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■❱ ❊st✐♠❛t✐♦♥ ♦❢ P❛♥❡❧s ✇✐t❤ ❋❛❝t♦r ❘❡s✐❞✉❛❧s

❉♦♥❛❧❞ ❘♦❜❡rts♦♥✱ ❱❛s✐❧✐s ❙❛r❛✜❞✐s ❛♥❞ ❏❛♠❡s ❙②♠♦♥s∗

❖❝t♦❜❡r ✷✺✱ ✷✵✶✵

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs ♣❛♥❡❧ ❞❛t❛ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✇✐t❤ ✇❡❛❦❧② ❡①♦❣❡♥♦✉s ♦r

❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛♥❞ r❡s✐❞✉❛❧s ❣❡♥❡r❛t❡❞ ❜② ❛ ♠✉❧t✐✲❢❛❝t♦r ❡rr♦r str✉❝t✉r❡✳

■♥ t❤✐s ❝❛s❡✱ t❤❡ st❛♥❞❛r❞ ❞②♥❛♠✐❝ ♣❛♥❡❧ ❡st✐♠❛t♦rs ❢❛✐❧ t♦ ♣r♦✈✐❞❡ ❝♦♥s✐st❡♥t

❡st✐♠❛t❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❲❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❡st✐♠❛t✐♦♥ ❛♣♣r♦❛❝❤✱ ❜❛s❡❞

♦♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ r❡t❛✐♥s t❤❡ tr❛❞✐t✐♦♥❛❧ ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡s ♦❢

♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ❡st✐♠❛t♦rs✳ ❖♥❡ ♥♦✈❡❧t② ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐s t❤❛t ✇❡ ✐♥✲

tr♦❞✉❝❡ ♥❡✇ ♣❛r❛♠❡t❡rs t♦ r❡♣r❡s❡♥t t❤❡ ✉♥♦❜s❡r✈❡❞ ❝♦✈❛r✐❛♥❝❡s ❜❡t✇❡❡♥ t❤❡

✐♥str✉♠❡♥ts ❛♥❞ t❤❡ ❢❛❝t♦r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡s✐❞✉❛❧❀ t❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ t②♣✲

✐❝❛❧❧② ❡st✐♠❛❜❧❡ ✇❤❡♥ N ✐s ❧❛r❣❡✳ ❙♦♠❡ ✐♠♣♦rt❛♥t ❡st✐♠❛t✐♦♥ ❛♥❞ ✐❞❡♥t✐✜❝❛t✐♦♥

✐ss✉❡s ❛r❡ st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧✳ ❚❤❡ ✜♥✐t❡✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❡st✐✲

♠❛t♦rs ✐s ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣ s✐♠✉❧❛t❡❞ ❞❛t❛✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ♠❡t❤♦❞

♣r♦❞✉❝❡s r❡❧✐❛❜❧❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦✈❡r ✈❛r✐♦✉s ♣❛r❛♠❡tr✐③❛t✐♦♥s ❛♥❞

✐s r♦❜✉st t♦ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♣❛r❛♠❡t❡r ❛♥❞✴♦r t❤❡ ✈❛r✐❛♥❝❡ ♦❢

t❤❡ ❢❛❝t♦r ❧♦❛❞✐♥❣s✳

❑❊❨❲❖❘❉❙✿ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts✱ ❉②♥❛♠✐❝ P❛♥❡❧ ❉❛t❛✱ ❋❛❝t♦r ❘❡s✐❞✉✲

❛❧s✳

❏❊▲ ❈❧❛ss✐✜❝❛t✐♦♥✿ ❈✷✸✱ ❈✷✻✳

∗❯♥✐✈❡rs✐t② ♦❢ ❈❛♠❜r✐❞❣❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❙②❞♥❡② ❛♥❞ ❯♥✐✈❡rs✐t② ❈♦❧❧❡❣❡ ▲♦♥❞♦♥ ✭❡♠❡r✐t✉s✮ r❡✲
s♣❡❝t✐✈❡❧②✳ ❲❡ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ❘❡s❡❛r❝❤ ❯♥✐t ♦❢ t❤❡ ❋❛❝✉❧t② ♦❢
❊❝♦♥♦♠✐❝s ❛♥❞ ❇✉s✐♥❡ss✱ ❯♥✐✈❡rs✐t② ♦❢ ❙②❞♥❡②✳ ❆♥ ❡❛r❧✐❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ✇❛s ♣r❡s❡♥t❡❞ ❛t t❤❡
❙❊❚❆ ✷✵✵✼✳ ❲❡ ❛❧s♦ t❤❛♥❦ s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t t❤❡ ❊❙❲❈ ✷✵✶✵✱ ❙②❞♥❡② ❯♥✐✈❡rs✐t② ❛♥❞ ▼♦♥❛s❤
❯♥✐✈❡rs✐t②✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ♣❛♣❡r ❞❡✈❡❧♦♣s ❛ ♥❡✇ ❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✱ ❢♦r ❝♦♥s✐st❡♥t

❛♥❞ ❛s②♠♣t♦t✐❝❛❧❧② ❡✣❝✐❡♥t ❡st✐♠❛t✐♦♥ ♦❢ ♣❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s ✇✐t❤ ❡rr♦rs ❣❡♥❡r❛t❡❞ ❜②

❛ ♠✉❧t✐✲❢❛❝t♦r str✉❝t✉r❡✳ ❚❤❡ ❢❛❝t♦r str✉❝t✉r❡ ✐s ❛♥ ❛ttr❛❝t✐✈❡ ❢r❛♠❡✇♦r❦ ❛s ✐t ♣❡r♠✐ts

❣❡♥❡r❛❧ ❢♦r♠s ♦❢ ✉♥♦❜s❡r✈❡❞ ❤❡t❡r♦❣❡♥❡✐t② t❤❛t ♠❛② ♦t❤❡r✇✐s❡ ❝♦♥t❛♠✐♥❛t❡ ❡st✐♠❛✲

t✐♦♥ ❛♥❞ st❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s ❢❛❝t♦r r❡s✐❞✉❛❧s ❝❛♥ ❝♦♠❡ ❛❜♦✉t✱

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♠✐♥❞✳ ■♥ ♠❛❝r♦❡❝♦♥♦♠❡tr✐❝ ♣❛♥❡❧s✱ t❤❡ ❢❛❝t♦rs ♠❛②

❜❡ t❤♦✉❣❤t ♦❢ ❛s ❡❝♦♥♦♠②✲✇✐❞❡ s❤♦❝❦s t❤❛t ❛✛❡❝t ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s✱ ❛❧❜❡✐t ✇✐t❤ ❞✐✛❡r❡♥t

✐♥t❡♥s✐t✐❡s❀ ❡ss❡♥t✐❛❧❧②✱ t❤✐s ❛❧❧♦✇s ❝r♦ss✲s❡❝t✐♦♥s t♦ ✐♥❤❛❜✐t ❛ ❝♦♠♠♦♥ ❡♥✈✐r♦♥♠❡♥t✱

t♦ ✇❤✐❝❤ t❤❡② ♠❛② r❡s♣♦♥❞ ❞✐✛❡r❡♥t❧②✳ ■♥ ♠✐❝r♦❡❝♦♥♦♠❡tr✐❝ ♣❛♥❡❧s✱ t❤❡ ❢❛❝t♦r str✉❝✲

t✉r❡ ♠❛② ❝❛♣t✉r❡ ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ✉♥♦❜s❡r✈❡❞ ✐♥❞✐✈✐❞✉❛❧✲s♣❡❝✐✜❝ ❤❡t❡r♦❣❡♥❡✐t②✱ t❤❡

✐♠♣❛❝t ♦❢ ✇❤✐❝❤ ✈❛r✐❡s ✐♥t❡rt❡♠♣♦r❛❧❧② ✐♥ ❛♥ ❛r❜✐tr❛r② ✇❛②✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ st✉❞✲

✐❡s ♦❢ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✱ t❤❡ ❢❛❝t♦r ❧♦❛❞✐♥❣s ♠❛② ❝❛♣t✉r❡ ❞✐st✐♥❝t ❝♦♠♣♦♥❡♥ts ♦❢

t❡❝❤♥✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ ❛ ❣✐✈❡♥ ✜r♠ t❤❛t ✈❛r② t❤r♦✉❣❤ t✐♠❡✳ ■♥ ♠♦❞❡❧s ♦❢ ❡❛r♥✐♥❣s

❞❡t❡r♠✐♥❛t✐♦♥✱ t❤❡ ❢❛❝t♦r ❧♦❛❞✐♥❣s ♠❛② r❡✢❡❝t s❡✈❡r❛❧ ❞✐✛❡r❡♥t ✉♥♦❜s❡r✈❡❞ s❦✐❧❧s ♦❢ ❛♥

✐♥❞✐✈✐❞✉❛❧✱ ✇✐t❤ t❤❡ ❢❛❝t♦rs r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡❝♦♥♦♠②✲✇✐❞❡ ♣r✐❝❡ ♦❢ t❤❡s❡ s❦✐❧❧s✱ ✇❤✐❝❤

✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ❙②st❡♠❛t✐❝ ❝❤❛♥❣❡s ✐♥ t❛st❡s ✭✇❡❧t❛♥s❤❛✉♥❣✮ ✐s

❛♥♦t❤❡r ♣❧❛✉s✐❜❧❡ ❡①❛♠♣❧❡✳ ■♥ s♦♠❡ ❝✐r❝✉♠st❛♥❝❡s s✉❝❤ ✈❛r✐❛❜❧❡s ❝♦✉❧❞ ❜❡ ♠❡❛s✉r❡❞

❛♥❞ ❞✐r❡❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ ❜✉t ♦❢t❡♥ t❤❡ ❞❡t❛✐❧s ♦❢ ♠❡❛s✉r❡♠❡♥t ♠✐❣❤t ❜❡

❞✐✣❝✉❧t✱ ❝♦♥t❡♥t✐♦✉s ❛♥❞✱ ✐♥ ❛♥② ❝❛s❡✱ ♦✉ts✐❞❡ t❤❡ ❢♦❝✉s ♦❢ t❤❡ ❛♥❛❧②s✐s✳✶ ■♥ s✉❝❤ ❝❛s❡s

✐t ✐s ✐♥✈✐t✐♥❣ t♦ ❛❧❧♦✇ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧ t♦ ❜❡ ❝♦♠♣♦s❡❞ ♦❢ ♦♥❡ ♦r ♠♦r❡ ✉♥s♣❡❝✐✜❡❞

❢❛❝t♦rs✱ t❤❡♠s❡❧✈❡s t♦ ❜❡ ❡st✐♠❛t❡❞✳ ❖♥❡ ❝❛♥ ✐♥t❡r♣r❡t s✉❝❤ ❛ ♣r♦❝❡❞✉r❡ ❛s ❛❧❧♦✇✐♥❣

s♦♠❡ ❞❡❣r❡❡ ♦❢ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s✳✷

❈♦♥s✐❞❡r t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ ❛ ♦♥❡✲❢❛❝t♦r✱ ♦♥❡✲r❡❣r❡ss♦r ♠♦❞❡❧ ✐♥ t❤❡ st❛♥❞❛r❞

❢♦r♠

x1it = φx2it + λift + εit t = 1, ..., T i = 1, ..., N. ✭✶✳✶✮

■♥ s♦♠❡ ❝❛s❡s t❤❡ ✈❛❧✉❡s ♦❢ ft✱ ♦r λi✱ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✱ s✉❝❤ ❛s ✇❤❡♥ ✜tt✐♥❣

i✲s♣❡❝✐✜❝✱ ♦r t✲s♣❡❝✐✜❝ ✐♥t❡r❝❡♣ts ✭✜①❡❞✲❡✛❡❝ts✮✱ ♦r ♣♦❧②♥♦♠✐❛❧ t✐♠❡✲tr❡♥❞s✱ ❜✉t ❤❡r❡

✇❡ s❤❛❧❧ tr❡❛t t❤❡ ft ❛s ✈❡❝t♦rs ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❝❛♥

✜t t❤✐s ♠♦❞❡❧ ❜② ♥♦♥✲❧✐♥❡❛r ❧❡❛st✲sq✉❛r❡s✱ ❜❛s❡❞ ♦♥ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❛❧②s✐s❀

✶❋♦r ❡①❛♠♣❧❡✱ ❤♦✇ ❞♦❡s ♦♥❡ ♠❡❛s✉r❡ ♠♦♥❡t❛r② s❤♦❝❦s❄ ❉♦❡s ♦♥❡ ❧♦♦❦ ❛t ✐♥t❡r❡st r❛t❡s ♦r
♠♦♥❡t❛r② ❛❣❣r❡❣❛t❡s❄ ❲❤✐❝❤ ♠♦♥❡t❛r② ❛❣❣r❡❣❛t❡s❄ ❍♦✇ ❞♦❡s ♦♥❡ ❤❛♥❞❧❡ ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥❄

✷❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝✉rr❡♥t ❧✐t❡r❛t✉r❡ ♦♥ ♣❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s ✇✐t❤ ❡rr♦r ❝r♦ss✲s❡❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡
✐s ♣r♦✈✐❞❡❞ ❜② ❙❛r❛✜❞✐s ❛♥❞ ❲❛♥s❜❡❡❦ ✭✷✵✶✵✮✳

✷



s❡❡ ❡✳❣✳ ❇❛✐ ✭✷✵✵✾✮✳ P❡s❛r❛♥ ✭✷✵✵✻✮ s✉❣❣❡sts t❤❡ ❛❧t❡r♥❛t✐✈❡ ♦❢ ❛✉❣♠❡♥t✐♥❣ t❤❡ r❡✲

❣r❡ss✐♦♥ ♠♦❞❡❧ ❜② t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❛✈❡r❛❣❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✱ x1it ❛♥❞ x2it✱ ✇❤✐❝❤

✇✐❧❧ s♣❛♥ t❤❡ ✉♥♦❜s❡r✈❡❞ ❢❛❝t♦rs ❢♦r ❧❛r❣❡ N ✳ ❇♦t❤ t❤❡s❡ ♠❡t❤♦❞s r❡q✉✐r❡ t❤❛t t❤❡

s❡t ♦❢ r❡❣r❡ss♦rs ✐s str♦♥❣❧② ❡①♦❣❡♥♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ❡rr♦r ❝♦♠✲

♣♦♥❡♥t✱ εit✱ ❛♥❞ N ✱ T ❛r❡ ❜♦t❤ ❧❛r❣❡✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡

✇❤❡r❡ N ✐s ❧❛r❣❡✱ T ✜①❡❞ ❛♥❞ t❤❡ ♠♦❞❡❧ ✐♥❝❧✉❞❡s r❡❣r❡ss♦rs t❤❛t ❛r❡ ♥♦t str♦♥❣❧②

❡①♦❣❡♥♦✉s✳ ❚❤✐s ✐s ❛♥ ❡♠♣✐r✐❝❛❧❧② r❡❧❡✈❛♥t s❝❡♥❛r✐♦ ✐♥ ♠❛♥② ❛♣♣❧✐❡❞ ❝✐r❝✉♠st❛♥❝❡s✳

❋♦r ❡①❛♠♣❧❡✱ ♦✉r ❢r❛♠❡✇♦r❦ ❛❧❧♦✇s ♠♦❞❡❧s ✇✐t❤ ❧❛❣s ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ♦♥ t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ❛s ✐♥ ♣❛rt✐❛❧ ❛❞❥✉st♠❡♥t ♠♦❞❡❧s ❢♦r ❧❛❜♦✉r s✉♣♣❧②✱ ❊✉❧❡r ❡q✉❛t✐♦♥s

❢♦r ❤♦✉s❡❤♦❧❞ ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ ❡♠♣✐r✐❝❛❧ ❣r♦✇t❤ ♠♦❞❡❧s✳ ■♥ t❤❡s❡ ♠♦❞❡❧s t❤❡ ❝♦❡✣✲

❝✐❡♥t ♦❢ t❤❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❝❛♣t✉r❡s ✐♥❡rt✐❛✱ ❤❛❜✐t ❢♦r♠❛t✐♦♥ ❛♥❞ ❝♦sts ♦❢

❛❞❥✉st♠❡♥t ❛♥❞ t❤❡r❡❢♦r❡ ❤❛s str✉❝t✉r❛❧ s✐❣♥✐✜❝❛♥❝❡✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ✉♥❞❡r❧②✐♥❣

❡❝♦♥♦♠✐❝ ❜❡❤❛✈✐♦✉r ✐s ✐♥tr✐♥s✐❝❛❧❧② ❞②♥❛♠✐❝✱ ♣❛st r❡s✐❞✉❛❧ ❡rr♦rs ♠✐❣❤t ✐♥✢✉❡♥❝❡ t❤❡

❝✉rr❡♥t ✈❛❧✉❡ ♦❢ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❡✈❡♥ ✇❤❡♥ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛r❡ ♥♦t

❞✐r❡❝t❧② ♣r❡s❡♥t ✐♥ t❤❡ ♠♦❞❡❧✱ ❧❡❛❞✐♥❣ t♦ ✇❡❛❦ ❡①♦❣❡♥❡✐t②✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ♣❛♥❡❧s ♦❢

♦❜s❡r✈❛t✐♦♥s ♦♥ ❡❝♦♥♦♠✐❡s✱ ❡①♣❡❝t❛t✐♦♥❛❧ ❡rr♦rs ❛r❡ ❧✐❦❡❧② t♦ ✇♦r❦ t❤r♦✉❣❤ t❤❡ ✇❤♦❧❡

❡❝♦♥♦♠② ♦✈❡r t✐♠❡✱ ❛♥❞ ✐t ✐s ♥❛t✉r❛❧ t♦ ❡①♣❡❝t t❤❛t ❛ ❣✐✈❡♥ ✈❛r✐❛❜❧❡ ✐s ♦❢t❡♥ ♥♦t ✐♠✲

♠✉♥❡ ❢r♦♠ t❤✐s ♣r♦❝❡ss✳ ❋✐♥❛❧❧②✱ ♦✉r ❢r❛♠❡✇♦r❦ ❛❧s♦ ♣❡r♠✐ts ♠♦❞❡❧s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s

r❡❣r❡ss♦rs✱ ❞✉❡ t♦ ❡rr♦rs ♦❢ ♠❡❛s✉r❡♠❡♥t ❛♥❞✴♦r s✐♠✉❧t❛♥❡✐t②✱ ❛♥❞ s♦ ✐t ♣♦ss❡ss❡s ❛♥

❛♣♣❡❛❧✐♥❣ ❣❡♥❡r❛❧✐t②✳

❲❤❡♥ t❤❡ ✈❛❧✉❡s ♦❢ ft✱ ♦r λi✱ ❛r❡ ❦♥♦✇♥✱ ❛s ✐♥ t❤❡ ✜①❡❞ ❡✛❡❝ts s♣❡❝✐✜❝❛t✐♦♥✱ ❛

♣♦♣✉❧❛r str❛t❡❣② t♦ ❡st✐♠❛t❡ ♠♦❞❡❧s ✇✐t❤ ✇❡❛❦❧② ❡①♦❣❡♥♦✉s✱ ♦r ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs

❤❛s ❜❡❡♥ t♦ ✉s❡ t❤❡ ●❡♥❡r❛❧✐s❡❞ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ✭●▼▼✮✱ ❛♥❛❧②s❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝

♣❛♥❡❧ ❞❛t❛ ❝♦♥t❡①t ❜② ❆r❡❧❧❛♥♦ ❛♥❞ ❇♦♥❞ ✭✶✾✾✶✮✱ ❆❤♥ ❛♥❞ ❙❝❤♠✐❞t ✭✶✾✾✺✮✱ ❆r❡❧❧❛♥♦

❛♥❞ ❇♦✈❡r ✭✶✾✾✺✮✱ ❇❧✉♥❞❡❧❧ ❛♥❞ ❇♦♥❞ ✭✶✾✾✽✮ ❛♥❞ ♦t❤❡rs✳ ❆♠♦♥❣ t❤❡ ♠❛♥② ❡❝♦♥♦♠✐❝

❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ●▼▼ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥❝❧✉❞❡ ❡st✐♠❛t✐♦♥ ♦❢ ✭✐✮ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s

❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ s♣✐❧❧♦✈❡rs ✭❡✳❣✳ ❇❧✉♥❞❡❧❧ ❛♥❞ ❇♦♥❞✱ ✷✵✵✵✮✱ ✭✐✐✮ t❤❡ ❞❡♠❛♥❞ ❢♦r

♠♦♥❡② ✭❡✳❣✳ ❇♦✈❡r ❛♥❞ ❲❛ts♦♥✱ ✷✵✵✺✮ ✭✐✐✐✮ t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ❧❛❜♦r s✉♣♣❧② t♦

✇❛❣❡s ✭❡✳❣✳ ❩✐❧✐❛❦✱ ✶✾✾✼✮✱ ✭✐✈✮ t❤❡ str✉❝t✉r❡ ❛♥❞ ♣r♦✜t❛❜✐❧✐t② ♦❢ t❤❡ ❜❛♥❦✐♥❣ s❡❝t♦r

✭❡✳❣✳ ❚r❡❣❡♥♥❛✱ ✷✵✵✾✮ ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧ ❣r♦✇t❤ ❧✐t❡r❛t✉r❡ ✭❡✳❣✳ Pr❡s❜✐t❡r♦✱ ✷✵✵✽✮✳ ■♥

❛❧❧ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡ s❡t ♦❢ r❡❣r❡ss♦rs ✐♥❝❧✉❞❡s ✇❡❛❦❧② ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✱ t❤❡

❝r♦ss✲s❡❝t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥ ✐s ❢❛✐r❧② ❧❛r❣❡ ✇❤✐❧❡ T ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✳✸

✸■♥ ♣❛rt✐❝✉❧❛r✱ ❇❧✉♥❞❡❧❧ ❛♥❞ ❇♦♥❞ ✭✷✵✵✵✮ ✉s❡ ❛ ♣❛♥❡❧ ♦❢ ✺✵✾ ❘✫❉✲♣❡r❢♦r♠✐♥❣ ❯❙ ♠❛♥✉❢❛❝t✉r✐♥❣
❝♦♠♣❛♥✐❡s✱ ❇♦✈❡r ❛♥❞ ❲❛ts♦♥ ✭✷✵✵✺✮ ✉s❡ ❞❛t❛ ♦♥ ✺✱✻✹✾ ✜r♠s ♦♣❡r❛t✐♥❣ ✐♥ ❙♣❛✐♥✱ ❩✐❧✐❛❦ ✭✶✾✾✼✮

