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❱❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢

ǫ✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s ❢♦r ❝♦♥tr♦❧ ♦❢ ❛❜str❛❝t

❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s
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▼❛② ✶✻✱ ✷✵✵✼

❆❜str❛❝t

❲❡ st✉❞② s❡✈❡r❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦

♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ ❛❜str❛❝t ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❛ ❝❧❛ss ♦❢ s❡♠✐✲

❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥❞ ♣r♦✈❡ ❛ ✈❡r✐✜❝❛t✐♦♥

t❤❡♦r❡♠ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧✐t②✳ ▼♦r❡♦✈❡r ✇❡

♣r♦✈❡ s✉❜✲ ❛♥❞ s✉♣❡r♦♣t✐♠❛❧✐t② ♣r✐♥❝✐♣❧❡s ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞

❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ ǫ✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s✳

❑❡② ✇♦r❞s✿ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ P❉❊✱ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠✱ ❞②♥❛♠✐❝ ♣r♦✲

❣r❛♠♠✐♥❣✱ ǫ✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s✱ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥s✳
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✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥✈❡st✐❣❛t❡ s❡✈❡r❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣✲
♣r♦❛❝❤ t♦ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ ❛❜str❛❝t ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✳ ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐s

{

ẋ(t) = Ax(t) + b(t, x(t), u(t)),
x(0) = x,

✭✶✮

∗❉P❚❊❆✱ ❯♥✐✈❡rs✐tà ▲❯■❙❙ ✲ ●✉✐❞♦ ❈❛r❧✐ ❘♦♠❛ ❛♥❞ ❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐s✲
t✐❝s✱ ❯◆❙❲✱ ❙②❞♥❡② ❡✲♠❛✐❧✿ ❣❢❛❜❜r✐❅❧✉✐ss✳✐t✱ ●✳❋❛❜❜r✐ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❆❘❈ ❉✐s❝♦✈❡r②
♣r♦❥❡❝t ❉P✵✺✺✽✺✸✾✳

†❉✐♣❛rt✐♠❡♥t♦ ❞✐ ❙❝✐❡♥③❡ ❊❝♦♥♦♠✐❝❤❡ ❡❞ ❆③✐❡♥❞❛❧✐✱ ❯♥✐✈❡rs✐tà ▲❯■❙❙ ✲ ●✉✐❞♦ ❈❛r❧✐ ❘♦♠❛✱
❡✲♠❛✐❧✿ ❢❣♦③③✐❅❧✉✐ss✳✐t

‡❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ●❡♦r❣✐❛ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ❆t❧❛♥t❛✱ ●❆ ✸✵✸✸✷✱ ❯✳❙✳❆✳✱ ❡✲
♠❛✐❧✿ s✇✐❡❝❤❅♠❛t❤✳❣❛t❡❝❤✳❡❞✉✳ ❆✳ ➅✇✐☛❡❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② ◆❙❋ ❣r❛♥t ❉▼❙ ✵✺✵✵✷✼✵✳

✶



A ✐s ❛ ❧✐♥❡❛r✱ ❞❡♥s❡❧② ❞❡✜♥❡❞ ♠❛①✐♠❛❧ ❞✐ss✐♣❛t✐✈❡ ♦♣❡r❛t♦r ✐♥ ❛ r❡❛❧ s❡♣❛r❛❜❧❡
❍✐❧❜❡rt s♣❛❝❡ H✱ ❛♥❞ ✇❡ ✇❛♥t t♦ ♠✐♥✐♠✐③❡ ❛ ❝♦st ❢✉♥❝t✐♦♥❛❧

J(x;u(·)) =

∫ T

0

L(t, x(t), u(t))dt+ h(x(T )) ✭✷✮

♦✈❡r ❛❧❧ ❝♦♥tr♦❧s

u(·) ∈ U [0, T ] = {u : [0, T ] → U : u ✐s ♠❡❛s✉r❛❜❧❡},

✇❤❡r❡ U ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✳
❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ st✉❞✐❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦ ❝❛❧❧❡❞

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠✱ ✐❞❡♥t✐✜❡s ✐t ❛s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣
♣r✐♥❝✐♣❧❡✱ ❛♥❞ t❤❡♥ tr✐❡s t♦ ✉s❡ t❤✐s P❉❊ t♦ ❝♦♥str✉❝t ♦♣t✐♠❛❧ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧s✱
♦❜t❛✐♥ ❝♦♥❞✐t✐♦♥s ❢♦r ♦♣t✐♠❛❧✐t②✱ ❞♦ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✱ ❡t❝✳✳ ❚❤❡r❡ ❡①✐sts
❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ s✉❜❥❡❝t ❢♦r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥s ❛r❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡
t❤❡ ❜♦♦❦s ❬✶✷✱ ✷✻✱ ✸✻✱ ✸✼✱ ✹✼✱ ✺✺✱ ✺✻❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤❡ s✐t✉❛t✐♦♥
✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❢♦r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✭P❉❊✮ ♦r ❛❜str❛❝t ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥s ❛r❡ ✐♥✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧✱ ♥❡✈❡rt❤❡❧❡ss t❤❡r❡ ✐s ❜② ♥♦✇ ❛ ❧❛r❣❡ ❜♦❞② ♦❢ r❡s✉❧ts ♦♥ s✉❝❤ ❍❏❇
❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✭❬✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽✱ ✾✱ ✶✵✱ ✶✶✱
✶✺✱ ✶✻✱ ✶✼✱ ✶✽✱ ✶✾✱ ✷✵✱ ✷✶✱ ✷✷✱ ✷✸✱ ✷✹✱ ✷✽✱ ✷✾✱ ✸✵✱ ✸✶✱ ✸✷✱ ✸✽✱ ✹✶✱ ✹✺✱ ✹✻✱ ✺✵✱ ✺✶✱ ✺✸✱ ✺✹❪
❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ◆✉♠❡r♦✉s ♥♦t✐♦♥s ♦❢ s♦❧✉t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥
t❤❡s❡ ✇♦r❦s✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛r❡ ♣r♦✈❡❞ t♦ ❜❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥s✱ ❛♥❞ ✈❛r✐♦✉s ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠s ❛♥❞ r❡s✉❧ts ♦♥ ❡①✲
✐st❡♥❝❡ ❛♥❞ ❡①♣❧✐❝✐t ❢♦r♠s ♦❢ ♦♣t✐♠❛❧ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧s ✐♥ ♣❛rt✐❝✉❧❛r ❝❛s❡s ❛r❡
❡st❛❜❧✐s❤❡❞✳ ❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ ♦❢ t❤❡s❡ r❡s✉❧ts✱ s♦ ❢❛r t❤❡ ✉s❡ ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✐♥
✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s ❤❛s ❜❡❡♥ r❛t❤❡r ❧✐♠✐t❡❞✳ ■♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ st❛t❡
s♣❛❝❡✱ ✉♥❜♦✉♥❞❡❞♥❡ss ✐♥ t❤❡ ❡q✉❛t✐♦♥s✱ ❧❛❝❦ ♦❢ r❡❣✉❧❛r✐t② ♦❢ s♦❧✉t✐♦♥s✱ ❛♥❞ ♦❢t❡♥
❝♦♠♣❧✐❝❛t❡❞ ♥♦t✐♦♥s ♦❢ s♦❧✉t✐♦♥s r❡q✉✐r✐♥❣ t❤❡ ✉s❡ ♦❢ s♦♣❤✐st✐❝❛t❡❞ t❡st ❢✉♥❝t✐♦♥s
❛r❡ ♦♥❧② s♦♠❡ ♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s✳

❲❡ ✇✐❧❧ ❞✐s❝✉ss t✇♦ ❛s♣❡❝ts ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r ❛
❢❛✐r❧② ❣❡♥❡r❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✿ ❛ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ✇❤✐❝❤ ❣✐✈❡s ❛ s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧✐t②✱ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥str✉❝t✐♦♥ ♦❢ ǫ✲♦♣t✐♠❛❧ ❢❡❡❞❜❛❝❦
❝♦♥tr♦❧s✳

❚❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ✇❡ ♣r♦✈❡ ✐♥ t❤✐s ♣❛♣❡r ✐s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
✈❡rs✐♦♥ ♦❢ s✉❝❤ ❛ r❡s✉❧t ❢♦r ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ♦❜t❛✐♥❡❞ ✐♥ ❬✺✼❪✳ ■t ✐s
❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥s ✷✳✹✲✷✳✻✮✳ ❘❡❣❛r❞✐♥❣
♣r❡✈✐♦✉s r❡s✉❧t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✇❡ ♠❡♥t✐♦♥ ❬✷✶✱ ✷✷❪ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ✐♥ ❈❤❛♣t❡r
✻ ➓✺ ♦❢ ❬✹✻❪✱ ✐♥ ♣❛rt✐❝✉❧❛r ❚❤❡♦r❡♠ ✺✳✺ t❤❡r❡ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❬✷✶❪✳ ❲❡ ❜r✐❡✢②
❞✐s❝✉ss t❤✐s r❡s✉❧t ✐♥ ❘❡♠❛r❦ ✸✳✻✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ǫ✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s ✇❡ ♣r❡s❡♥t ❤❡r❡ ✐s ❛ ❢❛✐r❧② ❡①♣❧✐❝✐t
♣r♦❝❡❞✉r❡ ✇❤✐❝❤ r❡❧✐❡s ♦♥ t❤❡ ♣r♦♦❢ ♦❢ s✉♣❡r♦♣t✐♠❛❧✐t② ✐♥❡q✉❛❧✐t② ♦❢ ❞②♥❛♠✐❝

✷



♣r♦❣r❛♠♠✐♥❣ ❢♦r ✈✐s❝♦s✐t② s✉♣❡rs♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲
❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥✳ ■t ✐s ❛ ❞❡❧✐❝❛t❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ s✉❝❤ ❛ ♠❡t❤♦❞ ❢♦r t❤❡ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❢r♦♠ ❬✺✷❪✳ ❙✐♠✐❧❛r ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❬✷✺❪ t♦ ❝♦♥str✉❝t
st❛❜✐❧✐③✐♥❣ ❢❡❡❞❜❛❝❦s ❢♦r ♥♦♥❧✐♥❡❛r s②st❡♠s ❛♥❞ ❧❛t❡r ✐♥ ❬✹✷❪ ❢♦r st❛t❡ ❝♦♥str❛✐♥t
♣r♦❜❧❡♠s✳ ❚❤❡ ✐❞❡❛ ❤❡r❡ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜② ✐ts ❛♣♣r♦♣r✐✲
❛t❡ ✐♥❢✲❝♦♥✈♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ♠♦r❡ r❡❣✉❧❛r ❛♥❞ s❛t✐s✜❡s ❛ s❧✐❣❤t❧② ♣❡rt✉r❜❡❞ ❍❏❇
✐♥❡q✉❛❧✐t② ♣♦✐♥t✇✐s❡✳ ❖♥❡ ❝❛♥ t❤❡♥ ✉s❡ t❤✐s ✐♥❡q✉❛❧✐t② t♦ ❝♦♥str✉❝t ǫ✲♦♣t✐♠❛❧
♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❝♦♥tr♦❧s✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐♥ ❢❛❝t ❣✐✈❡s t❤❡ s✉♣❡r♦♣t✐♠❛❧✲
✐t② ✐♥❡q✉❛❧✐t② ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ t❤❡ s✉❜♦♣t✐♠❛❧✐t② ✐♥❡q✉❛❧✐t② ❝❛♥
❜❡ ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳ ❚❤❡r❡ ❛r❡ ♦t❤❡r ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤❡s t♦ ❝♦♥str✉❝t✐♦♥ ♦❢ ǫ✲
♦♣t✐♠❛❧ ❝♦♥tr♦❧s✳ ❋♦r ✐♥st❛♥❝❡ ✉♥❞❡r ❝♦♠♣❛❝t♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♦♣❡r❛t♦r
B ✭s❡❡ ❙❡❝t✐♦♥ ✹✮ ♦♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜② s♦❧✉t✐♦♥s ♦❢ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❍❏❇ ❡q✉❛t✐♦♥s ✇✐t❤ t❤❡ ♦♣❡r❛t♦r A r❡♣❧❛❝❡❞ ❜② s♦♠❡ ✜♥✐t❡ ❞✐♠❡♥✲
s✐♦♥❛❧ ♦♣❡r❛t♦rs An ✭s❡❡ ❬✷✽❪✮ ❛♥❞ t❤❡♥ ✉s❡ r❡s✉❧ts ♦❢ ❬✺✷❪ ❞✐r❡❝t❧② t♦ ❝♦♥str✉❝t
♥❡❛r ♦♣t✐♠❛❧ ❝♦♥tr♦❧s✳ ❖t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❛r❡ ❛❧s♦ ♣♦ss✐❜❧❡✳ ❚❤❡
♠❡t❤♦❞ ✇❡ ♣r❡s❡♥t ✐♥ t❤✐s ♣❛♣❡r s❡❡♠s t♦ ❤❛✈❡ s♦♠❡ ❛❞✈❛♥t❛❣❡s✿ ✐t ✉s❡s ♦♥❧②
♦♥❡ ❧❛②❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✐t ✐s ✈❡r② ❡①♣❧✐❝✐t ❛♥❞ t❤❡ ❡rr♦rs ✐♥ ♠❛♥② ❝❛s❡s ❝❛♥
❜❡ ♠❛❞❡ ♣r❡❝✐s❡✱ ❛♥❞ ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ♦♣❡r❛t♦r B✳
■t ❞♦❡s ❤♦✇❡✈❡r r❡q✉✐r❡ s♦♠❡ ✇❡❛❦ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ✉♥✐❢♦r♠
❝♦♥t✐♥✉✐t② ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s✱ ✉♥✐❢♦r♠❧② ✐♥ u(·)✳ ❋✐♥❛❧❧② ✇❡ ♠❡♥t✐♦♥ t❤❛t t❤❡
s✉❜✲ ❛♥❞ s✉♣❡r♦♣t✐♠❛❧✐t② ✐♥❡q✉❛❧✐t✐❡s ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛r❡ ✐♥t❡r❡st✐♥❣
♦♥ t❤❡✐r ♦✇♥✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❉❡✜♥✐t✐♦♥s ❛♥❞ t❤❡ ♣r❡❧✐♠✐♥❛r② ♠❛t❡r✐❛❧
✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ❛♥❞ ❛♥
❡①❛♠♣❧❡ ✇❤❡r❡ ✐t ❛♣♣❧✐❡s ✐♥ ❛ ♥♦♥s♠♦♦t❤ ❝❛s❡✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ♣r♦✈❡ s✉❜✲ ❛♥❞
s✉♣❡r♦♣t✐♠❛❧✐t② ♣r✐♥❝✐♣❧❡s ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ s❤♦✇ ❤♦✇ t♦ ❝♦♥str✉❝t
ǫ✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s✳

