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1 Empirical analysis of equity time series   
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ID ICB sector name # of firms

1 Oil & Gas 495

2 Chemicals 144

3 Basic Resources 246

4 Construction & Materials 126

5 Industrial Goods & Services 1087

6 Automobiles & Parts 75

7 Food & Beverage 227

8 Personal & Household Goods 381

9 Health Care 900

10 Retail 363

11 Media 286

12 Travel & Leisure 249

13 Telecommunications 113

14 Utilities 125

15 Banks 805

16 Insurance 114

17 Real Estate 65

18 Financial Services 775

19 Technology 1070 �
�� ����!�"�����	������
	�������������
��

9�	�����������	����	�
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1.1 Kolmogorov�Smirnov test and mixture of distributions 
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#of firms n # of "normal" firms nks nks/n #of firms n # of "normal" firms  nks nks/n

Oil & Gas 460 122 0,27 35 30 0,86

Chemicals 129 44 0,34 15 12 0,80

Basic Resources 233 49 0,21 14 14 1,00

Construction & Materials 117 46 0,39 9 9 1,00

Industrial Goods & Services 1022 413 0,40 65 59 0,91

Automobiles & Parts 70 20 0,29 5 4 0,80

Food & Beverage 209 51 0,24 18 15 0,83

Personal & Household Goods 358 102 0,29 23 22 0,96

Health Care 848 255 0,30 52 34 0,65

Retail 322 128 0,40 41 39 0,95

Media 271 45 0,17 15 11 0,73

Travel & Leisure 235 61 0,26 14 10 0,71

Telecommunications 101 20 0,20 12 3 0,25

Utilities 91 50 0,55 34 29 0,85

Banks 786 203 0,26 19 7 0,37

Insurance 92 39 0,42 22 6 0,27

Real Estate 65 13 0,20 0 0 N/A

Financial Services 758 85 0,11 22 14 0,64

Technology 1013 317 0,31 57 51 0,89

"nostoxx" firms "stoxx" firms
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nostoxx firms stoxx firms

Oil & Gas 0 1

Chemicals 0 1

Basic Resources 0 1

Construction & Materials 0 1

Industrial Goods & Services 0 1

Automobiles & Parts 0 1

Food & Beverage 0 1

Personal & Household Goods 0 1

Health Care 0 1

Retail 0 1

Media 0 1

Travel & Leisure 0 1

Telecommunications 0 1

Utilities 1 1

Banks 0 0

Insurance 0 0

Real Estate 0 0

Financial Services 0 1

Technology 0 1 �
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theta # of "no stoxx" firms # of firms after KS-test

0<θ<10% 317 0

10<θ<20% 644 0

20<θ<30% 739 0

30<θ<40% 756 0

40<θ<50% 662 0

50<θ<60% 462 5

60<θ<70% 375 24

70<θ<80% 478 60

80<θ<90% 797 91

90<θ<=100% 1950 1883

Total 7180 2063 �
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2 Correlation estimation   

2.1.1 One Factor Model 
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2.1.2 Estimation of the intra�sector correlations 
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ICB sectors/North America

# of firms rho # of firms rho

Oil & Gas 152 37.44 30 71.58

Chemicals 56 38.99 12 64.01

Basic Resources 63 39.18 14 67.12

Construction & Materials 55 40.43 9 64.91

Industrial Goods & Services 472 31.95 59 58.61

Automobiles & Parts 24 38.01 4 92.67

Food & Beverage 66 24.12 15 45.99

Personal & Household Goods 124 34.77 22 48.60

Health Care 289 21.64 34 44.55

Retail 167 34.15 39 46.81

Media 56 30.61 11 62.23

Travel & Leisure 71 35.54 10 55.35

Telecommunications 23 31.95 3 -

Utilities 79 53.50 29 69.90

Banks 210 31.02 7 65.62

Insurance 45 40.75 6 64.53

Real Estate 13 38.41 0 -

Financial Services 99 34.84 14 61.50

Technology 368 27.81 51 49.65

Average 128.00 35.01 19.42 60.80

all firms DJ STOXX companies
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# of firms mass mju rhos