✸



❍♦✇❡✈❡r✱ ❛s s❤♦✇♥ ❜② ❙❛r❛✜❞✐s ❛♥❞ ❘♦❜❡rts♦♥ ✭✷✵✵✾✮ ❛♥❞ ❙❛r❛✜❞✐s✱ ❨❛♠❛❣❛t❛

❛♥❞ ❘♦❜❡rts♦♥ ✭✷✵✵✾✮✱ ❛❧❧ t❤❡s❡ ♣r♦❝❡❞✉r❡s ❢❛✐❧ t♦ ♣r♦✈✐❞❡ ❝♦♥s✐st❡♥t ❡st✐♠❛t❡s ♦❢ t❤❡

♣❛r❛♠❡t❡rs ✇❤❡♥ t❤❡ ❡rr♦rs ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ♠✉❧t✐✲❢❛❝t♦r str✉❝t✉r❡✳ ■♥t✉✐t✐✈❡❧②✱

t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ st❛♥❞❛r❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ✉s❡❞ ❛r❡ ✐♥✈❛❧✐❞❛t❡❞ ✐♥ t❤✐s ❝❛s❡✳

P❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s ✇✐t❤ ❛ s✐♥❣❧❡✲❢❛❝t♦r str✉❝t✉r❡ ❛♥❞ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ t✐♠❡✲s❡r✐❡s

♦❜s❡r✈❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❜② ❍♦❧t③✲❊❛❦✐♥✱ ◆❡✇❡② ❛♥❞ ❘♦s❡♥ ✭✶✾✽✽✮✱ ❆❤♥✱ ▲❡❡

❛♥❞ ❙❝❤♠✐❞t ✭✷✵✵✶✮ ❛♥❞ ◆❛✉❣❡s ❛♥❞ ❚❤♦♠❛s ✭✷✵✵✸✮✳ ❆❧❧ t❤❡s❡ st✉❞✐❡s ✉t✐❧✐s❡ s♦♠❡

❢♦r♠ ♦❢ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣ t❤❛t ❡❧✐♠✐♥❛t❡s t❤❡ ❢❛❝t♦r ❢r♦♠ t❤❡ r❡s✐❞✉❛❧s✳ ▼♦r❡ r❡❝❡♥t❧②✱

❆❤♥✱ ▲❡❡ ❛♥❞ ❙❝❤♠✐❞t ✭✷✵✵✻✮ ✐♥ ❛ s❡♠✐♥❛❧ ♣❛♣❡r ❞❡✈❡❧♦♣ ❛ ●▼▼ ❡st✐♠❛t♦r t❤❛t

❛❧❧♦✇s ❢♦r ♠✉❧t✐♣❧❡ ❢❛❝t♦rs ✉s✐♥❣ ♠✉❧t✐✲q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❞❡✈❡❧♦♣

❛♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❛♣♣r♦❛❝❤ t❤❛t ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣ ❛♥❞ ✐s✱

✐♥ ❣❡♥❡r❛❧✱ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ❡①✐st✐♥❣ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣✲t②♣❡ ●▼▼ ❡st✐♠❛t♦rs

❜❡❝❛✉s❡ ✐t ❡①♣❧♦✐ts ❡①tr❛ r❡str✐❝t✐♦♥s ✐♠♣❧✐❡❞ ❜② t❤❡ ♠♦❞❡❧✳

❚❤❡ ❜❛s✐❝ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ♦✉r s♦❧✉t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡ ✐♥ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧

✇❡ ❤❛✈❡ s♦♠❡ ✈❛r✐❛❜❧❡ ✭✐♥str✉♠❡♥t✮ zit ❢♦r ✇❤✐❝❤ E(zitεit) = 0✳ ❚❤✐s ✐♠♣❧✐❡s ❛♥

♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥

E(zitx1it) = φE(zitx2it) + gtft✱ ✭✶✳✷✮

✇❤❡r❡ gt = E(zitλi). ❲❡ tr❡❛t t❤❡ gs ❛s ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳ ❘❡♣❧❛❝✐♥❣ t❤❡

E(.) t❡r♠s ❜② t❤❡✐r s❛♠♣❧❡ ♠♦♠❡♥ts✱ ♦♥❡ ❤❛s T s✉❝❤ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞

2T + 1 ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞ ✭φ ❛♥❞ t❤❡ gs ❛♥❞ fs✮✿ t♦♦ ♠❛♥② t♦ ❜❡ ✐❞❡♥t✐✜❡❞✳

❍♦✇❡✈❡r✱ ✐❢ ❛❧❧ ❧❛❣s ♦❢ zit ❛r❡ ✐♥str✉♠❡♥ts✱ t❤❡ ♥✉♠❜❡r ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s

✐s ❡①♣❛♥❞❡❞ t♦ T (T + 1)/2✱ ✇❤✐❧❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs r❡♠❛✐♥s t❤❡ s❛♠❡❀ ♦♥❡

❤❛s ♥♦✇ ♠♦r❡ ❝♦♥❞✐t✐♦♥s t❤❛♥ ♣❛r❛♠❡t❡rs ❢♦r T > 3✱ s♦ ♦♥❡ ❝❛♥ ❤♦♣❡ ❢♦r ✉♥✐q✉❡

❡st✐♠❛t❡s✳ ❲❡ s❤❛❧❧ ❝❛❧❧ ❡st✐♠❛t♦rs ✐♥ t❤✐s ❝❧❛ss ❋❛❝t♦r ■♥str✉♠❡♥t❛❧ ❱❛r✐❛❜❧❡s ✭❋■❱✮

❡st✐♠❛t♦rs✳ ❋■❱ ❡st✐♠❛t♦rs ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦❜❡rts♦♥ ❛♥❞ ❙②♠♦♥s ✭✷✵✵✼✮❀

t❤❡ ♣r❡s❡♥t tr❡❛t♠❡♥t ❣r❡❛t❧② ✐♠♣r♦✈❡s ❛♥❞ ❡①t❡♥❞s t❤❛t ♣❛♣❡r✳ ❋■❱ ❡st✐♠❛t♦rs ❤❛✈❡

t❤❡ tr❛❞✐t✐♦♥❛❧ ❛ttr❛❝t✐♦♥ ♦❢ ▼♦▼ ❡st✐♠❛t♦rs ✐♥ t❤❛t t❤❡② ❡①♣❧♦✐t ♦♥❧② t❤❡ ♦rt❤♦❣✲

♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ♠❛② ✐♥ ❢❛❝t ❜❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❡❝♦♥♦♠✐❝

t❤❡♦r②✱ ❛♥❞ ♠❛❦❡ ♥♦ ✉s❡ ♦❢ s✉❜s✐❞✐❛r② ❛ss✉♠♣t✐♦♥s s✉❝❤ ❛s ❤♦♠♦s❦❡❞❛st✐❝✐t② ♦r ♦t❤❡r

❛ss✉♠❡❞ ❞✐str✐❜✉t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡rr♦r ♣r♦❝❡ss✳ ❚❤❡ ♠❡t❤♦❞ ✐s ❣❡♥❡r❛❧ ✐♥ t❤❡

s✉r✈❡②s ✺✸✹ ✐♥❞✐✈✐❞✉❛❧s✱ ❚r❡❣❡♥♥❛ ✭✷✵✵✼✮ ❝♦♥s✐❞❡rs ✻✹✹ ❜❛♥❦✐♥❣ ✐♥st✐t✉t✐♦♥s✱ ✇❤✐❧❡ Pr❡s❜✐t❡r♦ ✭✷✵✵✽✮
✉t✐❧✐s❡s ❞❛t❛ ❢r♦♠ ✶✹✹ ❝♦✉♥tr✐❡s✳ T r❛♥❣❡s ❢r♦♠ ✺ t♦ ✷✼ ✐♥ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✳

✹



s❡♥s❡ t❤❛t ❛❧❧ t❤❛t ✐s r❡q✉✐r❡❞ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ ✐♥str✉♠❡♥t zit ✇✐t❤ ♦rt❤♦❣♦✲

♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛t s✉✣❝✐❡♥t❧② ♠❛♥② ♣❡r✐♦❞s ♦t❤❡r t❤❛♥ t t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥tr♦❞✉❝❡❞

g ♣❛r❛♠❡t❡rs✳

■♥ ♠♦st ♣r❛❝t✐❝❛❧ ❝✐r❝✉♠st❛♥❝❡s t❤❡ ✐♥str✉♠❡♥t s❡t ✇✐❧❧ ✐♥❝❧✉❞❡ ❧❛❣s ♦❢ t❤❡ ❞❡✲

♣❡♥❞❡♥t ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♠♦❞❡❧✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ♥✉♠❜❡r ♦❢ ❧✐♥❡❛r

r❡str✐❝t✐♦♥s ❝❛♥ ❜❡ ❞❡♠♦♥str❛t❡❞ t♦ ❤♦❧❞ ❛♠♦♥❣ t❤❡ ♣❛r❛♠❡t❡rs ✭φ ❛♥❞ t❤❡ gs ❛♥❞

fs✮ ♦❢ t❤❡ ♠♦❞❡❧✳ ●r❡❛t❡r ❡✣❝✐❡♥❝② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐❢ t❤❡s❡ ❛r❡ ✐♠♣♦s❡❞ ✐♥ ❡st✐♠❛✲

t✐♦♥✳ ❲❡ ❝❛❧❧ t❤✐s t❤❡ ❋■❱❘ ✭r❡str✐❝t❡❞ ❋■❱✮ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❡st✐♠❛t♦r ♦❜t❛✐♥❡❞

✇❤❡♥ t❤❡s❡ r❡str✐❝t✐♦♥s ❛r❡ ♥♦t ✐♠♣♦s❡❞✱ ❋■❱❯ ✭✉♥r❡str✐❝t❡❞ ❋■❱✮✳

❲❡ r❡♠❛r❦ t❤❛t ♦✉r ❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞ ✉♥❞❡r t❤❡ ✜①❡❞✲❡✛❡❝ts ❢r❛♠❡✇♦r❦ ❛s ✇❡❧❧✳

■♥ t❤✐s ❝❛s❡✱ ❋■❱❯ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ●▼▼ ❡st✐♠❛t♦r ♣r♦♣♦s❡❞ ❜②

❆r❡❧❧❛♥♦ ❛♥❞ ❇♦♥❞ ✭✶✾✾✶✮ ❛♥❞ ❋■❱❘ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ●▼▼ ❡st✐✲

♠❛t♦r ♣r♦♣♦s❡❞ ❜② ❆❤♥ ❛♥❞ ❙❝❤♠✐❞t ✭✶✾✾✺✮ ❢♦r t❤❡ ✜①❡❞ ❡✛❡❝ts ❝❛s❡✳ ❋✉rt❤❡r♠♦r❡✱

✇✐t❤✐♥ ❋■❱❘ ✐t ✐s str❛✐❣❤❢♦r✇❛r❞ t♦ ✐♠♣♦s❡ ♠❡❛♥✲st❛t✐♦♥❛r✐t② ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐✲

t✐♦♥s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❋■❱❘ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s②st❡♠ ●▼▼ ❡st✐♠❛t♦r

✭❆r❡❧❧❛♥♦ ❛♥❞ ❇♦✈❡r✱ ✶✾✾✺ ❛♥❞ ❇❧✉♥❞❡❧❧ ❛♥❞ ❇♦♥❞✱ ✶✾✾✽✮✳ ❚❤✉s✱ ❋■❱ ❡st✐♠❛t♦rs ♦✛❡r

❛ ✉♥✐❢②✐♥❣ tr❡❛t♠❡♥t ♦❢ ❡①✐st✐♥❣ ❞②♥❛♠✐❝ ♣❛♥❡❧ ❡st✐♠❛t♦rs✳

✷ ❙t♦❝❤❛st✐❝ ❋r❛♠❡✇♦r❦

❲❡ ❛ss✉♠❡ ✇❡ ❤❛✈❡ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✈❡❝t♦rs Yi ♦❢ ❝♦♠♠♦♥ ❞✐♠❡♥s✐♦♥ ✇❤✐❝❤ ♦❜❡②

xT
itβ = λT

i ft + εit, t = 1, ..., T, ✭✷✳✶✮

✇❤❡r❡ ✈❛r✐❛❜❧❡s s✉❜s❝r✐♣t❡❞ i ❛r❡ ❢♦r♠❡❞ ❢r♦♠ s✉❜✈❡❝t♦rs ♦❢ Yi✳ ❚❤❡ q✲✈❡❝t♦r β ✐s

❛ss✉♠❡❞ t♦ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ r ❢r❡❡ ♣❛r❛♠❡t❡rs φ✿

β = β(φ).

■♥ t❤❡ ✇♦r❦ ❜❡❧♦✇ ✇❡ s❤❛❧❧ ✉s✉❛❧❧② t❛❦❡ β = (1,−φT )T ✇❤❡r❡ φ ✐s ❛♥ r✲✈❡❝t♦r ♦❢

♣❛r❛♠❡t❡rs ❲❡ ❛ss✉♠❡ ❛♥ n✲❢❛❝t♦r ♠♦❞❡❧ ✐✳❡✳ λi ✐s ❛ st♦❝❤❛st✐❝ n × 1 ✈❡❝t♦r ✭t❤❡

❢❛❝t♦r ❧♦❛❞✐♥❣s✮ ❛♥❞ ft ✐s ❛♥ n × 1 ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ✭t❤❡ ❢❛❝t♦rs✮ ❛t t✐♠❡ t❀ εit

✐s ❛ ♣✉r❡❧② ✐❞✐♦s②♥❝r❛t✐❝ ❞✐st✉r❜❛♥❝❡✳✹ ❚❤❡ s❛♠♣❧✐♥❣ str✉❝t✉r❡ ✐s t❤❛t ✇❡ ❤❛✈❡ N

✹❲❡ s❤❛❧❧ tr❡❛t n ❛s ❦♥♦✇♥✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ❛r❡ ♥♦t ❛✛❡❝t❡❞ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢
❢❛❝t♦rs ✐s ✉♥❦♥♦✇♥ ❛♥❞ ✐s ❡st✐♠❛t❡❞ ❝♦♥s✐st❡♥t❧②✳ ❆ ❢♦r♠❛❧ ♣r♦♦❢ ❢♦r t❤✐s ❛r❣✉♠❡♥t ✐s ♣r♦✈✐❞❡❞ ❜②

✺



s✉✣❝✐❡♥t❧② ✐♥❞❡♣❡♥❞❡♥t ❞r❛✇s✱ ✐♥❞❡①❡❞ ❜② i✱ ❢r♦♠ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ Yi. ❚❤❡ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡✿

❆ss✉♠♣t✐♦♥ ✶✳ ❊①✐st❡♥❝❡ ♦❢ ✐♥str✉♠❡♥ts✳ ❲❡ ❛ss✉♠❡ ♣♦t❡♥t✐❛❧ ✐♥str✉♠❡♥ts

❛r❡ ❣✐✈❡♥ ❜② ❛ ✈❡❝t♦r Wi ♦❢ ❞✐♠❡♥s✐♦♥ d❀ t❤❡s❡ ✐♥str✉♠❡♥ts ♠❛② ❝♦rr❡s♣♦♥❞ t♦ t❤❡

✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♠♦❞❡❧ ♦r ❜❡ ❡①tr❛♥❡♦✉s ✈❛r✐❛❜❧❡s✳ ■♥ ❡❛❝❤ ♣❡r✐♦❞ t✱ ct ✐♥str✉♠❡♥ts

❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❡①♣r❡ss❡❞ ✐♥ ✈❡❝t♦r ❢♦r♠ ❛s ❢♦❧❧♦✇s✿

Wit = StWi, ✭✷✳✷✮

❢♦r ✇❤✐❝❤ E(Witεit) = 0. ❍❡r❡ St ✐s t❤❡ s❡❧❡❝t♦r ♠❛tr✐① ♦❢ ✵s ❛♥❞ ✶s t❤❛t ♣✐❝❦s ♦✉t ❢r♦♠

❛❧❧ ♣♦t❡♥t✐❛❧ ✐♥str✉♠❡♥ts Wi t❤♦s❡ t❤❛t ❛♣♣❧② ❛t ❞❛t❡ t✳ ❚❤❡ ♠❛tr✐① St ❤❛s ❞✐♠❡♥s✐♦♥

ct × d ✇❤❡r❡ ct ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ εit✳ ❚❤✉s✱

❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❡✈❡♥t t❤❛t t❤❡ ♠♦❞❡❧ ❤❛s ❛ s✐♥❣❧❡ str♦♥❣❧② ❡①♦❣❡♥♦✉s ✐♥❞❡♣❡♥❞❡♥t

✈❛r✐❛❜❧❡✱ Wi ✇♦✉❧❞ ❝♦♥s✐st ♦❢ ❛❧❧ ✈❛❧✉❡s ♦❢ t❤✐s ✈❛r✐❛❜❧❡✱ ❢r♦♠ t = 1 t♦ t = T ❛♥❞

St ✇♦✉❧❞ ❜❡ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① IT ✳ ■♥ t❤❡ ❡✈❡♥t t❤❛t t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✇❡r❡

♦♥❧② ✇❡❛❦❧② ❡①♦❣❡♥♦✉s✱ t❤❡♥ t❤❡ s❡❧❡❝t♦r ♠❛tr✐① ✇♦✉❧❞ ♣✐❝❦ ♦✉t ✈❛❧✉❡s ❞❛t❡❞ t ❛♥❞

❡❛r❧✐❡r✳ ▼✐①❡❞ ❝❛s❡s ❝❛♥ ♦❝❝✉r ♥❛t✉r❛❧❧②✱ s✉❝❤ ❛s ✇❤❡♥ t❤❡ ❝♦✈❛r✐❛t❡s ❝♦♥s✐st ♦❢ ✭s❛②✮

❛ ✇❡❛❦❧② ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡ ❛♥❞ ❛♥ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡✳ ■♥ t❤✐s ❝❛s❡✱ Wi ✐s ❛ 2T × 1

♠❛tr✐① ❛♥❞ t❤❡ s❡❧❡❝t♦r ♠❛tr✐① ✇✐❧❧ ♣✐❝❦ ♦✉t ❝✉rr❡♥t ❛♥❞ ❧❛❣❣❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ✇❡❛❦❧②

❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❛t❡s ❢♦r t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✳

Pr♦♣♦s✐t✐♦♥✳ ❆ss✉♠❡ E(εitλ
T
i ) = 0. ■❢ xit ✐s ✇❡❛❦❧② ❡①♦❣❡♥♦✉s ❛♥❞ ❛❧❧ ❧❛❣s ♦❢

xit ❜❡❧♦♥❣ t♦ t❤❡ ✐♥str✉♠❡♥t s❡t t❤❡♥ E(εisεit) = 0✱ s 6= t.

