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▼♦❞❡❧✐♥❣ ❤♦✉r❧② ❊❧❡❝tr✐❝✐t② ❙♣♦t ▼❛r❦❡t

Pr✐❝❡s

❛s ♥♦♥ st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥❛❧ t✐♠❡s s❡r✐❡s

❉♦♠✐♥✐❦ ▲✐❡❜❧∗

❯♥✐✈❡rs✐t② ♦❢ ❈♦❧♦❣♥❡

❆❜str❛❝t

❚❤❡ ✐♥st❛♥t❛♥❡♦✉s ♥❛t✉r❡ ♦❢ ❡❧❡❝tr✐❝✐t② ❞✐st✐♥❣✉✐s❤❡s ✐ts s♣♦t ♣r✐❝❡s ❢r♦♠ s♣♦t
♣r✐❝❡s ❢♦r ❡q✉✐t✐❡s ❛♥❞ ♦t❤❡r ❝♦♠♠♦❞✐t✐❡s✳ ❯♣ t♦ ♥♦✇ ❡❧❡❝tr✐❝✐t② ❝❛♥♥♦t ❜❡
st♦r❡❞ ❡❝♦♥♦♠✐❝❛❧❧② ❛♥❞ t❤❡r❡❢♦r❡ ❞❡♠❛♥❞ ❢♦r ❡❧❡❝tr✐❝✐t② ❤❛s ❛♥ ✉♥t❡♠♣❡r❡❞
❡✛❡❝t ♦♥ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❤♦✉r❧② ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡s s❤♦✇ ❛
✈❛st r❛♥❣❡ ♦❢ ❞②♥❛♠✐❝s ✇❤✐❝❤ ❝❛♥ ❝❤❛♥❣❡ r❛♣✐❞❧②✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥tr♦❞✉❝❡
❛ r♦❜✉st ✈❡rs✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ❢♦r s♣❛rs❡ ❞❛t❛✳
❚❤❡ ❢✉♥❝t✐♦♥❛❧ ♣❡rs♣❡❝t✐✈❡ ✐♥t❡r♣r❡ts s♣♦t ♣r✐❝❡s ❛s ❢✉♥❝t✐♦♥s ♦❢ ❞❡♠❛♥❞ ❢♦r
❡❧❡❝tr✐❝✐t② ❛♥❞ ❛❧❧♦✇s t♦ ❡st✐♠❛t❡ ❛ s✐♥❣❧❡ ♣r✐❝❡ ❝✉r✈❡ ❢♦r ❡❛❝❤ ❞❛②✳ ❱❛r✐❛t✐♦♥s
✐♥ ♠❛r❦❡t ❢✉♥❞❛♠❡♥t❛❧s s✉❝❤ ❛s ❝♦♠♠♦❞✐t② ♣r✐❝❡s ❛r❡ ❛❜s♦r❜❡❞ ❜② t❤❡ ✜rst
♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✳

❑❡②✇♦r❞s✿ ❋✉♥❝t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✱ ♥♦♥ st❛t✐♦♥❛r②
❢✉♥❝t✐♦♥❛❧ t✐♠❡ s❡r✐❡s ❞❛t❛✱ s♣❛rs❡ ❞❛t❛✱ ❡❧❡❝tr✐❝✐t② s♣♦t ♠❛r❦❡t ♣r✐❝❡s✱
❊✉r♦♣❡❛♥ ❊❧❡❝tr✐❝✐t② ❊①❝❤❛♥❣❡ ✭❊❊❳✮✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❙♣♦t ♣r✐❝❡s ❢♦r ❡❧❡❝tr✐❝✐t② ❛r❡ ♣❡❝✉❧✐❛r✳ ❯♣ t♦ ♥♦✇ ❡❧❡❝tr✐❝✐t② ❝❛♥♥♦t ❜❡ st♦r❡❞
❡❝♦♥♦♠✐❝❛❧❧② t❤❡r❡❢♦r❡ t❤❡ ❛♠♦✉♥t ♦❢ ❡❧❡❝tr✐❝✐t② t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❛r❜✐tr❛❣❡
♦✈❡r t✐♠❡ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❛♥❞ ❞❡♠❛♥❞ ❢♦r ❡❧❡❝tr✐❝✐t② ❤❛s ❛♥ ✉♥t❡♠♣❡r❡❞ ❡✛❡❝t
♦♥ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡s✳ ❚❤❡ ♣r✐❝✐♥❣ ✐♥ t❤❡ ♣♦✇❡r ♠❛r❦❡t ✐s ❜❛s❡❞ ♦♥ ♠❛r❣✐♥❛❧ ❣❡♥✲
❡r❛t✐♦♥ ❝♦sts ♦❢ t❤❡ ❧❛st ♣♦✇❡r ♣❧❛♥t t❤❛t ✐s r❡q✉✐r❡❞ t♦ ❝♦✈❡r t❤❡ ❞❡♠❛♥❞✳ ❚❤❡
s✉♣♣❧② ❝✉r✈❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ❣❡♥❡r❛t✐♦♥ ❝♦sts ♦❢ t❤❡ ✐♥st❛❧❧❡❞ ♣♦✇❡r

∗❊❛r❧✐❡r ✈❡rs✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❉❆●❙t❛t ✷✵✶✵ ✐♥ ❉♦rt♠✉♥❞
❛♥❞ t❤❡ ❙t❛t✐st✐s❝❤❡ ❲♦❝❤❡ ✷✵✶✵ ✐♥ ◆ür♥❜❡r❣✳ ■ ✇❛♥t t♦ t❤❛♥❦ ❡s♣❡❝✐❛❧❧② Pr♦❢✳ ❆❧♦✐s ❑♥❡✐♣
❢♦r ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s✱ Pr♦❢✳ P❛s❝❛❧ ❙❛r❞❛✱ ✇❤♦ ❡♥❝♦✉r❛❣❡❞ ♠❡ ❝♦♥str✉❝t✐✈❡❧② ♦♥ ♠② ✇❛② t♦
✇r✐t❡ t❤✐s ♣❛♣❡r ❞✉r✐♥❣ ♠② st❛② ❛t t❤❡ ✇♦r❦✐♥❣ ❣r♦✉♣ ❙❚❆P❍ ✐♥ ❚♦✉❧♦✉s❡✱ ❛♥❞ Pr♦❢✳ ❲♦❧❢❣❛♥❣
❍är❞❧❡ ❢♦r ❝♦♥str✉❝t✐✈❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❉❆❚●❙t❛t ✷✵✶✵✳
❈♦rr❡s♣♦♥❞✐♥❣ ❆✉t❤♦r✿ ❉♦♠✐♥✐❦ ▲✐❡❜❧ ✭❧✐❡❜❧@✇✐s♦✳✉♥✐✲❦♦❡❧♥✮✱ ❙❡♠✐♥❛r ❢ür
❲✐rts❝❤❛❢ts✕ ✉♥❞ ❙♦③✐❛❧st❛t✐st✐❦✱ ▲❡❤rst✉❤❧ Pr♦❢✳ ▼♦s❧❡r✱ ❯♥✐✈❡rs✐tät ③✉ ❑ö❧♥✱ ❆❧❜❡rt✉s✕
▼❛❣♥✉s✕P❧❛t③✱ ✺✵✾✷✸ ❑ö❧♥ ●❡r♠❛♥②



♣❧❛♥ts✱ ✇✐t❤ ❛ st❡❡♣❧② ✐♥❝r❡❛s✐♥❣✱ ❡①♣♦♥❡♥t✐❛❧ s❤❛♣❡✳ ❯s✉❛❧❧② ❜❛s❡ ❧♦❛❞ ♣❧❛♥ts
s✉❝❤ ❛s ♥✉❝❧❡❛r ❛♥❞ ❧✐❣♥✐t❡ ♣❧❛♥ts ❝♦✈❡r t❤❡ ♠✐♥✐♠❛❧ ❧♦❛❞✱ ✐✳❡✳ ❞❡♠❛♥❞ ❢♦r ❡❧❡❝✲
tr✐❝✐t②✱ t❤r♦✉❣❤♦✉t t❤❡ ②❡❛r✳ ▲♦❛❞ ❢♦❧❧♦✇✐♥❣ ✐s ♠♦st❧② ❞♦♥❡ ❜② ♠❡❞✐✉♠ ❛♥❞ ♣❡❛❦
❧♦❛❞ ♣❧❛♥ts s✉❝❤ ❛s ❤❛r❞✲❝♦❛❧ ❛♥❞ ❣❛s✲✜r❡❞ ♣♦✇❡r ♣❧❛♥ts✳ Pr✐❝✐♥❣ ❛❜♦✈❡ ♠❛r❣✐♥❛❧
❝♦sts✱ s♦ ❝❛❧❧❡❞ ♣❡❛❦ ❧♦❛❞ ♣r✐❝✐♥❣✱ ✐s t②♣✐❝❛❧ ✐♥ ♠❛r❦❡ts ✇✐t❤ ♥♦♥ s♦rt❛❜❧❡ ♣r♦❞✲
✉❝ts✳ ❚❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤✐s ❛r❡ ♦♣♣♦rt✉♥✐t② ❝♦sts ❛♥❞ ✐♥❝r❡♠❡♥t❛❧ ❝♦sts ❢r♦♠
❝♦♥str❛✐♥ts✱ s✉❝❤ ❛s t❤♦s❡ ❛r✐s✐♥❣ ❢r♦♠ ❡♠✐ss✐♦♥ ❛♥❞ ❝❛♣❛❝✐t② ❧✐♠✐ts✱ ✇❤✐❝❤ t❤❡♥
❜❡❝♦♠❡ ♠❛r❣✐♥❛❧ ❝♦sts r❡❧❡✈❛♥t ✭❈r❛♠t♦♥✱ ✷✵✵✹✮✳ ❚❤✐s ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✈❛r✐❛❜❧❡
❝♦st ♣r✐❝✐♥❣ ✐s ❛❧s♦ ♦❜s❡r✈❛❜❧❡ ♦♥ t❤❡ ❧♦✇ ❞❡♠❛♥❞ s✐❞❡✳ P❧❛♥t ♦♣❡r❛t♦rs tr② t♦
❛✈♦✐❞ s❤✉tt✐♥❣ ♦✛ ♣♦✇❡r ♣❧❛♥ts ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ r❛♠♣ ✉♣ ❝♦sts ❛♥❞ t❤❡r❡❢♦r❡
❜✐❞ ♦❝❝❛s✐♦♥❛❧❧② ❜❡❧♦✇ ✈❛r✐❛❜❧❡ ❝♦sts✱ ❛❧t❤♦✉❣❤ ❧❛tt❡r ❜❡❝♦♠❡s ♦♥❧② ✈✐s✐❜❧❡ ✐❢ ✐t
✐s ❛❧❧♦✇❡❞ t♦ s❡❧❧ ♥❡❣❛t✐✈❡ ♣r✐❝❡s ❛r❡ ❛❧❧♦✇❡❞ t♦ tr❛❞❡✳

■♥ ♠✐❝r♦ ❡❝♦♥♦♠✐❝ t❤❡♦r② ✐t ✐s ❝♦♠♠♦♥ t♦ s❡t ♣r✐❝❡s ❡q✉❛❧ t♦ t❤❡ ♠❛r❣✐♥❛❧
❝♦st ♦❢ ♣r♦❞✉❝t✐♦♥ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢
❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② ❝✉r✈❡s✳ P❛rt✐❝✉❧❛r❧②✱ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡s ❛r❡ ✉s✉❛❧❧② ♠♦❞✲
❡❧❡❞ ❜② t❤❡ ❈♦✉r♥♦t ♠♦❞❡❧ ♦r t❤❡ ❙✉♣♣❧② ❋✉♥❝t✐♦♥ ❊q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ✭❑❧❡♠✲
♣❡r❡r ❛♥❞ ▼❡②❡r✱ ✶✾✽✾✮✳ ❆ r❡❝❡♥t ❡①❛♠♣❧❡ ✐s t❤❡ ♣❛♣❡r ♦❢ ❲✐❧❧❡♠s ❡t ❛❧✳ ✭✷✵✵✾✮
❛♥ ♦t❤❡r ✇❡❧❧ ❦♥♦✇♥ ❡①❛♠♣❧❡ ✐s t❤❡ ♣❛♣❡r ♦❢ ●r❡❡♥ ❛♥❞ ◆❡✇❜❡r② ✭✶✾✾✷✮✳ ❋✉♥❝✲
t✐♦♥❛❧ ❞❛t❛ ❛♥❛❧②s✐s ✭❢❞❛✮ ✐s ❛❜❧❡ t♦ s❤❛r❡ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ s✐♥❝❡ ✐ts ❛t♦♠✐❝
st❛t✐st✐❝❛❧ ✉♥✐ts ❛r❡ ❢✉♥❝t✐♦♥s r❛t❤❡r t❤❛♥ ♣♦✐♥ts ❛♥❞✴♦r ✈❡❝t♦rs✳ ❚❤❡ ❜♦♦❦s
♦❢ ❘❛♠s❛② ❛♥❞ ❙✐❧✈❡r♠❛♥ ✭✷✵✵✺✮ ❛♥❞ ❋❡rr❛t② ❛♥❞ ❱✐❡✉ ✭✷✵✵✻✮ ❣✐✈❡ ❛ ❜r♦❛❞
♦✈❡r✈✐❡✇ t♦ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ❛♥❛❧②s✐s✳ ❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡ t♦ ❞✐st✐♥✲
❣✉✐s❤ ❜❡t✇❡❡♥ ♣r✐❝✐♥❣ ❜❛s❡❞ ♦♥ ♠❛r❣✐♥❛❧ ❣❡♥❡r❛t✐♦♥ ❝♦sts ❛♥❞ ♣r✐❝✐♥❣ ❜❛s❡❞ ♦♥
♦♣♣♦rt✉♥✐t② ❝♦sts✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ❝❛♥ ♠♦❞❡❧ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st s②s✲
t❡♠ ✇❡❧❧ s✐♥❝❡ ♠❛r❣✐♥❛❧ ❣❡♥❡r❛t✐♦♥ ❝♦sts ❛r❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❞❡♠❛♥❞
❢♦r ❡❧❡❝tr✐❝✐t②✳ ❚❤❡ ♦♣♣♦rt✉♥✐t② ❝♦sts s②st❡♠ ❤❛s t♦ ❜❡ ♠♦❞❡❧❡❞ s❡♣❛r❛t❡❧② ❛♥❞
❜♦t❤ ♠♦❞❡❧s ♠❛② ❜❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ❦✐♥❞ ♦❢ r❡❣✐♠❡ s✇✐t❝❤✐♥❣ ♠❡❝❤❛♥✐s♠✳