✷ ◆♦t❛t✐♦♥✱ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛❝❦❣r♦✉♥❞

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r H ✐s ❛ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡
✐♥♥❡r ♣r♦❞✉❝t 〈·, ·〉 ❛♥❞ t❤❡ ♥♦r♠ ‖ · ‖✳ ❲❡ r❡❝❛❧❧ t❤❛t A ✐s ❛ ❧✐♥❡❛r✱ ❞❡♥s❡❧②
❞❡✜♥❡❞ ♦♣❡r❛t♦r s✉❝❤ t❤❛t −A ✐s ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡✱ ✐✳❡✳ A ❣❡♥❡r❛t❡s ❛ C0

s❡♠✐❣r♦✉♣ ♦❢ ❝♦♥tr❛❝t✐♦♥s esA✱ ✐✳❡✳

‖esA‖ ≤ 1 ❢♦r ❛❧❧ s ≥ 0 ✭✸✮

❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ b ❛♥❞ L✳

❍②♣♦t❤❡s✐s ✷✳✶✳

b : [0, T ] ×H× U → H ✐s ❝♦♥t✐♥✉♦✉s

❛♥❞ t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t M > 0 ❛♥❞ ❛ ❧♦❝❛❧ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ω(·, ·) s✉❝❤
t❤❛t

‖b(t, x, u) − b(s, y, u)‖ ≤M‖x− y‖ + ω(|t− s|, ‖x‖ ∨ ‖y‖)
❢♦r ❛❧❧ t, s ∈ [0, T ], u ∈ U x, y ∈ H

‖b(t, 0, u)‖ ≤M ❢♦r ❛❧❧ (t, u) ∈ [0, T ] × U

✸



❍②♣♦t❤❡s✐s ✷✳✷✳

L : [0, T ] ×H× U → R and h : H → R ❛r❡ ❝♦♥t✐♥✉♦✉s

❛♥❞ t❤❡r❡ ❡①✐st M > 0 ❛♥❞ ❛ ❧♦❝❛❧ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ω(·, ·) s✉❝❤ t❤❛t

|L(t, x, u) − L(s, y, u)|, |h(x) − h(y)| ≤ ω(‖x− y‖ + |t− s|, ‖x‖ ∨ ‖y‖)
❢♦r ❛❧❧ t, s ∈ [0, T ], u ∈ U x, y ∈ H

|L(t, 0, u)|, |h(0)| ≤M ❢♦r ❛❧❧ (t, u) ∈ [0, T ] × U

❘❡♠❛r❦ ✷✳✸✳ ◆♦t✐❝❡ t❤❛t ✐❢ ✇❡ r❡♣❧❛❝❡ A ❛♥❞ b ❜② Ã = A − ωI ❛♥❞ b(t, x, u)
✇✐t❤ b̃(t, x, u) = b(t, x, u)+ωx t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ✇♦✉❧❞ ❝♦✈❡r ❛ ♠♦r❡ ❣❡♥❡r❛❧
❝❛s❡

‖esA‖ ≤ eωs ❢♦r ❛❧❧ s ≥ 0 ✭✹✮

❢♦r s♦♠❡ ω ≥ 0✳ ❍♦✇❡✈❡r s✉❝❤ b̃ ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❙❡❝t✐♦♥
✹ ❛♥❞ ♠❛② ♥♦t s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♥❡❡❞❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥ ❢♦r ❡q✉❛t✐♦♥ ✭✽✮✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❜② ♠❛❦✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ṽ(t, x) = v(t, eωtx) ✐♥ ❡q✉❛t✐♦♥
✭✽✮ ✭s❡❡ ❬✷✽❪✱ ♣❛❣❡ ✷✼✺✮ ✇❡ ❝❛♥ ❛❧✇❛②s r❡❞✉❝❡ t❤❡ ❝❛s❡ ✭✹✮ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ A
s❛t✐s✜❡s ✭✸✮✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✇❡ ❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② ♦❢ ♣r♦❜✲
❧❡♠s ❢♦r ❡✈❡r② t ∈ [0, T ], y ∈ H

{

ẋt,x(s) = Axt,x(s) + b(s, xt,x(s), u(s))
xt,x(t) = x

✭✺✮

❲❡ ✇✐❧❧ ✇r✐t❡ x(·) ❢♦r xt,x(·) ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥❢✉s✐♦♥✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

J(t, x;u(·)) =

∫ T

t

L(s, x(s), u(s))dt+ h(x(T )), ✭✻✮

✇❤❡r❡ u(·) ✐s ✐♥ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s

U [t, T ] = {u : [t, T ] → U : u ✐s ♠❡❛s✉r❛❜❧❡}.

❚❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V : [0, T ] ×H → R ✐s ❞❡✜♥❡❞ ❜②

V (t, x) = inf
u(·)∈U [t,T ]

J(t, x;u(·)). ✭✼✮

❚❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥ r❡❧❛t❡❞ t♦ s✉❝❤ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
♣r♦❜❧❡♠s ✐s

{

vt(t, x) + 〈Dv(t, x), Ax〉 +H(t, x,Dv(t, x)) = 0
v(T, x) = h(x),

✭✽✮

✇❤❡r❡
{

H : [0, T ] ×H×H → R,
H(t, x, p) = infu∈U (〈p, b(t, x, u)〉 + L(t, x, u))

✹



❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❍❏❇ ❡q✉❛t✐♦♥ ✐s ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ✈✐s❝♦s✐t② s❡♥s❡
♦❢ ❈r❛♥❞❛❧❧ ❛♥❞ ▲✐♦♥s ❬✷✽✱ ✷✾❪ ✇❤✐❝❤ ✐s s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ❤❡r❡✳ ❲❡ ❝♦♥s✐❞❡r t✇♦
s❡ts ♦❢ t❡sts ❢✉♥❝t✐♦♥s✿

test1 = {ϕ ∈ C1((0, T ) ×H) : ϕ ✐s ✇❡❛❦❧② s❡q✉❡♥t✐❛❧❧② ❧♦✇❡r
s❡♠✐❝♦♥t✐♥✉♦✉s ❛♥❞ A∗Dϕ ∈ C((0, T ) ×H)}

❛♥❞

test2 = {g ∈ C1((0, T ) ×H) : ∃g0, : [0,+∞) → [0,+∞),
and η ∈ C1((0, T )) ♣♦s✐t✐✈❡ s.t.
g0 ∈ C1([0,+∞)), g′0(r) ≥ 0 ∀r ≥ 0,
g′0(0) = 0 and g(t, x) = η(t)g0(‖x‖)
∀(t, x) ∈ (0, T ) ×H}

❲❡ ✉s❡ t❡st✷ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ❛ ❧✐tt❧❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ ❬✷✽❪✳ ❚❤❡
❡①tr❛ t❡r♠ η(·) ✐♥ t❡st✷ ❢✉♥❝t✐♦♥s ✐s ❛❞❞❡❞ t♦ ❞❡❛❧ ✇✐t❤ ✉♥❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s✳
❲❡ r❡❝❛❧❧ t❤❛t Dϕ ❛♥❞ Dg st❛♥❞ ❢♦r t❤❡ ❋r❡❝❤❡t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❆ ❢✉♥❝t✐♦♥ v ∈ C((0, T ] × H) ✐s ❛ ✭✈✐s❝♦s✐t②✮ s✉❜s♦❧✉t✐♦♥ ♦❢
t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ ✐❢

v(T, x) ≤ h(x) for all x ∈ H

❛♥❞ ✇❤❡♥❡✈❡r v−ϕ− g ❤❛s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❛t (t̄, x̄) ∈ [0, T )×H ❢♦r ϕ ∈ test1
❛♥❞ g ∈ test2✱ ✇❡ ❤❛✈❡

ϕt(t̄, x̄) + gt(t̄, x̄) + 〈A∗Dϕ(t̄, x̄), x̄〉 +H(t̄, x̄, Dϕ(t̄, x̄) +Dg(t̄, x̄)) ≥ 0. ✭✾✮

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❆ ❢✉♥❝t✐♦♥ v ∈ C((0, T ] ×H) ✐s ❛ ✭✈✐s❝♦s✐t②✮ s✉♣❡rs♦❧✉t✐♦♥ ♦❢
t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ ✐❢

v(T, x) ≥ h(x) for all x ∈ H

❛♥❞ ✇❤❡♥❡✈❡r v+ϕ+ g ❤❛s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛t (t̄, x̄) ∈ [0, T )×H ❢♦r ϕ ∈ test1
❛♥❞ g ∈ test2✱ ✇❡ ❤❛✈❡

−ϕt(t̄, x̄)− gt(t̄, x̄)− 〈A∗Dϕ(t̄, x̄), x̄〉+H(t̄, x̄,−Dϕ(t̄, x̄)−Dg(t̄, x̄)) ≤ 0. ✭✶✵✮

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❆ ❢✉♥❝t✐♦♥ v ∈ C((0, T ] × H) ✐s ❛ ✭✈✐s❝♦s✐t②✮ s♦❧✉t✐♦♥ ♦❢ t❤❡
❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ ✐❢ ✐t ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛ s✉❜s♦❧✉t✐♦♥ ❛♥❞ ❛ s✉♣❡rs♦❧✉t✐♦♥✳

❲❡ ✇✐❧❧ ❜❡ ❛❧s♦ ✉s✐♥❣ ✈✐s❝♦s✐t② s✉❜✲ ❛♥❞ s✉♣❡rs♦❧✉t✐♦♥s ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡
♥♦ t❡r♠✐♥❛❧ ✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ✐♥ ✭✽✮✳ ❲❡ ✇✐❧❧ t❤❡♥ ❝❛❧❧ ❛ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥
✭r❡s♣❡❝t✐✈❡❧②✱ s✉♣❡rs♦❧✉t✐♦♥✮ s✐♠♣❧② ❛ ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s ✭✾✮ ✭r❡s♣❡❝t✐✈❡❧②✱
✭✶✵✮✮✳

✺



▲❡♠♠❛ ✷✳✼✳ ▲❡t ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷ ❤♦❧❞✳ ▲❡t φ ∈ test1 ❛♥❞ (t, x) ∈
(0, T ) ×H✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ✉♥✐❢♦r♠❧② ✐♥ u(·) ∈ U [t, T ]✿

lim
s↓t

(

1

s− t
(ϕ(s, xt,x(s)) − ϕ(t, x)) − ϕt(t, x) − 〈A∗Dϕ(t, x), x〉

− 1

s− t

∫ s

t

〈Dϕ(t, x), b(t, x, u(r))〉dr

)

= 0 ✭✶✶✮

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ ❢♦r s− t s✉✣❝✐❡♥t❧② s♠❛❧❧

ϕ(s, xt,x(s)) − ϕ(t, x) =

∫ s

t

ϕt(r, xt,x(r)) + 〈A∗Dϕ(r, xt,x(r)), xt,x(r)〉

+ 〈Dϕ(r, xt,x(r)), b(r, xt,x(r), u(r))〉dr ✭✶✷✮

Pr♦♦❢✳ ❙❡❡ ❬✹✻❪ ▲❡♠♠❛ ✸✳✸ ♣❛❣❡ ✷✹✵ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✺ ♣❛❣❡ ✻✼✳

▲❡♠♠❛ ✷✳✽✳ ▲❡t ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷ ❤♦❧❞✳ ▲❡t g ∈ test2 ❛♥❞ (t, x) ∈
(0, T ) ×H✳ ❚❤❡♥ ❢♦r s− t→ 0+

1

s− t
(g(s, xt,x(s)) − g(t, x)) ≤ gt(t, x)

+
1

s− t

∫ s

t

〈Dg(t, x), b(t, x, u(r))〉dr + o(1) ✭✶✸✮

✇❤❡r❡ o(1) ✐s ✉♥✐❢♦r♠ ✐♥ u(·) ∈ U [t, T ]

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ✇❤❡♥ x 6= 0 ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ t❤✐s ❝❛s❡
✭s❡❡ ❬✹✻❪ ♣❛❣❡ ✷✹✶✱ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮✮✱

‖xt,x(s)‖ ≤ ‖x‖ +

∫ s

t

〈

x

‖x‖ , b(t, x, u(r))
〉

dr + o(s− t)

❙♦ ✇❡ ❤❛✈❡

g(s, xt,x(s)) − g(t, x) = η(s)g0(‖xt,x(s)‖) − η(t)g0(‖x‖)

≤ η(s)g0

(

‖x‖ +

∫ s

t

〈

x

‖x‖ , b(t, x, u(r))
〉

dr + o(s− t)

)

− η(t)g0(‖x‖)

≤ η′(t)g0(‖x‖)(s− t) + η(t)g′0(‖x‖)
(
∫ s

t

〈

x

‖x‖ , b(t, x, u(r))
〉

dr

)

+ o(s− t)

= gt(t, x)(s− t) +

∫ s

t

〈Dg(t, x), b(t, x, u(r))〉dr + o(s− t) ✭✶✹✮

✇❤❡r❡ o(s− t) ✐s ✉♥✐❢♦r♠ ✐♥ u(·)✳ ❲❤❡♥ x = 0✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t g′0(0) = 0✱ ✇❡
❣❡t

g(s, xt,x(s)) − g(t, x) = gt(t, x)(s− t) + o(s− t+ ‖xt,x(s)‖)
❛♥❞ ✭✶✸✮ ❢♦❧❧♦✇s ✉♣♦♥ ♥♦t✐❝✐♥❣ t❤❛t ‖xt,x(s)‖ ≤ C(s−t) ❢♦r s♦♠❡ C ✐♥❞❡♣❡♥❞❡♥t
♦❢ u(·) ∈ U [t, T ]✳