❚❤❡ ♣♦✐♥t ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s t❤❛t ✐♥ t❤❡s❡ ❝✐r❝✉♠st❛♥❝❡s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢

t❤❡ ❞✐st✉r❜❛♥❝❡s ✐s ❣✉❛r❛♥t❡❡❞ ❜② ❆ss✉♠♣t✐♦♥ ✶✱ s♦ t❤❛t t❤❡② ❞♦ ♥♦t ❛❞❞ t♦ ♠♦♠❡♥t

❝♦♥❞✐t✐♦♥s ❜❡②♦♥❞ t❤♦s❡ ✐♠♣❧✐❡❞ ❜② t❤✐s ❛ss✉♠♣t✐♦♥✳

❚❤❡ ♠♦❞❡❧ ✭✷✳✶✮ ❝❛♥ ❜❡ st❛❝❦❡❞ ♦✈❡r t t♦ t❛❦❡ t❤❡ ❢♦r♠

Xiβ = (IT ⊗ λT
i )f + εi, ✭✷✳✸✮

❇❛✐ ✭✷✵✵✸✱ ❢♦♦t♥♦t❡ ✺✮✳ ❆ ❝♦♥s✐st❡♥t ❡st✐♠❛t❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝t♦rs ✐♥ t❤✐s ❝♦♥t❡①t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
✉s✐♥❣ ❛ s❡q✉❡♥t✐❛❧ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❙❛r❣❛♥✬s ♦✈❡r✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥s t❡st st❛t✐st✐❝✳ ❚❤❡ ✐♥t✉✐t✐♦♥
✐s t❤❛t ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝t♦rs ✜tt❡❞ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ tr✉❡ ✈❛❧✉❡✱ ❙❛r❣❛♥✬s st❛t✐st✐❝ ✇✐❧❧ r❡❥❡❝t
t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ❢♦r N s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝t♦rs
❝♦♥s✐st❡♥t❧② ✉s✐♥❣ ❛♥ ✐♥❢♦r♠❛t✐♦♥ ❜❛s❡❞ ❝r✐t❡r✐♦♥✳ ❆❤♥✱ ▲❡❡ ❛♥❞ ❙❝❤♠✐❞t ✭✷✵✵✻✮ ♣r♦✈✐❞❡ s♣❡❝✐✜❝
❞❡t❛✐❧s ❛♥❞ ♣r♦♦❢s ❢♦r ❜♦t❤ ♠❡t❤♦❞s✳ ❙❡❡ ❛❧s♦ ❙❛r❛✜❞✐s ❛♥❞ ❨❛♠❛❣❛t❛ ✭✷✵✶✵✮ ❢♦r ❛ ❞✐s❝✉ss✐♦♥✳

✻



✇❤❡r❡ f = vecF T ✱ F T = [f1, ..., fT ]. ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥str✉♠❡♥t ♠❛tr✐① Zi ✐s

❞❡✜♥❡❞ ❜②

ZT
i =




Wi1 0 .. 0

0 Wi2 0

:
✳ ✳ ✳

0 0 .. WiT



, ✭✷✳✹✮

✇❤❡r❡ ♦♥❡ ❤❛s E(ZT
i εi) = 0✱ ✇❤❡r❡ εi ❞❡♥♦t❡s t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ εit✳ ◆♦t❡ t❤❛t Z

T
i

✐s c × T ✱ ✇❤❡r❡ c =
∑t=T

t=1 ct ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❋r♦♠

✭✷✳✷✮ ✇❡ ❤❛✈❡

ZT
i = S(IT ⊗Wi), ✭✷✳✺✮

✇❤❡r❡

S =




S1 0 .. 0

0 S2 .. 0

: : : :

0 0 .. ST



. ✭✷✳✻✮

❚❤❡ ♠❛tr✐① S ❤❛s ❞✐♠❡♥s✐♦♥ c×Td✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✐♥str✉♠❡♥ts

✐s ♥♦✇

E(ZT
i Xiβ − ZT

i (IT ⊗ λT
i )f) = 0. ✭✷✳✼✮

❇② ✉s❡ ♦❢ ✭✷✳✺✮ t❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Mβ − S(IT ⊗G)f = 0, ✭✷✳✽✮

✇❤❡r❡ M = E(ZT
i Xi) ❛♥❞ G = E(Wiλ

T
i )✳ ▼❛tr✐❝❡s M ❛♥❞ G ❤❛✈❡ ❞✐♠❡♥s✐♦♥s c × q

❛♥❞ d× n r❡s♣❡❝t✐✈❡❧②✳ ❙♦♠❡ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠s ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✷✳✽✮ ❛r❡

S(IT ⊗G)f = Svec(GF T ) = S(F ⊗ Id)g, ✭✷✳✾✮

✇❤❡r❡ g = vecG✳ ❆ ❝♦♠♣❛❝t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐s t❤✉s

Mβ − Svec(GF T ) = 0. ✭✷✳✶✵✮

❲❤❡♥ t❤❡ ✐♥str✉♠❡♥ts ❝♦♥s✐st ♦❢ ❝✉rr❡♥t ❛♥❞ ❛❧❧ ❧❛❣❣❡❞ ✈❛❧✉❡s✿ t❤❡ ❝❛♥♦♥✲

✐❝❛❧ ❝❛s❡ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r ✇❤❡♥ t❤❡ ✐♥str✉♠❡♥t ♠❛tr✐① Vi ✐s ♥❛t✉r❛❧❧② ♣r❡✲

✼



s❡♥t❡❞ ❛s ❛ T × p ♠❛tr✐① ♦❢ T ♦❜s❡r✈❛t✐♦♥s ♦♥ p ✈❛r✐❛❜❧❡s ✭s♦ t❤❛t Wi = vecVi✮ ❛♥❞

εit ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❜❧♦❝❦ ♦❢ ♣♦t❡♥t✐❛❧ ✐♥str✉♠❡♥ts ❢r♦♠ s = 1 t♦ s = t✱ ✐✳❡✳ t❤❡

♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡

E(zisεit) = 0 t = 1, ..., T ; s = 1, ..., t, ✭✷✳✶✶✮

✇❤❡r❡ zT
is ✐s t❤❡ s✲t❤ r♦✇ ♦❢ Vi. ❚❤✐s ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❝❛♥♦♥✐❝❛❧ ❝❛s❡ ✐♥ t❤❡ s❡♥s❡

t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝♦♥t❡♠♣♦r❛♥❡♦✉s ✐♥str✉♠❡♥ts ❛♥❞ t❤❡✐r ❧❛❣❣❡❞ ✈❛❧✲

✉❡s❀ ✐t ❛r✐s❡s✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♠♦❞❡❧ ❛r❡ ✇❡❛❦❧②

❡①♦❣❡♥♦✉s✱ s✉❝❤ ❛s t❤❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ❆❘✭✶✮ ❞②♥❛♠✐❝ ♣❛♥❡❧ ❞❛t❛ ♠♦❞❡❧ ✇✐t❤ ❢❛❝t♦r

r❡s✐❞✉❛❧s✳ ❉❡✜♥❡ mst = E(zisx
T
it) ❛♥❞ gs = E(zisλ

T
i ). ❚❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s

❛r❡ t❤❡♥

mstβ − gsft = 0, t = 1, ..., T ; s = 1, ..., t. ✭✷✳✶✷✮

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ st❛❝❦❡❞ ❛s




m11β

m12β

m22β

:

m1Tβ

m2Tβ

:

mTTβ




−




g1f1

g1f2

g2f2

:

g1fT

g2fT

:

gTfT




= 0. ✭✷✳✶✸✮

▼♦r❡ s✉❝❝✐♥❝t❧②✱ t❤✐s ✐s

Mβ − vech(GF T ) = 0, ✭✷✳✶✹✮

✇❤❡r❡ M ✐s t❤❡ st❛❝❦❡❞ mst t❡r♠s ❛♥❞ t❤❡ vech ♦♣❡r❛t♦r ✐s ✉♥❞❡rst♦♦❞ t♦ ❛❝t ♦♥

p×1 s✉❜♠❛tr✐❝❡s✳ ▲❡t Sd ❜❡ t❤❡ s❡❧❡❝t♦r ♠❛tr✐① ♦❢ ✵s ❛♥❞ ✶s t❤❛t t✉r♥s vec ✐♥t♦ vech

✭❛❝t✐♥❣ ♦♥ d× d ♠❛tr✐❝❡s✮✳ ❚❤❡♥

Mβ − vech(GF T ) = Mβ − (ST ⊗ Ip)vec(GF
T ) = 0, ✭✷✳✶✺✮

✇❤✐❝❤ ✐s ♦❢ t❤❡ ❢♦r♠ ♦❢ ✭✷✳✶✵✮✱ ✇✐t❤ t❤❡ s❡❧❡❝t♦r ♠❛tr✐① S ❣✐✈❡♥ ❜② S = ST ⊗ Ip✳

✽



✸ ❚❤❡ ✉♥r❡str✐❝t❡❞ ❡st✐♠❛t♦r ❋■❱❯

❉❡✜♥❡ ❛ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ❜②

Ψ(θ, ZT
i Xi) = ZT

i Xiβ(φ) − Svec(GF T ), ✭✸✳✶✮

✇❤❡r❡ θ = (φT , gT , fT )T ✳ ❚❤❡♥ ❜② ❝♦♥str✉❝t✐♦♥ E(Ψ(θ)) = 0 ❛t t❤❡ tr✉❡ ✈❛❧✉❡ θ0. ❖✉r

❛✐♠ ✐s t♦ ❡st✐♠❛t❡ θ0 ❜② ♠✐♥✐♠✐s✐♥❣ Ψ(θ, M̂)TCΨ(θ, M̂) ✇❤❡r❡ M̂ =
∑N

i=1 Z
T
i Xi/N

✐s t❤❡ ♠❛tr✐① ♦❢ ❡♠♣✐r✐❝❛❧ ♠♦♠❡♥ts ❛♥❞ C ✐s ❛ ❣✐✈❡♥ ✜①❡❞ ♠❛tr✐①✳ ❆s ✐t st❛♥❞s✱ t❤❡

♠♦❞❡❧ ✐s ♥♦t ✐❞❡♥t✐✜❡❞ s✐♥❝❡

Mβ − Svec(GF T ) = Mβ − Svec(GUU−1F T ), ✭✸✳✷✮

❢♦r ❛♥② n × n ✐♥✈❡rt✐❜❧❡ U ✳ ❖♥❡ ♣♦ss✐❜❧❡ s❡t ♦❢ r❡str✐❝t✐♦♥s ✐s t♦ r❡q✉✐r❡ s♦♠❡ n × n

s✉❜♠❛tr✐① ♦❢ F T t♦ ❜❡ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ✐❞❡♥t✐t② r❡str✐❝t✐♦♥ ♦♥

❛ s✉❜♠❛tr✐① ♦❢ F ✐s ♥♦t ✐♥ ❣❡♥❡r❛❧ s✉✣❝✐❡♥t ❢♦r ❢✉❧❧ ✐❞❡♥t✐✜❝❛t✐♦♥❀ ❢✉rt❤❡r r❡str✐❝t✐♦♥s

❛r❡ r❡q✉✐r❡❞✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡

❢✉❧❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r θ ❛♥❞ ✇❡ ❡st❛❜❧✐s❤ s♦♠❡ ♣r✐♠✐t✐✈❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♥✉✐s❛♥❝❡

♣❛r❛♠❡t❡rs✱ g✱ ❛♥❞ f ✱ ❛s ✇❡❧❧ ❛s t❤❡ ❢✉❧❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r θ ✐♥ ❆♣♣❡♥❞✐① ■■✳

▲❡t Ω ❜❡ t❤❡ ❢✉❧❧ s❡t ♦❢ ♣♦ss✐❜❧❡ ♣❛r❛♠❡t❡r ✈❡❝t♦rs✳

❆ss✉♠♣t✐♦♥ ✷✳ ❲❡ ❛ss✉♠❡ t❤❛t θ0 ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡r✐♦r✺ ♦❢ Θr ⊆ Ω ✇❤❡r❡

Θr ✐s ♦❜t❛✐♥❛❜❧❡ ❜② 0, 1 r❡str✐❝t✐♦♥s ♦♥ t❤❡ G,F ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦rs ✐♥ Ω✱

t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ♣♦ss✐❜❧❡ ❢✉rt❤❡r r❡str✐❝t✐♦♥s ❡①❝❧✉❞✐♥❣ ❛ ❝❧♦s❡❞ s❡t✳ ❲❡ ❛ss✉♠❡ θ0

✐s ✐❞❡♥t✐✜❡❞ ♦♥ Θr ✐♥ t❤❡ s❡♥s❡ t❤❛t E(Ψ(θ)) = 0 ❢♦r θ ∈ Θr ✐♠♣❧✐❡s θ = θ0✳

▲❡t

Γ = E

(
∂Ψ

∂θT
r

(θ0)

)
, ✭✸✳✸✮

❛♥❞

∆ = E
(
Ψ(θ0)Ψ(θ0)

T
)
, ✭✸✳✹✮

✇❤❡r❡ θr ❝♦♥s✐sts ♦❢ t❤❡ ❢r❡❡ ♣❛r❛♠❡t❡rs ✐♥ ❛ r❡str✐❝t❡❞ θ✳

❆ss✉♠♣t✐♦♥ ✸ ❲❡ ❛ss✉♠❡ ❜♦t❤ Γ ❛♥❞ ∆ ❡①✐st ❛♥❞ ❛r❡ ♦❢ ❢✉❧❧ r❛♥❦✳

✺❚❤❡ ✐♥t❡r✐♦r ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ r❡❧❛t✐✈❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ♦♥ Θr ❜② t❤❡ ♥❛t✉r❛❧ t♦♣♦❧♦❣② ♦♥ Ω✳

✾



❆ss✉♠♣t✐♦♥ ✹ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ Zi ❛♥❞ Xi ❤❛✈❡ ✜♥✐t❡ ♠♦♠❡♥ts

✉♣ t♦ ♦r❞❡r t✇♦✱ ❛♥❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ β(.) ✐s t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳

◆♦t❡ t❤❛t t❤❡ ❢✉❧❧ r❛♥❦ ❝♦♥❞✐t✐♦♥ ❢♦r Γ ✐ts❡❧❢ ✐♠♣❧✐❡s t❤❛t θ0 ✐s ❧♦❝❛❧❧② ✐❞❡♥t✐✜❡❞✻✳

❚❤❡ ❛❜♦✈❡ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s ✐s s✉✣❝✐❡♥t t♦ ♠❛❦❡ ❛♥ ❛♣♣❡❛❧ t♦ st❛♥❞❛r❞ ●▼▼ t❤❡♦r②

✐♥ ♦r❞❡r t♦ ❞❡r✐✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❋■❱❯✳ ■♥ ♦✉r ❝♦♥t❡①t t❤❡ r❡s✉❧t ✐s✿

❚❤❡♦r❡♠ ✶✳ ❉✐str✐❜✉t✐♦♥ r❡s✉❧t ❢♦r ❋■❱❯✳ ▲❡t Θc ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Θr

❝♦♥t❛✐♥✐♥❣ θ0 ✐♥ ✐ts ✐♥t❡r✐♦r ❛♥❞ ❧❡t

θ̂(Θc) = arg min
θ∈Θc

Ψ(θ, M̂)TCΨ(θ, M̂), ✭✸✳✺✮

✇❤❡r❡ M̂ =
∑N

i=1 Z
T
i Xi/N ❛♥❞ C ✐s ❛ ❣✐✈❡♥ ✜①❡❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐①✳ ❚❤❡♥ θ̂

❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ θ0 ❛♥❞

√
N(θ̂ − θ0)

d→ N(0, (ΓTCΓ)−1(ΓTC∆CΓ)(ΓTCΓ)−1). ✭✸✳✻✮

Pr♦♦❢✳ ❚❤✐s ✐s ✇❡❧❧✲❦♥♦✇♥❀ s❡❡ ❡✳❣✳ ◆❡✇❡② ❛♥❞ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳✼

■❢ C ✐s ❝❤♦s❡♥ ❛s ∆−1 t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ✐s

(ΓT ∆−1Γ)−1✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❡st✐♠❛t♦r ❤❛s ❝❡rt❛✐♥ ♦♣t✐♠❛❧✐t② ♣r♦♣❡rt✐❡s✳ ❚❤❡s❡

❞✐str✐❜✉t✐♦♥❛❧ r❡s✉❧ts ❤♦❧❞ ❛s ✇❡❧❧ ✐❢ t❤❡ ✉♥♦❜s❡r✈❡❞ ∆ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ❡st✐♠❛t❡

❜❛s❡❞ ♦♥ t❤❡ ❍❛♥s❡♥ ✭✶✾✽✷✮ t✇♦✲st❡♣ ♣r♦❝❡❞✉r❡✳ ❲❡ s❤❛❧❧ ❝❛❧❧ t❤❡ ❡st✐♠❛t♦r ✇✐t❤ t❤❡

❍❛♥s❡♥ ✈❡rs✐♦♥ ♦❢ ∆ t❤❡ ●▼▼ ✉♥r❡str✐❝t❡❞ ❢❛❝t♦r ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❡st✐♠❛t♦r

❋■❱❯ ✭●▼▼✮✳ ■❢ ✐♥st❡❛❞ C ✐s ❝❤♦s❡♥ ❛s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ s♦ t❤❛t ΨT Ψ ✐s ♠✐♥✐♠✐s❡❞✱

✇❡ ❝❛❧❧ t❤❡ ❡st✐♠❛t♦r ♠✐♥✐♠✉♠✲❞✐st❛♥❝❡ ❋■❱❯✱ ❞❡♥♦t❡❞ ❋■❱❯ ✭▼❉✮✳

❆♣♣❡♥❞✐① ■■ ❡st❛❜❧✐s❤❡s ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥ s❝❤❡♠❡ ❢♦r ❋■❱❯✳ ❆s ❛ ♣r❛❝t✐❝❛❧ ♠❛tt❡r✱

✐❢ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ♦♥❧② ✐♥ ❡st✐♠❛t❡s ♦❢ φ✱ ✐t t✉r♥s ♦✉t t❤❛t ✐t ✐s ♥♦t ❡ss❡♥t✐❛❧ t♦

✐♠♣♦s❡ ✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❢❛❝t♦rs ✐♥ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❋■❱❯ ❛s t❤❡ ✈❛❧✉❡ ♦❢

✻❚❤✐s r❡q✉✐r❡s t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ t♦ ❜❡ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❤❡♥❝❡ ❆ss✉♠♣t✐♦♥ ✹✳
✼■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ♦✉r ❛ss✉♠♣t✐♦♥s ✐♠♣❧② t❤❡ ❛ss✉♠♣t✐♦♥s ❡♠♣❧♦②❡❞ ❜② ◆❡✇❡②✲▼❝❋❛❞❞❡♥✱

❡①❝❡♣t ♣❡r❤❛♣s ❢♦r t❤❡✐r ❛ss✉♠♣t✐♦♥ ♦❢ ❞♦♠✐♥❛♥❝❡✱ ✐✳❡✳ t❤❡ ♥♦r♠ ♦❢ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ✐s ❞♦♠✐♥❛t❡❞
❜② ❛ ❢✉♥❝t✐♦♥ ♦❢ M̂ ♦❢ ✜♥✐t❡ ❡①♣❡❝t❛t✐♦♥✳ ■♥ ❢❛❝t t❤✐s ❢♦❧❧♦✇s ❡❛s✐❧② ✐♥ ♦✉r ❝❛s❡ ❢r♦♠ ❝♦♠♣❛❝t♥❡ss
❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡❝♦♥❞ ♠♦♠❡♥ts✳

✶✵



φ ♦❜t❛✐♥❡❞ ❜② ✉♥r❡str✐❝t❡❞ ❡st✐♠❛t✐♦♥ ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ r❡str✐❝t❡❞ ❡st✐♠❛t❡ ✉♥❞❡r

♦♥❡ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥✿

❆ss✉♠♣t✐♦♥ ✺ ❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ s❡t Θ ✇❤❡r❡ Ω ⊇ Θ ⊇ Θr ✇❤❡r❡ Θ

✐s ❞❡♥s❡ ✐♥ Ω s✉❝❤ t❤❛t ❢♦r ❛❧❧ θ = (φT , gT , fT )T ∈ Θ

SvecGF T = SvecGrF
T
r ✭✸✳✼✮

❢♦r s♦♠❡ (φT , gT
r , f

T
r )T ∈ Θr✳ ❆ss✉♠❡ ❛s ✇❡❧❧ t❤❛t Ψ(θr,M)TCΨ(θr,M)✱ θr ∈ Θr✱ ✐s

❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦ ♦✉ts✐❞❡ s♦♠❡ ❣✐✈❡♥ ❝♦♠♣❛❝t s❡t✳

❚❤❡♦r❡♠ ✷✳ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ✉♥r❡str✐❝t❡❞ ❛♥❞ r❡str✐❝t❡❞ ❡st✐♠❛t✐♦♥✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✺ φ̂(Ω) → φ̂(Θc) ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ■❢✱ ♠♦r❡♦✈❡r✱

Span
∂SvecGF T

∂νT
= Span

∂SvecGrF
T
r

∂νT
r

, ✭✸✳✽✮

✇❤❡r❡ ν = (gT , fT )T ❛♥❞ νr ✐s t❤❡ s✉❜✈❡❝t♦r ♦❢ ❢r❡❡ ♣❛r❛♠❡t❡rs✱ t❤❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐① ♦❢ φ̂(Ω) ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ✐♥✈❡rs❡ ♦❢ (∂Ψ/∂θT )TC∂Ψ/∂θT ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ φ̂(Θr) ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ✐♥✈❡rs❡ ♦❢ (∂Ψ/∂θT
r )TC∂Ψ/∂θT

r .

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ■✳

❚♦ s❡❡ t❤❡ ♣♦✐♥t ♦❢ t❤✐s r❡s✉❧t✱ ❝♦♥s✐❞❡r ❛ ♦♥❡✲❢❛❝t♦r ♠♦❞❡❧ ✇✐t❤ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

r❡str✐❝t✐♦♥ fT = 1✱ ♦❜t❛✐♥❛❜❧❡ ❜② r❡✲s❝❛❧✐♥❣ g ❛♥❞ f ✳ ■t t✉r♥s ♦✉t t❤❡ ❢✉❧❧✲r❛♥❦

❝♦♥❞✐t✐♦♥ ❢♦r Γ r❡q✉✐r❡s ❛s ✇❡❧❧ g1 6= 0. ❚❤✉s ✇❡ t❛❦❡ Θ = {θ = (φT , gT , fT )T ; g1, fT 6=
0} ❛♥❞ Θr = {θ = (φT , gT , fT )T ; g1 6= 0, fT = 1}✳ ❚❤❡ ❢r❡❡ ♣❛r❛♠❡t❡rs νr ❝♦♥s✐st ♦❢

θ ✇✐t❤ fT r❡♠♦✈❡❞✳ ❋✐①✐♥❣ fT r❡♠♦✈❡s ∂Ψ/∂fT ❢r♦♠ ∂Ψ/∂θ❀ t❤❡ s♣❛♥♥✐♥❣ ❝♦♥❞✐t✐♦♥

r❡q✉✐r❡s t❤❛t s✉❝❤ ❛ ❞❡❧❡t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❧✐♥❡❛r s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❝♦❧✉♠♥s

♦❢ ∂Ψ/∂νT .