▼❛r❦♦✈ r❡❣✐♠❡✲s✇✐t❝❤✐♥❣ ♠♦❞❡❧s✱ s✉❝❤ ❛s ✐♥ ▼♦✉♥t ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ ❑♦s❛t❡r
❛♥❞ ▼♦s❧❡r ✭✷✵✵✻✮✱ ❜❡❝❛♠❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ❛♣♣❧✐❡❞ ❛♣♣r♦❛❝❤❡s ✐♥ ♠♦❞❡❧✐♥❣ ❛♥❞
❢♦r❡❝❛st✐♥❣ ❡❧❡❝tr✐❝✐t② ♣r✐❝❡s✳ ❚❤❡s❡ tr② t♦ ❞✐✈✐❞❡ t❤❡ s❡r✐❡s ✐♥t♦ r❡❣✐♠❡s ✇✐t❤
♦✇♥ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡s✳ ❇✉t t❤❡ s✉♣♣❧② ❝✉r✈❡ ✐♥❞✉❝❡s ❛ ❝♦♥t✐♥✉✉♠
♦❢ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ r❡❣✐♠❡s ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ❞✐✣❝✉❧t t♦ ❛ss✐❣♥ ♣r✐❝❡s t♦
❝❡rt❛✐♥ r❡❣✐♠❡s✱ ❡✈❡♥ ❢♦r t❤❡ ♦❢t❡♥ ✉s❡❞ ❧❡ss ✈♦❧❛t✐❧❡ ❞❛✐❧② ♦r ❤❛❧❢✲❞❛✐❧② ❛✈❡r❛❣❡s
♦❢ s♣♦t ♣r✐❝❡s✳ ❖♥❡ ♦❢ t❤❡ ❢❡✇ ❤✐❣❤ ❢r❡q✉❡♥❝② ❛♥❛❧②s✐s ✐s ❞♦♥❡ ❜② ❑❛r❛❦❛ts❛♥✐
❛♥❞ ❇✉♥♥ ✭✷✵✵✽✮❀ ❑❛r❛❦❛ts❛♥✐ ❛♥❞ ❇✉♥♥ ♠♦❞❡❧ ❛♥❞ ❢♦r❡❝❛st ❡❧❡❝tr✐❝✐t② s♣♦t
♣r✐❝❡s ❢r♦♠ t❤❡ ❯❑✲P♦✇❡r ❊①❝❤❛♥❣❡✳ ❚❤❡② ❞✐✈✐❞❡ t❤❡✐r ❞❛t❛ ✐♥t♦ s✉❜ s❛♠♣❧❡s
❢♦r t❤❡ ✹✽ ❤❛❧❢ ❤♦✉r❧② tr❛❞✐♥❣ ♣❡r✐♦❞s ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧② s❡♣❛r❛t❡ ✇❡❡❦❞❛②s ❢r♦♠
✇❡❡❦❡♥❞s✳ ❲✐t❤✐♥ s✉❝❤ s✉❜ s❛♠♣❧❡s✱ ❞❛✐❧② ❞❡♠❛♥❞ ✈❛❧✉❡s ❢♦r ❡❧❡❝tr✐❝✐t② ❤❛✈❡
❣♦t ❛ ❝❧❡❛r s♠♦♦t❤ s✐♥♦✐❞❛❧ ♣❛tt❡r♥ ♦✈❡r t❤❡ ②❡❛r ✇✐t❤ ❤✐❣❤❡r✴❧♦✇❡r ❞❡♠❛♥❞
✈❛❧✉❡s ❞✉r✐♥❣ t❤❡ ✇✐♥t❡r✴s✉♠♠❡r ♠♦♥t❤s✳ ❚❤❡ ❞❡♠❛♥❞ ♣❛tt❡r♥ ✐s tr❛♥s❧❛t❡❞
✐♥t♦ ❛ ♣r✐❝❡ ♣❛tt❡r♥ ❜② t❤❡ t✐♠❡ ✐♥✈❛r✐❛♥t s❤❛♣❡ ♦❢ t❤❡ s✉♣♣❧② ❝✉r✈❡✳ ❚❤✐s tr❛♥s✲
❧❛t✐♦♥ ❝❛✉s❡s ❛❞❞✐t✐♦♥❛❧ ❞✐st♦rt✐♦♥s ❛♥❞ t❤❛t ♠❛② ❜❡ t❤❡ r❡❛s♦♥ ✇❤② t❤❡ ❛✉t❤♦rs
♣r❡s❡♥t t❤❡✐r r❡s✉❧ts ❢♦r t❤❡ tr❛❞✐♥❣ ♣❡r✐♦❞s ✷✺ ✭✶✷✿✸✵♣♠✮ ❛♥❞ ✸✺ ✭✶✼✿✸✵♣♠✮ ✇✐t❤
❧♦✇ ✈❛r②✐♥❣ ❞❡♠❛♥❞ ♣❛tt❡r♥s✳ ❋✉rt❤❡r♠♦r❡✱ ❡❧❡❝tr✐❝✐t② ❢r♦♠ ✈♦❧❛t✐❧❡ r❡♥❡✇❛❜❧❡

✷



❡♥❡r❣② s♦✉r❝❡s ❧✐❦❡ ✇✐♥❞ ❛♥❞ s♦❧❛r ✐s ♦❢t❡♥ ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ ♣✉r❝❤❛s❡ ❣✉❛r❛♥✲
t❡❡✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ ♥♦t t❤❡ s♠♦♦t❤ ❞❡♠❛♥❞ ♣❛tt❡r♥s ❛r❡ r❡❧❡✈❛♥t ❢♦r
t❤❡ ♣r✐❝❡ ♣❛tt❡r♥s ❜✉t t❤❡ r♦✉❣❤❡r ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ♣❛tt❡r♥s ✇✐t❤ ♥❡tt❡❞ ♦✉t
❤♦✉r❧② ❡❧❡❝tr✐❝✐t② ✐♥❢❡❡❞s ❢r♦♠ r❡♥❡✇❛❜❧❡ ❡♥❡r❣② s♦✉r❝❡s✳ ❘❡❣❛r❞✐♥❣ t❤❡ r♦❧❡ ♦❢
t❤❡ s✉♣♣❧② ❝✉r✈❡ ❛s ❛ ❞✐✛✉s❡r ♦❢ t❤❡ ✭❛❞❥✉st❡❞✮ ❞❡♠❛♥❞ ♣❛tt❡r♥✱ ✇❡ ♣r♦♣♦s❡ t♦
❢♦❝✉s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ✐ts s❤❛♣❡ r❛t❤❡r t❤❛♥ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡
♣❛tt❡r♥ ❞✐r❡❝t❧②✳

❲❡ ♣r♦♣♦s❡ t♦ ✉s❡ ✭❢✉♥❝t✐♦♥❛❧✮ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s t♦ ✜t ❛ ❧♦✇
❞✐♠❡♥s✐♦♥❛❧ ❢❛❝t♦r ♠♦❞❡❧ t♦ t❤❡ ❞❛✐❧② s✉♣♣❧② ❝✉r✈❡s✳ ❋r♦♠ t❤❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧
♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❉②♥❛♠✐❝ ❙❡♠✐♣❛r❛♠❡tr✐❝ ❋❛❝t♦r ▼♦❞❡❧ ✭❉❙❋▼✮ ♦❢ P❛r❦ ❡t ❛❧✳
✭✷✵✵✾✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇ ✉♣ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡s ❍är❞❧❡ ❛♥❞ ❚rü❝❦
✭✷✵✶✵✮ ❛r❡ ✈❡r② ❝❧♦s❡ t♦ ♦✉r ❛♣♣r♦❛❝❤✳ P❛r❦ ❡t ❛❧✳ ✉s❡ ❛♥ ✐t❡r❛t✐♥❣ ♦♣t✐♠✐③❛t✐♦♥
❛❧❣♦r✐t❤♠ t♦ ✜t ❛♥ ♦rt❤♦❣♦♥❛❧ ❢❛❝t♦r ♠♦❞❡❧ t♦ t❤❡ ❞❛t❛ ❛♥❞ ❛r❣✉❡ t❤❛t ✭❢✉♥❝✲
t✐♦♥❛❧✮ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ♠❛② ♥♦t ❜❡ ❛❜❧❡ t♦ ❤❛♥❞❧❡ s♣❛rs❡ ❛♥❞ ♥♦♥
st❛t✐♦♥❛r② ✭❢✉♥❝t✐♦♥❛❧✮ t✐♠❡ s❡r✐❡s ❞❛t❛✳ ❲❡ ❡①t❡♥❞ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❨❛♦ ❡t ❛❧✳
✭✷✵✵✺✮✱ t❤❛t ✐s ❛❜❧❡ t♦ ❤❛♥❞❧❡ s♣❛rs❡ ❞❛t❛✱ t♦ t❤❡ ❝♦♥t❡①t ♦❢ ♥♦♥ st❛t✐♦♥❛r② t✐♠❡
s❡r✐❡s ❞❛t❛✳ ❍är❞❧❡ ❛♥❞ ❚rü❝❦ ❡st✐♠❛t❡ ❛ ❢❛❝t♦r ♠♦❞❡❧ t♦ t❤❡ ❞❛✐❧② N ❞✐♠❡♥✲
s✐♦♥❛❧ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡ ✈❡❝t♦rs Yt = (Y1, . . . , YtN )′ ❛♥❞ r❡♣♦rt t❤❛t ❛ t❤r❡❡
❞✐♠❡♥s✐♦♥❛❧ ❢❛❝t♦r ♠♦❞❡❧ ❡①♣❧❛✐♥s ❛❜♦✉t ✽✵✪ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ ❤♦✉r❧② s♣♦t
♣r✐❝❡s ❛t t❤❡ ❊✉r♦♣❡❛♥ ❊❧❡❝tr✐❝✐t② ❊①❝❤❛♥❣❡ ✭❊❊❳✮✳ ❆s t❤❡ ❛❜♦✈❡ ❝✐t❡❞ ♣❛♣❡rs✱
t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❉❙❋▼ ♠♦❞❡❧ ❢♦❝✉s❡s ♦♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ❢♦r❡❝❛st✐♥❣ t❤❡
♣r✐❝❡ ♣❛tt❡r♥ ❞✐r❡❝t❧② ❛♥❞ ❤❛s t♦ ✉s❡ ❛ r❡❣✐♠❡ s✇✐t❝❤✐♥❣ ♠❡❝❤❛♥✐s♠ ✐♥ ♦r❞❡r
t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ✈❛st ♣r✐❝❡✲❞✐✛✉s✐♦♥s ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥s ♦❢ ❞❡♠❛♥❞ ♣❛tt❡r♥s
✇✐t❤ t❤❡ s✉♣♣❧② ❝✉r✈❡✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s✉♣♣❧② ❝✉r✈❡s ❤❛s ❛ ❧✐♠✐t❛t✐♦♥ t❤❛t ✐s ✐♠♣♦s❡❞ ❜② t❤❡
❛✉❝t✐♦♥ ❞❡s✐❣♥✳ ❊✈❡♥ t❤♦✉❣❤ ❢♦r ❡❛❝❤ ❞❛② t t❤❡r❡ ❛r❡ N s✉♣♣❧② ❝✉r✈❡s✱ ♦♥❡
❢♦r ❡❛❝❤ tr❛❞✐♥❣ ♣❡r✐♦❞ h = 1, . . . , N ✱ ✇❡ ❝❛♥ ♦♥❧② ❡st✐♠❛t❡ t❤❡ ♠❡❛♥ s✉♣♣❧②
❝✉r✈❡ ♦❢ ❞❛② t✳ ❚❤❡ ❣❡♥❡r❛❧ ❛✉❝t✐♦♥ ❞❡s✐❣♥ ✐s s✐♠✐❧❛r ❢♦r t❤❡ ❣r❡❛t❡st ❡❧❡❝tr✐❝✐t②
♠❛r❦❡ts ♣❧❛❝❡s ❧✐❦❡ ✐♥ t❤❡ ◆❡t❤❡r❧❛♥❞s✱ ●❡r♠❛♥②✱ ❆✉str✐❛✱ ❙❝❛♥❞✐♥❛✈✐❛♥ ❝♦✉♥✲
tr✐❡s✱ ❋r❛♥❝❡✱ ❛♥❞ ❈❛❧✐❢♦r♥✐❛✳ ■t ✐s ❛ t✇♦✲s✐❞❡❞ s✐♥❣❧❡✲♣r✐❝❡ ❛✉❝t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t t❤❡r❡ ❛r❡ ❜✐❞s ❢r♦♠ t❤❡ ♣✉r❝❤❛s❡ ❛♥❞ s❡❧❧ s✐❞❡✱ t❤❛t ❛r❡ ♠❛t❝❤❡❞ ❛t ❛ s✐♥❣❡
♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡✳ ❚❤❡ ♣r✐❝❡ ❢♦r ❡❛❝❤ tr❛❞✐♥❣ ♣❡r✐♦❞✱ h = 1, . . . , 24✱ ♦❢ ❛
❞❛② t ✐s s❡tt❧❡❞ ❜② ❛ s❡♣❛r❛t❡ ❛✉❝t✐♦♥✱ ❛♥❞ ❛❧❧ ♣❡r✐♦❞ s♣❡❝✐✜❝ ❛✉❝t✐♦♥s ♦❢ ❛ ❞❛② t
❛r❡ ❝♦♥❞✉❝t❡❞ s✐♠✉❧t❛♥❡♦✉s❧② t❤❡ ❞❛② ❜❡❢♦r❡✳ ❚❤❡ tr❛❞❡rs r❡❣✐st❡r t❤❡ ❛♠♦✉♥ts
♦❢ ❡❧❡❝tr✐❝✐t② t❤❡② ❛r❡ ✇✐❧❧✐♥❣ t♦ s❡❧❧✴♣✉r❝❤❛s❡ ❢♦r ✐♥❞✐✈✐❞✉❛❧❧② s❡❧❡❝t❛❜❧❡ ♣r✐❝❡
✐♥t❡r✈❛❧s ✐♥ ❛ tr❛❞✐♥❣ t♦♦❧✱ ✇❤❡r❡ ❡❛❝❤ tr❛❞✐♥❣ ♣❡r✐♦❞ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ♥❡✇
✐♥♣✉t ❧✐♥❡✳ ◆♦t❡ t❤❛t t❤❡② ❜❛s❡ t❤❡✐r ❜✐❞✲❞❡❝✐s✐♦♥s ♦♥ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥
s❡t ❢♦r ❛❧❧ ♣❡r✐♦❞ s♣❡❝✐✜❝ ❛✉❝t✐♦♥s✳ ❚❤❡ ♣r✐❝❡ s❡tt❧❡♠❡♥t ♠❡❝❤❛♥✐s♠ ❞❡t❡r♠✐♥❡s
❢♦r ❡❛❝❤ tr❛❞✐♥❣ ♣❡r✐♦❞✱ h✱ t❤❡ s♣♦t ♣r✐❝❡✱ Yth✱ ❜② t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♦❢
t❤❡ ✭♦✈❡r ❛❧❧ ❜✐❞s✮ ❛❣❣r❡❣❛t❡❞ s✉♣♣❧② ❛♥❞ ❞❡♠❛♥❞ ❝✉r✈❡s✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t
❛✉❝t✐♦♥ ❞❡s✐❣♥s ❛t ♣♦✇❡r ❡①❝❤❛♥❣❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛♠♦♥❣ ♦t❤❡rs ✐♥ t❤❡ ❜♦♦❦ ♦❢
❘❛❢❛❧ ❲❡r♦♥ ✭✷✵✵✻✮✳ ❚❤❡ ❤♦r✐③♦♥t❛❧❧② s❤✐❢ts ♦❢ t❤❡ N ❞❡♠❛♥❞ ❝✉r✈❡s r❡✈❡❛❧
t❤❡ s❤❛♣❡ ❛ ❞❛✐❧② ♠❡❛♥ s✉♣♣❧② ❝✉r✈❡ ❜② t❤❡ ♣r✐❝❡ ✈❡❝t♦r✱ Yt = (Y1, . . . , YtN )′✱
❛♥❞ t❤❡ ❛❝❝♦r❞✐♥❣ ✭r❡s✐❞✉❛❧✮ ❞❡♠❛♥❞ ✈❛❧✉❡s✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ r❛✇ ❞❛t❛ ♦❢
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t❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ❞❛②s ♦❢ t✇♦ ❞✐✛❡r❡♥t ✭❛r❜✐tr❛r②✮ ✇❡❡❦s ✕ ♦❜✈✐♦✉s❧②✱ t❤❡ s✉♣♣❧②
❝✉r✈❡s ♣♦ss❡ss ❞❡♣❡♥❞ ♦♥ ❢♦r♠❡r s✉♣♣❧② ❝✉r✈❡s ❛♥❞ ❢♦r♠ ❛ ✭❢✉♥❝t✐♦♥❛❧✮ t✐♠❡
s❡r✐❡s ❞❛t❛ s❡t✳
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❋✐❣✉r❡ ✶✿ ❚❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ❞❛②s ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t ❛r❜✐tr❛r② ✇❡❡❦s✳