✻



❚❤❡♦r❡♠ ✷✳✾✳ ▲❡t ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷ ❤♦❧❞✳ ❚❤❡♥ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V
✭❞❡✜♥❡❞ ✐♥ ✭✼✮✮ ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s q✉✐t❡ st❛♥❞❛r❞ ❛♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ s♠❛❧❧ ❝❤❛♥❣❡s
✭❞✉❡ t♦ t❤❡ s♠❛❧❧ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❡st✷ ❢✉♥❝t✐♦♥s✮ ❢r♦♠ ❚❤❡♦r❡♠
✷✳✷✱ ♣❛❣❡ ✷✷✾ ♦❢ ❬✹✻❪ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✱ ♣❛❣❡ ✷✹✵ ♦❢ ❬✹✻❪ ✭♦r ❢r♦♠
❬✷✾❪✮✳

❲❡ ✇✐❧❧ ♥❡❡❞ ❛ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠✳
❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ✈❡rs✐♦♥s ♦❢ s✉❝❤ r❡s✉❧ts ❢♦r ❡q✉❛t✐♦♥ ✭✽✮ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t✲
❡r❛t✉r❡✱ s❡✈❡r❛❧ s✉✣❝✐❡♥t s❡ts ♦❢ ❤②♣♦t❤❡s❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✽✱ ✷✾❪✳ ❙✐♥❝❡ ✇❡
❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ✐ts❡❧❢ ✇❡ ❝❤♦♦s❡ t♦ ❛ss✉♠❡ ❛ ❢♦r♠ ♦❢
❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❛s ❛ ❤②♣♦t❤❡s✐s✳

❍②♣♦t❤❡s✐s ✷✳✶✵✳ ❚❤❡r❡ ❡①✐sts ❛ s❡t G ⊆ C([0, T ] ×H) s✉❝❤ t❤❛t✿

✭✐✮ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✐s ✐♥ G❀

✭✐✐✮ ✐❢ v1, v2 ∈ G✱ v1 ✐s ❛ s✉❜s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ ❛♥❞ v2 ✐s ❛
s✉♣❡rs♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ t❤❡♥ v1 ≤ v2✳

◆♦t❡ t❤❛t ❢r♦♠ (i) ❛♥❞ (ii) ✇❡ ❦♥♦✇ t❤❛t V ✐s t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇
❡q✉❛t✐♦♥ ✭✽✮ ✐♥ G✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺✻❪✱ ♣❛❣❡ ✷✼✵✳

▲❡♠♠❛ ✷✳✶✶✳ ▲❡t g ∈ C([0, T ]; R)✳ ❲❡ ❡①t❡♥❞ g t♦ ❛ ❢✉♥❝t✐♦♥ ✭st✐❧❧ ❞❡♥♦t❡❞
❜② g✮ ♦♥ (−∞,+∞) ❜② s❡tt✐♥❣ g(t) = g(T ) ❢♦r t > T ❛♥❞ g(t) = g(0) ❢♦r t < 0✳
❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ρ ∈ L1(0, T ; R) s✉❝❤ t❤❛t

lim sup
h→0+

g(t+ h) − g(t)

h
≤ ρ(t) a.e. t ∈ [0, T ].

❚❤❡♥

g(β) − g(α) ≤
∫ β

α

lim sup
h→0+

g(t+ h) − g(t)

h
dt ∀ 0 ≤ α ≤ β ≤ T.

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② BR t❤❡ ♦♣❡♥ ❜❛❧❧ ♦❢ r❛❞✐✉s R ❝❡♥t❡r❡❞ ❛t 0 ✐♥ H✳

✸ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠

❲❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ s❡t r❡❧❛t❡❞ t♦ ❛ s✉❜s❡t ♦❢ t❤❡ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛ ❢✉♥❝t✐♦♥
✐♥ C((0, T ) × H)✳ ■ts ❞❡✜♥✐t✐♦♥ ✐s s✉❣❣❡st❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s✉❜✴s✉♣❡r
s♦❧✉t✐♦♥✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ D1,+v(t, x) ♦❢ v ∈ C((0, T )×H) ❛t
(t, x) ✐s ❣✐✈❡♥ ❜② t❤❡ ♣❛✐rs (q, p) ∈ R×H s✉❝❤ t❤❛t v(s, y)−v(t, x)−〈p, y − x〉−
q(s − t) ≤ o(‖x − y‖ + |t − s|)✱ ❛♥❞ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ D1,−v(t, x) ❛t (t, x) ✐s
t❤❡ s❡t ♦❢ ❛❧❧ (q, p) ∈ R ×H s✉❝❤ t❤❛t v(s, y) − v(t, x) − 〈p, y − x〉 − q(s− t) ≥
o(‖x− y‖ + |t− s|)✳

✼



❉❡✜♥✐t✐♦♥ ✸✳✶✳ ●✐✈❡♥ v ∈ C((0, T ) × H) ❛♥❞ (t, x) ∈ (0, T ) × H ✇❡ ❞❡✜♥❡
E1,+v(t, x) ❛s

E1,+v(t, x) = {(q, p1, p2) ∈ R ×D(A∗) ×H : ∃ϕ ∈ test1, g ∈ test2 s.t.
v − ϕ− g ❛tt❛✐♥s ❛ ❧♦❝❛❧
♠❛①✐♠✉♠ ❛t (t, x),
∂t(ϕ+ g)(t, x) = q,
Dϕ(t, x) = p1, Dg(t, x) = p2

and v(t, x) = ϕ(t, x) + g(t, x)}
❘❡♠❛r❦ ✸✳✷✳ ■❢ ✇❡ ❞❡✜♥❡

E1,+
1 v(t, x) = {(q, p) ∈ R ×H : p = p1 + p2 with (q, p1, p2) ∈ E1,+v(t, x)}

t❤❡♥ E1,+
1 v(t, x) ⊆ D1,+v(t, x) ❛♥❞ ✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✇❡ ❤❛✈❡

E1,+
1 v(t, x) = D1,+v(t, x)✳ ❍❡r❡ ✇❡ ❤❛✈❡ t♦ ✉s❡ E1,+v(t, x) ✐♥st❡❛❞ ♦❢ E1,+

1 v(t, x)
❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t r♦❧❡s ♦❢ g ❛♥❞ ϕ✳ ■t ✐s ♥♦t ❝❧❡❛r ✐❢ t❤❡ s❡ts E1,+v(t, x) ❛♥❞
E1,+

1 v(t, x) ❛r❡ ❝♦♥✈❡①✳ ❍♦✇❡✈❡r ✐❢ ✇❡ t♦♦❦ ✜♥✐t❡ s✉♠s ♦❢ ❢✉♥❝t✐♦♥s η(t)g0(‖x‖)
❛s test2 ❢✉♥❝t✐♦♥s t❤❡♥ t❤❡② ✇♦✉❧❞ ❜❡ ❝♦♥✈❡①✳ ❆❧❧ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛r❡ ✉♥✲
❝❤❛♥❣❡❞ ✐❢ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✇✐t❤ t❤✐s ❡♥❧❛r❣❡❞ ❝❧❛ss ♦❢
test2 ❢✉♥❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❆ tr❛❥❡❝t♦r②✲str❛t❡❣② ♣❛✐r (x(·), u(·)) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛♥ ❛❞♠✐ss✐✲
❜❧❡ ❝♦✉♣❧❡ ❢♦r (t, x) ✐❢ u ∈ U [t, T ] ❛♥❞ x(·) ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ ♦❢ t❤❡
st❛t❡ ❡q✉❛t✐♦♥ ✭✺✮✳

❆ tr❛❥❡❝t♦r②✲str❛t❡❣② ♣❛✐r (x∗(·), u∗(·)) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛♥ ♦♣t✐♠❛❧ ❝♦✉♣❧❡ ❢♦r
(t, x) ✐❢ ✐t ✐s ❛❞♠✐ss✐❜❧❡ ❢♦r (t, x) ❛♥❞ ✐❢ ✇❡ ❤❛✈❡

−∞ < J(t, x;u∗(·)) ≤ J(t, x;u(·))
❢♦r ❡✈❡r② ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ u(·) ∈ U [t, T ]✳

❲❡ ❝❛♥ ♥♦✇ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✹✳ ▲❡t ❍②♣♦t❤❡s❡s ✷✳✶✱ ✷✳✷ ❛♥❞ ✷✳✶✵ ❤♦❧❞✳ ▲❡t v ∈ G ❜❡ ❛ s✉❜s♦❧✉✲
t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ s✉❝❤ t❤❛t

v(T, x) = h(x) for all x in H. ✭✶✺✮

✭❛✮ ❲❡ ❤❛✈❡ v(t, x) ≤ V (t, x) ≤ J(t, x, u(·)) ∀(t, x) ∈ (0, T ] × H, u(·) ∈
U [t, T ]✳

✭❜✮ ▲❡t (t, x) ∈ (0, T ) × H ❛♥❞ ❧❡t (xt,x(·), u(·)) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦✉♣❧❡
❛t (t, x)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st q ∈ L1(t, T ; R)✱ p1 ∈ L1(t, T ;D(A∗)) ❛♥❞
p2 ∈ L1(t, T ;H) s✉❝❤ t❤❛t

(q(s), p1(s), p2(s)) ∈ E1,+v(s, xt,x(s)) ❢♦r ❛❧♠♦st ❛❧❧ s ∈ (t, T ) ✭✶✻✮

❛♥❞ t❤❛t
∫ T

t

(〈p1(s) + p2(s), b(s, xt,x(s), u(s))〉 + q(s) + 〈A∗p1(s), xt,x(s)〉)dt

≤
∫ T

t

−L(s, xt,x(s), u(s))ds. ✭✶✼✮

✽



❚❤❡♥ (xt,x(·), u(·)) ✐s ❛♥ ♦♣t✐♠❛❧ ❝♦✉♣❧❡ ❛t (t, x) ❛♥❞ v(t, x) = V (t, x)✳ ▼♦r❡♦✈❡r
✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ✐♥ ✭✶✼✮✳

❘❡♠❛r❦ ✸✳✺✳ ■t ✐s t❡♠♣t✐♥❣ t♦ tr② t♦ ♣r♦✈❡✱ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❚❤❡♦r❡♠ ✸✳✾✱
♣✳✷✹✸ ♦❢ ❬✺✻❪✱ t❤❛t ❛ ❝♦♥❞✐t✐♦♥ ❧✐❦❡ ✭✶✼✮ ❝❛♥ ❛❧s♦ ❜❡ ♥❡❝❡ss❛r② ✐❢ v ✐s ❛ ✈✐s❝♦s✐t②
s♦❧✉t✐♦♥ ✭♦r ♠❛②❜❡ s✐♠♣❧② ❛ s✉♣❡rs♦❧✉t✐♦♥✮✳ ❍♦✇❡✈❡r t❤✐s ✐s ♥♦t ❛♥ ❡❛s② t❛s❦✿
t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s t❤❛t E1,+ ❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s ♦❜❥❡❝t E1,− ❛r❡ ❢✉♥❞❛♠❡♥t❛❧❧②
❞✐✛❡r❡♥t s♦ ❛ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛ r❡s✉❧t ❧✐❦❡ ❚❤❡♦r❡♠ ✸✳✾✱ ♣✳✷✹✸ ♦❢ ❬✺✻❪
❞♦❡s ♥♦t s❡❡♠ ♣♦ss✐❜❧❡✳ ▼♦r❡♦✈❡r ♦✉r ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ❤❛s s♦♠❡ ❞r❛✇❜❛❝❦s✳
❈♦♥❞✐t✐♦♥ ✭✶✼✮ ✐♠♣❧✐❝✐t❧② ✐♠♣❧✐❡s t❤❛t < p2(r), Axt,x(r) >= 0 ❛✳❡✳ ✐❢ t❤❡ tr❛❥❡❝✲
t♦r② ✐s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ A✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ✇♦✉❧❞ t❤❡♥ ❤❛✈❡
❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠ < p2(r), Axt,x(r) > ✐♥ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡ ♠✐❞❞❧❡ ❧✐♥❡ ♦❢
✭✷✵✮ s♦ ✭✶✼✮ ✇♦✉❧❞ ❛❧s♦ ❤❛✈❡ t♦ ❜❡ ❛♥ ❡q✉❛❧✐t② ✇✐t❤ t❤✐s ❛❞❞✐t✐♦♥❛❧ t❡r♠✳ ❚❤❡r❡✲
❢♦r❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ t❤❡♦r❡♠ ✐s s♦♠❡❤♦✇ ❧✐♠✐t❡❞ ❛s ✐♥ ♣r❛❝t✐❝❡ ✭✶✼✮ ♠❛②
❜❡ s❛t✐s✜❡❞ ♦♥❧② ✐❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s ✏♥✐❝❡✧ ✭✐✳❡✳ ✐ts s✉♣❡r❞✐✛❡r❡♥t✐❛❧ s❤♦✉❧❞ r❡❛❧❧②
♦♥❧② ❝♦♥s✐st ♦❢ p1✮✳ ❙t✐❧❧ ✐t ❛♣♣❧✐❡s ✐♥ s♦♠❡ ❝❛s❡s ✇❤❡r❡ ♦t❤❡r r❡s✉❧ts ❢❛✐❧ ✭s❡❡
❘❡♠❛r❦s ✸✳✻ ❛♥❞ ✸✳✽✮✳ ▼❛♥② ✐ss✉❡s ❛r❡ ♥♦t ❢✉❧❧② r❡s♦❧✈❡❞ ②❡t ❛♥❞ ✇❡ ♣❧❛♥ t♦
✇♦r❦ ♦♥ t❤❡♠ ✐♥ t❤❡ ❢✉t✉r❡✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✭v ≤ V ✮ ❢♦❧❧♦✇s ❢r♦♠ ❍②♣♦t❤❡s✐s ✷✳✶✵✱ ✐t r❡♠❛✐♥s t♦
♣r♦✈❡ s❡❝♦♥❞ ♦♥❡✳ ❚❤❡ ❢✉♥❝t✐♦♥

{

[t, T ] → H× R

s 7→ (b(s, xt,x(s), u(s)), L(s, xt,x(s), u(s))