■♥ ❆♣♣❡♥❞✐① ■■ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✲✺ ❛r❡ s❛t✐s✜❡❞ ✉♥❞❡r t❤❡

✐❞❡♥t✐✜❝❛t✐♦♥ s❝❤❡♠❡✳ ❲❡ s❤♦✇ ❛s ✇❡❧❧ t❤❛t t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢

r❡str✐❝t❡❞ ❛♥❞ ✉♥r❡str✐❝t❡❞ ❡st✐♠❛t✐♦♥ ❤♦❧❞✳ ❲❡ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡

✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❆❘✭✶✮ ♠♦❞❡❧ ✐♥ t❤❡ ♠✉❧t✐✲❢❛❝t♦r ❝❛s❡✳

✶✶



❊st✐♠❛t✐♦♥ ❢♦r ❋■❱❯

❚❤❡ ❋■❱❯ ♠♦❞❡❧ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡st✐♠❛t❡✳ ▲❡t B ❜❡ t❤❡ ❈❤♦❧❡s❦✐ ♠❛tr✐① ♦❢ C✳

❚❤❡♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❢♦r♠

QB(θ, M̂) =
∥∥∥BΨ(θ, M̂)

∥∥∥
2

=
∥∥∥B[M̂β − Svec(GF T )]

∥∥∥
2

. ✭✸✳✾✮

❲❤❡♥ β ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs φ✱ t❤❡♥✱ ✐❢ ❡✐t❤❡r G ♦r F ✐s ❤❡❧❞

✜①❡❞✱ t❤❡ ❡①♣r❡ss✐♦♥ B[M̂β(φ) − Svec(GF T )] ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣

♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠✐♥✐♠✉♠ ♦❢ ✭✸✳✾✮ ♠❛② ❜❡ ❢♦✉♥❞ ❜② ❛ ♦♥❡✲♣❛ss ❧❡❛st✲

sq✉❛r❡s ♣r♦❝❡❞✉r❡✳ ❖♥❡ ♠❛② t❤❡♥ s❡❡❦ ❛ ❥♦✐♥t ♠✐♥✐♠✉♠ ❜② ✐t❡r❛t✐♦♥ ♦✈❡r G ❛♥❞ F ✳

❚❤✐s ❛♣♣❡❛rs t♦ ✇♦r❦ ✇❡❧❧ ✐♥ ♣r❛❝t✐❝❡✳ ■♥ ❆♣♣❡♥❞✐① ■■■ ✇❡ ♦❜t❛✐♥ ✜rst ❛♥❞ s❡❝♦♥❞

❞❡r✐✈❛t✐✈❡s ❢♦r t❤❡ ❘❍❙ ✐♥ ✭✸✳✾✮✱ s♦ ●❛✉ss✲◆❡✇t♦♥ ♣r♦❝❡❞✉r❡s ❛r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡✳

❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮ t❛❦❡s ❛ ♣❛rt✐❝✉❧❛r❧② s✐♠♣❧❡ ❢♦r♠ ✇❤❡♥ ft ✐s t❤❡ ✜①❡❞✲❡✛❡❝ts

❢❛❝t♦r✱ ft ≡ 1 ❢♦r ❛❧❧ t✳ ■♥ t❤✐s ❝❛s❡ ♦♥❡ ❤❛s

Svec(GF T ) = S(ιT ⊗ Id)g. ✭✸✳✶✵✮

❚❤❡r❡❢♦r❡ ✉s✐♥❣ ✭✸✳✾✮✱ ✇❡ ♦❜t❛✐♥

BMβ −BS(ιT ⊗ Id)g = 0, ✭✸✳✶✶✮

✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝❧❛ss✐❝❛❧ r❡❣r❡ss✐♦♥ ✇❤❡♥M ✐s r❡♣❧❛❝❡❞ ❜② ✐ts ❡♠♣✐r✐❝❛❧

❝♦✉♥t❡r♣❛rt✳ ❲❤❡♥ β ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ φ✱ ❛ ❋■❱❯ ❡st✐♠❛t❡ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜②

❛ ♦♥❡✲♣❛ss ❧❡❛st✲sq✉❛r❡s ❡st✐♠❛t❡ ♦❢ ✭✸✳✶✶✮✳

◗✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣

❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ❋■❱❯ ✐s ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐✲q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣✱ ✇❤✐❝❤ r❡✲

♠♦✈❡s t❤❡ ❢❛❝t♦r ❝♦♠♣♦♥❡♥t ❢r♦♠ t❤❡ r✐❣❤t ♦❢ ✭✷✳✶✵✮✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❝♦♥str✉❝t✐♥❣

❛ ♠❛tr✐① D = D(F ) s✉❝❤ t❤❛t D(F )Svec(GF T ) = 0✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s

t❤❡♥ ❜❡❝♦♠❡

D(F )Mβ = 0. ✭✸✳✶✷✮

❚♦ s❡❡ ❤♦✇ t❤✐s ✐s ❛❝❤✐❡✈❡❞✱ ❛ss✉♠❡ ❛ s✐♥❣❧❡ ❢❛❝t♦r ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝♦❧✉♠♥ ✈❡❝✲

t♦r Svec(gfT )✱ ❝♦♥s✐st✐♥❣ ♦❢ s❝❛❧❛r t❡r♠s ♦❢ t❤❡ ❢♦r♠ gsft. ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

♦♣❡r❛t✐♦♥s ♦♥ Svec(gfT )✿

✶✷



✶✳ ❚r❛♥s❢♦r♠ s♦ t❤❛t ❛❧❧ ❝♦❡✣❝✐❡♥ts ♦❢ t❡r♠s ✐♥ t❤❡ s❝❛❧❛r g1 ❛r❡ ✉♥✐t②✳

✷✳ ❈❤♦♦s❡ ♦♥❡ ♦❢ t❤❡ g1 t❡r♠s ❛♥❞ ✉s❡ ✐t t♦ ❞✐✛❡r❡♥❝❡ ❛✇❛② t❤❡ r❡st✳

✸✳ ❊❧✐♠✐♥❛t❡ t❤❡ ✭s✐♥❣❧❡✮ r❡♠❛✐♥✐♥❣ t❡r♠ ✐♥ g1.

❖♥❡ ♥♦✇ r❡♣❡❛ts t❤❡s❡ ♦♣❡r❛t✐♦♥s ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ gs. ❚❤❡ ❦❡② ♣♦✐♥t ✐s t❤❛t ❛❧❧ t❤❡s❡

♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ❜② ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ Svec(gfT ) ❜② ♠❛tr✐❝❡s ♦❢

t❤❡ ❢♦r♠ D(F ). ❲❤❡r❡ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ❢❛❝t♦r✱ vec(GF T ) ❝♦♥s✐sts ♦❢ s✉♠s ♦❢

t❡r♠s ♦❢ t❤❡ ❢♦r♠ vec(gfT ). ❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ♦♣❡r❛t✐♦♥s ♣r❡s❡r✈❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡s❡

t❡r♠s✱ t❤❡ ♦♣❡r❛t✐♦♥s ♠❛② ❜❡ ❛♣♣❧✐❡❞ s❡q✉❡♥t✐❛❧❧② t♦ t❤❡ ❧❛t❡r t❡r♠s t♦ ❡❧✐♠✐♥❛t❡ t❤❡♠

✐♥ t❤❡✐r t✉r♥✳

◗✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣ ✐s t❤❡ ♠❡t❤♦❞ ❡♠♣❧♦②❡❞ ❜② ❍♦❧t③✲❊❛❦✐♥✱ ◆❡✇❡② ❛♥❞ ❘♦s❡♥

✭✶✾✽✽✮✱ ❆❤♥✱ ▲❡❡ ❛♥❞ ❙❝❤♠✐❞t ✭✷✵✵✶✮ ❛♥❞ ◆❛✉❣❡s ❛♥❞ ❚❤♦♠❛s ✭✷✵✵✸✮ ❢♦r t❤❡ ♦♥❡✲

❢❛❝t♦r ❝❛s❡✱ ❛♥❞ ❆❤♥✱ ▲❡❡ ❛♥❞ ❙❝❤♠✐❞t ✭✷✵✵✻✮ ❢♦r t❤❡ ♠✉❧t✐✲❢❛❝t♦r ❝❛s❡✱ ❛s ✇❡❧❧ ❛s

❆r❡❧❧❛♥♦ ❛♥❞ ❇♦♥❞ ✭✶✾✾✶✮ ✭♠✉t❛t✐s ♠✉t❛♥❞✐s✮✳ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ❛♣♣r♦❛❝❤ ❡❧✐♠✐♥❛t❡s

dn ♣❛r❛♠❡t❡rs ✭t❤❡ gs✮ ❛t t❤❡ s❛♠❡ ❝♦st ✐♥ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳ ❆s s❤♦✇♥ ✐♥ ❆♣✲

♣❡♥❞✐① ■✱ s✉❝❤ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♣r♦❞✉❝❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ s❛♠❡

❛s②♠♣t♦t✐❝ ❡✣❝✐❡♥❝② ❛s ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ ✉♥tr❛♥s❢♦r♠❡❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s

r❡s✉❧t ✐s s✉♠♠❛r✐s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✸✳ ❆s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥❝❡ r❡s✉❧t✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✹ ❋■❱❯

✐♥ ♠♦❞❡❧ ✭✷✳✶✮ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ ●❡♥❡r❛❧✐s❡❞ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ❡st✐✲

♠❛t♦r ❜❛s❡❞ ♦♥ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ■✳

❘❡♠❛r❦✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✜①❡❞✲❡✛❡❝ts✱ s✐♠♣❧❡ ✜rst✲❞✐✛❡r❡♥❝✐♥❣ s✉✣❝❡s t♦ r❡♠♦✈❡ t❤❡

g t❡r♠s✳ ❆ ♦♥❡✲♣❛ss ❖▲❙ ❡st✐♠❛t❡ ♦❢ β ✭✐❢ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ φ✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞

❢r♦♠ ✭✸✳✶✷✮✱ ❥✉st ❛s ❢♦r ❋■❱❯✳ ❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ ✜rst✲❞✐✛❡r❡♥❝❡❞ ●▼▼ ❡st✐♠❛t♦r

♣r♦♣♦s❡❞ ❜② ❆r❡❧❧❛♥♦ ❛♥❞ ❇♦♥❞ ✭✶✾✾✶✮✳ ■t t✉r♥s ♦✉t t❤❡ ●▼▼ ✈❡rs✐♦♥s ♦❢ t❤❡ ❡st✐♠❛✲

t♦rs ❛r❡ ❛r✐t❤♠❡t✐❝❛❧❧② t❤❡ s❛♠❡ ♣r♦✈✐❞❡❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡s ♦❢ t❤❡ ✇❡✐❣❤t✐♥❣

♠❛tr✐❝❡s ❛r❡ ❡♠♣❧♦②❡❞✱ ✐✳❡✳ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤t✐♥❣ ♠❛tr✐① ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❋■❱❯

✈❡rs✐♦♥ ❜② t❤❡ D . DT tr❛♥s❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐s ❞✐s❝✉ss❡❞ ♠♦r❡ ❢✉❧❧② ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✶✸



✹ P❛r❛♠❡t❡r r❡str✐❝t✐♦♥s✿ t❤❡ ❋■❱❘ ❡st✐♠❛t♦r

❲❤❡♥ ❡❧❡♠❡♥ts ♦❢ t❤❡ xit ♦❝❝✉r ❛s ✐♥str✉♠❡♥ts✱ t❤❡ ♠♦❞❡❧ ✭✷✳✶✮ ✐♠♣❧✐❡s r❡str✐❝t✐♦♥s

♦♥ t❤❡ G ♣❛r❛♠❡t❡rs✱ t❤❡ ✐♠♣♦s✐t✐♦♥ ♦❢ ✇❤✐❝❤ ✇✐❧❧ ❧❡❛❞ t♦ ❣r❡❛t❡r ❡✣❝✐❡♥❝②✳ ❚❤❡s❡

r❡str✐❝t✐♦♥s r❡q✉✐r❡✿

❆ss✉♠♣t✐♦♥ ✻ E(λiεit = 0) ❢♦r ❛❧❧ i ❛♥❞ t✳

❚♦ ♦❜t❛✐♥ t❤❡ ❡①tr❛ r❡str✐❝t✐♦♥s✱ ♠✉❧t✐♣❧② ✭✷✳✶✮ t❤r♦✉❣❤ ❜② λi ❛♥❞ t❛❦❡ ❡①♣❡❝t❛✲

t✐♦♥s✿

E(λix
T
it)β = ΩΛft t = 1, ..., T, ✭✹✳✶✮

✇❤❡r❡ ΩΛ = E(λiλ
T
i )✳ ❚❤❡ ❦❡② ♣♦✐♥t ✐s t❤❛t✱ ✇❤❡♥ t❤❡ ✐♥str✉♠❡♥t s❡t ✐♥❝❧✉❞❡s

❡❧❡♠❡♥ts ♦❢ t❤❡ xit✱ t❤❡ t❡r♠s ✐♥ E(λix
T
it) ✐♥❝❧✉❞❡ t❡r♠s ✐♥ ✈❛r✐♦✉s ♦❢ t❤❡ gs s♦ t❤❛t

t❤❡ ▲❍❙ ♦❢ ✭✹✳✶✮ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ✈❡❝t♦r g✳ ❙♦♠❡ ❡①❛♠♣❧❡s ✇✐❧❧

✐❧❧✉str❛t❡✳

❊①❛♠♣❧❡ ✶✳ ❖♥❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛♥❞ ❛ s✐♥❣❧❡ ❢❛❝t♦r ❚❤❡ ♠♦❞❡❧

✐s

yit = φyit−1 + λift + εit. ✭✹✳✷✮

❍❡r❡ xT
it = (yit, yit−1)✱ β

T = (1,−φ)✱ zit = yit−1✱ gs = E(yis−1λi)✳ ❚❤❡ ❧✐♥❡❛r r❡str✐❝✲

t✐♦♥s ✭✹✳✶✮ t❛❦❡ t❤❡ ❢♦r♠

gs+1 = φgs + σ2fs, ✭✹✳✸✮

✇❤❡r❡ σ2 = E(λ2
i )✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ♠❛tr✐① ❛s




−φ 1 0 .. 0

0 −φ : 0

: : : 1 :

0 0 .. −φ 1







g1

g2

:

gT+1




= σ2f. ✭✹✳✹✮

◆♦t✐❝❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ✏♦✉t✲♦❢✲s❛♠♣❧❡✑ t❡r♠ gT+1✱ ✇❤✐❝❤ ✇❡ r❡❣❛r❞ ❛s ❛ ❝♦♥st❛♥t

t♦ ❜❡ ❡st✐♠❛t❡❞✳✽ ❙❡❝t✐♦♥ t❤✐s ♠❛tr✐① ❡q✉❛t✐♦♥ ✐♥t♦ t❤❡ ❢♦r♠

✽❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ t❤❡ ✈❛❧✉❡ ♦❢ gT+1✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡str✐❝t✐♦♥ ✐t ❛♣♣❡❛rs ✐♥ ✭✹✳✸✮✳ ❲❡ ❛❞♦♣t
t❤✐s ❝♦♥✈❡♥t✐♦♥ s♦ ❛s t♦ ❤❛✈❡ ❛ ♥❡❛t ❢♦r♠✉❧❛ ❢♦r t❤❡ ❢✉❧❧ ✈❡❝t♦r f ✳

✶✹



[
H eT

] [
g

gT+1

]
= σ2f, ✭✹✳✺✮

✇❤❡r❡ eT ✐s t❤❡ T ✲❞✐♠❡♥s✐♦♥❛❧ ❝♦❧✉♠♥ ✈❡❝t♦r ✇✐t❤ ✶ ✐♥ t❤❡ T th ♣♦s✐t✐♦♥✳ ❚❤❡ r❡str✐❝✲

t✐♦♥ ❤❛s t❤❡ ❢♦r♠

Hg = σ2f + δeT (δ ∈ R). ✭✹✳✻✮

❲❡ s❤❛❧❧ ❝❛❧❧ H = H(β) t❤❡ str✉❝t✉r❡ ♠❛tr✐①❀ ✐t ✐s s♣❡❝✐✜❝ t♦ t❤❡ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧

❝♦♥s✐❞❡r❡❞✳

❊①❛♠♣❧❡ ✷✳ ❖♥❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛♥❞ t✇♦ ❢❛❝t♦rs✳ ■♥ t❤✐s ❝❛s❡

gs = E(yis−1λ
T
i ) ✐s ❛ 1 × 2 r♦✇ ✈❡❝t♦r ❛♥❞ t❤❡ r❡str✐❝t✐♦♥s ❤❛✈❡ t❤❡ ❢♦r♠ gT

s+1 =

φgT
s + ΩΛfs. ❚❤❡ ♠❛tr✐① ♦❢ r❡str✐❝t✐♦♥s ✐s ❛s ✐♥ ❊①❛♠♣❧❡ ✶ ❡①❝❡♣t t❤❛t g ✐s r❡♣❧❛❝❡❞

❜② vecGT ❛♥❞ δ ∈ R
2. ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

(H ⊗ I2)PT,2g = (IT ⊗ Ωλ)f + Uδ, ✭✹✳✼✮

✇❤❡r❡ U ✐s t❤❡ 2T × 2 ♠❛tr✐① ✇✐t❤ ❝♦❧✉♠♥s ♦♥❡ ❛♥❞ t✇♦ ❜❡✐♥❣ e2T−1 ❛♥❞ e2T r❡s♣❡❝✲

t✐✈❡❧②✱ ❛♥❞ Pm,n ✐s t❤❡ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① s✉❝❤ t❤❛t Pm,nvecA = vecAT ❢♦r m × n

♠❛tr✐❝❡s Z.

❊①❛♠♣❧❡ ✸✳ ❖♥❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ ♦♥❡ ✇❡❛❦❧② ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡

❛♥❞ ♦♥❡ ❢❛❝t♦r✳ ❚❤❡ ♠♦❞❡❧ ✐s

yit = φyit−1 + αrit + λift + εit. ✭✹✳✽✮

■♥ t❤✐s ❝❛s❡ t❤❡ ✐♥str✉♠❡♥t ✈❡❝t♦r ✐s zT
it = (yit−1, rit)✳ ◆♦t❡ t❤❡ gs ❛r❡ t✇♦✲

❞✐♠❡♥s✐♦♥❛❧✿

gT
s =

[
g1

s g2
s

]
= E(

[
yis−1λi risλi

]
). ✭✹✳✾✮

❚❤❡ r❡str✐❝t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ g1
s+1 = φg1

s + αg2
s + σ2fs✳ ■♥ ♠❛tr✐① ❢♦r♠ ✇❡ ❤❛✈❡

✶✺






−φ −α 1 0 0 .. 0

0 −φ −α 1 0 .. 0

0 0 −φ −α 1 .. 0

: : : : : : :

0 0 0 .. −φ −α 1







g1
1

g2
1

:

g1
T

g2
T

g1
T+1




= σ2f, ✭✹✳✶✵✮

✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ♠♦r❡ ❣❡♥❡r❛❧❧② ❛s

Hg = σ2f + δe2T, δ ∈ R. ✭✹✳✶✶✮

✇❤❡r❡ t❤❡ str✉❝t✉r❡ ♠❛tr✐① H ✐s ♥♦✇ T × 2T.

❖♥❡ ❝❛♥ ♦❜t❛✐♥ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ✭✹✳✶✶✮ ✉s❡❢✉❧ ✇❤❡♥ f ✐s ❦♥♦✇♥ t♦ ❜❡ ✜①❡❞✲

❡✛❡❝ts✳ ❙✐♥❝❡ H ✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ❤❛✈❡ ❛ ♥✉❧❧✲s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ T ✱ ✭✹✳✶✶✮ ❞❡t❡r♠✐♥❡s

g ♦♥❧② ✉♣ t♦ T ❢r❡❡ ♣❛r❛♠❡t❡rs✳ ❙❡❝t✐♦♥ H ✐♥t♦ T × T s✉❜♠❛tr✐❝❡s s♦ t❤❛t H =[
H1 H2

]
❛♥❞ s❡❝t✐♦♥ g ❝♦♥❢♦r♠❛❜❧② ❛s g = [gT

1 , ζ
T ]. ❚❤❡♥ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ t♦

✭✹✳✶✶✮ ✐s ❣✐✈❡♥ ❜②

g1 = H−1
1 (f + δe2T −H2ζ), ✭✹✳✶✷✮

✇❤❡r❡ ζ ∈ R
T ✐s ❛ ❢r❡❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs✳ ❖♥❡ ❝❛♥ ♥♦✇ s✉❜st✐t✉t❡ ❢♦r g ✐♥ ✭✸✳✶✶✮✳

❋♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ β✱ t❤❡ ♦♥❧② ✉♥❦♥♦✇♥s ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs δ ❛♥❞ ζ✱ ✇❤✐❝❤ ❝❛♥

❜❡ ❡st✐♠❛t❡❞ ❜② ❖▲❙✳ ❚❤❡ ❘❙❙ ❢r♦♠ t❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ ♠✐♥✐♠❛♥❞ ♦❢ ✭✸✳✾✮✿ t❤✉s

t❤✐s ♣r♦❝❡❞✉r❡ ❡✛❡❝ts ❛ ❝♦♥❝❡♥tr❛t✐♦♥ RSS = RSS(β)✳ ❋✐♥❞✐♥❣ ❡st✐♠❛t❡s ♦❢ t❤❡

str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs ✐s r❡❞✉❝❡❞ t♦ ♠✐♥✐♠✐s✐♥❣ t❤✐s ❢✉♥❝t✐♦♥✳

❊①❛♠♣❧❡ ✹✳ ❚✇♦ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛♥❞ ♦♥❡ ❢❛❝t♦r✳ ❚❤❡ ♠♦❞❡❧ ✐s

yit = φ1yit−1 + φ2yit−2 + λift + εit. ✭✹✳✶✸✮

■♥ t❤✐s ❝❛s❡ t❤❡ ♠❛tr✐① ♦❢ r❡str✐❝t✐♦♥s t❛❦❡s t❤❡ ❢♦r♠

✶✻






−φ2 −φ1 1 0 · · · 0

0 −φ2 −φ1 1 . . .
✳✳✳

0 0 0
✳ ✳ ✳ ✳ ✳ ✳ 0

✳✳✳
✳✳✳

✳✳✳ −φ2 −φ1 1







g0

g1

g2

:

gT

gT+1




= σ2f. ✭✹✳✶✹✮

❚❤✐s ✐s ♣❛rt✐t✐♦♥❡❞ ❝♦♥❢♦r♠❛❜❧② ✐♥t♦

[
−φ2e1 H eT

]



g0

g

gT+1


 = σ2f, ✭✹✳✶✺✮

✇✐t❤ s♦❧✉t✐♦♥

Hg = σ2f +
[
e1 eT

]
δ (δ ∈ R

2). ✭✹✳✶✻✮

❲❡ t✉r♥ t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❆ss✉♠❡ t❤❡r❡ ❛r❡ ♥♦ r❡str✐❝t✐♦♥s ♦♥ F s✉❝❤ ❛s ✜①❡❞

❡✛❡❝ts✳ ❲✐t❤ F ✉♥r❡str✐❝t❡❞✱ ✐t ♠❛② ❜❡ r❡♣❛r❛♠❡tr✐s❡❞ ✐♥ ✭✷✳✶✮ s♦ ❛s t♦ ❤❛✈❡ Ωλ = In.

