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❱✐s❝♦s✐t② s♦❧✉t✐♦♥s ❛♣♣r♦❛❝❤ t♦ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s
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❆❜str❛❝t

❆ ❢❛♠✐❧② ♦❢ ❡❝♦♥♦♠✐❝ ❛♥❞ ❞❡♠♦❣r❛♣❤✐❝ ♠♦❞❡❧s ❣♦✈❡r♥❡❞ ❜② ❧✐♥✲
❡❛r ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
❛s ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s s✉❜❥❡❝t t♦ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✭❉❉❊s✮ ❝❤❛r❛❝t❡r✐③❡❞ ❜② s♦♠❡ ♥♦♥✲tr✐✈✐❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❞✐✣❝✉❧t✐❡s✿
st❛t❡✴❝♦♥tr♦❧ ❝♦♥str❛✐♥ts ❛♥❞ ❞❡❧❛② ✐♥ t❤❡ ❝♦♥tr♦❧✳ ❚❤❡ st✉❞② ✐s ❝❛r✲
r✐❡❞ ♦✉t r❡✇r✐t✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❛s ❛♥ ✭❡q✉✐✈❛❧❡♥t✮ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜✲
❧❡♠ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ t❤❡♥ ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣
❛♣♣r♦❛❝❤ ✭❉P❆✮✳

❙✐♠✐❧❛r ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✉s✐♥❣ ❝❧❛ss✐❝❛❧
❛♥❞ str♦♥❣ ✭❛♣♣r♦①✐♠❛t✐♥❣✮ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥
✭❍❏❇✮ ❡q✉❛t✐♦♥✳ ❍❡r❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐s tr❡❛t❡❞ t❤❛♥❦s
t♦ t❤❡ ✉s❡ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❛♣♣r♦❛❝❤✳ ■♥❞❡❡❞ ❛ ❣❡♥❡r❛❧ ❝✉rr❡♥t
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s
♥♦t r❡q✉✐r❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥
♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ❛♥❞ ❛ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐s ♣r♦✈❡❞✳

❑❡② ✇♦r❞s✿ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✱ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ✈✐♥t❛❣❡
♠♦❞❡❧s✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡ st✉❞✐❡s ♣r❡s❡♥t❡❞
❜② ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮✳ ❲❡ tr❡❛t ❛ ❝❧❛ss ♦❢ ❡❝♦♥♦♠✐❝ ❛♥❞ ❞❡♠♦❣r❛♣❤✐❝ ♣r♦❜✲
❧❡♠s✱ ✇r✐tt❡♥ ❛s ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡❧❛② st❛t❡ ❡q✉❛t✐♦♥✳ ❲❡ ✉s❡
❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❡❧❛② ♣r♦❜❧❡♠ ✐♥tr♦❞✉❝✐♥❣ ❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt
s♣❛❝❡ ❛♥❞ r❡✲✇r✐t✐♥❣ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ❛s ❛ s✉✐t❛❜❧❡ ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧
❊q✉❛t✐♦♥✶ ✭❖❉❊✮ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡✳

∗❋❛❝♦❧tà ❞✐ ❊❝♦♥♦♠✐❛ ♦❢ ▲❯■❙❙✱ ❘♦♠❛✱ ■t❛❧② ✭❣❢❛❜❜r✐❅❧✉✐ss✳✐t✮
✶❚❤❡ ♠❡t❤♦❞ ✇❡ ✉s❡ ✐s ❞✉❡ t♦ ❱✐♥t❡r ❛♥❞ ❑✇♦♥❣ ✭✶✾✽✶✮ ❛♥❞ ❉❡❧❢♦✉r ✭✶✾✽✻❀ ✶✾✽✵❀

✶✾✽✹✮✳ ■♥ t❤❡ ♣❛♣❡r ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ t❤❛t ❣✐✈❡ ❛
♣r❡❝✐s❡ s②st❡♠❛t✐③❛t✐♦♥ ♦❢ t❤❡ ❛r❣✉♠❡♥t✳

✶



❚❤❡ ❢❛♠✐❧② ♦❢ ♠♦❞❡❧s ✇❡ st✉❞② ❛r✐s❡s ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ t❤❡ ❞❡♠♦❣r❛♣❤✐❝
❛♥❞ ❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡✳ ❚❤❡ r❡❢❡r❡♥❝❡s ❢♦r ♠♦❞❡❧s ❢♦r ❡♣✐❞❡♠✐♦❧♦❣② ❛♥❞
❞②♥❛♠✐❝ ♣♦♣✉❧❛t✐♦♥ ❣♦✈❡r♥❡❞ ❜② ❧✐♥❡❛r ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ t♦ ✇❤✐❝❤
❛♥ ❛❜str❛❝t ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s ✐s ♣♦ss✐❜❧❡✱ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥
✷✳ ❲❡ ✇✐❧❧ t❤❡♥ r❡❝❛❧❧ ❛ ❞❡♠♦❣r❛♣❤✐❝ ♠♦❞❡❧ ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t ❛❣❡ str✉❝t✉r❡ ❜②
❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✷✮ ✭❙✉❜s❡❝t✐♦♥ ✷✳✷✮✱ ❛♥ ❆❑ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐✲
t❛❧ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮ ✭❜r✐❡✢② ❞❡s❝r✐❜❡❞ ✐♥ ❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✶✮✷✱
❛ ❆❑ ♠♦❞❡❧ ❢♦r ♦❜s♦❧❡s❝❡♥❝❡ ❛♥❞ ❞❡♣r❡❝✐❛t✐♦♥ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✹✮
✭❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✸✮ ❛♥❞ ❛♥ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❡✛❡❝ts ❜② ●♦③③✐
❛♥❞ ▼❛r✐♥❡❧❧✐ ✭✷✵✵✹✮❀ ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✻✮❀ ❋❛❣❣✐❛♥ ❛♥❞ ●♦③③✐ ✭✷✵✵✹✮ ✭❙✉❜✲
s✉❜s❡❝t✐♦♥ ✷✳✶✳✷✮✳ ❙♦♠❡ ♦❢ t❤❡♠ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ✐♥ ♠♦r❡
❞❡t❛✐❧s✳

❲❡ ✉s❡ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✭❉P❆✮✳ ❲❡ ❜r✐❡✢② r❡❝❛❧❧✸

t❤❛t t❤❡ ❉P❆ ❝♦♥s✐sts ♦❢ ❢♦✉r ♠❛✐♥ st❡♣s✿ ✭✐✮ ❲r✐t❡ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣ ♣r✐♥❝✐♣❧❡ ❢♦r t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥✱ t❤❡ ❍❏❇
❡q✉❛t✐♦♥✱ ✭✐✐✮ ❙♦❧✈❡ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ ✈❛❧✉❡
❢✉♥❝t✐♦♥✱ ✭✐✐✐✮ Pr♦✈❡ ❛ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ✭✇❤✐❝❤ ❝❛♥ ✐♥✈♦❧✈❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝✲
t✐♦♥✮ t❤❛t ❣✐✈❡s t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ st❛t❡ ✜♥❞✐♥❣ t❤❡ ❝❧♦s❡❞
❧♦♦♣ r❡❧❛t✐♦♥✱ ✭✐✈✮ ❙♦❧✈❡✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ ❝❧♦s❡❞ ❧♦♦♣ ❡q✉❛t✐♦♥✱ ♦❜t❛✐♥❡❞ ✐♥✲
s❡rt✐♥❣ t❤❡ ❝❧♦s❡❞ ❧♦♦♣ r❡❧❛t✐♦♥ ✐♥ t❤❡ st❛t❡ ❡q✉❛t✐♦♥✳

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ t❤❡ ♣r❡s❡♥t ✇♦r❦
✐s t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞ ✉s❡❞ t♦ st✉❞② t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ■♥ ❋❛❜❜r✐ ❡t ❛❧✳
✭✷✵✵✻✮ ✇❡ st✉❞✐❡❞ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✉s✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✇✐t❤
t❡❝❤♥✐q✉❡s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ✉s❡❞ ❜② ❋❛❣❣✐❛♥ ✭✷✵✵✺❜❀❛✮❀ ❋❛❣❣✐❛♥ ❛♥❞ ●♦③③✐
✭✷✵✵✹✮ ❢♦r ♦t❤❡r ❝❧❛ss❡s ♦❢ ♣r♦❜❧❡♠s✳ ❍❡r❡ ✇❡ tr❡❛t ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡✱
st✉❞②✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ■♥❞❡❡❞✱
❛s ✇❡ ❛❧s♦ r❡♠❛r❦❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮✱ t❤❡ ✉s❡ ♦❢
✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐♥ t❤❡ st✉❞② ♦❢ ❍❏❇ ❡q✉❛t✐♦♥ ❛❧❧♦✇s t♦ ❛✈♦✐❞ t❤❡ ❝♦♥✲
❝❛✈✐t② ❛ss✉♠♣t✐♦♥ ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ❢♦r t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡
♣r♦❜❧❡♠✳ ■♥ t❤✐s ✇❛② ♣r♦❜❧❡♠s ✇✐t❤ ♠✉❧t✐♣❧❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✹✱ ✇❤❡r❡ t❤❡
✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ♥♦t ❡✈❡r②✇❤❡r❡ ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛r❡ ❛❧s♦ tr❛❝t❛❜❧❡✳ ▼♦r❡♦✈❡r✱
✉s✐♥❣ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ t❤❛t t❤❡ ❝♦♥tr♦❧ ❛♥❞
t❤❡ st❛t❡ ❛r❡ ❞❡✲❝♦✉♣❧❡❞ ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✸✳✷ ❛♥❞
✐♥ ♣❛rt✐❝✉❧❛r ❘❡♠❛r❦ ✸✳✺✮✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❛ ✈✐s❝♦s✐t②
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭❚❤❡♦r❡♠ ✺✳✾✮ ❛♥❞ t❤❡♥ ✇❡ ❣✐✈❡ ❛ ✈❡r✐✜❝❛t✐♦♥
t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✻✳✹✮✳ ❆ ✈❡r✐✜❝❛t✐♦♥ r❡s✉❧t r❡♣r❡s❡♥ts ❛ ❦❡② st❡♣ ✐♥ t❤❡
❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ ✐♥❞❡❡❞ ✐t ✈❡r✲
✐✜❡s ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ✐s ♦♣t✐♠❛❧ ❛♥❞✱ ♠♦r❡ ✐♠♣♦rt❛♥t❧②✱

✷❚❤❡ ♠♦❞❡❧ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮ ✇❛s ❛❧s♦ st✉❞✐❡❞ ❜② ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮
✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤✳

✸❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❋❛❜❜r✐ ❡t ❛❧✳
✭✷✵✵✻✮✳

✹❲❡ r❡❢❡r t♦ ❉❡✐ss❡♥❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✹✮ ❢♦r ❛ ❜✐❜❧✐♦❣r❛♣❤✐❝❛❧ ❛❝❝♦✉♥t ♦❢ s✉❝❤ ♣r♦❜❧❡♠s
❛r✐s✐♥❣ ✐♥ ❡❝♦♥♦♠✐❝s

✷



s✉❣❣❡sts ❛ ✇❛② ♦❢ ❝♦♥str✉❝t✐♥❣ ♦♣t✐♠❛❧ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ❲❡ ❛r❡ ♥♦t ❛❜❧❡ ❛t
t❤❡ ♠♦♠❡♥t t♦ ❣✐✈❡ ❛ ✉♥✐q✉❡♥❡ss r❡s✉❧t ❢♦r t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇
❡q✉❛t✐♦♥✳ ■t ✇✐❧❧ ❜❡ ❛♥ ✐ss✉❡ ❢♦r ❢✉t✉r❡ ✇♦r❦✳

❖♥ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② r❡❝❛❧❧❡❞ t❤❛t ❛ ❝r✉✲
❝✐❛❧ st❡♣ ✐♥ t❤❡ t❤❡ ❉P❆ t♦ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✐s s♦❧✈✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞
❍❏❇ ❡q✉❛t✐♦♥✳ ❙✉❝❤ ❛ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✜♥❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧s ✐♥ ❛
❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ♣♦ss✐❜❧❡ ❞❡✜♥✐t✐♦♥s ♦❢ s♦❧✉t✐♦♥s ♦❢ ❛ P❉❊
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ r❡❧❛t❡❞ t♦ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✳
❲❤✐❝❤ s❤❛❧❧ ✇❡ ❝❤♦♦s❡❄ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦s ✭❋❧❡♠✐♥❣ ❛♥❞ ❘✐s❤❡❧✱ ✶✾✼✺✮ t❤❡
❛✉t❤♦rs ✉s❡ ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤✿ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥
✐s ❛ r❡❣✉❧❛r ✭C1✮ ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s ♣♦✐♥t✇✐s❡✱ ✇✐t❤ ✐ts ❞❡r✐✈❛t✐✈❡s✱ t❤❡
❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r ✐♥ ♠❛♥② ❝❛s❡s✱ ✐♥t❡r❡st✐♥❣ ❢r♦♠ ❛♥ ❛♣♣❧✐❡❞ ♣♦✐♥t ♦❢ ✈✐❡✇✱
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✐s ♥❡✐t❤❡r C1 ♥♦r ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❈r❛♥❞❛❧❧
❛♥❞ ▲✐♦♥s ✭✶✾✽✸✮ ✐♥tr♦❞✉❝❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❢♦r t❤❡ ❍❏❇
❡q✉❛t✐♦♥ r❡❧❛t❡❞ t♦ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥s✳ ■♥ ❣❡♥❡r❛❧
t❤❡ ✐❞❡❛ ✐s t❤❛t t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❧❡ss r❡❣✉❧❛r✱ ❢♦r ❡①❛♠♣❧❡ ❝♦♥t✐♥✉♦✉s✱
❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ ❡✐t❤❡r s✉❜ ❛♥❞ s✉♣❡r ❞✐✛❡r❡♥t✐❛❧ ♦r ✉s✐♥❣
t❡st ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡
♥♦t✐♦♥ ♦❢ r❡❣✉❧❛r s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❡✈❡r② r❡❣✉❧❛r s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇
❡q✉❛t✐♦♥ ✐s ❛❧s♦ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r t❤❡r❡ ❛r❡ ♠❛♥② ❡①❛♠♣❧❡s ♦❢
❍❏❇ ❡q✉❛t✐♦♥s t❤❛t ❛❞♠✐t ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❜✉t ❞♦ ♥♦t ❤❛✈❡ ❝❧❛ss✐❝❛❧ s♦✲
❧✉t✐♦♥s✳ ❯♥❞❡r q✉✐t❡ ❣❡♥❡r❛❧ ❤②♣♦t❤❡s❡s✱ ✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✐t
❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ r❡❧❛t❡❞ t♦ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠
❛❞♠✐ts ❛ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❛♥❞ t❤❛t s✉❝❤ ❛ s♦❧✉t✐♦♥ ✐s ❡①❛❝t❧② t❤❡
✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❱✐s❝♦s✐t② s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ✜♥❞ ✈❡r✐✜✲
❝❛t✐♦♥ r❡s✉❧ts ❛♥❞ t♦ s♦❧✈❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s t❤❛t ❝❛♥♥♦t ❜❡ tr❡❛t❡❞
✇✐t❤ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s✳ ■♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t❤❡ t❤✐♥❣s ❛r❡ q✉✐t❡
♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ t❤❡ ❧✐t❡r❛t✉r❡ ✐s s♠❛❧❧❡r✳ ■t r❡♠❛✐♥s tr✉❡ t❤❛t ✈✐s❝♦s✐t②
s♦❧✉t✐♦♥s ❛r❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ tr❡❛t ❛
❣r❡❛t❡r ♥✉♠❜❡r ♦❢ ♣r♦❜❧❡♠s✳

❆ ❜r✐❡❢ s✉♠♠❛r② ♦♥ t❤❡ ❧✐t❡r❛t✉r❡ ❚❤❡ ✈✐s❝♦s✐t② ♠❡t❤♦❞✱ ✐♥tr♦❞✉❝❡❞
✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❍❏ ❡q✉❛t✐♦♥ ❜② ❈r❛♥❞❛❧❧ ❛♥❞ ▲✐♦♥s
✭✶✾✽✸✮ ✇❛s ❡①t❡♥❞❡❞ t♦ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❜② t❤❡ s❛♠❡ ❛✉t❤♦rs ✐♥
❛ s❡r✐❡s ♦❢ ✇♦r❦s ✭❈r❛♥❞❛❧❧ ❛♥❞ ▲✐♦♥s✱ ✶✾✽✺❀ ✶✾✽✻❛❀❜❀ ✶✾✾✵❀ ✶✾✾✶❀ ✶✾✾✹❛❀❜✮✳
◆❡✇ ✈❛r✐❛♥ts ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s ✐♥ ❍✐❧❜❡rt
s♣❛❝❡s ❛r❡ ❣✐✈❡♥ ❜② ■s❤✐✐ ✭✶✾✾✸✮ ❛♥❞ ❜② ❚❛t❛r✉ ✭✶✾✾✷❛❀❜❀ ✶✾✾✹✮✳

❚❤❡ st✉❞② ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❢♦r ❍❏❇ ❡q✉❛t✐♦♥s ✐♥ ❍✐❧❜❡rt s♣❛❝❡s ❛r✐s✲
✐♥❣ ❢r♦♠ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ♦❢ s②st❡♠s ♠♦❞❡❧❡❞ ❜② P❉❊ ✇✐t❤ ❜♦✉♥❞❛r②