❙✐♥❝❡ ✇❡ ❡st✐♠❛t❡ t❤❡ s✉♣♣❧② ❝✉r✈❡s ❢r♦♠ t❤❡ ❤♦✉r❧② s♣♦t ♣r✐❝❡s✱ Yth✱ ❛t
t❤❡ ❊✉r♦♣❡❛♥ ❊❧❡❝tr✐❝✐t② ❊①❝❤❛♥❣❡ ✭❊❊❳✮✱ ✇❡ ✇✐❧❧ ❣❡♥❡r❛❧❧② r❡❢❡r t♦ t❤❡ ❝✉r✈❡s
❛s ♣r✐❝❡ ❝✉r✈❡s✳ ❚❤❡ ♠❛r❦❡t ♦❢ t❤❡ ❊❊❳ ❤❛s ❣♦t ❛ ❤✐❣❤ s❤❛r❡ ♦❢ ♣r♦❞✉❝❡rs ♦❢
❡❧❡❝tr✐❝✐t② ❢r♦♠ ✈♦❧❛t✐❧❡ r❡♥❡✇❛❜❧❡ ❡♥❡r❣② s♦✉r❝❡s ✭♠❛✐♥❧② ✇✐♥❞✮✱ ✇❤♦ ❢❡❡❞ t❤❡✐r
❡❧❡❝tr✐❝✐t② ❞✐r❡❝t❧② ✐♥t♦ t❤❡ ❣r✐❞ ❛♥❞ r❡❝❡✐✈❡ ❛ ❝❡rt❛✐♥ ❣✉❛r❛♥t❡❡❞ ♣r✐❝❡✳ ❆❞❥✉st❡❞
❞❡♠❛♥❞✱ u✱ s❤❛❧❧ r❡✢❡❝t t❤❡ ♣r✐❝❡ r❡❧❡✈❛♥t r❡s✐❞✉❛❧ ❛♠♦✉♥t ♦❢ ❡❧❡❝tr✐❝✐t② t❤❛t
✐s ❞❡♠❛♥❞❡❞ ❢r♦♠ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡
❤♦✉r❧② s♣♦t ♣r✐❝❡s ❢♦r ❡❧❡❝tr✐❝✐t② ❛t t❤❡ ❊❊❳ ❝♦♠❡ ❢r♦♠ ❛♥ ✉♥❞❡r❧②✐♥❣ s♠♦♦t❤
♣r♦❝❡ss✱ s✉❝❤ t❤❛t

Yti = Xt(uti) + εti, ✭✶✮

✇❤❡r❡ Xt(.) ✐s ❛ s♠♦♦t❤ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ ♦❢ ❛❞❥✉st❡❞ ❞❡♠❛♥❞ u ∈ U ✱ ✇❤❡r❡
U ✐s ❛ ❝❧♦s❡❞ ❛♥❞ ❜♦✉♥❞❡❞ s✉❜s♣❛❝❡ ♦❢ R✱ ✇❡ ✇✐❧❧ s❡t✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧t✐②✱
U = [0, 1]✳ ❚❤❡ ✐♥❞❡① i = 1, . . . , 24 ✐♥ uti r❡❢❡rs t♦ t❤❡ i✲t❤ ♦r❞❡r st❛t✐st✐❝ ♦❢ t❤❡
❤♦✉r❧② ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s ❞❡✜♥❡❞ ❛s uth = dth−pth✱ ✇❤❡r❡ dth ✐s t❤❡ ❣r♦ss
❞❡♠❛♥❞ ❢♦r ❡❧❡❝tr✐❝✐t② ❛♥❞ pth ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❢❡❡❞ ♦❢ ❡❧❡❝tr✐❝✐t② ❢r♦♠
✇✐♥❞ ❡♥❡r❣② ❛t ❞❛② t = {0,±, 1,±2, . . . } ✐♥ ❤♦✉r h = 1, . . . , N ✱ ✇✐t❤ N = 24✳
❚❤❡ ♥♦✐s❡ t❡r♠✱ εti✱ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❞✐str✐❜✉t❡❞ ✇✐t❤✐♥ ❛♥❞ ❜❡✲
t✇❡❡♥ ❡❛❝❤ ❞❛② t✱ ✇✐t❤ E(εti) = 0 ❛♥❞ ❛ ❤❡t❡r♦s❝❡❞❛st✐❝ V ar(εti) = σ2

ε(uit)✳ ❚❤❡
✇✐t❤✐♥ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐s r❡❛❧✐st✐❝ s✐♥❝❡ t❤❡ ❤♦✉r❧② ♣r✐❝❡s ♦❢ t❤❡ ❞❛② t ❛r❡ ❞❡t❡r✲
♠✐♥❡❞ ❝♦♥t❡♠♣♦r❛♥❡♦✉s❧② ❛t ✶✷ ♦✬❝❧♦❝❦ ❛t ❞❛② t−1✳ ❚❤❡ ❜❡t✇❡❡♥ ✐♥❞❡♣❡♥❞❡♥❝❡
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❛♥❞ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡rr♦r✲✐♥✲✈❛r✐❛❜❧❡s ❞✐s✲
❝✉ss✐♦♥ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳

❆s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✶ t❤❡ ♠♦❞❡❧ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✶✮ ✐s s✉♣♣♦rt❡❞ ❜②
t❤❡ r❛✇ ❞❛t❛✳ ❚❤❡r❡ ❛r❡ s♦♠❡ r❡♠❛r❦❛❜❧❡ str♦♥❣ ❞❡✈✐❛t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❤✐❣❤
❛♥❞ ❧♦✇ ✈❛❧✉❡s ♦❢ ❛❞❥✉st❡❞ ❞❡♠❛♥❞✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ ❛♥ ✐♥❤❡r❡♥t ✐♥❛❝❝✉r❛❝② ♦❢
❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s✱ uti✳ ❚❤❡ s♣♦t ♠❛r❦❡t ♦❢ ❡❧❡❝tr✐❝✐t② ✐s ❛❝t✉❛❧❧② ❛♥ ♦♥❡✲
❞❛②✲❛❤❡❛❞ ❢✉t✉r❡ ♠❛r❦❡t✱ ❛♥❞ t❤❡ ♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts ✭✐✳❡✳ t❤❡ tr❛❞❡rs✮ ❜❛s❡
t❤❡✐r ❞❡❝✐s✐♦♥s ♦♥ t❤❡✐r ♦✇♥ ❤♦✉r❧② ❢♦r❡❝❛st ✈❛❧✉❡s ♦❢ ❛❞❥✉st❡❞ ❞❡♠❛♥❞✳ ■♥✲
st❡❛❞ ♦❢ t❤❡s❡ ♣r✐❝❡ r❡❧❡✈❛♥t ❜✉t ✉♥♦❜s❡r✈❛❜❧❡ ❢♦r❡❝❛st ✈❛❧✉❡s ✇❡ ❤❛✈❡ t♦ ❢♦r♠
t❤❡ ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s✱ uti✱ ❢r♦♠ t❤❡ ❛❝t✉❛❧ r❡❛❧✐③❡❞ ✈❛❧✉❡s ♦❢ ❣r♦ss ❞❡✲
♠❛♥❞✱ dti✱ ❛♥❞ ❛❝t✉❛❧ ♣r♦❞✉❝t✐♦♥ ♦❢ ❡❧❡❝tr✐❝✐t② ❢r♦♠ r❡♥❡✇❛❜❧❡ ❡♥❡r❣② s♦✉r❝❡s✱
pti✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ❛♥ ❡rr♦r✲✐♥✲✈❛r✐❛❜❧❡s ♣r♦❜❧❡♠ ❛♥❞ ❢♦r♠❛❧✐③❡
t❤❡ ♥♦✐s② ❝♦✈❛r✐❛t❡s ❛s uti = wti + νti✱ ✇❤❡r❡ wti ❛r❡ t❤❡ ✉♥♦❜s❡r✈❛❜❧❡ ♣r✐❝❡
r❡❧❡✈❛♥t ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s✱ ❛♥❞ t❤❡ ♥♦✐s❡ t❡r♠ νti ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡
E(νti) = 0 ❛♥❞ V ar(νti) = σ2

ν ❢♦r ❛❧❧ t = {0,±1,±2, . . . } ❛♥❞ i = {1, . . . , 24}✳
❚❤✐s ✐♥❛❝❝✉r❛❝② ❝❛✉s❡s str♦♥❣❡r ❞✐st♦rt✐♦♥s ❛t ❧♦✇ ❛♥❞ ❤✐❣❤ ✈❛❧✉❡s ♦❢ ❛❞❥✉st❡❞
❞❡♠❛♥❞ ✇❤❡r❡ t❤❡ ♣r✐❝❡ ❝✉r✈❡s ❤❛✈❡ ❣♦t ❤✐❣❤❡r s❧♦♣❡s t❤❛♥ ❢♦r ♠♦❞❡r❛t❡ ✈❛❧✉❡s
♦❢ ❛❞❥✉st❡❞ ❞❡♠❛♥❞✳ ❆❝t✉❛❧❧②✱ t❤✐s ✐s ❛ ❞❡❣❡♥❡r❛t❡❞ ❝❛s❡ ♦❢ ❛♥ ❡rr♦r✲✐♥✲✈❛r✐❛❜❧❡
♣r♦❜❧❡♠✱ s✐♥❝❡ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ Yti✱ ✐s ♦❜s❡r✈❡❞ ♥❡❛r❧② ✇✐t❤♦✉t ♥♦✐s❡✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦✐s❡ ✐♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♦❢ Yti ✐s ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❛t ✇❡
❝❛♥ tr❛♥s❧❛t❡ t❤❡ ❡rr♦r✲✐♥✲✈❛r✐❛❜❧❡s ♣r♦❜❧❡♠ ✐♥t♦ ❛♥ ✉s✉❛❧ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠
✇✐t❤ ❤❡t❡r♦s❝❡❞❛st✐❝ ❡rr♦r t❡r♠s✳ ❆ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s
❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ ♦✉r ♣❛♣❡r✱ ❜✉t ♠✐❣❤t ❜❡ ❛ t♦♣✐❝ ❢♦r ❢✉t✉r❡ st✉❞✐❡s✳

❖✉r ❛✐♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞❛✐❧② ♣r✐❝❡ ❢✉♥❝t✐♦♥s Xt ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ❞❛t❛
✈❡❝t♦r Yt = (Yt1, . . . , YtNt

)′✳ ❲❡ ✉s❡ Nt t♦ r❡❢❡r t♦ t❤❡ ❛♠♦✉♥t ♦❢ ♣r✐❝❡s ♣❡r
❞❛② t t❤❛t ❛r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❢✉♥❝t✐♦♥ Xt s✐♥❝❡ s♦♠❡ ♣r✐❝❡s ❛r❡ ❛ss✐❣♥❡❞
t♦ t❤❡ ♦♣♣♦rt✉♥✐t② r❡❣✐♠❡✳ ❲❡ ✉s❡ ❛ ♣❛rs✐♠♦♥✐♦✉s ❡①✲♣♦st ❛ss✐❣♥♠❡♥t✱ ♣r✐❝❡
❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ ❛r❡ ❝❧❛ss✐✜❡❞ t♦ t❤❡ ♦♣♣♦rt✉♥✐t② r❡❣✐♠❡✱ ❛❧❧ ♦t❤❡rs ❛r❡
❝❧❛ss✐✜❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st r❡❣✐♠❡✳ ❆ r❡❛s♦♥❛❜❧❡ t❤r❡s❤♦❧❞ s❡❡♠s t♦ ❜❡ 145
❊❯❘✱ s✐♥❝❡ ❢♦r ♣r✐❝❡s > 145 ❊❯❘ t❤❡ tr❛❞❡rs ❧♦s❡ t❤❡✐r ❝♦♥t✐♥✉♦✉s ♠❛r❣✐♥❛❧
❝♦st r❡❢❡r❡♥❝❡ ❛♥❞ ❜❡❣✐♥ t♦ ❜✐❞ ✐♥ ❝❧✉st❡rs ✭150 ❊❯❘, 200 ❊❯❘, 250 ❊❯❘, . . . ✮
♦❢ ♣r✐❝❡s ✭s❡❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✷✮✳ ❚❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✷ s❤♦✇s ❛❧❧ ♣r✐❝❡s
❝❧❛ss✐✜❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st r❡❣✐♠❡✳

●❡♥❡r✐❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❡ ❞❛✐❧② ♣r✐❝❡ ❝✉r✈❡s t♦ ❝♦♠❡ ❢r♦♠ ❛ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss (Xt) ❢♦r t = {0, 1, 2, . . . } ✇✐t❤ r❡❛❧✐③❛t✐♦♥s ✐♥ t❤❡ s♣❛❝❡ ♦❢ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡
❢✉♥❝t✐♦♥s H = L2(U) ♦♥ ❛ ❝♦♠♣❛❝t s❡t U ⊂ R✳ ❆s ✐♥ ♠✉❧t✐✈❛r✐❛t❡ st❛t✐st✐❝s✱
st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥❛❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❛r❡ ✉s✉❛❧❧② ❞❡s❝r✐❜❡❞ ❜② t❤❡✐r t✐♠❡ ✐♥✲
✈❛r✐❛♥t ♠❡❛♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✳ ❍♦✇❡✈❡r t❤❡ s❡r✐❡s ♦❢ ♣r✐❝❡
❝✉r✈❡s ❤❛s ❣♦t ❛ ❝❧❡❛r st♦❝❤❛st✐❝✱ ♥♦♥ st❛t✐♦♥❛r② tr❡♥❞✳ ❚❤❡ ❝✉r✈❡s ✐♥❤❡r✐t t❤✐s
♣r♦♣❡rt② ❢r♦♠ t❤❡ ♥♦♥ st❛t✐♦♥❛r② ♣r✐❝❡s ❢♦r r❛✇ ♠❛t❡r✐❛❧s ✭s✉❝❤ ❛s ❣❛s✱ ❝♦❛❧✱
❛♥❞ ❈♦✷✲❝❡rt✐✜❝❛t❡s✮ t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ♣r♦❞✉❝❡ ❡❧❡❝tr✐❝✐t②✳ ❚❤❡ ✭❢✉♥❝t✐♦♥❛❧✮
r❛♥❞♦♠ ✇❛❧❦ ♠♦❞❡❧✱

Xt = δ +Xt−1 + et, ✇✐t❤ t = {0, 1, 2, . . . } ✭✷✮

✺
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❋✐❣✉r❡ ✷✿ ▲❡❢t P❛♥❡❧✿ ◆♦♥ ♣❛r❛♠❡tr✐❝ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ♦❢ ❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡s ✭◆♦t❡✿
❖♥❧② ♣r✐❝❡s ≤ 325 ❊❯❘ ❛r❡ ♣❧♦tt❡❞✱ ❜✉t t❤❡r❡ ❛r❡ ♣r✐❝❡s ✉♣ t♦ 2437 ❊❯❘✮✳ ❘✐❣❤t P❛♥❡❧✿
P♦♦❧❡❞ s♣♦t ♣r✐❝❡s ❝❧❛ss✐✜❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ r❡❣✐♠❡✱ ✇✐t❤ t✇♦ ❤✐❣❤❧✐❣❤t❡❞ ♣r✐❝❡ ✈❡❝t♦rs ❢r♦♠
t✇♦ ❛r❜✐tr❛r② ❞❛②s✳