■♥ ❣❡♥❡r❛❧ t❤❡ ❢❛♠✐❧② ♦❢ r❡str✐❝t✐♦♥s ❣✐✈❡♥ ❜② ✭✹✳✶✮ t❛❦❡s t❤❡ ❢♦r♠

H(β)Pd,ng = f + Uδ. ✭✹✳✶✼✮

❍❡r❡ H(β) ✐s t❤❡ nT × nd str✉❝t✉r❡ ♠❛tr✐① ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡s✱

U ✐s ❛ ♠❛tr✐① ♦❢ e ❡❧❡♠❡♥t❛r② ❝♦❧✉♠♥ ✈❡❝t♦rs ❛♥❞ δ ✐s ❛ ✈❡❝t♦r ♦❢ ❢r❡❡ ♣❛r❛♠❡t❡rs

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✏♦✉t✲♦❢✲s❛♠♣❧❡✑ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡s✳ ❇♦t❤ H

❛♥❞ U ❞❡♣❡♥❞ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❋■❱❘ ❡st✐♠❛t♦r ✭r❡str✐❝t❡❞ ❋■❱

❡st✐♠❛t♦r✮ ❝❤♦♦s❡s θ t♦ ♠✐♥✐♠✐s❡ ✭✸✳✾✮ s✉❜❥❡❝t t♦ ✭✹✳✶✼✮✳ ❋■❱❘ ✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ❤❛✈❡

❢❡✇❡r ♣❛r❛♠❡t❡rs t♦ ❡st✐♠❛t❡ t❤❛♥ ❋■❱❯ ❛♥❞ ❛s s✉❝❤ ✐t ✇✐❧❧ ❜❡ ♠♦r❡ ❡✣❝✐❡♥t✳

❚❤❡ t❡r♠ H(β) ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ β ❛♥❞ ♦♥❡ ❤❛s

H(β) =

q∑

i=1

Kiβi = K(β ⊗ Ind), ✭✹✳✶✽✮

✇❤❡r❡ K =
[
K1 ... Kq

]
. ◆♦t❡ t❤❛t t❤❡ Ki ❛r❡ ❣✐✈❡♥ ✜①❡❞ nT × nd ♠❛tr✐❝❡s

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡♥ H(β)Pd,ng = K(Iq ⊗Pd,ng)β ❛♥❞ ♦♥❡

✶✼



❝❛♥ ✇r✐t❡ t❤❡ r❡str✐❝t✐♦♥s ✐♥ t❤❡ ❢♦r♠

K(Iq ⊗ Pd,ng)β = f + Uδ. ✭✹✳✶✾✮

■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❊st✐♠❛t✐♦♥ ❢♦r ❋■❱❘ ❖♥❡ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❞❡✈❡❧♦♣ ❛ s❡♣✲

❛r❛t❡ t❤❡♦r② ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ❢♦r ❋■❱❘❀ t❤✐s ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❋■❱❯ r❡s✉❧ts✳

■❢ ❆ss✉♠♣t✐♦♥s ✶✲✺ ❤♦❧❞✱ ❛♥❞ ❣✐✈❡♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ r❡str✐❝t❡❞ ❛♥❞ ✉♥r❡str✐❝t❡❞

❡st✐♠❛t✐♦♥✱ t❤❡♥ t❤❡ ❋■❱❯ ❡st✐♠❛t♦r ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐s✐♥❣ t❤❡ ❝r✐t❡r✐♦♥

❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ✇❤♦❧❡ ♦❢ ♣❛r❛♠❡t❡r s♣❛❝❡✳ ❋■❱❘ ♠✐♥✐♠✐s❡s t❤❡ ❝r✐t❡r✐♦♥ ♦✈❡r ❛

❝❧♦s❡❞ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ θ0 ❛♥❞ t❤✐s ✐♠♣❧✐❡s str❛✐❣❤t❢♦r✇❛r❞❧② t❤❛t t❤❡ ❋■❱❘ ❡st✐♠❛✲

t♦r ❧✐❦❡✇✐s❡ ❤❛s ♣r♦❜❛❜✐❧✐t② ❧✐♠✐t θ0✳ ❙✐♥❝❡ ❋■❱❘ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❋■❱❯ ♠❛tr✐① ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡

❛♣♣r♦♣r✐❛t❡ ❏❛❝♦❜✐❛♥ ✭❝❛❧❝✉❧❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ■■■✮✳ ❖❢ ❝♦✉rs❡✱ ❋■❱❘ ✇✐❧❧ ❜❡ ✐❞❡♥t✐✜❡❞

✐♥ ❝❛s❡s ✇❤❡r❡ ❋■❱❯ ✐s ♥♦t✱ s✐♥❝❡ ❋■❱❘ ❡st✐♠❛t❡s ❛ r❡str✐❝t❡❞ s❡t ♦❢ ♣❛r❛♠❡t❡rs✳ ❋♦r

t❤❡ ❆❘✭✶✮ ❝❛s❡ t❤❡r❡ ❛r❡ (n2 − n)/2 r❡❞✉♥❞❛♥❝✐❡s ❛♠♦♥❣ t❤❡ ❢❛❝t♦r t❡r♠s ❢♦r ❋■❱❘✳

❋♦r ❋■❱❯ ✐♥ ❝♦♥tr❛st t❤❡r❡ ❛r❡ 2n2 − n r❡❞✉♥❞❛♥❝✐❡s✳ ❚❤✉s ❢♦r n = 1✱ t❤❡r❡ ❛r❡ ♥♦

r❡❞✉♥❞❛♥❝✐❡s ❛♠♦♥❣ t❤❡ ❢❛❝t♦r t❡r♠s ❢♦r ❋■❱❘✱ ❜✉t ♦♥❡ r❡❞✉♥❞❛♥❝② ❢♦r ❋■❱❯✳

❚❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ ❛ ♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ ❛♥ ❡①❛❝t ❝♦♥✲

str❛✐♥t ✐s t♦ ✉s❡ t❤❡ ❝♦♥str❛✐♥t t♦ s♦❧✈❡ ♦✉t ❢♦r s♦♠❡ ♦❢ t❤❡ ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s ❛♥❞

s✉❜st✐t✉t❡ ✐♥t♦ t❤❡ ♠✐♥✐♠❛♥❞✳ ❋♦r f ✇❡ ❤❛✈❡

f = K(Iq ⊗ Pd,ng)β − Uδ. ✭✹✳✷✵✮

❚❤❡♥ ♦♥❡ ❝❛♥ ♠✐♥✐♠✐s❡ ✭✸✳✾✮ ♦✈❡r (β(φ), g, δ), ❤❛✈✐♥❣ s✉❜st✐t✉t❡❞ ❢♦r f ❢r♦♠ ✭✹✳✷✵✮✳

■♥ ♣r❛❝t✐❝❡ ✇❡ ✉s❡ ❛ ●❛✉ss✲◆❡✇t♦♥ ♣r♦❝❡❞✉r❡ t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠✳ ❋♦r♠✉❧❛❡ ❢♦r t❤❡

❞❡r✐✈❛t✐✈❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ■■■✳

❚❤❡ ❋■❱❘ ❡st✐♠❛t♦r ❡✛❡❝ts ❛ ♠♦r❡ ♣❛rs✐♠♦♥✐♦✉s ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ♥✉✐s❛♥❝❡

♣❛r❛♠❡t❡rs g✱ ✇❤✐❝❤ s❤♦✉❧❞ ❧❡❛❞ t♦ ♠♦r❡ ❡✣❝✐❡♥t ●▼▼ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♣❛r❛♠❡t❡rs

♦❢ ✐♥t❡r❡st✳ ❚❤✉s ❋■❱❘ ✐s str✐❝t❧② s✉♣❡r✐♦r t♦ ❋■❱❯ ❛♥❞ s✐♥❝❡ ❋■❱❯ ✐s ✐ts❡❧❢ ❡q✉✐✈❛❧❡♥t

t♦ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣ ♠❡t❤♦❞s ✐t ✐s s✉♣❡r✐♦r t♦ t❤❡s❡ ❛s ✇❡❧❧✳ ❚❤✐s ✐s s✉♠♠❛r✐s❡❞ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✹✳ ❉✐str✐❜✉t✐♦♥ r❡s✉❧t ❢♦r ❢✐✈r✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✹✱ ✻ ❛♥❞

♠♦❞❡❧ ✭✷✳✶✮ ❋■❱❘ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ❋■❱❯✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s

t❤❡ ❡✣❝✐❡♥t ❡st✐♠❛t♦r ✐♥ t❤❡ ❝❧❛ss ♦❢ ❡st✐♠❛t♦rs t❤❛t ♠❛❦❡ ✉s❡ ♦❢ s❡❝♦♥❞ ♠♦♠❡♥t

✶✽



✐♥❢♦r♠❛t✐♦♥✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ■✳

❘❡♠❛r❦✳ ❲❤❡♥ n = 1 ❛♥❞ ft = 1 ❢♦r t = 1, ..., T ✱ t❤❡ s❡t ♦❢ ❧✐♥❡❛r r❡str✐❝t✐♦♥s ✭✹✳✸✮

❜❡❝♦♠❡s

gs+1 = φgs + σ2. ✭✹✳✷✶✮

■♥ t❤✐s ❝❛s❡✱ ❋■❱❘ ✉t✐❧✐s❡s t❤❡ s❛♠❡ s❡t ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛s ❋■❱❯✱ T (T +

1)/2 ✐♥ t♦t❛❧✱ ❜✉t ❡st✐♠❛t❡s ♦♥❧② t❤r❡❡ ♣❛r❛♠❡t❡rs✱ ♥❛♠❡❧② φ✱ g1 ❛♥❞ σ2✳ ❚❤❡r❡❢♦r❡✱

❋■❱❘ ♠❛❦❡s ❡✣❝✐❡♥t ✉s❡ ♦❢ s❡❝♦♥❞ ♠♦♠❡♥t ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ✐♥t✉✐t✐✈❡❧② ✇❡ s❤♦✉❧❞

❡①♣❡❝t t❤❛t ✐t ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ●▼▼ ❡st✐♠❛t♦r ♣r♦♣♦s❡❞ ❜② ❆❤♥

❛♥❞ ❙❝❤♠✐❞t ✭✶✾✾✺✮✳ ❯♥❞❡r st❛t✐♦♥❛r② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s t❤❡r❡ ✐s ❛♥ ❡①tr❛ r❡str✐❝t✐♦♥

✐♥ t❤❛t g1 = σ2/(1 − φ)✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ❞❡❝r❡❛s❡s ❜② ♦♥❡

❛♥❞ ❛ ✈❡rs✐♦♥ ♦❢ ❋■❱❘ t❤❛t ✉s❡s t❤✐s ❡①tr❛ r❡str✐❝t✐♦♥ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ s②st❡♠ ●▼▼ ❡st✐♠❛t♦r ♣r♦♣♦s❡❞ ❜② ❆r❡❧❧❛♥♦ ❛♥❞ ❇♦✈❡r ✭✶✾✾✺✮ ❛♥❞ ❇❧✉♥❞❡❧❧

❛♥❞ ❇♦♥❞ ✭✶✾✾✽✮✳ ❆❧t❤♦✉❣❤ ♥♦t ♣✉rs✉❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ t❤✐s ❡①tr❛ r❡str✐❝t✐♦♥ ✐s ❝❧❡❛r❧②

t❡st❛❜❧❡✳

✺ ❋✐♥✐t❡ ❙❛♠♣❧❡ P❡r❢♦r♠❛♥❝❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❋■❱❯ ❛♥❞ ❋■❱❘ ✉s✐♥❣ ❛♥ ❆❘✭✶✮

✇✐t❤ ♦♥❡✲ ❛♥❞ t✇♦✲❢❛❝t♦r r❡s✐❞✉❛❧s✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts

t❤❡ ●▼▼ ❡st✐♠❛t♦rs ❞❡✈❡❧♦♣❡❞ ❜② ❆r❡❧❧❛♥♦ ❛♥❞ ❇♦♥❞ ✭✶✾✾✶✮ ❛♥❞ ❆❤♥ ❛♥❞ ❙❝❤♠✐❞t

✭✶✾✾✺✮✱ ❞❡♥♦t❡❞ ❛s AB ❛♥❞ AS r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ ♥♦t ❞❡s✐❣♥❡❞ t♦

❤❛♥❞❧❡ t❤❡ ❣❡♥❡r❛❧ ❢❛❝t♦r str✉❝t✉r❡ ❜✉t ❣✐✈❡♥ t❤❡✐r ♣♦♣✉❧❛r✐t② ✐t ✐s ♦❢ ♣r❛❝t✐❝❛❧ ✐♥t❡r✲

❡st t♦ s❡❡ ❤♦✇ ❢❛r t❤❡② ❣♦ ✐♥ r❡s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠✳ ❋♦r ❋■❱❯ ♠✐♥✐♠❛ ❛r❡ ❢♦✉♥❞

❜② ❛♥ ✐t❡r❛t✐✈❡ ❖▲❙ ♣r♦❝❡❞✉r❡✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t❀ ❢♦r ❋■❱❘ ✇❡ ✉s❡ ●❛✉ss✲

◆❡✇t♦♥✳ ■♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r ❋■❱❯ ❛r❡ s♣❡❝✐✜❡❞ ❛s i.i.d.N(0, 1) ❢♦r t❤❡ ❢❛❝t♦r ✈❛r✐❛❜❧❡s

❛♥❞ i.i.d.U(0, 1) ❢♦r t❤❡ ❆❘✭✶✮ ♣❛r❛♠❡t❡r✳ ❈♦♥✈❡r❣❡♥❝❡ ✐s ❞❡❡♠❡❞ t♦ ❤❛✈❡ ♦❝❝✉rr❡❞

✇❤❡♥ t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦r ✐s ❧❡ss t❤❛♥ ✵✳✵✵✶✳ ❲❡ r❡✲✐♥✐t✐❛❧✐s❡ st❛rt✐♥❣

✈❛❧✉❡s ✇❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♣❡r❝❡✐✈❡❞ t♦ ❜❡ tr❛✈❡❧❧✐♥❣ s❧♦✇❧② ❛❝r♦ss t❤❡ s✉r❢❛❝❡ ♦❢

t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❀ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t ✐t ✐s ✉s✉❛❧❧② ❜❡tt❡r t♦ st❛rt ❛❢r❡s❤ t❤❛♥

t♦ tr② t♦ str✉❣❣❧❡ t❤r♦✉❣❤ ❞✐✣❝✉❧t t❡rr❛✐♥✳ ❖✉r ♣r♦❝❡❞✉r❡s ❤❛✈❡ ♦❝❝❛s✐♦♥❛❧❧② ❢♦✉♥❞

❧♦❝❛❧ ♠✐♥✐♠❛✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❋■❱❯✳ ❚♦ t❛❝❦❧❡ t❤✐s ✐ss✉❡ ✇❡ r❡✲✐♥✐t✐❛❧✐s❡ t❤❡ st❛rt✐♥❣

❝♦♥❞✐t✐♦♥s ✺ t✐♠❡s ❛♥❞ ✇❡ ♣✐❝❦ ✉♣ t❤❡ ♦♥❡ t❤❛t ♠✐♥✐♠✐s❡s t❤❡ ❝r✐t❡r✐♦♥ ❢✉♥❝t✐♦♥✳ ❋♦r

✶✾



❋■❱❘ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ❣r✐❞ ♦❢ ✈❛❧✉❡s ❢♦r φ ❛♥❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ ✇❡ ❡st✐♠❛t❡ f ✉s✲

✐♥❣ t❤❡ ✜rst n ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ xT
itβ❀ ✇❡ t❤❡♥ ♦❜t❛✐♥ ❛♥ ✐♥✐t✐❛❧ ❡st✐♠❛t❡ ♦❢ g

❜② ♠✐♥✐♠✐s✐♥❣ t❤❡ ❝r✐t❡r✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ✈❛❧✉❡ ♦❢ f ❛♥❞ φ ♦❜t❛✐♥❡❞ ❜❡❢♦r❡✳ ❲❡

♣✐❝❦ ✉♣ t❤❡ ✈❛❧✉❡ ♦❢ φ t❤❛t ♠✐♥✐♠✐s❡s t❤❡ ❝r✐t❡r✐♦♥ ❢✉♥❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t ✐❞❡♥t✐❢②✐♥❣

r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❢❛❝t♦r ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ✐♠♣♦s❡❞✳

❚❤❡ ❢❛❝t♦r ✈❛r✐❛t❡s ❛♥❞ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ r❡s✐❞✉❛❧✱ εit✱ ❛r❡ ❛❧❧ ✐✳✐✳❞✳ ♥♦r♠❛❧❧②

❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ ③❡r♦✳ ❚❤✐s ✐s ♥♦t r❡str✐❝t✐✈❡ s✐♥❝❡ ✐♥ ♣r❛❝t✐❝❡ ♦♥❡ ❝❛♥ r❡✲

♠♦✈❡ t❤❡ ♥♦♥✲③❡r♦ ♠❡❛♥ ❢♦r ❛ n✲❢❛❝t♦r str✉❝t✉r❡ ❜② ❛❞❞✐♥❣ ✐♥❞✐✈✐❞✉❛❧✲ ❛♥❞ t✐♠❡✲

s♣❡❝✐✜❝ ❡✛❡❝ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ ❛❧✇❛②s r❡♣❛r❛♠❡t❡r✐s❡ t❤❡ ❡rr♦r t❡r♠ uit =

λT
i ft + εit = ηi + τt + (λi − λ̄)T (ft − f̄) + εit✱ ✇❤❡r❡ ηi = λT

i f̄ ❛♥❞ τt = λ̄ft✳ ❙✐♠✐✲

❧❛r❧②✱ ❛❞❞✐♥❣ ❛ ❣❧♦❜❛❧ ✐♥t❡r❝❡♣t ✇✐❧❧ r❡♠♦✈❡ t❤❡ ♥♦♥✲③❡r♦ ♠❡❛♥ ♦❢ εit✳ ❚❤❡ ✈❛r✐❛♥❝❡

♦❢ ❜♦t❤ ft ❛♥❞ εit ✐s st❛♥❞❛r❞✐s❡❞ t♦ ✉♥✐t②✳ ❆❣❛✐♥✱ t❤✐s ✐s ♥♦t r❡str✐❝t✐✈❡ ❜❡❝❛✉s❡

λT
i (σft) = (λT

i σ)ft ❢♦r ❛♥② s❝❛❧❛r σ ❛♥❞ s♦ ❝❤❛♥❣✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ λi ❤❛s t❤❡ s❛♠❡

❡✛❡❝t ❛s ❝❤❛♥❣✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ft✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢❛❝t♦r ❧♦❛❞✐♥❣s ✐s ❞❡t❡r♠✐♥❡❞

❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❛t✐♦ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ❢♦r♠ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱

yit = λT
i (1− φL)−1ft + (1− φL)−1εit✱ t❤❛t ✐s ❞✉❡ t♦ ❢❛❝t♦r ♥♦✐s❡✱ λT

i ft✱ ♦✈❡r t❤❡ t♦t❛❧

♥♦✐s❡✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤✐s r❛t✐♦ ❡q✉❛❧s F1 = σ2
λ(σ

2
λ+1)−1✳ ❲❡ r❡♣♦rt r❡s✉❧ts ❢♦r

F1 ∈ {0.2, 0.5, 0.8}✳ ❚❤✉s✱ ❢♦r ❡①❛♠♣❧❡✱ F1 = 0.2 ♠❡❛♥s t❤❛t ✷✵✪ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢

t❤❡ t♦t❛❧ ❡rr♦r ✐s ❞✉❡ t♦ ❢❛❝t♦r ♥♦✐s❡✱ ❛♥❞ s♦ ♦♥✳ ❲❡ s♣❡❝✐❢② N = 200 ❛♥❞ T = 10 ❛♥❞

✇❡ ❝❤♦♦s❡ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♣❛r❛♠❡t❡r s✉❝❤ t❤❛t φ ∈ {0.1, 0.3, 0.5, 0.7, 0.9}✳ ■♥str✉✲
♠❡♥ts ❛r❡ t❤❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❛♥❞ ✐ts ❧❛❣s✳ ❲❡ r❡♣♦rt t❤❡ ❛✈❡r❛❣❡ ❛♥❞ t❤❡

♠❡❞✐❛♥ ✭❢r♦♠ ✶✵✵✵ r❡♣❡t✐t✐♦♥s✮ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ♦♥ t❤❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳

❆s ❛ ♠❡❛s✉r❡ ♦❢ ❞✐s♣❡rs✐♦♥ ✇❡ r❡♣♦rt t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✭✐♥ ❜r❛❝❦❡ts ❜❡♥❡❛t❤

t❤❡ ♠❡❛♥✱ ❞❡♥♦t❡❞ st❞❡✈✮ ❛s ✇❡❧❧ ❛s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❝❡♥tr❡❞ ♦♥ t❤❡ ♠❡❞✐❛♥

❝♦♥t❛✐♥✐♥❣ ♣r❡❝✐s❡❧② ✼✺✪ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✱ ❞✐✈✐❞❡❞ ❜② ✶✳✶✺ ✭✐♥ ❜r❛❝❦❡ts ❜❡♥❡❛t❤ t❤❡

♠❡❞✐❛♥✮✳ ❚❤✐s ❧❛tt❡r st❛t✐st✐❝✱ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ❝❛❧❧ t❤❡ q✉❛s✐✲st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✭❞❡✲

♥♦t❡❞ qst❞❡✈✮✱ ✐s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥

✐s ♥♦r♠❛❧✱ ✇✐t❤ t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t ✐t ✐s ♠♦r❡ r♦❜✉st t♦ t❤❡ ♦❝❝✉r❡♥❝❡ ♦❢ ✐♥❢r❡q✉❡♥t

♦✉t❧✐❡rs✳ ❙t✉❞② ♦❢ t❤❡s❡ ♦✉t❧✐❡rs ✐♥❞✐❝❛t❡s t❤❛t t❤❡② ❛r❡ ✐♥ ❧❛r❣❡ ♣❛rt ❛ss♦❝✐❛t❡❞ ✇✐t❤