❝♦♥tr♦❧ t❡r♠ ✐s ♠♦r❡ r❡❝❡♥t✳ ■♥ t❤✐s r❡s❡❛r❝❤ ✜❡❧❞ t❤❡r❡ ✐s ♥♦t ❛ ❝♦♠♣❧❡t❡ t❤❡✲
♦r② ❜✉t s♦♠❡ ✇♦r❦s ♦♥ s♣❡❝✐✜❝ P❉❊ t❤❛t ❛❞❛♣t t❤❡ ✐❞❡❛s ❛♥❞ t❤❡ t❡❝❤♥✐q✉❡s
♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s t♦ s♣❡❝✐❛❧ ❝❛s❡s✳ ❋♦r t❤❡ ✜rst ♦r❞❡r ❍❏❇ ❡q✉❛t✐♦♥s s❡❡
t❤❡ ✇♦r❦s ❜② ❈❛♥♥❛rs❛ ❡t ❛❧✳ ✭✶✾✾✶❀ ✶✾✾✸✮❀ ❈❛♥♥❛rs❛ ❛♥❞ ❚❡ss✐t♦r❡ ✭✶✾✾✹❀
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✶✾✾✻❛❀❜✮❀ ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❋❛❜❜r✐ ✭✷✵✵✻❜✮✳ ■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t ♠♦st
♦❢ t❤❡s❡ ✇♦r❦s tr❡❛ts t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❣❡♥❡r❛t♦r ♦❢ t❤❡ s❡♠✐❣r♦✉♣ t❤❛t
❛♣♣❡❛rs ✐♥ t❤❡ ❖❉❊ ✐s s❡❧❢❛❞❥♦✐♥t✳

■♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❍❏❇ ❡q✉❛t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ ❉❉❊s ✇✐t❤ ❞❡❧❛② ✐♥ t❤❡

❝♦♥tr♦❧ ♣r❡s❡♥t ❛♥ ✉♥❜♦✉♥❞❡❞ t❡r♠ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❛r✐s✐♥❣ ✐♥ ❜♦✉♥❞❛r②
❝♦♥tr♦❧ ♣r♦❜❧❡♠s✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ s✉❝❤ ❍❏❇ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞
♦♥❧② ❜② ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮❀ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ❛♥❞
str♦♥❣✺ s♦❧✉t✐♦♥✳ ❚❤❡ ❡①✐st✐♥❣ ♣❛♣❡rs ❞♦ ♥♦t ❝♦✈❡r t❤❡ ❝❛s❡ st✉❞✐❡❞ ✐♥ t❤❡
♣r❡s❡♥t ✇♦r❦✳

❚❤❡ ❛❜str❛❝t ♠❡t❤♦❞ ❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞②
str❡ss❡❞✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ✉s❡ ❛♥ ❛❜str❛❝t ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❧✐♥❡❛r ❞❡❧❛② ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✇r✐t❡ t❤❡ ❉❉❊s ❛s ❛♥ ❡q✉✐✈❛❧❡♥t ❖❉❊ ✐♥
❛♥ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ t❤❡♥ ✇❡ st✉❞② t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❍❏❇ ❡q✉❛t✐♦♥
r❡❧❛t❡❞ t♦ s✉❝❤ ❛ ❢♦r♠✉❧❛t✐♦♥✳

❚❤✐s ❦✐♥❞ ♦❢ ❛❜str❛❝t ❛♣♣r♦❛❝❤ ✐s ♥♦t ♦♥❧② ❛ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ❜✉t
✐t ✐s ✉s❡❢✉❧ t♦ ♦❜t❛✐♥✐♥❣ ❛♣♣❧✐❡❞ r❡s✉❧ts✳ ■♥ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ s✉❝❤
❦✐♥❞ ♦❢ ♠❡t❤♦❞ ✇❛s ✉s❡❞ t♦ st✉❞② ❛♥ ❆❑ ❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧
✭t❤❡ s❛♠❡ r❡❝❛❧❧❡❞ ✐♥ ❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✶ ✇✐t❤ t❤❡ ❈♦♥st❛♥t ❘❡❧❛t✐✈❡ ❘✐s❦
❆✈❡rs✐♦♥ ✭❈❘❘❆✮ ❢✉♥❝t✐♦♥❛❧✮ ✜♥❞✐♥❣ ♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ t❤❛t st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ✉s✐♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱
❛ t♦♦❧ t❤❛t s❡❡♠s ♠♦r❡ ✏❛♣♣❧✐❡❞✑✳ ❖♥❡ ♦❢ t❤❡ ✐♠♣r♦✈❡♠❡♥ts ✇❛s ✐♥ ✜♥❞✐♥❣✱
❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❧♦♥❣ r✉♥ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ❛♥❞ ✈❛r✐♦✉s ❝♦♥st❛♥ts ♦❢
t❤❡ ♠♦❞❡❧ ✐♥ ❡①♣❧✐❝✐t ❢♦r♠✳ ❆♥❛❧♦❣♦✉s r❡s✉❧ts ❝❛♥ ♣r♦❜❛❜❧② ♦❜t❛✐♥❡❞ ✉s✐♥❣
t❤❡ s❛♠❡ t♦♦❧s ✐♥ t❤❡ ♠♦❞❡❧ ❢♦r ♦❜s♦❧❡s❝❡♥❝❡ ❛♥❞ ❞❡♣r❡❝✐❛t✐♦♥ ♣r❡s❡♥t❡❞
❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ ✐♥ t❤❡ t✐♠❡✲t♦✲❜✉✐❧❞ ♠♦❞❡❧ ❜② ❆s❡❛ ❛♥❞
❩❛❦ ✭✶✾✾✾✮ ✭s❡❡ ❛❧s♦ ❇❛♠❜✐✱ ✷✵✵✻✮✳ ■♥❞❡❡❞ s✉❝❤ ♠♦❞❡❧s ♣r❡s❡♥t ❛ ❈❘❘❆
❢✉♥❝t✐♦♥❛❧ ❛♥❞ ❛r❡ ❣♦✈❡r♥❡❞ ❜② ❛ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠
r❡q✉✐r❡❞ ❜② ❋❛❜❜r✐ ✭✷✵✵✻❛✮✳

■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡ st✉❞② ❛ ❣❡♥❡r❛❧ ❝❛s❡✱ ✇✐t❤ ❛ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥❛❧✱
❛♥❞ t❤❡♥ ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡ ❜✉t t❤❡
❉P❆ ✐s ❛ ✉s❡❢✉❧ t♦♦❧✳ ■t ❛❧❧♦✇s t♦ ♦❜t❛✐♥ ❛ ✈❡r✐✜❝❛t✐♦♥ r❡s✉❧t ✐♥ t❤❡ ❣❡♥❡r❛❧
❝❛s❡ t❤❛t ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥ t❤❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥
✭♣♦ss✐❜❧② ♦♥❧② ♥✉♠❡r✐❝❛❧❧②✮✳

❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ✇♦r❦ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ r❡❝❛❧❧ s♦♠❡ ❞❡♠♦❣r❛♣❤✐❝ ❛♥❞
❡❝♦♥♦♠✐❝ ♠♦❞❡❧s t❤❛t ✉s❡ ❧✐♥❡❛r ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r
t❤r❡❡ ❦❡② ♠♦❞❡❧s ✭✐♥ ✇❤✐❝❤ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❛♣♣❡❛rs✮ t❤❛t ✇❡
✇✐❧❧ ✉s❡ t♦ ❢♦r♠✉❧❛t❡ ♦✉r ❣❡♥❡r❛❧ ♣r♦❜❧❡♠✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❞❡s❝r✐❜❡ t❤❡
♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ ❞❡❧❛② ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ s♦♠❡ r❡♠❛r❦s ♦♥ t❤❡
❞✐✣❝✉❧t✐❡s ✇❡ ❡♥❝♦✉♥t❡r❡❞ ✭✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✹ ✇❡ ❡①♣❧❛✐♥ ✇❤② ✐t ❝❛♥♥♦t ❜❡
tr❡❛t❡❞ ✇✐t❤ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✮✳ ❚❤❡♥ ✭❙❡❝t✐♦♥ ✹✮ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ t❤❡
❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ ❉❉❊ ❛♥❞ ❛ s✉✐t❛❜❧❡
♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ ❖❉❊ ✐♥ ❛♥ s♣❡❝✐✜❝ ❍✐❧❜❡rt s♣❛❝❡✳ ■♥

✺❆ str♦♥❣ s♦❧✉t✐♦♥ ✐s ❛ s✉✐t❛❜❧❡ ❧✐♠✐t ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❜❧❡♠s✳

✹



❙❡❝t✐♦♥ ✺ ✇❡ ♣r❡s❡♥t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥
✭❉❡✜♥✐t✐♦♥ ✺✳✷✱ ❉❡✜♥✐t✐♦♥ ✺✳✸✱ ❉❡✜♥✐t✐♦♥ ✺✳✹✮ ❛♥❞ ✇❡ ♣r♦✈❡ ✭❚❤❡♦r❡♠ ✺✳✾✮
t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇
❡q✉❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡ ❣✐✈❡ ❛ ✈❡r✐✜❝❛t✐♦♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✻✳✹✮ ✉s✐♥❣
s♦♠❡ t❡❝❤♥✐q✉❡s t❤❛t ✇✐❧❧ ❜❡ ❜❡tt❡r ❞❡✈❡❧♦♣ ✐♥ ❙✇✐❡❝❤ ❡t ❛❧✳ ✭✷✵✵✻✮✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛ ❧♦t ❙✐❧✈✐❛ ❋❛❣❣✐❛♥ ❛♥❞
❋❛✉st♦ ●♦③③✐ ❢♦r t❤❡ ♠❛♥② ✉s❡❢✉❧ s✉❣❣❡st✐♦♥s✳ ❚❤❛♥❦s t♦ ❱❧❛❞✐♠✐r ❱❡❧✐♦✈
❢♦r t❤❡ ❦✐♥❞♥❡ss✳

✷ ❉❡♠♦❣r❛♣❤✐❝ ❛♥❞ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s

❚❤❡ ❍✐❧❜❡rt s❡tt✐♥❣ ✇❡ ❞❡s❝r✐❜❡✻ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡①♣r❡ss ✐♥ ❛❜str❛❝t ❢♦r♠
❧✐♥❡❛r ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭▲❉❉❊s✮✳ ▲❉❉❊s ❛r❡ ✉s❡❞ t♦ ♠♦❞❡❧ ❛
❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♣❤❡♥♦♠❡♥❛✳ ❙②st❡♠s ♦❢ s✉❝❤ ❡q✉❛t✐♦♥s✱ ♣♦ss✐❜❧② ❝♦♠❜✐♥❡❞
✇✐t❤ ♦t❤❡r t②♣❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥ ❛r✐s❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ♠♦❞❡❧❧✐♥❣ t❤❡
❞②♥❛♠✐❝s ♦❢ ❡♣✐❞❡♠✐❝s ✭❍❡t❤❝♦t❡ ❛♥❞ ✈❛♥ ❞❡♥ ❉r✐❡ss❝❤❡✱ ✶✾✾✺❀ ✷✵✵✵❀ ❙♠✐t❤✱
✶✾✽✸❀ ❲❛❧t♠❛♥✱ ✶✾✼✹✮ ❛♥❞ ✐♥ ❜✐♦♠❡❞✐❝❛❧ ♠♦❞❡❧s ✭❇❛❝❤❛r ❛♥❞ ❉♦r❢♠❛②r✱
✷✵✵✹❀ ❈✉❧s❤❛✇ ❛♥❞ ❘✉❛♥✱ ✷✵✵✵✮ ✭s❡❡ ❛❧s♦ ▲✉③②❛♥✐♥❛ ❡t ❛❧✳✱ ✷✵✵✹✱ ❢♦r ❛
♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤✮✳ ❆ r❡✈✐❡✇ ♦♥ t❤❡ ✉s❡ ♦❢ ❉❉❊s ✭❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r✮
✐♥ ❜✐♦s❝✐❡♥❝❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✱ ❡❝♦❧♦❣②✱ ❡♣✐❞❡♠✐♦❧♦❣②✱
✐♠♠✉♥♦❧♦❣② ❛♥❞ ♣❤②s✐♦❧♦❣② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❇♦❝❤❛r♦✈❛ ❛♥❞ ❘✐❤❛♥❜ ✭✷✵✵✵✮
❛♥❞ ❇❛❦❡r ❡t ❛❧✳ ✭✶✾✾✾✮✳

❚❤❡ ❍✐❧❜❡rt s❡tt✐♥❣ ✇❡ ❞❡s❝r✐❜❡ ❝❛♥ ❜❡ ❛❧s♦ ✉s❡❞ t♦ tr❡❛t ♠✉❧t✐❞✐♠❡♥✲
s✐♦♥❛❧ ❧✐♥❡❛r ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ s②st❡♠s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥s ♦❢
♠♦❞❡❧s ❣♦✈❡r♥❡❞ ❜② ❉❉❊s ♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ✭▲✐ ❛♥❞ ▼❛✱ ✷✵✵✹✱ ♣❛❣❡
✶✷✸✹✮✳

✷✳✶ ❚❤r❡❡ ♠❛✐♥ ❡①❛♠♣❧❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ t❤r❡❡ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s✳ ❚❤❡② ❛r❡ ♦✉r♠❛✐♥
❡①❛♠♣❧❡s ❜❡❝❛✉s❡ ✇❡ ✇✐❧❧ ✉s❡ t❤❡♠ t♦ ✉♥❞❡rst❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ t❤❡ ✏r✐❣❤t✑
❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❆s s❡❡♥ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷
t❤❡② ❛r❡ ❢♦r♠❛❧❧② ✈❡r② s✐♠✐❧❛r t♦ s♦♠❡ ❞②♥❛♠✐❝ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧s✳ ❚❤❡ ✜rst
✐s ❛♥ AK✲♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧ ✐♥tr♦❞✉❝❡❞ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮✱
t❤❡ s❡❝♦♥❞ ✐s ❛♥ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❡✛❡❝ts ❜② ●♦③③✐ ❛♥❞ ▼❛r✐♥❡❧❧✐
✭✷✵✵✹✮❀ ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✻✮❀ ❋❛❣❣✐❛♥ ❛♥❞ ●♦③③✐ ✭✷✵✵✹✮ ❛♥❞ t❤❡ t❤✐r❞ ✐s ❛♥
❆❑ ♠♦❞❡❧ ❢♦r ♦❜s♦❧❡s❝❡♥❝❡ ❛♥❞ ❞❡♣r❡❝✐❛t✐♦♥ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮✳

✻❆s ✇❡ ❛❧r❡❛❞② r❡❝❛❧❧❡❞ ✐t ✐s ❞✉❡ ✐♥ ♣❛rt✐❝✉❧❛r t♦ t♦ ❱✐♥t❡r ❛♥❞ ❑✇♦♥❣ ✭✶✾✽✶✮ ❛♥❞
❉❡❧❢♦✉r ✭✶✾✽✻❀ ✶✾✽✵❀ ✶✾✽✹✮✳

✺



✷✳✶✳✶ ❆♥ ❆❑ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧

❚❤❡ ❆❑✲❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧ ♣r❡s❡♥t❡❞ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✺✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝❝✉♠✉❧❛t✐♦♥ ❧❛✇ ❢♦r ❝❛♣✐t❛❧ ❣♦♦❞s

k(s) =

∫ s

s−R
i(τ)dτ

✇❤❡r❡ i(τ) ✐s t❤❡ ✐♥✈❡st♠❡♥t ❛t t✐♠❡ τ ✳ ❚❤❛t ✐s✱ ❝❛♣✐t❛❧ ❣♦♦❞s ❛r❡ ❛❝❝✉♠✉✲
❧❛t❡❞ ❢♦r t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ R ✭s❝r❛♣♣✐♥❣ t✐♠❡✮ ❛♥❞ t❤❡♥ ❞✐s♠✐ss❡❞✳ ■t ✐s t♦
♥♦t❡ t❤❛t s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐♥tr♦❞✉❝❡s ❛ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ ✐♥✈❡st♠❡♥ts t❤❛t
❞❡♣❡♥❞s ♦♥ t❤❡✐r ❛❣❡✳ ■t ✐s ❛ss✉♠❡❞ ❛ ❧✐♥❡❛r ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❛t ✐s

y(s) = ak(s)

❢♦r s♦♠❡ ❝♦♥st❛♥t a > 0 ✇❤❡r❡ y(s) ✐s t❤❡ ♦✉t♣✉t ❛t t✐♠❡ s✳ ❲❡ ❛ss✉♠❡
t❤❛t ❛t ❡✈❡r② t✐♠❡ s t❤❡ ♣❧❛♥♥❡r ❝❤♦♦s❡s ❤♦✇ t♦ s♣❧✐t t❤❡ ♣r♦❞✉❝t✐♦♥ ✐♥t♦
❝♦♥s✉♠♣t✐♦♥ c(s) ❛♥❞ ✐♥✈❡st♠❡♥t ✐♥ ♥❡✇ ❝❛♣✐t❛❧ i(s)✿

y(s) = c(s) + i(s),

t❤❡♥ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ t❡r♠s ❛s ❢♦❧❧♦✇s

k̇(s) = i(s) − i(s−R), s ∈ [0,+∞)

t❤❛t ✐s✱ ❛s ❛ ▲❉❉❊✳ ❚❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❤❛s t♦ ♠❛①✐♠✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝✲
t✐♦♥❛❧

∫ +∞

0
e−ρs c(s)

1−σ

1 − σ
ds =

∫ +∞

0
e−ρs (ak(s) − i(s))1−σ

1 − σ
ds ✭✶✮

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✈❡st♠❡♥t ❛t t✐♠❡ s ❛♥❞ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❛t t✐♠❡ s
❝❛♥♥♦t ❜❡ ♥❡❣❛t✐✈❡✿

i(s) ≥ 0, c(s) ≥ 0, ∀s ∈ [t, T ] ✭✷✮

❙♦ t❤❡ ❛❞♠✐ss✐❜❧❡ s❡t ❤❛s t❤❡ ❢♦r♠✿

A
def
= {i(·) ∈ L2

loc([0,+∞),R) : 0 ≤ i(s) ≤ ak(s) a.e. in [0,+∞)}.