✇✐t❤ ❛ ❧✐♥❡❛r tr❡♥❞✱ ✇❤❡r❡ δ ∈ H✱ ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢r♦♠ ❛ r❛♥❞♦♠ ❢✉♥❝t✐♦♥✱ Z0✱
t❤❛t ✐s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥✱ µZ ✱ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ΓZ ✱ ❛♥❞
❛ ✇❤✐t❡ ♥♦✐s❡ ♣r♦❝❡ss✱ (et) ∈ H✱ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ Γe✱
s❡❡♠s ♠♦st ❛♣♣r♦♣r✐❛t❡✳ ◆♦t❡ t❤❛t✱ ❛s ✐♥ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡ t❤❡ ❊Xt = µZ ❢♦r
❛❧❧ t✱ ❜✉t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ❞❡♣❡♥❞s ♦♥ t✱ s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss ❞❡✜♥❡❞
✐♥ ✭✷✮ ✐s ♥♦♥ st❛t✐♦♥❛r②✳ ❚❤✐s ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ s♦ ❝❛❧❧❡❞ ❆❘❍✭1✮ ♠♦❞❡❧✱
✐✳❡✳ ❛♥ ❛✉t♦ r❡❣r❡ss✐✈❡ ♠♦❞❡❧ ✐♥ H✳ ◆♦t❡ t❤❛t ❛♥② ❆❘❍✭p✮✱ ✇✐t❤ p > 1✱ ♠♦❞❡❧
❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❆❘❍✭1✮ ♠♦❞❡❧✱ s✉❝❤ t❤❛t t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ ✐s ♥♦t
♥❡❝❡ss❛r✐❧② ❛ r❡str✐❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛❣ ♦r❞❡r ✭s❡❡ ❇♦sq ✭✷✵✵✵✮✮✳ ❋✉r✲
t❤❡r♠♦r❡✱ ❛s ✉s✉❛❧ ♣r❛❝t✐❝❡ ✐♥ ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s ✇❡ ❞♦ ♥♦t ❛♣♣❧②
❢✉♥❝t✐♦♥❛❧ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ t❡r♠s ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤
t❤❡ ❆❘ t❡r♠s✳

❚❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✇❛❧❦ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ❛♥❞
✇❡ ❝❛♥ ✐♥✈❡st✐❣❛t❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡♠❡❛♥❡❞
♣r♦❝❡ss (X∗

t ) = (Xt − µZ)✳ ❚❤✐s ②✐❡❧❞s t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✇❛❧❦ ♣r♦✲
❝❡ss ❛s ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ❜✉t ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Z∗

0 t❤❛t
❤❛s t❤❡ ③❡r♦ ❢✉♥❝t✐♦♥ ❛s ✐t✬s ♠❡❛♥❀ ✇❡ ✇r✐t❡ X∗

t = δ + X∗
t−1 + et✳ ❆s ❛❧r❡❛❞②

♥♦t❡❞ ✐♥ P❛r❦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❡ ♥❡❡❞ st❛t✐♦♥❛r② ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ✐♥ ♦r❞❡r t♦ ✉s❡
t❤❡ ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ❢✉♥❝t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✳ ❚r❛❞✐t✐♦♥❛❧ tr❛♥s✲
❢♦r♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s s✉❝❤ ❛s ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s✱ (X∗

t )✱ ❝❛♥♥♦t
❜❡ ✉s❡❞✱ ❜❡❝❛✉s❡ t❤❡ ♣r✐❝❡s ❛r❡ ♦❜s❡r✈❡❞ ❛t ♥♦♥ ❡q✉✐❞✐st❛♥t ❛❞❥✉st❡❞ ❞❡♠❛♥❞
✈❛❧✉❡s✱ uti✳ ❲❡ ♣r♦♣♦s❡ ❛ ♥❡✇ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ❞❡❝♦♠♣♦s❡s t❤❡
♦r✐❣✐♥❛❧ s❡r✐❡s✱ (X∗

t )✱ ✐♥t♦ ✐ts st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥❛❧ ❝♦♠♣♦♥❡♥t✱ (X̃∗
t )✱ ❛♥❞ ✐ts

♥♦♥ st❛t✐♦♥❛r② ✉♥✐✈❛r✐❛t❡ r❛♥❞♦♠ ✇❛❧❦ ❝♦♠♣♦♥❡♥t✱ (Θt)✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s
♠♦t✐✈❛t❡❞ ❜② t❤❡ ✉♥✐t s♣❤❡r❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ✭s❡❡ ▲♦❝❛♥t♦r❡ ❡t ❛❧✳

✻
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■♥ ♦r❞❡r t♦ ✉s❡ ❛ ♥♦t❛t✐♦♥✱ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛tr✐① ♥♦t❛t✐♦♥ ♦❢
♠✉❧t✐✈❛r✐❛t❡ st❛t✐st✐❝s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ❛s
X̃t ⊗ X̃t(u, v) = X̃t(u)X̃t(v)✱ ❢♦r (u, v) ∈ U × U ∈ R

2 ❛♥❞ t = {0, 1, 2, . . . }✳
❚❤❡♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥❛❧ s❡r✐❡s✱ (X̃t)✱ ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s ρ̃(u, v) = E
[

(X̃t − µt)⊗ (X̃t − µt)
]

(u, v)✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r

✐s ❞❡✜♥❡❞ ❛s ΓX̃t
f(u) =

∫

ρ̃(u, v)f(v)dv✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ∈ H✳ ■ts s♣❡❝tr❛❧

❞❡❝♦♠♣♦s✐t✐♦♥ ❜② ✐ts ❡✐❣❡♥✈❛❧✉❡s✱ λ̃1 > λ̃2 > . . . ✱ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲
❢✉♥❝t✐♦♥s✱ φ1, φ2, . . . ✱ ✇✐t❤ t❤❡ ✉s✉❛❧ r❡str✐❝t✐♦♥s

∫

U φ
2
k = 1 ❛♥❞

∫

U φkφm = 0 ❢♦r

m < k✱ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ t❤❡ ❢✉♥❝t✐♦♥❛❧s X̃t ❜② t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❑❛r❤✉♥❡♥✲▲♦è✈❡
❞❡❝♦♠♣♦s✐t✐♦♥ ❛s

X̃t(u) = µZ(u) +

∞
∑

k=1

βtkφk(u).

❲❤❡r❡ µZ = E(X̃t) ❛♥❞ βtk =
∫

U (X̃t − µZ)φtk ❛r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t
s❝♦r❡s ✇✐t❤ E(βtk) = 0 ❛♥❞ E(β2

tk) = λk✳ ◆♦t ❧❡❛st ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜❡st ❜❛s✐s
♣r♦♣❡rt② ✭✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r s❡♥s❡✮ ♦❢ t❤❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥✱ ♦❢t❡♥ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ✜t t♦ t❤❡
s❛♠♣❧❡ ❝✉r✈❡s✳

❖♥❡ ♣r♦❜❧❡♠❛t✐❝ ❢❛❝t r❡❣❛r❞✐♥❣ ♦✉r ❞❛t❛ ✐s t❤❛t t❤❡ ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s
utj ❛r❡ ♥♦t ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ U ✱ ❜✉t ♠❛② ❜❡ ❝❧✉st❡r❡❞
❛t s✉❜✲✐♥t❡r✈❛❧s ✇✐t❤✐♥ U ✳ ❚❤✐s ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐♥t❡❣r❛❧s
✐♥ βtk =

∫

U (X̃t −µZ)φtk ❜② tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ❧✐❦❡ t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡ ✇❤❡r❡

βtk ≈ ∑Nt

j=1 Ytjφk(utj)(utj − ut,j−1)✱ ✇✐t❤ ut0 = 0✳ ❚❤✐s ✐s t❤❡ s❛♠❡ ♣r♦❜❧❡♠
❛s ✐♥ t❤❡ s♦ ❝❛❧❧❡❞ s♣❛rs❡ ❞❛t❛ ♣r♦❜❧❡♠ ✐♥ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ❛♥❛❧②s✐s ✇❤❡r❡ ✐t ✐s
❞✐✣❝✉❧t t♦ ❛♣♣r♦①✐♠❛t❡ ✐♥t❡❣r❛❧s ❢r♦♠ ✐♥s✉✣❝✐❡♥t❧② ♠❛♥② ❞❛t❛ ♣♦✐♥ts ✭s❡❡ ❡✳❣✳
❨❛♦ ❡t ❛❧✳ ✭✷✵✵✺✮✮✳ ❨❛♦ ❡t ❛❧✳ s✉❣❣❡st t♦ ❡st✐♠❛t❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t
s❝♦r❡sβtk ❜② t❤❡✐r ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❣✐✈❡♥ t❤❡ s♣❛rs❡ ❞❛t❛ {ut1, . . . , utNt

}✳
❚❤✐s ♣r♦❝❡❞✉r❡ ✇♦r❦s ✈❡r② ✇❡❧❧ ❢♦r ♦✉r ♥♦♥ ✉♥✐❢♦r♠ ❞✐str✐❜✉t❡❞ utj ✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ♥♦♥ st❛t✐♦♥❛r②
❢✉♥❝t✐♦♥❛❧ t✐♠❡ s❡r✐❡s ✐♥t♦ ✐ts st❛t✐♦♥❛r② s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ ✐♥t♦ ✐ts ♥♦♥
st❛t✐♦♥❛r② s❝❛❧✐♥❣ ❝♦♠♣♦♥❡♥t✳ ■♥ t❤❡ s❡❝t✐♦♥ ✸ ✇❡ ❞✐s❝✉ss ❤♦✇ t♦ ❡st✐♠❛t❡ t❤❡
♠❡❛♥ ❢✉♥❝t✐♦♥✱ µZ ✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ρ(u, v)✱ ✇❤✐❝❤ ✐s t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡
❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ΓXf(u) =

∫

U ρ(u, v)f(v)dv✱ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ σ✳
■♥ s✉❜s❡❝t✐♦♥ ✸✳✶ ✇❡ ❡st✐♠❛t❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ❛♥❞
❞✐s❝✉s t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❚❤❡ s✉❜s❡❝t✐♦♥ ✸✳✷ ❛❞❛♣ts t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡st✐♠❛✲
t✐♦♥ ♦❢ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t s❝♦r❡s ❢r♦♠ ❨❛♦ ❡t ❛❧✳ ✭✷✵✵✺✮ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡
t❤❡ ♣❝✲s❝♦r❡s ❜❛s❡❞ ♦♥ ♥♦♥ ✉♥✐❢♦r♠❧② ✭♦♥ U✮ ❞✐str✐❜✉t❡❞ ❞❛t❛✱ uti✳ ❋✐♥❛❧❧②✱ ✇❡
❞❡♠♦♥str❛t❡ t❤❡ ❣♦♦❞♥❡ss ♦❢ ✜t ♦❢ ♦✉r ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ s✉❜s❡❝t✐♦♥ ✸✳✸✳

✼



✷✳ Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ❢♦r ♥♦♥ st❛t✐♦♥❛r② ❞❛t❛

❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐t ✇♦✉❧❞ ❜❡ ❛ ❣r❡❛t ❛❞✈❛♥t❛❣❡ t♦ ♣r♦❥❡❝t t❤❡
✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❆❘❍✭1✮ ♣r♦❝❡ss ✐♥t♦ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✱
P✱ s♣❛♥♥❡❞ ❜② K ❜❛s✐s ❢✉♥❝t✐♦♥s✱ φ1, . . . , φK ✱ s✉❝❤ t❤❛t t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r
♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥✱

T
∑

t=1

Nt
∑

j=1

{

X∗
t (utj)−X∗,K

t (utj)
}2

✇✐t❤ X∗,K
t =

K
∑

k=1

βtkφk ❛♥❞ βtk =

∫

U
X∗

t φk,

✭✸✮
✐s ♠✐♥✐♠✐③❡❞✱ ✇❤❡r❡ (X∗

t ) = (Xt − µZ)✳ ■❢ t❤❡ s❡r✐❡s ✭X∗
t ✮ ❝♦rr❡s♣♦♥❞s ✭❛t

❧❡❛st ✇✐t❤ ❤✐❣❤ ❛❝❝✉r❛❝②✮ t♦ ❛ K ❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ t✐♠❡ s❡r✐❡s✱ ✭X∗,K
t ✮✱ ✇❡

❝♦✉❧❞ tr❛♥s❢♦r♠ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss✱ ✭X∗
t ✮✱ ✐♥t♦ K ✉♥✐✈❛r✐❛t❡ t✐♠❡

s❡r✐❡s✱ (βt1), (βt2) . . . , (βtK)✱ t❤❛t ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡ ✇❡❧❧ ❦♥♦✇♥
❑❛r❤✉♥❡♥✲▲♦è✈❡ t❤❡♦r❡♠ s✉❣❣❡sts t♦ ✉s❡ t❤❡ K ❡✐❣❡♥❢✉♥❝t✐♦♥s t❤❛t ❝♦rr❡s♣♦♥❞
t♦ t❤❡ K ❤✐❣❤❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss ✭X∗

t ✮
❛s ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✇♦r❦s ♣❡r❢❡❝t❧② ❢♦r ✐✐❞ ♦r
st❛t✐♦♥❛r② ❞❛t❛✱ ❜✉t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♥ st❛t✐♦♥❛r② ♣r♦❝❡ss❡s ✇❡ ❢❛❝❡ t❤❡ ♣r♦❜❧❡♠
t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ (X∗

t ) ❤❛s ❣♦t ❛ ❞✐✛❡r❡♥t ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✳ ◆❡✈❡rt❤❡❧❡ss✱
✇❡ ❝❛♥ s❤♦✇ t❤❛t ❡❛❝❤ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ΓX∗

t
♦❢ X∗

t ❢♦r ❛❧❧ t = {1, 2, . . . }✱ ✐s
❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❛♠❡ s♣❛❝❡ ✭s❡❡ t❤❡♦r❡♠ ✷✳✶✮✳

❚❤❡♦r❡♠ ✷✳✶✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❣✐✈❡♥ ❛ ❞❡✲♠❡❛♥❞ ✈❡rs✐♦♥ (X∗
t ) =

(Xt − µZ) ♦❢ t❤❡ r❛♥❞♦♠ ✇❛❧❦ ♣r♦❝❡ss ✐♥ ❡q✉❛t✐♦♥ ✭✷✮✳

❛✮ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX∗

t
= ❊X∗

t ⊗ X∗
t ❢♦r t = {1, 2, . . . }✱ ❛r❡

❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ s♣❛❝❡✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs ❛r❡ t❤❡
s❛♠❡ ❢♦r ❛❧❧ t = {1, 2, . . . }✳

