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Abstract

This paper considers the issue of GMM estimation of a short dynamic panel data
model when the errors are correlated across individuals. We focus particularly on
the conditions required in the cross-sectional dimension of the error process for the
dynamic panel GMM estimator to remain consistent. To this end, we demonstrate
that cross-sectional independence (or uncorrelatedness) is not necessary — rather,
it suffices that, if there is such correlation in the errors, this is weak. We define
a stochastic scalar sequence to be cross-sectionally weakly correlated at any given
point in time if the sequence of the covariances of the observations across individu-
als ¢ and j at time ¢, given the conditioning set of all time-invariant characteristics
of individuals ¢ and j, converges absolutely as N — oco. Spatial dependence sat-
isfies this condition but factor structure dependence does not. Consequently, the
dynamic panel GMM estimator is consistent only in the first case. Under cross-
sectionally weakly correlated errors, an additional, non-redundant, set of moment
conditions becomes relevant for each ¢ — specifically, instruments with respect to
the individual(s) which unit ¢ is correlated with. We demonstrate that these mo-
ment conditions remain valid when the errors are subject to both weak and strong
correlations, in which situation the standard moment conditions with respect to in-
dividual i itself are invalidated — meaning that the dynamic panel GMM estimator
is inconsistent. Simulated experiments show that the resulting method of moments
estimators largely outperform the conventional ones in terms of both median bias
and root median square error.

Key Words: dynamic panel data, spatial dependence, factor structure dependence, Gen-
eralised Method of Moments.
JEL Classification: C13; C31; C33.

1 Introduction

In developing the theory of GMM estimation of short dynamic panel data models, it
is commonly assumed that the regression errors are independently distributed across
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individuals (see e.g. Anderson and Hsiao, 1981, pg. 598, Arellano and Bond, 1991, pg.
278, Arellano, 1993, pg. 88, Ahn and Schmidt, 1995, pg. 7, Blundell and Bond, 1998,
page 118, and others). This assumption is usually made for identification purposes
rather than descriptive accuracy with the hope, presumably, that by conditioning on a
sufficient number of explanatory variables, what is left over can be treated as a purely
idiosyncratic disturbance that is uncorrelated across individuals. On the other hand, in
empirical applications of GMM estimation this rather strong assumption is somewhat
relaxed by allowing for common variations in the dependent variable at any given point
in time using two-way error components disturbances (e.g. Arellano and Bond, 1991,
pg. 288, Blundell and Bond, 1998, pg. 137, Bover and Watson, 2005, pg. 1975). In
practice, however, a «o; + f; + ¢;+ formulation is unlikely to be adequate to remove all
correlated behaviour in the errors and this may result in misleading inferences and even
inconsistent GMM estimators (Sarafidis and Robertson, 2008)*.

Error cross-sectional dependence may arise for various reasons in practice; for ex-
ample, it may be due to the presence of spatial correlations specified on the basis of
economic and social distance (Conley, 1999) or relative location (Anselin, 1988), as well
as due to the presence of unobserved components that give rise to a common factor
specification in the disturbances with a fixed number of factors (e.g. Goldberger, 1972,
and Joreskog and Goldberger, 1975). Methods that account for a multi-factor error
structure have been proposed by Robertson and Symons (2000), Coakley, Fuertes and
Smith (2002), Phillips and Sul (2003), Moon and Perron (2004), Bai (2005), Pesaran
(2006) and others. However, these methods are theoretically justified in panels where
the number of time series observations (77) is large. To the best of our knowledge, no
study exists that accounts for spatial correlations in a short dynamic panel data model.

The present paper deals specifically with the issue of GMM estimation of a short dy-
namic panel data model when the errors are not independent across individuals. A major
focus lies on the conditions required in the cross-sectional dimension of the error process
for the dynamic panel GMM estimator to remain consistent. To this end, we demon-
strate that independence, or uncorrelatedness, is not necessary for GMM consistency or
asymptotic efficiency — rather, it is sufficient that, if there is such correlation in the er-
rors, this is weak. We define a stochastic scalar sequence to be cross-sectionally weakly
correlated at any given point in time if the sequence of the covariances of the observa-
tions across individuals ¢ and j at time t, given the conditioning set of all time-invariant
characteristics of individuals ¢ and j, converges absolutely as N — oo. Conversely,
a sequence is strongly correlated if the sequence of the covariances does not converge
absolutely. We show that the spatial approach to modelling error cross-sectional depend-
ence, which typically assumes uniform boundedness of the row and column sums of the
weighting matrix, satisfies weak correlation, although it is more restrictive in the sense
that the latter does not require uniform boundedness. On the other hand, under factor
structure dependence the errors are cross-sectionally strongly correlated and therefore
the dynamic panel GMM estimator is not consistent. The two-way error components

'In an influential paper, Phillips and Sul (2007) analyse the impact of error cross section dependence
on the dynamic Fixed Effects (FE) estimator.



model violates weak cross-sectional dependence too, albeit the problem can be dealt in
this case via time-specific demeaning of the observations. However, careful analysis
needs to be made in this case because the aforementioned transformation induces some
dependency among the N individual equations and therefore the moment conditions are
not valid anymore for finite N, a result that is usually ignored in the literature.

In addition, this paper shows that when the errors are cross-sectionally weakly cor-
related in the way defined above, then for each individual ¢ there is an additional set
of moment conditions that becomes relevant — in particular, instruments with respect
to the individuals which unit ¢ is spatially correlated with. We demonstrate that these
extra moment conditions are not redundant in the sense that the asymptotic variance of
the GMM estimator from the enlarged set of moment conditions is less than the GMM
estimator that uses the smaller set of moment conditions, i.e. those instruments with
respect to individual ¢. The spatial moment conditions can be particularly useful when
the errors are subject to both weak and strong correlations because the standard moment
conditions are invalidated in this case, meaning that the dynamic panel GMM estimator
is inconsistent. The situation of both weak and strong correlations is also considered
by Pesaran and Tosetti (2007) but for a model with no lags of the dependent variable
on the right-hand side and T sufficiently large.

The structure of the paper is as follows. The following section specifies the panel
regression model in a way that encompasses common unobserved factors and spatial de-
pendence. Section 3 reviews the standard moment conditions used in GMM estimation
under two-way error components disturbances. Section 4 addresses the issue of consist-
ency for the dynamic panel GMM estimator when the independence assumption across
individuals is relaxed. Section 5 shows that under cross-sectionally weakly correlated
errors, additional non-redundant moment conditions become relevant for each individual
i, which arise from the individual(s) which unit 4 is spatially correlated with. Section
6 demonstrates the validity of these extra moment conditions under both weakly and
strongly correlated errors and the following section analyses the properties of the res-
ulting GMM estimators, including when the problem of weak instruments applies. The
performance of these estimators is investigated in Section 8 using simulated data. A
final section concludes.

2 Model Specification

We focus on dynamic panel data models of the following first-order autoregressive form

Yit = )\yi,t_l—l—vi,t, i=1,...,.Nandt=2,...,T
M
Vit = it Uig, Uip = Y G pWimfmie+ €ir = (¢ © wi) £ + ey, (1)

m=1

where y; + is the observation of the dependent variable of the it" cross-sectional unit
at time ¢ and X is a fixed parameter to be estimated with |A\] < 1. w;; is a composite
error term that consists of «;, an individual-specific time-invariant effect with zero mean



and constant finite variance 02, and a weighted sum of error components, where f; =

(fl,t,...,fM,t)' denotes an M x 1 vector of unobservables, ¢, = (¢i,1,...,¢i,M)/ is an
M x 1 vector of the corresponding coefficients, w; = (w1 4, ...,wM,i), is an M x 1 vector
of deterministic bounded weights, © denotes the Hadamard product and ¢;; is a purely
idiosyncratic disturbance with zero mean and constant finite variance o2.

We make the following assumptions

Assumption 1: E (oei) =0 for all 4, ¢, and E («;a5) = 0 for all 4 # j.
Assumption 2: E (g;4¢;,) = 0 for all  and ¢ # s.

Assumption 3: E (y;1u;4) =0, fori=1,...,N and t =2,3,...,T.

2y for t = 5, where 0% = (0%,,..,0%, )
Assumption 4: F (f)) =0, E (fif]) = oyl for t = s, where o7 Thor %)
0 otherwise.

Assumption 5: ¢, ,, is non-stochastic and bounded with limy o [% Zfil ¢i] = Mg

fim o0 % Zi\il?ﬁ*ﬁk] N { PO , where X4 is an M x M pos-

0 otherwise
itive semi-definite matrix and QZ’ =¢; — Ky

Assumption 6: FE(«a;f;) = 0, E(eyf;) = 0 for all 4, t.

Assumptions 1-3 are standard in the GMM literature. Assumption 2 can be easily
relaxed by allowing e;; ~ M A(k), where k is a small positive integer.? Assumption 3
ensures that sufficiently lagged values of y; ; will be uncorrelated with the first-difference
of €;; and thus they will be available as instruments. Assumption 4 implies that f;
is serially and mutually uncorrelated. Assumption 5 ensures that the coefficients of f;
are bounded, as well as mutually and cross-sectionally uncorrelated. Assumption 6 is a
random coefficients type of assumption and implies that the f; are uncorrelated with «;
and ¢;; for all 7 and ¢.

