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❲❡ ♠♦❞❡❧ t❤❡ ♣r✐❝❡s✱ Yti✱ ❛s ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ s♠♦♦t❤ ♣r✐❝❡ ❝✉r✈❡✱ Xt✱ s✉❝❤
t❤❛t

Yti = Xt(uti) + εti ✇✐t❤ t = 1, 2, . . . , T. ✭✶✮

❲❤❡r❡ Xt(.) ✐s ❛ s♠♦♦t❤ ♠♦♥♦t♦♥❡ r❛♥❞♦♠ ❢✉♥❝t✐♦♥ ♦❢ ❛❞❥✉st❡❞ ❞❡♠❛♥❞✶ u ∈ U ✇✐t❤
U ❜❡✐♥❣ ❛ ❝❧♦s❡❞ ❛♥❞ ❜♦✉♥❞❡❞ s✉❜s♣❛❝❡ ♦❢ R✳ ❲❡ ✇✐❧❧ s❡t✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱
U = [0, 1]✳ ❚❤❡ ✐♥❞❡① i = 1, . . . , Nt ✐♥ uti r❡❢❡rs t♦ t❤❡ i✲t❤ ♦r❞❡r st❛t✐st✐❝ ♦❢ t❤❡ ♦❜s❡r✈❡❞
❤♦✉r❧② ❛❞❥✉st❡❞ ❞❡♠❛♥❞ ✈❛❧✉❡s✱ uth✳ ❚❤❡ ♥♦✐s❡ t❡r♠✱ εti✱ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t❧②
❞✐str✐❜✉t❡❞ ❢♦r ❡❛❝❤ t ❛♥❞ i✱ ✇✐t❤ ❊(εti) = 0 ❛♥❞ ❱❛r(εti) = σ2

ε ✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s♦♠❡ r❛✇
❞❛t❛ ✈❡❝t♦rs Yt = (Yt1, . . . , YtNt

)′ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✶✳ ◆♦t❡ t❤❛t✱ s♦♠❡ ♣r✐❝❡s Yti

❤❛✈❡ t♦ ❜❡ tr❡❛t❡❞ ❛s ♦✉t❧✐❡rs✱ ❛♥❞ ✇❡ ✉s❡ Nt t♦ r❡❢❡r t♦ t❤❡ ❛♠♦✉♥t ♦❢ ♣r✐❝❡s ♣❡r ❞❛② t✱
t❤❛t ✐s ✉s❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ♦✉t❧✐❡r ♣r✐❝❡s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡
❧❡❢t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✸✳
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❝♦♥s✐sts ♦❢ ✉♥❦♥♦✇♥ ♥♦♥ ♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥s✱ f1, . . . , fK ✱ t❤❛t ❤❛✈❡ t♦ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠
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♣r✐✈✐❧❡❣❡❞ st❛t✉s ♦❢ r❡♥❡✇❛❜❧❡ ❡♥❡r❣② s♦✉r❝❡s✱ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ♦❢ ❡❧❡❝tr✐❝✐t② ✐s ♥♦t ✈❛❧✐❞ ❢♦r ✇✐♥❞✲♣♦✇❡r✳

✷



t❤❡ ❞❛t❛✳ ❚❤❡ K < ∞ ❢✉♥❝t✐♦♥❛❧s ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❢❛❝t♦r str✉❝t✉r❡✱ F̂ = [f̂1, . . . , f̂K ]✱
❛r❡ r❡q✉✐r❡❞ t♦ ❜❡ ♠✉t✉❛❧❧② ♦rt❤♦♥♦r♠❛❧ t♦ ❡❛❝❤ ♦t❤❡r ❛♥❞ t♦ ❜❡ ❛♥ ♦♣t✐♠❛❧ ❡♠♣✐r✐❝❛❧
❜❛s✐s s✉❝❤ t❤❛t