❜✮ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX∗

t
= ❊X∗

t ⊗ X∗
t ❢♦r t = {1, 2, . . . }✱ ❛r❡

❛s②♠♣t♦t✐❝❛❧❧② ✐❞❡♥t✐❝❛❧✱ ❛♣❛rt ❢r♦♠ s❝❛❧❡ ❞✐✛❡r❡♥❝❡s✳

❚❤✐s ❝❤❛r❛❝t❡r✐st✐❝s ♠♦t✐✈❛t❡❞ ✉s t♦ tr❛♥s❢♦r♠❛t✐♦♥ t❤❡ ♣r♦❝❡ss ❜② t❤❡ ✉♥✐t✲
s♣❤❡r❡ ♣r♦❥❡❝t✐♦♥✱ t❤❛t ✐s ✉s✉❛❧❧② ✉s❡❞ ✐♥ ♠✉❧t✐✈❛r✐❛t❡ r♦❜✉st st❛t✐st✐❝s ♦❢ ✐✐❞
s❛♠♣❧❡s ✭s❡❡ ❡✳❣✳ ❍✉❜❡r ❛♥❞ ❘♦♥❝❤❡tt✐ ✭✷✵✵✾✮✱ ▲♦❝❛♥t♦r❡ ❡t ❛❧✳ ✭✶✾✾✾✮ ❛♥❞
●❡r✈✐♥✐ ✭✷✵✵✽✮✮✳ ❲❡ ♣r♦♣♦s❡ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ s❡r✐❡s✱ (X∗

t )✱ ✐♥t♦ ❛ ❢✉♥❝t✐♦♥❛❧
❝♦♠♣♦♥❡♥t✱ (X̃∗

t ) ∈ H✱ ❛♥❞ ❛♥ ✉♥✐✈❛r✐❛t❡ ❝♦♠♣♦♥❡♥t✱ (Θt) ∈ R✱ s✉❝❤ t❤❛t
(X∗

t ) = (X̃∗
t Θt)✳ ❲❡ ❝❛❧❧ t❤❡ ✜st ❝♦♠♣♦♥❡♥t s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡

❧❛tt❡r s❝❛❧✐♥❣ ❝♦♠♣♦♥❡♥t✳

❉❡✜♥✐t✐♦♥ ❚❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✇❛❧❦ ❛s ✐♥ ❡q✉❛✲
t✐♦♥ ✭✷✮ ✐s ❣✐✈❡♥ ❜② πX∗

t = πδ + πX∗
t−1 + πet. ❲❤❡r❡ π = (.)/||.||2✱ ✐s t❤❡

✉♥✐t✲s♣❤❡r❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✱ ✇✐t❤ ||.||2 =
√

∫

U (.)
2✱ ✐s t❤❡ L2 ♥♦r♠ ✐♥ H✳

❉❡✜♥✐t✐♦♥ ❚❤❡ s❝❛❧✐♥❣ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✇❛❧❦ ❛s ✐♥ ❡q✉❛t✐♦♥

✭✷✮ ✐s ❣✐✈❡♥ ❜② ||X∗
t ||2 = ||δ||2+ ||X∗

t−1||2+ ||et||2✳ ❲✐t❤ ||.||2 =
√

∫

U (.)
2✱ t❤❡ L2

♥♦r♠ ✐♥ H✳

✽



■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t✱ ❝♦♠♣❛❝t❧② ✇r✐tt❡♥ ❛s X̃∗
t =

δ̃ + X̃∗
t−1 + ẽt✱ ✐s st❛t✐♦♥❛r② ❛♥❞ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t

✐♥ (X̃∗
t ) ❤❛s ❣♦t t❤❡ s❛♠❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛s ✐ts ♥♦♥ st❛t✐♦♥❛r② ❝♦✉♥t❡r♣❛rt ✐♥

(X∗
t ) ✭s❡❡ t❤❡♦r❡♠ ✷✳✷✮✳ ◆♦t❡ t❤❛t t❤❡ s❝❛❧✐♥❣ ❝♦♠♣♦♥❡♥t✱ ❝♦♠♣❛❝t❧② ✇r✐tt❡♥

❛s Θt = α + Θt−1 + ǫt✱ ✐s ❛ st❛♥❞❛r❞ ✉♥✐✈❛r✐❛t❡ r❛♥❞♦♠ ✇❛❧❦ ✇✐t❤ ❞r✐❢t α ∈ R

❛♥❞ ✇❤✐t❡ ♥♦✐s❡ ♣r♦❝❡ss (ǫt) ∼ N(0, σǫ)✳

❚❤❡♦r❡♠ ✷✳✷✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❣✐✈❡♥ ❛ ❞❡✲♠❡❛♥❞ ✈❡rs✐♦♥ (X∗
t ) =

(Xt − µZ) ♦❢ t❤❡ r❛♥❞♦♠ ✇❛❧❦ ♣r♦❝❡ss ✐♥ ❡q✉❛t✐♦♥ ✭✷✮✳

❛✮ ■ts s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t✱ (X̃∗
t ) = (πX∗

t )✱ ✐s ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss✳

❜✮ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX̃∗

t
= ❊X̃∗

t ⊗ X̃∗
t ❢♦r t = {1, 2, . . . }✱ ❛r❡

❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ s♣❛❝❡ ❛s t❤❡ ♥♦♥ s♣❤❡r✐❝❛❧ ❝♦✉♥t❡r♣❛rts✱ ΓX∗

t
=

❊X∗
t ⊗X∗

t ✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX̃∗

t
✱

❛r❡ t❤❡ s❛♠❡ ❛s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX∗

t
✱ ❢♦r ❛❧❧ t = {1, 2, . . . }✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡♦r❡♠ ✷✳✷✱ ❛s②♠♣t♦t✐❝❛❧❧②✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱
ΓX∗

t
✱ ♦❢ t❤❡ ♥♦♥ st❛t✐♦♥❛r② ♦r✐❣✐♥❛❧ ♣r♦❝❡ss✱ (X∗

t )✱ ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ❝♦✈❛r✐✲

❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX̃∗

t
✱ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ♣r♦❝❡ss✱ (X̃∗

t ) ❡①❝❡♣t ❢♦r s❝❛❧❡ ❞✐✛❡r❡♥❝❡s✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs ❢r♦♠ t❤❡ st❛t✐♦♥✲
❛r② s♣❤❡r✐❝❛❧ s❡r✐❡s✱ (X̃t)✳ ❆♥❞ r❡s❝❛❧❡ t❤❡ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ❜② t❤❡
s❝❛❧✐♥❣ ❝♦♠♣♦♥❡♥t✱ (Θt)✱ t❤❛t ❤❛s ❛❜s♦r❜❡❞ t❤❡ s❝❛❧❡ ❞✐✛❡r❡♥❝❡s✳ ❚❤❡ K ❡✐❣❡♥✲
❢✉♥❝t✐♦♥s t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ ✜rst K ❡✐❣❡♥✈❛❧✉❡s✱ λ1, . . . , λK ✱ ♦❢ t❤❡ s♣❤❡r✐❝❛❧
❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ✇✐❧❧ ❢✉❧✜❧❧ t❤❡ ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥ ✐♥ ✭✸✮✳

✸✳ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥✱ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛✲

t✐♦♥

❲❡ ❡st✐♠❛t❡ t❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ❜② ❧♦❝❛❧ ❧✐♥❡❛r ♣♦❧②♥♦♠✐❛❧ s♠♦♦t❤✐♥❣ ❛s
♣r♦♣♦s❡❞ ❜② ❨❛♦ ❡t ❛❧✳ ✭✷✵✵✺✮✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs ❛r❡ ❜❛❧❛♥❝❡❞ ✇❤❡♥ ❛❧❧
♣r✐❝❡s ❛r❡ ♣♦♦❧❡❞ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥

µ̂(u) = Sm[u, (uti, Yti), T,Nt, hµ]

st❛②s s❛t✐s❢❛❝t♦r②✱ ✇❤❡r❡ S[v, (uti, Yti), T,Nt, hµ] ❞❡♥♦t❡s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❧♦✲
❝❛❧ ♣♦❧②♥♦♠✐❛❧ s♠♦♦t❤✐♥❣ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ♣♦♦❧❡❞ ❞❛t❛ (uti, Yt(uti))✱ ❢♦r i =
1, . . . , Nt✱ ❛♥❞ t = 1, . . . , T ✱ ❡✈❛❧✉❛t❡❞ ❛t v ∈ R ✇✐t❤ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r hµ✳
❆❧❧ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡t❡r♠✐♥❡❞ s✉❝❤ t❤❛t t❤❡② ❛r❡ t❤❡ ♠✐♥✐♠✐③✐♥❣ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❝r♦ss ✈❛❧✐❞❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❙✐❧✈❡r♠❛♥ ✭✶✾✽✹✮✮✳ ❊①♣❧✐❝✐t ❢♦r♠✉❧❛s ♦❢
t❤❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡
❆♣♣❡♥❞✐① ❆✳ ■♥ ✜❣✉r❡ ✸ t❤❡ ❡st✐♠❛t❡❞ ♠❡❛♥ ❢✉♥❝t✐♦♥✱ µ̂✱ ✐s ♣❧♦tt❡❞ ❛❧♦♥❣ ✇✐t❤
❛❧❧ ♣♦♦❧❡❞ ❞❛t❛ ♣♦✐♥ts✱ (uti, Yti) ❢♦r t = 1, . . . , T ❛♥❞ i = 1, . . . , Nt✱ t❤❛t ❛r❡ ❝❧❛s✲
s✐✜❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st r❡❣✐♠❡ ✭Yti ≤ 145 ❊❯❘✮✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧❧ ♣r✐❝❡s ✇✐t❤

✾



❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s s♠❛❧❧❡r t❤❛♥ 34, 000 ✭▼❲✮ ❛r❡ ♦♠✐tt❡❞ ❜❡❝❛✉s❡ t❤❡②
❛r❡ ♥♦t ❞❡♥s❡ ❡♥♦✉❣❤ t♦ ❣✉❛r❛♥t❡❡ s✉❜s❡q✉❡♥t st❛❜❧❡ ❧♦❝❛❧ ♣♦❧②♥♦♠✐❛❧ s♠♦♦t❤✲
✐♥❣✳
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❋✐❣✉r❡ ✸✿ ❊st✐♠❛t❡❞ ♠❡❛♥ ❢✉♥❝t✐♦♥✱ µ̂✱ ❛♥❞ ❛❧❧ ♣♦♦❧❡❞ ♣r✐❝❡s ♠✐♥✉s ♦✉t❧✐❡rs✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✉s❡s t❤❡ ❛❜♦✈❡ ❡①♣❧❛✐♥❡❞ s♣❤❡r✐❝❛❧
❝♦♠♣♦♥❡♥t✱ (X̃∗

t )✱ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❡r✐❡s✱ (X∗
t )✳ ❚❤❡ s♣❤❡r✐❝❛❧ ❡st✐♠❛t♦r ♦❢ t❤❡

❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✹✱ ✇❤❡r❡ Sm
[

u, v, (t, G̃t), T, hρ̃, ❧✐♥❡❛r
]

❞❡♥♦t❡s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❧♦❝❛❧ ❧✐♥❡❛r ♣♦❧②♥♦♠✐❛❧ s✉r❢❛❝❡ s♠♦♦t❤✐♥❣ ♣r♦❝❡❞✉r❡ ♦❢
t❤❡ ♣♦♦❧❡❞ ❞❛t❛ (t, G̃t)✱ t = 1, . . . , T ✱ ❡✈❛❧✉❛t❡❞ ❛t (u, v) ∈ R

2 ✇✐t❤ s♠♦♦t❤✐♥❣
♣❛r❛♠❡t❡r hρ̃ ❛♥❞ ||.||E ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ❡✉❝❧✐❞❡❛♥ ♥♦r♠✱

ρ̃n(u, v) = Sm
[

u, v, (t, G̃t), T, hρ̃, ❧✐♥❡❛r
]

, ✭✹✮

✇✐t❤✿ G̃t =

[

(Yt(uti)− µ̂(uti)) (Yt(utj)− µ̂(utj))

||Yt(uti)− µ̂(uti)||E ||Yt(utj)− µ̂(utj)||E

]

i,j=1,...,Nt

❢♦r ❛❧❧ i 6=j

. ✭✺✮

❲❡ ✉s❡ t❤❡ s✉❜s❝r✐♣t n t♦ ❞❡♥♦t❡ t❤❡ ❡st✐♠❛t♦r ♦❢ ρ̃ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♠❡ss②
s✉♣❡rs❝r✐♣ts✳ ❖♥❡ s❤♦✉❧❞ ❡①❡r❝✐s❡ ❝❛✉t✐♦♥ ✐♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝✲
t✐♦♥ ρ̃✳ ❆s ❡q✉❛t✐♦♥ ✶ ✐♥❞✐❝❛t❡s✱ ✇❡ ❤❛✈❡ t♦ t❛❦❡ t❤❡ ♥♦✐s❡ t❡r♠ ✐♥t♦ ❛❝❝♦✉♥t
♦t❤❡r✇✐s❡ t❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ❞✐❛❣♦♥❛❧✱ ρ̃(v = u, u) = ρ̃(u)✱ ✇♦✉❧❞ ❜❡ ❜✐❛s❡❞✳ ❆
str❛✐❣❤t ❢♦r✇❛r❞ s♦❧✉t✐♦♥✱ ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ❜② ❙t❛♥✐s✇❛❧✐s ❛♥❞ ▲❡❡ ✭✶✾✾✽✮✱ ✐s

✶✵



t♦ ❧❡❛✈❡ ♦✉t t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✱ ❛s ❞♦♥❡ ✐♥ ❡q✉❛t✐♦♥ ✺✳

❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝✉r✈❡s X̃∗
t (u) ✐s ✉s✉❛❧❧② r❡✢❡❝t❡❞ ❛s ❛ ♣r♦♠✐♥❡♥t ❢❡❛t✉r❡

❛❧♦♥❣ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ρ̃ ❛♥❞ ♠❛② ❜❡ ✉♥❞❡r ❡st✐♠❛t❡❞
❜② t❤❡ ❛❜♦✈❡ ❡①♣❧❛✐♥❡❞ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❋♦❧❧♦✇✐♥❣ ❨❛♦ ❡t ❛❧✳ ✭✷✵✵✸✮ ✇❡
r♦t❛t❡ t❤❡ ❝♦♦r❞✐♥❛t❡s✱ (uti, utj)✱ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ G̃t✱ ❝❧♦❝❦✇✐s❡ ❜② 45◦✱

(

u∗ti
u∗tj

)

=

( √
2
2

√
2
2

−
√
2

2

√
2
2

)

(

uti
utj

)

,

❛♥❞ ❡st✐♠❛t❡ t❤❡ s✉r❢❛❝❡ ❛❣❛✐♥ ✇✐t❤ ❛ ❧♦❝❛❧ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧ s♠♦♦t❤❡r✱

ρ̇n(u
∗, v∗) = Sm

[

u∗, v∗, (t, Ġt), T, hρ̃, q✉❛❞r❛t✐❝
]

✭✻✮

✇✐t❤✿ Ġt =

[

(Yt(u
∗
ti)− µ̂(u∗ti))

(

Yt(u
∗
tj)− µ̂(u∗tj)

)

||Yt(u∗ti)− µ̂(u∗ti)||E ||Yt(u∗tj)− µ̂(u∗tj)||E

]

i,j=1,...,Nt

❢♦r ❛❧❧ i 6=j

. ✭✼✮

❚❤❡ q✉❛❞r❛t✐❝ ✜t ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛♣♣r♦①✲
✐♠❛t❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ❜❡tt❡r✳ ❚❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❡st✐♠❛t❡❞
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ρ̃n(u, v = u) = ρ̃n(u) ✐s s❡t ❡q✉❛❧ t♦ ρ̇n(0, u/

√
2) ❢♦r ❛❧❧ u

✇✐t❤ ρ̃n(u) < ρ̇n(0, u/
√
2)❀ ✇❡ ❞❡♥♦t❡ t❤✐s ❛❞❥✉st❡❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡

❢✉♥❝t✐♦♥ ❝❧❛ss✐❝❛❧❧② ❜② ρ̂✳ ■♥ t❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✹ t❤❡ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥✱ ρ̂✱ ✐s s❤♦✇♥❀ t❤❡ s❤❛r♣❡♥❡❞ ❞✐❛❣♦♥❛❧ ✐s ❤❛r❞❧② ✈✐s✐❜❧❡ ❜✉t ❡①✐st❡♥t✳ ❚❤❡
r✐❣❤t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✹ ❣✐✈❡s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t❤r❡❡ ❡st✐♠❛t❡❞ ❞✐❛❣♦♥❛❧s ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ρ̃n(u), ρ̇n(u)✱ ❛♥❞ D̃n(u)✱ ✇❤❡r❡ t❤❡ ❧❛tt❡r ✉s❡s ♦♥❧② t❤❡
♥♦✐s② ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ✭s❡❡ ❡q✉❛t✐♦♥ ✭✽✮✮✳

D̃n(u) = Sm
[

u, (t, G̃D
t ), T, hD, ❧✐♥❡❛r

]

✭✽✮

✇✐t❤✿ G̃D
t =

[

(Yt(uti)− µ̂(uti))
2

||Yt(uti)− µ̂(uti)||2E

]

i=1,...,Nt

.

