✳✵✷ (−0.05, 0.02) ✲✵✳✵✶ (−0.05, 0.02)

▼❛❝❤✐♥❡r②✫●❡♥❡r❛❧ ❝♦sts ✵✳✶✵ (0.02, 0.18) ✵✳✵✾ (0.00, 0.16)
▲❛❜♦✉r ❝♦sts ✵✳✵✸ (−0.04, 0.10) ✵✳✵✹ (−0.03, 0.12)

▲✐✈❡st♦❝❦ ❝♦sts ✭♣❡r ❝♦✇✮ ✵✳✶✽ (0.12, 0.25) ✵✳✷✵ (0.13, 0.29)

✹✸



❚❛❜❧❡ ✸ ❙❧♦♣❡ ♣❛r❛♠❡t❡rs ❢♦r ♠♦❞❡❧s ❙▼✸✲✶✽✵ ❛♥❞ ❙▼✸✲✷✹✵
❙▼✸✲✶✽✵ ❙▼✸✲✷✹✵

❈♦❡✛✳ ✾✵✪ ♣♦st❡r✐♦r ❈♦❡✛✳ ✾✵✪ ♣♦st❡r✐♦r

α0 ✵✳✷✶ (−0.02, 0.57) ✵✳✶✾ (−0.02, 0.52)
▲❡❛s✐♥❣ q✉♦t❛ ♦✉t ✲✵✳✶✶ (−0.17,−0.04) ✲✵✳✶✶ (−0.17,−0.04)
❖t❤❡r ♦✉t♣✉t ✲✵✳✷✾ (−0.34,−0.25) ✲✵✳✷✾ (−0.34,−0.25)

❯t✐❧✐s❡❞ ❆❣r✐❝✉❧t✉r❛❧ ❆r❡❛ ✵✳✵✻ (0.00, 0.13) ✵✳✵✻ (0.00, 0.12)
▼✐❧❦ ◗✉♦t❛ ✵✳✷✾ (0.15, 0.42) ✵✳✸✵ (0.16, 0.43)

◆✉♠❜❡r ♦❢ ❝♦✇s ✵✳✺✶ (0.37, 0.66) ✵✳✺✶ (0.37, 0.66)
▲❡❛s✐♥❣ q✉♦t❛ ✐♥ ✲✵✳✵✶ (−0.05, 0.03) ✲✵✳✵✶ (−0.05, 0.02)

▼❛❝❤✐♥❡r②✫●❡♥❡r❛❧ ❝♦sts ✵✳✵✾ (0.00, 0.17) ✵✳✵✽ (0.00, 0.16)
▲❛❜♦✉r ❝♦sts ✵✳✵✹ (−0.03, 0.12) ✵✳✵✺ (−0.03, 0.12)

▲✐✈❡st♦❝❦ ❝♦sts ✭♣❡r ❝♦✇✮ ✵✳✷✶ (0.13, 0.29) ✵✳✷✵ (0.13, 0.28)

✹✹



❋✐❣✳ ✶ ❊✣❝✐❡♥❝② ❞✐str✐❜✉t✐♦♥s ❢♦r ❙▼✶ ✈s ❙▼✷ ♠♦❞❡❧s

✹✺



❋✐❣✳ ✷ ❊✣❝✐❡♥❝② ❞✐str✐❜✉t✐♦♥s ❢♦r ❙▼✸ ♠♦❞❡❧s

✹✻



❋✐❣✳ ✸ ❑❡r♥❡❧ ❞✐str✐❜✉t✐♦♥ ❢♦r ρ✿ ✶✵ ❦♠ ❣r✐❞ sq✉❛r❡ ✈s✳ ●❖❘

✹✼



❋✐❣✳ ✹ ❑❡r♥❡❧ ❞✐str✐❜✉t✐♦♥ ❢♦r ρ ❢♦r h = 20 ❦♠❀ h = 100 ❦♠❀ h = 180 ❦♠❀
h = 240 ❦♠

✹✽