Note that all the results discussed below extend in an obvious fashion to higher order
autoregressive processes as well as to panel autoregressive distributed lag models. Define
the (T — 1) x M matrix F = [fy, f3,...f7]’, and the N x M matrices ® = [¢;, Py, ...005]',
W = [wy,Wa,..wy]. The initial model given in (1) can be written more compactly as

Y=Y +ta+u u=(POW)F +¢, (2)

where Y = [Y1,...,Yy]', a N x (T — 1) matrix with Y; = (yi2,%i3, - ¥ir), Y_1 =

[Yl,—la ...,YN7_1}, aNx(T — 1) matrix With Yi,—l = (yi,lyyi,Qy --'7yi,T—1)/7 o = [al, a9, ...

with a; = ayip_1 and iz_; being a (T — 1) x 1 column vector of ones and € = [e1, ..., en]’
. /
with g; = (5@2,6@3, --'75i,T) .

2 AR processes can be accomodated by adding further lags of the dependent variable on the right-hand
side of the regression model.



The composite error term, u, has a flexible structure in that it can characterise
various forms of cross-sectional dependence, which includes dependence that is due to
the presence of unobserved common factors, as well as spatial correlations in the error
process, depending on the structure of W. Specifically, the multi-factor structure arises
from (2) by setting W = ipsi),, where iy is a M x 1 column vector of ones. In this
case we have var (u;;) = Z%:l gbf,mafcm + 02 and

M 2

> m=1 Pim @itk mIYf, for t = s,

cov (U ¢, U; = =17 ’ m . 3
(i, Uiris) { 0 otherwise. ®)

The Spatial Error Components (SEC) process® arises from (2) by imposing appro-

priate homogeneity restrictions on ¢, ,,,, and setting M = N, a?m = O‘% vV m, and W
equal to a sparse matrix populated primarily with zeros. For instance, in a circular?
SEC(1) process W is given by

1 1.0 0 0 0 . 0
01100 0 . 0
wowseem | 00D (4)
ooo . . . . . .011
100 . . . .. .00 1]

and @, = Pi(mod N)+1,m(mod N)+1 = ¢ for i = 1,.., N and m = i+ n, where n =
0,1, while n (mod N) is the modulo operator, which is defined as the remainder after
numerical division of n by N to obtain integer values. Thus, for n = 1,....,N — 1,
n (mod N)+1 =n+1,forn = N, N (mod N)+1 =1, and forn > N, n (mod N) = n—N.
In this case we have E (u;;) = 0, var (u;s) = 0 + (¢§ + qb%) O'?c and

(¢1+¢2)0’3c for k =i (mod N)+ 1 and t = s,

cov g ussn) ={ )

otherwise.

The Spatial Moving Average (SMA) process is a restricted case of the SEC form; it
arises by setting fp,; = €;+ when m =14, for m =1, ..., N. The structure of W depends
again on the order of the spatial correlations. For example, the circular SMA (1) process

sets
W = WSMA(I) _ WSEC(I) o IM (6)

In this case we have E (u;;) = 0, var (u;s) = 02 (1 + ¢7) and

¢102 for k =i(mod N)+1andt=s,
cov (Ui, Uiths) :{ 01 ) Otherwise(. )

(7)

#See Kelejian and Robinson (1995).
*See e.g. Baltagi, Bresson and Pirotte (2007).



SMA processes of higher order can be accomodated in a straightforward way. As-
suming invertibility, the Spatial Autoregressive (SAR) form can be obtained using an
infinite SMA representation®.

Hence, spatial dependence can be viewed as a special form of factor structure de-
pendence with, essentially, appropriate zero restrictions on W and homogeneity restric-
tions on ®. Therefore, one may think of the unobserved components, F, in (2) as
shocks, the impact of which is either ‘global’ (factors) or ‘local’ (spatially correlated
components), depending on the structure of W. It follows that mixture cases can
be accomodated in a straightforward way; for example, a K-factor process along with
a spatial first-order moving average process arises from (2) by setting M = N + K,
¢i,m = ¢i(modN)+1,m(m0dM)+1 =¢fori=1,..,Nandm=1+1, fm,t =&t when m = 1,
form=1,..., N, and finally

010 . o1 --- 1
0 01 0 .. o1 --- 1
1 ... 1
W= A R | (8)
0 00011 --- 1
| 1 o001 -~ 1]
We consider estimation of mixture models in Section 6.

3 Moment Conditions in Standard GMM Estimation

Typical GMM estimation of linear dynamic panel data models of the form given in (1)
imposes ¢; ,,, = 0 for all < and m, such that any form of dependence in the error process
across individuals, whether this is spatial or subject to a factor structure, is ruled out®.
Consequently, applying first-differences in (1) yields

Ayiﬂg = )\Ayi,tfl + Aviyt, i1=1,...,Nand t=3,...,T. (9)

Using Assumptions 1-3 the following ¢ = (7" — 1) (T" — 2) /2 moment conditions be-
come available

E(yit—-sAviy) =0; fort =3,...,Tand 2<s<t—1. (10)

On the other hand, in empirical applications it is common practice to generalise the
error structure by allowing for common variations in the dependent variable using a
two-way error components formulation”:

Vit = o; + fr + iy (11)

®In this case, W is not sparse, however its elements will decline with a distance measure that increases
sufficiently rapidly as the sample increases. For instance, Stetzer (1982) models the distance decay by
a negative exponential function, wi . = exp(—0d;m), 0 < § < oo, with d; denoting the distance
between individuals i and m.

8See Section 1 for related references.

"Viz. footnote 5.



The above formulation can be viewed as a degenerate factor structure in which
¢; = ¢ = 1. In this case, the moment conditions given in (10) are not valid anymore
because for fixed T' we have®

E (yig—sAvig {fa}' ) =

a; o o r .
<1 Y + Tz:;))\ €it—s—r T Z A ft_8_7> (Aft + AEi,t) ‘ {fn}—oo

7=0

= b

= Y NfisrAf #0. (12)
=0

Notice that in our large N asymptotics it is the conditional expectation that is
relevant since we are never taking large T averages. Transforming the observations in
terms of deviations from time-specific averages eliminates this problem by removing the
common time effect from the regression error

Vi = Vit — Up = (0 — @) + (ft — fir) + (€t — &) = a; + €44 (13)

Of course, this transformation induces some dependency across individuals and there-
fore the moment conditions on the transformed observations are valid only for large
N, which is what we require. In particular, defining Yo o = Yit—s — Yp—s with
— N ~ ~ ' t—

Uims = N 200 Yit—ss Y5y = Yises = Fy,_,» where fiy, = B (yie—s| {fa}"0), Auy =
Aviy — vy and AvY = A [vis — i, |, where [i,, = E (vi4] {fn}t_oo), we have

VA2 [

;1
= VR e = Ty = (s = By )] A [0 = ) = (5= )
_ \/1N (2, Aut] + 0, (1), (14)

. o~ - - ~ - - N
since A (5~ i) = O (N2), 54— Ti_, = Oy (N2, N2 SN 2 = 0,(1)
and N~1/2 Zfil Avg, = Oy (1). Hence, given that y?, Awvf, are independent across i,

a suitable CLT (Central Limit Theorem) ensures that

1 o o d 1 o o
ﬁ Z [yi,t—sAQi,t} = N (0, var <\/Nyi,t—sAUivt>> . (15)

i=1

8See also Sarafidis and Robertson (2008).



Now define

yi,l 0 0 0 0 0 Ayi,.?)
0 y., y 0 0 0 Av
Zi = 77:71 o2 . ) AQ@ = o s (16)
0 0 0 Yy Yy " Yiro, Avir

and Z = (Z),Z),...,Z)y)". The cross-sectionally demeaned and first-differenced GMM
estimator equals

. 1 - 1711 .
ADIF GMM = [NAY/_IZANZ'AY_J [NAYI_IZANZ/AY} (17)

/ / /
with Ay = (AX,p s AX;V> Ay, = (Agi?g, ...,Ayﬂo , AX7_1 = (AX/L—V ""AX/N,—1)
/

and Ay, | = (Ayi o DAY, T_1> . Ay is some weighting matrix that satisfies

Ay — Ay 20, (18)

where Ay is a non-stochastic sequence of positive definite matrices. Alternative choices
of Ay lead to different GMM estimators, which are all consistent but they differ in
terms of efficiency. The asymptotically efficient DIF GMM estimator sets KNAequal
to the inverse of the covariance matrix of the moment conditions? — that is, A&l =

est.asy.var (\/N %Z’Ag), assuming that this matrix exists and is finite positive defin-

ite. When ¢;; is homoskedastic AX,I can be approximated by

1

A= —7Z'HZ 19
W = LZHZ, (19)
where
H=1Iy®H, (20)
and ~ _
2 -1 0
-1 2 0
H; = (21)
. -1
L0 0 -1 2 |

Therefore, it is clear that the weighting matrix K]_Vl involves the Kronecker product
between two distinct matrices, the former of which reflects cross-sectional dependence in
the error structure (which, for large N, is zero in the present case and hence the use of the
identity matrix) while the latter reflects time series dependence in the error structure,

See Hansen (1982).



and in particular first-order serial correlation, which is induced by first-differencing the
observations. Note that since the individual equations are independent across ¢ for
large N, K&l can also be written as K&l = % >, ZiH,;Z;. Therefore, an equivalent
expression for (17) is given by

o L

~ 1 1

e = | % (Sav ) (FSama) (Sasy, )
=1 % =1

HSov ) (yxama) (Sas)| e
=1 7 =1

When the individual observations are not independent across ¢, (22) is not equivalent to
(17).