Oil & Gas 122 30.89 31.82

Chemicals 44 33.52 34.89

Basic Resources 49 32.94 34.28

Construction & Materials 46 36.60 37.67

Industrial Goods & Services 413 28.59 29.19

Automobiles & Parts 20 32.77 34.94

Food & Beverage 51 18.99 22.01

Personal & Household Goods 102 32.48 33.41

Health Care 255 18.93 20.16

Retail 128 31.18 32.07

Media 45 24.15 26.60

Travel & Leisure 61 32.69 33.90

Telecommunications 20 26.94 30.01

Utilities 50 47.10 47.48

Banks 203 29.68 30.45

Insurance 39 39.43 40.36

Real Estate 13 35.59 38.41

Financial Services 85 31.07 32.19

Technology 317 24.69 25.50

Average 108.58 30.96 32.39 �
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ICB sectors/North America weight coefficient

Oil & Gas 0,944

Chemicals 0,948

Basic Resources 0,942

Construction & Materials 0,960

Industrial Goods & Services 0,972

Automobiles & Parts 0,853

Food & Beverage 0,878

Personal & Household Goods 0,963

Health Care 0,940

Retail 0,962

Media 0,911

Travel & Leisure 0,963

Telecommunications 0,816

Utilities 0,960

Banks 0,981

Insurance 0,935

Real Estate N/A

Financial Services 0,959

Technology 0,964 �
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2.1.3 Impact of Lehman Brother’s collapse on the correlations  
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# of firms mass mju rhos mass mju rhos mass mju rhos

Oil & Gas 122 18.02 20.39 50.51 54.96 28.75 30.16

Chemicals 44 21.82 24.96 50.06 54.50 33.82 35.47

Basic Resources 49 21.72 24.73 49.32 53.84 30.92 32.77

Construction & Materia 46 25.18 27.80 56.85 60.64 35.22 36.71

Industrial Goods & Ser 413 17.35 18.85 46.76 51.59 27.65 28.67

Automobiles & Parts 20 19.01 24.75 51.37 55.67 29.87 32.74

Food & Beverage 51 13.92 18.03 34.78 40.87 17.32 20.89

Personal & Household 102 22.80 24.86 48.66 53.27 31.20 32.55

Health Care 255 9.63 12.15 39.09 44.63 17.26 19.01

Retail 128 22.78 24.65 53.51 57.68 27.32 28.79

Media 45 16.12 20.09 47.20 51.92 20.13 23.45

Travel & Leisure 61 24.99 27.32 51.69 55.99 28.47 30.39

Telecommunications 20 17.08 23.41 41.96 47.34 25.93 29.43

Utilities 50 37.36 38.66 59.10 62.69 49.81 50.35

Banks 203 24.86 26.29 38.49 44.09 30.32 31.43

Insurance 39 26.55 29.18 57.00 60.76 40.07 41.24

Real Estate 13 25.22 31.99 43.23 48.60 37.14 39.29

Financial Services 85 22.11 24.42 48.13 52.79 29.27 30.87

Technology 317 15.70 17.46 44.45 49.49 22.43 23.73

12.01.07 - 12.09.08 19.09.08 - 28.11.08 04.12.08 - 03.09.10
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Dynamics of R-squared/USA
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2.1.4 Bias adjustment : parade of correlations 
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Oil & Gas 122 29.87 29.99

Chemicals 44 31.69 31.57

Basic Resources 49 31.48 31.35

Construction & Materials 46 34.19 34.19

Industrial Goods & Services 413 29.03 29.63

Automobiles & Parts 20 29.14 28.91

Food & Beverage 51 17.07 17.62

Personal & Household Goods 102 31.49 31.51

Health Care 255 18.48 18.47

Retail 128 30.20 30.30

Media 45 21.97 22.46

Travel & Leisure 61 31.70 31.61

Telecommunications 20 22.68 23.72

Utilities 50 45.93 45.99

Banks 203 29.96 28.97

Insurance 39 36.49 36.62

Real Estate 13 30.00 30.88

Financial Services 85 31.07 31.05

Technology 317 24.57 24.75
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2.1.5 Estimation of the inter�sector correlations 

