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❆❜str❛❝t

■♥ ❛ s❡❛r❝❤ ❛♥❞ ♠❛t❝❤✐♥❣ ♠♦❞❡❧ ✇✐t❤ r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣✱ ♠❛t❝❤❡❞ ✇♦r❦❡rs

❛♥❞ ✜r♠s ❜❛r❣❛✐♥ ♦✈❡r ✇❛❣❡s✱ ❣✐✈❡♥ ❧❛❜♦r ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ ♦❢ ✜r♠s ❢♦r ❤♦✉rs ✇♦r❦❡❞ ♣❡r

✇♦r❦❡r✳ ❲❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛s ✐❢ t❤❡② ❛r❡ ❞❡t❡r♠✐♥❡❞

✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ❧❛❜♦r ♠❛r❦❡t ✇✐t❤ ❛ ❞✐st♦rt✐♦♥ t♦ ✇❛❣❡ ♠❛r❦✉♣s✳ ❆ ♣♦s✐t✐✈❡ ✐♥❡✣❝✐❡♥❝②

❣❛♣ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❞✐♠✐♥✐s❤❡s ✇♦r❦❡rs✬ ❡✛❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r r❡❧❛t✐✈❡ t♦ ✜r♠s✱

❜❡❝❛✉s❡ ✜r♠s ❝❛♥ ❛❞❥✉st ❧❛❜♦r ✐♥♣✉t ❛♥❞ ✇❛❣❡ s❝❤❡❞✉❧❡ ✈✐❛ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✳ ❚❤❡ ❍♦s✐♦s

❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞ ❡✈❡♥ ✇❤❡♥ ✇♦r❦❡rs✬ ❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❡q✉❛❧ t♦

✉♥❡♠♣❧♦②♠❡♥t ❡❧❛st✐❝✐t② ♦❢ ♠❛t❝❤❡s✳

∗❚❤✐s ♥♦t❡ ✐s ♦r✐❣✐♥❛❧❧② ❛ ♣❛rt ♦❢ t❤❡ ❞✐ss❡rt❛t✐♦♥ ♦❢ t❤❡ ❛✉t❤♦r ❛t t❤❡ ❖❤✐♦ ❙t❛t❡ ❯♥✐✈❡rs✐t②✳ ❚❤❡ ❛✉t❤♦r ❛♣✲
♣r❡❝✐❛t❡s ❢♦r ❝♦♠♠❡♥ts ❛♥❞ ❞✐s❝✉ss✐♦♥s ❢r♦♠ ❲✐❧❧✐❛♠ ❉✉♣♦r✱ P❛✉❧ ❊✈❛♥s✱ P❛✉❧✐♥❛ ❘❡str❡♣♦✲❊❝❤❛✈❛rr✐❛✱ ❘②♦✐❝❤✐
■♠❛✐✱ ▼❛s❛r✉ ■♥❛❜❛✱ ❛♥❞ ❑❡♥❣♦ ◆✉t❛❤❛r❛✱ ❛s ✇❡❧❧ ❛s s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t t❤❡ ❖❤✐♦ ❙t❛t❡ ❯♥✐✈❡rs✐t②✱ t❤❡
❈❛♥♦♥ ■♥st✐t✉t❡ ❢♦r ●❧♦❜❛❧ ❙t✉❞✐❡s✱ ❛♥❞ ❑❛♥s❛✐ ❯♥✐✈❡rs✐t②✳ ❆♥② r❡♠❛✐♥✐♥❣ ❡rr♦rs ❛r❡ ♠✐♥❡✳ ❚❤❡ ✈✐❡✇s ❡①♣r❡ss❡❞
❤❡r❡✐♥ ❛r❡ ♠✐♥❡ ❛♥❞ s❤♦✉❧❞ ♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤♦s❡ ♦❢ t❤❡ ❇❛♥❦ ♦❢ ❏❛♣❛♥✳

†❈♦rr❡s♣♦♥❞❡♥❝❡✿ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❚❤❡ ❖❤✐♦ ❙t❛t❡ ❯♥✐✈❡rs✐t②✱ ✹✶✵ ❆r♣s ❍❛❧❧✱ ✶✾✹✺ ◆ ❍✐❣❤ ❙tr❡❡t✱
❈♦❧✉♠❜✉s ❖❍ ✹✸✷✶✵✱ ❯❙❆✳ ❊♠❛✐❧✿ t❛❦❡❦✐✳s✉♥❛❦❛✇❛❅❣♠❛✐❧✳❝♦♠✳

✶



✶ ■◆❚❘❖❉❯❈❚■❖◆

■♥ t❤❡ st❛♥❞❛r❞ ❧❛❜♦r ♠❛r❦❡t s❡❛r❝❤ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❡✣❝✐❡♥t ◆❛s❤ ❜❛r❣❛✐♥✐♥❣✱ ✇♦r❦❡rs ❛♥❞

✜r♠s ❜❛r❣❛✐♥ ♦✈❡r ❜♦t❤ ✇❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r✳ ❍♦s✐♦s ✭✶✾✾✵✮ s❤♦✇❡❞ t❤❛t ✐❢

✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❡q✉❛❧ t♦ ✉♥❡♠♣❧♦②♠❡♥t ❡❧❛st✐❝✐t② ♦❢ ♠❛t❝❤❡s✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐♥ ❛

❞❡❝❡♥tr❛❧✐③❡❞ ❡❝♦♥♦♠② ✐s ❡✣❝✐❡♥t✳ ❚❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❧❛❜♦r ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡

♦❢ s✉❜st✐t✉t✐♦♥ ❛t ❛♥ ❡✣❝✐❡♥t ❧❡✈❡❧ ♦❢ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r ✭✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✮ ❛s ✐♥ t❤❡ s♦❝✐❛❧

♣❧❛♥♥❡r✬s ♣r♦❜❧❡♠✱ ❛♥❞ ✇❛❣❡ ❝♦♥tr❛❝ts ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r s❤❛r❡ ♦❢ s✉r♣❧✉s ❛ss✉r❡s t❤❛t ✇❛❣❡s ❛r❡

❛❧s♦ ❛t ❛♥ ❡✣❝✐❡♥t ❧❡✈❡❧✳ ❚❤✉s t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ✭❡①t❡♥s✐✈❡ ♠❛r❣✐♥✮ ✐s ❛❧s♦ ❛t ❛♥ ❡✣❝✐❡♥t

❧❡✈❡❧✳ ■♥ ❝♦♥tr❛st✱ ✐♥ r❡❝❡♥t❧② ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣✱ ✐♥ ✇❤✐❝❤ ♠❛t❝❤❡❞

✇♦r❦❡rs ❛♥❞ ✜r♠s ❜❛r❣❛✐♥ ♦✈❡r ✇❛❣❡s✱ ❣✐✈❡♥ ❧❛❜♦r ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ ♦❢ ✜r♠s ❢♦r ❤♦✉rs ✇♦r❦❡❞

♣❡r ✇♦r❦❡r✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞❡❧ ✐♥ t❡r♠s ♦❢ ✐♥❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❤❛✈❡ ♥♦t