✷✳✶✳✷ ❆♥ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❡✛❡❝ts

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ st♦❝❤❛s✲
t✐❝ ❝❛s❡ ❜② ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ ❜② ●♦③③✐ ❛♥❞ ▼❛r✐♥❡❧❧✐ ✭✷✵✵✹✮✱ ❛♥❞✱ ✐♥
❞❡t❡r♠✐♥✐st✐❝ ♦♥❡✱ ❜② ❋❛❣❣✐❛♥ ❛♥❞ ●♦③③✐ ✭✷✵✵✹✮ ✭s❡❡ ❛❧s♦ ❋❡✐❝❤t✐♥❣❡r ❡t ❛❧✳
✭✶✾✾✹✮ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r r❡❧❛t❡❞ ♠♦❞❡❧s✮

▲❡t t ≥ 0 ❜❡ ❛♥ ✐♥✐t✐❛❧ t✐♠❡✱ ❛♥❞ T > t ❛ t❡r♠✐♥❛❧ t✐♠❡ ✭T < +∞ ❤❡r❡✮✳
▼♦r❡♦✈❡r ❧❡t γ(s)✱ ✇✐t❤ 0 ≤ t ≤ s ≤ T ✱ r❡♣r❡s❡♥t t❤❡ st♦❝❦ ♦❢ ❛❞✈❡rt✐s✐♥❣
❣♦♦❞✇✐❧❧ ♦❢ t❤❡ ♣r♦❞✉❝t t♦ ❜❡ ❧❛✉♥❝❤❡❞✳ ❚❤❡♥ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞②♥❛♠✐❝s

✻



✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧❧❡❞ ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✭❉❉❊✮ ✇✐t❤
❞❡❧❛② R > 0 ✇❤❡r❡ z ♠♦❞❡❧s t❤❡ ✐♥t❡♥s✐t② ♦❢ ❛❞✈❡rt✐s✐♥❣ s♣❡♥❞✐♥❣✿






γ̇(s) = a0γ(s) +
∫ 0
−R γ(s+ ξ)da1(ξ) + b0z(s) +

∫ 0
−R z(s+ ξ)db1(ξ) s ∈ [t, T ]

γ(t) = x; γ(ξ) = θ(ξ), z(ξ) = δ(ξ) ∀ξ ∈ [t−R, t],
✭✸✮

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

• a0 ✐s ❛ ❝♦♥st❛♥t ❢❛❝t♦r ♦❢ ✐♠❛❣❡ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ ❛❜s❡♥❝❡ ♦❢ ❛❞✈❡rt✐s✐♥❣✱
a0 ≤ 0❀

• a1(·) ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❢♦r❣❡tt✐♥❣ t✐♠❡✱ a1(·) ∈ L2([−R, 0]; R)❀

• b0 ✐s ❛ ❝♦♥st❛♥t ❛❞✈❡rt✐s✐♥❣ ❡✛❡❝t✐✈❡♥❡ss ❢❛❝t♦r✱ b0 ≥ 0❀

• b1(·) ✐s t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❧❛❣ ❜❡t✇❡❡♥ t❤❡ ❛❞✈❡rt✐s✐♥❣
❡①♣❡♥❞✐t✉r❡ z ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❣♦♦❞✇✐❧❧ ❧❡✈❡❧✱ b1(·) ∈
L2([−R, 0]; R+)❀

• x ✐s t❤❡ ❧❡✈❡❧ ♦❢ ❣♦♦❞✇✐❧❧ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥✱
x ≥ 0❀

• θ(·) ❛♥❞ δ(·) ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❣♦♦❞✇✐❧❧ ❛♥❞ t❤❡ s♣❡♥❞✐♥❣ r❛t❡ ❜❡❢♦r❡
t❤❡ ❜❡❣✐♥♥✐♥❣✱ θ(·) ≥ 0✱ ✇✐t❤ θ(0) = x✱ ❛♥❞ δ(·) ≥ 0✳

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ❛s

J(t, x; z(·)) = ϕ0(γ(T )) +

∫ T

t
h0(z(s)) ds, ✭✹✮

✷✳✶✳✸ ❆ ♠♦❞❡❧ ❢♦r ♦❜s♦❧❡s❝❡♥❝❡ ❛♥❞ ❞❡♣r❡❝✐❛t✐♦♥

❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ♣r❡s❡♥t❡❞ ❛♥ AK ♠♦❞❡❧ ❢♦r ♦❜s♦❧❡s❝❡♥❝❡ ❛♥❞ ❞❡✲
♣r❡❝✐❛t✐♦♥ t❤❛t ❛❧❧♦✇s t♦ ❞✐s❡♥t❛♥❣❧❡ ♦❜s♦❧❡s❝❡♥❝❡ ❛♥❞ ♣❤②s✐❝❛❧ ❞❡♣r❡❝✐❛t✐♦♥✳
❚❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ✐s t❤❡ ♣r♦❞✉❝t✐♦♥ ♥❡t ♦❢ t❤❡ ♠❛✐♥t❡♥❛♥❝❡ ❛♥❞ r❡♣❛✐r ❝♦sts✳
■t s❛t✐s✜❡s t❤❡ ❉❉❊✿

y(t) =

∫ t

t−R
(Ωe−δ(t−s) − η)i(s)ds ✭✺✮

✇❤❡r❡ Ω✱ η ❛♥❞ δ ❛r❡ r❡❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ η = e−δT Ω✳ ❚❤❡ ❝♦♥tr♦❧
✈❛r✐❛❜❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ✐♥✈❡st♠❡♥t i(s) t❤❛t ❤❛s t♦ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥t
0 ≤ i(s) ≤ y(s)✳ ❚❤❡ ♣❧❛♥♥❡r ❤❛s t♦ ♠❛①✐♠✐③❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

∫ +∞

0
e−ρs (y(s) − i(s))1−σ

1 − σ
ds ✭✻✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t σ ❛♥❞ s♦♠❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ρ✳

❘❡♠❛r❦ ✷✳✶✳ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✶✾✾✼❀ ✷✵✵✶✮ ✉s❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦

❛♣♣r♦❛❝❤ s✐♠✐❧❛r ♣r♦❜❧❡♠s✳

✼



✷✳✷ ❉❡♠♦❣r❛♣❤✐❝ ❛♣♣❧✐❝❛t✐♦♥s

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥s ♠❛✐♥❧② ♦♥ t❤❡ t❤r❡❡ ❡❝♦♥♦♠✐❝
❡①❛♠♣❧❡s ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❜✉t✱ ❛s s❡❡♥ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✹✮✱ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ s✉❝❤ ♠♦❞❡❧s ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ s♦♠❡
♠♦❞❡❧s t❤❛t ❞❡s❝r✐❜❡ ❞❡♠♦❣r❛♣❤✐❝ ❡✈♦❧✉t✐♦♥s✳ ❚❤❡② ❝♦♥s✐❞❡r ❛ ❞❡♠♦❣r❛♣❤✐❝
♠♦❞❡❧s ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t ❛❣❡ str✉❝t✉r❡✳ ❆t ❛♥② t✐♠❡ t✱ ❞❡♥♦t❡ ❜② h(v) t❤❡
❤✉♠❛♥ ❝❛♣✐t❛❧ ♦❢ t❤❡ ❝♦❤♦rt ✭♦r ❣❡♥❡r❛t✐♦♥✮ ❜♦r♥ ❛t v✱ v ≤ t✳ T (t) ✐s t❤❡
t✐♠❡ s♣❡♥t ❛t s❝❤♦♦❧ ❜② ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s s♦ t− T (t) ✐s t❤❡ ❧❛st ❣❡♥❡r❛t✐♦♥ t❤❛t
❡♥t❡r❡❞ t❤❡ ❥♦❜ ♠❛r❦❡t ❛t t✳ A(t) ✐s t❤❡ ♠❛①✐♠❛❧ ❛❣❡ ❛tt❛✐♥❛❜❧❡✱ s♦ t−A(t)
✐s t❤❡ ❧❛st ❣❡♥❡r❛t✐♦♥ st✐❧❧ ❛t ✇♦r❦ s♦ t❤❡ ❛❣❣r❡❣❛t❡ st♦❝❦ ♦❢ ❤✉♠❛♥ ❝❛♣✐t❛❧
❛✈❛✐❧❛❜❧❡ ❛t t✐♠❡ t ✐s✿

H(t) =

∫ t−T (t)

t−A(t)
h(v)envm(t− v)dv

✇❤❡r❡✿ n ✐s t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ♣♦♣✉❧❛t✐♦♥✱ env ✐s s✐③❡ ♦❢ t❤❡ ❝♦❤♦rt ❜♦r♥ ❛t
v✱ ❛♥❞ m(t− v) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❜♦r♥ ❛t v t♦ ❜❡ st✐❧❧ ❛❧✐✈❡
❛t t✳ ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✷✮ t❤❡ ❛✉t❤♦rs st✉❞② ❛ ❝❛s❡ ✐♥ ✇❤✐❝❤ A(t) ❛♥❞
T (t) ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ ♠♦❞❡❧ ✐s ❡①❛❝t❧② ♦❢ t❤❡ ❢❛♠✐❧② ✇❡ ❛r❡
st✉❞②✐♥❣✳

✸ ❚❤❡ Pr♦❜❧❡♠

✸✳✶ ❚❤❡ ❞❡❧❛② st❛t❡ ❡q✉❛t✐♦♥

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❝♦♥s✐❞❡r ❛ ✜①❡❞ ❞❡❧❛② R > 0✳ ❲✐t❤ ♥♦t❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❛t
♦❢ t❤❡ ❜♦♦❦ ❜② ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❛♥❞ t❤❡ s❛♠❡ ✉s❡❞ ✐♥ ❋❛❜❜r✐ ❡t ❛❧✳
✭✷✵✵✻✮✱ ❣✐✈❡♥ T > t ≥ 0 ❛♥❞ z ∈ L2([t−R, T ],R) ❢♦r ❡✈❡r② s ∈ [t, T ] ✇❡ ❝❛❧❧
zs ∈ L2([−R, 0]; R) t❤❡ ❢✉♥❝t✐♦♥

{

zs : [−R, 0] → R

zs(r)
def
= z(s+ r)

. ✭✼✮

●✐✈❡♥ ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ u(·) ∈ L2(t, T )✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

{

ẏ(s) = N(ys) +B(us) + f(s) for s ∈ [t, T ]
(y(t), yt, ut) = (φ0, φ1, ω) ∈ R × L2([−R, 0]; R) × L2([−R, 0]; R)

✭✽✮

✇❤❡r❡ yt ❛♥❞ ut ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ❛♥❞

N,B : C([−R, 0],R) → R, ✭✾✮

✐♥ ♣❛rt✐❝✉❧❛r✿

✽



❍②♣♦t❤❡s✐s ✸✳✶✳ N,B : C([−R, 0],R) → R ❛r❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥✲

❛❧s✳

■♥ t❤❡ ❞❡❧❛② s❡tt✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ ❛ tr✐♣❧❡ (φ0, φ1, ω) ✇❤♦s❡ ✜rst
❝♦♠♣♦♥❡♥t ✐s t❤❡ st❛t❡ ❛t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ t✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❛r❡ r❡s♣❡❝✲
t✐✈❡❧② t❤❡ ❤✐st♦r② ♦❢ t❤❡ st❛t❡ ❛♥❞ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ❝♦♥tr♦❧ ✉♣ t♦ t✐♠❡ t
✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [t− R, t]✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ f ≡ 0✳

❘❡♠❛r❦ ✸✳✷✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ t❤❛t ✇❡ ♥❡❡❞ t♦ st✉❞② ✭t❤❡ ♦♥❡

t♦ ✇❤✐❝❤ ♦✉r ❞❡❧❛② ❡①❛♠♣❧❡s ❛♣♣❧②✮ ❤❛s ✐♥✐t✐❛❧ t✐♠❡ t = 0✳ ◆❡✈❡rt❤❡❧❡ss t❤❡

❉P❆ r❡q✉✐r❡ t♦ ❡♠❜❡❞ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❛ ❢❛♠✐❧② ♦❢ ♣r♦❜❧❡♠s ♦❜t❛✐♥❡❞ ✈❛r②✐♥❣

t❤❡ ✐♥✐t✐❛❧ t✐♠❡ t ✭❜❡s✐❞❡s t❤❡ ✐♥✐t✐❛❧ st❛t❡✮ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ]✳ ❚❤❡ ✈✐s❝♦s✐t②
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✸✽✮ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✺✳✹✮ ♦♥ t❤❡

✇❤♦❧❡ ✐♥t❡r✈❛❧ [0, T ] ❛♥❞ ✇✐❧❧ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❛❧❧ t❤❡ ♣r♦❜❧❡♠s ♦❢ t❤❡

❢❛♠✐❧②✱ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ ✇✐t❤ t = 0✳

❚❤❡ ❡q✉❛t✐♦♥ ✭✽✮ ✐s ❛ ❣❡♥❡r❛❧ ❢♦r♠ t❤❛t ✐♥❝❧✉❞❡s ♦✉r t❤r❡❡ ♠❛✐♥ ❡①❛♠♣❧❡s✳
◆❛♠❡❧②✿

• ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ ✭s❡❡ ❙✉❜s✉❜✲
s❡❝t✐♦♥ ✷✳✶✳✶✮ ✇❡ ❤❛✈❡ N = 0 ❛♥❞ B = δ0 − δR s♦ t❤❡ st❛t❡ ❡q✉❛t✐♦♥
✐s

k(s) =

∫ s

s−R
i(r)dr ✭✶✵✮

• ■♥ ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✻✮❀ ●♦③③✐ ❛♥❞ ▼❛r✐♥❡❧❧✐ ✭✷✵✵✹✮ ✭s❡❡ ❙✉❜s✉❜s❡❝t✐♦♥
✷✳✶✳✷✮ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ N ❛♥❞ B ❛r❡ r❡s♣❡❝t✐✈❡❧②

N : C([−R, 0]) → R

N : γ 7→ a0γ(0) +
∫ 0
−R γ(r)da1(r)

✭✶✶✮

B : C([−R, 0]) → R

B : γ 7→ b0γ(0) +
∫ 0
−R γ(r)db1(r)

✭✶✷✮

• ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ✭s❡❡ ❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✸✮ N = 0 ❛♥❞

B : C([−R, 0]) → R

B : γ 7→ (Ω − η)γ(0) − δΩ
∫ 0
−R e

δrγ(r)dr
✭✶✸✮

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ (φ0, φ1, ω) ∈ R × L2(−R, 0) ×
L2(−R, 0)✱ ❛ ❝♦♥tr♦❧ u ∈ L2

loc[0,+∞) ❛♥❞ ❛ f ∈ L2([0, T ]R) t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ y(·) ♦❢ ✭✽✮ ✐♥ H1
loc[0,∞)✳ ▼♦r❡♦✈❡r ❢♦r ❛❧❧ T > 0 t❤❡r❡ ❡①✐sts

❛ ❝♦♥st❛♥t c(T ) ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ R, T, ‖N‖ ❛♥❞ ‖B‖ s✉❝❤ t❤❛t

|y|H1(0,T ) ≤ c(T )
(

|φ0| + |φ1|L2(−R,0) + |ω|L2(−R,0) + |u|L2(0,T ) + |f |L2(0,T )

)

✭✶✹✮

✾



Pr♦♦❢✳ ❙❡❡ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❚❤❡♦r❡♠ ✸✳✸ ♣❛❣❡ ✷✶✼ ❢♦r t❤❡ ✜rst ♣❛rt
❛♥❞ ❚❤❡♦r❡♠ ✸✳✸ ♣❛❣❡ ✷✶✼✱ ❚❤❡♦r❡♠ ✹✳✶ ♣❛❣❡✳ ✷✷✷ ❛♥❞ ♣❛❣❡ ✷✺✺ ❢♦r t❤❡
s❡❝♦♥❞ st❛t❡♠❡♥t✳

✸✳✷ ❚❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧

❲❡ ❝♦♥s✐❞❡r ❛ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ t♦ ❜❡ ♠❛①✐♠✐③❡❞ ♦❢ t❤❡ ❢♦r♠

∫ T

t
L0(s, y(s), u(s))ds+ h0(y(T )) ✭✶✺✮

✇❤❡r❡
L0 : [0, T ] × R × R → R

h0 : R → R
✭✶✻✮

❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳

❘❡♠❛r❦ ✸✳✹✳ ■♥ ♦✉r ♠❛✐♥ ❡①❛♠♣❧❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣

• ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ ✭s❡❡ ❙✉❜s✉❜✲

s❡❝t✐♦♥ ✷✳✶✳✶✮ t❤❡ ❤♦r✐③♦♥ ✐s ✐♥✜♥✐t❡ ❛♥❞ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✇❛s

❈❘❘❆✿
∫ +∞

0

(Ak(s) − i(s))1−σ

1 − σ
ds ✭✶✼✮

• ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ✭s❡❡ ❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✸✮ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐s

❈❘❘❆✿
∫ +∞

0

(y(s) − i(s))1−σ

1 − σ
ds. ✭✶✽✮

• ■♥ ❋❛❣❣✐❛♥ ❛♥❞ ●♦③③✐ ✭✷✵✵✹✮ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐s ❝♦♥❝❛✈❡ ❛♥❞ ♦❢ t❤❡ ❢♦r♠✿

∫ T

t
l0(s, c(s)) + n0(s, y(s))ds+m0(y(T )) ✭✶✾✮

❘❡♠❛r❦ ✸✳✺✳ ❚❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✐s ♦♥❡ ♦❢ t❤❡ ✐♠✲

♣r♦✈❡♠❡♥ts ❞✉❡ t♦ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❛♣♣r♦❛❝❤✱ ✐♥❞❡❡❞ ✐♥ ❋❛❜❜r✐ ❡t ❛❧✳

✭✷✵✵✻✮ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ ♦♥❧② ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧s ♦❢ t❤❡ ❢♦r♠

∫ T

t
e−ρsl0(c(s))ds+m0(y(T )) ✭✷✵✮

✇❤❡r❡ l0 ❛♥❞ m0 ❛r❡ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ l0 ❞❡♣❡♥❞s

♦♥❧② ♦♥ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ✭t❤❛t ✐s t❤❡ ❝♦♥tr♦❧✮ c✳

❘❡♠❛r❦ ✸✳✻✳ ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ✜♥✐t❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠ ❜✉t s✐♠✐❧❛r r❡s✉❧ts

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ❝❛s❡✳

✶✵



✸✳✸ ❚❤❡ ❝♦♥str❛✐♥ts

❚❤❡ ❧❛st t❤✐♥❣ t♦ ❝❤♦♦s❡ t♦ ❞❡✜♥❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t❤❡ s❡t ♦❢ t❤❡
❛❞♠✐ss✐❜❧❡ tr❛❥❡❝t♦r✐❡s✳ ■♥ ♦✉r ♠❛✐♥ ❡①❛♠♣❧❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♥tr♦❧
✈❛r✐❛❜❧❡ ✐s ❛ss✉♠❡❞✳ ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮
✭❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✶✮ t❤❡ ❝♦♥str❛✐♥t u ≥ 0 ✐s ❛ss✉♠❡❞ ❛♥❞ t❤❡ s❛♠❡ ✐s ❞♦♥❡
✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ✭❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✸✮✳ ❍❡r❡ ✇❡ ❛ss✉♠❡ ❛ ♠♦r❡
❣❡♥❡r❛❧ ❝♦♥str❛✐♥t✿

u ≥ Γ−(y) ✭✷✶✮

✇❤❡r❡ Γ− : R → (−∞, 0] ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✭s❡❡ ❍②♣♦t❤❡s✐s ✹✳✸ ❢♦r
♦t❤❡r ❛ss✉♠♣t✐♦♥s ♦♥ Γ−✮✳

▼♦r❡♦✈❡r ✇❡ ❛ss✉♠❡ ❛♥♦t❤❡r st❛t❡✲❝♦♥tr♦❧ ❝♦♥str❛✐♥t t❤❛t ✐s ❛ ❣❡♥❡r❛❧✲
✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞
●♦③③✐ ✭✷✵✵✻✮❀ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮✿ t❤❡ ❝♦♥tr♦❧ ❝❛♥♥♦t ❜❡ ❣r❡❛t❡r t❤❛♥
s♦♠❡ ♥✉♠❜❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛t❡✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ t❤❡ ✐♥✈❡st♠❡♥t i ❝❛♥♥♦t ❜❡ ❣r❡❛t❡r t❤❡♥
t❤❡ ♣r♦❞✉❝t✐♦♥ ak(t)✱ ✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ✇❡ ❤❛✈❡ i ≤ y✳ ❍❡r❡ ✇❡
✐♠♣♦s❡

u ≤ Γ+(y) ✭✷✷✮

✇❤❡r❡ Γ+ : R → [0,+∞) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ✭■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ ✭❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✶✮ Γ+(y) = Ay✱ ✐♥
❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ✭s❡❡ ❙✉❜s✉❜s❡❝t✐♦♥ ✷✳✶✳✸✮ Γ+(y) = y✮

✸✳✹ ❚❤❡ ♠❛✐♥ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s ♦❢ t❤❡ ♣r♦❜❧❡♠

❚❤❡ t❤r❡❡ ♠❛✐♥ ❝♦♠♣♦♥❡♥ts ♦❢ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❛r❡ t❤❡ st❛t❡
❡q✉❛t✐♦♥✱ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts✳ ❍❡r❡ ❛❧❧ t❤❡ ❝♦♠♣♦♥❡♥ts
♣r❡s❡♥t s♦♠❡ ♥♦♥✲tr✐✈✐❛❧ ❞✐✣❝✉❧t✐❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ t❤❡✲
♦r②✿

• ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥✿ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❤♦♠♦❣❡♥❡♦✉s ❧✐♥❡❛r ❉❉❊✱ ✐♥
✇❤✐❝❤ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ st❛t❡ y ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t❤❡ ❤✐st♦r② ♦❢ t❤❡
st❛t❡ ys ✭t❤❡ ♥♦t❛t✐♦♥ s ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✼✮✮ ❛♥❞ ♦♥ t❤❡ ❤✐st♦r② ♦❢ t❤❡
❝♦♥tr♦❧ us✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❡❧❛② ✐♥ t❤❡ ❝♦♥tr♦❧ ②✐❡❧❞s ❛ ✉♥❜♦✉♥❞❡❞
t❡r♠✳ ❚❤❡r❡ ❛r❡ s✐♠✐❧❛r t❡r♠s ✐♥ t❤❡ ♣❛♣❡rs ❈❛♥♥❛rs❛ ❡t ❛❧✳ ✭✶✾✾✸✮❀
❈❛♥♥❛rs❛ ❛♥❞ ❚❡ss✐t♦r❡ ✭✶✾✾✹❀ ✶✾✾✻❛❀❜✮❀ ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❋❛❜❜r✐
✭✷✵✵✻❜✮ t❤❛t st✉❞② ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❢♦r ❍❏❇ ❡q✉❛t✐♦♥ r❡❧❛t❡❞ t♦ ♦♣t✐✲
♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❣♦✈❡r♥❡❞ ❜② s♣❡❝✐✜❝ P❉❊s ❛♥❞ ✇❤♦s❡ r❡s✉❧ts ❞♦
♥♦t ❛♣♣❧② t♦ ♦✉r ❝❛s❡✳ ▼♦r❡♦✈❡r ✐♥ ♦✉r st❛t❡ ❡q✉❛t✐♦♥ ❛s r❡❢♦r♠✉❧❛t❡❞
✐♥ M2 ✭s❡❡ ❜❡❧♦✇✮ ❛ ♥♦♥✲❛♥❛❧②t✐❝ s❡♠✐❣r♦✉♣ ❛♣♣❡❛rs✳ ❚❤❡ ♦♥❧② ✇♦r❦✱
❛s ❢❛r ✇❡ ❦♥♦✇✱ t❤❛t tr❡❛ts ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ❍❏❇ ❡q✉❛t✐♦♥ ✇✐t❤
❜♦✉♥❞❛r② t❡r♠ ❛♥❞ ✇✐t❤ ♥♦♥✲❛♥❛❧②t✐❝ s❡♠✐❣r♦✉♣ ✐s ❋❛❜❜r✐ ✭✷✵✵✻❜✮✱
❜✉t ♦♥❧② ❛ ✈❡r② s♣❡❝✐✜❝ tr❛♥s♣♦rt P❉❊ ✐s tr❡❛t❡❞ t❤❡r❡✳

✶✶



• ❚❤❡ ❝♦♥str❛✐♥ts✿ ✇❡ ❝♦♥s✐❞❡r ❜♦t❤ st❛t❡✲❝♦♥tr♦❧ ❝♦♥str❛✐♥ts ✭s❡❡ ❍②✲
♣♦t❤❡s✐s ✹✳✸ ❢♦r ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥✮✳

• ❚❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧✿ ✇❡ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ❢♦r♠

∫ T

t
L0(s, y(s), u(s))ds+ h0(y(T )) ✭✷✸✮

✇❤❡r❡ ✇❡ ❛ss✉♠❡ L0 ❛♥❞ h0 ♠❡r❡❧② ❝♦♥t✐♥✉♦✉s✳ ■♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✺✮❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮❀ ❋❛❜❜r✐ ✭✷✵✵✻❛✮ ❛ ❈❘❘❆ ✉t✐❧✐t②
❢✉♥❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐♥ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ❛ ❝♦♥❝❛✈❡ ✉t✐❧✐t②
❢✉♥❝t✐♦♥ ✐s ✉s❡❞✳

✹ ❚❤❡ ♣r♦❜❧❡♠ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡♠✐♥❞ ❤♦✇ t♦ r❡✇r✐t❡ t❤❡ st❛t❡ ❡q✉❛t✐♦♥s ♦❢ ❛ ❝♦♥tr♦❧
♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ ❛ ❉❉❊ ❛s ❛ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ ❛♥ ❖❉❊ ✐♥ ❛
s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ♦r t♦
t❤❡ ✹t❤ ❈❤❛♣t❡r ♦❢ t❤❡ ❜♦♦❦ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❢♦r ❞❡t❛✐❧s✳

◆♦t❛t✐♦♥ ✹✳✶✳ ■♥ t❤❡ t❡①t ✇❡ ✇✐❧❧ ❛❧✇❛②s ❢♦❧❧♦✇ t❤❡s❡ ♥♦t❛t✐♦♥s✿

✲ y(·) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉❉❊ ✭✽✮✱

✲ (φ0, φ1, ω) ✐s t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ ✐♥ t❤❡ ❉❉❊ ✭✽✮

✲ x(·) ✐s t❤❡ st❛t❡ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ M2 = R × L2[−R, 0] ❛♥❞ s♦❧✈❡s

t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✷✽✮✳ ◆♦t❡ t❤❛t x0(·) = y(·)

✲ 〈a, b〉
R

= ab ✐s t❤❡ ♣r♦❞✉❝t ✐♥ R ♦❢ t✇♦ r❡❛❧ ♥✉♠❜❡r a, b ∈ R

✲ 〈·, ·〉L2 ✇✐❧❧ ✐♥❞✐❝❛t❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ L2(−R, 0)✿ ✐❢ φ1 ∈ L2 ❛♥❞

ψ1 ∈ L2 t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐s ❞❡✜♥❡❞ ❛s

〈

φ1, ψ1
〉

L2 =

∫ 0

−R
φ1(r)ψ1(s)ds ✭✷✹✮

✲ ❚❤❡ ❜r❛❝❦❡ts 〈·, ·〉 ✇✐t❤♦✉t ✐♥❞❡① ✇✐❧❧ ✐♥❞✐❝❛t❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ M2✿

✐❢ φ = (φ0, φ1) ∈ M2 ❛♥❞ ψ = (ψ0, ψ1) ∈ M2 t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐s

❞❡✜♥❡❞ ❛s

〈φ, ψ〉 = φ0ψ0 +
〈

φ1, ψ1
〉

L2 ✭✷✺✮

✲ ❚❤❡ ❜r❛❝❦❡ts 〈·, ·〉X×X′ ✐s t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ❜❡t✇❡❡♥ ❛ s♣❛❝❡ X ❛♥❞

t❤❡ ❞✉❛❧ X ′✳

✲ ❚❤❡ s②♠❜♦❧ |y|X ♠❡❛♥s t❤❡ ♥♦r♠ ♦❢ t❤❡ ❡❧❡♠❡♥t y ✐♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡

X

✶✷



✲ ❚❤❡ s②♠❜♦❧ ‖T‖ ✐s t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ♦❢ t❤❡ ♦♣❡r❛t♦r T ✳

✲ C1([0, T ]×M2) ✐s t❤❡ s❡t ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ϕ : [0, T ]×M2 → R t❤❛t ❛r❡

❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳

✲ ■❢ ϕ ∈ C1([0, T ]×M2) ✇❡ ❝❛❧❧ ∂tϕ(t, x) t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ❛❧♦♥❣ t❤❡

✈❛r✐❛❜❧❡ t ❛♥❞ ∇ϕ(t, x) t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡

x ∈M2

❈♦♥s✐❞❡r L t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✽✳ ❚❤❛♥❦s t♦ ❍②✲
♣♦t❤❡s✐s ✸✳✶ ✇❡ ❝❛♥ st❛t❡ t❤❛t

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❚❤❡ ♦♣❡r❛t♦r A∗ ❞❡✜♥❡❞ ❛s✿

{

D(A∗) =
{

(φ0, φ1) ∈M2 : φ1 ∈W 1,2(−R, 0) and φ0 = φ1(0)
}

A∗(φ0, φ1) = (Lφ1, Dφ1)
✭✷✻✮

✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ C0 s❡♠✐❣r♦✉♣ ♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ M2 def
= R ×

L2([−R, 0]; R)

Pr♦♦❢✳ ❙❡❡ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❈❤❛♣t❡r ✹✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ❢♦r♠ ♦❢ D(A∗) t❤❡ ♦♣❡r❛t♦r B ❝❛♥ ❜❡ s❡❡♥✱ ❛❜✉s✐♥❣ s♦♠❡✲
❤♦✇ ♦❢ t❤❡ ♥♦t❛t✐♦♥✱ ❛s t❤❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧

{

B : D(A∗) → R

B : (ϕ0, ϕ1) 7→ B(ϕ1)
✭✷✼✮

✇❤❡r❡ D(A∗) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❣r❛♣❤ ♥♦r♠ ✼✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r B ✐♥ t❤✐s s❡❝♦♥❞ ❞❡✜♥✐t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡♥ t❤❡ ❛❞❥♦✐♥ts ♦❢ A∗

❛♥❞ B ❝❛❧❧❡❞ r❡s♣❡❝t✐✈❡❧② A ❛♥❞ B∗✳
❚❤❡ ❉❉❊ ✭✽✮ ✐s ✐♥❝❧✉❞❡❞✱ ✐♥ t❤❡ s❡♥s❡ s♣❡❝✐✜❡❞ ❜❡❧♦✇✱ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

❖❉❊ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ M2







d

ds
x(s) = Ax(s) +B∗z(s)

x(t) = x.

✭✷✽✮

✐♥❞❡❡❞ ✭✷✽✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ x(·) ♦✈❡r ❛ s✉✐t❛❜❧❡ s✉❜s❡t ♦❢
C([0, T ];M2)✳ ❙✉❝❤ ❛ s♦❧✉t✐♦♥ ✐s ❛ ❝♦✉♣❧❡ x(s) = (x0(s), x1(s)) ∈ R ×
L2(−R, 0)✽ ✇❤❡r❡ x0(s) ✐s t❤❡ ✉♥✐q✉❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ y(s) ♦❢

✼❋♦r x ∈ D(A∗) t❤❡ ❣r❛♣❤ ♥♦r♠ |x|D(A∗) ✐s ❞❡✜♥❡❞ ❛s

|x|D(A∗) = |x|M2 + |A∗

x|M2 .

✽❲❡ ✇✐❧❧ ✇r✐t❡
x(s)u(·),t,x = (x0

u(·),t,x(s), x1
u(·),t,x(s))

✇❤❡♥ ✇❡ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❝♦♥tr♦❧ ❛♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

✶✸



✭✽✮ ❛♥❞ x1 ❛ s✉✐t❛❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❤✐st♦r✐❡s ♦❢ t❤❡ st❛t❡ y ❛♥❞ ♦❢
t❤❡ ❝♦♥tr♦❧ u✳ ❙❡❡ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ ❆♣♣❡♥❞✐① ❆ ❢♦r ❛ ♠♦r❡ ♣r❡❝✐s❡
❞❡s❝r✐♣t✐♦♥ ♦❢ s✉❝❤ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ♣✐❧♦t✲❡①❛♠♣❧❡ ❛♥❞ ❇❡♥s♦✉ss❛♥
❡t ❛❧✳ ✭✶✾✾✷✮ ❢♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥✳

❲❡ ♥❡❡❞ ♥♦✇ t♦ tr❛♥s❧❛t❡ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ✐♥ ❛❜✲
str❛❝t t❡r♠s✳ ■♥ t❤❡ ♥❡①t ❤②♣♦t❤❡s✐s ✇❡ ❢♦r♠❛❧✐③❡ t❤❡ st❛t❡✲❝♦♥tr♦❧ ❝♦♥str❛✐♥t
❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛s u ∈ [Γ−(y),Γ+(y)]✿

❍②♣♦t❤❡s✐s ✹✳✸✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♥tr♦❧ u(·) ❛♥❞ t❤❡ r❡❧❛t❡❞ st❛t❡ tr❛❥❡❝t♦r②

x(·) = (x0(·), x1(·)) ✇❡ ✐♠♣♦s❡ t❤❡ st❛t❡✲❝♦♥tr♦❧ ❝♦♥str❛✐♥t

Γ−(x0(s)) ≤ u(s) ≤ Γ+(x0(s)) ∀s ∈ [t, T ] ✭✷✾✮

✇❤❡r❡ Γ− ❛♥❞ Γ+ ❛r❡ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s

Γ+ : R → [0,+∞)

Γ− : R → (−∞, 0]
✭✸✵✮

❛♥❞ s✉❝❤ t❤❛t |Γ−(t)| ≤ a+b|t| ❛♥❞ |Γ+(t)| ≤ a+b|t| ❢♦r t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t

a ❛♥❞ b✳

❚❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s ✐s

Ut,x
def
= {u(·) ∈ L2(t, T ) : Γ−(x0

u(·),t,x(s)) ≤ u(s) ≤ Γ+(x0
u(·),t,x(s))} ✭✸✶✮

❚❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ✭✶✺✮ ✇r✐tt❡♥ ✐♥ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s ✐s

∫ T

t
L0(s, x

0(s), u(s))ds+ h0(x
0(T )).