���� ��� �� ��
��
������ ���� ��� ��
��
�
� 
�� �	����� ��		���
����� ��� ������	�� ��� 
����	��
� ���
�	�*� ���� i� ��
� j�� � ;��

�������
��
�����������	��������
�	�i�
����
���������
������
���
������
�	�
if ��
��� ��
�������� 2

iR ρ≡ ���������
���
���

���
�	��
if ��
�

jf ����������� �	��
����	����
��
	���
������
�� ��		���
���� ρ �� ����������
���� 
��� ���������� ���������
�

����
����

( ) ( ) ( )inter

, 2

1

, , , , ,
T

i j cross i j

t

L x y d x yρ ρ ρ ρ
∞ ∞

= −∞ −∞

Λ = Φ∏ ∫ ∫ � � � D3%E�

���	�� ( ) ( ) ( ) ( ) ( ), ,

1 1

, , , , ,
ji

nn
k k

cross i j t i i t j j

k k

L x y L x L yρ ρ ρ ρ
= =

  
= ⋅    
   
∏ ∏ � ��
�� 
��� �	���������
�
� ���
�	���������� ���
�
������

���������
��D%E��
�
����
�����,����
������
�	� ���	���D3%E����



� � ( )
( ) ( ) ( )( )

inter

, 2
2 2 2 2

1

4
1 1 4 1

ji

i j
TTnTn

i j i j

Q
Exp

p
p p

ρ

ρ ρ ρ ρ

 
Λ ∝ Χ + 

 − − − −
�

� �� � D31E�

������H����D31E����
��
���

� ( )inter

, ,

0 1

arg max
i j i j

ρ

ρ ρ
≤ <

= Λ �� � � � � D3GE�

;��������D3GE���
��������
��
�����
�	���		���
�������	���������	����
���32���
��
	�����������������������3&��

Oil & Gas Chemicals Basic ResouConstructionIndustrial GAutomobile Food & BevPersonal & Health CareRetail Media Travel & LeTelecommuUtilities Banks Insurance Real EstateFinancial S Technology

Oil & Gas 100,00% - - - - - - - 20,63% 69,06% - - - - 24,69% - - - 13,28%

Chemicals - 100,00% 81,25% 90,63% - - 80,47% 17,97% - 11,09% 93,75% 52,81% - 68,91% 4,06% - - 27,50% -

Basic Resources - 81,25% 100,00% - - - 83,91% 20,63% - 12,66% 97,34% 59,84% - 73,28% 4,06% - - 32,50% -

Construction & Materials - 90,63% - 100,00% - - 84,38% 20,63% - 12,81% - 59,84% - 68,13% 4,53% - - 30,63% -

Industrial Goods & Services - - - - 100,00% - - - - - - - - - - - - - -

Automobiles & Parts - - - - 100,00% 16,88% 3,91% - 2,34% 21,72% 10,47% 90,31% 11,72% 0,78% 22,03% - 5,63% -

Food & Beverage - 80,47% 83,91% 84,38% - 16,88% 100,00% 23,44% - 14,53% - 68,91% - 89,69% 5,31% - - 36,72% -

Personal & Household Goods - 17,97% 20,63% 20,63% - 3,91% 23,44% 100,00% - 69,69% - - - - 22,81% - - - -

Health Care 20,63% - - - - - - - 100,00% - - - - - - - - - -

Retail 69,06% 11,09% 12,66% 12,81% - 2,34% 14,53% 69,69% - 100,00% - - - - 35,31% - - - -

Media - 93,75% 97,34% - - 21,72% - - - - 100,00% 56,41% - 67,03% 4,06% - - 28,75% -

Travel & Leisure - 52,81% 59,84% 59,84% - 10,47% 68,91% - - - 56,41% 100,00% - - 7,81% - - 55,16% -

Telecommunications - - - - - 90,31% - - - - - - 100,00% 13,28% 0,78% 23,91% - 5,31% -

Utilities - 68,91% 73,28% 68,13% - 11,72% 89,69% - - - 67,03% - 13,28% 100,00% 4,84% - - 31,25% -

Banks 24,69% 4,06% 4,06% 4,53% - 0,78% 5,31% 22,81% - 35,31% 4,06% 7,81% 0,78% 4,84% 100,00% - - - -