✐♥ ✈✐❡✇ ♦❢ ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷ ✐s ✐♥ L1(t, T ;H × R) ✭✐♥ ❢❛❝t ✐t ✐s ❜♦✉♥❞❡❞✮✳
❙♦ t❤❡ s❡t ♦❢ t❤❡ r✐❣❤t✲▲❡❜❡s❣✉❡ ♣♦✐♥ts ♦❢ t❤✐s ❢✉♥❝t✐♦♥ t❤❛t ✐♥ ❛❞❞✐t✐♦♥ s❛t✐s❢②
✭✶✻✮ ✐s ♦❢ ❢✉❧❧ ♠❡❛s✉r❡✳ ❲❡ ❝❤♦♦s❡ r t♦ ❜❡ ❛ ♣♦✐♥t ✐♥ t❤✐s s❡t✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡
y = xt,x(r)✳

❈♦♥s✐❞❡r ♥♦✇ t✇♦ ❢✉♥❝t✐♦♥s ϕr,y ∈ test1 ❛♥❞ gr,y ∈ test2 s✉❝❤ t❤❛t ✭✇❡
✇✐❧❧ ❛✈♦✐❞ t❤❡ ✐♥❞❡① r,y ✐♥ t❤❡ s❡q✉❡❧✮ v ≤ ϕ + g ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ (r, y)✱
v(r, y) − ϕ(r, y) − g(r, y) = 0✱(∂t)(ϕ + g)(r, y)) = q(r)✱ Dφ(r, y) = p1(r) ❛♥❞
Dg(r, y) = p2(r)✳ ❚❤❡♥ ❢♦r τ ∈ (r, T ] s✉❝❤ t❤❛t (τ − r) ✐s s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡
❜② ▲❡♠♠❛s ✷✳✼ ❛♥❞ ✷✳✽

v(τ, xt,x(τ)) − v(r, y)

τ − r
≤ g(τ, xt,x(τ)) − g(r, y)

τ − r
+
ϕ(τ, xt,x(τ)) − ϕ(r, y)

τ − r

≤ gt(r, y) +

∫ τ

r
〈Dg(r, y), b(r, y, u(s))〉ds

τ − r

+ ϕt(r, y) +

∫ τ

r
〈Dϕ(r, y), b(r, y, u(s))〉ds

τ − r
+ 〈A∗Dϕ(r, y), y〉 + o(1). ✭✶✽✮

■♥ ✈✐❡✇ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ r ✇❡ ❦♥♦✇ t❤❛t
∫ τ

r
〈Dg(r, y), b(r, y, u(s))〉ds

τ − r

τ→r−−−→ 〈Dg(r, y), b(r, y, u(r))〉

✾



❛♥❞
∫ τ

r
〈Dϕ(r, y), b(r, y, u(s))〉ds

τ − r

τ→r−−−→ 〈Dϕ(r, y), b(r, y, u(r))〉 .

❚❤❡r❡❢♦r❡ ❢♦r ❛❧♠♦st ❡✈❡r② r ✐♥ [t, T ] ✇❡ ❤❛✈❡

lim sup
τ↓r

v(τ, xt,x(τ)) − v(r, xt,x(r)))

τ − r

≤ 〈Dg(r, xt,x(r)) +Dϕ(r, xt,x(r)), b(r, xt,x(r), u(r))〉
+ gt(r, xt,x(r)) + ϕt(r, xt,x(r)) + 〈A∗Dϕ(r, xt,x(r)), xt,x(r)〉
= 〈p1(r) + p2(r), b(r, xt,x(r), u(r))〉 + q(r) + 〈A∗p1(r), xt,x(r)〉 . ✭✶✾✮

❲❡ ❝❛♥ t❤❡♥ ✉s❡ ▲❡♠♠❛ ✷✳✶✶ ❛♥❞ ✭✶✼✮ t♦ ♦❜t❛✐♥

v(T, xt,x(T )) − v(t, x)

≤
∫ T

t

(〈p(r), b(r, xt,x(r), u(r))〉 + q(r) + 〈A∗p1(r), xt,x(r)〉)dr

≤
∫ T

t

−L(r, xt,x(r), u(r))dr. ✭✷✵✮

❚❤✉s✱ ✉s✐♥❣ ✭❛✮✱ ✇❡ ✜♥❛❧❧② ❛rr✐✈❡ ❛t

V (T, xt,x(T )) − V (t, x) = h(xt,x(T )) − V (t, x) ≤ h(xt,x(T )) − v(t, x)

= v(T, xt,x(T )) − v(t, x) ≤
∫ T

t

−L(r, xt,x(r), u(r))dr ✭✷✶✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t (xt,x(·), u(·)) ✐s ❛♥ ♦♣t✐♠❛❧ ♣❛✐r ❛♥❞ t❤❛t v(t, x) = V (t, x)✳

❘❡♠❛r❦ ✸✳✻✳ ■♥ t❤❡ ❜♦♦❦ ❬✹✻❪ ✭♣❛❣❡ ✷✻✸✱ ❚❤❡♦r❡♠ ✺✳✺✮ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t ❛
✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ✭❜❛s❡❞ ♦♥ ❛ ♣r❡✈✐♦✉s r❡s✉❧t ♦❢ ❬✷✷❪✱ s❡❡ ❛❧s♦ ❬✷✶❪ ❢♦r s✐♠✐❧❛r
r❡s✉❧ts✮ ✐♥ ✇❤✐❝❤ ✐t ✐s r❡q✉✐r❡❞ t❤❛t t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ s②st❡♠ r❡♠❛✐♥s ✐♥ t❤❡
❞♦♠❛✐♥ ♦❢ A ❛✳❡✳ ❢♦r t❤❡ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ u(·) ✐♥ q✉❡st✐♦♥✳ ❚❤✐s ✐s ♥♦t r❡q✉✐r❡❞
❤❡r❡ ❛♥❞ ✐♥ ❢❛❝t t❤✐s ✐s ♥♦t s❛t✐s✜❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥✳

■t ✐s s❤♦✇♥ ✐♥ ❬✹✻❪ ✭✉♥❞❡r ❛ss✉♠♣t✐♦♥s s✐♠✐❧❛r t♦ ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷✮
t❤❛t t❤❡ ❝♦✉♣❧❡ x(·), u(·)) ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢

u(s) ∈
{

u ∈ U : lim
δ→0

V ((s+ δ), x(s) + δ(Ax(s) + b(s, x(s), u))) − V (s, x(s))

δ

= −L(s, x(s), u)

}

✭✷✷✮

❢♦r ❛❧♠♦st ❡✈❡r② s ∈ [t, T ]✱ ✇❤❡r❡ V ✐s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

✶✵



✸✳✶ ❆♥ ❡①❛♠♣❧❡

❲❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s
❛ ♥♦♥s♠♦♦t❤ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❏❇ ❡q✉❛t✐♦♥✱ ❤♦✇❡✈❡r
✇❡ ❝❛♥ ❛♣♣❧② ♦✉r ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ♠♦❞❡❧ ❛ ♥✉♠❜❡r ♦❢
♣❤❡♥♦♠❡♥❛✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❛❣❡✲str✉❝t✉r❡❞ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧s ✭s❡❡ ❬✸✾✱ ✶✱ ✹✵❪✮✱
✐♥ ♣♦♣✉❧❛t✐♦♥ ❡❝♦♥♦♠✐❝s ❬✸✺❪✱ ♦♣t✐♠❛❧ t❡❝❤♥♦❧♦❣② ❛❞♦♣t✐♦♥ ✐♥ ❛ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧
❝♦♥t❡①t ❬✶✸✱ ✶✹❪✳

❈♦♥s✐❞❡r t❤❡ st❛t❡ ❡q✉❛t✐♦♥
{

ẋ(s) = Ax(s) +Ru(s)
x(t) = x

✭✷✸✮

✇❤❡r❡A ✐s ❛ ❧✐♥❡❛r✱ ❞❡♥s❡❧② ❞❡✜♥❡❞ ♠❛①✐♠❛❧ ❞✐ss✐♣❛t✐✈❡ ♦♣❡r❛t♦r ✐♥ H✱ R ✐s ❛
❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r R : R → H✱ s♦ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ R : u 7→ uβ ❢♦r s♦♠❡
β ∈ H✳ ▲❡t B ❜❡ ❛♥ ♦♣❡r❛t♦r ❛s ✐♥ ❙❡❝t✐♦♥ ✹ s❛t✐s❢②✐♥❣ ✭✸✵✮✳ ❲❡ ✇✐❧❧ ❜❡ ✉s✐♥❣
t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✹✳

❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t A∗ ❤❛s ❛♥ ❡✐❣❡♥✈❛❧✉❡ λ ✇✐t❤ ❛♥ ❡✐❣❡♥✈❡❝t♦r α ❜❡❧♦♥❣✐♥❣
t♦ t❤❡ r❛♥❣❡ ♦❢ B✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥❛❧ t♦ ❜❡ ♠✐♥✐♠✐③❡❞

J(x, u(·)) =

∫ T

t

− |〈α, x(s)〉| + 1

2
u(s)2ds. ✭✷✹✮

❲❡ ❞❡✜♥❡

ᾱ(t)
def
=

∫ T

t

e(s−t)A∗

αds

❛♥❞ ✇❡ t❛❦❡ M
def
= supt∈[0,T ] | 〈ᾱ(t), β〉 |✳ ❲❡ ❝♦♥s✐❞❡r ❛s ❝♦♥tr♦❧ s❡t U t❤❡

❝♦♠♣❛❝t s✉❜s❡t ♦❢ R ❣✐✈❡♥ ❜② U = [−M − 1,M + 1]✳ ❙♦ ✇❡ s♣❡❝✐❢② t❤❡ ❣❡♥✲
❡r❛❧ ♣r♦❜❧❡♠ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✭✶✮ ❛♥❞ ✭✷✮ t❛❦✐♥❣ b(t, x, u) = Ru✱ L(t, x, u) =
− |〈α, x(s)〉| + 1/2u(t)2✱ h = 0✱ U = [−M − 1,M + 1]✳

❚❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✽✮ ❜❡❝♦♠❡s
{

vt + 〈Dv,Ax〉 − |〈α, x〉| + infu∈U

(

〈u,R∗Dv〉
R

+ 1
2u

2
)

= 0
v(T, x) = 0

✭✷✺✮

◆♦t❡ t❤❛t t❤❡ ♦♣❡r❛t♦r R∗ : H → R ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ✉s✐♥❣ β ✇❤✐❝❤
✇❛s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r R✿ R∗x = 〈β, x〉✳

◆♦✇ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r 〈α, x〉 < 0 ✭r❡s♣❡❝t✐✈❡❧② > 0✮ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✐s
t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧
∫ T

t
〈α, x(s)〉+ 1

2u(s)
2ds ✭r❡s♣❡❝t✐✈❡❧②

∫ T

t
−〈α, x(s)〉+ 1

2u(s)
2ds✮ ❛♥❞ ✐t ✐s ❦♥♦✇♥

✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❬✸✹❪ ❚❤❡♦r❡♠ ✺✳✺✮ t❤❛t ✐ts s♦❧✉t✐♦♥ ✐s

v1(t, x) = 〈ᾱ(t), x〉 −
∫ T

t

1

2
(R∗ᾱ(s))

2
ds

✭r❡s♣❡❝t✐✈❡❧②

v2(t, x) = −〈ᾱ(t), x〉 −
∫ T

t

1

2
(R∗ᾱ(s))

2
ds).

✶✶



◆♦t❡ t❤❛t ♦♥ t❤❡ s❡♣❛r❛t✐♥❣ ❤②♣❡r♣❧❛♥❡ 〈α, x〉 = 0 t❤❡ t✇♦ ❢✉♥❝t✐♦♥s ❛ss✉♠❡ t❤❡
s❛♠❡ ✈❛❧✉❡s✳ ■♥❞❡❡❞✱ s✐♥❝❡ α ❛♥ ❡✐❣❡♥✈❡❝t♦r ❢♦r A∗✱

ᾱ(t) = G(t)α

✇❤❡r❡

G(t) =

∫ T

t

eλ(s−t)ds

❙♦✱ ✐❢ 〈α, x〉 = 0✱
〈ᾱ(t), x〉 = 0 ❢♦r ❛❧❧ t ∈ [0, T ].

❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❣❧✉❡ v1 ❛♥❞ v2 ✇r✐t✐♥❣

W (t, x) =

{

v1(t, x) ✐❢ 〈α, x〉 ≤ 0
v2(t, x) ✐❢ 〈α, x〉 > 0

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t W ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♥❝❛✈❡ ✐♥ x✳ ❲❡ ❝❧❛✐♠ t❤❛t W ✐s ❛
✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✷✺✮✳ ❋♦r 〈α, x〉 < 0 ❛♥❞ 〈α, x〉 > 0 ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t
t❤❛t v1 ❛♥❞ v2 ❛r❡ ❡①♣❧✐❝✐t r❡❣✉❧❛r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❏❇ ❡q✉❛t✐♦♥s✳

❋♦r t❤❡ ♣♦✐♥ts x ✇❤❡r❡ 〈α, x〉 = 0 ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t
{

D1,+W (t, x) =
{(

1
2 (R∗ᾱ(t))

2
, γG(t)α

)

: γ ∈ [−1, 1]
}

⊆ D(A∗)

D1,−W (t, x) = ∅

❙♦ ✇❡ ❤❛✈❡ t♦ ✈❡r✐❢② t❤❛t W ✐s ❛ s✉❜s♦❧✉t✐♦♥ ♦♥ 〈α, x〉 = 0✳ ■❢ W − ϕ − g

❛tt❛✐♥s ❛ ♠❛①✐♠✉♠ ❛t (t, x) ✇✐t❤ 〈α, x〉 = 0 ✇❡ ❤❛✈❡ t❤❛t p
def
= (p1 + p2)

def
=

D(ϕ+ g)(t, x) ∈ {γG(t)α : γ ∈ [−1, 1]} ⊆ D(A∗)✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❡st✶
❢✉♥❝t✐♦♥ p1 = Dϕ(t, x) ∈ D(A∗) s♦ η(t)g′0(|x|) x

|x| = p2 = Dg(t, x) ∈ D(A∗)✳

W (·, x) ✐s ❛ C1 ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡♥✱ r❡❝❛❧❧✐♥❣ t❤❛t 〈ᾱ(t), x〉t = 〈G′(t)α, x〉 = 0✱
✇❡ ❤❛✈❡

∂t(ϕ+ g)(t, x) = ∂tW (t, x) =
1

2
(R∗ᾱ(t))

2
, ✭✷✻✮

❛♥❞ ❢♦r p = γᾱ(t) ✇❡ ❤❛✈❡

inf
u∈U

(

〈Ru, p〉 +
1

2
u2

)

= −1

2
γ2 (R∗ᾱ(t))

2 ✭✷✼✮

▼♦r❡♦✈❡r✱ r❡❝❛❧❧✐♥❣ t❤❛t g′0(|x|) ≥ 0 ❛♥❞ −A∗ ✐s ♠♦♥♦t♦♥❡✱ ✇❡ ❤❛✈❡

〈A∗p1, x〉 = 〈A∗(p− p2), x〉 = 〈A∗γG(t)α, x〉 − g′0(|x|)
|x| 〈A∗x, x〉 ≥

≥ γG(t) 〈A∗α, x〉 = 0 ✭✷✽✮

❙♦✱ ❜② ✭✷✻✮✱ ✭✷✼✮ ❛♥❞ ✭✷✽✮✱

∂t(ϕ+ g)(t, x) + 〈A∗p1, x〉 − |〈α, x〉|+

+ inf
u∈U

(

〈Ru,D(ϕ+ g)(t, x)〉 +
1

2
u2

)

≥ 1

2
(1 − γ2) (R∗ᾱ(s))

2 ≥ 0 ✭✷✾✮

✶✷



❛♥❞ s♦ t❤❡ ❝❧❛✐♠ ✐♥ ♣r♦✈❡❞✳
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❜♦t❤ W ❛♥❞ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ❢♦r t❤❡ ♣r♦❜❧❡♠ ❛r❡

❝♦♥t✐♥✉♦✉s ♦♥ [0, T ] ×H ❛♥❞ ♠♦r❡♦✈❡r ψ = W ❛♥❞ ψ = V s❛t✐s❢②

|ψ(t, x) − ψ(t, y)| ≤ C‖x− y‖−1 ❢♦r ❛❧❧ t ∈ [0, T ], x, y ∈ H

❢♦r s♦♠❡ C ≥ 0✳ ■♥ ♣❛rt✐❝✉❧❛rW ❛♥❞ V ❤❛✈❡ ❛t ♠♦st ❧✐♥❡❛r ❣r♦✇t❤ ❛s ‖x‖ → ∞✳
❇② ❚❤❡♦r❡♠ ✷✳✾✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✐s ❛ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇
❡q✉❛t✐♦♥ ✭✷✺✮ ✐♥ (0, T ]×H✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ α = By ❢♦r s♦♠❡ y ∈ H✱ ❝♦♠♣❛r✐s♦♥
❤♦❧❞s ❢♦r ❡q✉❛t✐♦♥ ✭✷✺✮ ✇❤✐❝❤ ②✐❡❧❞sW = V ♦♥ [0, T ]×H✳ ✭❈♦♠♣❛r✐s♦♥ t❤❡♦r❡♠
❝❛♥ ❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❡❝❤♥✐q✉❡s ♦❢ ❬✷✾❪ ❜✉t ✇❡ ❝❛♥♥♦t
r❡❢❡r t♦ ❛♥② r❡s✉❧t t❤❡r❡ s✐♥❝❡ ❜♦t❤ V ❛♥❞ W ❛r❡ ✉♥❜♦✉♥❞❡❞✳ ❍♦✇❡✈❡r t❤❡
r❡s✉❧t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ t♦❣❡t❤❡r ✇✐t❤ ❘❡♠❛r❦ ✸✳✸ ♦❢ ❬✹✸❪✳ ❚❤❡
r❡❛❞❡r ❝❛♥ ❛❧s♦ ❝♦♥s✉❧t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹ ♦❢ ❬✹✹❪✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t ♦✉r
❛ss✉♠♣t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ❚❤❡♦r❡♠ ✹✳✻
♦❢ ❬✹✻❪✱ ♣❛❣❡ ✷✺✵✮✳

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ❣✐✈❡♥ ❜②
V (t, x) = W (t, x)✳ ❲❡ s❡❡ t❤❛t V ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ♣♦✐♥ts (t, x) ✐❢ 〈α, x〉 6= 0
❛♥❞

DV (t, x) =

{

ᾱ(t) if 〈α, x〉 < 0
−ᾱ(t) if 〈α, x〉 > 0

❛♥❞ ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ✇❤❡♥❡✈❡r 〈α, x〉 = 0✳ ❍♦✇❡✈❡r ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠
✸✳✹ ❛♥❞ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ♠❛♣ ❣✐✈❡♥ ❜②

uop(t, x) =

{

−〈β, ᾱ(t)〉 if 〈α, x〉 ≤ 0
〈β, ᾱ(t)〉 if 〈α, x〉 > 0

✐s ♦♣t✐♠❛❧✳ ❙✐♠✐❧❛r❧②✱ ❛❧s♦ t❤❡ ❢❡❡❞❜❛❝❦ ♠❛♣

ūop(t, x) =

{

−〈β, ᾱ(t)〉 if 〈α, x〉 < 0
〈β, ᾱ(t)〉 if 〈α, x〉 ≥ 0

✐s ♦♣t✐♠❛❧✳

Pr♦♦❢✳ ▲❡t (t, x) ∈ (0, T ] × H ❜❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠✳ ■❢ 〈α, x〉 ≤ 0✱ t❛❦✐♥❣ t❤❡
❝♦♥tr♦❧ −〈β, ᾱ(t)〉 t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡ tr❛❥❡❝t♦r② ✐s

xop(s) = e(s−t)Ax−
∫ s

t

e(s−r)AR(〈β, ᾱ(r)〉)dr

❛♥❞ ✐t ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✐t s❛t✐s✜❡s 〈α, xop(s)〉 ≤ 0 ❢♦r ❡✈❡r② s ≥ t✳ ■♥❞❡❡❞✱
✉s✐♥❣ t❤❡ ❢♦r♠ ♦❢ R ❛♥❞ t❤❡ ❢❛❝t t❤❛t α ✐s ❡✐❣❡♥✈❡❝t♦r ♦❢ A∗ ✇❡ ❣❡t

〈α, xop(s)〉 = eλ(s−t) 〈α, x〉 − 〈α, β〉
∫ s

t

eλ(s−r) 〈β, ᾱ(r)〉dr

= eλ(s−t) 〈α, x〉 − 〈α, β〉2
∫ s

t

eλ(s−r)G(r)dr.

✶✸



❙✐♠✐❧❛r❧② ✐❢ 〈α, x〉 > 0✱ t❛❦✐♥❣ t❤❡ ❝♦♥tr♦❧ 〈β, ᾱ(t)〉 t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡ tr❛✲
❥❡❝t♦r② ✐s

xop(s) = e(s−t)Ax+

∫ s

t

e(s−r)AR(〈β, ᾱ(r)〉)dr

❛♥❞ ✐t ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✐t s❛t✐s✜❡s 〈α, xop(s)〉 > 0 ❢♦r ❡✈❡r② s ≥ t✳
❲❡ ♥♦✇ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✹ t❛❦✐♥❣ q(s) = ∂tV (s, xop(s))✱

p1(s) =

{

ᾱ(s) if 〈α, xop(s)〉 ≤ 0
−ᾱ(s) if 〈α, xop(s)〉 > 0

❛♥❞ p2(s) = 0✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t (q(s), p1(s), p2(s)) ∈ E1,+V (s, xop(s))✳ ❚❤❡
❛r❣✉♠❡♥t ❢♦r ūop ✐s ❝♦♠♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s✳

❲❡ ❝♦♥t✐♥✉❡ ❜② ❣✐✈✐♥❣ ❛ s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❍✐❧❜❡rt s♣❛❝❡H✱ t❤❡ ♦♣❡r❛t♦r
A✱ ❛♥❞ t❤❡ ❞❛t❛ α ❛♥❞ β✳ ❚❤✐s ❡①❛♠♣❧❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧ ♣r♦❜❧❡♠
✐♥ ❡❝♦♥♦♠✐❝s✱ s❡❡ ❡✳❣✳ ❬✶✹✱ ✶✸❪✳ ▲❡t H = L2(0, 1)✳ ▲❡t {etA; t ≥ 0} ❜❡ t❤❡
s❡♠✐❣r♦✉♣ t❤❛t✱ ✐❢ ✇❡ ✐❞❡♥t✐❢② t❤❡ ♣♦✐♥ts 0 ❛♥❞ 1 ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ ✏r♦t❛t❡s✑
t❤❡ ❢✉♥❝t✐♦♥✿

etAf(s) = f(t+ s− [t+ s])

✇❤❡r❡ [·] ✐s t❤❡ ❣r❡❛t❡st ♥❛t✉r❛❧ ♥✉♠❜❡r n s✉❝❤ t❤❛t n ≤ t+ s✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢
A ✇✐❧❧ ❜❡

D(A) =
{

f ∈W 1,2(0, 1) : f(0) = f(1)
}

❛♥❞ ❢♦r ❛❧❧ f ✐♥ D(A) A(f)(s) = d
ds
f(s)✳ ❲❡ ❝❤♦♦s❡ α t♦ ❜❡ t❤❡ ❝♦♥st❛♥t

❢✉♥❝t✐♦♥ ❡q✉❛❧ t♦ 1 ❛t ❡✈❡r② ♣♦✐♥t ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ✭❲❡ ❝❛♥ t❛❦❡ ❢♦r ✐♥st❛♥❝❡
B = (I − ∆)−

1
2 ✳✮ ▼♦r❡♦✈❡r ✇❡ ❝❤♦♦s❡ β(s) = χ[0, 1

2
](s) − χ[0, 1

2
](s) ✭χΩ ✐s t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛ s❡t Ω✮✳ ❈♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ ❞❛t✉♠ (t, x) s✉❝❤ t❤❛t
〈α, x〉 = 0✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✼ ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② uop ✐s

uop(s) = −〈β, ᾱ(s)〉 = 0

❚❤❡ r❡❧❛t❡❞ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ✐s

xop(s) = e(s−t)Ay.

❘❡♠❛r❦ ✸✳✽✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ ✉s✐♥❣ s✉❝❤ str❛t❡❣②✱ 〈α, xop(t)〉 = 0 ❢♦r ❛❧❧ s ≥ t✳
❙♦ t❤❡ tr❛❥❡❝t♦r② r❡♠❛✐♥s ❢♦r ❛ ✇❤♦❧❡ ✐♥t❡r✈❛❧ ✐♥ ❛ s❡t ✐♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❆♥②✇❛②✱ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✸✳✹✱ t❤❡ ♦♣t✐♠❛❧✐t② ✐s ♣r♦✈❡❞✳
▼♦r❡♦✈❡r x ❝❛♥ ❜❡ ❝❤♦s❡♥ ♦✉t ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ A ❛♥❞ s♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢
t❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ❣✐✈❡♥ ✐♥ ❬✹✻❪ ✭♣❛❣❡ ✷✻✸✱ ❚❤❡♦r❡♠ ✺✳✺✮ ❛r❡ ♥♦t ✈❡r✐✜❡❞
✐♥ t❤✐s ❝❛s❡✳

✹ ❙✉❜✲ ❛♥❞ s✉♣❡r♦♣t✐♠❛❧✐t② ♣r✐♥❝✐♣❧❡s ❛♥❞ ❝♦♥✲

str✉❝t✐♦♥ ♦❢ ǫ✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s

▲❡t B ❜❡ ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♣♦s✐t✐✈❡ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦♥ H s✉❝❤ t❤❛t A∗B
❜♦✉♥❞❡❞ ♦♥ H ❛♥❞ ❧❡t c0 ≤ 0 ❜❡ ❛ ❝♦♥st❛♥t s✉❝❤ t❤❛t

〈(A∗B + c0B)x, x〉 ≤ 0 for all x ∈ H. ✭✸✵✮

✶✹



❙✉❝❤ ❛♥ ♦♣❡r❛t♦r ❛❧✇❛②s ❡①✐sts ❬✹✾❪ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬✷✽❪ ❢♦r ✈❛r✐♦✉s ❡①❛♠♣❧❡s✳
❯s✐♥❣ t❤❡ ♦♣❡r❛t♦r B ✇❡ ❞❡✜♥❡ ❢♦r γ > 0 t❤❡ s♣❛❝❡ H−γ t♦ ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥
♦❢ H ✉♥❞❡r t❤❡ ♥♦r♠

‖x‖−γ = ‖B γ
2 x‖.

❲❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ ❛♥♦t❤❡r s❡t ♦❢ ❛ss✉♠♣t✐♦♥s ♦♥ b ❛♥❞ L✳

❍②♣♦t❤❡s✐s ✹✳✶✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t K > 0 ❛♥❞ ❛ ❧♦❝❛❧ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐✲
♥✉✐t② ω(·, ·) s✉❝❤ t❤❛t✿

‖b(t, x, u) − b(s, y, u)‖ ≤ K‖x− y‖−1 + ω(|t− s|, ‖x‖ ∨ ‖y‖)

❛♥❞
|L(t, x, u) − L(s, y, u)| ≤ ω(‖x− y‖−1 + |t− s|, ‖x‖ ∨ ‖y‖)

▲❡t m ≥ 2✳ ▼♦❞✐❢②✐♥❣ s❧✐❣❤t❧② t❤❡ ❢✉♥❝t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✾❪ ✇❡ ❞❡✜♥❡ ❢♦r
❛ ❢✉♥❝t✐♦♥ w : (0, T ) ×H → R ❛♥❞ ǫ, β, λ > 0 ✐ts s✉♣✲ ❛♥❞ ✐♥❢✲❝♦♥✈♦❧✉t✐♦♥s ❜②

wλ,ǫ,β(t, x) = sup
(s,y)∈(0,T )×H

{

w(s, y) − ‖x− y‖2
−1

2ǫ
− (t− s)2

2β
− λe2mK(T−s)‖y‖m

}

,

wλ,ǫ,β(t, x) = inf
(s,y)∈(0,T )×H

{

w(s, y) +
‖x− y‖2

−1

2ǫ
+

(t− s)2

2β
+ λe2mK(T−s)‖y‖m

}

.