❙♦ ✇❡ r❡✇r✐t❡ ✐t ❛s ❢♦❧❧♦✇s

J(t, x, u(·)) =

∫ T

t
L(s, x(s), u(s))ds+ h(x(T )) ✭✸✷✮

✇❤❡r❡
{

L : [0, T ] ×M2 × R → R

L : (s, x, u) 7→ L0(s, x
0, u)

✭✸✸✮

{

h : M2 → R

h : x 7→ h0(x
0)

✭✸✹✮

❛♥❞ s♦ L ❛♥❞ h ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳ ▼♦r❡♦✈❡r ✇❡ ❛s❦ t❤❛t

❍②♣♦t❤❡s✐s ✹✳✹✳ L ❛♥❞ h ❛r❡ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❛♥❞

|L(s, x, u) − L(s, y, u)| ≤ σ(|x− y|) ❢♦r ❛❧❧ (s, u) ∈ [0, T ] × R ✭✸✺✮

✇❤❡r❡ σ ✐s ❛ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t②✾✳

✾❚❤❛t ✐s✱ ❛ ❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t σ(r) → 0 ❢♦r r → 0+✳

✶✹



❚❤❡ ♦r✐❣✐♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
♣r♦❜❧❡♠ ✐♥ M2 ✇✐t❤ st❛t❡ ❡q✉❛t✐♦♥ ✭✷✽✮ ❛♥❞ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ❣✐✈❡♥ ❜② ✭✸✷✮✳

▲❡♠♠❛ ✹✳✺✳ ❆ss✉♠✐♥❣ ❍②♣♦t❤❡s✐s ✹✳✸ ❛♥❞ ❣✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ❞❛t✉♠

(φ0, φ1, ω) ∈ R × L2(−R, 0) × L2(−R, 0) t❤❡♥ ❡q✉❛t✐♦♥ ✭✽✮ ❤❛s ❛ ✉♥✐q✉❡

s♦❧✉t✐♦♥ y(·) ✐♥ H1(t, T )✳ ■t ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [t, T ] ✉♥✐❢♦r♠❧② ✐♥ t❤❡

❝♦♥tr♦❧ u(·) ∈ Ut,x ❛♥❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ t✐♠❡ t ∈ [0, T )✳ ❲❡ ❝❛❧❧ K ❛ ❝♦♥st❛♥t

s✉❝❤ t❤❛t |y(s)| ≤ K ❢♦r ❛♥② t ∈ [0, T )✱ ❛♥② ❝♦♥tr♦❧ u(·) ∈ Ut,x ❛♥❞ ❛♥②

s ∈ [t, T ]✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❘❡♠❛r❦ ✹✳✻✳ ❯s✐♥❣ t❤❡ ❍②♣♦t❤❡s✐s ✹✳✸ s✉❝❤ ❛ r❡s✉❧t ✐♠♣❧✐❡s u(s) ≤ a+ bK

❢♦r ❛❧❧ t❤❡ ❝♦♥tr♦❧s ✐♥ Ut,x✳

▲❡♠♠❛ ✹✳✼✳ ■❢ ❍②♣♦t❤❡s✐s ✹✳✸ ❤♦❧❞s✱ ❝❛❧❧✐♥❣ x(s) t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✽✮✱

|x(s) − x|M2
s→t+
−−−→ 0 ✭✸✻✮

✉♥✐❢♦r♠❧② ✐♥ (t, x) ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ u(·) ∈ Ut,x

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❛s

V (t, x) = sup
u(·)∈Ut,x

J(t, x, u(·)) ✭✸✼✮

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V : [0, T ] ×M2 → R ✐s ❝♦♥t✐♥✉♦✉s

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

✺ ❱✐s❝♦s✐t② s♦❧✉t✐♦♥s ❢♦r ❍❏❇ ❡q✉❛t✐♦♥

❚❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s ❞❡✜♥❡❞ ❛s

{

∂tw(t, x) + 〈∇w(t, x), Ax〉 +H(t, x,∇w(t, x)) = 0
w(T, x) = h(x)

✭✸✽✮

✇❤❡r❡ H ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

{

H : [0, T ] ×D(A∗) → R

H(t, x, p)
def
= supu∈[Γ−(x0),Γ+(x0)] {uB(p) + L(t, x, u)}

✭✸✾✮

❲❡ r❡❢❡r t♦ H ❛s t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠

✶✺



✺✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ♣r❡❧✐♠✐♥❛r② ❧❡♠♠❛

❉❡✜♥✐t✐♦♥ ✺✳✶✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ ϕ ∈ C1([0, T ]×M2) ✐s ❛ t❡st ❢✉♥❝t✐♦♥

❛♥❞ ✇❡ ✇✐❧❧ ✇r✐t❡ ϕ ∈ ❚❡st ✐❢ ∇ϕ(s, x) ∈ D(A∗) ❢♦r ❛❧❧ (s, x) ∈ [0, T ]×M2

❛♥❞ A∗∇ϕ : [0, T ]×M2 → R ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤✐s ♠❡❛♥s t❤❛t ∇ϕ ∈ C([0, T ]×
M2;D(A∗)) ✇❤❡r❡ D(A∗) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❣r❛♣❤ ♥♦r♠✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳ w ∈ C([0, T ] ×M2) ✐s ❛ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇

❡q✉❛t✐♦♥ ✭♦r s✐♠♣❧② ❛ ✏s✉❜s♦❧✉t✐♦♥✑✮ ✐❢ w(T, x) ≤ h(x) ❢♦r ❛❧❧ x ∈ M2 ❛♥❞

❢♦r ❡✈❡r② ϕ ∈ ❚❡st ❛♥❞ ❡✈❡r② ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♣♦✐♥t (t, x) ♦❢ w − ϕ ✇❡ ❤❛✈❡

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 +H(t, x,∇ϕ(t, x)) ≤ 0 ✭✹✵✮

❉❡✜♥✐t✐♦♥ ✺✳✸✳ w ∈ C([0, T ]×M2) ✐s ❛ ✈✐s❝♦s✐t② s✉♣❡rs♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇

❡q✉❛t✐♦♥ ✭♦r s✐♠♣❧② ❛ ✏s✉♣❡rs♦❧✉t✐♦♥✑✮ ✐❢ w(T, x) ≥ h(x) ❢♦r ❛❧❧ x ∈M2 ❛♥❞

❢♦r ❡✈❡r② ϕ ∈ ❚❡st ❛♥❞ ❡✈❡r② ❧♦❝❛❧ ♠❛①✐♠✉♠ ♣♦✐♥t (t, x) ♦❢ w − ϕ ✇❡ ❤❛✈❡

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 +H(t, x,∇ϕ(t, x)) ≥ 0 ✭✹✶✮

❉❡✜♥✐t✐♦♥ ✺✳✹✳ w ∈ C([0, T ] × M2) ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇

❡q✉❛t✐♦♥ ✐❢ ✐t ✐s✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛ s✉♣❡rs♦❧✉t✐♦♥ ❛♥❞ ❛ s✉❜s♦❧✉t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳ ●✐✈❡♥ (t, x) ∈ [0, T ] ×M2 ❛♥❞ ϕ ∈ ❚❡st t❤❡r❡ ❡①✐sts ❛

r❡❛❧ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ O(s) s✉❝❤ t❤❛t O(s)
s→t+
−−−→ 0 ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡✈❡r②

❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ u(·) ∈ Ut,x ✇❡ ❤❛✈❡ t❤❛t

∣

∣

∣

∣

ϕ(s, x(s)) − ϕ(t, x)

s− t
− ∂tϕ(t, x) − 〈A∗∇ϕ(t, x), x〉−

−

∫ s
t 〈B(∇ϕ(t, x)), u(r)〉

R
dr

s− t

∣

∣

∣

∣

≤ O(s) ✭✹✷✮

✭✇❤❡r❡ ✇❡ ❝❛❧❧❡❞ x(s) t❤❡ tr❛❥❡❝t♦r② t❤❛t st❛rts ❛t t✐♠❡ t ❢r♦♠ x ❛♥❞ s✉❜❥❡❝t

t♦ t❤❡ ❝♦♥tr♦❧ u(·)✮✳

▼♦r❡♦✈❡r ✐❢ u(·) ∈ Ut,x ✐s ❝♦♥t✐♥✉♦✉s ✐♥ t ✇❡ ❤❛✈❡ t❤❛t

ϕ(s, x(s)) − ϕ(t, x)

s− t

s→t+
−−−→

s→t+
−−−→ ∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 + 〈B(∇ϕ(t, x)), u(t)〉

R
✭✹✸✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❘❡♠❛r❦ ✺✳✻✳ ❲❡ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❛t O(s) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦♥tr♦❧

❛♥❞ t❤❛t t❤✐s ❢❛❝t ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ ✇❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❛

✈✐s❝♦s✐t② s✉♣❡rs♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳

✶✻



❈♦r♦❧❧❛r② ✺✳✼✳ ●✐✈❡♥ (t, x) ∈ [0, T ]×M2 ❛♥❞ ϕ ∈ ❚❡st ❛♥❞ ❛♥ ❛❞♠✐ss✐❜❧❡

❝♦♥tr♦❧ u(·) ∈ Ut,x ✇❡ ❤❛✈❡ t❤❛t

ϕ(s, x(s)) − ϕ(t, x) =

=

∫ s

t
∂tϕ(r, x(r)) + 〈A∗∇ϕ(r, x(r)), x(r)〉 + 〈B(∇ϕ(r, x(r))), u(r)〉

R
dr

✭✹✹✮

✭✇❤❡r❡ ✇❡ ❝❛❧❧❡❞ x(s) t❤❡ tr❛❥❡❝t♦r② t❤❛t st❛rts ❛t t✐♠❡ t ❢r♦♠ x ❛♥❞ s✉❜❥❡❝t

t♦ t❤❡ ❝♦♥tr♦❧ u(·)✮✳

✺✳✷ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ❍❏❇ ❡q✉❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✺✳✽✳ ✭❇❡❧❧♠❛♥✬s ♦♣t✐♠❛❧✐t② ♣r✐♥❝✐♣❧❡✮ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥

V ✱ ❞❡✜♥❡❞ ✐♥ ✭✸✼✮ s❛t✐s✜❡s ❢♦r ❛❧❧ s > t✿

V (t, x) = sup
u(·)∈Ut,x

(

V (s, x(s)) +

∫ s

t
L(r, x(r), u(r))dr

)

✭✹✺✮

✇❤❡r❡ x(s) ✐s t❤❡ tr❛❥❡❝t♦r② ❛t t✐♠❡ s st❛rt✐♥❣ ❢r♦♠ x s✉❜❥❡❝t t♦ ❝♦♥tr♦❧ u(·) ∈
Ut,x✳

Pr♦♦❢✳ ■t ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✳ ❙❡❡ ❢♦r ❡①❛♠♣❧❡ ▲✐ ❛♥❞
❨♦♥❣ ✭✶✾✾✺✮ ❈❤❛♣t❡r ✻✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡
❍❏❇ ❡q✉❛t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✾✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇

❡q✉❛t✐♦♥✳

Pr♦♦❢✳ ❙❡❡ ❛♣♣❡♥❞✐① ❆✳

❘❡♠❛r❦ ✺✳✶✵✳ ❲❡ ❛r❡ ♥♦t ❛❜❧❡ ❛t t❤❡ ♠♦♠❡♥t t♦ ❣✐✈❡ ❛ ✉♥✐q✉❡♥❡ss r❡s✉❧t

❢♦r t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ■t ✇✐❧❧ ❜❡ ❛♥ ✐ss✉❡ ❢♦r ❢✉t✉r❡

✇♦r❦✳

✻ ❆ ✈❡r✐✜❝❛t✐♦♥ r❡s✉❧t

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛

▲❡♠♠❛ ✻✳✶✳ ▲❡t f ∈ C([0, T ])✳ ❊①t❡♥❞ f t♦ ❛ g ♦♥ (−∞,+∞) ✇✐t❤ g(t) =
g(T ) ❢♦r t > T ❛♥❞ g(t) = g(0) ❢♦r t < 0✳ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ρ ∈ L1(0, T ; R)
s✉❝❤ t❤❛t

∣

∣

∣

∣

lim inf
h→0

g(t+ h) − g(t)

h

∣

∣

∣

∣

≤ ρ(t) a.e. t ∈ [0, T ] ✭✹✻✮

✶✼



❚❤❡♥

g(β) − g(α) ≥

∫ β

α
lim inf

h→0

g(t+ h) − g(t)

h
dt ∀ 0 ≤ α ≤ β ≤ T ✭✹✼✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❨♦♥❣ ❛♥❞ ❩❤♦✉ ✭✶✾✾✾✮ ♣❛❣❡ ✷✼✵✳

❲❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ s❡t r❡❧❛t❡❞ ✇✐t❤ ❛ s✉❜s❡t ♦❢ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛
❢✉♥❝t✐♦♥ ✐♥ C([0, T ] ×M2)✳ ■ts ❞❡✜♥✐t✐♦♥ ✐s s✉❣❣❡st❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
s✉❜✴s✉♣❡r s♦❧✉t✐♦♥✳ ❲❡ ❞❡✜♥❡

❉❡✜♥✐t✐♦♥ ✻✳✷✳ ●✐✈❡♥ v ∈ C([0, T ]×M2) ❛♥❞ (t, x) ∈ [0, T ]×M2 ✇❡ ❞❡✜♥❡

Ev(t, x) ❛s

Ev(t, x) = {(q, p) ∈ R ×D(A∗) : ∃ϕ ∈ ❚❡st, s.t.

v − ϕ ❛tt❛✐♥s ❛ ❧♦❝✳ ♠✐♥✳ ✐♥ (t, x),
∂tϕ(t, x) = q, ∇ϕ(t, x) = p,

and v(t, x) = ϕ(t, x)}
✭✹✽✮

❘❡♠❛r❦ ✻✳✸✳ Ev(t, x) ✐s ❛ s✉❜s❡t ♦❢ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ v✳

❲❡ ❝❛♥ ♥♦✇ ♣❛ss t♦ ❢♦r♠✉❧❛t✐♥❣ ❛♥❞ ♣r♦✈✐♥❣ ❛ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✻✳✹✳ ▲❡t (t, x) ∈ [0, T ] × M2 ❜❡ ❛♥ ✐♥✐t✐❛❧ ❞❛t✉♠ ✭x(t) = x✮✳

▲❡t u(·) ∈ Ut,x ❛♥❞ x(·) ❜❡ t❤❡ r❡❧❛t❡ tr❛❥❡❝t♦r②✳ ▲❡t q ∈ L1(t, T ; R)✱ p ∈
L1(t, T ;D(A∗)) ❜❡ s✉❝❤ t❤❛t

(q(s), p(s)) ∈ EV (t, xt,y(s)) ❢♦r ❛❧♠♦st ❛❧❧ s ∈ (t, T ) ✭✹✾✮

▼♦r❡♦✈❡r ✐❢ u(·) s❛t✐s✜❡s

∫ T

t
〈A∗p(s), x(s)〉M2 + 〈Bp(s), u(s)〉

R
+ q(s) ds ≥

≥

∫ T

t
−L(s, x(s), u(s)) ds, ✭✺✵✮

t❤❡♥ u(·) ✐s ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❛t (t, x)✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❆ ❆♣♣❡♥❞✐①✿ Pr♦♦❢s

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ♦❢t❡♥ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮✿ ❢♦r
❛ ❞❡❡♣❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡✐r ❡q✉✐✈❛❧❡♥t
❢♦r♠✉❧❛t✐♦♥ ✐♥ ❛♥ ❍✐❧❜❡rt s♣❛❝❡✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ ✹t❤ ❈❤❛♣t❡r ♦❢
s✉❝❤ ❛ ❜♦♦❦✳

✶✽



■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✭t❤❡ s❛♠❡ ♦❢ ❇❡♥s♦✉ss❛♥
❡t ❛❧✳ ✭✶✾✾✷✮ ❛♥❞ ❛❧s♦ ♦❢ ❋❛❜❜r✐ ❡t ❛❧✳ ✭✷✵✵✻✮✮✿

●✐✈❡♥ N ✱ B t✇♦ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s

N,B : C([−R, 0]) → R

✇✐t❤ ♥♦r♠ r❡s♣❡❝t✐✈❡❧② ‖N‖ ❛♥❞ ‖B‖ ✭❛s ✐♥ ❍②♣♦t❤❡s✐s ✸✳✶✮✱ ✇❡ ❞❡✜♥❡ N
❛♥❞ B ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s