❜❡❡♥ st✉❞✐❡❞✳✶

■♥ t❤✐s ♥♦t❡✱ ■ ❞❡s❝r✐❜❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛❜♦r ♠❛r❦❡t s❡❛r❝❤ ♠♦❞❡❧ ✇✐t❤ t❤❡ r✐❣❤t✲t♦✲♠❛♥❛❣❡

❜❛r❣❛✐♥✐♥❣✱ ❛s ✇❡❧❧ ❛s t❤❡ ✐♠♣❧✐❡❞ ✐♥❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳ ❚❤❡ ♠♦st ❞✐st✐♥❝t ❢❡❛t✉r❡

■ ❢♦✉♥❞ ✐s t❤❛t ✇❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛s ✐❢ t❤❡② ❛r❡ ❞❡t❡r♠✐♥❡❞

❜② ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ❧❛❜♦r ♠❛r❦❡t ✇✐t❤ ❛ ❞✐st♦rt✐♦♥ t♦ ✇❛❣❡ ♠❛r❦✉♣s✳ ❆

♣♦s✐t✐✈❡ ✐♥❡✣❝✐❡♥❝② ❣❛♣ ✭●❛❧í✱ ●❡rt❧❡r✱ ❛♥❞ ▲♦♣❡③✲❙❛❧✐❞♦✱ ✷✵✵✼✮ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❞✐♠✐♥✐s❤❡s

✇♦r❦❡rs✬ ❡✛❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r r❡❧❛t✐✈❡ t♦ ✜r♠s ❜❡❝❛✉s❡ ✜r♠s ❝❛♥ ❛❞❥✉st ❧❛❜♦r ✐♥♣✉t ❛♥❞

✇❛❣❡ s❝❤❡❞✉❧❡ ✈✐❛ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✳ ❚❤❡ ❍♦s✐♦s ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞ ❡✈❡♥ ✇❤❡♥

✇♦r❦❡rs✬ ❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❡q✉❛❧ t♦ ✉♥❡♠♣❧♦②♠❡♥t ❡❧❛st✐❝✐t② ♦❢ ♠❛t❝❤❡s✳ ❲♦r❦❡rs✬

❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ❛♥❞ ✇❛❣❡ ♠❛r❦✉♣s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ ✐♥❡✣❝✐❡♥❝✐❡s ✐♥

t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ■ ♣r❡s❡♥t t❤❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ s❤♦✇s t❤❡ r❡s✉❧ts ✐♥ st❡❛❞② st❛t❡✳ ❙❡❝t✐♦♥

✹ ❝♦♥❝❧✉❞❡s✳

✷ ▼❖❉❊▲

❚✐♠❡ ✐s ❞✐s❝r❡t❡ ❛♥❞ ✐♥✜♥✐t❡✱ t = 0, 1, 2, ...,∞✳ ❚❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♠❛ss ♦❢ ✇♦r❦❡rs ❛♥❞ ✜r♠s✳

❋✐r♠s ♣♦st ✈❛❝❛♥❝✐❡s t♦ ✇♦r❦❡rs s❡❡❦✐♥❣ ❥♦❜s✳ ❲❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r ❛r❡ ❞❡✲

✶❚❤❡ ♦r✐❣✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❢♦✉♥❞ ✐♥ ◆✐❝❦❡❧❧ ❛♥❞ ❆♥❞r❡✇s ✭✶✾✽✸✮ ❛♥❞ ❚r✐❣❛r✐ ✭✷✵✵✻✮✳ ❈❤r✐st♦✛❡❧ ❛♥❞
❑✉❡st❡r ✭✷✵✵✽✮ ❛♥❞ ❈❤r✐st♦✛❡❧ ❛♥❞ ▲✐♥③❡rt ✭✷✵✶✵✮ st✉❞✐❡❞ ✐♥✢❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ st✐❝❦②
♣r✐❝❡ ❛♥❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥✳ ❈❤r✐st♦✛❡❧ ❛♥❞ ❑✉❡st❡r ✭✷✵✵✾✮ ❛❧s♦ ❡①❛♠✐♥❡❞ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ✉♥❡♠♣❧♦②♠❡♥t
✇✐t❤ r❡s♣❡❝t t♦ ✜r♠s✬ ❜❡♥❡✜ts ✐♥ t❤❡ ♠♦❞❡❧✳

✷



t❡r♠✐♥❡❞ ✈✐❛ r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣ ✭◆✐❝❦❡❧❧ ❛♥❞ ❆♥❞r❡✇s✱ ✶✾✽✸❀ ❚r✐❣❛r✐✱ ✷✵✵✻✮✱ ✐♥ ✇❤✐❝❤

♠❛t❝❤❡❞ ✇♦r❦❡r ❛♥❞ ✜r♠ ❜❛r❣❛✐♥ ♦✈❡r ✇❛❣❡s✱ ❣✐✈❡♥ ❧❛❜♦r✬s ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ ♦❢ ✜r♠s✳ ❚❤❡

t✐♠✐♥❣ ♦❢ ❡✈❡♥ts ✐s ❛s ❢♦❧❧♦✇s✿

✶✳ 1 − nt−1 ✐s t❤❡ ♠❡❛s✉r❡ ♦❢ ✉♥❡♠♣❧♦②❡❞ ✇♦r❦❡rs ❛t t❤❡ ❡♥❞ ♦❢ ❧❛st ♣❡r✐♦❞✳ ❆ ❢r❛❝t✐♦♥ ♦❢

t❤❡ ❡♠♣❧♦②❡❞ ✇♦r❦❡rs ρnt−1 ❛r❡ ❡①♦❣❡♥♦✉s❧② s❡♣❛r❛t❡❞✿

ut = 1 − nt−1 + ρnt−1. ✭✶✮

ut ✇♦r❦❡rs s❡❡❦ ❥♦❜s ✐♥ t❤✐s ♣❡r✐♦❞✳

✷✳ ❋✐r♠s ♣♦st ✈❛❝❛♥❝✐❡s vt t♦ ♠❛t❝❤ t❤❡ ✉♥❡♠♣❧♦②❡❞ ✇♦r❦❡rs ut ❜② ♠❛t❝❤✐♥❣ ❢✉♥❝t✐♦♥

m(ut, vt)✱ ✇❤✐❝❤ ❡①❤✐❜✐ts ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✳ ❚❤❡ ❧❛❜♦r ♠❛r❦❡t t✐❣❤t♥❡ss ✐s ❣✐✈❡♥

❜②

θt = vt/ut. ✭✷✮

❊❛❝❤ ✇♦r❦❡r ❛♥❞ ✜r♠ ✐s ❛s s♠❛❧❧ ❛s s✉❝❤ t❤❡ ❧❛❜♦r ♠❛r❦❡t t✐❣❤t♥❡ss ❛t t❤❡ ❛❣❣r❡❣❛t❡ ❧❡✈❡❧

✐s ❣✐✈❡♥ ❢♦r t❤❡♠✳ ❚❤❡ ❥♦❜ ✜♥❞✐♥❣ r❛t❡ ❢♦r ✇♦r❦❡rs s(θt) = m(ut, vt)/ut = m(1, θt) ❛♥❞

t❤❡ ❥♦❜ ✜❧❧✐♥❣ r❛t❡ ❢♦r ✜r♠s q(θt) = m(ut, vt)/vt = m(θ−1
t , 1) ❛r❡ ❛❧s♦ ❣✐✈❡♥ ❢♦r t❤❡♠✳