Xt ≈

K
∑

k=1

β̂tkf̂k = β̂′
tF̂ . ✭✷✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢❛❝t♦r str✉❝t✉r❡✱ F̂ = [f̂1, . . . , f̂K ]✱ s❤❛❧❧ ❞❡✜♥❡ t❤❡ ❜❡st ♣♦ss✐❜❧❡
♣r♦❥❡❝t✐♦♥ ❢r♦♠ t❤❡ s♣❛❝❡ HT ⊂ L2(U) s♣❛♥♥❡❞ ❜② t❤❡ s❛♠♣❧❡❞ ❢✉♥❝t✐♦♥s✱ X1, . . . , XT ✱
✐♥t♦ ❛ K ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ HT ✱ ✇❤❡r❡ ✏❜❡st ♣♦ss✐❜❧❡✑ ✐s ✉♥❞❡rst♦♦❞ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r s❡♥s❡✱

T
∑

t=1

||Xt −

K
∑

k=1

β̂tkf̂k||
2
2 = ♠✐♥

v1,...,vK

T
∑

t=1

♠✐♥
ϑ1,...,ϑK

||Xt −
K
∑

k=1

vtkϑk||
2
2, ✭✸✮

✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ ♣♦ss✐❜❧❡ ϑ1, . . . , ϑt ∈ L2(U) ❛♥❞ vt1, . . . , vtK ∈ R✳ ❲❡ ✉s❡ ||.||2

t♦ ❞❡♥♦t❡ t❤❡ ▲✷✲♥♦r♠✱ ✐♥ ✐ts ❢✉♥❝t✐♦♥❛❧ ✈❡rs✐♦♥ ||f ||2 =
√

∫ 1

0
f(u)2du ❢♦r ❢✉♥❝t✐♦♥s

f ∈ L2(U)✱ ❛♥❞ ✐ts ❡✉❝❧✐❞❡❛♥ ✈❡rs✐♦♥ ||y||2 =
√

∑N
i=1 y

2
i ❢♦r ✈❡❝t♦rs y ∈ R

N ✳ ◆♦t❡ t❤❛t

t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❢❛❝t♦r str✉❝t✉r❡✱ F̂ ✱ ✐s ❛❧s♦ ❢✉❧✜❧❧❡❞ ❜② ❛♥② r✐❣✐❞ r♦t❛t✐♦♥s✱ F̂ ∗ = TF̂ ✱
✇❤❡r❡ T ✐s ❛♥② ♦rt❤♦♥♦r♠❛❧ K ×K✲♠❛tr✐① s✉❝❤ t❤❛t TT

′ = T
′
T = IK ✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ✜rst K < ∞ ❡♠♣✐r✐❝❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ ❧❡t✬s s❛② f1T , . . . , fKT ✱
♦❢ t❤❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱

ρT g =

∫ 1

0

σT (u, v) g(v)dv, ❢♦r ❛❧❧ g ∈ L2(U),

✇❤❡r❡ σT (u, v) = T−1
T
∑

t=1

Xt(u)Xt(v), ✇✐t❤ u, v ∈ U ,

❝❛♥ ❞❡✜♥❡ s✉❝❤ ❛ ❜❡st ♣♦ss✐❜❧❡ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ t❤❡ s♣❛❝❡ HT = s♣❛♥(X1, . . . , XT ) ⊂
L2(U) ✐♥t♦ ❛ K✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ HT ✳ ■♥ ♦✉r ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ✇❤❡r❡ (X1, . . . , XT )
✐s ❛❧❧♦✇❡❞ t♦ ❜❡ ❛♥② ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♦♣✲
❡r❛t♦r✱ ρT g✱ ❣❡♥❡r❛❧❧② ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ ❛ ♣♦♣✉❧❛t✐♦♥ ❝♦✉♥t❡r♣❛rt ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧
❡✐❣❡♥❢✉♥❝t✐♦♥s ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ❝❛♥♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ❝❧❛s✲
s✐❝❛❧ s❡♥s❡✳ ❚❤✐s s❛♠♣❧❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ FT = [f1T , . . . , fKT ] ✐s ♥♦t ❞✐✛❡r❡♥t ❢r♦♠ ♦t❤❡r
❞②♥❛♠✐❝ ❢❛❝t♦r ♠♦❞❡❧s ❛s ✐♥ ❬✹❪✳