❚❤❡ ❞❛s❤❡❞ ❧✐♥❡ r❡❢❡rs t♦ t❤❡ ❡st✐♠❛t♦r ρ̃n(u)✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✮✱ t❤❡ ❞♦tt❡❞ ❧✐♥❡
r❡❢❡rs t♦ t❤❡ ❡st✐♠❛t♦r ρ̇n(u)✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✻✮ ✇✐t❤ r♦t❛t❡❞ ❝♦♦r❞✐♥❛t❡s ❛♥❞
q✉❛❞r❛t✐❝ s♠♦♦t❤✐♥❣✱ ❛♥❞ t❤❡ s♦❧✐❞ ❧✐♥❡ ✐s r❡❢❡rs t♦ t❤❡ ❡st✐♠❛t♦r✱ D̃n(u)✱ ❢r♦♠
s♠♦♦t❤✐♥❣ ♦♥❧② t❤❡ ❞✐❛❣♦♥❛❧ ❝♦♠♣♦♥❡♥ts✳ ■t ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥
♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❧❡❛❞s t♦ ❛ str♦♥❣ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❞✐❛❣♦♥❛❧✱
❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦✐s❡ t❡r♠✳

❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❞✐❛❣♦♥❛❧ ❝♦♠♣♦♥❡♥ts✱
D̃✱ ❛♥❞ ✇✐t❤♦✉t ❞✐❛❣♦♥❛❧ ❝♦♠♣♦♥❡♥ts ❜✉t r♦t❛t❡❞ ❝♦♦r❞✐♥❛t❡s✱ ρ̇✱ ❝❛♥ ❜❡ ✉s❡❞
t♦ ❡st✐♠❛t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥♦✐s❡ t❡r♠✱ σ✳

✸✳✶✳ ❙♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r

●✐✈❡♥ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ρ̂✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡
s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s✱ {λ̂}k=1,...K ✱ ❛♥❞ t❤❡ s❡t ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ {φ̂k}k=1,...K ✱ ❜② t❤❡

✶✶
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0 Diagonal−Terms only

Diagonal−Terms excluded − with Rotation

Diagonal−Terms excluded − without Rotation

❋✐❣✉r❡ ✹✿ ▲❡❢t P❛♥❡❧✿ ❊st✐♠❛t❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ρ̂✳ ❘✐❣❤t P❛♥❡❧✿ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡
t❤r❡❡ ✈❡rs✐♦♥s ♦❢ ❞✐❛❣♦♥❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳

s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ Γ̂f(u) =
∫

U ρ̂(u, v)f(v)dv✱
✇✐t❤ f(u) ∈ L2(U)✱ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡✐❣❡♥❡q✉❛t✐♦♥s

∫

U
ρ̂(u, v)φ̂k(u)du = λ̂kφ̂k(v),

✇✐t❤ t❤❡ ✉s✉❛❧ r❡str✐❝t✐♦♥s
∫

U φ̂
2
k = 1 ❛♥❞

∫

U φ̂kφ̂l = 0 ❢♦r ❛❧❧ k < l✳ ❚❤❡ st❛♥✲
❞❛r❞ ♣r♦❝❡❞✉r❡ ✐s t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ρ̂✱ ❛t ❛♥ ❡q✉✐❞✐st❛♥t ❣r✐❞
(ud1, . . . , u

d
n)× (ud1, . . . , u

d
n) ∈ U ×U ❛♥❞ t❤❡♥ t♦ ✉s❡ r♦✉t✐♥❡s ❢r♦♠ t❤❡ ♠✉❧t✐✈❛r✐✲

❛t❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛tr✐❝❡s ✭s❡❡ ❡✳❣✳ ❘❛♠s❛② ❛♥❞ ❙✐❧✈❡r♠❛♥ ✭✷✵✵✺✮
❢♦r ❛ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥✮✳

❋r♦♠ t❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷ ❛❜♦✈❡✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡
s♣❤❡r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX̃∗

t
✱ ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛❧❧

♦r✐❣✐♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ΓX∗

t
✱ s✉❝❤ t❤❛t t❤❡s❡ ❢✉❧✜❧❧ t❤❡ ❜❡st ❜❛s✐s ♣r♦♣❡rt②

♦❢ ❡q✉❛t✐♦♥ ✭✸✮✳ ◆♦t❡ t❤❛t✱ t❤❡② ❛r❡ ♥♦t ✉♥✐q✉❡ ✐♥ t❤✐s ❝❤❛r❛❝t❡r✐st✐❝✳ ❚❤❡r❡ ♠❛②
❜❡ ❛♥ ♦t❤❡r s❡t ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s t❤❛t ✐s ❛s ✇❡❧❧ ❡✣❝✐❡♥t ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r
s❡♥s❡ ❜✉t ✐s ❜❡tt❡r t♦ ✐♥t❡r♣r❡t✳ ❆❣❛✐♥✱ ♠❡t❤♦❞s ❢r♦♠ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ st❛t✐st✐❝s
❝❛♥ ❜❡ ✉s❡❞ ❤❡r❡ t♦ ♣r♦❞✉❝❡ ♥❡✇ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳ ●✐✈❡♥ ❛ ❞✐s❝r❡t✐③❡❞ s❡t ♦❢ ❡st✐✲
♠❛t❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ [φd1, . . . , φ

d
K ] ✇✐t❤ φ̂dk = (φ̂k(u

d
1), . . . , φ̂k(u

d
n))

′ ∈ R
n✱ ❡✈❡r②

K × K r♦t❛t✐♦♥ ♠❛tr✐① R✱ ✇✐t❤ R′R = RR′ = I✱ ❧❡❛❞s t♦ ❛ ♥❡✇ ♦rt❤♦♥♦r♠❛❧
s❡t ♦❢ ❜❛s✐s ✈❡❝t♦rs [ψd

1 , . . . , ψ
d
K ] = R[φd1, . . . , φ

d
K ]✳

❖❢t❡♥✱ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛r❡ ♦♥❧② ✐♥t❡r♣r❡t❛❜❧❡ ❛❢t❡r ❛ s✉✐t❛❜❧❡ r♦t❛t✐♦♥ s❝❤❡♠❡✳
❚❤❡ ✇❡❧❧ ❦♥♦✇♥ ❱❆❘■▼❆❳ r♦t❛t✐♦♥ tr✐❡s t♦ ♠❛①✐♠✐③❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❡❛❝❤
❞✐s❝r❡t✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ φ̂d = (φ̂(ud1), . . . , φ̂(u

d
n))

′ ❜② ❡✐t❤❡r s❝❛❧✐♥❣ t❤❡ ✈❛❧✉❡s

φ̂(udi ) ❛❣❛✐♥st ③❡r♦ ♦r ❛❣❛✐♥st ✈❡r② ❤✐❣❤ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❋✐❣✉r❡ ✺ s❤♦✇s t❤❡
❢♦✉r r♦t❛t❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ ❢♦✉r ❤✐❣❤❡st ❡✐❣❡♥✈❛❧✉❡s✳ ❚❤❡

✶✷



❞✐✛❡r❡♥t t②♣❡s ♦❢ ♣♦✇❡r ♣❧❛♥ts ❜❡❝♦♠❡ ❛♣♣❛r❡♥t s✉r♣r✐s✐♥❣❧② ✇❡❧❧✳ ❚❤❡ ❣r❡❛t❡st
♣❛rt ✭70.88%✮ ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ s♣♦t ♣r✐❝❡s✱ ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ t❤❡
♠❛r❣✐♥❛❧ ❝♦st r❡❣✐♠❡✱ ✐s ❜❡t✇❡❡♥ 50, 200 ▼❲ ❛♥❞ 62, 000 ▼❲✳ ❚❤✐s r❡❣✐♦♥
✐s ❣❡♥❡r❛❧❧② s✉♣♣❧✐❡❞ ❜② ❝♦❛❧ ♣♦✇❡r ♣❧❛♥ts✱ ✇❤✐❝❤ ❢❛❝❡ t❤❡ ♠♦st ♣r✐❝❡ ✈♦❧❛t✐❧❡
r❡s♦✉r❝❡ ❝♦♠♠♦❞✐t✐❡s ✭❤❛r❞ ❝♦❛❧✱ ❜r♦✇ ❝♦❛❧✱ ❛♥❞ ❈❖✷ ❝❡rt✐✜❝❛t❡s✮✳ ❚❤❡ s❡❝♦♥❞
❣r❡❛t❡st ♣❛rt ✭22.16%✮✱ ❜❡t✇❡❡♥ 62, 000 ▼❲ ❛♥❞ 73, 720 ▼❲✱ ❣❡♥❡r❛❧❧② ❝❛♥ ❜❡
❛ss✐❣♥❡❞ t♦ ❣❛s ❛♥❞ ♦✐❧ ♣♦✇❡r ♣❧❛♥ts t❤❛t ❛r❡ ♦❢t❡♥ ✉s❡❞ ✐♥ ❤♦✉rs ✇✐t❤ ♣❡❛❦
❞❡♠❛♥❞s ❢♦r ❡❧❡❝tr✐❝✐t②✳ ❚❤❡ t❤✐r❞ ♣❛rt ✭5.49%✮ ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡✱ ❜❡t✇❡❡♥
34, 520 ▼❲ ❛♥❞ 50, 200 ▼❲✱ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❜❛s❡ ♣♦✇❡r ♣❧❛♥ts✱ ♠♦st❧②
♥✉❝❧❡❛r ♣♦✇❡r ♣❧❛♥ts✳
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VARIMX Eigenfun. 1 

 70.88 %

Adjusted Demand (MW)

E
U

R
/M

W
h

0.0 0.2 0.4 0.6 0.8 1.0

0
5

0
1

0
0

1
5

0

VARIMX Eigenfun. 2 

 22.16 %

Adjusted Demand (MW)
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VARIMX Eigenfun. 3 

 5.49 %

Adjusted Demand (MW)
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VARIMX Eigenfun. 4 

 0.3 %

Adjusted Demand (MW)
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❋✐❣✉r❡ ✺✿ ❱❆❘■▼❆❳ r♦t❛t❡❞ ❡✐❣❡♥❢✉♥❝✐t♦♥s✳

✸✳✷✳ ❈♦♥❞✐t✐♦♥❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t s❝♦r❡s

❋r♦♠ t❤❡ t❤❡♦r❡♠ ✷✳✷ ✇❡ ❦♥♦✇ t❤❛t t❤❡ s♣❤❡r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ΓX̃∗

t
✱

✐s ❛s②♠♣t♦t✐❝❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ΓX∗

t
✱ ❡①❝❡♣t ❢♦r s❝❛❧❡

❞✐✛❡r❡♥❝❡s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♠♦❞❡❧✱ ✜rst✱ t❤❡ s♣❤❡r✐❝❛❧ s❛♠♣❧❡ ❝✉r✈❡s✱ (X̃∗
t )✱ ❛s

❛ K ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss ✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✮✮✱

X̃∗,K
t =

K
∑

k=1

ξ̃tkφk,

❛♥❞ t❤❡♥ t♦ r❡s❝❛❧❡ t❤❡♠ t♦ t❤❡✐r ♦r✐❣✐♥❛❧ s✐③❡✱ (X∗
t )✱ ❜② t❤❡✐r s❝❛❧✐♥❣ ❝♦♠♣♦✲

♥❡♥t✱ (θt)✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞♦ ♥♦t ❞✐st✐♥❣✉✐s❤ ♥♦t❛t✐♦♥❛❧❧② ❜❡t✇❡❡♥ s❛♠♣❧❡
❛♥❞ ❣❡♥❡r✐❝ ✈❡rs✐♦♥s ♦❢ (Xt)✳ ❚❤❡ ✉s✉❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❝✲s❝♦r❡s ❛♣♣r♦①✐✲
♠❛t❡s t❤❡ ✐♥t❡❣r❛❧✱ ξ̃tk =

∫

U φkX̃
∗
t ✳ ●✐✈❡♥ t❤❡ ♥♦♥ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❞❛t❛✱

✶✸



ut1, . . . , utNt
✱ ♦✈❡r t❤❡ ❞♦♠❛✐♥✱ U ✱ ✇❡ ❝❛♥♥♦t ❛❞❡q✉❛t❡❧② ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣❝✲

s❝♦r❡s ❜② ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡❞✉r❡s✳ ❚❤❡ P❆❈❊ ❛♣♣r♦❛❝❤ ♦❢ ❨❛♦ ❡t ❛❧✳
✭✷✵✵✺✮ ✉s❡s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✱ ❊(βtk|Xt)✱ ❣✐✈❡♥ ❛ ❥♦✐♥t ♥♦r♠❛❧ ❞✐str✐✲
❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r (βtk, Xt)

′✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦✉r
♣r♦❜❧❡♠✱ ✇❤❡♥ ✇❡ ✉s❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ s♣❤❡r✐❝❛❧ s❝♦r❡s✱ ξ̃tk✱ ❛♥❞ t❤❡
❞✐s❝r❡t❡ s♣❤❡r✐❝❛❧ ❝✉r✈❡ ✈❛❧✉❡s✱ Ỹ ∗

t = Yt−µt

||Yt−µt||E ✇✐t❤ Yt = (Yt,1, . . . , YtNt
)′ ❛♥❞

µt = (µ(ut1), . . . , µ(utNt
))✱ ❝♦♠❡ ❢r♦♠ ❛ ❥♦✐♥t ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ (β̃tk, X̃t)✳

❲❡ ❡st✐♠❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t s❝♦r❡s✱ ξ̃ctk✱ ❣✐✈❡♥ t❤❡ ♥♦♥ ✉♥✐✲

❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❞✐s❝r❡t❡ ♦❜s❡r✈❡❞ ❝✉r✈❡ ❞❛t❛✱ Ỹ ∗
t ✱ ❜②

ξ̃ctk = E[β̃tk|Ỹ ∗
t ] = λ̃kφ

′
tkΣ̃

−1

Ỹ ∗

t
(Ỹ ∗

t ), ✭✾✮

✇❤❡r❡ Σ̃Yt
= [ρ̃(uti, utj)]i,j=1,...,Nt

+ σ̃2INt
✐s ❛ Nt ×Nt s②♠♠❡tr✐❝ ♠❛tr✐① ❛♥❞

φtk = (φ(ut1), . . . , φ(utNt
))′ ❛ Nt ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r✳