N ,B : Cc((−R, T ); R) → L2(0, T )

N (φ) : t 7→ N(φt)

B(φ) : t 7→ B(φt)

✭✺✶✮

✇❤❡r❡ φt ❤❛s t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❡q✉❛t✐♦♥ ✭✼✮✳

❚❤❡♦r❡♠ ❆✳✶✳ N ,B : Cc((−R, T ); R) → L2(0, T ) ❤❛✈❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r

❡①t❡♥s✐♦♥s L2(−R, T ) → L2(0, T ) ✇✐t❤ ♥♦r♠ ≤ ‖N‖ ❛♥❞ ≤ ‖B‖✳

Pr♦♦❢✳ ❙❡❡ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❚❤❡♦r❡♠ ✸✳✸ ♣❛❣❡✳ ✷✶✼✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳ ▲❡t a ❛♥❞ b✱ a < b✱ t✇♦ r❡❛❧ ♥✉♠❜❡r✳ ▲❡t F(a, b) ❜❡ ❛ s❡t

♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ [a, b] t♦ R✳ ❋♦r ❡❛❝❤ u ✐♥ F(a, b) ❛♥❞ ❛❧❧ s ∈ [a, b]✱ ❞❡✜♥❡
t❤❡ ❢✉♥❝t✐♦♥s es−u ❛♥❞ es+u ❛s ❢♦❧❧♦✇s

es−u : [a,+∞) → R, es−u(t) =

{

u(t) t ∈ [a, s]
0 t ∈ (s,+∞)

es+u : (−∞, b) → R, es+u(t) =

{

0 t ∈ (−∞, s]
u(t) t ∈ (s, b]

❯s✐♥❣ t❤❡ N ❛♥❞ B ♥♦t❛t✐♦♥ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ✭✽✮ ❛s
{

ẏ(t) = N y + Bu+ f

(y(0), y0, u0) = (φ0, φ1, ω) ∈ R × L2(−R, 0) × L2(−R, 0)
✭✺✷✮

❯s✐♥❣ es− ❛♥❞ e+s ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ y(·) ❛♥❞ u(·) ❛s y = e0+y + e0+φ
1 ❛♥❞

u = e0+u+ e0+ω✳ ❙♦ ✇❡ ❝❛♥ s❡♣❛r❛t❡ t❤❡ s♦❧✉t✐♦♥ y(t)✱ t ≥ 0 ❛♥❞ t❤❡ ❝♦♥tr♦❧
u(t)✱ t ≥ 0 ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥s φ1 ❛♥❞ ω✿

{

ẏ(t) = N e0+y + Be0+u+ N e0−φ
1 + Be0−ω + f

y(0) = φ0 ∈ R
✭✺✸✮

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡s❝r✐❜❡ t❤❡ ❦❡②✲st❡♣ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ R×L2(−R, 0)
❛s st❛t❡ s♣❛❝❡✳ ❚❤❡ s②st❡♠ ✭✺✸✮ ❞♦❡s ♥♦t ❞✐r❡❝t❧② ✉s❡ t❤❡ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥ φ1

❛♥❞ ω ❜✉t ♦♥❧② t❤❡ s✉♠ ♦❢ t❤❡✐r ✐♠❛❣❡s N e0−φ
1 +Be0−ω✳ ❲❡ ♥❡❡❞ ❛ ❧❛st st❡♣

❜❡❢♦r❡ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❞❡❧❛② ❡q✉❛t✐♦♥ ✐♥ ❍✐❧❜❡rt s♣❛❝❡✳ ❲❡ ✐♥tr♦❞✉❝❡ t✇♦
♦♣❡r❛t♦rs

{

N : L2(−R, 0) → L2(−R, 0)

(Nφ1)(α)
def
= (N e0−φ

1)(−α) α ∈ (−R, 0)

✶✾



❛♥❞
{

B : L2(−R, 0) → L2(−R, 0)

(Bω)(α)
def
= (Be0−ω)(−α) α ∈ (−R, 0)

❚❤❡ ♦♣❡r❛t♦rs N ❛♥❞ B ❛r❡ ❝♦♥t✐♥✉♦✉s ✭s❡❡ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳✱ ✶✾✾✷✱ ♣❛❣❡
✷✸✺✮✳ ❲❡ ♥♦t❡ t❤❛t

N e0+φ
1(t) + Be0+ω(t) = (e−R

+ (Nφ1 +Bω))(−t) for t ≥ 0

❙♦✱ ✐❢ ✇❡ ❝❛❧❧
ξ1 = (Nφ1 +Bω) ✭✺✹✮

❛♥❞ ξ0 = φ0✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ✭✺✸✮ ✭❛♥❞ t❤❡♥ t❤❡ ✭✽✮ ❛s
{

ẏ(t) = (N e0+y)(t) + (Be0+u)(t) + (e−R
+ ξ1)(−t) + f(t)

y(0) = ξ0 ∈ R
✭✺✺✮

✇❤❡r❡ R × L2(−R, 0) ∋ ξ
def
= (ξ0, ξ1)✳ ❚❤❡ ✭✺✺✮ ♠❛❦❡s s❡♥s❡ ❢♦r ❛❧❧ ξ ∈

R × L2(−R, 0) ❛❧s♦ ✇❤❡♥ ξ1 ✐s ♥♦t ♦❢ t❤❡ ❢♦r♠ ✭✺✹✮✳ ❙♦ ✇❡ ❤❛✈❡ ❡♠❜❡❞❞❡❞
t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✭✽✮ ✐♥ ❛ ❢❛♠✐❧② ♦❢ s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ✭✺✺✮✳

❲❡ ❝♦♥s✐❞❡r ❢r♦♠ ♥♦✇ ♦♥ t❤❡ ❝❛s❡ f = 0✳
❯s✐♥❣ s✉❝❤ ♥♦t❛t✐♦♥s ✇❡ ❝❛♥ ❛❧s♦ ✇r✐t❡ ✐♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✇❛② t❤❡ r❡❧❛✲

t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✷✽✮ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥✿ ✇❡ ❝❛❧❧ t❤❡ s♦❧✉t✐♦♥ x(t) ♦❢ ✭✷✽✮ str✉❝t✉r❛❧ st❛t❡✳ ❚❤❡ ❡①♣r❡ss✐♦♥
♦❢ t❤❡ str✉❝t✉r❛❧ st❛t❡ x(·) ❛t t✐♠❡ t ≥ 0 ✐s

❉❡✜♥✐t✐♦♥ ❆✳✸✳ ❚❤❡ str✉❝t✉r❛❧ st❛t❡ x(t) ❛t t✐♠❡ t ≥ 0 ✐s ❞❡✜♥❡❞ ❜②

x(t)
def
= (y(t), N(e0+y)t +B(e0+u)t + Ξ(t)ξ1) ✭✺✻✮

✇❤❡r❡ Ξ(t) ✐s t❤❡ r✐❣❤t tr❛♥s❧❛t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❛s

(Ξ(t)ξ1)(r) = (e−R
+ ξ1)(r − t) r ∈ [−R, 0] ✭✺✼✮

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✺✿

Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ■t ❝❛♥ ❜❡
♣r♦✈❡❞ ✭s❡❡ ✭✺✺✮✮ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✽✮ ✐s ❛❧s♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥

{

ẏ(s) = N(et+y)s +B(et+u)s + (e−R
+ ξ1)(−t) for s ≥ t

y(t) = φ0 ∈ R
✭✺✽✮

✇❤❡r❡ ξ1 = (Nφ1 + Bω)✳ ❙♦✱ ✉s✐♥❣ ❍②♣♦t❤❡s✐s ✹✳✸ ✇❡ ❝❛♥ st❛t❡ t❤❛t✱ ❢♦r
❡✈❡r② ❝♦♥tr♦❧ u(·) ∈ Ut,x ❛♥❞ r❡❧❛t❡❞ tr❛❥❡❝t♦r② y(·)✱ t❤❡ s♦❧✉t✐♦♥ yM ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❖❉❊ s❛t✐s✜❡s |y(s)| ≤ |yM (s− t)| ❢♦r ❛❧❧ s ∈ [t, T ]✿

{

ẏM (s) = ‖N‖yM (s) + ‖B‖(a+ byM (s)) + (e−R
+ ξ1)(−t) for s ≥ 0

yM (0) = |φ0| ∈ R

✭✺✾✮
❛♥❞ yM ✐s ❜♦✉♥❞❡❞ ♦♥ [0, T ] ❛♥❞ t❤✐s ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✳

✷✵



Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✼✿

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t |x(s)− x|M2
s→t+
−−−→ 0 ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x✱

s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t |x0(s) − x0|R
s→t+
−−−→ 0 ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x

❛♥❞ t❤❛t |x1(s) − x1|L2
s→t+
−−−→ 0 ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x✳ ❚❤❡ ✜rst ❢❛❝t ✐s ❛

❝♦r♦❧❧❛r② ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✺ ✭❜❡❝❛✉s❡ |x0(s)−x0| ≤ yM (s−t) ❞❡✜♥❡❞
✐♥ ✭✺✾✮✱ ❢♦r t❤❡ s❡❝♦♥❞✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✻✮✿

∣

∣x1(s) − x1
∣

∣

L2 ≤
∣

∣Ξ(s)x1 − x1
∣

∣

L2 +
∣

∣N(e0+y)s

∣

∣

L2 +
∣

∣B(e0+u)s

∣

∣

L2 ≤

≤
∣

∣Ξ(s)x1 − x1
∣

∣

L2 + ‖N‖(s− t)
1
2K + ‖B‖(s− t)

1
2 (a+Kb) ✭✻✵✮

✇❤❡r❡ a ❡ b ❛r❡ t❤❡ ❝♦♥st❛♥ts ♦❢ ❍②♣♦t❤❡s✐s ✹✳✸✱ K t❤❡ ❝♦♥st❛♥t ♦❢ ▲❡♠♠❛
✹✳✺ ❛♥❞ ❘❡♠❛r❦ ✹✳✻ ❛♥❞ Ξ(t) ✐s t❤❡ r✐❣❤t tr❛♥s❧❛t✐♦♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ✭✺✼
❛s

◆♦✇ ✇❡ ♦❜s❡r✈❡
∣

∣Ξ(s)x1 − x1
∣

∣

L2

s→0
−−−→ 0 ❢♦r t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ tr❛♥s✲

❧❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ L2 ♥♦r♠ ❛♥❞ s✉❝❤ ❛ ❧✐♠✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
❝♦♥tr♦❧✱ t❤❡ ♦t❤❡r t✇♦ t❡r♠ ❛r❡ ❣✐✈❡♥ ❜② ❛ ❝♦♥st❛♥t ♠✉❧t✐♣❧✐❡❞ ❜② (s− t)1/2

❛♥❞ s♦ t❤❡② ❣♦ t♦ ③❡r♦ ✉♥✐❢♦r♠❧② ✐♥ t❤❡ ❝♦♥tr♦❧✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✽✿

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r [0, T ]×M2 ∋ (tn, xn)
n→∞
−−−−→
R×M2

(t, x)✳ ❲❡ ❤❛✈❡ t♦ ❡st✐♠❛t❡

t❤❡ t❡r♠s

|V (t, x) − V (t, xn)| and |V (tn, xn) − V (tn, x)| ✭✻✶✮

t❤❡ ❞✐✣❝✉❧t✐❡s ❛r❡ s✐♠✐❧❛r✱ ✇❡ ❛♥❛❧②③❡ t❤❡ t❡r♠ |V (t, x)− V (t, y)|✱ t❤❡ ♦t❤❡r
❝❛♥ ❜❡ tr❡❛t❡❞ ✉s✐♥❣ s✐♠✐❧❛r st❡♣s✳ ❯s✐♥❣ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♦❢
▲❡♠♠❛ ✹✳✺✶✵ ✇❡ ❝❛♥ st❛t❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ M > 0 s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②
❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧✱

|xn(s)| ≤M ❢♦r ❡✈❡r② s ∈ [tn, T ]✱ n ∈ N

✐♥ ♣❛rt✐❝✉❧❛r |x0
n(s)| ≤ M ✳ ■♥ ✈✐❡✇ ♦❢ ❍②♣♦t❤❡s✐s ✹✳✸ t❤❡ r❡str✐❝t✐♦♥s ♦❢ Γ+

❛♥❞ Γ− ✐♥ [−M,M ] ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢♦r s♦♠❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t Z✳
❙✉♣♣♦s❡ t❤❛t V (t, x) ≥ V (t, xn)✱ t❤❡♥ ✇❡ t❛❦❡ ❛♥ ε✲♦♣t✐♠❛❧ ❝♦♥tr♦❧ uε(·)
❢♦r V (t, x)✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t uε(·) ❝♦✉❧❞ ♥♦t ❜❡ ✐♥ t❤❡ s❡t Ut,xn ✳ ❙♦ ✇❡
❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ❝♦♥tr♦❧ ❣✐✈❡♥ ✐♥ ❢❡❡❞❜❛❝❦ ❢♦r♠✿

uε
n(s)

def
=







uε(s) ✐❢ uε(s) ∈ [Γ−(xnε(s)),Γ+(xnε(s))]
Γ−(xnε(s)) ✐❢ uε(s) ∈ [Γ−(xn(s)),Γ−(xnε(s))]
Γ+(xnε(s)) ✐❢ uε(s) ∈ [Γ+(xnε(s)),Γ+(xn(s))]

✭✻✷✮

✶✵❯s✐♥❣ t❤❛t (e−R
+ Nφ1 + Bω)(·) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

✷✶



✇❤❡r❡ xnε(·) t❤❡ s♦❧✉t✐♦♥ ♦❢






d

ds
xnε(s) = Axnε(s) +B∗uε

n(s)

xnε(t) = xn.

✭✻✸✮

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ uε(s) ✐♠♣❧✐❡s t❤❛t ✐t ✐s ❜♦✉♥❞❡❞✱ ♠❡❛s✉r❛❜❧❡✱ ❛♥❞ t❤❡♥
L2[0, T ]✳ ❲❡ ❝❛❧❧ xε(·) t❤❡ s♦❧✉t✐♦♥ ♦❢







d

ds
xε(s) = Axε(s) +B∗uε(s)

xε(t) = x.

✭✻✹✮

❛♥❞ ✇❡ ❝❛❧❧ y(·)
def
= xε(·) − xnε(·)✱ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ uε

n(·) ✇❡ ❦♥♦✇ t❤❛t

|uε(s) − uε
n(s)| ≤ Z|y0(s)| ✭✻✺✮

✇❤❡r❡ y0(s) ✐s t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ y(s)✳ ▼♦r❡♦✈❡r y0(·) s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❉❉❊ ✭✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ✭✺✺✮✿

{

ẏ0(s) = (N e0+y
0)(s) + (Be0+(uε(s) − uε

n))(s) + e−R
+ (x1 − x1

n)(−s)
y0(t) = x0 − x0

n

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✺ ❛♥❞ ✉s✐♥❣ ✭✻✺✮ ✇❡ ❝❛♥ st❛t❡ t❤❛t
|y0(s)| ≤ yM (s)| ✇❤❡r❡ yM ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❉❊

{

ẏM (s) = ‖N‖yM (s) + ‖B‖yM (s) + e−R
+ |x1 − x1

n|(−s)
yM (t) = |x0 − x0

n|
.