The standard first-differenced GMM (DIF GMM) estimator may have poor finite
sample properties in terms of bias and precision when A — 1 or 02 /02 — co. As a
result, Blundell and Bond (1998) developed an approach outlined in Arellano and Bover
(1995), which combines the equations in first-differences with the equations in levels,
using Ay; ;1 as an instrument for the lagged dependent variable, y; ;1

E (Ayit—1vit) =0; for t = 3,4,...,T. (23)

This approach gives rise to a system GMM (SYS GMM) estimator, which is valid
provided that the deviations of the initial observations from the long-run convergent
values are uncorrelated with the individual-specific, time-invariant effects — that is,

E [ai <y1 - 1?&)] = 0. (24)

If common time effects are included in the error process, what is required is that

plimy_. [Jbé [ai (ym _ 1%})“ —o. (25)

Thus, defining

Z, 0 0

Zsys _ 0 Ag@72 0 . SYs __ Ayz

= - . .. . ' [ - Qz Y
0 0 e AQ’L’,T

and Z%° = (27V", 23", ...,Zf\?;s')l, the SYS GMM estimator is given by

- 1 ~ -1711 -
)\SYS GMM = Nys_yf,ZSySAN,SySZSyS/y_yIS:| |:NyS_ylslZsySAN’SySZsyslysys:| (26)



/ /
where y ' = (3 vy oy ) ¥ = (A A g ) Y =
!/ !/
(g oy ) s amd yio, = (Ay o Ay 8y By )
With homoskedastic errors the optimal choice of Ay s is given by 10
~ 1 -1
AN sys = [ZsyS'HsyszsyS] ; (27)
’ N
where H®Y® equals
H D
Hovs — [ } 28
D' Lygs (28)

with Iner—o) =INn®Ir_2 and C = Iy ® D1, where D; takes the value of 1 on the main
diagonal, —1 on the first lower off-diagonal and zero otherwise.

The next section addresses the issue of consistency for the dynamic panel GMM
estimator when the restriction ¢, ,, =0 V i, m is relaxed.

4 The Consistency of the Dynamic Panel GMM Estimator
Under Error Cross-sectional Dependence

Given Assumptions 1-6 and model (2), the structure of W will be critical upon the
asymptotic properties of the GMM estimator. To begin with, we firstly define the
concept of a cross-sectionally weakly correlated process. Let {Uﬁ, 7> 1} be the scalar
sequence vi ¢, Ua¢, U3y, .... Lhere are (1" — 1) such scalar sequences, for t = 2,...,T.

Definition 1 The double-indezed sequence {vi, i > 1, t > 1} is said to be cross-sectionally
weakly correlated if, for each i and j > 0, {0j+, j # i} converges absolutely as N — oo,
that is,
Z loijt] < oo, for all t, (29)
J#
where 0451 =Cov(vi,vj| Tij), and Y;; denotes the conditioning set of all time-invariant
characteristics of individuals © and j. Similarly, the same sequence is said to be cross-
sectionally strongly correlated if it does not converge absolutely, i.e. (29) is violated.

Theorem 2 Let {Uf, 1> 1} be the scalar sequence v14,v24,v3y, ..., and satisfies As-
sumptions 1-6, where v; ; = ai—l—Z%:l Gi mWim fmi+eip. Suppose that (i) wim = O (1)
Y i, m, (ii) R;/N — 1 fori = 1,...,N, where R; is the number of elements in the it"
row of W that are either zero or at most of order N~Y2=" for some n > 0, and (iii)
Cm/N — 1, where Cy, is the number of elements in the m* column of W that are either
zero, or of smaller order than N—Y/2. Then {vf} 18 cross-sectionally weakly correlated.

'0This is for o2 = 0; see Windmeijer (2000) and Kiviet (2007).

10



Proof. See Appendix A. =

Note that Theorem 2 is more general than a uniform boundedness condition for the
row and column sums of W' (typically employed in spatial models), which is stated as
follows!!

N M
Z|wi7m\§Bw<oonand Z|wi7m|§Bw<ooVi,M:N. (30)
i=1 m=1

This is because uniform boundedness satisfies conditions (i)-(iii) of Theorem 2 but not
vice versa. In particular, under Theorem 2 it is possible that |[W||_ = max; SM | |w; |
O (N'/2) and [|[W[|; = max,, SN wim| = 0 (N1/2) — hence, the row/column sums
of W will not necessarily be bounded, even if the error process is weakly correlated.
This situation may arise in a number of empirical applications, where the effect of some
factors depends on the size of N. For example, in the context of price competition
among firms, the impact of a common shock may depend on the number of firms in
the industry; thus, while for fixed N this impact may be non-zero, as N grows large,
higher competition ensures that firms absorb the shock through a decrease in profits, as
opposed to setting higher prices.

In conclusion, a spatially correlated process is cross-sectionally weakly correlated.
On the other hand, the factor structure sets W = ii),, where iy is a M x 1 column
vector of ones, and so it violates conditions (ii) and (iii). Hence it provides an example
of a process that is not weakly correlated. As a matter of fact, under a factor structure
there are M unobserved variables, f;, which are common for all ¢ and therefore their effect
does not diminish no matter how far in the sequence two random variables, v;; and v,
are. As a result, the factor structure dependence is an example of a cross-sectionally
strongly correlated process. The two-way error components model is a degenerate case
of the single-factor structure because it sets ¢, = ¢ for all i. Therefore, it provides
another example of a strongly correlated process, albeit the correlation can be removed
in this case for large N by transforming the data in terms of deviations from time-specific
averages.

Notice that conditions (i)-(iii) of Theorem 2 do not imply that the {vf, i > 1} se-
quence is spatially ergodic because the row sums of W need not necessarily be the same,
in which case the elements of the sequence are not identically distributed. Further-
more, the conditions do not require that the sequence is a mixing process either, in
the sense that the elements of the sequence can be asymptotically uncorrelated but not
asymptotically independent!?.

Remark 3 Pesaran and Tosetti (2007) define the scalar sequence {zf, 1> 1} to be

weakly dependent at any given t if its (weighted) average converges to its expectation
2
(2

in quadratic mean. Specifically, let wffl denote a weight that satisfies ), (w

"See e.g. Kapoor, Kelejian and Prucha (2007, pg. 106) and Lee (2007, pg. 491).
120f course, this requires a strengthening of the moment restrictions — namely, E |u1|2 < By, < o0, as
opposed to — say — F |u;|° < By, < oo for ¢ > 1).

11



1) (N—1/2) and wi™! [ZZ (w?_l)ﬂ_l =0 (N_1/2) for any i < N, and let I;_1 be the

[ i

information set at time t — 1 containing at least 211, 2872, ... and w'™1, w'=2, ..., where
— _ / _ _ _ / . .
zi71 = (zi 1,...,,2}5\, 1) and w1t = ('w'i 1,...,'wfv 1) . Then the sequence {zf, 1> 1} 18

weakly dependent if

lim wvar ( g wf_lzf
N—o00 -

)

1) “o

Under this definition, the following single-factor structure process

it = ¢ ft + €it,
where ¢; is non-stochastic and bounded, and

E(f))=FE(eiy) =0, E(ff) = 0%, E(e},) =07, E (figir) =0, (31)

18 weakly correlated so long as limpy_. % Zfil #; = 0'3. This is not the case, however,
using Definition 1 since it is straightforward to show that Zj# |oijt] s not bounded in
this case. Intuitively, since all individuals are subject to the same shock the sum of the
absolute conditional covariances between individual disturbances grows with N .

The following theorem provides a law of large numbers for weakly correlated se-
quences.

Theorem 4 Let {Uﬁ, 1> 1} = VU1t,V24, V34, ... be a scalar sequence with cross-sectionally

weakly correlated elements, such that E (v;y) =0 and E (v?}t> < B, <oo. Then

N

1

N Z Ui,t —F (Ui,t) £> 0 (32)
=1

Proof. It follows directly from Stout (1974, Corollary 2.4.1) and the Kronecker lemma.
[ ]

Theorem 2 shows that so long as conditions (i)-(iii) are satisfied, v;; is weakly cor-
related, or asymptotically uncorrelated across ¢. In turn, according to Theorem 4, the
latter implies that the first sample centered moment of v;; will converge in probability
to zero. The following corollary provides the additional condition necessary to validate
the moment conditions given in (10) and (23) under weakly correlated errors.

Corollary 5 Let {Ug, > 1} and {u’;, 1> 1} be two scalar sequences, U14,V24, V34, ...
and ui ¢, U2, U3¢, ... respectively, which are cross-sectionally weakly correlated. The
product of these sequences will also be cross-sectionally weakly correlated.

3See Pesaran and Tosetti (2007), Theorem 16, page 15.
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Direct application of Corollary 5 implies that

N N o)
. 1 . 1 Q;
pth—»ooN E (Yi—sAvi) = pth—woN E [(1 _z/\ + E /\Tuz‘,t—s—r> Auiy
i=1 i=1 =0

00 N
. 1
= E OATpthHmN E 1 Uips Aujp=0fort=3.. Tands=2..,T—1, (33)
T= 1=

and

N o0 N
. 1 ) 1
pth_)OON Z (Ayit—1vi4) = Z )\Tpth—moN Z Au;p1-7vi = 0for t = 3,4,...,T,
i=1 7=0 i=1
(34)
under weakly correlated errors. Therefore DIF GMM and SYS GMM are consistent.