✸✳ ❚❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♥❡✇❧② ❡♠♣❧♦②❡❞ ✇♦r❦❡rs ✐s ❣✐✈❡♥ ❜②

nt = (1 − ρ)nt−1 + m(ut, vt). ✭✸✮

◆♦t❡ t❤❛t t❤❡ ♥❡✇❧② ❡♠♣❧♦②❡❞ ✇♦r❦❡rs ❝❛♥ ✇♦r❦ ✐♠♠❡❞✐❛t❡❧②✳

✹✳ ❚❤❡ ❡♠♣❧♦②❡❞ ✇♦r❦❡rs ❡♥t❡r ✐♥t♦ ♣r♦❞✉❝t✐♦♥

yt = f(ht)nt. ✭✹✮

❊❛❝❤ ✇♦r❦❡r ✇♦r❦s ht ❤♦✉rs ❛♥❞ ♣r♦❞✉❝❡s f(ht) ✇❤✐❝❤ ✐s ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥

t❡r♠s ♦❢ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r s♦ t❤❛t ✜r♠s ❡❛r♥ ❛ ♣♦s✐t✐✈❡ ♣r♦✜t ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞✳

❚♦t❛❧ ♣r♦❞✉❝t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ nt✳

✸



▼❛t❝❤✐♥❣ ✈❛❧✉❡s ❢♦r ✇♦r❦❡rs ❛♥❞ ✜r♠s ❛r❡ ❣✐✈❡♥ ❜②

St = wtht − g(ht)/pt − b + β(1 − ρ)(1 − s(θt+1))
pt+1

pt

St+1, ✭✺✮

Jt = f(ht) − wtht + β(1 − ρ)
pt+1

pt

Jt+1, ✭✻✮

✇❤❡r❡ St ✐s t❤❡ ♠❛t❝❤✐♥❣ ✈❛❧✉❡ ❢♦r ❛ ♠❛r❣✐♥❛❧ ✇♦r❦❡r ✐♥ t❡r♠s ♦❢ ✉t✐❧✐t② ❛♥❞ Jt ✐s t❤❡ ♠❛t❝❤✐♥❣

✈❛❧✉❡ ❢♦r ❛ ♠❛r❣✐♥❛❧ ❥♦❜✳ ❊❛❝❤ ❲♦r❦❡r ❡❛r♥s ✇❛❣❡ ❜✐❧❧ wtht✳ ❆ ✇♦r❦❡r ❛❧s♦ ❤❛s ❞✐s✉t✐❧✐t② ♦❢

❧❛❜♦r g(ht)/pt ❛♥❞ ❢♦r❣♦♥❡ ✉♥❡♠♣❧♦②❡❞ ❜❡♥❡✜ts b✳ 1−ρ(1−s(θt+1)) ❡♠♣❧♦②❡❞ ✇♦r❦❡rs ❝♦♥t✐♥✉❡

t♦ ♠❛t❝❤ ✇✐t❤ ✜r♠s ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✱ ❛♥❞ s(θt+1) ✉♥❡♠♣❧♦②❡❞ ✇♦r❦❡rs ✜♥❞ ❛ ❥♦❜ ✐♥ t❤❡ ♥❡①t

♣❡r✐♦❞✱ t❤✉s t❤❡✐r ❞✐✛❡r❡♥❝❡ ✐s ✉s❡❞ ❛s tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦❢ ♥❡t ✈❛❧✉❡ ♦❢ ❡♠♣❧♦②♠❡♥t✳✷ ❊❛❝❤

✜r♠ ♣r♦❞✉❝❡s f(ht) ❛♥❞ ♣❛②s ✇❛❣❡ ❜✐❧❧ wtht✳ ρ ❥♦❜s ❛r❡ ❡①♦❣❡♥♦✉s❧② s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♥❡①t

♣❡r✐♦❞✳ pt = c−1
t ✐s t❤❡ ♣r✐❝❡ ✐♥ t❡r♠s ♦❢ ♥✉♠❡r❛✐r❡ ✭❧♦❣ ✉t✐❧✐t② ♦❢ ❤♦✉s❡❤♦❧❞ ❝♦♥s✉♠♣t✐♦♥ ✐s

❛ss✉♠❡❞✮✳ ❋r❡❡ ❡♥tr② ✐s ❛ss✉♠❡❞✱ ✐✳❡✳✱

Jt =
cv

q(θt)
. ✭✼✮

❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ❥♦❜ ✐s ❡q✉❛❧ t♦ t❤❡ ✈❛❝❛♥❝② ♣♦st✐♥❣ ❝♦st cv t✐♠❡s ❡①♣❡❝t❡❞ ✈❛❝❛♥❝② ❞✉r❛t✐♦♥

1/q(θt)✳

❘✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣ ■♥ r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣✱ ✜r♠s ❤❛✈❡ ❝♦♥tr♦❧ ♦✈❡r ❤♦✉rs

✇♦r❦❡❞ ♣❡r ✇♦r❦❡r✱ ❛♥❞ ♠❛①✐♠✐③❡ t❤❡ ♠❛t❝❤✐♥❣ ✈❛❧✉❡ ❢♦r ✜r♠s✱ ✐✳❡✳ ∂Jt/∂ht = f ′(ht)−wt = 0.

❚❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r✱ ht = f ′−1(wt) ≡ h(wt)✳ ●✐✈❡♥

t❤✐s ❧❛❜♦r ❞❡♠❛♥❞ s❝❤❡❞✉❧❡✱ ✇♦r❦❡rs ❛♥❞ ✜r♠s ❜❛r❣❛✐♥ ♦✈❡r ✇❛❣❡s ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞ s♦ ❛s t♦

♠❛①✐♠✐③❡ ❥♦✐♥t s✉r♣❧✉s Sη
t J1−η

t ✱ ✇❤❡r❡ η ∈ [0, 1] ✐s ✇♦r❦❡rs✬ ❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✳ ❚❤❡

✜rst✲♦r❞❡r ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❛❣❡ ✐s ❣✐✈❡♥ ❜②

η
∂St

∂wt

Jt + (1 − η)
∂Jt

∂wt

St = 0,

⇔ δt ≡ −(∂St/∂wt)/(∂Jt/∂wt) = [(1 − η)/η]St/Jt,

✷❚❤❡ ♠❛t❝❤✐♥❣ ✈❛❧✉❡ ❢♦r ✇♦r❦❡rs ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ St ≡ Wt −Ut ✇❤❡r❡ Wt = wtht + β(pt+1/pt)[(1− ρ(1−

st+1))Wt+1 +ρ(1−st+1)Ut+1] ❛♥❞ Ut = g(ht)/pt +b+β(pt+1/pt)[st+1Wt+1 +(1−st+1)Ut+1]✳ ❊♠♣❧♦②❡❞ ✇♦r❦❡rs
♦❜t❛✐♥ ✇❛❣❡ ❜✐❧❧ wtht✱ ❛♥❞ r❡♠❛✐♥ ✐♥ t❤❡✐r ❥♦❜ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − ρ(1 − st+1)✳ ❯♥❡♠♣❧♦②❡❞
✇♦r❦❡rs ❤❛✈❡ ❢♦r❡❣♦♥❡ ❧❛❜♦r ❞✐s✉t✐❧✐t② ❛♥❞ ✉♥❡♠♣❧♦②♠❡♥t ❜❡♥❡✜ts g(ht)/pt + b✱ ❛♥❞ ✜♥❞ ❛ ❥♦❜ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞
✇✐t❤ ♣r♦❜❛❜✐❧✐t② st+1✳