▲❡♠♠❛ ✹✳✷✳ ▲❡t w ❜❡ s✉❝❤ t❤❛t

w(t, x) ≤ C(1 + ‖x‖k) (r❡s♣❡❝t✐✈❡❧②✱ w(t, x) ≥ −C(1 + ‖x‖k)) ✭✸✶✮

♦♥ (0, T ) ×H ❢♦r s♦♠❡ k ≥ 0✳ ▲❡t m > k✳ ❚❤❡♥✿

✭✐✮ ❋♦r ❡✈❡r② R > 0 t❤❡r❡ ❡①✐sts MR,ǫ,β s✉❝❤ t❤❛t ✐❢ v = wλ,ǫ,β ✭r❡s♣❡❝t✐✈❡❧②✱
v = wλ,ǫ,β✮ t❤❡♥

|v(t, x) − v(s, y)| ≤MR,ǫ,β(|t− s| + ‖x− y‖−2) ♦♥ (0, T ) ×BR ✭✸✷✮

✭✐✐✮ ❚❤❡ ❢✉♥❝t✐♦♥

wλ,ǫ,β(t, x) +
‖x‖2

−1

2ǫ
+
t2

2β

✐s ❝♦♥✈❡① ✭r❡s♣❡❝t✐✈❡❧②✱

wλ,ǫ,β(t, x) − ‖x‖2
−1

2ǫ
− t2

2β

✐s ❝♦♥❝❛✈❡✮✳

✭✐✐✐✮ ■❢ v = wλ,ǫ,β ✭r❡s♣❡❝t✐✈❡❧②✱ v = wλ,ǫ,β✮ ❛♥❞ v ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (t, x) ∈
(0, T ) × BR t❤❡♥ |vt(t, x)| ≤ MR,ǫ,β✱ ❛♥❞ Dv(t, x) = Bq✱ ✇❤❡r❡ ‖q‖ ≤
MR,ǫ,β

✶✺



Pr♦♦❢✳ ✭✐✮ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ v = wλ,ǫ,β ✳ ❖❜s❡r✈❡ ✜rst t❤❛t ✐❢ ‖x‖ ≤ R t❤❡♥

wλ,ǫ,β(t, x) =

= sup
(s,y)∈(0,T )×H, ‖y‖≤N

{

w(s, y) − ‖x− y‖2
−1

2ǫ
− (t− s)2

2β
− λe2mK(T−s)‖y‖m

}

,

✭✸✸✮

✇❤❡r❡ N ❞❡♣❡♥❞s ♦♥❧② ♦♥ R ❛♥❞ λ✳
◆♦✇ s✉♣♣♦s❡ wλ,ǫ,β(t, x) ≥ wλ,ǫ,β(s, y)✳ ❲❡ ❝❤♦♦s❡ ❛ s♠❛❧❧ σ > 0 ❛♥❞ (t̃, x̃)

s✉❝❤ t❤❛t

wλ,ǫ,β(t, x) ≤ σ + w(t̃, x̃) − ‖x− x̃‖2
−1

2ǫ
− (t− t̃)2

2β
− λe2mK(T−t̃)‖x̃‖m.

❚❤❡♥

|wλ,ǫ,β(t, x)−wλ,ǫ,β(s, y)| ≤ σ− ‖x− x̃‖2
−1

2ǫ
− (t− t̃)2

2β
+

‖x̃− y‖2
−1

2ǫ
+

(t̃− s)2

2β

≤ σ − 〈B(x− y), x+ y〉
2ǫ

+
〈B(x− y), x̃〉

ǫ
+

(2t̃− t− s)(t− s)

2β

≤ (2R+N)

2ǫ
‖B(x− y)‖ +

2T

2β
|t− s| + σ ✭✸✹✮

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛r❜✐tr❛r✐♥❡ss ♦❢ σ✳ ❚❤❡ ❝❛s❡ ♦❢ wλ,ǫ,β ✐s s✐♠✐❧❛r✳
✭✐✐✮ ■t ✐s ❛ st❛♥❞❛r❞ ❢❛❝t✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❆♣♣❡♥❞✐① ♦❢ ❬✷✼❪✳
✭✐✐✐✮ ❚❤❡ ❢❛❝t t❤❛t |vt(t, x)| ≤MR,ǫ,β ✐s ♦❜✈✐♦✉s✳ ▼♦r❡♦✈❡r ✐❢ α > 0 ✐s s♠❛❧❧

❛♥❞ ‖y‖ = 1 t❤❡♥

αMR,ǫ,β‖y‖−2 ≥ |v(t, x+ αy) − v(x)| = α| 〈Dv(t, x), y〉 | + o(α)

✇❤✐❝❤ ✉♣♦♥ ❞✐✈✐❞✐♥❣ ❜② α ❛♥❞ ❧❡tt✐♥❣ α→ 0 ❣✐✈❡s

| 〈Dv(t, x), y〉 | ≤MR,ǫ,β‖y‖−2

✇❤✐❝❤ t❤❡♥ ❤♦❧❞s ❢♦r ❡✈❡r② y ∈ H✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t 〈Dv(t, x), y〉 ✐s ❛ ❜♦✉♥❞❡❞
❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ✐♥H−2 ❛♥❞ s♦Dv(t, x) = Bq ❢♦r s♦♠❡ q ∈ H✳ ❙✐♥❝❡ | 〈q,By〉 | ≤
MR,ǫ,β‖By‖ ✇❡ ♦❜t❛✐♥ ‖q‖ ≤MR,ǫ,β ✳

▲❡♠♠❛ ✹✳✸✳ ▲❡t ❍②♣♦t❤❡s❡s ✷✳✶✱ ✷✳✷ ❛♥❞ ✹✳✶ ❜❡ s❛t✐s✜❡❞✳ ▲❡t w ❜❡ ❛ ❧♦❝❛❧❧②
❜♦✉♥❞❡❞ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥ ✭r❡s♣❡❝t✐✈❡❧②✱ s✉♣❡rs♦❧✉t✐♦♥✮ ♦❢ ✭✽✮ s❛t✐s❢②✐♥❣ ✭✸✶✮✳
▲❡t m > k✳ ❚❤❡♥ ❢♦r ❡✈❡r② R, δ > 0 t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥
γR,δ(λ, ǫ, β)✱ ✇❤❡r❡

lim
λ→0

lim sup
ǫ→0

lim sup
β→0

γR,δ(λ, ǫ, β) = 0, ✭✸✺✮

s✉❝❤ t❤❛t wλ,ǫ,β ✭r❡s♣❡❝t✐✈❡❧②✱ wλ,ǫ,β✮ ✐s ❛ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥ ✭r❡s♣❡❝t✐✈❡❧②✱
s✉♣❡rs♦❧✉t✐♦♥✮ ♦❢

vt(t, x) + 〈Dv(t, x), Ax〉+H(t, x,Dv(t, x)) = −γR,δ(λ, ǫ, β) ✐♥ (δ, T − δ)×BR

✭✸✻✮

✶✻



✭r❡s♣❡❝t✐✈❡❧②✱

vt(t, x) + 〈Dv(t, x), Ax〉 +H(t, x,Dv(t, x)) = γR,δ(λ, ǫ, β) ✐♥ (δ, T − δ) ×BR)
✭✸✼✮

❢♦r β s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭❞❡♣❡♥❞✐♥❣ ♦♥ δ✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✸ ♦❢ ❬✷✾❪✳ ❲❡ ♥♦t✐❝❡
t❤❛t wλ,ǫ,β ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡✳

▲❡t (t0, x0) ∈ (δ, T − δ) × H ❜❡ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ♦❢ wλ,ǫ,β − φ − g✳ ❲❡
❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ✐s ❣❧♦❜❛❧ ❛♥❞ str✐❝t ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✹ ♦❢ ❬✷✾❪✮
❛♥❞ t❤❛t wλ,ǫ,β − φ − g → −∞ ❛s ‖x‖ → ∞ ✉♥✐❢♦r♠❧② ✐♥ t✳ ■♥ ✈✐❡✇ ♦❢ t❤❡s❡
❢❛❝ts ❛♥❞ ✭✸✸✮ ✇❡ ❝❛♥ ❝❤♦♦s❡ S > 2‖x0‖✱ ❞❡♣❡♥❞✐♥❣ ♦♥ λ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧
‖x‖ + ‖y‖ > S − 1 ❛♥❞ s, t ∈ (0, T )✱

w(s, y) − 1

2ǫ
‖(x− y)‖2

−1 −
(t− s)2

2β
− λe2mK(T−s)‖y‖m − φ(t, x) − g(t, x)

≤ w(t0, x0) − λe2mK(T−t0)‖x0‖m − φ(t0, x0) − g(t0, x0) − 1. ✭✸✽✮

❲❡ ❝❛♥ t❤❡♥ ✉s❡ ❛ ♣❡rt✉r❜❡❞ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ♦❢ ❬✷✾❪ ✭s❡❡ ♣❛❣❡ ✹✷✹ t❤❡r❡✮
✇❤✐❝❤ ✐s ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❊❦❡❧❛♥❞✲▲❡❜♦✉r❣ ▲❡♠♠❛ ❬✸✸❪ t♦ ♦❜t❛✐♥ ❢♦r ❡✈❡r② α > 0
❡❧❡♠❡♥ts p, q ∈ H ❛♥❞ a, b ∈ R ✇✐t❤ ‖p‖, ‖q‖ ≤ α ❛♥❞ |a|, |b| ≤ α s✉❝❤ t❤❛t t❤❡
❢✉♥❝t✐♦♥

ψ(t, x, s, y)
def
= w(s, y) − 1

2ǫ
‖(x− y)‖2

−1 −
(t− s)2

2β
− λe2mK(T−s)‖y‖m

− g(t, x) − φ(t, x) − 〈Bp, y〉 − 〈Bq, x〉 − at− bs ✭✸✾✮

❛tt❛✐♥s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ (t̄, x̄, s̄, ȳ) ♦✈❡r [δ/2, T −δ/2]×BS× [δ/2, T −δ/2]×BS ✳
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✽✮ t❤❛t ✐❢ α ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ t❤❡♥ ‖x̄‖, ‖ȳ‖ ≤ S − 1✳

❇② ♣♦ss✐❜❧② ♠❛❦✐♥❣ S ❜✐❣❣❡r ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t (0, T ) × BS ❝♦♥t❛✐♥s ❛
♠❛①✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ❢♦r

sup
(s,y)∈(0,T ), ‖y‖≤N

{

w(s, y) − ‖x0 − y‖2
−1

2ǫ
− (t0 − s)2

2β
− λe2mK(T−s)‖y‖m

}

.

❚❤❡♥
ψ(t̄, x̄, s̄, ȳ) ≥ wλ,ǫ,β(t0, x0) − φ(t0, x0) − g(t0, x0) − Cα

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ α > 0✱ ❛♥❞

ψ(t̄, x̄, s̄, ȳ) ≤ wλ,ǫ,β(t̄, x̄) − φ(t̄, x̄) − g(t̄, x̄) + Cα.

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ (t0, x0) ✐s ❛ str✐❝t ♠❛①✐♠✉♠✱ ✇❡ ❤❛✈❡ t❤❛t (t̄, x̄)
α↓0−−→ (t0, x0)

❛♥❞ s♦ ❢♦r s♠❛❧❧ α t̄ ∈ (δ, T − δ)✳ ■t t❤❡♥ ❡❛s✐❧② ❢♦❧❧♦✇s t❤❛t ✐❢ β ✐s ❜✐❣ ❡♥♦✉❣❤
✭❞❡♣❡♥❞✐♥❣ ♦♥ λ ❛♥❞ δ✮ t❤❡♥ s̄ ∈ (δ/2, T − δ/2)✳

▼♦r❡♦✈❡r✱ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✶❪✮ ❣✐✈❡ ✉s

✶✼



lim
β→0

lim sup
α→0

|s̄− t̄|2
2β

= 0, ✭✹✵✮

lim
ǫ→0

lim sup
β→0

lim sup
α→0

|x̄− ȳ|2−1

2ǫ
= 0. ✭✹✶✮

❲❡ ❝❛♥ ♥♦✇ ✉s❡ t❤❡ ❢❛❝t t❤❛t w ✐s ❛ s✉❜s♦❧✉t✐♦♥ t♦ ♦❜t❛✐♥

− (t̄− s̄)

β
− 2λmKe2mK(T−s̄)‖ȳ‖m + b− 〈A∗B(x̄− ȳ), ȳ〉

ǫ
+ 〈A∗Bp, ȳ〉

+H

(

s̄, ȳ,
1

ǫ
B(ȳ − x̄) + λme2mK(T−s̄)‖y‖m−1 y

‖y‖ +Bp

)

≥ 0. ✭✹✷✮

❲❡ ♥♦t✐❝❡ t❤❛t

− (t̄− s̄)

β
= φt(t̄, x̄) + gt(t̄, x̄) + a

❛♥❞
1

ǫ
B(ȳ − x̄) = Dφ(t̄, x̄) +Dg(t̄, x̄) +Bq

✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r ✐♠♣❧✐❡s t❤❛t Dg(t̄, x̄) ∈ D(A∗)✱ ✐✳❡✳ x̄ ∈ D(A∗)✱ ❛♥❞ s♦ ✐t
❢♦❧❧♦✇s t❤❛t 〈A∗x̄,Dg(t̄, x̄)〉 ≤ 0✳ ❚❤❡r❡❢♦r❡ ✉s✐♥❣ t❤✐s✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ b ❛♥❞
L✱ ❛♥❞ ✭✹✵✮ ❛♥❞ ✭✹✶✮ ✇❡ ❤❛✈❡

φt(t̄, x̄) + gt(t̄, x̄) + 〈x̄, A∗Dφ(t̄, x̄)〉 +H (t̄, x̄, Dφ(t̄, x̄) +Dg(t̄, x̄))

≥ 2λmKe2mK(T−s̄)‖ȳ‖m − 〈A∗Bp, ȳ〉 − a− b

−
〈

(ȳ − x̄), A∗ 1

ǫ
B(ȳ − x̄)

〉

− 〈x̄, A∗Dg(t̄, x̄) +A∗Bq)〉

+H

(

t̄, x̄,
1

ǫ
B(ȳ − x̄) −Bq

)

−H
(

s̄, ȳ,
1

ǫ
B(ȳ − x̄) + λme2mK(T−s̄)‖y‖m−1 y

‖y‖

)

≥ 2λmKe2mK(T−s̄)‖ȳ‖m − Cλ,ǫα+
c0
ǫ
‖x̄− ȳ‖2

−1

−K‖x̄− ȳ‖−1
‖B(x̄− ȳ)‖

ǫ
− γλ,ǫ(|t̄− s̄|) − λm(M +K‖ȳ‖)e2mK(T−s̄)‖ȳ‖m−1

≥ −Cλ,ǫα− γ(λ, ǫ, β, α) ✭✹✸✮

❢♦r s♦♠❡ γ(λ, ǫ, β, α) s✉❝❤ t❤❛t

lim
λ→0

lim sup
ǫ→0

lim sup
β→0

lim sup
α→0

γ(λ, ǫ, β, α) = 0.