Insurance - - - - - 22,03% - - - - - - 23,91% - - 100,00% - 21,25% -

Real Estate - - - - - - - - - - - - - - - - 100,00% 2,66% -

Financial Services - 27,50% 32,50% 30,63% - 5,63% 36,72% - - - 28,75% 55,16% 5,31% 31,25% - 21,25% 2,66% 100,00% -

Technology 13,28% - - - - - - - - - - - - - - - 100,00%
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3 Regression Analysis    
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ID ICB sector name

11.11.03-10.12.09 12.01.07-03.09.10

1 Oil & Gas 71,68 74,45

2 Chemicals 75,23 75,61

3 Basic Resources 62,59 64,47

4 Construction & Materials 70,03 76,44

5 Industrial Goods & Service 60,26 72,95

6 Automobiles & Parts 73,87 77,25

7 Food & Beverage 55,32 58,94

8 Personal & Household Go 51,34 63,03

9 Health Care 56,64 64,74

10 Retail 57,74 63,40

11 Media 67,85 72,07

12 Travel & Leisure 61,74 68,83

13 Telecommunications 59,17 62,04

14 Utilities 74,6 77,89

15 Banks 68,52 76,17

16 Insurance 63 67,97

17 Real Estate 87,04 86,07

18 Financial Services 68,45 72,94

19 Technology 63,06 66,85

Average 65,69 70,64

DJ STOXX companies: betas
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Oil & Gas Chemicals Basic ResoConstructioIndustrial GAutomobileFood & BevPersonal & Health CareRetail Media Travel & LeTelecommuUtilities Banks Insurance Real EstateFinancial S Technology

Oil & Gas 100,00 78,63 81,85 77,62 72,51 63,24 70,25 66,90 63,13 63,39 77,23 60,40 69,84 84,43 56,75 72,06 N/A 66,63 73,27

Chemicals 78,63 100,00 78,38 86,44 81,65 71,94 67,51 63,32 58,11 70,46 74,97 71,00 62,67 67,03 59,61 70,55 N/A 71,39 77,14

Basic Resources 81,85 78,38 100,00 74,26 64,65 57,64 52,42 47,74 45,52 50,75 61,30 52,77 49,90 63,59 39,89 54,11 N/A 52,85 63,49

Construction & Materials 77,62 86,44 74,26 100,00 88,21 80,19 67,06 69,74 63,03 78,27 82,92 80,92 69,02 66,94 72,64 80,05 N/A 83,10 80,18

Industrial Goods & Services 72,51 81,65 64,65 88,21 100,00 86,21 75,80 78,67 70,56 85,43 89,86 87,88 72,97 68,94 77,02 84,15 N/A 87,56 85,89

Automobiles & Parts 63,24 71,94 57,64 80,19 86,21 100,00 63,02 67,93 55,42 79,99 82,20 81,14 64,55 61,57 73,81 77,91 N/A 82,07 80,46

Food & Beverage 70,25 67,51 52,42 67,06 75,80 63,02 100,00 89,00 83,54 77,05 81,37 72,09 75,73 76,87 59,25 75,59 N/A 72,80 72,71

Personal & Household Goods 66,90 63,32 47,74 69,74 78,67 67,93 89,00 100,00 82,55 84,01 82,83 79,57 76,61 73,24 62,12 76,35 N/A 75,86 74,95

Health Care 63,13 58,11 45,52 63,03 70,56 55,42 83,54 82,55 100,00 74,43 76,88 69,67 73,42 73,44 59,14 77,27 N/A 71,83 69,46

Retail 63,39 70,46 50,75 78,27 85,43 79,99 77,05 84,01 74,43 100,00 86,80 88,38 76,15 66,98 68,97 78,61 N/A 86,15 84,06

Media 77,23 74,97 61,30 82,92 89,86 82,20 81,37 82,83 76,88 86,80 100,00 84,34 80,01 74,79 76,65 86,60 N/A 88,04 84,43

Travel & Leisure 60,40 71,00 52,77 80,92 87,88 81,14 72,09 79,57 69,67 88,38 84,34 100,00 69,04 60,40 73,22 78,29 N/A 84,70 80,19