Remark 6 Observe that when a weakly correlated process is defined as in Remark 3,
the sample average over i of the product between {vii—s—r, i > 1} and {Av;y, i > 1}
does not necessarily converge to its expectation; for instance, for the single-factor pro-
cess given in (31) and assuming that imy_.c0 + Zf\il ¢; = 0, we have % Zfil Ui p—s —
E(ujt—s) — 0 and %Zf\il Au;y — E(Auiy) — 0. However, the sample average
% Zf\i1 Ui —sAui ¢ converges to Nift—sAfty where Mé :plimNHOO% Zfil (;512, despite the
fact that E (u;—sAu;y) =0 for s =2,...,t — 1.

Since asymptotic uncorrelatedness encompasses spatial dependence, it follows that
DIF GMM and SYS GMM are consistent under spatially correlated errors. On the other
hand, under factor structure dependence the correlation between v;; and wv;j; persists.
Therefore the law of large numbers provided above breaks down and plim N_,oo% Ef\i 1 Yit—sVit F
0, despite the fact that E (y;1—svit) = (I

In conclusion, it has been shown that the dynamic panel GMM estimator does not
require cross-sectionally independent errors for consistency — rather, it suffices that, if
there is such dependence, this is weak (in the way defined above) at any given point
in time. Theorem 2 shows that this holds true under conditions (i)-(iii), which are
more general than uniform boundedness of the row and column sums of W. The factor
structure in the error process violates these conditions and therefore the standard panel
GMM estimator is not consistent in this case.

5 Moment Conditions With Spatial Dependence

Suppose that the errors are spatially correlated. It turns out that not only DIF GMM
and SYS GMM are consistent, but also, there is an additional set of moment conditions

'See also Sarafidis and Robertson (2008).
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that becomes relevant in this case. These moment conditions are non-redundant in the
sense that they increase the asymptotic efficiency of the estimators.!®
In particular, consider the basic model in (1) and let M = N, which yields

Yit = NYit—1 + Vig, Vig = i+ (¢, Ow;) £+ €4, i=1,...,N,and t =2, ..., T, (35)

where ¢; = (¢; 1, .-, qbi’M)/ is the it" row of ® = [¢, ¢g, ..., ¢n] and ® is an N x M [= N]
matrix with ¢; ., = @j(mod N)+1,m(mod N)+1 = ¢y for ¢ = 1,..., N and m = i + 7, where
n=0,1,...N —1. Also, w; = (w;1,...,w; nr)" is the i'" row of W = [w1, wa, ..., wn],
where W is a sparse weighting matrix populated primarily with zeros. Let ;iyt be a
vector that contains the non-zero elements of [(y1,¢, y2+t, ..., ynt) © wg]/ but excludes ;¢
itself, i.e. a vector that contains those elements that are spatially correlated with y;,
depending on the structure of w;. Under Assumptions 1-6, the autoregressive model
(35) implies the following additional ¢ (T'— 1) (T' — 2) /2 moment conditions in the first-
differenced equations

E (}Nri,tfsAuiyt) =0; fort=3,.Tand 2<s<t—1, (36)
and the following ¢ (T' — 2) moment conditions in the equations in levels
E (A;i,t—lui,t) =0; fort=3,...,T, (37)

where ( denotes the number of non-zero elements in w;. Notice that for the moment
conditions in (37) we have not imposed any restrictions on the initial conditions process
generating y;; — other than the usual one provided by Assumption 3 of course. On the
contrary, when Ay; ;1 is used as an instrument for y; ;—1, (24) is required.

Theorem 7 The spatial moment conditions (36) and (37) are non-redundant in the
sense that the GMM estimators that use the enlarged set of moment conditions, (10)
together with (36) and (23) together with (37), have smaller asymptotic variance than
the GMM estimators that use the smaller set, (10) and (23).

Proof. See Appendix B. =
Thus, for example, for an SMA(1) process we have

cov {;i,t—m (Ayiz—1 — ﬂyz‘,t—s)] =
ot (000w @0 w) + (@ ow) )| [5o? (14 (@ 0w (90w

o2
FESYE 02 (L4 (f; O wi) (¢ © wi))
A872

1+ )\Jg [(QSZ/@\;Q), (@, Ow;) + (¢; © Wz):|
# 0. -

"Breusch, Qian, Schmidt and Wyhowski (1999) provide a general treatment of redundancy of moment
conditions.
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In this case we have

E[Av,Av)] = E[(¢(W @1Ir)Aei+Ag;) (0 (W @ Ir) Agi+Ag;)']
= E[[¢(W&Ir)+Inr] AgiAc] [¢ (W @ Ir) + In7]]
= o2[p(W®Ip)+Ing] (In ® H;) [¢ (W @ I7) + In7]
= o2[p(WelIr)(Iy @ Hy) + Iyr Iy @ Hy)] [¢ (W' @ Ir) + In7]
= 029 (W H)¢ (W alr)+ol¢(WeH,)

+o? (Iy @ Hy) ¢ (W' @1r) + 02 (Iy ® Hy)
= oZ[$*WW' +¢(W+W)+1y] ®H; (39)

and therefore [¢2WW' +o(W+W')+1 N] replaces Iy in the expression for the weight-
ing matrix of DIF GMM in (20). A similar point applies to Iy in (28) for SYS GMM.
Of course, in practice ¢ is unknown; one option is to replace ¢ with an arbitrary value
(say ¢ = 0.5) at first stage, and then obtain an estimate of ¢ by solving the following
quadratic equation:

~9 —~
¢y (1) — ¢+ (1) =0 (40)
where 7, (1) = est.corr. (U;, V) and v, is the first-stage residual of unit ¢ for ¢ =

|
2,...,T. (40) has two solutions for each ¢, but given that rt_l (1) = ¢, + ¢ one root is
the reciprocal of the other, which implies that the estimator for ¢ at time ¢ equals

~ 1= y/1—4rf (1)
o= 2rt(1)t

(41)

The other solution can be ruled out since it will have an absolute value greater than
one, which is not possible given the restriction [¢| < 1. A simple average ¢ = + Ls gbt

can then be constructed to provide an estimate of ?qg

6 Consistent GMM Estimation under both Spatial and
Factor Error Structure

The moment conditions analysed in the previous section can be particularly useful in
general error processes that include unobserved common factors and spatial correlations.
This is because while the standard moment conditions in (10) and (23) are invalidated
in this case (see Sarafidis and Robertson, 2008), it turns out that the moment conditions
obtained from those individuals which unit 7 is spatially correlated with, are still valid.®
As an illustration, consider a mixture case for the error term, where there is a spatial
moving average process of first-order along with a K-factor structure. In this case the

' Notice that the use of other instruments with respect to individual 4 will not help either, unless these
instruments are not functions of (lagged values of) y and certain regularity conditions hold true, such as
those in Sarafidis, Yamagata and Robertson (2008).
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basic model can be written in terms of deviations from time-specific averages as follows

yit = )\gi,tfl +Qi,t7

)

K
Vi = G+ Uy, Uy = Z ?i’mfm,t +eir 0254 (42)
where j = i(mod N) + 1 and 6 denotes the SMA(1) coefficient in order to make the
distinction between the factor loadings and the spatial parameter more clear. A similar
error process that is subject to both spatial correlations and common unobserved factors
is studied by Pesaran and Tosetti (2007) for T" large. Notice that it is not important
what the particular form of spatial dependence in €;; is — what is required essentially
is that there is a subset of W that satisfies conditions (ii) and (iii) of Theorem 2, as in
(8).

The following proposition demonstrates an interesting result.

Proposition 8 Under Assumptions 1-6, the panel autoregressive model in (42) can be
estimated consistently using method of moments estimators that rely on the following
moment conditions

Moment Conditions for DIF GMM:

pth_’OON [Z Z Y s Av,,

i=1 t=s+1

=0; fors=2,..,7—1, (43)

and

plimpy_, o N

N T
(T —s) 5
Z Z yj,tsAyi,t1] = -0 ) O¢- (44)

i=1 t=s+1
Moment Conditions for SYS GMM:

N T
pth—>ooN [Z Z Aij t— 1—1 t] =0 (45)

i=1 t=3

and

T—-2
pthHOO ! ZAy]t lyzt 1] :0( )Ug (46)
1=1 t=3

Proof. See Appendix C. m

The above implies that the model given in (42) can be estimated consistently using a
simple IV estimator that employs Y, pasan instrument for Agi . pora first-differenced
GMM estimator that instruments Ayi i1 by Yir s for s = 2,3, ..., and a system GMM
estimator that uses ij ,_, s an instrument for Y,, , in the levels equations. This
is because the correlation between Y; . and Ayl.’ ., (or between Agj’ ., and Yiia in
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levels) is non-zero while the correlation between Y, jand Av;, (and ij’ . qand v,

in levels) remains zero. Therefore, defining Zy;pr = (ZJlV[M,...,Z%M)’ with ZZMM =

(gj’l, Y0 gj’T_2), as well as the following matrices of instruments

Y, 0 0 0 0 0 Av; 5
zi—| e o N N I N
0 0 0 Iiv Yjo Yjr—2 Avir
and
Z 0 0
0 Ay, 0
0 0 . Agj,T
Proposition 8 implies that the following moment estimators are valid.
Sy = (Zuwdy ) (ZhyuA
v = < MM X_1> (ZMM 1)7 (49)
N 1 / N -1, - 1 / AT\
ADIF GMM = Nﬁz_lz <AN> Z'Ay NAz_lz (AN> Z'Ay|, (50)
and
N [ sys [ AT -1 sys! ! 1 sys (AT -1 sys!
Asys amm = vY1Z (AN,sys) Y/ ) NY-1Z (AN,SyS) Y | .
(51)

-1
(AR) is the weighting matrix of the two-step first-differenced GMM estimator,

which can be estimated from
Al =7/ [(A0AT) o H) Z, (52)

where H; has been defined in (21) and Aw is an N X (T' — 2) matrix of residuals, obtained
from a first-step first-differenced GMM estimator. Notice that the least-squares estimate
of AGAD' in (52) is rank deficient because it is an N x N matrix and has rank 7 — 2.
The matrix inside the square brackets of (52) is also rank deficient because it is a square
matrix of order N (T' — 2) and has rank (7" — 2)2 . However, K;rv is a square ¢ x ¢ matrix,

which has rank equal to min (C (T — 2)2). Therefore, provided that we do not use too

many instruments, i.e. ¢ < (T'—2)?, (52) will be of full rank and the weighting matrix
will exist.
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~ -1
(A}r\, sy S) is the weighting matrix of the two-step system GMM estimator, which
can be estimated from R R
Al =27 (Q)zv, (53)
with Q being equal to
~ (A’?)A@') ® (H;) 0 }
= - PN . 54
Q [ 0 (0%") @ (Ir—2) (54)

7 Properties of GMM Estimators

To investigate the properties of these moment estimators we follow the approach by
Blundell and Bond (1998) and we consider the case where 7' = 3, for which there is only
a single instrument available for the endogenous regressor, both in the first-differenced
equations and those in levels. In this way, DIF GMM and SYS GMM reduce to simple
instrumental variable estimators and the corresponding first-stage regressions may help
to analyse the ‘strength’ of the instruments used as a function of the parameters of
interest in more general cases.