❲❡ ♦❜t❛✐♥ t❤❡ ❝❧❛✐♠ ❜② ❧❡tt✐♥❣ α→ 0✳ ❚❤❡ ♣r♦♦❢ ❢♦r wλ,β,ǫ ✐s s✐♠✐❧❛r✳

❘❡♠❛r❦ ✹✳✹✳ ❙✐♠✐❧❛r ❛r❣✉♠❡♥t ✇♦✉❧❞ ❛❧s♦ ✇♦r❦ ❢♦r ♣r♦❜❧❡♠s ✇✐t❤ ❞✐s❝♦✉♥t✐♥❣
✐❢ w ✇❛s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ✐♥ | · | × ‖ · ‖−1 ♥♦r♠ ✉♥✐❢♦r♠❧② ♦♥ ❜♦✉♥❞❡❞ s❡ts

✶✽



♦❢ (0, T ) × H✳ ▼♦r❡♦✈❡r ✐♥ s♦♠❡ ❝❛s❡s t❤❡ ❢✉♥❝t✐♦♥ γR,δ ❝♦✉❧❞ ❜❡ ❡①♣❧✐❝✐t❧②
❝♦♠♣✉t❡❞✳ ❋♦r ✐♥st❛♥❝❡ ✐❢ w ✐s ❜♦✉♥❞❡❞ ❛♥❞

|w(t, x) − w(s, y)| ≤ σ(‖x− y‖−1) + σ1(|t− s|; ‖x‖ ∨ ‖y‖) ✭✹✹✮

❢♦r t, s ∈ (0, T ), ‖x‖, ‖y‖ ∈ H✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ λe2mK(T−s̄)‖ȳ‖m ❜② λµ(y) ❢♦r
s♦♠❡ r❛❞✐❛❧ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ µ s✉❝❤ t❤❛t Dµ ✐s ❜♦✉♥❞❡❞ ❛♥❞ µ(y) → +∞
❛s ‖y‖ → ∞ ✭s❡❡ ❬✷✾❪✱ ♣❛❣❡ ✹✹✻✮✳ ■❢ ✇❡ t❤❡♥ r❡♣❧❛❝❡ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ ✇❡ ♣❛ss
t♦ t❤❡ ❧✐♠✐ts ✇❡ ❝❛♥ ❣❡t ❛♥ ❡①♣❧✐❝✐t ✭❜✉t ❝♦♠♣❧✐❝❛t❡❞✮ ❢♦r♠ ❢♦r γR,δ s❛t✐s❢②✐♥❣

lim
ǫ→0

lim sup
λ→0

lim sup
β→0

γR,δ(ǫ, λ, β) = 0.

❚❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠ ✸✳✼ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✸ ✐♥ ❬✷✾❪ ❝❛♥ ❣✐✈❡ ❤✐♥ts ❤♦✇ t♦ ❞♦
t❤✐s✳

▲❡♠♠❛ ✹✳✺✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✸ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡♥✿

✭❛✮ ■❢ (a, p) ∈ D1,−wλ,ǫ,β(t, x) ❢♦r (t, x) ∈ (δ, T − δ) ×BR t❤❡♥

a+ 〈A∗p, x〉 +H(t, x, p) ≥ −γR,δ(λ, ǫ, β) ✭✹✺✮

❢♦r β s✉✣❝✐❡♥t❧② s♠❛❧❧✳

✭❜✮ ■❢ ✐♥ ❛❞❞✐t✐♦♥ H(s, y, q) ✐s ✇❡❛❦❧② ❧♦✇❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ q✲✈❛r✐❛❜❧❡ ❛♥❞ (a, p) ∈ D1,+wλ,ǫ,β(t, x) ❢♦r (t, x) ∈ (δ, T − δ) × BR

✐s s✉❝❤ t❤❛t Dwλ,ǫ,β(tn, xn) ⇀ p ❢♦r s♦♠❡ (tn, xn) → (t, x)✱ (tn, xn) ∈
(δ, T − δ) ×BR✱ t❤❡♥

a+ 〈A∗p, x〉 +H(t, x, p) ≤ γR,δ(λ, ǫ, β)

❢♦r β s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❘❡♠❛r❦ ✹✳✻✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ✇❡❛❦❧② ❧♦✇❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ q✲✈❛r✐❛❜❧❡ ❢♦r ✐♥st❛♥❝❡ ✐❢ U ✐s ❝♦♠♣❛❝t✳ ❚♦ s❡❡ t❤✐s ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❛♥❦s
t♦ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ U t❤❡ ✐♥✜♠✉♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❛
♠✐♥✐♠✉♠✳ ▲❡t ♥♦✇ qn ⇀ q ❛♥❞ ❧❡t

H(s, y, qn) = 〈qn, b(s, y, un)〉 + L(s, y, un)

❢♦r s♦♠❡ un ∈ U ✳ P❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ ✐❢ ♥❡❝❡ss❛r② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
un −→ ū✱ ❛♥❞ t❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✇❡ ♦❜t❛✐♥

lim inf
n→∞

H(s, y, qn) = 〈q, b(s, y, ū)〉 + L(s, y, ū) ≥ H(s, y, q).

❲❡ ❛❧s♦ r❡♠❛r❦ t❤❛t s✐♥❝❡ H ✐s ❝♦♥❝❛✈❡ ✐♥ q ✐t ✐s ✇❡❛❦❧② ✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s
✐♥ q✳ ❚❤❡r❡❢♦r❡ ✐♥ ✭❜✮ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✇❡❛❦❧② ❝♦♥t✐♥✉♦✉s
✐♥ q✳

✶✾



Pr♦♦❢✳ ✭♦❢ ▲❡♠♠❛ ✹✳✺✮ ❘❡❝❛❧❧ ✜rst t❤❛t ❢♦r ❛ ❝♦♥✈❡①✴❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ v ✐ts
s✉❜✴s✉♣❡r✲❞✐✛❡r❡♥t✐❛❧ ❛t ❛ ♣♦✐♥t (s, z) ✐s ❡q✉❛❧ t♦

❝♦♥✈{((a, p) : vt(sn, zn) → a,Dv(sn, zn) ⇀ p, sn → s, zn → z}

✭s❡❡ ❬✹✽❪✱ ♣❛❣❡ ✸✶✾✮✳
✭❛✮ ❙t❡♣ ✶✿ ❉❡♥♦t❡ v = wλ,ǫ,β ✳ ❆t ♣♦✐♥ts ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠

▲❡♠♠❛ ✹✳✷✭✐✐✐✮ ❛♥❞ t❤❡ ✏s❡♠✐❝♦♥✈❡①✐t②✧ ✭s❡❡ ▲❡♠♠❛ ✹✳✷✭✐✐✮✮ ♦❢ wλ,ǫ,β t❤❛t t❤❡r❡
❡①✐sts ❛ t❡st✶ ❢✉♥❝t✐♦♥ ϕ s✉❝❤ t❤❛t v − ϕ ❤❛s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❛♥❞ t❤❡ r❡s✉❧t
t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✸✳

❙t❡♣ ✷✿ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ Dv(tn, xn) ⇀ p ✇✐t❤ (tn, xn) → (t, x)✳ ❋r♦♠
▲❡♠♠❛ ✹✳✷ ✭✐✐✐✮ Dv(tn, xn) = Bqn ✇✐t❤ ‖qn‖ ≤MR,ǫ,β ✱ s♦✱ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡
t♦ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ qnk

⇀ q ❢♦r s♦♠❡ q ∈ H✳ ❚❤❡♥ Dv(tnk
, xnk

) = Bqnk
⇀

Bq ❛♥❞ Bq = p✳ ❚❤❡r❡❢♦r❡

〈A∗Bqnk
, xnk

〉 = 〈qnk
, (A∗B)∗xnk

〉 −→ 〈q, (A∗B)∗x〉 = 〈A∗Bq, x〉 = 〈A∗p, x〉

▼♦r❡♦✈❡r✱ s✐♥❝❡ H ✐s ❝♦♥❝❛✈❡ ✐♥ p ✐t ✐s ✇❡❛❦❧② ✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s s♦ ✇❡ ❤❛✈❡

H(t, x, p) ≥ lim sup
k→+∞

H(tnk
, xnk

, Dv(tnk
, xnk

))

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ ❙t❡♣ ✶✳
❙t❡♣ ✸✿ ■❢ p ✐s ❛ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ ❝♦♥✈{p : Dv(tn, xn) ⇀ p, (tn, xn) → (t, x)}✱

✐✳❡✳ p = limn→∞

∑n
i=1 λ

n
i Bq

n
i ✱ ✇❤❡r❡

∑n
i=1 λ

n
i = 1, ‖qn

i ‖ ≤MR,ǫ,β ✱ ❛♥❞ t❤❡ Bqn
i

❛r❡ ✇❡❛❦ ❧✐♠✐ts ♦❢ ❣r❛❞✐❡♥ts✳ ❇② ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ ✐❢ ♥❡❝❡ss❛r② ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t

∑n
i=1 λ

n
i q

n
i ⇀ q ❛♥❞ p = Bq✳ ❇✉t t❤❡♥

〈

A∗

(

n
∑

i=1

λn
i Bq

n
i

)

, xn

〉

=

〈

A∗B

(

n
∑

i=1

λn
i q

n
i

)

, xn

〉

→ 〈A∗Bq, x〉 = 〈A∗p, x〉

❛s n→ ∞✳ ❚❤❡ r❡s✉❧t ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠ ❙t❡♣ ✷ ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢

p 7→ 〈A∗p, x〉 +H(t, x, p).

✭❜✮ ❆s ✐♥ ✭❛✮ ❛t t❤❡ ♣♦✐♥ts ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s
✹✳✷ ❛♥❞ ✹✳✸✳ ❉❡♥♦t❡ v = wλ,ǫ,β ✳ ■❢ Dv(tn, xn) ⇀ p ❢♦r s♦♠❡ (tn, xn) → (t, x)✱
(tn, xn) ∈ (δ, T − δ) ×BR ✇❡ ❤❛✈❡ t❤❛t

vt(tn, xn) + 〈A∗Dv(tn, xn), xn〉 +H(tn, xn, Dv(tn, xn)) ≤ γR,δ(λ, ǫ, β). ✭✹✻✮

❖❜s❡r✈✐♥❣ ❛s ✐♥ ❙t❡♣ ✷ ♦❢ ✭❛✮ t❤❛t

〈A∗Dv(tn, xn), xn〉 → 〈A∗p, x〉

✇❡ ❝❛♥ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✹✻✮✱ ✉s✐♥❣ t❤❡ ✇❡❛❦ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ H ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ t❤✐r❞ ✈❛r✐❛❜❧❡✱ t♦ ❣❡t

a+ 〈A∗p, x〉 +H(t, x, p) ≤ γR,δ(λ, ǫ, β).

✷✵



❚❤❡♦r❡♠ ✹✳✼✳ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✸ ❜❡ s❛t✐s✜❡❞ ❛♥❞ ❧❡t w ❜❡ ❛
❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② R > 0 t❤❡r❡ ❡①✐sts ❛ ♠♦❞✉❧✉s σR s✉❝❤ t❤❛t

|w(t, x)−w(s, y)| ≤ σR(|t−s|+‖x−y‖−1) ❢♦r t, s ∈ (0, T ), ‖x‖, ‖y‖ ≤ R. ✭✹✼✮

❚❤❡♥✿

✭❛✮ ■❢ w ✐s ❛ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥ ♦❢ ✭✽✮ s❛t✐s❢②✐♥❣ ✭✸✶✮ ❢♦r s✉❜s♦❧✉t✐♦♥s t❤❡♥
❢♦r ❡✈❡r② 0 < t < t+ h < T ✱ x ∈ H

w(t, x) ≤ inf
u(·)∈U [t,T ]

{

∫ t+h

t

L(s, x(s), u(s))ds+ w(t+ h, x(t+ h))

}

.