✹



✇❤❡r❡ δt = −(∂St/∂wt)/(∂Jt/∂wt) = 1−εw(g′(ht)ct/wt−1) ✐s t❤❡ ✇❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧

✈❛❧✉❡s ♦❢ ♠❛t❝❤✐♥❣ ❛♥❞ εw = −h′(wt)wt/h(wt) > 1 ✐s ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r ❞❡♠❛♥❞✳✸ ❇② s♦❧✈✐♥❣

δt ❢♦r wt✱ ■ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛❜♦r ♠❛r❦❡t ❝♦♥❞✐t✐♦♥s✿

wt = f ′(ht), ✭✽✮

wt = [εw/(εw − 1 + δt)]g
′(ht)ct, ✭✾✮

✇❤❡r❡ ✜r♠s✬ ❧❛❜♦r ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ ✐s ❣✐✈❡♥ ❜② ✭✽✮✳ ❆❧s♦✱ t❤r♦✉❣❤ ✇❛❣❡ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥

✇♦r❦❡rs ❛♥❞ ✜r♠s✱ ✇♦r❦❡rs✬ ❧❛❜♦r s✉♣♣❧② s❝❤❡❞✉❧❡ ✐s ❣✐✈❡♥ ❜② ✭✾✮✳ ❲❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞

♣❡r ✇♦r❦❡r ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛s ✐❢ t❤❡② ❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ❧❛❜♦r ♠❛r❦❡t ✇✐t❤ ❛

❞✐st♦rt✐♦♥ t♦ ✇❛❣❡ ♠❛r❦✉♣s✳ ❍♦✇❡✈❡r✱ t❤❡ ✇❛❣❡ ♠❛r❦✉♣s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❡♥❞♦❣❡♥♦✉s❧② ❤❡r❡

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❛t❝❤✐♥❣ ✈❛❧✉❡s ♦❢ ✇♦r❦❡rs ❛♥❞ ✜r♠s❀ σt = εw/(εw − 1 + δt) ❛♥❞ δt =

−(∂St/∂wt)/(∂Jt/∂wt) = [(1 − η)/η]St/Jt✳
✹

❋✐♥❛❧❧②✱ ❛ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐s ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥s ✭✶✮✲✭✾✮✳

❘❡s❡r✈❛t✐♦♥ ✇❛❣❡ ❜✐❧❧s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ St ≥ 0 ❛♥❞ Jt ≥ 0

ωt = g(ht)/pt + b − β(1 − ρ)(1 − s(θt+1))
pt+1

pt

St+1, ✭✶✵✮

ωt = f(ht) + β(1 − ρ)
pt+1

pt

Jt+1. ✭✶✶✮

❆s ❧♦♥❣ ❛s t❤❡ ✇❛❣❡ ❜✐❧❧ ✐s ✐♥ t❤❡ s❡t [ωt, ωt]✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ♠❛t❝❤✐♥❣ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥✱ t❤❡

✇❛❣❡ ❡q✉❛t✐♦♥ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✽✮✲✭✶✶✮✿

wtht = χtωt + (1 − χt)ωt,

✇❤❡r❡ χt = ηδt/(1 − η + ηδt) ✐s ✇♦r❦❡rs✬ ❡✛❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✳

✸❚❤✐s ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❧❛❜♦r ✇❡❞❣❡ ❜❡t✇❡❡♥ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ❧❛❜♦r ❛♥❞ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥
❛t ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧✳ ■❢ δt = 1✱ wt/[g′(ht)ct] = f ′(ht)/[g′(ht)ct] ≡ mplt/mrst = 1 ❛❧s♦ ❤♦❧❞s✳ ■♥ ❝♦♥tr❛st✱ ✐♥ t❤❡
❡✣❝✐❡♥t ◆❛s❤ ❜❛r❣❛✐♥✐♥❣✱ ✐♥ ✇❤✐❝❤ ✇♦r❦❡rs ❛♥❞ ✜r♠s ❜❛r❣❛✐♥ ❜♦t❤ ✇❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r✱ δt = 1∀t
❤♦❧❞s ❛♥❞ ♥♦ ❧❛❜♦r ✇❡❞❣❡ ❡①✐sts ❛t ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧✳

✹◆♦t❡ t❤❛t ❡✈❡♥ ✐❢ St/Jt ✐s s♠❛❧❧✱ (1− η)/η ❛♥❞ δt = −(∂St/∂wt)/(∂Jt/∂wt) = [(1− η)/η]St/Jt ❝❛♥ ❜❡ ❧❛r❣❡✳
St/Jt ✐s ❝♦♥❝❛✈❡ ✐♥ wt❀ t❤❡r❡❢♦r❡ ✇❤❡♥ St/Jt ✐s s♠❛❧❧✱ ∂St/∂wt ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ ∂Jt/∂wt ❛♥❞ δt ✐s ❧❛r❣❡✳ ❙❡❡
❛❧s♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ s❡❝t✐♦♥ ✸✳

✺



❊✣❝✐❡♥❝② ❚❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r✬s ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ❜②

max
∞

∑

t=0

βt (log ct − g(ht)(1 − nt)) ,

s✳t✳ ct + cvvt ≤ f(ht)nt + b(1 − nt),

nt = (1 − ρ)nt−1 + m(ut, vt),

✇❤❡r❡ ut = 1 − nt−1 + ρnt−1✳ ❋✐rst✲♦r❞❡r ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❛r❡

cv

mvt

= f(ht) + g(ht)ct − b + β(1 − ρ)(1 − mut+1)
ct

ct+1

cv

mvt+1

,

f ′(ht) = g′(ht)ct.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♠♣❧❡♠❡♥t❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❞❡❝❡♥tr❛❧✐③❡❞ ❡❝♦♥♦♠② ❛r❡ ❞❡r✐✈❡❞

❢r♦♠ ✭✺✮✲✭✾✮✿

1

1 − χt

cv

q(θt)
= f(ht) + g(ht)/pt − b

+β(1 − ρ)[1 − χt+1s(θt+1)]
pt+1

pt

1

1 − χt+1

cv

q(θt+1)
,

f ′(ht) = σtg
′(ht)ct

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ♠❛t❝❤✐♥❣ ❢✉♥❝t✐♦♥ m(ut, vt) = muξ
tv

1−ξ
t ✱

mut = ξmt/ut ❛♥❞ mvt = (1− ξ)mt/vt ❤♦❧❞✳ ❚❤❡♥ ■ ❤❛✈❡ ❛ ♠♦❞✐✜❡❞ ❍♦s✐♦s ❝♦♥❞✐t✐♦♥✿ ξ = η =