❯♥❢♦rt✉♥❛t❡❧②✱ ❣✐✈❡♥ t❤❡ ✉♥r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s❡r✐❡s (Xt)✱ t❤❡ s♣❡❝tr❛❧
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ρT g✱ ❣❡♥❡r❛❧❧② ❝❛♥♥♦t ❜❡ ✉s❡❞ t♦
❡st✐♠❛t❡ ❛ ❢❛❝t♦r str✉❝t✉r❡✱ FT ✳ ❆s ❧♦♥❣ ❛s t❤❡ ♣r♦❝❡ss (Xt) ✐s ♥♦t st❛t✐♦♥❛r②✱ ✐ts ❡❧❡♠❡♥ts
❛r❡ ❧✐❦❡❧② t♦ ❜❡ ♦❢ ✈❡r② ❞✐✛❡r❡♥t ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ❛ ❞r❛♠❛t✐❝ ❞✐st♦rt✐♦♥
❡✛❡❝t ♦♥ t❤❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ σT ✳ ❇✉t✱ ❝♦♥tr❛r② t♦ t❤❡ ❝❧❛✐♠ ♦❢ t❤❡ ❛✉t❤♦rs
✐♥ ❬✹❪✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ st❛t✐♦♥❛r✐t② ✐♥ ♦r❞❡r t♦ ✉s❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡
❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r t♦ ❡st✐♠❛t❡ ❛ ❢❛❝t♦r str✉❝t✉r❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s X1, . . . , XT ✳

✸



Pr♦♣♦s✐t✐♦♥ ✷✳✶ ●✐✈❡♥ t❤❡ ♠♦❞❡❧ ✐♥ ✭✷✮✱ ✐❢ ❛ ❢❛❝t♦r str✉❝t✉r❡ F̂ ❞❡✜♥❡s t❤❡ ❜❡st ♣r♦❥❡❝✲
t✐♦♥ ❢r♦♠ t❤❡ s♣❛❝❡ HT = s♣❛♥(X1, . . . , XT ) ✐♥t♦ ❛ K ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ HK

T ⊂ HT ✱
t❤❡♥ ✐t ❛❧s♦ ❞❡✜♥❡s t❤❡ ❜❡st ♣r♦❥❡❝t✐♦♥ ❢r♦♠ t❤❡ s♣❛❝❡ H∗

T = s♣❛♥( X1

||X1||2
, . . . , XT

||XT ||2
) ✐♥t♦

t❤❡ s❛♠❡ K ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ HK
T ✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s tr✐✈✐❛❧❧② tr✉❡✱ ❜❡❝❛✉s❡ HT = s♣❛♥(X1, . . . , XT ) ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ❛♥❞
t❤❡r❡❢♦r❡ ✐s ❝❧♦s❡❞ ✉♥❞❡r s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ s✉❝❤ t❤❛t HT = H∗

T ✳ ❉✐✛❡r❡♥t s❝❛❧❡s

Xt ct✱ ✇✐t❤ ct 6= 0✱ ✇✐❧❧ s✐♠♣❧② ❝❛✉s❡ r❡❝✐♣r♦❝❛❧ s❝❛❧❡s ♦❢ β̂/ct ✐♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ✭✸✮✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ❢r♦♠ ♣r♦♣♦s✐t✐♦♥ ✷✳✶ ✇❡ ❝❛♥ ❛❧s♦ ❡st✐♠❛t❡ ❛ ❢❛❝t♦r str✉❝t✉r❡ ❢♦r t❤❡
♦r✐❣✐♥❛❧ s❡r✐❡s✱ (Xt)✱ ❢r♦♠ t❤❡ st❛♥❞❛r❞✐③❡❞ s❡r✐❡s ( Xt

||Xt||2
)✳

✸ ❚❤❡ ❆❧❣♦r✐t❤♠

❚❤❡ ✐❞❡❛ ✐s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ t✐♠❡ s❡r✐❡s✱ (Yt)✱ ✐♥t♦ ✐ts ✏s♣❤❡r✐❝❛❧✑ ❝♦♠♣♦♥❡♥t t❤❛t ❝❛♥
❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❑✲❞✐♠❡♥s✐♦♥❛❧ ❢❛❝t♦r str✉❝t✉r❡ F ❛♥❞ ✐ts ✏s❝❛❧✐♥❣✑ ❝♦♠♣♦♥❡♥t
t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡s❝❛❧❡ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♣❤❡r✐❝❛❧ ♣r♦❝❡ss t♦ ✐ts ♦r✐❣✐♥❛❧ s✐③❡✳