7.1 Equations in First-Differences

For the equations in first-differences, the first-stage regression is given by

Ay,

_ d .
Yo =T Y5, T Wi (55)

where w; is an error term. The least-squares estimator for 7¢, which reflects the strength
of the relation between the instrument and the endogenous regressor, is equal to

N
~d Zi:l ngAgi,Q 56
=1 QJJ

Using Assumptions 1-6 in model (42) it is straightforward to show that the plim of
~d
7 equals

plimy . (7)

. N .
()‘ - 1) pth—wo% Zi:l yj’lym + pth—N)O% Zgj,l (yi,2 - Aﬂz’,l)

: 1 N 9
pth—»OO N Zi:l ng

o? o2 o2 !
= DU [(1 BV mych R Ohl w;z¢w1]

= (A-D¢ [03/0? + (1+ 92) k4 (1- )\2) K [wW) (Ed,/ag)wl]] ’ (57)
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where k = ijr—f\‘ and wi =Y o0 A°f_g.

Thus, we can see that for fixed T’ the plim of 7¢ depends on various parameters,
namely A, 60, or , 2 and O‘ For example, as A — 1 the plim of the estimator converges
to zero, Wthh 1mphes that the correlation between Yir o and Ay becomes weak.
The intuition behind thls is 1llustrated in the following figure, Wh1ch shows two cases of

A when the values of 02 , g, 02 and 6 are held fixed:

Case 1. A+ 1 Case 2 A — 1
"Ii"‘yiz—l S ‘ﬁ}’jr—l ﬁ")”z‘:—l‘_ ﬁ")”ﬁ—l

T R e Yi-z —— Y2

Weak instruments with cross section
dependence.

When A - 1, Y is correlated with Ay, and since Cov (gj X Agi’g)) =0 Y, is a

valid instrument. Note that the use of Y, , as an instrument is not valid here because

X4 # 0 and therefore Cov (y 1 Av; 3> # 0. On the other hand, as A — 1 the correlation
between Y, and Ay 2 becomes weak; this is because the link between Ay . 2 and Ay. i2
is not effectlve anymore since Y, is poorly correlated with Ay 2 while the link between
y., and Yiq does not help elther because Yiq is poorly correlated with Ay 2

)

When there is no variation in the factor loadmgs across i, X4 = 0 and the plim of 74
remains non-zero but of course in this case Yiq is also valid as instrument. On the other

hand, for a glven non-zero value of 6 and |)\| < 1 the plim of the estimator converges to
zero as either ( os/ UE) — 00 Or (2¢ / O'E) — 00. The former result is similar to Blundell
and Bond (1998). Interestingly, the same appears to apply for the ratio between X%
and o2. Intuitively, this is because the contribution of the spatial component of the
error process in Av; 5 (and thereby the correlation between Ay;z and y;1) diminishes
with high values of ¥, and increases with high values of o2.

7.2 Equations in Levels
For the equations in levels the first-stage regression is given by
_ 1 !
Yy =T ij,z + w; (58)
and the least squares estimator of 7! equals
N
%l . Zi:l Agjggm

Zf\il (ij,z) i
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Using Assumptions 1-4, it is straightforward to show that the plim of 7! equals

plimy_, oo (%l>

. 1 N : 1 N . 1 N
pthHOOW Zi:l szgi,g - )‘pthﬂoo N Zi:l ijyM - pthﬂoo N Zizl ngQi,?

2
plimy_ o~ Zf\il (ijz)
0
) 2 (60)
2(14+6) + (14 1) [Aw; (S/0?) Aw,]

where Awy = Y 22 AN"Af, .. Here we can see that as A — 1 the above expression
converges to

plim (%\d> = 1 4
N=eo 2 (14 ¢?) + Awh (Z4/02) Awy

and so Ay remains informative as an instrument for y. 2 provided of course that 6 # 0.

(61)

In addltlon when 34 = 0 the random element in (61) disappears and the expression
becomes equal to a constant number — specifically, plimy_, ( ) =0/ [ ( + 92)].

Similarly to (57), the plim of 7' converges to zero as (£4/0%) — oo for the same reason
that has been discussed previously — that is, because the contribution of the spatial
component of the error process in v;3 diminishes.

8 Small Sample Properties of Moment Estimators

This section investigates the finite-sample performance of the various estimators pro-
posed in this paper using simulated data. The main focus of the analysis lies on the
impact of the relative importance of the unobserved factors in the total error process for
different values of N, T and .

8.1 Monte Carlo Design
The underlying data generating process is given by

Yit = NYit—1 + o + U,
g = ¢;ft e+ 95jt7 1=1,2,...,N;t = —48,—-47,...,T. (62)

where a; ~ iidN (0,02), 4 ~ iidN (0,02), f; ~ iidN (o,afc) and j = i (mod N).
Also, the factor loadings are drawn from

¢; ~ iidU [—0.25,0.25] (63)

The performance of GMM estimation depends crucially upon the ratio of the two
variance components, a; and w;;, on var(y;) as shown in (57). This implies that as the
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value of A increases, or the amount of cross-sectional dependence decreases, the impact
of a; on var (y;) will tend to become larger and thereby comparisons across experiments
with different levels of cross-sectional dependence will not be valid. To control this ratio
we use the following simple result

2

_ Qs S _ o oy A
var (yir) = var 1_/\+ SE:O Uit—s | | = (1_/\)2—1—1_)\2 (64)

and we set 02 = [(1 —A) /(1 4+ N)] o2 with o = 117,

In addition to 02 /o2, the performance of the estimators will depend on the proportion
of o2 attributed to the factor structure in u;; — hereafter this proportion is denoted by
C@), d=1,...,4. Therefore, noticing that

UZ = (u¢)2 0? + Uid?c + Ug (1 + 92) (65)

and normalising afc = 1, we can produce the following result

o2 — (1 B g(d)) (M¢)2 + 035 (66)
: §op  (1+67)

Since the values of (u¢)2 and 03) are determined solely by (63) and so they are fixed,
normalising § = 0.5 implies that o2 will change only according to (- As this ratio
increases, the impact of the factor structure in the error process will rise. We choose
the following values for {4

Low impact of factor structure on w;: £ 1) = 1/3
Medium impact of factor structure on w;: £ =1/2
Medium-to-high impact of factor structure on w;: §(3) = 2 /3
High impact of factor structure on w;: =3 /4

We consider N = 400, 800 and T" = 6, 10, since our focus is T fixed, N — oco. A
alternates between 0.5, 0.7 and 0.9. The initial value of y;; has been set equal to zero
but the first 50 observations have been discarded before choosing the sample, so as to
ensure that the initial zero values do not have an impact on the results. All experiments
are based on 2,000 replications.

8.2 Results

Since the IV estimator has no finite moments, Tables A1-A2 in the appendix report me-
dian bias and median square error for all estimators. F'FE is the fixed effects estimator,
1V is the simple instrumental variables estimator that uses y;;—2 as a single instrument

"See Kiviet (1995) and Bun and Kiviet (2006).
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for Ay;;—1 and DIF and SYS denote the first-differenced and system GMM estimat-
ors respectively'®. The superscript “*’ indicates that the corresponding estimator uses
instrument(s) with respect to another cross-sectional, unit j.

As expected, the performance of all estimators depends on §(ay, the value of A and
the size of T' and N. Specifically, as the value of £ increases for a given value of A\, T’
and N, the estimators suffer a rise in bias and in RMSE. This is natural because as the
relative impact of the factor structure in the total error process increases, the invalidity
of the instruments used with respect to unit 7 itself (such as in IV, DIF and SYS) is
magnified. For the estimators that make use of instruments with respect to unit j, the
rise in bias and RMSE is also intuitive because as £ increases, the contribution of the
spatial component in the error process — and thereby the correlation between Agy;
and y;;—2 — diminishes.

Having said that, two things are clear from these results; first, IV*, DIF* and SY S*
outperform IV, DIF and SY S respectively under all circumstances. Second, the relative
performance of IV* DIF* and SY S* improves with larger values of £&.  This is also
intuitive — ultimately, as & — 0 the factor structure in the error process diminishes and
the asymptotic bias of IV, DIF and SYS approaches zero. Notice also that in terms
of RMSE, SYS* performs better than DIF*, which performs better than IV*, with the
relative difference in performance being increased according to the value of A. As T
rises, the performance of the estimators improves without exception.