χt✳ ❍♦s✐♦s ✭✶✾✾✵✮ s❤♦✇❡❞ t❤❛t ✐❢ ✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❡q✉❛❧ t♦ ✉♥❡♠♣❧♦②♠❡♥t ❡❧❛st✐❝✐t②

♦❢ ♠❛t❝❤❡s✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐♥ t❤❡ ❞❡❝❡♥tr❛❧✐③❡❞ ❡❝♦♥♦♠② ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s ❛t ❡✣❝✐❡♥t ❧❡✈❡❧

❛s ✐♥ t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r✬s ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ t❤❡ st❛♥❞❛r❞ ❍♦s✐♦s ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧②

❤♦❧❞❀ ✐♥ ❣❡♥❡r❛❧✱ η 6= χ ❛♥❞ δ 6= 1 ❤♦❧❞ ❡✈❡♥ ✐♥ st❡❛❞② st❛t❡✳ ■ ✇✐❧❧ ❞❡♠♦♥str❛t❡ ✐t ✐♥ s❡❝t✐♦♥ ✸

t♦♦✳

❚❤❡ r♦❧❡ ♦❢ ✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ■♥ t❤❡ r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣✱ t❤❡ ✇♦r❦❡rs✬

❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❞✐♠✐♥✐s❤❡❞ ❜❡❝❛✉s❡ ✜r♠s ❤❛✈❡ ❝♦♥tr♦❧ ♦✈❡r ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r✳ ❙t✐❧❧✱

t❤❡ ✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳ ❲❤❡♥ t❤❡ ✇♦r❦❡rs✬

❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r η ✐s ❧♦✇✱ ✇❛❣❡s ❛r❡ ❧♦✇❡r t❤❛♥ t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ s✉❜st✐t✉t✐♦♥ wt =

mplt < mrst✱ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❣❛✐♥ ❢♦r ✇♦r❦❡rs ❜② ✐♥❝r❡❛s❡ ✐♥ ✇❛❣❡s ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♠❛r❣✐♥❛❧

✻



❧♦ss ❢♦r ✜r♠s✱ ✐✳❡✳ ∂St/∂wt = ht − h′(wt)(mrst − wt) > ht = −∂Jt/∂wt✳
✺ ❚❤✉s δt ✐s ❤✐❣❤ ❛♥❞

σt ✐s ❧♦✇✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡ ✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❤✐❣❤✱ wt = mplt > mrst ❛♥❞

∂St/∂wt < ht = ∂Jt/∂wt ❤♦❧❞✱ ❛♥❞ δt ✐s ❧♦✇ ❛♥❞ σt ✐s ❤✐❣❤✳ ❆s η → 1✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ s✉♣♣❧②

❝✉r✈❡ σt ❜❡❝♦♠❡s st❡❡♣❡r ❛♥❞ δt ❛♣♣r♦❛❝❤❡s t♦ ③❡r♦✳✻

P✉t ❞✐✛❡r❡♥t❧②✱ t❤❡ ✇❛❣❡ ♠❛r❦✉♣ σt ❛♥❞ t❤❡ ✇❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡s ♦❢ ♠❛t❝❤✐♥❣

δt = −(∂St/∂wt)/(∂Jt/∂wt) > 0 ❤❛✈❡ ❛♥ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✿

σt = εw/(εw − 1 + δt)



























> 1 ✐❢ δt ∈ (0, 1),

= 1 ✐❢ δt = 1,

< 1 ✐❢ δt ∈ (1,∞).

❋✐❣✉r❡ ✶ ❣r❛♣❤✐❝❛❧❧② s❤♦✇s ❤♦✇ ✇❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r (w, h) ❛r❡ ❞❡t❡r♠✐♥❡❞✳ ■♥

t❤❡ ❡✣❝✐❡♥t ◆❛s❤ ❜❛r❣❛✐♥✐♥❣✱ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r ✐s ❛t ❛♥ ❡✣❝✐❡♥t ❧❡✈❡❧ h = h❊❇ = h∗✳

❲❛❣❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛t w = w❊❇✱ ❛♥❞ ✐❢ t❤❡ ✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❡q✉❛❧

t♦ ✉♥❡♠♣❧♦②♠❡♥t ❡❧❛st✐❝✐t② ♦❢ ♠❛t❝❤❡s✱ ✇❛❣❡s ❛r❡ ❛❧s♦ ❡✣❝✐❡♥t ❛t t❤❡ ♣♦✐♥t E0 ✐♥ ✜❣✉r❡ ✶✱

(w∗, h∗)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣✱ ❣✐✈❡♥ ❧❛❜♦r ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ ♦❢

✜r♠s✱ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣r♦❝❡ss ❜❡t✇❡❡♥ ✇♦r❦❡rs ❛♥❞ ✜r♠s ❞❡t❡r♠✐♥❡s t❤❡ ❧❛❜♦r s✉♣♣❧② s❝❤❡❞✉❧❡✱

✇❤✐❝❤ s❤✐❢ts ✇✐t❤ ❛ ✈❛r②✐♥❣ ✇❛❣❡ ♠❛r❦✉♣ σt✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❞❡♠❛♥❞ ❛♥❞

s✉♣♣❧② ❛t t❤❡ ♣♦✐♥t E1 ✐♥ ✜❣✉r❡ ✶✱ (w❘❚▼, h❘❚▼)✳ ❲❤❡♥ η ✐s ❤✐❣❤✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥❡✣❝✐❡♥❝②

❣❛♣ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✭●❛❧í✱ ●❡rt❧❡r✱ ❛♥❞ ▲♦♣❡③✲❙❛❧✐❞♦✱ ✷✵✵✼✮✱ ❛♥❞ ❛ ♣♦s✐t✐✈❡ ✇❛❣❡ ♠❛r❦✉♣✳

❲❤❡♥ η ✐s ❧♦✇✱ t❤❡r❡ ✐s ❛ ♥❡❣❛t✐✈❡ ✐♥❡✣❝✐❡♥❝② ❣❛♣✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ♥❡❣❛t✐✈❡ ✇❛❣❡ ♠❛r❦✉♣✳

❆❧s♦✱ t❤❡ ✇♦r❦❡rs✬ ❡✛❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r χt ✐s ❣✐✈❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ δt✿

χt = ηδt/(1 − η + ηδt)



























< η ✐❢ δt ∈ (0, 1),

= η ✐❢ δt = 1,

> η ✐❢ δt ∈ (1,∞).