♠✉❧t✐♣❧❡ ♠✐♥✐♠❛ ♦❢ t❤❡ ♠♦♠❡♥t ❢✉♥❝t✐♦♥✱ ❛♥❞ ❝❛♥ ❜❡ ♠❛❞❡ t♦ ❞✐s❛♣♣❡❛r ❢♦r ❞✐✛❡r❡♥t

st❛rt✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❚❛❜❧❡ ✶ r❡♣♦rts s♦♠❡ s✐♠✉❧❛t✐♦♥

r❡s✉❧ts ❢♦r ❋■❱❯ ❛♥❞ ❋■❱❘✳✾

✾❚♦ s❛✈❡ s♣❛❝❡✱ r❡s✉❧ts ❢♦r φ = 0.3 ❛♥❞ φ = 0.7 ❛r❡ ♥♦t r❡♣♦rt❡❞ ❤❡r❡✳ ❚❤❡② ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠
t❤❡ ❛✉t❤♦rs ✉♣♦♥ r❡q✉❡st✳

✷✵



❋■❱❯ ▼❉ ❋■❱❯ ●▼▼ ❋■❱❘ ▼❉ ❋■❱❘ ●▼▼
φ F1 Mean

(stdev)
Median
(qstdev)

Mean
(stdev)

Median
(qstdev)

Mean
(stdev)

Median
(qstdev)

Mean
(stdev)

Median
(qstdev)

0.1 0.2 .098
(0.040)

.098
(0.034)

.100
(0.043)

.099
(0.043)

.100
(0.028)

.100
(0.026)

.098
(0.031)

.098
(0.031)

0.5 .098
(0.057)

.098
(0.036)

.100
(0.043)

.098
(0.044)

.099
(0.028)

.100
(0.026)

.101
(0.027)

.102
(0.026)

0.8 .100
(0.112)

.101
(0.035)

.098
(0.045)

.098
(0.040)

.101
(0.025)

.101
(0.025)

.101
(0.023)

.100
(0.023)

0.5 0.2 .497
(0.042)

.498
(0.032)

.498
(0.043)

.498
(0.040)

.498
(0.027)

.498
(0.025)

.499
(0.027)

.500
(0.024)

0.5 .497
(0.039)

.497
(0.032)

.499
(0.036)

.499
(0.035)

.499
(0.024)

.499
(0.023)

.501
(0.024)

.501
(0.023)

0.8 .496
(0.095)

.499
(0.032)

.505
(0.073)

.502
(0.038)

.499
(0.024)

.498
(0.024)

.501
(0.027)

.501
(0.026)

0.9 0.2 .891
(0.055)

.898
(0.019)

.898
(0.027)

.897
(0.018)

.895
(0.024)

.896
(0.015)

.899
(0.017)

.900
(0.014)

0.5 .899
(0.034)

.900
(0.018)

.898
(0.031)

.900
(0.018)

.900
(0.021)

.899
(0.014)

.900
(0.016)

.901
(0.013)

0.8 .893
(0.066)

.894
(0.020)

.896
(0.054)

.900
(0.018)

.899
(0.028)

.898
(0.014)

.900
(0.019)

.901
(0.013)

N = 200❀ T = 10❀ ft ∼ i.i.d.N(0, 1); εit ∼i.i.d.N(0, 1); ✶✱✵✵✵ r❡♣❧✐❝❛t✐♦♥s✳

❚❛❜❧❡ ✶✿ ▼♦♥t❡ ❈❛r❧♦ r❡s✉❧ts ❢♦r ❛ ♣❛♥❡❧ ❆❘✭✶✮

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❜✐❛s ♦❢ t❤❡ ❡st✐♠❛t♦rs ✐s ♥❡❣❧✐❣✐❜❧❡✱ ✇❤✐❧❡ t❤❡✐r ❞✐s♣❡rs✐♦♥ ✐s

s♠❛❧❧ ❛❝r♦ss t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❢♦r φ ❛♥❞ F1✳ ❆s ❡①♣❡❝t❡❞✱ ❋■❱❘ ♦✉t♣❡r❢♦♠s

❋■❱❯ ✐♥ t❡r♠s ♦❢ ❜✐❛s ❛♥❞ ❘▼❙❊✱ ✐♥ ❛❧❧ ❝✐r❝✉♠st❛♥❝❡s✳ ❋■❱❯ ❜❡❝♦♠❡s s❧✐❣❤t❧② ♠♦r❡

❞✐✛✉s❡ ❛s F1 ❣r♦✇s ❧❛r❣❡r ✇❤✐❧❡ ❋■❱❘ ❛♣♣❡❛rs t♦ ❜❡ r♦❜✉st t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢

F1✳ ❚❤❡ ❢❛❝t t❤❛t ❢♦r ❋■❱❯ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ st❞❡✈ ❛♥❞ qst❞❡✈ ✐♥❝r❡❛s❡s ✇✐t❤

❤✐❣❤❡r ✈❛❧✉❡s ♦❢ F1 ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ✐♥❝r❡❛s❡❞ ❢r❡q✉❡♥❝② ♦❢ ♠✉❧t✐♣❧❡ ♠✐♥✐♠❛ ❛t t❤❡s❡

✈❛❧✉❡s✳ ■♥ ❝♦♥tr❛st✱ t❤❡r❡ ✐s ✈❡r② ❧✐tt❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ st❞❡✈ ❛♥❞ qst❞❡✈ ✈❛❧✉❡s

❢♦r ❋■❱❘✳ ❚❤❡ ●▼▼ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦rs ❞♦❡s ❜❡tt❡r✱ ✐♥ ❣❡♥❡r❛❧✱ ❡s♣❡❝✐❛❧❧② ❢♦r

❋■❱❘✱ ❛❧t❤♦✉❣❤ t❤❡ ❣❛✐♥s ❛♣♣❡❛r t♦ ❜❡ s♠❛❧❧✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❣❛✐♥s

✐♥ ❡✣❝✐❡♥❝② ❜❡❝♦♠❡ ♠♦r❡ s✉❜t❛♥t✐❛❧ ❢♦r ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ N ✳✶✵

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❝t✉r❡s ✐❧❧✉str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t♦rs ❋■❱❯ ❛♥❞

❋■❱❘ r❡❧❛t✐✈❡ t♦ ❆❇ ❛♥❞ ❆❙✳ ■t ✐s ❛♣♣❛r❡♥t t❤❛t ❆❇ ❛♥❞ ❆❙ ❡①❤✐❜✐t ❧❛r❣❡ ❜✐❛s❡s✱

✇❤✐❝❤ ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ φ✱ ❡✈❡♥ ✇❤❡♥ t❤❡ ❢❛❝t♦r ❝♦♠♣♦♥❡♥t ❝♦♥st✐t✉t❡s ❛

s♠❛❧❧ ♣r♦♣♦rt✐♦♥ ♦❢ t♦t❛❧ ♥♦✐s❡✱ ✐✳❡✳ F1 = 0.2✳ ❚❤✉s✱ ❋■❱❯ ❛♥❞ ❋■❱❘ ❝♦♠♣❧❡t❡❧②

♦✉t♣❡r❢♦r♠ ❆❇ ❛♥❞ ❆❙ ✐♥ t❡r♠s ♦❢ ❜✐❛s ❛♥❞ ❘▼❙❊✱ ❛❧t❤♦✉❣❤ ❘▼❙❊ ❢♦r ❆❙ ❛♣♣❡❛rs

✶✵❚❤❡ r❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✳

✷✶



t♦ ❜❡ ♠♦r❡ st❛❜❧❡ ❛t ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ φ✳ ❚❤❡ ❧❡✈❡❧ ♦❢ s✉♣❡r✐♦r✐t② ♦❢ ❋■❱❯ ❛♥❞ ❋■❱❘

✐♥❝r❡❛s❡s ❛s t❤❡ ❢r❛❝t✐♦♥ ♦❢ t♦t❛❧ ♥♦✐s❡ t❤❛t ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t♦r ❝♦♠♣♦♥❡♥t r✐s❡s t♦

✽✵✪✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❘▼❙❊ ♦❢ ❋■❱❯ ✐s ❛t ♠♦st ♦♥❡ t❤✐r❞ ♦❢ t❤❛t ❢♦r ❆❇ ❛♥❞ ❆❙

✇❤✐❧❡ t❤❡ ❘▼❙❊ ♦❢ ❋■❱❘ ✐s ❛t ♠♦st ♦♥❡ ✜❢t❤ ♦❢ t❤❛t ❢♦r ❆❙✳
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❋✐❣✉r❡ ✺✳✶✿ ❇✐❛s✱ F1 = 0.2
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❋✐❣✉r❡ ✺✳✷✿ ❇✐❛s✱ F1 = 0.8
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❋✐❣✉r❡ ✺✳✸✿ ❘▼❙❊✱ F1 = 0.2
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❋✐❣✉r❡ ✺✳✹✿ ❘▼❙❊✱ F1 = 0.8

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♣r❡s❡♥ts r❡s✉❧ts ❢♦r ❛ t✇♦✲❢❛❝t♦r r❡s✐❞✉❛❧ ❛♥❞ F1 = 0.8✳ ❙✐♠✐❧❛r

❝♦♥❝❧✉s✐♦♥s ❛r❡ r❡❛❝❤❡❞ ❢♦r F1 = 0.2 ❛♥❞ F1 = 0.5✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❡st✐♠❛t♦rs

❋■❱❯ ❛♥❞ ❋■❱❘ ♣❡r❢♦r♠ ✇❡❧❧ ✐♥ t❡r♠s ♦❢ ❜♦t❤ ❜✐❛s ❛♥❞ ❘▼❙❊✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡✲

❢❛❝t♦r r❡s✐❞✉❛❧ ❝❛s❡✱ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ ❋■❱❯ s❧✐❣❤t❧② ✐♥❝r❡❛s❡s✱ ✇❤✐❧❡ ❋■❱❘ ❛♣♣❡❛rs t♦

❞♦ ✇❡❧❧ ✐♥ ❛❧❧ ❝✐r❝✉♠st❛♥❝❡s✳

✷✸



❋■❱❯ ▼❉ ❋■❱❯ ●▼▼ ❋■❱❘ ▼❉ ❋■❱❘ ●▼▼
φ Mean

(stdev)
Median
(qstdev)

Mean
(stdev)

Median
(qstdev)

Mean
(stdev)

Median
(qstdev)

Mean
(stdev)

Median
(qstdev)

0.1 .098
(0.057)

.098
(0.063)

.097
(0.061)

.098
(0.065)

.102
(0.028)

.101
(0.030)

.100
(0.029)

.100
(0.030)

0.5 .493
(0.070)

.498
(0.050)

.498
(0.071)

.497
(0.049)

.499
(0.029)

.499
(0.027)

.501
(0.024)

.500
(0.022)

0.9 .886
(0.142)

.895
(0.034)

.889
(0.139)

.897
(0.031)

.896
(0.032)

.899
(0.029)

.901
(0.023)

.900
(0.021)

N = 200❀ T = 10❀ ft ∼ i.i.d.N(0, 1); εit ∼i.i.d.N(0, 1); F1 = 0.8; ✶✱✵✵✵ r❡♣❧✐❝❛t✐♦♥s✳

❚❛❜❧❡ ✷✿ ▼♦♥t❡ ❈❛r❧♦ r❡s✉❧ts ❢♦r ❛ ♣❛♥❡❧ ❆❘✭✶✮ ✇✐t❤ ❛ t✇♦✲❢❛❝t♦r r❡s✐❞✉❛❧

✻ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚❤❡ ●❡♥❡r❛❧✐s❡❞ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ✐s ❛ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ❢♦r ❡st✐♠❛t✐♥❣ ❞②♥❛♠✐❝

♣❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s ✇✐t❤ ❧❛r❣❡ N ❛♥❞ T ✜①❡❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡

t❤❛t✱ ❝♦♠♣❛r❡❞ t♦ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✱ r❡q✉✐r❡s ♠✉❝❤ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss✱ ❛♥❞ ❛✈♦✐❞s ❢✉❧❧ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡

s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ ❤❡t❡r♦s❦❡❞❛st✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡rr♦r✱ ♦r ✐♥❞❡❡❞ ❛♥② ♦t❤❡r

❞✐str✐❜✉t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r ❝r♦ss✲s❡❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡

t❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ ✐♥❝♦♥s✐st❡♥t ❛s t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s t❤❡② ✉t✐❧✐s❡ ❛r❡ ❢❛❧s❡✳ ■♥

t❤✐s ♣❛♣❡r ✇❡ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ●▼▼✲t②♣❡ ❛♣♣r♦❛❝❤ ❢♦r ❝♦♥s✐st❡♥t ❛♥❞ ❛s②♠♣t♦t✐❝❛❧❧②

❡✣❝✐❡♥t ❡st✐♠❛t✐♦♥ ♦❢ ♣❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s ✇✐t❤ ♠✉❧t✐✲❢❛❝t♦r r❡s✐❞✉❛❧s✳ ❖♥❡ ♥♦✈❡❧t② ♦❢

♦✉r ❛♣♣r♦❛❝❤ ✐s t❤❛t ✇❡ ❞♦ ♥♦t ✉s❡ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣ t♦ r❡♠♦✈❡ t❤❡ ❢❛❝t♦r str✉❝t✉r❡ ✲

r❛t❤❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ♣❛r❛♠❡t❡rs t♦ r❡♣r❡s❡♥t t❤❡ ✉♥♦❜s❡r✈❡❞ ❝♦✈❛r✐❛♥❝❡s ❜❡t✇❡❡♥

t❤❡ ✐♥str✉♠❡♥ts ❛♥❞ t❤❡ ❢❛❝t♦r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡s✐❞✉❛❧✳ ❲❡ ❞❡✈❡❧♦♣ ❡st✐♠❛t♦rs

t❤❛t ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ❡①✐st✐♥❣ q✉❛s✐✲❞✐✛❡r❡♥❝✐♥❣ ♠❡t❤♦❞s

❛♥❞ ❜❡❤❛✈❡ ✇❡❧❧ ✉♥❞❡r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❛r❛♠❡tr✐s❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❛ ❧❛r❣❡ ✈❛❧✉❡ ♦❢

t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♣❛r❛♠❡t❡r✳

■♥ ❛ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ✇❡ ❛♣♣❧② ♦✉r ♠❡t❤♦❞ t♦ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss ✇✐t❤

♠✉❧t✐✲❢❛❝t♦r r❡s✐❞✉❛❧s ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ✜①❡❞ ❡✛❡❝ts ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ ❛ ♠♦❞❡❧ ♦❢

✐♥✈❡st♠❡♥t r❛t❡s ❢♦r ❛ ❧❛r❣❡ ♣❛♥❡❧ ♦❢ ✜r♠s ♦♣❡r❛t✐♥❣ ✐♥ t❤❡ ❯❙✳ ❯s✐♥❣ s✐♠✉❧❛t❡❞

❞❛t❛ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t♦rs ♣❡r❢♦r♠ ✇❡❧❧✱ ✉♥❧❡ss t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧

❞✐♠❡♥s✐♦♥ ✐s s♠❛❧❧✳

✷✹



❆♣♣❡♥❞✐① ■✿ Pr♦♦❢s ♦❢ ❚❤❡♦r❡♠s

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❆ss✉♠♣t✐♦♥ ✺ ❣✉❛r❛♥t❡❡s t❤❛t φ̂(Θ) = φ̂(Θr)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❜♦✉♥❞❡❞♥❡ss ❛ss✉♠♣✲

t✐♦♥✱ ✇❡ ♠❛② ❝❤♦♦s❡ Θc s✉❝❤ t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦

♦✉ts✐❞❡ ♦❢ t❤✐s s❡t✳ ❙✐♥❝❡ t❤❡ ❛r❣♠✐♥ ♦✈❡r t❤✐s s❡t ❝♦♥✈❡r❣❡s t♦ tr✉❡ θ ✐♥ ♣r♦❜❛❜✐❧✐t②✱

✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r N s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ φ̂(Θc) = φ̂(Θr) ✇✐t❤ ❛r❜✐tr❛r✐❧② ❤✐❣❤ ♣r♦❜✲

❛❜✐❧✐t②✳ ❚❤❡ r❡s✉❧t t❤❛t φ̂(Ω) → φ̂(Θc) ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡♥s✐t② ♦❢ Θ ✐♥ Ω✳✶✶

❚❤❡ r❡s✉❧t ❢♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳ ▲❡t

X ❛♥❞ Y ❜❡ ♠❛tr✐❝❡s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ r♦✇s✳ ❚❤❡♥ t❤❡ s✉❜✲♠❛tr✐① ✐♥ t❤❡

◆❲ ❝♦r♥❡r ♦❢ t❤❡ ✐♥✈❡rs❡ ♦r ❣❡♥❡r❛❧✐s❡❞ ✐♥✈❡rs❡ ♦❢
[
X Y

]
T
[
X Y

]
✱ ✇❤✐❝❤ ✐s ♦❢

❞✐♠❡♥s✐♦♥ t❤❛t ♦❢ XTX✱ ✐s (XTMYX✮−1✱ ✇❤❡r❡MY ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❛t r❡♠♦✈❡s Y ✱

✐✳❡✳ MY = I−Y (Y TY )−1Y T ✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥❡❞ ✐♥✈❡rs❡ ❢♦r♠✉❧❛✳ ❚❤✉s

t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ✐s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ ❢r♦♠ Γ

t❤❡ ❧✐♥❡❛r s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❝♦❧✉♠♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥✉✐s❛♥❝❡ ✈❛r✐❛❜❧❡s❀ t✇♦

s❡ts ♦❢ ♥✉✐s❛♥❝❡ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t✐♥❣ t❤❡ s❛♠❡ s♣❛♥ ✇✐❧❧ ②✐❡❧❞ t❤❡ s❛♠❡ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐①✳ ◗❊❉

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

❆ss✉♠❡ ✇❡ ❤❛✈❡ ❛♥ M ✲❞✐♠❡♥s✐♦♥❛❧ ♠♦♠❡♥t ❢✉♥❝t✐♦♥

Ψ =




ψ1(m, θ)
✳✳✳

ψM(m, θ)


 , ✭✻✳✶✮

✇❤❡r❡ m ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦♠❡♥ts ❛♥❞ θ ✐s ❛ ♣❛r❛♠❡t❡r ✈❡❝t♦r✳ ❈♦♥s✐❞❡r t❤❡ ✉s✉❛❧

●▼▼ ❡st✐♠❛t♦r ♦❢ t❤❡ tr✉❡ ✈❛❧✉❡ ❜❛s❡❞ ♦♥ Ψ✳ ❚❤✐s ❤❛s ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡

var(θ̂) = (ΓT ∆−1Γ)−1, ✭✻✳✷✮

✶✶✏❉❡♥s❡ s✉❜s❡t✑ ♠❡❛♥s t❤❛t ♦♥❡ ❝❛♥ ✜♥❞ s♦♠❡t❤✐♥❣ ✐♥ t❤❡ s✉❜s❡t ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ ❛♥② ❡❧❡♠❡♥t
✐♥ t❤❡ s✉♣❡rs❡t✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ s❡t ♦❢ ✐♥✈❡rt✐❜❧❡ sq✉❛r❡ ♠❛tr✐❝❡s ✐s ❞❡♥s❡ ✐♥ t❤❡ s❡t ♦❢ ❛❧❧ sq✉❛r❡
♠❛tr✐❝❡s✱ ❜❡❝❛✉s❡ ♦♥❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥✈❡rt✐❜❧❡ ♠❛tr✐① ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ ❛ ❣✐✈❡♥ s✐♥❣✉❧❛r ♠❛tr✐①✳ ■♥
♦✉r ❝♦♥t❡①t✱ ❝❡rt❛✐♥ ❛r❣✉♠❡♥ts ❝♦♥❝❡r♥✐♥❣ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐❧❧ ♥♦t ❣♦ t❤r♦✉❣❤ ✐❢ ❝❡rt❛✐♥ s✉❜✲♠❛tr✐❝❡s
♦❢ ❋ ❛♥❞ ● ❛r❡ s✐♥❣✉❧❛r✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ❆❘✭✶✮✱ ♦♥❡ ❢❛❝t♦r ❝❛s❡✱ ✇❡ r❡q✉✐r❡ g1 6= 0✳ ❉❡♥s✐t②
❛❧❧♦✇s ✉s t♦ ❛ss✉♠❡ ❛✇❛② g1 = 0 ❛♥❞ t❤✉s ♦❜t❛✐♥ ✐❞❡♥t✐✜❝❛t✐♦♥✳

✷✺



✇❤❡r❡

Γ = E

[
∂Ψ

∂θT

]
∆ = E(ΨΨT ), ✭✻✳✸✮

✭❜♦t❤ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ tr✉❡ ✈❛❧✉❡ θ0✳ ❆ss✉♠❡ Γ ❛♥❞ ∆ ❤❛✈❡ ❢✉❧❧ r❛♥❦ ❛♥❞ ❧❡t θ =

(φT , νT )T ❜❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✐♥t♦ t✇♦ s✉❜s❡ts✳ ❚❤❡ ✈❛r✐❛❜❧❡s

φ ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛♥❞ t❤❡ ν ❛r❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ▲❡t

Q =
∂Ψ

∂φT
R =

∂Ψ

∂νT
✭✻✳✹✮

s♦ t❤❛t Γ =
[
Q R

]
. ❙✐♥❝❡ Γ ✐s ♦❢ ❢✉❧❧ r❛♥❦✱ s♦ t♦♦ ❛r❡ Q ❛♥❞ R✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r

s♦♠❡ L×M ♠❛tr✐① D(φ) ♦❢ ❢✉❧❧ r❛♥❦ L ≤M

D(φ)Ψ(φ, ν) = Ψ̄(φ) ❢♦r ❛❧❧ φ, ν, ✭✻✳✺✮

✐✳❡✳ D r❡♣r❡s❡♥ts ❛ s❡t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s t❤❛t ❡❧✐♠✐♥❛t❡ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ν

❛t t❤❡ ❝♦st ♦❢ s♦♠❡ ❧♦ss ♦❢ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳ ❚❤❡♥ Ψ̄ ✐s ❛ ♠♦♠❡♥t ❢✉♥❝t✐♦♥ ❛♥❞

✐♥❢❡r❡♥❝❡ ❛❜♦✉t φ ♠❛② ❜❡ ❜❛s❡❞ ♦♥ ✐t✳ ❖♥❡ ❤❛s t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♠❛tr✐①

var(φ̄) = (Γ̄T ∆̄−1Γ̄)−1, ✭✻✳✻✮

✇❤❡r❡ Γ̄ = E(∂Ψ̄(m, θ0)/∂φ
T ) ❛♥❞ ∆̄ = E(Ψ̄Ψ̄T )✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✻✳✺✮ ✇✐t❤ r❡s♣❡❝t

t♦ φ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t E(Ψ(m, θ0)) = 0 ♦♥❡ ❤❛s