❉❡✜♥✐t✐♦♥ ❚❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢❛❝t♦r ♠♦❞❡❧ ✐♥ ❡q✉❛t✐♦♥ ✭✷✮ ✐s ❣✐✈❡♥ ❜② t❤❡
♠✉❧t✐✈❛r✐❛t❡ s❡r✐❡s✱

(

Yt − µT (ut)

||Yt − µT (ut)||2

)

t=1,...,T

. ✭✹✮

❲✐t❤ ut = (ut1, . . . , uNt1) ❛♥❞ µT = T−1
∑T

t=1 Xt ❜❡✐♥❣ t❤❡ s❛♠♣❧❡ ♠❡❛♥ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ❚❤❡ s❝❛❧✐♥❣ ❝♦♠♣♦♥❡♥t ✐s ❣✐✈❡♥ ❜② t❤❡ ✉♥✐✈❛r✐❛t❡ s❡r✐❡s✱

(||Yt − µT (ut)||2)t=1,...,T . ✭✺✮

❋r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ s✉❜tr❛❝t t❤❡ s❛♠♣❧❡ ♠❡❛♥✱
µT ∈ HT = s♣❛♥(X1, . . . , XT )✱ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✈❡❝t♦rs✱ YT ✳ ❚❤✐s s✐♠♣❧② s✉❜✲

tr❛❝ts t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r
¯̂
β = (T−1

∑T
t β̂t1, . . . , T

−1
∑T

t β̂tK)′ ❢r♦♠ t❤❡ ♣r♦❝❡ss (β̂t) =

(β̂t1, . . . β̂tK)′✳ ❇✉t✱ ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ♠❡❛♥✱
µT ✱ ❤❡❧♣s t♦ ❛✈♦✐❞ r♦✉♥❞✐♥❣ ❡rr♦rs ❝❛✉s❡❞ ❜② ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥✳ P❛rt✐❝✉❧❛r❧②✱
✇❤❡♥ t❤❡ s✐③❡s ♦❢ ❞✐✛❡r❡♥t ✈❡❝t♦rs Yt ❛r❡ ♦❢ ✈❡r② ❞✐✛❡r❡♥t ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ ❛s ✐♥ ♦✉r
❛♣♣❧✐❝❛t✐♦♥✳

❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t✱
(

Yt−µT (ut)
||Yt−µT (ut)||2

)

✱ ❛r❡ ❛❧❧ ♦❢

t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✱ s✉❝❤ t❤❛t t❤❡ ❢❛❝t♦r str✉❝t✉r❡✱ F ✱ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡
s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱

ρ̃T g =

∫ 1

0

σ̃T (u, v) g(v)dv, ❢♦r ❛❧❧ g ∈ L2(U),

✇❤❡r❡ σ̃T (u, v) = T−1
T
∑

t=1

Yt(u)− µT (u)

||Yt(u)− µT (u)||2

Yt(v)− µT (v)

||Yt(v)− µT (v)||2
,

✇✐t❤♦✉t ❞✐st♦rt✐♦♥ ❡✛❡❝ts✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❜② ❢❛r ❧❡ss ❝♦st❧② ✇✐t❤ r❡s♣❡❝t t♦
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❛♥❞ ♠✉❝❤ s✐♠♣❧❡r t♦ ✐♠♣❧❡♠❡♥t t❤❛♥ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ✐♥ ❬✹❪✳