Finally, it is important to emphasise that as the size of IV increases, the bias and
RMSE of IV*, DIF* and SY S* decreases considerably. This is not the case for the
conventional estimators, IV, DIF and SY S, the performance of which — if anything —
deteriorates with larger values of N.

9 Concluding Remarks

Error cross-sectional dependence is an increasingly popular research topic in the analysis
of panel data. Despite this fact, the issue has not attracted much attention in GMM
estimation of short dynamic panels, where it is commonly assumed that the regression
errors are independent across cross-sectional individuals. This paper has shown that, in
fact, independence or uncorrelatedness is not necessary for GMM consistency or asymp-
totic efficiency — rather, it is sufficient that, if there is such correlation in the errors,
this is weak in the sense that the sequence of the covariances of the disturbances across
individuals ¢ and j at time ¢, given the conditioning set of all time-invariant character-
istics of individuals ¢ and j, converges absolutely as N — oo. If this condition is not
satisfied, the errors are said to be strongly correlated. Spatial dependence presents an
example of cross-sectionally weakly correlated errors while the factor structure depend-
ence provides an example of cross-sectionally strongly correlated errors. As a result,
the standard dynamic panel GMM estimators that exist in the literature remain con-

I8DIF and SYS are estimated in two steps and they use yi;_2 and yi—3 as instruments for Ay_1
in the first-differenced equations. Furthermore, SYS GMM uses the optimal weighting matrix (when
o2 = 0), as derived in Windmeijer (2000).
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sistent under spatially correlated errors but not so under a factor structure. When the
errors are cross-sectionally weakly correlated there are additional moment conditions
that arise — in particular, instruments with respect to the individual(s) which unit ¢ is
correlated with. We demonstrate that these moment conditions are particularly useful
when the errors are subject to both weak and strong correlations, in which case the
standard instruments are invalid. The properties of the resulting GMM estimators have
been analysed under different circumstances. Simulated experiments have shown that
these estimators outperform the conventional ones, in terms of both median bias and
root median square error. This result is magnified as the impact of the factor structure
in the total error process increases. In addition, larger values of N are accompanied
by a considerable decrease in bias and RMSE for the estimators put forward in this
paper. This is not the case with the conventional estimators, the performance of which
is naturally not affected by the size of N.
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Appendices

A  Proof of Theorem 2

The error process is given by v;+ = a; + fo:l qbi,mwi,mfm,t + €i+. We maintain Assumptions 1-6
throughout and we also require that E (a;aiy) = 0 for all £ # 0. Notice that we do not wish to restrict
M to be finite necessarily because spatial dependence processes arise from the above error structure by
letting M grow with V. First, for v; + to have finite variance we must have the following conditions hold
true: (1) wi,m = O (1) V4, m and (ii) R;/N — 1 for i = 1,..., N, where R; is the number of elements in
the " row of W that are either zero, or at most of order N~Y2=7 _ an individual element is denoted
as wi,m = O (N_I/Q_”) for some n > 0. Of course if M = O (1), condition (i) is sufficient to ensure

finite variance. If M grows with N, (ii) implies that |[W||_ = max; >M_, |wim| = O (N1/2) but not
vice versa.
Now, the correlation coefficient between v;; and v; ¢ is given by

COU (’Ui,t, Vjt Tij) _ E (’Ui,tvj,trrij)
Var (vid| i) Var (vie) Y]V [E (02,755) E (02,]735)]7*

M 2
D me1 Pim @ m Wi, m Wi m 5, .

172"
2 M 2 2 2 2 2 M 2 2 42 2
|:(o-(¥ + Zm:l (bi,mwi,'mo-fm +oz oa+ Zm:l ()bj,mwj,'mo-fm +oz

Oijt =

The condition }7._; [0ij¢| < oo, is automatically satisfied when the number of non-zero values in

the m'™ column of W is bounded, for all m. On the other hand, if this is not the case what we
require is that Cp/N — 1 for m = 1,..., M, where C, is the number of elements in the mt" column

of W that are either zero, or of smaller order than N_1/27 denoted as wim = o (N_l/Z). This
means that |[W]||, = max,, Zf\;l |wi,m| = o (Nl/z) but not vice versa. Furthermore, it implies that
Wi mWj,m = o (N7") for m = 1,...,M. As a result, we have Dt M |¢i7m¢j7mwi,mwj,m| o =
Op (1) and }; >M |¢§7mwf7m‘ 0%, =0, (1) V k. Since both ¢ and o2 are bounded, it follows that
2 loige] < oo

B Proof of Theorem 7

In the context of a linear regression model a set of moment conditions, Z2, is redundant given another
set of moment conditions, Zi, if the (net of Z1) covariance between Z» and the set of instrumented
regressors is zero (see Breusch, Qian, Schmidt and Wyhowski (1999)). In our set up, this traslates

. ~ ~ ~ CAY b 1Yit—s
to showing that cov [yi,t—s» (Ayip—1 — lei,t—s)] = cov [yi,t—s7 <Ayi,t—1 - %yi,t—s>:| #0
v i t—s

and cov [A% 1> Wit—1 — %szi,t_ﬂ] = cov [AF, 11 (yoor — 2BV Ay )| £ 0, where
’ ’ Zi(Ayi,t—l)

71 denotes the least squares coefficient in the regression of Ay; ¢—1 on y;:—s and T2 denotes the least
squares coefficient in the regression of y;,r—1 on Ay;—1.
Initially, notice that

—~

}N’i,t = >\3~’i,t71 +ou+ (¢; © Wi)/ft + gi,tv

where (¢, ® w;)’ denotes the matrix that contains the non-zero rows of (& ® W) ® (w;ify) excluding
the i*" row itself, &i denotes the vector that contains the non-zero elements of [(al, Qag, ..., aN)' ® wiy

excluding «; itself, and similarly for gi,t.
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For the spatial moment conditions in the first-differenced equations, we have

<1al)\ i 4)/;)\7—&7577— +7Z;)ATgi7t5T>
' <(qbZ © Wi)l Z A Z /\TAEi,t—l—'r)}

=0 =0

= (d)j—@\;,l),E |:Z ATft—S—T ZATAftlflf‘r

7=0 7=0
oo oo
T T /
Z)\ Ei,tfszZA Aft—l—r
T=0 7=0

For a SEC process, (67) becomes equal to

E [;i,tfsAyi,tfl} =F

(¢, ©wi) + ¢®Wz |:Z>\ fis— TZ)\ Agii1- r]

Z)\Tgi,tfsf'r Z)\TAEi,tlT:| . (67)

7=0 =0

+E (¢, Owi) + E

s—2

~ A -
B [§i0oBuiim] = =503 (6, 0 wi) (¢ 0 w). (65)

For a SMA process, (67) becomes equal to

E [yi,z—sAyz‘,zﬂ] =

= (¢ ow) {Z)\ Sts- TZA Agi 1| (g OwWi) +E ZA it TZA Ak 1| (4 0w
=0 =0 T=0 7=0
s—2
- T1F e |:(¢ Owi) (¢; ©wi) + (9, @wi):| . (69)

In addition, the covariance between }Nli’t_s and y;,+—s equals

¥ ii-s| = E (15‘ +(¢fc§v/vi)'§xftST+2A75MM>
. (10‘ + (¢, O wi)' iATft_S_T + ixei,t_s_fﬂ
= (¢ 0w) {ZA fiosm TZAT& e
ZAT&,FHZW{_S_T
= =

For a SEC process, (70) becomes equal to

¢ QW'L) ¢®W1

ZA ft s— TZ)\ Ezt s— 7—:|
Z )\Tgi,tfsff Z )\TEi,tsT:| . (70)
7=0 7=0

+E (¢, 0w;) + E

B[Foitiims] = T 50H 0 0 w) (6, 0wa). ()
For a SMA process, (70) becomes equal to
E [;i,tfsyi,tfs} =
= ¢ owi) {Z)\ E1ose TZ/\Tst or| (@, OW) + E Z)\ Eit s TZ,\TQ sr | (b, © W)

1 s
et [@owy (¢i®wi>+(¢i@wi>]. (72)
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Furthermore, we have

E [yi,t—sAyit—1] = FE

<1a ),;)\Tftfsfr +7Z;)AT€i7tST>
: <(¢1 ow;) Z ANAf 1+ Z /\TAei,t_1—7—>]

T=0 T7=0

- (¢ @Wz Z)\Tft s— TZ)\TAft 1—r (¢ @Wl) (f)(DWZ Z}\Tft s— TZA Aé‘;t 1— 7:|
7=0 7=0
+E ZATEi,tfszZ)\TAftl—l—T (¢Z®wz)+E Z/\Tai,tsTZ)\TAEi,tl‘r] (73)
7=0 =0 7=0 =0

Hence (73) becomes
)\572 5 ,
Eyit—sAyi—1] = 10t (P OwWi) (¢p; ©wWi), (74)

for a SEC process, and

E [yi,t—sAyit—1] =

(¢ © wi)' ZA et”ZA Aei_i_.| (¢, ©@wi) + E ZMHMZ* Aslt”]
)\9 2
= 1+)\ [1+(¢ ®Wz) (¢i®wi)}7 (75)

for a SMA process.
Last,

oo =) 2
E I:yit_s] =F |:<1 a_z)\ + (¢z ®© Wi), Z /\Tftfsf‘r + Z )\TEi,tsT) :|

=0 =0
B (1 A)Q + = XQ o (¢, O wi) (¢; ©wi) + ﬁa? for a SEC process, and (76)
e A)Z + 2= o [1+ (¢; © wi) (¢p; © wi)] for a SMA process.