DQ = Γ̄. ✭✻✳✼✮

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✻✳✺✮ ✇✐t❤ r❡s♣❡❝t t♦ ν ♦♥❡ ❤❛s

DR = 0, ✭✻✳✽✮

✇❤❡r❡✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ D ✐s ❡✈❛❧✉❛t❡❞ ❛t θ0✳ ❖♥❡ ❤❛s ❛s ✇❡❧❧ t❤❛t

∆̄ = D∆DT . ✭✻✳✾✮

❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ φ̄ ✐s ♥♦✇

var(φ̄) = [QTDT (D∆DT )−1DQ]−1. ✭✻✳✶✵✮

✷✻



▼❛❦❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s D∆ = D∆1/2✱ Γ∆ = ∆−1/2Γ =
[
Q∆ R∆

]
✳ ❚❤❡♥✱ ✉s✐♥❣

r❡s✉❧ts ❢♦r ♣❛rt✐t✐♦♥❡❞ ✐♥✈❡rs❡s✱ ♦♥❡ ✜♥❞s

var(φ̂) = (QT
∆(IM − PR∆

)Q∆)−1, ✭✻✳✶✶✮

✇❤❡r❡ PR∆
= R∆(RT

∆R∆)−1RT
∆. ❖♥❡ ❛❧s♦ ❤❛s

var(φ̄) = (QT
∆PD∆

Q∆)−1, ✭✻✳✶✷✮

✇❤❡r❡ PD∆
= DT

∆(D∆D
T
∆)−1D∆. ❚❤❡♥ var(φ̄) > var(φ̂) ✭❛s ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s✮ ✐❢ ❛♥❞

♦♥❧② ✐❢

QT
∆(IM − PR∆

− PD∆
)Q∆ > 0. ✭✻✳✶✸✮

◆♦✇ ❝♦♥❞✐t✐♦♥ ✭✻✳✽✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛tr✐❝❡s ✐♥s✐❞❡ t❤❡ ❜r❛❝❦❡ts ❛r❡ ♦rt❤♦❣♦♥❛❧

♣r♦❥❡❝t✐♦♥s s♦ t❤❡ s❛♥❞✇✐❝❤ ♠❛tr✐① ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ r❛♥❦ M − L − dim(R)✳ ❚❤❡r❡

❛r❡ t❤✉s ♥♦ ❧♦ss❡s ✐♥ ❡✣❝✐❡♥❝② ❢r♦♠ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ φ ♣❛r❛♠❡t❡rs ✐♥ t❤✐s ✇❛② ✐❢

dim(ξ) = dim(R) = M − L✱ ✐✳❡✳ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧✐♠✐♥❛t❡❞ ♣❛r❛♠❡t❡rs ✐s ❡q✉❛❧ t♦ t❤❡

♥✉♠❜❡r ♦❢ ❧♦st ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳ ◗❊❉

❘❡♠❛r❦✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✜①❡❞ ❡✛❡❝ts ✇✐t❤ ❧✐♥❡❛r β t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ❧✐♥❡❛r ♦❢

t❤❡ ❢♦r♠

m+Qφ+Rξ = 0, ✭✻✳✶✹✮

✇❤❡r❡ ✈❡❝t♦rm ❛♥❞ ♠❛tr✐❝❡s Q ❛♥❞ R ❝♦♥s✐st ♦❢ ♦❜s❡r✈❛❜❧❡ ♠♦♠❡♥ts✳ ❚❤❡ ♣❛r❛♠❡t❡rs

ξ ❛r❡ ❤❡r❡ t❤❡ gs ❢r♦♠ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ✐♥ t❤❡ t❡①t✳ ❚❤❡ ✜rst✲❞✐✛❡r❡♥❝❡❞ ●▼▼

❡st✐♠❛t♦r ♣r♦♣♦s❡❞ ❜② ❆r❡❧❧❛♥♦ ❛♥❞ ❇♦♥❞ ✐♥tr♦❞✉❝❡s ❛ ❞✐✛❡r❡♥❝✐♥❣ ♠❛tr✐① ♦❢ ❢✉❧❧

r❛♥❦ t♦ ❡❧✐♠✐♥❛t❡ ❘✿

Dm+DQφ = 0. ✭✻✳✶✺✮

❇♦t❤ ❢♦r♠s ❣✐✈❡ r✐s❡ t♦ ●▼▼ ❡st✐♠❛t❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st φ ❜② ❛ ♦♥❡✲

♣❛ss r❡❣r❡ss✐♦♥✱ ❣✐✈❡♥ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡rr♦r✲❝♦✈❛r✐❛♥❝❡✲♠❛tr✐❝❡s✳ ▲❡t Ω1 ❛♥❞ Ω2 ❜❡

s✉❝❤ ❡st✐♠❛t❡s ❢♦r ✭✻✳✶✹✮ ❛♥❞ ✭✻✳✶✺✮ r❡s♣❡❝t✐✈❡❧②✳ ❈❛❧❧ t❤❡s❡ ❡st✐♠❛t❡s ❝♦♠♣❛t✐❜❧❡ ✐❢

Ω2 = DΩ1D
T ✳ ❖♥❡ ♠✐❣❤t ❢♦r♠ ❝♦♠♣❛t✐❜❧❡ ❡st✐♠❛t❡s ❜② ✜rst ❞❡✈❡❧♦♣✐♥❣ ❛♥ ❡st✐♠❛t❡

♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r ✭✻✳✶✹✮ ❛♥❞ t❤❡♥ ❛❞❥✉st✐♥❣ ✐t ❛♣♣r♦♣r✐❛t❡❧② ❢♦r ✭✻✳✶✺✮✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✿

✷✼



Pr♦♣♦s✐t✐♦♥✳ ●▼▼ ❡st✐♠❛t❡s ❜❛s❡❞ ♦♥ ✭✻✳✶✹✮ ❛♥❞ ✭✻✳✶✺✮ ❛r❡ ❛r✐t❤♠❡t✐❝❛❧❧② ❡q✉❛❧ ✐❢

t❤❡② ❡♠♣❧♦② ❝♦♠♣❛t✐❜❧❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡rr♦r✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳

❚♦ ♣r♦✈❡ t❤✐s ♦♥❡ s❤♦✇s

QT Ω−1/2(I − P )Ω−1/2RΩ−1/2Q = QDT (DΩDT )−1DQ ✭✻✳✶✻✮

❢♦r ❛♥② ❝♦♥❢♦r♠❛❜❧❡ ❢✉❧❧✲r❛♥❦ s②♠♠❡tr✐❝ Ω✳ ❚❤✐s ✐s ✇✐❧❧ ❜❡ s♦ ✐❢ (I−P )Ω−1/2R = PΩ1/2D✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t PΩ−1/2RPΩ1/2D = 0✱ s♦ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥s ❛r❡ ♦rt❤♦❣♦♥❛❧✳

❈♦♥s✐❞❡r❛t✐♦♥ ♦❢ r❛♥❦s ♥♦✇ ❞❡❧✐✈❡rs t❤❡ r❡s✉❧t✳

■♥ ♦✉r ❝♦♥t❡①t✱ t❤✐s r❡s✉❧t s❤♦✇s t❤❡ ✜rst ❞✐✛❡r❡♥❝❡❞ ●▼▼ ♦❢ t❤❡ ✜①❡❞ ❡✛❡❝ts

♠♦❞❡❧ ✐s ♣r❡❝✐s❡❧② t❤❡ ❋■❱❯ ❡st✐♠❛t♦r✱ ❣✐✈❡♥ ❝♦♠♣❛t✐❜❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❡st✐✲

♠❛t❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ❆❇ ❡st✐♠❛t❡s ❛♥❞ ❋■❱❯ ❡st✐♠❛t❡s ♥❡❡❞ ♥♦t ❜❡ t❤❡ s❛♠❡ ❛s

✐♥✐t✐❛❧ ♠✐♥✐♠✉♠✲❞✐st❛♥❝❡ ❡st✐♠❛t❡s ♦❢ t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs ♠❛② ❞✐✛❡r ✇❤❡♥ t❤❡

t✇♦ ❡q✉❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ✐s♦❧❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ❡q✉❛❧✐t② ✐s ♦♥❧② ❛s②♠♣t♦t✐❝✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳

▲❡t

ν = ν(φ, τ), ✭✻✳✶✼✮

✇❤❡r❡ ν ✐s ❞❡✜♥❡❞ ❛❜♦✈❡ ❛♥❞ τ ✐s ❛ ✈❡❝t♦r ♦❢ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❤❛s ❧♦✇❡r

❞✐♠❡♥s✐♦♥ t❤❛♥ ν✳ ❲❡ ❛ss✉♠❡ ν(.) ✐s ❧✐♥❡❛r ✐♥ τ ✱ ✐✳❡✳ ν(φ, τ) = V (φ)τ ✱ t❤♦✉❣❤

t❤❡ ❛r❣✉♠❡♥t t♦ ❜❡ ♣r❡s❡♥t❡❞ ✇♦✉❧❞ ❣♦ t❤r♦✉❣❤ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s✉✣❝✐❡♥t

❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❛t t❤❡ tr✉❡ ✈❛❧✉❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡st✐♠❛t♦r φ̄ ❜❛s❡❞ ♦♥ t❤❡ ♠♦♠❡♥t

❝♦♥❞✐t✐♦♥s ✐♥ t❡r♠s ♦❢ φ, τ ✳ ❖♥❡ ❤❛s Γ =
[
Q+RJ RV

]
✇❤❡r❡ J = ∂ν(φ, τ)/∂φT

s♦✱ ❛s ✐♥ ✭✻✳✶✶✮

var(ξ) = [(Q+RJ)T
∆(IM − P(RV )∆)(Q+RJ)∆)]−1. ✭✻✳✶✽✮

❙✐♥❝❡ (IM − PR∆
)((Q+RJ)∆) = (IM − PR∆

)Q ❛♥❞ PR∆
> P(RV )∆ ✱ ♦♥❡ s❡❡s ❢r♦♠

✭✻✳✶✶✮ t❤❛t

var(φ̂) ≥ var(φ̄) ✭✻✳✶✾✮

✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ (PR∆
− P(RV )∆)(Q + RJ)∆ = 0✳ ❙✐♥❝❡ ✐♥ ❣❡♥❡r❛❧ t❤❡r❡

✐s ♥♦ ♣❛rt✐❝✉❧❛r r❡❛s♦♥ ❢♦r t❤✐s ❡q✉❛❧✐t② t♦ ❤♦❧❞✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ ♠♦r❡ ♣❛rs✐♠♦♥✐♦✉s

✷✽



♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs ✇✐❧❧ t②♣✐❝❛❧❧② ❞❡❧✐✈❡r ❛ ♠♦r❡ ❡✣❝✐❡♥t ❡s✲

t✐♠❛t♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st✳✶✷ ◗❊❉

■t ✐s ❛❧s♦ str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡ t❤❛t ❋■❱❘ ✐s ❡✣❝✐❡♥t ✐♥ t❤❡ ❝❧❛ss ♦❢ ❡st✐♠❛t♦rs

t❤❛t ♠❛❦❡ ✉s❡ ♦❢ s❡❝♦♥❞ ♠♦♠❡♥t ✐♥❢♦r♠❛t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❛t

♣r♦✈✐❞❡❞ ❜② ❆❤♥ ❛♥❞ ❙❝❤♠✐❞t ✭✶✾✾✺✱ s❡❝t✐♦♥ ✹✮✳ ❚❤❡r❡❢♦r❡ t❤✐s ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳ ■♥

s✉♠♠❛r②✱ ❋■❱❘ r❡❛❝❤❡s t❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❡✣❝✐❡♥❝② ❜♦✉♥❞ ❞✐s❝✉ss❡❞ ❜② ◆❡✇❡②

✭✶✾✾✵✮ ✉s✐♥❣ st❛♥❞❛r❞ r❡s✉❧ts ♦❢ ❈❤❛♠❜❡r❧❛✐♥ ✭✶✾✽✼✮✳ ❚❤✉s✱ ❋■❱❘ ✐s ❛s②♠♣t♦t✐❝❛❧❧②

❡✣❝✐❡♥t r❡❧❛t✐✈❡ t♦ ❛ ◗▼▲ ❡st✐♠❛t♦r✱ ❜✉t t❤❡ ❡st✐♠❛t♦rs ❛r❡ ❡q✉❛❧❧② ❡✣❝✐❡♥t ✉♥❞❡r

♥♦r♠❛❧✐t②✳

❆♣♣❡♥❞✐① ■■✿ ■❞❡♥t✐✜❝❛t✐♦♥ ❢♦r ❋■❱❯

❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝❛s❡✱ ✇❤❡r❡ t❤❡ s❡t ♦❢ ✐♥str✉♠❡♥ts ❝♦♥s✐sts ♦❢ ❝✉rr❡♥t ❛♥❞

❧❛❣❣❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ❊①t❡♥s✐♦♥ t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡

♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠ ✭✷✳✶✹✮✱ Mβ − vech(GF T ) = 0✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t♦

✐♠♣♦s❡ ❝♦♥❞✐t✐♦♥s ♦♥ vechGF T s♦ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ G ❛♥❞ F ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ✐♥❢❡rr❡❞

❢r♦♠ ❦♥♦✇❧❡❞❣❡ ♦❢ vechGF T ✱ ❛t t❤❡ s❛♠❡ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ vechGF T ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❢r♦♠ r❡str✐❝t❡❞ G ❛♥❞ F ✳ ❈♦♥s✐❞❡r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ vechGF T ❛s ❛♥

✉♣♣❡r✲tr✐❛♥❣✉❧❛r ♠❛tr✐①✿

vechGF T ≡




g1f1 g1f2 . . . g1fT

g2f2 . . . g2fT

✳ ✳ ✳
✳✳✳

gTfT



. ✭✻✳✷✵✮

❖♥❡ ❝❛♥ ✐♠♣♦s❡ t❤❡ r❡str✐❝t✐♦♥ t❤❛t t❤❡ ❧❛st n ❝♦❧✉♠♥s ♦❢ F T ❜❡ In✳ ❲❡ ❛ss✉♠❡

n ≤ (T + 1)/2✱ s♦ t❤❛t ❛♥ n × n ❜❧♦❝❦ ♦❢ t❡r♠s ❡①✐sts ❛❜♦✈❡ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧ ✐♥

✭✻✳✷✵✮✳ ■❢ t❤✐s ✐s ❞♦♥❡✱ ❛❧❧ gs, ❢♦r s =✶✱. . . T − n+ 1✱ ♠❛② ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ✈❛❧✉❡s

♦❢ t❤❡ t❡r♠s ✐♥ ✭✻✳✷✵✮✳ ❲❤❡♥ s > T − n + 1 t❤✐s ✐s ♥♦ ❧♦♥❣❡r s♦✱ ❛s s✉❝❤ t❡r♠s ❛s

gT−n+2fT−n+1 ❛r❡ ♥♦t ♦❜s❡r✈❡❞✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ✐♠♣♦s❡ t❤❡ r❡str✐❝t✐♦♥s t❤❛t t❤❡ ❧❛st

s − T + n − 1 ❝♦❧✉♠♥s ♦❢ gs ❛r❡ ③❡r♦✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ✉♥✐q✉❡ ✐♥❢❡r❡♥❝❡ ♦❢ ❛❧❧ t❤❡

gs ✐♥ ✭✻✳✷✵✮ ✐✳❡✳ t❤❡ ❢✉❧❧ G ♠❛tr✐①✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥❢❡rr✐♥❣ ft ✇❤❡♥

✶✷❚❤❡ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❤♦❧❞ ✐❢ J = 0 ❛♥❞ QT

∆R∆ = 0✳ ❚❤✐s ✇✐❧❧ ❜❡ s♦ ✇❤❡♥ t❤❡ r❡♣❛r❛♠❡tr✐s❛t✐♦♥
❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ φ ❛♥❞ t❤❡ ●▼▼ ❡st✐♠❛t❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛r❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✳

✷✾



t ≤ T − n✳ ❚❤❡ ♠❛tr✐①

Gtft =




g1

✳✳✳

gt


 ft

✐s ♦❜s❡r✈❡❞✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r♦✇s ♦❢ Gt ✐s pt✳ ❲❤❡♥ pt ≥ n ✇❡ ✐♠♣♦s❡ t❤❡ r❡str✐❝t✐♦♥

t❤❛t t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ Gt ❜❡ ③❡r♦✱ t❤❡ ❢✉❧❧✲r❛♥❦ ❛ss✉♠♣t✐♦♥ ♦♥ Gt✳ ❲❤❡♥ pt < n ✭✇❤✐❝❤

♥❡❡❞ ♥♦t ♦❝❝✉r✮✱ ✇❡ s❡t t❤❡ ❧❛st n− pt ❡♥tr✐❡s ♦❢ Gt t♦ ③❡r♦ ❛♥❞ ✐♠♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥

t❤❛t t❤❡ ❛♣♣r♦♣r✐❛t❡❧② tr✉♥❝❛t❡❞ s✉❜✲♠❛tr✐① ♦❢ Gt ❜❡ ♦❢ ❢✉❧❧ r❛♥❦✳ ❚❤✐s ❡st❛❜❧✐s❤❡s

t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ G ❛♥❞ F. ❚❤❡ s❝❤❡♠❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✿

✶✳ ❚❤❡ ❧❛st n ❝♦❧✉♠♥s ♦❢ F T ❢♦r♠ In.

✷✳ ❚❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧ ③❡r♦ r❡str✐❝t✐♦♥s ♦♥ G ❛♥❞ F ✳

✸✳ ❚❤❡r❡ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉❧❧✲r❛♥❦ ❝♦♥❞✐t✐♦♥s ♦♥ s✉❜✲♠❛tr✐❝❡s ♦❢ G✳

▲❡t Θr ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs s✉❝❤ t❤❛t ✶✲✸ ❤♦❧❞ ❛♥❞ Θ ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥

s✉❝❤ t❤❛t ❜♦t❤ ✸ ❤♦❧❞s ❛♥❞ t❤❡ ♠❛tr✐① ❢♦r♠❡❞ ❢r♦♠ t❤❡ ❧❛st n ❝♦❧✉♠♥s ♦❢ F T ✐s ♦❢

❢✉❧❧ r❛♥❦✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇✿

Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✐❞❡♥t✐❢✐❝❛t✐♦♥ s❝❤❡♠❡✳

❆ss✉♠❡ n ≤ (T + 1)/2✳

✶✳ ❲✐t❤ φ ❤❡❧❞ ✜①❡❞✱ ❛♥② θ ∈Θr ✐s ✐❞❡♥t✐✜❡❞ ❢r♦♠ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✳

✷✳ ❋♦r ❛♥② θ ∈Θ✱ Ψ(θ) = Ψ(θr) ❢♦r s♦♠❡ θr ∈Θr✳Θ ✐s ❞❡♥s❡ ✐♥ t❤❡ ✉♥r❡str✐❝t❡❞

♣❛r❛♠❡t❡r s❡t Ω✳

✸✳ ∂Ψ/∂νr❤❛s ❢✉❧❧ r❛♥❦ ✇❤❡r❡ νr ✐s t❤❡ ✈❡❝t♦r ♦❢ ❢r❡❡ ♣❛r❛♠❡t❡rs ✐♥ r❡str✐❝t❡❞ G,F ✳

✹✳ ❋♦r ❛♥② θ ∈Θ✱ Ψ(θ) = Ψ(θr) ❢♦r s♦♠❡ θr ∈Θr✳

✺✳ ❚❤❡ s♣❛♥♥✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✸✳✽✮ ❤♦❧❞s✳

❚❤❡s❡ r❡s✉❧ts ❡st❛❜❧✐s❤ ❛❧❧ ♦❢ ❆ss✉♠♣t✐♦♥ ✺ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝❛s❡ ❡①❝❡♣t t❤❡ ❜♦✉♥❞✲

❡❞♥❡ss ❝♦♥❞✐t✐♦♥ ❢♦r θ ∈Θr✳ ❚♦ s❡❡ t❤✐s✱ ❛ss✉♠❡ φ ✐s r❡str✐❝t❡❞ t♦ ❛ ❝♦♠♣❛❝t s❡t✳

❚❤❡♥

∥∥B(Mβ(φ) − vechGF T
∥∥ ≥

∣∣‖G‖
∥∥BvechḠF T

∥∥ − ‖BMβ(φ)‖
∣∣ ,

✸✵



✇❤❡r❡ ‖G‖ ✐s t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠ ♦❢ G ❛♥❞
∥∥Ḡ

∥∥❂✶✱ ✇❤❡r❡ Ḡ = G/
∥∥Ḡ

∥∥✳ ❚❤❡
s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ❜② ❝❤♦✐❝❡ ♦❢ ‖G‖ ♣r♦✈✐❞❡❞

∥∥BvechḠF
∥∥❝❛♥

❜❡ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✳ ◆♦✇
∥∥BvechḠF

∥∥≥ b
∥∥vechḠF

∥∥ ✇❤❡r❡ b ✐s t❤❡ s♠❛❧❧❡st

❡✐❣❡♥✈❛❧✉❡ ♦❢ B✶✸✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡str✐❝t✐♦♥s ♦♥ G ❛r❡ s✉❝❤ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t

♦❢ t❤❡ ♠❛tr✐① ❡✐t❤❡r ❛♣♣❡❛rs ❛s ❛ s❡♣❛r❛t❡ t❡r♠ ✐♥ vechḠF ♦r ✐s ③❡r♦✳ ❚❤✐s ✐♠♣❧✐❡s∥∥vechḠF
∥∥ ≥

∥∥Ḡ
∥∥ = 1, t❤✉s ❞❡❧✐✈❡r✐♥❣ t❤❡ r❡s✉❧t✳

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s s✉✣❝❡ t♦ ✐❞❡♥t✐❢② t❤❡ ❢❛❝t♦rs❀ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r ✐❞❡♥t✐✜❝❛t✐♦♥