❲❤❡♥ η ✐s ❤✐❣❤ ✭❧♦✇✮✱ ❛ ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ✐♥❡✣❝✐❡♥❝② ❣❛♣ ✐♠♣❧✐❡s t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣

♣♦✇❡r χt ✐s ❧♦✇❡r ✭❤✐❣❤❡r✮ t❤❛♥ t❤❡ ❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r η✱ ❜❡❝❛✉s❡ ✜r♠s ❤❛✈❡ ❝♦♥tr♦❧ ♦✈❡r

✺■♥ t❤❡ st❛♥❞❛r❞ ❡✣❝✐❡♥t ❜❛r❣❛✐♥✐♥❣✱ ∂St/∂wt = −∂Jt/∂wt = ht ❤♦❧❞s✱ ❛♥❞ ♠❛r❣✐♥❛❧ ❣❛✐♥ ❛♥❞ ❧♦ss ❜②
✐♥❝r❡❛s❡ ✐♥ ✇❛❣❡s ❛r❡ ❛❧✇❛②s t❤❡ s❛♠❡ ❢♦r ✇♦r❦❡rs ❛♥❞ ✜r♠s✳

✻◆♦t❡ t❤❛t ✇❤❡♥ η = 1✱ ∂St/∂wt = ht + wth
′(wt) − mrsth

′(wt) = 0 ⇔ wt = [εw/(εw − 1)]mrst ❤♦❧❞s✳

✼



❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r ❛♥❞ ✜r♠s ❝❛♥ ❛✛❡❝t ♦♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❜❛r❣❛✐♥✐♥❣ ❜② ❛❞❥✉st✐♥❣ ❧❛❜♦r

❞❡♠❛♥❞ ✈✐❛ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✳ ❚❤✉s✱ ❜❡❝❛✉s❡ ♦❢ ✐♥❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✱ t❤❡ ❍♦s✐♦s

❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞✳

❬❋✐❣✉r❡ ✶ ✐s ✐♥s❡rt❡❞ ❤❡r❡❪

✸ ◆❯▼❊❘■❈❆▲ ❊❳❆▼P▲❊ ■◆ ❙❚❊❆❉❨ ❙❚❆❚❊

❚♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ st❡❛❞② st❛t❡ r❡❧❛t✐♦♥s❤✐♣✱ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❛r❡ ❛ss✉♠❡❞ ❛s ❢♦❧❧♦✇s✿

m(ut, vt) = muξ
tv

1−ξ
t ✱ f(ht) = hα

t ✱ ❛♥❞ g(ht) = κh1+φ
t /(1 + φ)✳ ❯♥❡♠♣❧♦②♠❡♥t ❜❡♥❡✜ts ❛r❡

♣r♦♣♦rt✐♦♥❛❧ t♦ ✇❛❣❡ ❜✐❧❧✱ b = bwwh✳ ❇② s♦❧✈✐♥❣ S ❛♥❞ J ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ♣❛r❛♠❡t❡rs✱ δ ❛♥❞

χ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇♦r❦❡rs✬ ❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r η ∈ [0, 1]✿

δ(η) =
(1 − η)A

ηB + (1 − η)C
,

χ(η) =
ηA

η(A + B) + (1 − η)C
.

✇❤❡r❡ A = [(1 + φ)(1 − bw) − α][1 − β(1 − ρ)]α✱ B = [1 − β(1 − ρ)(1 − s)](1 + φ)(1 − α)✱ ❛♥❞

C = [1− β(1− ρ)](1−α)α✳ ◆♦t❡ t❤❛t ✉♥❞❡r st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s ♦♥ ♣❛r❛♠❡t❡rs✱ β, ρ, s, α, bw

❛r❡ ✐♥ (0, 1) ❛♥❞ φ > 0✱ B > 0 ❛♥❞ C > 0 ❤♦❧❞✳✼ ❚❤❡♥ ■ ❝❛♥ s❤♦✇

Pr♦♣♦s✐t✐♦♥ ✶✳ ✭❛✮ ■❢ (1+φ)(1−bw) ∈ (α, 1)✱ δ(0) = δ̄ ∈ (0, 1) ❤♦❧❞s✳ ✭❜✮ ■❢ (1+φ)(1−bw) > 1✱

δ̄ > 1 ❤♦❧❞s✳ ❆❧s♦✱ t❤❡r❡ ✐s ❛ t❤r❡s❤♦❧❞ η̃ ∈ (0, 1) s✉❝❤ t❤❛t χ ≤ η ✐❢ η ≥ η̃✳

Pr♦♦❢✳ ✭❛✮ ■❢ (1 + φ)(1 − bw) > α ⇒ A = [(1 + φ)(1 − bw) − α]C/(1 − α) > 0✱ δ(0) = A/C =

[(1+φ)(1− bw)−α]/(1−α) = δ̄ > 0 ❤♦❧❞s✳✽ ✭❜✮ ■❢ (1+φ)(1− bw) > 1✱ δ̄ = A/C > 1 ❛❧s♦ ❤♦❧❞s✳

❙♦❧✈✐♥❣ η̃ = χ(η̃) ❢♦r η̃✱ ■ ❤❛✈❡ η̃ = (A−C)/(A−C+B)✳ ◆♦t❡ t❤❛t ✐❢ δ̄ = A/C > 1 ⇒ A−C > 0✱

η̃ ∈ (0, 1) ❛❧s♦ ❤♦❧❞s✳

■❢ (1+φ)(1− bw) > α✱ t❤❡ ✇♦r❦❡rs✬ ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞ ❣❛✐♥ ❢r♦♠ ❜❛r❣❛✐♥✐♥❣ ✐s ♣♦s✐t✐✈❡✱ ✇❤✐❝❤

✐s r❡q✉✐r❡❞ ❢♦r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❢♦r ✇♦r❦❡rs t♦ ❤♦❧❞✳✾ ■♥ t❤✐s ❝❛s❡✱ ✇❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞

✼s = m/u = ρn/(1 − n + ρn) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ρ ❛♥❞ n = 1 − ũ✱ ✇❤❡r❡ ũ ✐s t❤❡ st❡❛❞② st❛t❡ ✉♥❡♠♣❧♦②♠❡♥t ❛t
t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞✳ ❙t❡❛❞② st❛t❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✽δ(1) = 0 ❛♥❞ χ(0) = 0 ❛r❡ ✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥❡❞✳ ❆❧s♦✱ ✐❢ A > 0✱ χ(1) = A/(A + B) ∈ (0, 1) ❤♦❧❞s✳ ❋✉rt❤❡r✱
∂δ(η)/∂η ∝ −A(ηB + (1 − η)C) − (1 − η)A(B − C) = −AB < 0 ❛♥❞ ∂χ(η)/∂η ∝ A(η(A + B) + (1 − η)C) −
ηA(A + B − C) = AC > 0 ❛❧s♦ ❤♦❧❞✳

✾❖t❤❡r✇✐s❡✱ δ̄ < 0 ❛♥❞ S/J < 0 ❤♦❧❞✳ ◆♦t❡ t❤❛t J ∝ f(h) − wh = f(h)[1 − f ′(h)h/f(h)] > 0 ❢♦r ❛♥② h > 0✳

✽



♣❡r ✇♦r❦❡r ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❞❡♠❛♥❞ ✭✽✮ ❛♥❞ s✉♣♣❧② ✭✾✮✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢

(1+φ)(1− bw) > 1✱ ❢♦r s♦♠❡ η t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ ♦❢ ✇♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r η̃ = η = χ✱

✐✳❡✳ t❤❡ ❛❝t✉❛❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ❡q✉❛❧ t♦ t❤❡ ❡✛❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ❛s ✐♥ t❤❡ st❛♥❞❛r❞