Combining (67), (67), (73) and (76) we obtain the following expressions for a SEC and a SMA
process, respectively

~ N ~ CAYi 1Y s
cov [Yi,tfsv (Ayit—1 — lei,t—s)] = cov |:yi,t—sv <Ayi,t—1 - Zly'—zytyi,t—e
Z‘ yi t—s

cov (}N’i,t—y yz‘,tfs) cov (AYi,e—1, Yi,t—s)
var (y2,_,)

= cov (}N’i,t—s:Ayi,t—l) -

__ .
-2 ,, [ﬁaf’(ﬁbz © Wi)/ (¢; © W%)} [)iﬁaff (¢; © Wi), (¢; © WZ)}
= 05 Owi) (¢ Owi) + —

LA G55 + w0t (6 0 W) (& © wi) + 5z o

0)
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and

cov |:§;i,t737 (Ayi—1— 7?1yi,t_s)} =

2ot (@ 0w 60w+ (00w )| [A5ie? (14 0,0 w (6,0 w)

Gt ot (L (6 0 we)' (6 0 wi))
s—2 e~
— 1/\+ }\O'g [(QSZ © Wi)l (P, OwWi) + (¢, © wz)]

£ 0.

For the spatial moment conditions in the equations in levels, we have

E [Ayi,t—lyi,t—l] =FE |:<(¢1/—(5:V1)l Z )\TAft—l—q— + Z )\TAgiyt_l_T)

7=0 =0
o R >
. <1_)\ +(¢z®Wz) TZ:O)\ ft_l_T—‘,—TZ:O)\ gi,t—1—7->

= (¢ow)E

i N Af__, i AT,

(¢z QWZ) d) ®Wz

+E

(78)

Z)\TAft 1— TZ)\ Eit—1— ‘r:|

ZA Ae””ZATft 1| (i OwW)+ B ZA A ITZAEM - (79)
7=0 T=0 T=0
For a SEC process, (85) becomes equal to
~ 1 -
B (A1 1yi] = 150t (@ 0 w) (6, 0 w). (80)
For an SMA process (85) equals
B (A5, avia] = (6, 0 wi) ZA Aerir S Neto | (6, Owi)+
7=0
g O wi)' ZA Aei—1— TZA Eit-1-r| +E ZA AGir 17y Neii .| (¢, 0w)
T7=0
1 —
e ( @w)(@@ww@@w)} (s1)
In addition, the covariance between A}Nr“fl and Ay; -1 equals
E [A%,t_lAyi,tA] =F |:<(¢1 ow;) Z ATAf - + Z ATAEi,tlT)
=0 =0
: <(¢>1 O] Wi)l Z ANAf 1+ Z ATAEi,t—l—-r)
= (p;0w)'E {Z NAf1r Y NAF | (¢ 0wi) + (¢, Owi) E ZATAft_l_TZATAei,t_l_T]
7=0 7=0 7=0 7=0
+E Z NAEi 1+ Z NAf | (¢ 0w)+ E Z NAEit 1+ Z )\TAEi,tl-r:| . (82)
=0 =0 =0 =0

For a SEC process, (82) becomes equal to

—_~

~ 2
E [Ayi,tflAyivtfl] =71 T /\U?”(ﬁbi © Wi), (¢, OwWy).
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For a SMA process, (82) becomes equal to

E [Agi,tflAyi,tfl] =

= (S OW)E|Y NAeia 7Y NAel .| ($0w:)+E (Y VA1 D NAei 1| (¢ ©wi)
=0 =0 =0 =0
) il
= et @ewy @ ow) + @ ow). (34)

Furthermore, we have

E[Ayi-1yiz—1] = E |:<(¢1 ow;) Z N Af 1 + Z )\TAgi,t—l—T>

7=0 =0
<1 (¢ ®wz Z())\Tft 1— T+Z>\ Ezt 1— T>
- (¢ @W'L Z)\ Aft 1— TZ)\Tft 1—7 (d) @Wz) ¢ @W’L ZA Aft 1— TZ)\ Eit—1— ‘r:|
=0 =0
¢®Wz ZA ftl‘r‘z)\ Asztl‘r +E ZA AE’LtlTZ)\ 5zt1‘r:|~ (85)
For a SEC process, (85) becomes equal to
1
E[Ayiiayii] = ——07 (¢; Owi)' (¢; @ W) (86)
1+ A
For an SMA process, (85) becomes equal to
E[Ayit—1Yit—1] =
- ¢ @W'L |:Z)\ AEt 1— TZ)\TEt 1—7 ¢®Wz)+E ZATAE'L,tITZ)\TEi,tlT]
T=0 7=0
= 1o L+ (@iow) (¢ 0wt (87)

Last,

E [(Ayi,tfl)ﬂ =F

7=0 7=0

oo oo 2
<(¢Z © Wi)l Z ATAf 17 + Z )\TAEz‘,t17> :|

4 (88)

Ty o [1+(¢; ©wi) (¢; ©wy)] for a SMA process.

Combining (79), (82), (85) and (88) we obtain the following expressions for a SEC and a SMA
process, respectively

~ ~ _ ~ Z Yit— lAyz t—1
cov [Ayi,t_p (yi,e—1 — 7T2Ayz,t—1)] = cov {Ayi,t_l, <yz,t—1 - mAyz t—1
cov (A}N’i,t—lv Ayi,t—l) cov (AYie—1,Yi,t—1)
var (Ayf’t_l)
L 3@ ow) (60w [t (6.0 w) (6, 0w)

= o3 (B, O W) (6, © i) — - £80)
LA o2 (G ow) (¢ O w,) + 1202

_ { 1+)\orf(q,’Ji O wi) (¢p; ®w;) + 155502 for a SEC process, and

= cov (As;i,tfhyi,tfl) -
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and
cov [AF, 11y (i1 — FoAyieo)| =
{liA ((cb Owi) (¢; @ wi) + (¢; @ m))] [lﬁ (14 (¢, © wi) (¢; © wi)] az]
s L+ (@, 0w) (¢, 0 wi)| o
: i L [(@A@:w)’ (¢ ©wi) + (¢, © Wi)]

£ 0. (90)

+

C Proof of Proposition 8

Define Qi’ =¢; — py and of = a; — p, = ;.  Under Assumptions 1-4 and we have E [cf)‘_’of-’] =
QfE (af) = 0 since ¢; is non-stochastic. Furthemore, Var [7:,@19} =F [Q:Q?Qz?iﬂ ¢ ¢o/ 2 and
Cov [7?&?,7;Q;] = Q:Q;”E [gé’g}’] =0 for 7 # j. Hence, from a Weak Law of Large Numbers we have

1 Q[0 o] »
¥ 2 [#al] 20

Furthermore, following an approach similar to (14) we have

i
\FNZ ng*(afua)\/ﬁlZQ‘-’*(E*%)legﬁJﬂ/ﬁlZ(@*%)(@*MQ)
VN Yo @al 4o, (1) (91)

where the last line follows from the fact that (¢ —p,) = Op (N71/2), (@—p,) = Op (N71/2>,
N~1/2 Zfil ¢? = Op(1) and N2 Zf\il al = Op(1). In the same way we have E [7;’§Zt] =
GE (1)) = 0, Var [97er,| = #7702 and Cov [¢0e0, %7, = ¢707' B [e0,.25.] = 0 for i # j
and V ¢, s. As a result, & >~ [q{) [ t] £ 0and VNE NV [gb g; t] =VNL Zi_lgjgzt +o0p(1).

In addition, & ~ [age?,] 20 and VN Zl 1| = VN Z 1 97g7, +0p(1). With these
results in mind, the moment conditions given in (43) are equal to

L [X
pthH‘X’N |:Z Z yj,t—sAUiat:| =

i=1 t=s+1
T N oo oo oo
S ORI oll (RS ML TS DAY,
t=s+1 i=1 =0 =0 =0
. (Q;Aft +Ag; , + HAgjyt)] =0; fors=2,..,.T—1, (92)
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since plimNHw% Zil [QZQ;} =0 and
N T
pthHOON |:Z _Z . Ht 1:| =
T [e%S) e} e}
= > plimNHoo% Z Kl%)‘ +Q; Z Nfsor + Z Nejyurt0 )\Taj’,t—s—7>
i=1 =0 =0 =0

t=s+1

T —
-(11 —|—¢> Z)‘ Afy_1- T+Z/\ AP T—|—OZ>\ Agj 1 T)] :—6(1+;)03.(93)

7=0 T7=0

For SYS GMM we have

1 N T
pth—»ooN I:ZZ 7]775 1—7, t:| =

T N
= ZplimNﬁmlqu) Z)\ Af,_ T+ZA*A5N - T+0Z,\ Agjry_q_ )
t=3 =1
(o + @l i 02, ) | =0 (94)

and

M=
M~
>

yj,tlyi,t1:| -
i=1 t=3

T N o
= Zplim%m%z K¢ ZA Af T+ZA Agjy g +0> NAgj, )
t=3 =0
. <¢: Z ATft—l—T + Z /\Téi,t,l,T + ez )\ng,t17—>:| — 6(71—‘_;?\) O’? 75 0 (95)
7=0 =0 7=0
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SIMULATION RESULTS