✹



✹ ❆♣♣❧✐❝❛t✐♦♥

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛ ❢❛❝t♦r str✉❝t✉r❡✱ F ✱ ❢♦r t❤❡ ❞❛✐❧② ♠❡❛♥ ❡❧❡❝tr✐❝✐t② s✉♣♣❧② ❢✉♥❝t✐♦♥s✱
Xt✱ ✐s ♠❛❞❡ ❛ ❜✐t ♠♦r❡ ❞✐✣❝✉❧t ❜② t❤❡ s♣❛rs❡♥❡ss ♦❢ t❤❡ ❞❛t❛✳ ❚❤❡ ♦❜s❡r✈❡❞ ❞✐s❝r❡t✐③❛t✐♦♥
♣♦✐♥ts✱Yt✱ ♦❢ t❤❡ ♣r✐❝❡ ❢✉♥❝t✐♦♥s✱Xt✱ ❛r❡ ♥♦t ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥
U = [0, 1]✱ ❜✉t ♦✈❡r s✉❜ ♣❛rts ♦❢ U ✳ ❚❤✐s ✐s ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❢♦r♠ ♦❢ s♣❛rs❡♥❡ss ❛s ✐t
✐s ❞✐s❝✉ss❡❞ ✐♥ ❬✺❪ ❛♥❞ ❬✻❪✱ ✇❤❡r❡ s♣❛rs❡♥❡ss ✐s r❡❢❡rr❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✇✐t❤ ♦♥❧② ❛ ❢❡✇
❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥ts ♣❡r ❢✉♥❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ s♠♦♦t❤✐♥❣ ❛♣♣r♦❛❝❤❡s s✉❣❣❡st❡❞ ❜②
❬✺❪✱ t♦ ❡st✐♠❛t❡ t❤❡ ♠❡❛♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r✱ ❛s ✇❡❧❧ ❛s t❤❡ P❆❈❊
❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ ❬✻❪✱ t♦ ❡st✐♠❛t❡ t❤❡ ❧♦❛❞✐♥❣s ♣❛r❛♠❡t❡rs✱ ❛r❡ ❞✐r❡❝t❧② ❛♣♣❧✐❝❛❜❧❡
t♦ ♦✉r s✐t✉❛t✐♦♥ ♦❢ s♣❛rs❡ ❞❛t❛✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ σ̃T ✱ ❛♥❞ t❤❡ ✜rst ❢♦✉r
❢❛❝t♦rs✱ f1T , . . . , f4T ✱ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ❡st✐♠❛t❡❞ ❢❛❝t♦r str✉❝t✉r❡ ❡①♣❧❛✐♥s
❛❜♦✉t 98.5% ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣r✐❝❡ ❝✉r✈❡s✱ s✉❝❤ t❤❛t ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ❤✐❣❤
❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ t♦ ❛ K = 3✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤♦✉t ♠✉❝❤ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳
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VARIMX Eigenfun. 1 

 70.88 %

Adjusted Demand (MW)

E
U

R
/M

W
h

0.0 0.2 0.4 0.6 0.8 1.0

0
5

0
1

0
0

1
5

0

VARIMX Eigenfun. 2 

 22.16 %

Adjusted Demand (MW)
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VARIMX Eigenfun. 3 

 5.49 %

Adjusted Demand (MW)
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 0.3 %
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❋✐❣✉r❡ ✷✿ ▲❡❢t P❛♥❡❧ ❊♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ σ̃T ✱ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥t✳
❘✐❣❤t P❛♥❡❧ ❋✐rst ❢♦✉r ❢✉♥❝t✐♦♥❛❧s ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❢❛❝t♦r str✉❝t✉r❡✳

■♥ t❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✸ ✇❡ ♣❧♦t ♦♥❡ ❡st✐♠❛t❡❞ ♣r✐❝❡ ❢✉♥❝t✐♦♥✱ X̂t✱ ♦❢ ❛♥ ❛r❜✐tr❛r②
❞❛②✱ t✱ ✇✐t❤ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ r❛✇ ❞❛t❛ ✈❡❝t♦r✱ Yt✱ ❛s ✇❡❧❧ ❛s t✇♦ ♦✉t❧✐❡r ♣r✐❝❡s✱ t❤❛t ❛r❡
❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ■♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ✜❣✉r❡ ✸ ✇❡ s❤♦✇ ❤♦✉r❧②
❡❧❡❝tr✐❝✐t② s♣♦t ♣r✐❝❡s ♦❢ ♦♥❡ ❛r❜✐tr❛r② ✇❡❡❦✳ ❚❤❡ ❤♦✉r❧② ✜tt❡❞ ♣r✐❝❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣r✐❝❡ ❢✉♥❝t✐♦♥s✱ X̂t✱ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦✉r❧② ✈❛❧✉❡s ♦❢
❛❞❥✉st❡❞ ❞❡♠❛♥❞✱ uth✱ ❢♦r ❡❧❡❝tr✐❝✐t②✳ ◆♦t❡✱ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❢❛❝t♦r ♠♦❞❡❧ ♠❛②
❜❡ ❡❛s✐❧② ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛❧r❡❛❞② ❞❡✈❡❧♦♣❡❞ ❛♣♣r♦❛❝❤❡s t♦ ♠♦❞❡❧ ❛♥❞ ❢♦r❡❝❛st ❞❡♠❛♥❞ ❢♦r
❡❧❡❝tr✐❝✐t② s✉❝❤ ❛s ✐♥ ❬✶❪✳