♠♦❞❡❧✳ ■❢ ❛♥❞ ♦♥❧② ✐❢ ξ = η = η̃ = χ✱ t❤❡ ❍♦s✐♦s ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❛t st❡❛❞② st❛t❡✳ ❲❤❡♥ η > η̃✱

t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥❡✣❝✐❡♥❝② ❣❛♣ ❛♥❞ δ < 1✱ σ > 1 ❛♥❞ χ < η ❤♦❧❞✳

❚❤❡ t♦♣ ♣❛♥❡❧ ✐♥ ✜❣✉r❡ ✷ s❤♦✇s δ(η) ✐♥ st❡❛❞② st❛t❡ ✇✐t❤ t❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs✳✶✵ ◆♦t❡

t❤❛t t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥ ✭❜✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ❆s s❤♦✇♥ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✶✱

δ(0) = δ̄ > 1✱ ❛♥❞ δ(η) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ η ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s η → 1✳ ❚❤❡ s❡❝♦♥❞ ♣❛♥❡❧

✐♥ ✜❣✉r❡ ✷ s❤♦✇s t❤❛t σ(η) = εw/(εw − 1 + δ(η)) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ η ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ✐ts ✉♣♣❡r

❜♦✉♥❞ σ(1) = εw/(εw −1) ❛s η → 1✳ ❚❤❡ t❤✐r❞ ♣❛♥❡❧ ✐♥ ✜❣✉r❡ ✷ s❤♦✇s t❤❛t χ ✐s ♥♦t ❛s ❤✐❣❤ ❛s η

❛s η → 1✳ ❊✈❡♥ ✇❤❡♥ η = 1✱ ✇♦r❦❡rs ❝❛♥ ❣❡t ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ ✜r♠s✬ s✉r♣❧✉s✱ ❜❡❝❛✉s❡ ✜r♠s ❝❛♥

❛❞❥✉st ❧❛❜♦r ✐♥♣✉t ❜② ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥ t♦ ✐♥s✉r❡ ♣♦s✐t✐✈❡ ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞ ♣r♦✜t f(h)(1−α) > 0✳

■♥ t❤❡ ❜♦tt♦♠ ♣❛♥❡❧✱ S/J ✐s ✐♥❝r❡❛s✐♥❣ ❛s η → 1✱ ❜❡❝❛✉s❡ S/J ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ✇❛❣❡s

❛♥❞ ✇♦r❦❡rs ❝❛♥ ❡❛r♥ ♠♦r❡ ✇❛❣❡s ❜② ❛ ❤✐❣❤❡r ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✳ ❚❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞

❜② ✐♥❝r❡❛s✐♥❣ ✇❛❣❡s δ = −(∂S/∂w)/(∂J/∂w)✱ ❤♦✇❡✈❡r✱ ❞❡❝r❡❛s❡s ❛s η → 1✱ ❜❡❝❛✉s❡ S/J ✐s

❛❧s♦ ❝♦♥❝❛✈❡ ✐♥ w ❞✉❡ t♦ ❧❛❜♦r ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ h(w)✳ ▲❛st ❜✉t ♥♦t ❧❡❛st✱ t❤❡ ❍♦s✐♦s ❝♦♥❞✐t✐♦♥

❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞ ✇✐t❤ t❤❡ ❝❛❧✐❜r❛t❡❞ ♣❛r❛♠❡t❡rs✳ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣❛r❛♠❡t❡r s❡t ✇✐t❤

ξ = η = η̃ = 0.3 ✇❤❡r❡ t❤❡ ❡✣❝✐❡♥❝② ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✐s r❡st♦r❡❞✱ ♥❛♠❡❧② δ = σ = 1✳✶✶

❬❋✐❣✉r❡ ✷ ✐s ✐♥s❡rt❡❞ ❤❡r❡❪

✹ ❈❖◆❈▲❯❉■◆● ❘❊▼❆❘❑❙

■♥ t❤✐s ♥♦t❡✱ ■ ♣r❡s❡♥t❡❞ t❤❡ ♣r♦♣❡rt② ♦❢ ❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t s❡❛r❝❤ ♠♦❞❡❧ ✇✐t❤

r✐❣❤t✲t♦✲♠❛♥❛❣❡ ❜❛r❣❛✐♥✐♥❣✳ ❲❛❣❡s ❛♥❞ ❤♦✉rs ✇♦r❦❡❞ r❡♣❧✐❝❛t❡s t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐♥ t❤❡ ❲❛❧r❛s✐❛♥

❧❛❜♦r ♠❛r❦❡t ✇✐t❤ ❛ ✈❛r✐❛❜❧❡ ✇❛❣❡ ♠❛r❦✉♣✳ ❇❡❝❛✉s❡ ♦❢ ✐♥❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✱ t❤❡

❍♦s✐♦s ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞✳ ❲♦r❦❡rs✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ❛♥❞ ✇❛❣❡ ♠❛r❦✉♣s ❛r❡

❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❡①♣❧♦✐t✐♥❣ ✐♥❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✳

✶✵■ ❢♦❧❧♦✇ t❤❡ ❝❛❧✐❜r❛t✐♦♥ str❛t❡❣② ✐♥ ❈❤r✐st♦✛❡❧ ❛♥❞ ❑✉❡st❡r ✭✷✵✵✽❀ ✷✵✵✾✮✱ ✇❤✐❝❤ ✐s ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✶✶η̃ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦t❤❡r t❤❛♥ ξ ❛♥❞ η✱ t❤❡r❡❢♦r❡ ξ = η = η̃ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐❢ t❤❡ ♦t❤❡r
♣❛r❛♠❡t❡rs ❛r❡ ✜①❡❞✳ ❚❤✐s ✐s ♠♦r❡ r❡str✐❝t❡❞ t❤❛♥ ✐♥ t❤❡ st❛♥❞❛r❞ ❝❛s❡ ✇✐t❤ ❡✣❝✐❡♥t ◆❛s❤ ❜❛r❣❛✐♥✐♥❣✱ ✇❤❡r❡
ξ = η ❝❛♥ ❜❡ ❝❤♦s❡♥ ❢r❡❡❧② r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs✳

✾



❘❡❢❡r❡♥❝❡s

❈❤r✐st♦❢❢❡❧✱ ❑✳✱ ❛♥❞ ❑✳ ❑✉❡st❡r ✭✷✵✵✽✮✿ ✏❘❡s✉s❝✐t❛t✐♥❣ t❤❡ ❲❛❣❡ ❈❤❛♥♥❡❧ ✐♥ ▼♦❞❡❧s ✇✐t❤

❯♥❡♠♣❧♦②♠❡♥t ❋❧✉❝t✉❛t✐♦♥s✱✑ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s✱ ✺✺✭✺✮✱ ✽✻✺✕✽✽✼✳

❈❤r✐st♦❢❢❡❧✱ ❑✳✱ ❛♥❞ ❑✳ ❑✉❡st❡r ✭✷✵✵✾✮✿ ✏❚❤❡ ❊❧❛st✐❝✐t② ♦❢ t❤❡ ❯♥❡♠♣❧♦②♠❡♥t ❘❛t❡ ✇✐t❤

❘❡s♣❡❝t t♦ ❇❡♥❡✜ts✱✑ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✶✵✷✭✷✮✱ ✶✵✷✕✶✵✺✳