Table 1. Monte Carlo results, A (RMSE)
N =400 ] A=05 A=07 A=09
FE IV Iv* DIF DIF* SYS SYS*| FE IV Iv* DIF DIF* SYS SYS*| FE IV Iv* DIF DIF* SYS SYS*
z=1/3, T=6]|.161 1.09 .507 .416 .501 .476 .490 | .296 .721 .713 .561 .683 .661 .684 | .424 7.88 1.01 .560 .788 .844 .876
(.364) (25.6) (.175) (.226) (.190) (.159) (.109)|(.426) (1.14) (.222) (.309) (.219) (.164) (.112)(.495) (307) (2.92) (.557) (.348) (.165) (.112)

z=1/2,T=6|.1563 497 512 .344 .491 457 .487 | .285 .588 .697 .453 .659 .635 .679 | .409 1.20 .058 .430 .726 .821 .869
(.397) (2.33) (.300) (.339) (.218) (.219) (.125)|(.458) (8.94) (.971) (.450) (.257) (.223) (.129)|(.528) (14.9) (3.47) (.693) (.422) (.216) (.127)
2=12/3, T=6|.140 .483 .570 .258 .467 .436 .481 | .269 7.43 .739 .342 616 .611 .669 |.389 .134 .736 .351 .649 .797 .858
(.442) (3.34) (2.22) (.453) (.251) (.276) (.151)|(.504) (261) (2.00) (.574) (.310) (.277) (.155)|(.575) (21.0) (7.59) (.757) (.487) (.262) (.152)
2=3/4,T=6|.132 .565 .574 .212 .404 .423 .475 | .258 -3.80 .511 .293 .578 .599 .661 | .375 .612 .591 .312 .598 .788 .850
(.470) (1.84) (1.77) (.507) (.276) (.304) (.171)|(.533) (215) (15.3) (.621) (.348) (.303) (.175)|(.606) (6.57) (5.42) (.785) (.526) (.283) (.171)
z=1/3, T=10| .312 .506 .498 .439 .503 .484 .491 | 471 .707 .699 .609 .696 .672 .688 | .622 .915 .903 .697 .850 .856 .882
(.213) (.207) (.113) (.145) (.107) (.115) (.072)|(.247) (.250) (.129) (.176) (.113) (.115) (.072)|(.293) (2.55) (.210) (.320) (.162) (.113) (.070)
z=1/2, T=10| .303 .518 .501 .385 .404 .472 .489 | 459 .723 .701 .531 .680 .653 .694 | .608 1.23 .913 .591 .814 .835 .878
(.244) (.313) (.160) (.224) (.118) (.165) (.083)|(.276) (.663) (.191) (.279) (.130) (.166) (.083)|(.318) (15.2) (.457) (.429) (.207) (.153) (.081)
2=12/3, T=10| .291 .533 .534 .320 .477 .457 .485 | .443 718 .705 .447 .652 .634 .678 | .589 .570 .935 .515 .759 .816 .870
(.283) (.560) (.524) (.306) (.134) (.212) (.102)|(.315) (1.29) (2.89) (.374) (.158) (.206) (.102)|(.355) (16.4) (13.7) (.501) (.267) (.191) (.097)
z=3/4, T=10| .283 832 .497 .287 .464 .449 481 | 433 773 560 .409 .631 .625 .673 | .576 .970 1.13 .489 .719 .808 .863
(.307) (10.4) (1.58) (.345) (.146) (.235) (.118)|(.340) (1.43) (4.23) (.414) (.179) (.228) (.118)|(.379) (13.8) (15.1) (.527) (.305) (.208) (.110)

Notes: F'E is the fixed effects estimator, IV is the Anderson-Hsiao estimator and DIF and SY S are the first-differenced and system GMM
estimators, proposed by Arellano and Bond (1991) and Blundell and Bond (1998) respectively. DIF and SY S are estimated in two steps and
they use y;t—2 and y;t—3 as instruments for Ay;;—1 in the first-differenced equations. Furthermore, SY S uses the optimal weighting matrix (when
o2 = 0), as derived in Windmeijer (2000). The superscript *’ indicates that the corresponding estimator uses instrument(s) with respect to
another cross section. The data generating process is given by it = Aysr—1 + o+ @, fe +eie +0ej:, 1 = 1,2, ..., N5t = —48, —47, ..., T with y;,—49 = 0
and the initial 50 observations being discarded. «; ~ iidN (07 oi) , €it ~ 1tdN (O, og), ft ~ iidN (O,Uff and ¢, ~ #idU [—0.25, 0.25]. o2 is chosen
to ensure that the impact of the two variance components, a; and wus¢, on var (y¢) is held constant. oy is normalised to the value of (1) and a? is
set according to (66), such that it changes according to the proportion of o2 attributed to the factor structure. A alternates between 0.5, 0.7 and
0.9. All experiments are based on 2,000 replications.



Ve

Table 2. Monte Carlo results, A (RMSE)
N =2800 ] A=05 A=07 A =09

FE Iv. Iv* DIF DIF* SYS SYS*| FE IV Iv* DIF DIF* SYS SYS*| FE IV Iv* DIF DIF* SYS SYS*
z=1/3, T=6].162 .534 .501 .427 .508 .478 .496 | .295 .750 .703 .569 .701 .663 .693 | .424 968 .885 .548 .867 .846 .888
(.365) (.402) (.120) (.231) (.144) (.159) (.076)|(.427) (.795) (.146) (.312) (.164) (.162) (.080)|(.495) (6.07) (1.94) (.569) (.250) (.163) (.085)
z=1/2, T=61.153 .563 .517 .355 .506 .459 .495 | .283 .011 .720 .452 .693 .637 .690 | .409 .185 .937 407 .823 .828 .883
(.401) (.717) (.164) (.353) (.162) (.226) (.088)|(.462) (21.2) (.204) (.474) (.187) (.228) (.093)|(.527) (37.8) (.527) (.717) (.303) (.217) (.098)
z=2/3, T=6]|.140 .116 .520 .266 .499 440 .492 | .266 .323 .709 .335 .674 .612 .684 | .388 .656 .786 .322 .768 .801 .875
(.450) (20.1) (.498) (.472) (.190) (.201) (.108)|(.512) (18.9) (.709) (.584) (.232) (.292) (.114)|(.578) (6.69) (2.90) (.788) (.375) (.276) (.120)
z=3/4, T=6|.131 .555 .546 .219 .489 .430 488 | .254 575 .771 .281 .653 .600 .679 | .374 1.16 .953 .296 .716 .792 .867
(.481) (6.64) (1.55) (.523) (.211) (.323) (.124)|(.544) (7.53) (4.23) (.638) (.263) (.323) (.131)|(.611) (13.0) (4.51) (.810) (.430) (.293) (.138)
z=1/3, T=10| .313 .505 .501 .442 .505 .486 .499 | 468 .741 .706 .614 .700 .674 .697 | .618 1.05 .898 .693 .885 .851 .897
(:216) (.199) (.089) (.148) (.067) (.119) (.054)|(.252) (.531) (.094) (.179) (.076) (.119) (.047)|(.299) (2.91) (.137) (.326) (.109) (.117) (.049)
z=1/2,T=10] .305 .532 .501 .391 .501 .474 498 | 455 .719 .714 .534 .699 .654 .698 | .601 1.03 .921 .582 .880 .837 .891
(:249) (.472) (.123) (.229) (.078) (.169) (.056)|(.279) (.610) (.153) (.281) (.072) (.169) (.057)|(.323) (12.1) (.236) (.436) (.154) (.159) (.059)
z=2/3, T=10| .290 .542 .512 .325 501 .460 .497 | 441 .771 .703 .449 .681 .636 .692 | .585 .649 .891 .502 .829 .819 .886
(:289) (1.26) (.211) (.311) (.091) (.219) (.071)|(.319) (.994) (.451) (.380) (.101) (.213) (.073)(.358) (10.5) (.879) (.521) (.211) (.201) (.069)
z=23/4, T =10 .280 .741 .525 .290 .493 451 492 | 430 .815 .731 .404 .672 .629 .689 | .572 .961 .939 .473 .765 .810 .878
(.313) (3.41) (.576) (.365) (.101) (.243) (.081)|(.347) (2.39) (1.74) (.423) (.124) (.232) (.082)|(.384) (11.2) (2.22) (.541) (.252) (.219) (.079)

Notes: F'E is the fixed effects estimator, IV is the Anderson-Hsiao estimator and DIF and SY'S are the first-differenced and system GMM
estimators, proposed by Arellano and Bond (1991) and Blundell and Bond (1998) respectively. DIF and SY S are estimated in two steps and
they use yi¢t—2 and yi;—3 as instruments for Ay;—1 in the first-differenced equations. Furthermore, SY'S uses the optimal weighting matrix (when
ol = 0), as derived in Windmeijer (2000). The superscript ‘*’ indicates that the corresponding estimator uses instrument(s) with respect to
another cross section. The data generating process is given by it = Aysr—1 + i + @, fe +eie +0eje, i = 1,2, ..., N;t = —48, —47, ..., T with y;,—49 = 0
and the initial 50 observations being discarded. «; ~ iidN (07 0,21) , Eit ~ 1WdN (07 ag), ft ~ iidN (0,0’?) and ¢, ~ idU [—0.25,0.25]. o2 is chosen
to ensure that the impact of the two variance components, a; and wus¢, on var (yi¢) is held constant. ofc is normalised to the value of (1) and U? is
set according to (66), such that it changes according to the proportion of o2 attributed to the factor structure. X alternates between 0.5, 0.7 and
0.9. All experiments are based on 2,000 replications.