✸✳✸✳ ❋✐tt❡❞ ❈✉r✈❡s

❉✐✛❡r❡♥t ❢r♦♠ tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ♦✉r ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❞♦❡s ♥♦t ❢♦❝✉s
♦♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❤♦✉r❧② s♣♦t ♣r✐❝❡s ❞✐r❡❝t❧②✱ ❜✉t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❞❛✐❧②
♠❡❛♥ ♣r✐❝❡ ❝✉r✈❡s ✭♦r s✉♣♣❧② ❝✉r✈❡s✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❚❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✻
s❤♦✇s t❤❡ ❡st✐♠❛t❡❞ ♣r✐❝❡ ❝✉r✈❡ ♦❢ ❚❤✉rs❞❛② t❤❡ ✾th ❋❡❜r✉❛r② ✐♥ ✷✵✵✻✳ ❚❤❡
❝✐r❝❧❡ ♣♦✐♥ts ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st r❡❣✐♠❡ ❛♥❞ ❝♦♥tr✐❜✉t❡ t♦ t❤❡
❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❚❤❡ t✇♦ ♣r✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ tr✐❛♥❣❧❡ ♣♦✐♥ts
❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ♦♣♣♦rt✉♥✐t② r❡❣✐♠❡ ❛♥❞ ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡st✐♠❛t✐♦♥
♣r♦❝❡❞✉r❡✳ ❚❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✻ s❤♦✇s t❤❡ ✇❤♦❧❡ ✇❡❡❦ ❢r♦♠ ▼♦♥❞❛② t❤❡
✻th t♦ ❙✉♥❞❛② t❤❡ ✶✷th ❋❡❜r✉❛r② ✐♥ ✷✵✵✻✳ ❍❡r❡✱ t❤❡ ♣r✐❝❡s ❛r❡ ♣❧♦tt❡❞ ✐♥ t❤❡
tr❛❞✐t✐♦♥❛❧ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ t❤❡✐r tr❛❞✐♥❣ ♣❡r✐♦❞s✳

❲❡ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❛t ♦✉r s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✐♥t♦ ❛ ♠❛r❣✐♥❛❧ ❝♦st
r❡❣✐♠❡ ❛♥❞ ❛♥ ♦♣♣♦rt✉♥✐t② ❝♦st r❡❣✐♠❡ ✐s ♠♦r❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❛♥ st❛♥❞❛r❞
r❡❣✐♠❡ s✇✐t❝❤ ♠♦❞❡❧s t❤❛t ✉s✉❛❧❧② s✇✐t❝❤ ❜❡t✇❡❡♥ t✇♦ ♦r ♠♦r❡ ✭♦❢t❡♥ ❝♦♠♣❛✲
r❛❜❧❡✮ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✳ ✭❙❡❡ ❏♦♥❣ ✭✷✵✵✻✮ ❢♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❝❧❛ss✐❝❛❧ r❡❣✐♠❡
s✇✐t❝❤ ♠♦❞❡❧s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡❧❡❝tr✐❝✐t② s♣♦t ♠❛r❦❡t ❞❛t❛✳✮ ❍❡r❡✱ ✇❡ ❜❛s❡ t❤❡
r❡❣✐♠❡ s✇✐t❝❤ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❜✐❞❞✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ tr❛❞❡rs✳ ❊① ♣♦st t❤✐s ✐s
❡❛s✐❧② ❞♦♥❡ ✇✐t❤ ❛ ❤❛r❞ t❤r❡s❤♦❧❞ ♣r✐❝❡❀ s❡❡ ❞✐s❝✉ss✐♦♥ t♦ ✜❣✉r❡ ✷✳ ❊① ❛♥t❡ t❤✐s
✐s ♥♦t ❛ tr✐✈✐❛❧ t❤✐♥❣ t♦ ❞♦✱ s✐♥❝❡ ❡✈❡r② tr❛❞❡r ♠❛② ❜❡ ❢♦r❝❡❞ t♦ s✇✐t❝❤ ✐♥t♦ t❤❡
♦♣♣♦rt✉♥✐t② ❝♦st r❡❣✐♠❡ ♦♥ ❜❛s✐s ♦❢ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s ❞❡❧✐✈❡r② ♦❜❧✐✲
❣❛t✐♦♥s ❛♥❞ ✉♥❡①♣❡❝t❡❞ ❝❤❛♥❣❡s ✐♥ ♣♦✇❡r ♣❧❛♥t ❝❛♣❛❝✐t✐❡s✳ ❖♥ ❜❛s✐s ♦❢ ♣✉❜❧✐❝
❛✈❛✐❧❛❜❧❡ ❞❛t❛ ✐t ✇✐❧❧ ❜❡ ❤❛r❞❧② ♣♦ss✐❜❧❡ t♦ ♣r❡❞✐❝t ✐♥❞✐✈✐❞✉❛❧ r❡❣✐♠❡ s✇✐t❝❤❡s✱
❜✉t ✐t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡ t♦ ♣r❡❞✐❝t s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ✭♥❡❛r❧②✮ ❛❧❧ ♠❛r❦❡t ♣❛r✲
t✐❝✐♣❛♥ts ✇✐❧❧ ❤❛✈❡ t♦ s✇✐t❝❤ ✐♥t♦ t❤❡ ♦♣♣♦rt✉♥✐t② r❡❣✐♠❡✳ ❚❤✐s ✇✐❧❧ ❜❡ ♣❛rt ♦❢
❢✉t✉r❡ r❡s❡❛r❝❤✳
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❋✐❣✉r❡ ✻✿ ❊st✐♠❛t❡❞ ♣r✐❝❡ ❝✉r✈❡✱ Xt(u)✱ ♦❢ ❚❤✳ ✾✴❋❡❜✳✴✵✻❀ ✇✐t❤ s✉♣❡r✐♠♣♦s❡❞ ✷✹ ♣r✐❝❡s✱
Yt = {Yt1, . . . , Yt24}✱ ♦❢ t❤❛t ❞❛②✳ ❚❤❡ t✇♦ ♣r✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ tr✐❛♥❣❧❡ ♣♦✐♥ts ❛r❡
❛ss✐❣♥❡❞ t♦ t❤❡ ♦♣♣♦rt✉♥✐t② r❡❣✐♠❡✳

✹✳ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ s✉♣♣♦rt ❛ ♥❡✇ ❛♥❣❧❡ ♦❢ ✈✐s✐♦♥ ✐♥ ♠♦❞❡❧✐♥❣ ❤♦✉r❧② ❡❧❡❝tr✐❝✐t②
s♣♦t ♠❛r❦❡t ❞❛t❛✳ ❲❡ ❛r❣✉❡ t❤❛t t❤❡ ✐♥tr❛✲❞❛② s❡❛s♦♥❛❧✐t② ❝❛♥♥♦t ❜❡ ❡st✐♠❛t❡❞
❜② tr❛❞✐t✐♦♥❛❧ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✱ t❤❛t ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ❤♦✉r❧②
✉♣❞❛t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ s❡t ✭❛s ❛❧r❡❛❞② ❞♦♥❡ ❜② ❍✉✐s♠❛♥ ❡t ❛❧✳ ✭✷✵✵✼✮✮✳ ❚❤✐s ❛s✲
s✉♠♣t✐♦♥ ✐s ♦❢t❡♥ ♥♦t ✈❛❧✐❞ ❜❡❝❛✉s❡ ♠♦st ❡❧❡❝tr✐❝✐t② ❡①❝❤❛♥❣❡s ✉s❡ ❛ s✐♥❣❡ ♣r✐❝❡
❛✉❝t✐♦♥ ✇❤❡r❡ t❤❡ ❤♦✉r❧② ♣r✐❝❡ ✈❡❝t♦rs✱ {Yth}h=1,...,24 ❢♦r ❞❛② t✱ ❛r❡ ❞❡t❡r♠✐♥❡❞
s✐♠✉❧t❛♥❡♦✉s❧② t❤❡ ❞❛② ❜❡❢♦r❡ ❛t t−1✳ ❲❡ ✉s❡ ❛ ❢✉♥❝t✐♦♥❛❧ t✐♠❡ s❡r✐❡s ♠♦❞❡❧ ❛♥❞
❡st✐♠❛t❡ ❞❛✐❧② ♠❡❛♥ s✉♣♣❧② ❢✉♥❝t✐♦♥s ❜② ❢✉♥❝t✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②✲
s✐s✳ ❍❡r❡✱ t❤❡ ✐♥tr❛✲❞❛✐❧② r❛✇ ❞❛t❛ ✐s ♥♦t t❤❡ tr❛❞✐t✐♦♥❛❧ ❝♦♥s❡❝✉t✐✈❡ ♣r✐❝❡ ✈❡❝t♦r✱
{Yth}h=1,...,24✱ ❜✉t t❤❡ r❡✲♦r❞❡r❡❞ ♣r✐❝❡ ✈❡❝t♦r✱ {Yti}i=1,...,24✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❝♦✈❛r✐❛t❡ ✈❡❝t♦r ♦❢ ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s✱ ut1 < · · · < uti < · · · < ut24✳

❚❤✐s ✐♥tr♦❞✉❝❡s t✇♦ ♣r♦❜❧❡♠s✱ ✜rst✱ t❤❡ ❞❛t❛ ❧♦♦s❡s ✐ts ❡q✉✐❞✐st❛♥t ❞❡s✐❣♥✱
❛❝t✉❛❧❧② t❤❡ ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s✱ uti✱ ❡✈❡♥ ❛r❡ ♥♦t ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞
✇✐t❤✐♥ t❤❡ ❞♦♠❛✐♥ U ⊂ R✳ ❙❡❝♦♥❞✱ ✭❢✉♥❝t✐♦♥❛❧✮ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s
♥❡❡❞s ✐✐❞ ❞❛t❛ ♦r ❛t ❧❡❛st st❛t✐♦♥❛r② ❞❛t❛✱ ❜✉t ♦✉r ❞❛t❛ s❡t ✐s ♥♦♥ st❛t✐♦♥❛r②✳ ❚❤❡
✜rst ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ❛♥ ❛❞❛♣t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ❢♦r
s♣❛❝❡s ❞❛t❛ ✭s❡❡ ❙t❛♥✐s✇❛❧✐s ❛♥❞ ▲❡❡ ✭✶✾✾✽✮ ❛♥❞ ❨❛♦ ❡t ❛❧✳ ✭✷✵✵✺✮✮✳ ❚❤❡ s❡❝♦♥❞
♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧
t✐♠❡s s❡r✐❡s ✐♥t♦ ❛ st❛t✐♦♥❛r② s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞ ❛ ♥♦♥ st❛t✐♦♥❛r② s❝❛❧✐♥❣
❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❧❛tt❡r ✐s ♦♥❡ ♦❢ ♦✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s t❤❛t ♠✐❣❤t ❜❡ ✈❡r② ✉s❡✲
❢✉❧ ❢♦r ♠❛♥② ♦t❤❡r ❢✉♥❝t✐♦♥❛❧ t✐♠❡s s❡r✐❡s ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❋✉rt❤❡r♠♦r❡✱
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❋✐❣✉r❡ ✼✿ ❖r✐❣✐♥❛❧ ❛♥❞ ✜tt❡❞ ♣r✐❝❡s ♦❢ t❤❡ ✇❡❡❦✿ ▼♦✳ ✻✴❋❡❜✳✴✵✻ ✕ ❙✉✳ ✶✷✴❋❡❜✳✴✵✻✳ ❍❡r❡✱ t❤❡
♣r✐❝❡s ❛r❡ r❡✲♦r❞❡r❡❞ ✐♥t♦ t❤❡ tr❛❞✐t✐♦♥❛❧ ❤♦✉r❧② ♣❡rs♣❡❝t✐✈❡✳

♦✉r ❛♣♣r♦❛❝❤ ❤❛♥❞❧❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡t ❝♦rr❡❝t❧② ❛s ❛ ❞❛✐❧② ✉♣❞❛t✐♥❣ ✐♥❢♦r✲
♠❛t✐♦♥ s❡t✳ ❚❤❡ r❡s✉❧t t❤❛t ✇❡ ♥❡❡❞ ♦♥❧② t❤r❡❡ ❝♦♠♣♦♥❡♥ts ✐♥ ♦r❞❡r t♦ ❡①♣❧❛✐♥
✾✽✳✺✸✪ ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ s✉♣♣♦rts t❤❡ ✐♠♣♦rt❛♥❝❡ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❝♦rr❡❝t
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss✳ ❖t❤❡r st✉❞✐❡s t❤❛t ✇♦r❦ ✇✐t❤ s✐♠✲
✐❧❛r ❛♣♣r♦❛❝❤❡s ❜✉t ✉s❡ t❤❡ tr❛❞✐t✐♦♥❛❧ ❤♦✉r❧② ♣r✐❝❡ ✈❡❝t♦rs✱ {Yth}h=1,...,24✱ ♥❡❡❞
❤✐❣❤❡r ♥✉♠❜❡rs ♦❢ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❢♦r ❝♦♠♣❛r❛❜❧❡ ❢r❛❝t✐♦♥s ♦❢ ❡①♣❧❛✐♥❡❞
✈❛r✐❛♥❝❡ ✭s❡❡ ❡✳❣✳ ❲♦❧❛❦ ✭✶✾✾✼✮ ❛♥❞ ❍är❞❧❡ ❛♥❞ ❚rü❝❦ ✭✷✵✶✵✮✮✳

✶✻



❆♣♣❡♥❞✐① ❆✳ ❊①♣❧✐❝✐t ❋♦r♠✉❧❛s

▼❡❛♥ ❢✉♥❝t✐♦♥ µ(u)✿

µ̂(u) = Sm[u, (uti, Yti), T,Nt, hµ]

µ̂(u) = β̂0(u)

❲✐t❤ β̂0(u) ❢r♦♠✿ min
β0,β1

T
∑

t

Nt
∑

i

K1(
u− uti
hµ

)[Yti − β0 − β1(u− uti)]
2

ρ̃n(u, v) = Sm
[

u, v, (t, G̃t), T, hρ̃, ❧✐♥❡❛r
]

✇✐t❤✿ G̃t =

[

(Yt(uti)− µ̂(uti)) (Yt(utj)− µ̂(utj))

||Yt(uti)− µ̂(uti)||E ||Yt(utj)− µ̂(utj)||E

]

i,j=1,...,Nt

❢♦r ❛❧❧ i 6=j

ρ̃(u, v) = β̂0(u, v)

❲✐t❤ β̂0(u, v) ❢r♦♠✿ min
β0,β11,β12

T
∑

t

∑

1≤i 6=j≤Nt

K2(
u− uti
hG

,
v − utj
hG

)

[Gt(uti, utj)− β0 − β11(u− uti)− β12(v − utj)]
2

❲❤❡r❡ K1(w) =

{

(1− |w|3)3 |w| < 1
0 ♦t❤❡r✇✐s❡

✭❖r ❛♥② ♦t❤❡r ✈❛❧✐❞ ✉♥✐✈❛r✳ ❦❡r♥❡❧❢✉♥❝t✐♦♥✳✮

❲❤❡r❡✿ w = u−uti

hµ

K2(w, x) = K1(w)K1(x)
❲❤❡r❡✿ w = u−uti

hG
❛♥❞ x = v−uti

hG

❚❤❡ ❜❛♥❞✇✐❞t❤s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ●❡♥❡r❛❧✐③❡❞ ❈r♦ss ❱❛❧✐❞❛t✐♦♥ ✭❈●❱✮✳ ❚❤❡s❡
r♦✉t✐♥❡s ❛r❡ ❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❘ ♣❛❝❦❛❣❡ ❧♦❝❢✐t ✭▲♦❛❞❡r✱ ✷✵✶✵✮✳

❆♣♣❡♥❞✐① ❇✳ Pr♦♦❢s

Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ✷✳✶✳
P❛rt ❛✮✿
❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ❛♥❞ t❤❡ r❛♥❞♦♠ ✇❛❧❦✳

ΓX∗

t
(u, v) = ❊(X∗

t ⊗X∗
t (u, v)) = ❊(X∗

t (u) X
∗
t (v))

ΓX∗

t
(u, v) = ❊((

t−1
∑

i=0

et−i(u) + Z∗
0 (u))(

t−1
∑

i=0

et−i(v) + Z∗
0 (v))).