❈❤r✐st♦❢❢❡❧✱ ❑✳✱ ❛♥❞ ❚✳ ▲✐♥③❡rt ✭✷✵✶✵✮✿ ✏❚❤❡ ❘♦❧❡ ♦❢ ❘❡❛❧ ❲❛❣❡ ❘✐❣✐❞✐t② ❛♥❞ ▲❛❜♦r

▼❛r❦❡t ❋r✐❝t✐♦♥s ❢♦r ■♥✢❛t✐♦♥ P❡rs✐st❡♥❝❡✱✑ ❏♦✉r♥❛❧ ♦❢ ▼♦♥❡②✱ ❈r❡❞✐t ❛♥❞ ❇❛♥❦✐♥❣✱ ✹✷✭✼✮✱

✶✹✸✺✕✶✹✹✻✳

●❛❧í✱ ❏✳✱ ▼✳ ●❡rt❧❡r✱ ❛♥❞ ❉✳ ▲♦♣❡③✲❙❛❧✐❞♦ ✭✷✵✵✼✮✿ ✏▼❛r❦✉♣s✱ ●❛♣s✱ ❛♥❞ t❤❡ ❲❡❧❢❛r❡

❈♦sts ♦❢ ❇✉s✐♥❡ss ❋❧✉❝t✉❛t✐♦♥s✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✽✾✭✶✮✱ ✹✹✕✺✾✳

❍♦s✐♦s✱ ❆✳ ❏✳ ✭✶✾✾✵✮✿ ✏❖♥ t❤❡ ❊✣❝✐❡♥❝② ♦❢ ▼❛t❝❤✐♥❣ ❛♥❞ ❘❡❧❛t❡❞ ▼♦❞❡❧s ♦❢ ❙❡❛r❝❤ ❛♥❞

❯♥❡♠♣❧♦②♠❡♥t✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✺✼✭✷✮✱ ✷✼✾✕✷✾✽✳

◆✐❝❦❡❧❧✱ ❙✳ ❏✳✱ ❛♥❞ ▼✳ ❆♥❞r❡✇s ✭✶✾✽✸✮✿ ✏❯♥✐♦♥s✱ ❘❡❛❧ ❲❛❣❡s ❛♥❞ ❊♠♣❧♦②♠❡♥t ✐♥ ❇r✐t❛✐♥

✶✾✺✶✲✼✾✱✑ ❖①❢♦r❞ ❊❝♦♥♦♠✐❝ P❛♣❡rs✱ ✸✺✭✵✮✱ ✶✽✸✕✷✵✻✳

❚r✐❣❛r✐✱ ❆✳ ✭✷✵✵✻✮✿ ✏❚❤❡ ❘♦❧❡ ♦❢ ❙❡❛r❝❤ ❋r✐❝t✐♦♥s ❛♥❞ ❇❛r❣❛✐♥✐♥❣ ❢♦r ■♥✢❛t✐♦♥✱✑ ■●■❊❘ ❲♦r❦✲

✐♥❣ P❛♣❡r ♥ ✸✵✹✱ ❇♦❝❝♦♥✐ ❯♥✐✈❡rs✐t②✳

❆PP❊◆❉■❳

●✐✈❡♥ st❡❛❞② st❛t❡ ✉♥❡♠♣❧♦②♠❡♥t ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ ũ = 1− n✱ st❡❛❞② st❛t❡ ❥♦❜ ✜♥❞✐♥❣ r❛t❡

✐s s = m/u = ρn/(1−n+ ρn)✳ ❇② ♥♦r♠❛❧✐③✐♥❣ h✱ wh = αhα ❛♥❞ b = bwwh ❛r❡ ♦❜t❛✐♥❡❞✳ ❚❤❡♥

st❡❛❞② st❛t❡ ♠❛t❝❤✐♥❣ ✈❛❧✉❡s ❛r❡

J = (1/α − 1)/[1 − β(1 − ρ)]wh,

S = [1 − bw − σ−1/(1 + φ)]/[1 − β(1 − ρ)(1 − s)]wh

✇❤❡r❡ σ = εw/(εw −1+δ) = 1/[1− (1−α)(1−δ)] ❛♥❞ δ = [(1−η)/η]S/J ✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥

❜❡ s♦❧✈❡❞ ❢♦r δ✳ ❉❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ ❤♦✉rs ✇♦r❦❡❞ ♣❡r ✇♦r❦❡r α < 1 ✐s ❛ss✉♠❡❞ s♦ t❤❛t

✶✵



✜r♠s ❡❛r♥ ♣♦s✐t✐✈❡ ♣r♦✜t ♣❡r✐♦❞✲❜②✲♣❡r✐♦❞ J > 0 ❛♥❞ εw = −h′(w)w/h(w) = 1/(1 − α) < ∞✳

●✐✈❡♥ st❡❛❞② st❛t❡ ❥♦❜ ✜❧❧✐♥❣ r❛t❡ q✱ st❡❛❞② st❛t❡ ✈❛❝❛♥❝② ❝♦st ✐s cv = qJ ✳

✶✶



❋✐❣✉r❡ ✶✿ ▲❛❜♦r ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✳ݓ

௧ݓ = ௧݈݉
ℎ = ℎ∗ ℎ

∗ݓ

ℎୖ

ୖݓ
௧ݓ = ݓ௧ݏݎ௧݉ߪ

(Gap) ܧ
ଵܧ →ߟ 1

◆♦t❡s✿ ❊❇ ❞❡♥♦t❡s ❛❧❧♦❝❛t✐♦♥ ✐♥ ❡✣❝✐❡♥t ◆❛s❤ ❜❛r❣❛✐♥✐♥❣✳ ❘❚▼ ❞❡♥♦t❡s ❛❧❧♦❝❛t✐♦♥ ✐♥ r✐❣❤t✲t♦✲♠❛♥❛❣❡

❜❛r❣❛✐♥✐♥❣✳ ✯ ❞❡♥♦t❡s ❛❧❧♦❝❛t✐♦♥ ❛t t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠✳

✶✷



❋✐❣✉r❡ ✷✿ ❙t❡❛❞② st❛t❡ r❡❧❛t✐♦♥s❤✐♣✳
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◆♦t❡s✿ ❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ♦t❤❡r t❤❛♥ η ❛r❡ ✜①❡❞ ❛t β = 0.998✱ ρ = 0.03✱ α = 0.95✱ φ = 2✱ bw = 0.4✱

❛♥❞ ξ = 0.5✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ♣❡r✐♦❞ ✐s ❛ ♠♦♥t❤✱ ❛♥❞ ♣❛r❛♠❡t❡rs ❛r❡ ❝❤♦s❡♥ t♦ ♠❛t❝❤ st❡❛❞② st❛t❡

✉♥❡♠♣❧♦②♠❡♥t r❛t❡ ❛❢t❡r ♠❛t❝❤✐♥❣ 1 − n = 0.06 ❛♥❞ ❥♦❜ ✜♥❞✐♥❣ r❛t❡ q = 0.3306 ✐♥ t❤❡ ❯✳❙✳ ❧❛❜♦r

♠❛r❦❡t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s s = 0.2126 ❛♥❞ cv = 0.047y✳

✶✸
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