❲❡ ❤❛✈❡

yM (s) = |x0−x0
n|e

(‖N‖+‖B‖)(s−t)+

∫ t

s
e(‖N‖+‖B‖)(s−τ)e−R

+ |x1−x1
n|(−τ)dτ ≤

≤ C‖x− xn‖M2 ✭✻✻✮

❢♦r ❛❧❧ s ∈ [t, T ] s♦✱

|x0
ε(s) − xn

0
ε(s)| ≤ C‖x− xn‖M2 ❢♦r ❛❧❧ s ∈ [t, T ]

❛♥❞
|uε(s) − uε

n(s)| ≤ ZC‖x− xn‖M2 ❢♦r ❛❧❧ s ∈ [t, T ]

❙♦✱ ❜② t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ L ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

|L(s, x0
ε(s), u

ε(s)) − L(s, xn
0
ε(s), u

ε
n(s)) ≤ σ(‖x− xn‖M2) ❢♦r ❛❧❧ s ∈ [t, T ]

❙♦✱ ❢♦r t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ h ✇❡ ❤❛✈❡ ✭✉s✐♥❣ σ(·) ❢♦r ❛ ❣❡♥❡r✐❝ ♠♦❞✉❧✉s✮✱

J(t, x, uε(·)) − J(t, xn, u
ε
n(·)) ≤ σ(‖x− xn‖M2)

❛♥❞ t❤❡♥

|V (t, x) − V (t, xn)| = V (t, x) − V (t, xn) ≤ ε+ σ(‖x− xn‖M2)

❲❡ ❝♦♥❝❧✉❞❡ ❢♦r t❤❡ ❛r❜✐tr❛r✐♥❡ss ♦❢ ε✳

✷✷



Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✿

Pr♦♦❢✳ ❲❡ ✇r✐t❡

ϕ(s, x(s)) − ϕ(t, x)

s− t
= It + I0 + I1

def
= ∂tϕ(ξt(s), ξx(s))+

+

〈

∇ϕ(t, x),
x(s) − x

s− t

〉

+

〈

∇ϕ(ξt(s), ξx(s)) −∇ϕ(t, x),
x(s) − x

s− t

〉

✭✻✼✮

✇❤❡r❡ [t, T ] × M2 ∋ ξ(s) = (ξt(s), ξx(s)) ✐s ❛ ♣♦✐♥t ♦❢ t❤❡ ❧✐♥❡ s❡❣♠❡♥t

❝♦♥♥❡❝t✐♥❣ (t, x) ❛♥❞ (s, x(s))✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✼✱ |x(s) − x|M2
s→t+
−−−→ 0

✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x✱ s♦ |ξ(s) − (t, x)|R×M2
s→t+
−−−→ 0 ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈

Ut,x ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r

|ξx(s) − x|M2
s→t+
−−−→ 0 ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x ✭✻✽✮

❛♥❞ t❤❡♥

|ξ(s) − (t, x)|[t,T ]×M2 ≤ |s− t| + |ξx(s) − x|M2
s→t+
−−−→ 0

✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x. ✭✻✾✮

❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❡st ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t

∇ϕ : [0, T ] ×M2 → D(A∗) and it is continuous. ✭✼✵✮

❚❤❡♥

|∇ϕ(ξt(s), ξx(s)) −∇ϕ(t, x)|D(A∗)
s→t+
−−−→ 0 ✭✼✶✮

✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x✳

❆s ♦❜s❡r✈❡❞ ✐♥ ❋❛❣❣✐❛♥ ✭✷✵✵✶✴✷✵✵✷✮ ♣❛❣❡ ✺✾ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✭✷✽✮ ♠❛②
❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥ ❡q✉❛t✐♦♥ ✐♥ D(A∗)′ ♦❢ t❤❡ ❢♦r♠

{

ẋ(s) = A(E)x(s) +B∗u(s)
x(t) = x

✭✼✷✮

✇❤❡r❡ A(E) ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ A ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✺ ❛♥❞ ❘❡♠❛r❦ ✹✳✻✱
|B∗u(s)|D(A∗)′ ≤ |B|D(A∗)′ |a + bK|✱ ✇❤❡r❡ a ❛♥❞ b✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✼✷✮ ✐♥
D(A∗)′ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ♠✐❧❞ ❢♦r♠ P❛③② ✭✶✾✽✸✮ ❛s✿

x(s) = e(s−t)A(E)
x+

∫ s

t
e(s−r)A(E)

B∗u(r)dr ✭✼✸✮

❙♦✱ s✐♥❝❡ x ∈ X ⊆ D(A(E)) ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛ ❝♦♥st❛♥t C t❤❛t ❞❡♣❡♥❞s ♦♥ x
s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s ❛♥❞ ❛❧❧ s ∈ [t, T ]✱

|x(s) − x|D(A∗)′

s− t
≤ C ✭✼✹✮

✷✸



❙♦ ❜② ✭✼✶✮ ❛♥❞ ✭✼✹✮✱ ✇❡ ❝❛♥ s❛② t❤❛t |I1|
s→t+
−−−→ 0 ✉♥✐❢♦r♠ ✐♥ u(·) ∈ Ut,x✳

❚❤❛♥❦s t♦ t❤❡ ✉♥✐❢♦r♠❧② ✭✐♥ u(·) ∈ Ut,x✮ ❝♦♥✈❡r❣❡♥❝❡ ξ(s) → (t, x) ✇❡ ❝❛♥

❛❧s♦ st❛t❡ t❤❛t It = ∂tϕ(ξt(s), ξx(s))
s→t+
−−−→ ∂tϕ(t, x) ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x✳

❙♦ t♦ ♣r♦✈❡ t❤❡ t❤❡s✐s ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t
∣

∣

∣

∣

〈∇ϕ(t, x), x(s) − x〉

s− t
− 〈A∗∇ϕ(t, x), x〉−

−

∫ s
t 〈B(∇ϕ(t, x)), u(r)〉

R
dr

s− t

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

〈

∇ϕ(t, x),

(

x(s) − x

s− t
−A(E)x−

∫ s
t B

∗u(r)dr

s− t

)〉

D(A∗)×D(A∗)′

∣

∣

∣

∣

∣

≤ O(s)

✭✼✺✮

✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ Ut,x✳

❲❡ ❝❛♥ ✉s❡ ✭✼✸✮ ❛♥❞ ✇r✐t❡ ❞♦✇♥ ❡①♣❧✐❝✐t❧② t❤❡ ❡①♣r❡ss✐♦♥ x(s)−x
s−t ✐♥

D(A∗)′✿

x(s) − x

s− t
=

(e(s−t)A(E)
− ✶)x

s− t
+

∫ s
t e

(s−r)A(E)
B∗u(r)dr

s− t
✭✼✻✮

❙♦ ✇❡ ♥❡❡❞ t♦ ❡st✐♠❛t❡✿
∣

∣

∣

∣

x(s) − x

s− t
−A(E)(x) −

∫ s
t B

∗u(r)dr

s− t

∣

∣

∣

∣

D(A∗)′
=

=

∣

∣

∣

∣

∣

∣

(esA
(E)

− ✶)x

s− t
−A(E)(x) +

∫ s
t

(

e(s−r)A(E)
− ✶

)

B∗u(r)dr

s− t

∣

∣

∣

∣

∣

∣

D(A∗)′

✭✼✼✮

✇❤❡r❡ t❤❡ t❡r♠ (esA−✶)x
s−t −A(E)(x)

s→t+
−−−−→
D(A∗)′

0 ❜❡❝❛✉s❡ x ∈M2 ∈ D(A(E)) ✭t❤❡

❝♦♥✈❡r❣❡♥❝❡ ✐s ✉♥✐❢♦r♠ ✐♥ u(·) ∈ Ut,x ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ u(·)✮
❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞✱ ✉s✐♥❣ ▲❡♠♠❛ ✹✳✺ ❛♥❞ ❘❡♠❛r❦ ✹✳✻✱
✇✐t❤

∫ s
t |u(r)|

∣

∣

∣

(

e(s−r)A(E)
− ✶

)

B
∣

∣

∣

D(A∗)′
dr

s− t
≤ (aK+b) sup

r∈[t,s]

∣

∣

∣

(

e(s−r)A(E)
− ✶

)

B
∣

∣

∣

D(A∗)′

✭✼✽✮

t❤❛t ❣♦❡s t♦ ③❡r♦ ✭t❤❡ ❡st✐♠❛t❡ ✐s ✉♥✐❢♦r♠ ✐♥ t❤❡ ❝♦♥tr♦❧✮✳ ❚❤❡♥ s✐♥❝❡
∇ϕ(t, x) ∈ D(A∗)✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ ✭✹✸✮✱ ✇✐t❤ u(·) ❝♦♥t✐♥✉♦✉s✱ ✐s ❛ s✐♠♣❧❡ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
✜rst ♣❛rt✳ ■♥❞❡❡❞ ✐❢ u(·) ✐s ❝♦♥t✐♥✉♦✉s ✇❡ ❤❛✈❡ t❤❛t

∫ s
t 〈B(∇ϕ(t, x)), u(r)〉

R
dr

s− t
→ 〈B(∇ϕ(t, x)), u(t)〉

R
✭✼✾✮

✷✹



Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✾✿

Pr♦♦❢✳ ❙✉❜s♦❧✉t✐♦♥✿

▲❡t (t, x) ❜❡ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♦❢ V − ϕ ❢♦r ϕ ∈ ❚❡st✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
(V −ϕ)(t, x) = 0✳ ❲❡ ❝❤♦♦s❡ u ∈ [Γ−(x0),Γ+(x0)]✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉♦✉s
❝♦♥tr♦❧ u(·) ∈ Ut,x s✉❝❤ t❤❛t u(t) = u✶✶✳ ❲❡ ❝❛❧❧ x(s) t❤❡ tr❛❥❡❝t♦r② st❛rt✐♥❣
❢r♦♠ (t, x) ❛♥❞ s✉❜❥❡❝t t♦ u(·) ∈ Ut,x✳ ❚❤❡♥ ❢♦r s > t ✇✐t❤ s− t s♠❛❧❧ ❡♥♦✉❣❤
✇❡ ❤❛✈❡

V (s, x(s)) − ϕ(s, x(s)) ≥ V (t, x) − ϕ(t, x) ✭✽✵✮

❛♥❞ t❤❛♥❦s t♦ t❤❡ ❇❡❧❧♠❛♥ ♣r✐♥❝✐♣❧❡ ♦❢ ♦♣t✐♠❛❧✐t② ✇❡ ❦♥♦✇ t❤❛t

V (t, x) ≥ V (s, x(s)) +

∫ s

t
L(r, x(r), u(r))dr. ✭✽✶✮

❚❤❡♥

ϕ(s, x(s)) − ϕ(t, x) ≤ V (s, x(s)) − V (t, x) ≤ −

∫ s

t
L(r, x(r), u(r))dr, ✭✽✷✮

✇❤✐❝❤ ✐♠♣❧✐❡s✱ ❞✐✈✐❞✐♥❣ ❜② (s− t)✱

ϕ(s, x(s)) − ϕ(t, x)

s− t
≤ −

∫ s
t L(r, x(r), u(r))dr

s− t
. ✭✽✸✮

❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✺ ✇❡ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❛s s→ t+ ❛♥❞ ♦❜t❛✐♥

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 + 〈B(∇ϕ(t, x)), u(t)〉
R
≤ −L(t, x, u) ✭✽✹✮

s♦

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 + (〈B(∇ϕ(t, x)), u〉
R

+ L(t, x, u)) ≤ 0 ✭✽✺✮

❚❛❦✐♥❣ t❤❡ supu∈[Γ−(x0),Γ+(x0)] ✇❡ ♦❜t❛✐♥ t❤❡ s✉❜s♦❧✉t✐♦♥ ✐♥❡q✉❛❧✐t②✿

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 +H(t, x,∇ϕ(t, x)) ≤ 0 ✭✽✻✮

❙✉♣❡rs♦❧✉t✐♦♥✿

▲❡t (t, x) ❜❡ ❛ ♠❛①✐♠✉♠ ❢♦r V −ϕ ❛♥❞ s✉❝❤ t❤❛t (V −ϕ)(t, x) = 0✳ ❋♦r ε > 0
✇❡ t❛❦❡ u(·) ∈ Ut,x ❛♥ ε2✲♦♣t✐♠❛❧ str❛t❡❣②✶✷✳ ❲❡ ❝❛❧❧ x(s) t❤❡ tr❛❥❡❝t♦r②
st❛rt✐♥❣ ❢r♦♠ (t, x) ❛♥❞ s✉❜❥❡❝t t♦ u(·) ∈ Ut,x✳ ◆♦✇ ❢♦r (s− t) s♠❛❧❧ ❡♥♦✉❣❤

V (t, x) − V (s, x(s)) ≥ ϕ(t, x) − ϕ(s, x(s)) ✭✽✼✮

✶✶■t ❡①✐sts✿ ❢♦r ❡①❛♠♣❧❡ ✐❢ u > 0 t❤❡ ❝♦♥tr♦❧ u(s) = u

Γ+(x0)
Γ+(x0(s)) ✉♥t✐❧ Γ+(x0(s) > 0

❛♥❞ t❤❡♥ ❡q✉❛❧ t♦ 0✿ s✐♥❝❡ Γ+ ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❛♥❞ s✉❜❧✐♥❡❛r ❛❧❧ ✇♦r❦s✳
✶✷ε2✲♦♣t✐♠❛❧ ♠❡❛♥s t❤❛t J(t, x, u(·)) ≥ V (t, x) − ε2✳

✷✺



❛♥❞ ❢r♦♠ ε2 ♦♣t✐♠❛❧✐t② ✇❡ ❦♥♦✇ t❤❛t

V (t, x) − V (s, x(s)) ≤ ε2 +

∫ s

t
L(r, x(r), u(r))dr ✭✽✽✮

s♦
ϕ(s, x(s)) − ϕ(t, x)

s− t
≥

−ε2 −
∫ s
t L(r, x(r), u(r))dr

s− t
✭✽✾✮

❲❡ t❛❦❡ (s− t) = ε s♦ t❤❛t

ϕ(t+ ε, x(t+ ε)) − ϕ(t, x)

ε
≥ −ε−

∫ t+ε
t −L(r, x(r), u(r))dr

ε
✭✾✵✮

❛♥❞ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺ ✇❡ ❝❛♥ ❝❤♦♦s❡✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ t❤❡ ❝♦♥tr♦❧

u(·) ∈ Ut,x✱ ❛ O(ε) ✇✐t❤ O(ε)
ε→0
−−−→ 0 s✉❝❤ t❤❛t✿

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉+

+

∫ t+ε
t 〈B(∇ϕ(t, x)), u(r)〉

R
+ L(r, x(r), u(r))dr

ε
≥ −ε+O(ε). ✭✾✶✮

❲❡ ♥♦✇ t❛❦❡ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r u ✐♥s✐❞❡ t❤❡ ✐♥t❡❣r❛❧ ❛♥❞ ❧❡t ε → 0 ❛♥❞
♦❜t❛✐♥ t❤❛t

∂tϕ(t, x) + 〈A∗∇ϕ(t, x), x〉 +H(t, x,∇ϕ(t, x)) ≥ 0 ✭✾✷✮

❚❤❡♥ V ✐s ❛ s✉♣❡rs♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ❙♦ V ✐s ❜♦t❤ ❛ ✈✐s❝♦s✐t②
s✉♣❡rs♦❧✉t✐♦♥ ❛♥❞ ❛ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡♥✱ ❜②
❞❡✜♥✐t✐♦♥✱ ✐t ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✿

Pr♦♦❢✳ ❚❤❡ ❢✉♥❝t✐♦♥

{

Ψ: [t, T ] → R × R × R × R

Ψ: s 7→ (〈A∗p(s), x(s)〉M2 , 〈Bp(s), u(s)〉R , q(s), L(s, x(s), u(s)))
✭✾✸✮

✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✺ ✐s ✐♥ L1(t, T ; R4)✳ ❙♦ t❤❡ s❡t ♦❢ t❤❡ r✐❣❤t✲▲❡❜❡s❣✉❡
♣♦✐♥t ✐s ♦❢ ❢✉❧❧ ♠❡❛s✉r❡✳ ❲❡ ❝❤♦♦s❡ s̄ ❛ ♣♦✐♥t ✐♥ s✉❝❤ ❛ s❡t✳ ❲❡ ❝❛♥ ❝♦♥t✐♥✉❡
t♦ ❝❤♦♦s❡ s̄ ✐♥ ❛ ❢✉❧❧ ♠❡❛s✉r❡ s❡t ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ✭✹✾✮ ✐s s❛t✐s✜❡❞ ❛t s̄✳ ❲❡
s❡t x̄ := x(s̄) ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥s ϕ ≡ ϕs̄,x̄ ∈ ❚❡st s✉❝❤ t❤❛t V ≥ ϕ

✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ (s̄, x̄)✱ V (s̄, x̄) − ϕ(s̄, x̄) = 0 ❛♥❞ (∂t)(ϕ)(s̄, x̄)) = q(s̄)✱
∇ϕ(s̄, x̄) = p(s̄)✳ ❚❤❡♥ ❢♦r τ ∈ (s̄, T ] ❛♥❞ (τ − s̄) s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

V (τ, x(τ)) − V (s̄, x̄)

τ − s̄
≥
ϕ(τ, x(τ)) − ϕ(s̄, x̄)

τ − s̄
≥ ✭✾✹✮

✷✻



❢♦r Pr♦♣♦s✐t✐♦♥ ✺✳✺

≥ ∂tϕ(s̄, x̄) +

∫ τ
s̄ 〈B∇ϕ(s̄, x̄), u(r)〉

R
dr

τ − s̄
+ 〈A∗∇ϕ(s̄, x̄), x〉 + O(τ − s̄)

✭✾✺✮

■♥ ✈✐❡✇ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ s̄ ✇❡ ❦♥♦✇ t❤❛t
∫ τ
s̄ 〈B∇ϕ(s̄, x̄), u(r)〉

R
dr

τ − s̄

τ→s̄+

−−−−→ 〈B∇ϕ(s̄, x̄), u(s̄)〉
R

✭✾✻✮

❙♦ t❤❛t ❢♦r ❛❧♠♦st ❡✈❡r② s̄ ✐♥ [t, T ] ✇❡ ❤❛✈❡

lim inf
τ↓s̄

V (τ, x(τ)) − V (s̄, x(s̄))

τ − s̄
≥

≥ 〈B∇ϕ(s̄, x(s̄)), u(s̄)〉
R

+

+ ∂tϕ(s̄, x(s̄)) + 〈A∗∇ϕ(s̄, x(s̄)), x(s̄)〉 =

= 〈Bp(s̄), u(s̄)〉
R

+ q(s̄) + 〈A∗∇p(s̄), x(s̄)〉 ✭✾✼✮

t❤❡♥ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✻✳✶ ❛♥❞ ✜♥❞ t❤❛t

V (T, x(T )) − V (t, x) ≥

≥

∫ T

t
〈Bp(s̄), u(s̄))〉

R
+ q(s̄) + 〈A∗∇p(s̄), x(s̄)〉ds̄ ≥ ✭✾✽✮

✉s✐♥❣ ✭✺✵✮

≥

∫ T

t
−L(r, x(r), u(r))dr ✭✾✾✮

❍❡♥❝❡

V (t, x) ≤ V (T, x(T )) +

∫ T

t
L(r, x(r), u(r))dr =

= h(x(T )) +

∫ T

t
L(r, x(r), u(r))dr ✭✶✵✵✮

❛♥❞ t❤❡♥ (x(·), u(·)) ✐s ❛♥ ♦♣t✐♠❛❧ ♣❛✐r✳

❘❡❢❡r❡♥❝❡s

❆s❡❛✱ P✳ ❛♥❞ ❩❛❦✱ P✳ ✭✶✾✾✾✮✱ ❚✐♠❡ t♦ ❜✉✐❧❞ ❛♥❞ ❝②❝❧❡s✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②✲