❲✐t❤ Γe(u, v) =
∑K

k=1 λ
e
kφ

e
k ⊗ φek(u, v) ✇❡ ❝❛♥ ✇r✐t❡ et(u) =

∑∞
k=1 β

e
kφ

e
k(u) ❢♦r

❛❧❧ t = {1, 2, . . . }✱ ✇❤❡r❡ βe
k ∼ N(0, λek)✳ ❆♥❞ s✐♠✐❧❛r ❢♦r Z0✱ ✇✐t❤ ΓZ(u, v) =

✶✼



∑K
k=1 λ

Z
k φ

Z
k ⊗ φZk (u, v)✱ ✇❡ ❝❛♥ ✇r✐t❡ Z0(u) =

∑∞
k=1 β

Z
k φ

Z
k (u)✱ ✇❤❡r❡ βZ

k ∼
N(0, λZk )✳ ❚❤✐s ②✐❡❧❞s✱

ΓX∗

t
(u, v) = t Γe(u, v) + ΓZ(u, v), ✭❇✳✶✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉s✉❛❧ ✉♥✐✈❛r✐❛t❡ ❛♥❞ ♠✉❧t✐✈❛r✐❛t❡ r❛♥❞♦♠ ✇❛❧❦ ❝❤❛r✲
❛❝t❡r✐❝ ♦❢ ❛♥ ✇✐t❤ O(t) ✐♥❝r❡❛s✐♥❣ ❝♦✈❛r✐❛♥❝❡✳ ●✐✈❡♥ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥s
♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs✱ ✇❡ ❤❛✈❡✱

ΓX∗

t
(u, v) = t

∞
∑

k=1

λekφ
e
k ⊗ φek(u, v) +

∞
∑

k=1

λZk φ
Z
k ⊗ φZk (u, v).

◆♦t❡ t❤❛t ΓX∗

t
(u, v) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ ❛♥ ❛❞❞✐t✐♦♥ ♦❢ t✇♦ ✈❡❝t♦r s♣❛❝❡s✱

Pt ⊗ Pt +Qt ⊗Qt = {p|p =
∞
∑

k=1

αp,k t φ
e
k ⊗ φek,

∞
∑

k=1

(αp,k)
2 <∞, αp,k ∈ R∀k}

+ {q|q =
∞
∑

k=1

αq,k φ
e
k ⊗ φek,

∞
∑

k=1

(αq,k)
2 <∞, αq,k ∈ R∀k}.

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❡❣❡♥❡r❛t❡❞ ❝❛s❡ ✇❤❡r❡ λZk = 0
❢♦r ❛❧❧ k✳ ❚❤❡♥ ✇❡ ❤❛✈❡

ΓX∗

t
(u, v) = t

∞
∑

k=1

λekφ
e
k ⊗ φek(u, v) ∈ Pt ⊗ Pt.

❲✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ✈❡❝t♦r s♣❛❝❡s ❛r❡ ❝❧♦s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s❝❛❧❛r ♠✉❧t✐♣❧✐✲
❝❛t✐♦♥ ✇❡ ❝❛♥ ❞✐r❡❝t❧② s❤♦✇ t❤❛t Pt ⊗ Pt = Pt+i ⊗ Pt+i✱

Pt ⊗ Pt = s♣❛♥{t φe1 ⊗ φe1, t φ
e
2 ⊗ φe2, . . . }

= {p|p =
∞
∑

k=1

αk t φ
e
k ⊗ φek ❛♥❞ αk ∈ R∀k}

= {p|p =
∞
∑

k=1

γk (t+ i) φek ⊗ φek ❛♥❞ γk ∈ R∀k} ✇❤❡r❡ γt = (αk t)/(t+ i)

= s♣❛♥{(t+ i) φe1 ⊗ φe1, (t+ i) φe2 ⊗ φe2, . . . } = Pt+i ⊗ Pt+i = P ⊗ P,

❢♦r ❛r❜✐tr❛r② t, i = {1, 2, . . . }✳ ❚❤❡r❡❢♦r❡ ❡❛❝❤ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ΓX∗

t
(u, v)✱ ✐s

❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❛♠❡ s♣❛❝❡

P ⊗ P = {p|p =
K
∑

k=1

αp,k φ
e
k ⊗ φek,

K
∑

k=1

(αp,k)
2 <∞, αp,k ∈ R∀k}.

❚❤✐s s❤♦✇s ♣❛rt ❛✮ ♦❢ t❤❡♦r❡♠ ✷✳✶✳
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P❛rt ❜✮✿
❋r♦♠ ❡q✉❛t✐♦♥ ✭❇✳✶✮ ✇❡ ❤❛✈❡✱

❧✐♠
t, s → ∞
(t/s) = ❝♦♥st✳

(

ΓX∗

t

ΓX∗

t+s

)

=
❧✐♠

t, s → ∞
(t/s) = ❝♦♥st✳

(

t ( Γe + (1/t) ΓZ)

(t+ s) ( Γe + (1/(t+ s)) ΓZ)

)

=
1

(1 + const.)
.

❚❤✐s s❤♦✇s ♣❛rt ❜✮ ♦❢ t❤❡♦r❡♠ ✷✳✶✳ �

Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ✷✳✷✳
P❛rt ❛✮✿
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❡✲♠❡❛♥❞ ♣r♦❝❡ss✱ (X̃∗

t )✱ ❣✐✈❡♥ ❜②

π(Xt − µZ) = δ + π(Xt−1 − µZ) + πet =

t−1
∑

i=0

πet + π(Z0 − µZ)

X̃∗
t = δ + X̃∗

t−1 + ẽt ✇✐t❤ X∗
t = (Xt − µZ) ❛♥❞ (̃.) = π(.) =

(.)

||(.)||2

= δ +

t−1
∑

i=0

ẽt + Z̃∗
0 ✇✐t❤ Z∗

0 = (Z0 − µZ) ❛♥❞ Z̃
∗
0 = πZ∗

0

❲❡ ♣r♦♦❢ t❤❛t t❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t✱ (X̃t)✱ ✐s ❛ ✭✇❡❛❦✮ st❛t✐♦♥❛r② ♣r♦❝❡ss✳
■✳❡✳ ✭✐✮ ❤❛s ❣♦t ❝♦♥st❛♥t ♠❡❛♥ ❢✉♥❝t✐♦♥ ❢♦r ❛❧❧ t = {0, 1, 2, . . . }✱ ✭✐✐✮ ✜♥✐t❡ ❝♦✈❛r✐✲
❛♥❝❡ ♦♣❡r❛t♦r✱ ❛♥❞ ✭✐✐✐✮ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦rs t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ✭s❡❡
❛♥② ✐♥tr♦❞✉❝t♦r② t✐♠❡ s❡r✐❡s ❜♦♦❦✱ s✉❝❤ ❛s ❙❤✉♠✇❛② ❛♥❞ ❙t♦✛❡r ✭✷✵✵✻✮✮✳ ●✐✈❡♥
t❤❡ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✇❛❧❦ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ ✇❡ s❡t δ ❡q✉❛❧ t♦ t❤❡ ♥✉❧❧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✱

X̃∗
t = X̃∗

t−1 + ẽt

❈♦♥❞✐t✐♦♥ ✭✐✮✿

✶✾



❚❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②✱

X̃∗
t = X̃∗

t−1 + ẽt =

t−1
∑

i=0

ẽt + Z̃∗
0

❊
X∗

t

||X∗
t ||2

= ❊

(

∑t−1
i=0 ẽt + Z∗

0

||∑t−1
i=0 ẽt + Z∗

0 ||2

)

=
0

❊
√
C1

.

❲✐t❤ C1 =

∫

U
(

t−1
∑

i=0

∞
∑

k=1

βe
t,kφ

e
k +

∞
∑

k=1

βZ
t,kφ

Z
k )

2

❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛t ❊(C1)✿

❊
√

C1 =
√

❊(C1) + r =
√

t Γe + ΓZ + r

❲❤❡r❡ 0 ≥ r =
1

2
(❊(C1))

− 3
2 (❊(C1)− C1)−

3

8
(❊(C1))

− 5
2 (❊(C1)− C1)

2 −O(C3
1 )

s✉❝❤t t❤❛t 0 < ❊
√

C1 <∞
✭❲❡ ❡①❝❧✉❞❡ t❤❡ ❞❡❣❡♥❡r❛t❡❞ ❝❛s❡✿✮ Γe = ΓZ = 0.

❋✐♥❛❧❧②✿ ❊(πXt) =
0

❊
√
C1

= 0, ∀t = {0, 1, 2, . . . }

❆♥❞ t❤❡r❡❢♦r❡ s✉✣❝❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❛ ✭✇❡❛❦✮ st❛t✐♦♥❛r② ♣r♦❝❡ss✳

❈♦♥❞✐t✐♦♥ ✭✐✐✮✿
❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❜② ✭s✐♠✐❧❛r t♦ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✷✳✶✮✱

ΓX̃∗

t
(u, v) = ❊X̃∗

t ⊗ X̃∗
t (u, v) = ❊

(

X∗
t

||X∗
t ||2

⊗ X∗
t

||X∗
t ||2

(u, v)

)

ΓX̃∗

t
(u, v) = ❊

(

(
∑t−1

i=0 et−i(u) + Z0(u))(
∑t−1

i=0 et−i(v) + Z0(v))

||
∑t−1

i=0 et−i + Z0||22

)

=
t
∑∞

k=1 λ
e
kφ

e
k ⊗ φek(u, v) +

∑∞
k=1 λ

Z
k φ

Z
k ⊗ φZk (u, v)

t
∑∞

k=1 λ
e
k +

∑∞
k=1 λ

Z
k

❆s②♠♣t♦t✐❝❛❧❧②✱

❧✐♠

t→ ∞
(

ΓX̃∗

t
(u, v)

)

=

∞
∑

k=1

(

λek
∑∞

k=1 λ
e
k

)

φek ⊗ φek(u, v)

❇② ❞❡✜♥✐t✐♦♥ ♦❢ Γe :

∞
∑

k=1

(λek)
2 <∞

❆♥❞ t❤❡r❡❢♦r❡ ❛❧s♦✿

∞
∑

k=1

λek
∑∞

k=1 λ
e
k

<∞

❆♥❞ t❤❡r❡❢♦r❡ s✉✣❝❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❛ ✭✇❡❛❦✮ st❛t✐♦♥❛r② ♣r♦❝❡ss✳ ❋✉rt❤❡r✲
♠♦r❡✱ t❤✐s s❤♦✇s ♣❛rt ❜✮ ♦❢ t❤❡♦r❡♠ ✷✳✷✳

✷✵



❈♦♥❞✐t✐♦♥ ✭✐✐✐✮✿

❊X̃∗
t ⊗ X̃∗

t+h(u, v) = ❊

(

X∗
t

||X∗
t ||2

⊗
X∗

t+h

||X∗
t+h||2

(u, v)

)

= ❊

(

(
∑t−1

i=0 et−i(u) + Z0(u))(
∑t+h−1

i=0 et+h−i(v) + Z0(v))

||∑t−1
i=0 et−i + Z0||2 ||∑t+h−1

i=0 et+h−i + Z0||2

)

=
❊(
∑t−1

i=0

∑∞
k=1 β

e
t−i,kφ

e
k(u) +

∑∞
k=1 β

Z
k φ

Z
k (u))(

∑t+h−1
i=0

∑∞
k=1 β

e
t+h−i,kφ

e
k(v) +

∑∞
k=1 β

Z
k φ

Z
k (v))

❊||(∑t−1
i=0

∑∞
k=1 β

e
t−i,kφ

e
k(u) +

∑∞
k=1 β

Z
k φ

Z
k (u))||2 ||(

∑t+h−1
i=0

∑∞
k=1 β

e
t+h−i,kφ

e
k(v) +

∑∞
k=1 β

Z
k φ

Z
k (v))||2

❉❡❢✳ α(u) =

t−1
∑

i=0

∞
∑

k=1

βe
t−i,kφ

e
k(u) +

∞
∑

k=1

βZ
k φ

Z
k (u)

β(u) =

h−1
∑

i=0

∞
∑

k=1

βe
t+h−i,kφ

e
k(u)

=
t
∑∞

k=1 λ
e
kφ

e
k ⊗ φek(u, v) +

∑∞
k=1 λ

Z
k φ

Z
k ⊗ φZk (u, v)

❊
√

(
∫

U α
2)
∫

U (β
2 + 2 β α+ α2)

=
t Γe + ΓZ

❊
√

(
∫

U α
2) (
∫

U β
2 + 2

∫

U β α+
∫

U α
2)

✷✶



❊X̃∗
t ⊗ X̃∗

t+h(u, v) =
t Γe + ΓZ

❊
√
C2

❲✐t❤
√

C2 =

√

(

∫

U
α2) (

∫

U
β2 + 2

∫

U
β α+

∫

U
α2)

❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛t ❊(C2)✿

❊
√

C2 =

√

❊((

∫

U
α2)(

∫

U
β2)) + ❊((

∫

U
α2)2) + r

❲❤❡r❡ 0 ≥ r =
1

2
(❊(C2))

− 3
2 (❊(C2)− C2)−

3

8
(❊(C2))

− 5
2 (❊(C2)− C2)

2 −O(C3
2 )

❊
√

C2 =

√

❊((

∫

U
α2)−1(

∫

U
α2)2(

∫

U
β2)) + ❊((

∫

U
α2)2) + r

❊
√

C2 =

√

(

❊(

∫

U
α2)−1(

∫

U
β2) + 1

)

❊((

∫

U
α2)2) + r

❊
√

C2 =

√

(

h
∫

U Γe(u, u)

t
∫

U Γe(u, u) +
∫

U ΓZ(u, u)
+ 1

)

❊((

∫

U
α2)2) + r

❊
√

C2 =

√

(

(h/t)
∫

U Γe(u, u))
∫

U Γe(u, u) + (1/t)
∫

U ΓZ(u, u)
+ 1

)

❊((

∫

U
α2)2) + r

❲✐t❤ h = {0, 1, 2, . . . } ✜① ❜✉t ❛r❜✐tr❛r②✿

❊
√

C2 =

√

(O(t−1) + 1) ❊((

∫

U
α2)2) + r

❇② t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❧❛✇

❊
√

C2 =

√

(O(t−1) + 1) (❊(

∫

U
α2))2 +❱(

∫

U
α2) + r

❊
√

C2 =

√

(O(t−1) + 1) (❊(

∫

U
α2))2 +O(t) + r

❊
√

C2 =

√

(O(t−1) + 1) (t

∫

U
Γe(u, u) +

∫

U
ΓZ(u, u))2 +O(t) + r

❊X̃∗
t ⊗ X̃∗

t+h(u, v) =
t Γe + ΓZ

❊
√
C2

❊X̃∗
t ⊗X̃∗

t+h(u, v) =
Γe + (1/t) ΓZ

√

(O(t−1) + 1) (
∫

U Γe(u, u) + (1/t)
∫

U ΓZ(u, u))2 +O(t−1) + (1/t) r

❊X̃∗
t ⊗ X̃∗

t+h(u, v) −−−→
t→∞

Γe
∫

U Γe(u, u)
�

✷✷
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