✭✹✽✮

✭❜✮ ❆ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t H(s, y, q) ✐s ✇❡❛❦❧② ❧♦✇❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s ✐♥ q
❛♥❞ t❤❛t ❢♦r ❡✈❡r② (t, x) t❤❡r❡ ❡①✐sts ❛ ♠♦❞✉❧✉s ωt,x s✉❝❤ t❤❛t

‖xt,x(s2) − xt,x(s1)‖ ≤ ωt,x(s2 − s1) ✭✹✾✮

❢♦r ❛❧❧ t ≤ s1 ≤ s2 ≤ T ❛♥❞ ❛❧❧ u(·) ∈ U [t, T ]✱ ✇❤❡r❡ xt,x(·) ✐s t❤❡ s♦❧✉t✐♦♥
♦❢ ✭✺✮✳ ■❢ w ✐s ❛ ✈✐s❝♦s✐t② s✉♣❡rs♦❧✉t✐♦♥ ♦❢ ✭✽✮ s❛t✐s❢②✐♥❣ ✭✸✶✮ ❢♦r s✉♣❡rs♦✲
❧✉t✐♦♥s t❤❡♥ ❢♦r ❡✈❡r② 0 < t < t+ h < T, x ∈ H✱ ❛♥❞ ν > 0 t❤❡r❡ ❡①✐sts ❛
♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❝♦♥tr♦❧ uν ∈ U [t, T ] s✉❝❤ t❤❛t

w(t, x) ≥
∫ t+h

t

L(s, x(s), uν(s))ds+ w(t+ h, x(t+ h)) − ν. ✭✺✵✮

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♦❜t❛✐♥ t❤❡ s✉♣❡r♦♣t✐♠❛❧✐t② ♣r✐♥❝✐♣❧❡

w(t, x) ≥ inf
u(·)∈U [t,T ]

{

∫ t+h

t

L(s, x(s), u(s))ds+ w(t+ h, x(t+ h))

}

✭✺✶✮

❛♥❞ ✐❢ w ✐s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✇❡ ❤❛✈❡ ❡①✐st❡♥❝❡ ✭t♦❣❡t❤❡r ✇✐t❤ t❤❡
❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥✮ ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ν✲♦♣t✐♠❛❧ ❝♦♥tr♦❧s✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♦♥❧② ♣r♦✈❡ (b) ❛s t❤❡ ♣r♦♦❢ ♦❢ (a) ❢♦❧❧♦✇s t❤❡ s❛♠❡ str❛t❡❣② ❛❢t❡r
✇❡ ✜① ❛♥② ❝♦♥tr♦❧ u(·) ❛♥❞ ✐s ✐♥ ❢❛❝t ♠✉❝❤ ❡❛s✐❡r✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛s ♦❢ ❬✺✷❪
✭t❤❛t tr❡❛ts t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✮✳

❙t❡♣ ✶✳ ▲❡t n ≥ 1✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ w ❜② wλ,ǫ,β ✇✐t❤ m > k✳ ❲❡ ♥♦t✐❝❡
t❤❛t ❢♦r ❛♥② u(·) ✐❢ xt,x(·) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✮ t❤❡♥

sup
t≤s≤T

‖xt,x(s)‖ ≤ R = R(T, ‖x‖).

❙t❡♣ ✷✳ ❚❛❦❡ ❛♥② (a, p) ∈ D1,+wλ,ǫ,β(t, x) ❛s ✐♥ ▲❡♠♠❛ ✹✳✺(b) ✭✐✳❡✳ p ✐s t❤❡
✇❡❛❦ ❧✐♠✐t ♦❢ ❞❡r✐✈❛t✐✈❡s ♥❡❛r❜②✮✳ ❙✉❝❤ ❡❧❡♠❡♥ts ❛❧✇❛②s ❡①✐st ❜❡❝❛✉s❡ wλ,ǫ,β ✐s
✏s❡♠✐❝♦♥❝❛✈❡✧✳ ❚❤❡♥ ✇❡ ❝❤♦♦s❡ u1 ∈ U s✉❝❤ t❤❛t

a+ 〈A∗p, x〉 + 〈p, b(t, x, u1)〉 + L(t, x, u1) ≤ γR,δ(λ, ǫ, β) +
1

n2
. ✭✺✷✮

✷✶



❇② t❤❡ ✏s❡♠✐❝♦♥❝❛✈✐t②✧ ♦❢ wλ,ǫ,β

wλ,ǫ,β(s, y) ≤ wλ,ǫ,β(t, x) + a(s− t) + 〈p, y − x〉 +
‖x− y‖2

−1

2ǫ
+

(t− s)2

2β
. ✭✺✸✮

❇✉t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐s ❛ t❡st✶ ❢✉♥❝t✐♦♥ s♦ ✐❢ s ≥ t
❛♥❞ x(s) = xt,x(s) ✇✐t❤ ❝♦♥st❛♥t ❝♦♥tr♦❧ u(s) = u1✱ ✇❡ ❝❛♥ ✉s❡ ✭✶✷✮ ❛♥❞ ✇r✐t❡

∣

∣

∣

∣

a(s− t) + 〈p, x(s) − x〉 +
‖x(s)−x‖2

−1

2ǫ
+ (s−t)2

2β

s− t

− (a+ 〈p, b(t, x, u1)〉 + 〈A∗p, x〉)
∣

∣

∣

∣

≤ |t− s|
2β

+

∣

∣

∣

∣

∣

∫ s

t
〈A∗p, x(r) − x〉dr

s− t

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ s

t
〈p, b(r, x(r), u1) − b(t, x, u1)〉dr

s− t

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ s

t
〈A∗B(x(r) − x), x(r)〉dr

ǫ(s− t)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ s

t
〈B(x(r) − x), b(r, x(r), u1)〉dr

ǫ(s− t)

∣

∣

∣

∣

∣

≤ ω′
t,x(|s− t| + sup

t≤r≤s

‖x(r) − x‖) ≤ ω̃t,x(s− t) ✭✺✹✮

❢♦r s♦♠❡ ♠♦❞✉❧✐ ω′
t,x ❛♥❞ ω̃t,x t❤❛t ❞❡♣❡♥❞ ♦♥ (t, x), ǫ, β ❜✉t ♥♦t ♦♥ u1✳ ❲❡ ❝❛♥

♥♦✇ ✉s❡ ✭✺✷✮✱ ✭✺✸✮ ❛♥❞ ✭✺✹✮ t♦ ❡st✐♠❛t❡

wλ,ǫ,β(t+ h
n
, x(t+ h

n
)) − wλ,ǫ,β(t, x)

h/n

≤ ω̃t,x

(

h

n

)

+ γR,δ(λ, ǫ, β) +
1

n2
− L(t, x, u1) ✭✺✺✮

❙t❡♣ ✸✳ ❉❡♥♦t❡ ti = t + (t−1)h
n

❢♦r i = 1, ..., n✳ ❲❡ ♥♦✇ r❡♣❡❛t t❤❡ ❛❜♦✈❡
♣r♦❝❡❞✉r❡ st❛rt✐♥❣ ❛t x(t2) t♦ ❛❜t❛✐♥ u2 s❛t✐s❢②✐♥❣ ✭✺✺✮ ✇✐t❤ (t2, x(t2)) r❡♣❧❛❝❡❞
❜② (t3, x(t3))✱ (t, x) = (t1, x(t1)) r❡♣❧❛❝❡❞ ❜② (t2, x(t2))✱ ❛♥❞ u1 r❡♣❧❛❝❡❞ ❜② u2✳
❆❢t❡r n ✐t❡r❛t✐♦♥s ♦❢ t❤✐s ♣r♦❝❡ss ✇❡ ♦❜t❛✐♥ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❝♦♥tr♦❧ u(n),
✇❤❡r❡ u(n)(s) = ui ✐❢ s ∈ [ti, ti+1)✳ ❚❤❡♥ ✐❢ x(r) s♦❧✈❡s ✭✺✮ ✇✐t❤ t❤❡ ❝♦♥tr♦❧ u(n)

✇❡ ❤❛✈❡

wλ,ǫ,β(t+ h, x(t+ h)) − wλ,ǫ,β(t, x)

h/n

≤ ω̃t,x

(

h

n

)

n+ γR,δ(λ, ǫ, β)n+
n

n2
−

n
∑

i=1

L(ti−1, x(ti−1), ui).

✷✷



❲❡ r❡♠✐♥❞ t❤❛t ✭✹✾✮ ✐s ♥❡❡❞❡❞ ❤❡r❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t supti−1≤r≤ti
‖x(r) −

x(ti−1)‖ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ui ❛♥❞ x(ti−1) ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ x ❛♥❞ t✳ ❲❡
t❤❡♥ ❡❛s✐❧② ♦❜t❛✐♥

wλ,ǫ,β(t+ h, x(t+ h)) − wλ,ǫ,β(t, x)

≤ ω̃t,x

(

h

n

)

h+ γR,δ(λ, ǫ, β)h+
h

n2
−
∫ t+h

t

L(r, x(r), u(n))dr + ω̃′
t,x

(

h

n

)

h

✭✺✻✮

❢♦r s♦♠❡ ♠♦❞✉❧✉s ω̃′
t,x✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❍②♣♦t❤❡s✐s ✹✳✶ ❛♥❞ ✭✹✾✮ t♦ ❡st✐♠❛t❡

❤♦✇ t❤❡ s✉♠ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✐♥t❡❣r❛❧✳ ❲❡ ♥♦✇ ✜♥❛❧❧② ♥♦t✐❝❡ t❤❛t ✐t ❢♦❧❧♦✇s
❢r♦♠ ✭✹✼✮ t❤❛t

|wλ,ǫ,β(s, y) − w(s, y)| ≤ σ̃R(λ+ ǫ+ β;R) ❢♦r s ∈ (δ, T − δ), ‖y‖ ≤ R,

✇❤❡r❡ t❤❡ ♠♦❞✉❧✉s σ̃R ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ σR✳ ❚❤❡r❡❢♦r❡✱ ❝❤♦♦s✐♥❣
β, λ, ǫ s♠❛❧❧ ❛♥❞ t❤❡♥ n ❜✐❣ ❡♥♦✉❣❤✱ ❛♥❞ ✉s✐♥❣ ✭✸✺✮✱ ✇❡ ❛rr✐✈❡ ❛t ✭✺✵✮✳

❲❡ s❤♦✇ ❜❡❧♦✇ ♦♥❡ ❡①❛♠♣❧❡ ✇❤❡♥ ❝♦♥❞✐t✐♦♥ ✭✹✾✮ ✐s s❛t✐s✜❡❞✳

❊①❛♠♣❧❡ ✹✳✽✳ ❈♦♥❞✐t✐♦♥ ✭✹✾✮ ❤♦❧❞s ❢♦r ❡①❛♠♣❧❡ ✐❢ A = A∗✱ ✐t ❣❡♥❡r❛t❡s ❛
❞✐✛❡r❡♥t✐❛❜❧❡ s❡♠✐❣r♦✉♣✱ ❛♥❞ ‖AetA‖ ≤ C/tδ ❢♦r s♦♠❡ δ < 2✳ ■♥❞❡❡❞ ✉♥❞❡r
t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ✐❢ u(·) ∈ U [t, T ] ❛♥❞ ✇r✐t✐♥❣ x(s) = xt,x(s)✱ ✇❡ ❤❛✈❡

‖(A+ I)
1
2x(s)‖ ≤ ‖(A+ I)

1
2 e(s−t)Ax‖+

∫ s

t

‖(A+ I)
1
2 e(s−τ)Ab(τ, x(τ), u(τ))‖dτ

❍♦✇❡✈❡r ❢♦r ❡✈❡r② y ∈ H ❛♥❞ 0 ≤ τ ≤ T

‖(A+ I)
1
2 eτAy‖2 ≤ ‖(A+ I)eτAy‖ ‖y‖ ≤ C1

τ δ
‖y‖2.

❚❤✐s ②✐❡❧❞s

‖(A+ I)
1
2 eτA‖ ≤

√
C1

τ
δ
2

❛♥❞ t❤❡r❡❢♦r❡

‖(A+ I)
1
2x(s)‖ ≤ C2

(

1

(s− t)
δ
2

+ (s− t)1−
δ
2

)

≤ C3

(s− t)
δ
2

.

❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t ❢♦r ❡✈❡r② ǫ > 0 t❤❡r❡ ❡①✐sts ❛ ♠♦❞✉❧✉s σǫ ✭❛❧s♦ ❞❡♣❡♥❞✐♥❣
♦♥ x ❜✉t ✐♥❞❡♣❡♥❞❡♥t ♦❢ u(·)✮ s✉❝❤ t❤❛t ‖e(s2−s1)Ax(s1) − x(s1)‖ ≤ σǫ(s2 − s1)
❢♦r ❛❧❧ t+ ǫ ≤ s1 < s2 ≤ T ✳ ❚❤✐s ✐s ♥♦✇ r❛t❤❡r ♦❜✈✐♦✉s s✐♥❝❡

e(s2−s1)Ax(s1) − x(s1) =

∫ s2−s1

0

AesAx(s1)ds

=

∫ s2−s1

0

(A+ I)
1
2 esA(A+ I)

1
2x(s1)ds−

∫ s2−s1

0

esAx(s1)ds

✷✸



❛♥❞ t❤✉s

‖e(s2−s1)Ax(s1) − x(s1)‖ ≤ ‖(A+ I)
1
2x(s1)‖

∫ s2−s1

0

√
C1

s
δ
2

ds+ (s2 − s1)‖x(s1)‖

≤ C4

ǫ
δ
2

(s2 − s1)
1− δ

2 + C5(s2 − s1).

❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠♦❞✉❧✉s σ✱ ❞❡♣❡♥❞✐♥❣ ♦♥ x ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t
♦❢ u(·)✱ s✉❝❤ t❤❛t

‖x(s) − x‖ ≤ σ(s− t).

▲❡t ♥♦✇ t ≤ s1 < s2 ≤ T ✳ ❉❡♥♦t❡ s̄ = max(s1, t+ ǫ)✳ ■❢ s2 ≤ t+ ǫ t❤❡♥

‖x(s2) − x(s1)‖ ≤ 2σ(ǫ).

❖t❤❡r✇✐s❡

‖x(s2) − x(s1)‖ ≤ 2σ(ǫ) + ‖x(s2) − x(s̄)‖

≤ 2σ(ǫ) + ‖e(s2−s̄)Ax(s1) − x(s̄)‖ +

∫ s2

s̄

‖e(s2−τ)Ab(τ, x(τ), u(τ))‖dτ

≤ 2σ(ǫ) + σǫ(s2 − s1) + C4(s2 − s1) ✭✺✼✮

❢♦r s♦♠❡ ❝♦♥st❛♥t C4 ✐♥❞❡♣❡♥❞❡♥t ♦❢ u(·)✳ ❚❤❡r❡❢♦r❡ ✭✹✾✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ t❤❡
♠♦❞✉❧✉s

ωt,x(τ) = inf
0<ǫ<T−t

{2σ(ǫ) + σǫ(τ) + C(τ)} .

❘❡❢❡r❡♥❝❡s
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❝♦♥tr♦❧ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s✱ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✶✸✸ ✭✶✾✽✽✮✱ ♥♦✳ ✶✱ ✶✺✶✕
✶✻✷✳
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