♥❛♠✐❝ ❛♥❞ ❝♦♥tr♦❧ ✷✸✱ ✶✶✺✺✕✶✶✼✺✳

❇❛❝❤❛r✱ ▼✳ ❛♥❞ ❉♦r❢♠❛②r✱ ❆✳ ✭✷✵✵✹✮✱ ❍✐✈ tr❡❛t♠❡♥t ♠♦❞❡❧s ✇✐t❤ t✐♠❡ ❞❡❧❛②✱
❈♦♠♣t❡s ❘❡♥❞✉s ❇✐♦❧♦❣✐❡s ✸✷✼✱ ✾✽✸✕✾✾✹✳

✷✼



❇❛❦❡r✱ ❈✳✱ ❇♦❝❤❛r♦✈✱ ●✳ ❛♥❞ ❘✐❤❛♥✱ ❋✳ ✭✶✾✾✾✮✱ ❆ r❡♣♦rt ♦♥ t❤❡ ✉s❡ ♦❢ ❞❡❧❛② ❞✐
❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐♥ t❤❡ ❜✐♦s❝✐❡♥❝❡s✳ ▼❈❈▼ ❚❡❝❤♥✐❝❛❧
❘❡♣♦rt✱ ❱♦❧✳ ✸✹✸✳

❇❛♠❜✐✱ ▼✳ ✭✷✵✵✻✮✱ ❊♥❞♦❣❡♥♦✉s ❣r♦✇t❤ ❛♥❞ t✐♠❡✲t♦✲❜✉✐❧❞✿ t❤❡ ❛❦ ❝❛s❡✳ ❊❯■ ❲♦r❦✐♥❣
P❛♣❡r ❊❈❖ ◆♦✳ ✷✵✵✻✴✶✼✳

❇❡♥s♦✉ss❛♥✱ ❆✳✱ ❉❛ Pr❛t♦✱ ●✳✱ ❉❡❧❢♦✉r✱ ▼✳ ❈✳ ❛♥❞ ▼✐tt❡r✱ ❙✳ ❑✳ ✭✶✾✾✷✮✱ ❘❡♣r❡s❡♥✲
t❛t✐♦♥ ❛♥❞ ❝♦♥tr♦❧ ♦❢ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✳ ❱♦❧✳ ✶✱ ❙②st❡♠s ✫ ❈♦♥tr♦❧✿
❋♦✉♥❞❛t✐♦♥s ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ❇✐r❦❤ä✉s❡r ❇♦st♦♥ ■♥❝✳✱ ❇♦st♦♥✱ ▼❆✳

❇♦❝❤❛r♦✈❛✱ ●✳ ❛♥❞ ❘✐❤❛♥❜✱ ❋✳ ✭✷✵✵✵✮✱ ◆✉♠❡r✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐♥ ❜✐♦s❝✐❡♥❝❡s ✉s✐♥❣
❞❡❧❛② ❞✐ ❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s

✶✷✺✱ ✶✽✸✕✶✾✾✳

❇♦✉❝❡❦❦✐♥❡✱ ❘✳✱ ❞❡ ❧❛ ❈r♦✐①✱ ❉✳ ❛♥❞ ▲✐❝❛♥❞r♦✱ ❖✳ ✭✷✵✵✷✮✱ ❱✐♥t❛❣❡ ❤✉♠❛♥ ❝❛♣✐✲
t❛❧✱ ❞❡♠♦❣r❛♣❤✐❝ tr❡♥❞s✱ ❛♥❞ ❡♥❞♦❣❡♥♦✉s ❣r♦✇t❤✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②

❱♦❧✉♠❡ ✶✵✷✭✷✮✱ ✸✹✵✕✸✼✺✳

❇♦✉❝❡❦❦✐♥❡✱ ❘✳✱ ❞❡ ❧❛ ❈r♦✐①✱ ❉✳ ❛♥❞ ▲✐❝❛♥❞r♦✱ ❖✳ ✭✷✵✵✹✮✱ ▼♦❞❡❧❧✐♥❣ ✈✐♥t❛❣❡ str✉❝✲
t✉r❡s ✇✐t❤ ddes✿ ♣r✐♥❝✐♣❧❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳✱▼❛t❤❡♠❛t✐❝s ❢♦r P♦♣✉❧❛t✐♦♥ ❙t✉❞✐❡s

✶✶✭✸✲✹✮✱ ✶✺✶✕✶✼✾✳

❇♦✉❝❡❦❦✐♥❡✱ ❘✳✱ ❞❡❧ ❘✐♦✱ ❋✳ ❛♥❞ ▼❛rt✐♥❡③✱ ❘✳ ✭✷✵✵✻✮✱ ❆ ✈✐♥t❛❣❡ ❛❦ t❤❡♦r② ♦❢ ♦❜s♦✲
❧❡s❝❡♥❝❡ ❛♥❞ ❞❡♣r❡❝✐❛t✐♦♥✳ ✇♦r❦ ✐♥ ♣r♦❣r❡ss✳

❇♦✉❝❡❦❦✐♥❡✱ ❘✳✱ ●❡r♠❛✐♥✱ ▼✳✱ ▲✐❝❛♥❞r♦✱ ❖✳ ❛♥❞ ▼❛❣♥✉s✱ ❆✳ ✭✷✵✵✶✮✱ ◆✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ❜② ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ♦❢ ❛ ❝❧❛ss ♦❢ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧ ♠♦❞❡❧s✱ ❏♦✉r♥❛❧ ♦❢
❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ✷✺✱ ✻✺✺✕✻✾✾✳

❇♦✉❝❡❦❦✐♥❡✱ ❘✳✱ ▲✐❝❛♥❞r♦✱ ❖✳ ❛♥❞ P❛✉❧✱ ❈✳ ✭✶✾✾✼✮✱ ❉✐✛❡r❡♥t✐❛❧✲❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s
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❡♥t✐❛❧ s②st❡♠s ✇✐t❤ ❞❡❧❛②s ✐♥ st❛t❡ ❛♥❞ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✱ ✐♥ ❵❆♥❛❧②s✐s ❛♥❞ ♦♣t✐✲
♠✐③❛t✐♦♥ ♦❢ s②st❡♠s ✭Pr♦❝✳ ❋♦✉rt❤ ■♥t❡r♥❛t✳ ❈♦♥❢✳✱ ❱❡rs❛✐❧❧❡s✱ ✶✾✽✵✮✬✱ ❱♦❧✳ ✷✽ ♦❢
▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♥tr♦❧ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙❝✐❡♥❝❡s✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ♣♣✳ ✽✸✕✾✻✳

❉❡❧❢♦✉r✱ ▼✳ ❈✳ ✭✶✾✽✹✮✱ ▲✐♥❡❛r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ s②st❡♠s ✇✐t❤ st❛t❡ ❛♥❞ ❝♦♥tr♦❧
✈❛r✐❛❜❧❡ ❞❡❧❛②s✱ ❆✉t♦♠❛t✐❝❛ ✲ ■❋❆❈ ✷✵✭✶✮✱ ✻✾✕✼✼✳

✷✾



❉❡❧❢♦✉r✱ ▼✳ ❈✳ ✭✶✾✽✻✮✱ ❚❤❡ ❧✐♥❡❛r q✉❛❞r❛t✐❝ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✇✐t❤ ❞❡❧❛②s ✐♥
t❤❡ st❛t❡ ❛♥❞ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✿ ❛ st❛t❡ s♣❛❝❡ ❛♣♣r♦❝❤✱ ❙■❆▼ ❥♦✉r♥❛❧ ♦❢ ❝♦♥tr♦❧

❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ✭✷✹✮✱ ✽✸✺✕✽✽✸✳

❋❛❜❜r✐✱ ●✳ ✭✷✵✵✻❛✮✱ ❆ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ ❤✐❧❜❡rt s♣❛❝❡s ❢♦r ❛ ❢❛♠✐❧②
♦❢ ❛♣♣❧✐❡❞ ❞❡❧❛② ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ ✐♥ ❘✳ ●❧♦✇✐♥s❦✐ ❛♥❞ ❏✳ ❩♦❧❡s✐♦✳✱ ❡❞s✱
❵❋r❡❡ ❛♥❞ ▼♦✈✐♥❣ ❇♦✉♥❞❛r✐❡s✿ ❆♥❛❧②s✐s✱ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧✬✳ t♦ ❛♣♣❡❛r✳

❋❛❜❜r✐✱ ●✳ ✭✷✵✵✻❜✮✱ ❆ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤ t♦ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❤❥❜
r❡❧❛t❡❞ t♦ ❜♦✉♥❞❛r② ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ s✉❜♠✐tt❡❞✳

❋❛❜❜r✐✱ ●✳✱ ❋❛❣❣✐❛♥✱ ❙✳ ❛♥❞ ●♦③③✐✱ ❋✳ ✭✷✵✵✻✮✱ ❙tr♦♥❣ s♦❧✉t✐♦♥ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ❤❥❜
r❡❧❛t❡❞ t♦ ❞❡❧❛② ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ s✉❜♠✐tt❡❞✳

❋❛❜❜r✐✱ ●✳ ❛♥❞ ●♦③③✐✱ ❋✳ ✭✷✵✵✻✮✱ ❆♥ ❛❦✲t②♣❡ ❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧✿ ❛
❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤✳ s✉❜♠✐tt❡❞✳

❋❛❣❣✐❛♥✱ ❙✳ ✭✷✵✵✶✴✷✵✵✷✮✱ ❋✐rst ♦r❞❡r ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s ✐♥ ❤✐❧❜❡rt s♣❛❝❡s✱
❜♦✉♥❞❛r② ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❡❝♦♥♦♠✐❝s✱ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐tá
❞❡❣❧✐ st✉❞✐ ❞✐ P✐s❛✳

❋❛❣❣✐❛♥✱ ❙✳ ✭✷✵✵✺❛✮✱ ❇♦✉♥❞❛r② ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ ❝♦♥✈❡① ❝♦st ❛♥❞ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥✳ ■■✳ ❊①✐st❡♥❝❡ ❢♦r ❍❏❇✱ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s

❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✶✷✭✷✮✱ ✸✷✸✕✸✹✻✳

❋❛❣❣✐❛♥✱ ❙✳ ✭✷✵✵✺❜✮✱ ❘❡❣✉❧❛r s♦❧✉t✐♦♥s ♦❢ ✜rst✲♦r❞❡r ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s ❢♦r
❜♦✉♥❞❛r② ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❡❝♦♥♦♠✐❝s✱ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s

❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ✺✶✭✷✮✱ ✶✷✸✕✶✻✷✳

❋❛❣❣✐❛♥✱ ❙✳ ❛♥❞ ●♦③③✐✱ ❋✳ ✭✷✵✵✹✮✱ ❖♥ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r ♦♣✲
t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ♦❢ P❉❊✬s ✇✐t❤ ❛❣❡ str✉❝t✉r❡✱ ▼❛t❤❡♠❛t✐❝❛❧ P♦♣✉❧❛t✐♦♥

❙t✉❞✐❡s ✶✶✭✸✲✹✮✱ ✷✸✸✕✷✼✵✳

❋❡✐❝❤t✐♥❣❡r✱ ●✳✱ ❍❛rt❧✱ ❘✳ ❛♥❞ ❙❡t❤✐✱ ❙✳ ✭✶✾✾✹✮✱ ❉②♥❛♠✐❝❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♠♦❞❡❧s
✐♥ ❛❞✈❡rt✐s✐♥❣✿ ❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts✱ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡ ✹✵✱ ✶✾✺✕✷✷✻✳

❋❧❡♠✐♥❣✱ ❲✳ ❍✳ ❛♥❞ ❘✐s❤❡❧✱ ❘✳ ❲✳ ✭✶✾✼✺✮✱ ❉❡t❡r♠✐♥✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝ ♦♣t✐✲

♠❛❧ ❝♦♥tr♦❧✳✱ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ▼❛t❤❡♠❛t✐❝s✳ ❱♦❧✳ ✶✳ ❇❡r❧✐♥✲❍❡✐❞❡❧❜❡r❣✲◆❡✇ ❨♦r❦✿
❙♣r✐♥❣❡r✲❱❡r❧❛❣✳ ❳■■■✱ ✷✷✷ ♣✳

●♦③③✐✱ ❋✳ ❛♥❞ ▼❛r✐♥❡❧❧✐✱ ❈✳ ✭✷✵✵✹✮✱ ❵❖♣t✐♠❛❧ ❛❞✈❡rt✐s✐♥❣ ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ✇✐t❤
♠❡♠♦r② ❛♥❞ ❧❛❣s✬✱ ♠✐♠❡♦✳ t♦ ❛♣♣❡❛r ✐♥ t❤❡ ♣r♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❝♦♥❢❡r❡♥❝❡ ✧❙P❉❊
❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✧ ✷✵✵✹✳

●♦③③✐✱ ❋✳✱ ▼❛r✐♥❡❧❧✐✱ ❈✳ ❛♥❞ ❙❛✈✐♥✱ ❙✳ ✭✷✵✵✻✮✱ ❖♣t✐♠❛❧ ❛❞✈❡rt✐s✐♥❣ ✉♥❞❡r ✉♥❝❡rt❛✐♥t②
✇✐t❤ ❝❛rr②♦✈❡r ❡✛❡❝ts✳

●♦③③✐✱ ❋✳✱ ❙r✐t❤❛r❛♥✱ ❙✳ ❙✳ ❛♥❞ ➅✇✐☛❡❝❤✱ ❆✳ ✭✷✵✵✷✮✱ ❱✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ ❞②♥❛♠✐❝✲
♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ❆r❝❤✐✈❡ ❢♦r ❘❛t✐♦♥❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ❆♥❛❧②s✐s ✶✻✸✭✹✮✱ ✷✾✺✕✸✷✼✳

❍❡t❤❝♦t❡✱ ❍✳ ❛♥❞ ✈❛♥ ❞❡♥ ❉r✐❡ss❝❤❡✱ P✳ ✭✶✾✾✺✮✱ ❆♥ s✐s ❡♣✐❞❡♠✐❝ ♠♦❞❡❧ ✇✐t❤ ✈❛r✐❛❜❧❡
♣♦♣✉❧❛t✐♦♥ s✐③❡ ❛♥❞ ❛ ❞❡❧❛②✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣② ✸✹✱ ✶✼✼✕✶✾✹✳

✸✵



❍❡t❤❝♦t❡✱ ❍✳ ❛♥❞ ✈❛♥ ❞❡♥ ❉r✐❡ss❝❤❡✱ P✳ ✭✷✵✵✵✮✱ ❚✇♦ s✐s ❡♣✐❞❡♠✐♦❧♦❣✐❝ ♠♦❞❡❧s ✇✐t❤
❞❡❧❛②s✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣② ✹✵✱ ✸✕✷✻✳

■s❤✐✐✱ ❍✳ ✭✶✾✾✸✮✱ ❱✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r s❡❝♦♥❞✲♦r❞❡r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✐♥ ❍✐❧❜❡rt s♣❛❝❡s✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s

✶✽✭✸✲✹✮✱ ✻✵✶✕✻✺✵✳

▲✐✱ ❏✳ ❛♥❞ ▼❛✱ ❩✳ ✭✷✵✵✹✮✱ ●❧♦❜❛❧ ❛♥❛❧②s✐s ♦❢ s✐s ❡♣✐❞❡♠✐❝ ♠♦❞❡❧s ✇✐t❤ ✈❛r✐❛❜❧❡ t♦t❛❧
♣♦♣✉❧❛t✐♦♥ s✐③❡✱ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❈♦♠♣✉t❡r ▼♦❞❡❧❧✐♥❣ ✸✾✱ ✶✷✸✶✕✶✷✹✷✳

▲✐✱ ❳✳ ❏✳ ❛♥❞ ❨♦♥❣✱ ❏✳ ▼✳ ✭✶✾✾✺✮✱ ❖♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❡♦r② ❢♦r ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧

s②st❡♠s✱ ❙②st❡♠s ✫ ❈♦♥tr♦❧✿ ❋♦✉♥❞❛t✐♦♥s ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ❇✐r❦❤ä✉s❡r ❇♦st♦♥
■♥❝✳✱ ❇♦st♦♥✱ ▼❆✳

▲✉③②❛♥✐♥❛✱ ❚✳✱ ❘♦♦s❡✱ ❉✳ ❛♥❞ ❊♥❣❡❧❜♦r❣❤s✱ ❑✳ ✭✷✵✵✹✮✱ ◆✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s
♦❢ st❡❛❞② st❛t❡ s♦❧✉t✐♦♥s ♦❢ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❞✐str✐❜✉t❡❞ ❞❡❧❛②s✱ ❆♣♣❧✐❡❞
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