✺
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❋✐❣✉r❡ ✸✿ ▲❡❢t P❛♥❡❧ ❙✐♥❣❧❡ ✜tt❡❞ ♣r✐❝❡ ❝✉r✈❡ ✇✐t❤ ♦❜s❡r✈❡❞ r❛✇ ♣r✐❝❡s ✭❝✐r❝❧❡ ♣♦✐♥ts✮
❛♥❞ ♦✉t❧✐❡r ♣r✐❝❡s ✭tr✐❛♥❣❧❡ ♣♦✐♥ts✮✳ ❘✐❣❤t P❛♥❡❧ ❍♦✉r❧② ✜tt❡❞ ♣r✐❝❡s ❛♥❞ ♦r✐❣✐♥❛❧
♣r✐❝❡s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏ ❆♥t♦❝❤✱ ▲ Pr❝❤❛❧✱ ▼❘ ❘♦s❛✱ ❛♥❞ P ❙❛r❞❛✳ ❋✉♥❝t✐♦♥❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✇✐t❤ ❢✉♥❝✲
t✐♦♥❛❧ r❡s♣♦♥s❡✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ ♣r❡❞✐❝t✐♦♥ ♦❢ ❡❧❡❝tr✐❝✐t② ❝♦♥s✉♠♣t✐♦♥✳ ❋✉♥❝t✐♦♥❛❧ ❛♥❞
❖♣❡r❛t♦r✐❛❧ ❙t❛t✐st✐❝s✱ ♣❛❣❡s ✺✷✶✾✕✺✷✶✾✱ ✷✵✵✽✳

❬✷❪ ▼ ❋♦r♥✐✱ ▼ ❍❛❧❧✐♥✱ ▼ ▲✐♣♣✐✱ ❛♥❞ ▼ ❘❡✐❝❤❧✐♥✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞②♥❛♠✐❝ ❢❛❝t♦r ♠♦❞❡❧✿
■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❡st✐♠❛t✐♦♥✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✭✽✷✮✿ ✺✹✵✕✺✺✹✱
✷✵✵✵✳

❬✸❪ ❲ ❑ ❍är❞❧❡ ❛♥❞ ❙ ❚rü❝❦✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❤♦✉r❧② ❡❧❡❝tr✐❝✐t② ♣r✐❝❡s✳ ✷✵✶✵✳

❬✹❪ ❇ ❯ P❛r❦✱ ❊ ▼❛♠♠❡♥✱ ❲ ❍är❞❧❡✱ ❛♥❞ ❙ ❇♦r❛❦✳ ❚✐♠❡ ❙❡r✐❡s ▼♦❞❡❧❧✐♥❣ ❲✐t❤
❙❡♠✐♣❛r❛♠❡tr✐❝ ❋❛❝t♦r ❉②♥❛♠✐❝s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥✱
✶✵✹✭✹✽✺✮✿ ✷✽✹✕✷✾✽✱ ✷✵✵✾✳

❬✺❪ ❏ ● ❙t❛♥✐s✇❛❧✐s ❛♥❞ ❏ ❏ ▲❡❡✳ ◆♦♥♣❛r❛♠❡tr✐❝ ❘❡❣r❡ss✐♦♥ ❆♥❛❧②s✐s ♦❢ ▲♦♥❣✐t✉❞✐♥❛❧
❉❛t❛✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥✱ ✾✸✭✹✹✹✮✿ ✶✹✵✸✕✶✹✶✽✱ ✶✾✾✽✳

❬✻❪ ❋ ❨❛♦✱ ❍ ● ▼ü❧❧❡r✱ ❛♥❞ ❏ ▲ ❲❛♥❣✳ ❋✉♥❝t✐♦♥❛❧ ❉❛t❛ ❆♥❛❧②s✐s ❢♦r ❙♣❛rs❡ ▲♦♥❣✐t✉❞✐♥❛❧
❉❛t❛✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥✱ ✶✵✵✭✹✼✵✮✿ ✺✼✼✕✺✾✵✱ ✷✵✵✺✳
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