❢♦r t❤❡ ❢✉❧❧ ✈❡❝t♦r θ✳ ❲❡ s❤❛❧❧ ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦♥❡✲❢❛❝t♦r ❝❛s❡✳ ❲❡ ❡①❛♠✐♥❡

✇❤❡♥ Γ = ∂Ψ/∂θT
r ✐s ♦❢ ❢✉❧❧✲r❛♥❦✱ ❛ss✉♠✐♥❣ ❧✐♥❡❛r β(.)✳ ▲♦❝❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐❧❧

❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❢✉❧❧✲r❛♥❦ ♦❢ Γ. ❲r✐t❡ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ ✭✷✳✶✸✮ ✐♥ t❡r♠s ♦❢ ✉♣♣❡r✲

tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s




m11β m12β . . . m1Tβ

m22β . . . m2Tβ
✳ ✳ ✳

✳✳✳

mTTβ



−




g1f1 g1f2 . . . g1fT

g2f2 . . . g2fT

✳ ✳ ✳
✳✳✳

gTfT




= 0. ✭✻✳✷✶✮

❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡str✐❝t✐♦♥ ✐s ❤❡r❡ t❤❛t fT = 1 ❛♥❞ gT 6= 0✱ t❤❡ ❧❛tt❡r ❜❡✐♥❣ t❤❡

❢✉❧❧✲r❛♥❦ ❝♦♥❞✐t✐♦♥ ♦♥ s✉❜✲♠❛tr✐❝❡s ♦❢ G. ■❢ t❤✐s ✐s s♦✱ ❛♥❞ ❣✐✈❡♥ t❤❛t t❤❡ ❢✉❧❧ r❛♥❦ ♦❢

∂Ψ/∂νT
r ✐s ❡st❛❜❧✐s❤❡❞✱ Γ ❝❛♥ ❢❛✐❧ t♦ ❤❛✈❡ ❢✉❧❧ r❛♥❦ ♦♥❧② ✐❢

vechM †(IT ⊗ φ∗) =
∂vechgfT

∂gT
g∗ +

∂vechgfT

∂fT
f ∗ ✭✻✳✷✷✮

❢♦r s♦♠❡ ♥♦♥✲③❡r♦ (φ, g∗, f∗)✱ ✇❤❡r❡ M † ✐s t❤❡ ♠❛tr✐① ❝♦♠♣r✐s❡❞ ♦❢ t❤❡ mst ✇✐t❤ t❤❡✐r

✜rst ❝♦❧✉♠♥s r❡♠♦✈❡❞✳ ■♥ t❤✐s ❡①♣r❡ss✐♦♥ f ∗
T = 0 s✐♥❝❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡

❤❛s r❡♠♦✈❡❞ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ ∂Ψ/∂fT ✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ ✭✷✳✾✮✱ t❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥

vechM †(IT ⊗ φ∗) = vechg∗fT + vechgf∗T . ✭✻✳✷✸✮

❖♥❡ ❝❛♥ ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ❝❛♥♥♦t ❤♦❧❞✱ ❛♥❞ t❤✉s Γ

❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ✉♥r❡str✐❝t❡❞ ❡❧❡♠❡♥ts ♦❢ θ ♠✉st ❜❡ ♦❢ ❢✉❧❧ r❛♥❦✳ ❆ss✉♠❡ T ≥ 3✳ ❋♦r

✶✸❚❤✐s ❛r❣✉♠❡♥t ✐s ❢❛❝✐❧✐t❛t❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t B ✐s t❤❡ s②♠♠❡tr✐❝ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✇❡✐❣❤t
♠❛tr✐① C r❛t❤❡r t❤❛♥ t❤❡ ❈❤♦❧❡s❦✐ ♠❛tr✐①✳
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t❤❡ 2 × 2 s✉❜✲♠❛tr✐① m ♦❢ t❡r♠s ❢r♦♠ t❤❡ ◆♦rt❤✲❊❛st ♦❢ M † ♦♥❡ ✜♥❞s

m(I2 ⊗ φ∗) = g∗fT + gf∗T , ✭✻✳✷✹✮

✇❤❡r❡ t❤❡ t❡r♠s ♦♥ t❤❡ r✐❣❤t ♥♦✇ ❡❛❝❤ ❝♦♥s✐st ♦❢ t✇♦ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❡❝t♦rs

♦♥ t❤❡ r✐❣❤t ♦❢ ✭✻✳✷✸✮✱ ❞❛t❡❞ 1, 2 ❢♦r ❜♦t❤ g ✈❡❝t♦rs ❛♥❞ T − 1, T ❢♦r t❤❡ f ✈❡❝t♦rs✳

❊①♣❧♦✐t✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s fT = 1, f ∗
T = 0✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t (m(1) − fT−1m

(2))φ∗ =

f ∗
T−1g ✇❤❡r❡ m(1) ❛♥❞ m(2) ❛r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❜❧♦❝❦s ♦❢ r = q − 1 ❝♦❧✉♠♥s

♦❢ m✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s Γ ❜❡✐♥❣ ♥♦t ♦❢ ❢✉❧❧✲r❛♥❦ ✐♠♣❧✐❡s t❤❛t t❤❡ s✉❜✲✈❡❝t♦r g ∈
Span✭m(1)−fT−1m

(2)) ✐✳❡ t❤❡ 2p×1 ✈❡❝t♦r g ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ r ❝♦❧✉♠♥s

♦❢ m(1) − fT−1m
(2)✳ ❚❤✉s✿

■❞❡♥t✐❢✐❝❛t✐♦♥ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝❛s❡ ✇✐t❤ ♦♥❡ ❢❛❝t♦r ❆ss✉♠❡ T ≥ 3.

❚❤❡♥ Γ ❤❛s ❢✉❧❧ r❛♥❦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦♥❡ ❢❛❝t♦r ❛♥❞ ❧✐♥❡❛r β(.) ✐❢ g1 6= 0✱ fT = 1 ❛♥❞

[
g1

g2

]
/∈ Span(m(1) − fT−1m

(2)) ✭✻✳✷✺✮

❛t t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳

❆s ❛ s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝❛s❡✱ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ ❧❛❣❣❡❞ ❞❡♣❡♥❞❡♥t

✈❛r✐❛❜❧❡✱ ✇✐t❤ t❤✐s ✭❛♥❞ ✐ts ❧❛❣s✮ ❛s t❤❡ ✐♥str✉♠❡♥t ❛♥❞ ❛ss✉♠❡ 0 < |φ| < 1. ❚❤❡

♠♦❞❡❧ ✐s

xit = φxit−1 + λift + εit. ✭✻✳✷✻✮

■❢ ♦♥❡ ❛ss✉♠❡s t❤❛t t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ♣r♦❝❡ss ❜❡❣✐♥♥✐♥❣ ✐♥ t❤❡

❞✐st❛♥t ♣❛st✱ t❤✐s ❝❛♥ ❜❡ s♦❧✈❡❞ ❛s

xit = λi(I − φL)−1ft + (I − φL)−1εit ✭✻✳✷✼✮

= λif
c
t + ηit, ✭✻✳✷✽✮

✇❤❡r❡ t❤❡ f c
t = (I − φL)−1ft ❛r❡ r❡✲❞❡✜♥❡❞ ❢❛❝t♦rs ❛♥❞ ηit ✐s ❛ st❛t✐♦♥❛r② ❆❘✭✶✮ ✭✐❢

t❤❡ εit ❛r❡ ❤♦♠♦s❝❡❞❛st✐❝✮✳ ■❢ ✇❡ ❛ss✉♠❡ λi ❛♥❞ εit ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ❢♦❧❧♦✇s t❤❛t

M †
st = E(xis−1xit) = σ2

λf
c
t f

c
s−1 + σ2

ηφ
|t−s+1|s = 1, . . . , t; t = 1, . . . , T. ✭✻✳✷✾✮

✸✷



❖♥❡ ❤❛s ❛s ✇❡❧❧ t❤❛t

gs = E(λixis−1) = σ2
λf

c
s−1. ✭✻✳✸✵✮

❯s✐♥❣ t❤❡s❡ ❢♦r♠✉❧❛❡✱ ♦♥❡ ❝❛♥ s❤♦✇ Γ ❤❛s ❢✉❧❧ r❛♥❦ ✉♥❧❡ss

[
f c

0

f c
1

]
∝

[
φ

1

]
. ✭✻✳✸✶✮

■❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❢❛❧s❡ t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❆❘✭✶✮ ♠♦❞❡❧ ✐s ✐❞❡♥t✐✜❡❞✳

❚❤❡r❡ ✐s ❛ s♦♠❡✇❤❛t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ✈❡rs✐♦♥ ♦❢ ✭✻✳✷✺✮ ❢♦r t❤❡ ♠✉❧t✐✲❢❛❝t♦r ❝❛s❡✳

■❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ t❤❡♥ ❆ss✉♠♣t✐♦♥s ✶✲✺ ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❤♦❧❞ ✭s❛✈❡ ❢♦r ∆

❜❡✐♥❣ ❢✉❧❧ r❛♥❦✮ ❛♥❞ ❤❡♥❝❡ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ r❡s✉❧t❀ s✐♥❝❡ t❤❡ s♣❛♥♥✐♥❣ ❝♦♥❞✐t✐♦♥ ❤❛s

❜❡❡♥ ❞❡♠♦♥str❛t❡❞✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ r❡str✐❝t❡❞ ❛♥❞ ✉♥r❡str✐❝t❡❞ ❡st✐♠❛t✐♦♥ ♠❛② ❜❡

✐♥✈♦❦❡❞ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝❛s❡✳ ❖♥❡ ❝❛✈❡❛t ✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✻✳✷✺✮ ✐s ♥♦t ✐♥ t❡r♠s

♦❢ ♣r✐♠✐t✐✈❡ ♣❛r❛♠❡t❡rs ✭✐✳❡✳ t❤♦s❡ ❣✐✈✐♥❣ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝

♣r♦❝❡ss ❣❡♥❡r❛t✐♥❣ t❤❡ ❞❛t❛✮ s♦ ✐t ✐s ♣♦ss✐❜❧❡ ✐♥ ♣r✐♥❝✐♣❧❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ✐♥ ❢❛❝t

✈❛❝✉♦✉s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ❆❘✭✶✮✳

❆♣♣❡♥❞✐① ■■■✿ ❉❡r✐✈❛t✐✈❡s

❲❡ s❤❛❧❧ ❞❡r✐✈❡ t❤❡ ❣r❛❞✐❡♥t ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❍❡ss✐❛♥ ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❋■❱ ♠♦❞❡❧s✳

❚❤❡ ♥♦t❛t✐♦♥ ✇✐❧❧ ❜❡ ❛s ❢♦❧❧♦✇s✳ ■❢ A(θ) ✐s ❛ ✭❝♦❧✉♠♥✮ ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ♦❢ θ t❤❡♥

DθA(θ) = ∂A/∂θT . ■❢ A ✐s ❛ ♠❛tr✐① t❤❡♥ DθA(θ) = ∂vecA/∂θT . ❚❤❡ ❝❤❛✐♥ r✉❧❡ t❛❦❡s

t❤❡ ❢♦r♠ Dθ(A(B(θ))) = DvecB(A(B))DθB. ❚❤❡ ♣r♦❞✉❝t r✉❧❡ ✐s

Dθ(A(θ)B(θ)) = (BT ⊗ Im)DθA+ (Iq ⊗ A)DθB, ✭✻✳✸✷✮

✇❤❡r❡ A ✐s m× p ❛♥❞ B ✐s p× q. ❚❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦r ✐s ❞❡✜♥❡❞ ❛s ∇θA = (DθA)T .

❋■❱❯ ❣r❛❞✐❡♥t ✈❡❝t♦r

■♥ t❤✐s ❝❛s❡ t❤❡ ♠✐♥✐♠❛♥❞ ✐s

QB = ΨTBTBΨ, ✭✻✳✸✸✮

✇❤❡r❡

Ψ = M̂β − SvecGF T . ✭✻✳✸✹✮

✸✸



❚❤✐s ✐s ♦♣t✐♠✐s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ θ = (φT , fTgT )T .❖♥❡ ❤❛sDθQB = 2ΨTBTBDθΨ

❛♥❞✱ ✉s✐♥❣ ✭✷✳✾✮

DθΨ =
[

(M̂Dφβ −S(IT ⊗G) −S(F ⊗ Id)
]
. ✭✻✳✸✺✮

❚❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦r ✐s t❤❡♥ ❝❛❧❝✉❧❛t❡❞ ❛s

∇QB = 2(DθΨ)TBTBΨ. ✭✻✳✸✻✮

❋■❱❘ ❣r❛❞✐❡♥t ✈❡❝t♦r

❆s ❛ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡str✐❝t❡❞ ♠♦❞❡❧s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠

t❤❡ ❋■❱❯ ❞❡r✐✈❛t✐✈❡s ❜② ✉s❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐❝❡s✳ ❆ss✉♠❡ t❤❡ r❡str✐❝t✐♦♥s

❡✛❡❝t ❛ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥ θ = θ(ξ) ❛♥❞ ❧❡t Jξ(θ) = Dξθ ❜❡ t❤❡ ❏❛❝♦❜✐❛♥✳ ❚❤❡♥

(∇RQB(ξ))T = ∂QB/∂ξ
T = ∂QB/∂θ

TJξ(θ) = (∇UQB)TJξ(θ). ✭✻✳✸✼✮

❚❤❡ ❋■❱❘ ♠✐♥✐♠✐s❛t✐♦♥ ✐s ✐♥ t❡r♠s ♦❢ t❤❡ ξ ✈❡❝t♦r ❝♦♥s✐st✐♥❣ ♦❢ φ, g, δ ✇❤❡r❡

f = HPd,ng − Uδ✳ ❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜②

J =




Ir 0r×nd 0r×u

K(Iq ⊗ Pd,ng)Dφβ H(β)Pd,n −U
0nd×r Ind 0nd×u


 . ✭✻✳✸✽✮

❋■❱❘ ✇❤❡♥ ♦♥❡ ❢❛❝t♦r ✐s ✜①❡❞ ❡✛❡❝ts✳

■t ✐s s♦♠❡t✐♠❡s ♦❢ ✐♥t❡r❡st t♦ s♣❡❝✐❢② t❤❛t ♦♥❡ ♦❢ t❤❡ ❢❛❝t♦rs ✭s❛② t❤❡ ✜rst✮ ✐s ✜①❡❞

❡✛❡❝ts✳ ■❢ t❤✐s ✐s ❞♦♥❡ t❤❡♥ t❤❡ r❡✲♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ f s♦ ❛s t♦ ❤❛✈❡ ΩΓ = Ip ❝❛♥ ♥♦

❧♦♥❣❡r ❜❡ ❛❝❤✐❡✈❡❞✿ t❤❡ ♠♦st t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ ✐s t♦ ❤❛✈❡ ΩΓ = σ2Ip ❢♦r ❛ s❝❛❧❡ t❡r♠

σ2✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ✐s ♥♦✇ ✇✐t❤ r❡s♣❡❝t t♦ φ, σ2, f0, δ, ζ ✇❤❡r❡ f 0 st❛♥❞s

❢♦r t❤❡ ✉♥r❡str✐❝t❡❞ ❢❛❝t♦r t❡r♠s✳

❙❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s

❲r✐t❡ QB = uTu ✇❤❡r❡ u = BΨ. ❋♦r ❛♥② ♣❛r❛♠❡t❡r ✈❡❝t♦r θ ♦♥❡ ❤❛s

∇QB = 2
∂uT

∂θ
u, ✭✻✳✸✾✮

✸✹



s♦

D2
θQB = Dθ∇QB ✭✻✳✹✵✮

= 2Dθ[
∂uT

∂θ
u] ✭✻✳✹✶✮

= 2[(uT ⊗ Idim θ)Dθ(
∂uT

∂θ
) + (Dθu)

T (Dθu). ✭✻✳✹✷✮

❉❡♥♦t❡ t❤❡ ✜rst t❡r♠ ✇✐t❤✐♥ t❤❡ ❜r❛❝❦❡ts V (θ). ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t

V =
dim u∑

i=1

uiD
2
θui. ✭✻✳✹✸✮

❋♦r ❜♦t❤ ❋■❱❯ ❛♥❞ ❋■❱❘ t❤❡ u ✈❡❝t♦r ✐s ❧✐♥❡❛r ✐♥ t❤❡ st♦❝❤❛st✐❝ t❡r♠ M̂β ✭✇❤❡♥

β ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ φ) s♦ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ❛r❡ ♥♦♥✲st♦❝❤❛st✐❝ ❢✉♥❝t✐♦♥s ♦❢

θ✳ ❙✐♥❝❡ t❤❡ u ✈❡❝t♦r ✐s ③❡r♦ ✐♥ ❡①♣❡❝t❛t✐♦♥ ❛t t❤❡ tr✉❡ θ0 ✐♥ ▼♦▼ ♠♦❞❡❧s ✇❡ ❤❛✈❡

t❤❛t✱ ❡✈❛❧✉❛t❡❞ ❛t θ0✱

E(D2
θQB) = E((Dθu)

T (Dθu)), ✭✻✳✹✹✮

✇❤✐❝❤ s✉❣❣❡sts t❤❛t t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐① (Dθu)
T (Dθu) ♠❛② ❣✐✈❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐✲

♠❛t✐♦♥ t♦ t❤❡ ❍❡ss✐❛♥ ❝❧♦s❡ t♦ ❝♦♥✈❡r❣❡♥❝❡✳

❋■❱❯ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝❛s❡✳

❋♦r t❤❡ ❋■❱❯ r❡s✐❞✉❛❧ ✈❡❝t♦r Ψ, ✇r✐t❡ Ψ∗ = BTBΨ ❛♥❞ s❡❝t✐♦♥ ✐t ✐♥t♦ p × 1 s✉❜✲

♠❛tr✐❝❡s s♦ t❤❛t Ψ∗ = (Ψ∗T
1 , ...,Ψ∗T

T (T+1)/2)
T ✳ ❈r❡❛t❡ ❛ T × T ✉♣♣❡r s❡♠✐✲tr✐❛♥❣✉❧❛r

♠❛tr✐① V ∗ ❢r♦♠ t❤❡s❡ s✉❜✲♠❛tr✐❝❡s s♦ t❤❛t vechV ∗ = Ψ∗. ✭◆♦t❡ t❤❛t V ∗ ✐s ❛ pT × T

♠❛tr✐① ♦❢ s❝❛❧❛rs✳✮ ❚❤❡♥ ♦♥❡ ❝❛♥ s❤♦✇

V (θ) =




0r×r 0r×nT 0r×npT

0nT×r 0nT×nT In ⊗ V ∗T

0npT In ⊗ V ∗ 0npT×npT


 . ✭✻✳✹✺✮

❚❤❡ ❍❡ss✐❛♥ ❢♦r ❋■❱❯ ✐s t❤✉s

D2
θQB = V + (Dθu)

T (Dθu). ✭✻✳✹✻✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ V ❛r❡ ±√
µi, i = 1, ..., nT ✭♣❧✉s ③❡r♦✮✱ ✇❤❡r❡

t❤❡ µi ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ V
∗TV ∗✳ ❚❤✉s t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❍❡ss✐❛♥ ✐s ♥♦t ❛ss✉r❡❞

✸✺



✐♥ ✭✻✳✹✻✮✳ ■♥ ❢❛❝t✱ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ φ ✭s❡❡ ✭✻✳✸✺✮✮✱

✇❤❡r❡❛s t❤❡ ✜rst t❡r♠ ✐s ♥♦t✳ ■❢ ♦♥❡ ✐♠❛❣✐♥❡s ❛ s❝❛❧❡ ✐♥❝r❡❛s❡ ✐♥ φ t❤❡♥ ❡✈❡♥t✉❛❧❧② t❤❡

✜rst t❡r♠ ✇✐❧❧ ❣r♦✇ ❛s t❤❡ sq✉❛r❡ ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ❢❛❝t♦r ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❍❡ss✐❛♥

✇✐❧❧ ❤❛✈❡ s❛❞❞❧❡♣♦✐♥ts✳ ❚❤✐s s❤♦✇s t❤❛t ❛♥ ♦r✐❣✐♥❛❧ ❜❛❞ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ φ ✇✐❧❧ ❧❡❛❞

t♦ ♣r♦❜❧❡♠s ✇✐t❤ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ t❤❡ ✉♥♠♦❞✐✜❡❞ ❍❡ss✐❛♥✳

❈♦♥❝❡♥tr❛t✐♦♥s✳

❋♦r ❋■❱❯ ♦♥❡ ❤❛s

u = BΨ = B(M̂β − SvecGF T ). ✭✻✳✹✼✮

❇② ✉s❡ ♦❢ ✭✷✳✾✮ ♦♥❡ ❤❛s

u = B
[
M̂ −S(IT ⊗G)

] [
β

f

]
= B

[
M̂ −S(F ⊗ Id)

] [
β

g

]
. ✭✻✳✹✽✮

❚❤❡s❡ r❡❧❛t✐♦♥s❤✐♣s ✐♠♣❧② t❤❛t✱ ❣✐✈❡♥ F ♦♥❡ ❝❛♥ ♠✐♥✐♠✐s❡ t❤❡ ❝r✐t❡r✐♦♥ ❢✉♥❝t✐♦♥ ❜②

❛ ♦♥❡✲♣❛ss ❧✐♥❡❛r r❡❣r❡ss✐♦♥✱ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r G. ■t❡r❛t✐♥❣ t❤❡s❡ ♣r♦❝❡❞✉r❡s ✇✐❧❧ ♣r♦✲

❞✉❝❡ ❛ ❞❡❝❧✐♥✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✈❛❧✉❡s ♦❢ t❤❡ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ✉s✉❛❧❧② ✐♥ ♣r❛❝t✐❝❡ ❝♦♥✈❡r❣❡s

t♦ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❆s ❛ ❣❡♥❡r❛❧ r✉❧❡ ✐♥ ❋■❱❯ ❡st✐♠❛t✐♦♥ ✇❡ ✉s❡ t❤❡s❡ ❝♦♥❝❡♥tr❛t✐♦♥s
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