Telecommunications 69,84 62,67 49,90 69,02 72,97 64,55 75,73 76,61 73,42 76,15 80,01 69,04 100,00 73,35 62,98 74,38 N/A 74,56 74,94

Utilities 84,43 67,03 63,59 66,94 68,94 61,57 76,87 73,24 73,44 66,98 74,79 60,40 73,35 100,00 52,51 73,51 N/A 64,72 71,23

Banks 56,75 59,61 39,89 72,64 77,02 73,81 59,25 62,12 59,14 68,97 76,65 73,22 62,98 52,51 100,00 85,99 N/A 88,96 62,24

Insurance 72,06 70,55 54,11 80,05 84,15 77,91 75,59 76,35 77,27 78,61 86,60 78,29 74,38 73,51 85,99 100,00 N/A 89,67 73,28

Real Estate N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A 100,00 N/A N/A

Financial Services 66,63 71,39 52,85 83,10 87,56 82,07 72,80 75,86 71,83 86,15 88,04 84,70 74,56 64,72 88,96 89,67 N/A 100,00 80,91

Technology 73,27 77,14 63,49 80,18 85,89 80,46 72,71 74,95 69,46 84,06 84,43 80,19 74,94 71,23 62,24 73,28 N/A 80,91 100,00 �
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4 Value at Risk (VaR) of equity portfolio with normal mixtures 
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5 Conclusions 
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Appendix. 

Proof of Eq. (5):�
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MLE�results for different aggregations of “no stoxx” firms across sectors 
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Oil & Gas 29.52 59.76 - 29.06 59.43

Chemicals 27.39 54.29 - 29.95 63.44

Basic Resources 33.87 53.55 - 37.58 52.37

Construction & Materials 29.75 50.41 62.03 31.71 55.44

Industrial Goods & Services 17.15 41.53 52.24 24.28 51.74

Automobiles & Parts 40.25 52.66 84.27 36.70 84.27

Food & Beverage 21.09 30.40 83.30 22.01 37.36

Personal & Household Goods 26.20 40.72 64.85 29.66 52.85

Health Care 18.92 31.92 46.70 19.83 40.20

Retail 22.26 37.38 42.89 29.23 42.84

Media 26.08 36.50 88.95 27.44 45.68

Travel & Leisure 27.90 39.24 50.63 31.61 52.95

Telecommunications 30.54 59.61 - 33.00 65.74

Utilities 43.49 56.51 - 38.55 58.56

Banks 24.21 64.99 - 13.70 45.73

Insurance 37.58 54.81 - 34.84 49.13

Real Estate 38.56 100.00 - 45.41 85.57

Financial Services 27.60 46.76 - 33.13 48.74

Technology 21.77 37.20 59.88 24.95 45.19

Average 28.64 49.91 63.57 30.14 54.59 �
������,3#���
	�����
�	���		���
�������	�
����	��
����	���
��������>����
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�

employees <1000 1000<employees <10000 10000<employees 1M<assets<1Mrd assets >1Mrd

Oil & Gas 80 33 1 74 36

Chemicals 19 23 0 28 14

Basic Resources 19 22 2 26 16

Construction & Materials 14 24 7 25 20

Industrial Goods & Services 166 206 43 291 112

Automobiles & Parts 7 9 4 15 4

Food & Beverage 21 27 3 36 13

Personal & Household Goods 39 57 6 76 26

Health Care 184 54 10 216 31

Retail 26 63 40 81 45

Media 19 19 4 28 13

Travel & Leisure 19 23 21 44 16

Telecommunications 11 7 1 12 6

Utilities 19 31 0 11 38

Banks 152 50 0 55 147

Insurance 27 12 1 11 28

Real Estate 11 0 2 8 4

Financial Services 36 26 0 36 23

Technology 188 114 7 255 47

Total 1057 800 152 1328 639 �
������,%#������	������	�����������
��

�

�

# of firms rated < BBB sub-investment grade investment grade # of firms rated >=BBB

Oil & Gas 30 60.86 74.31 5

Chemicals 7 58.45 73.17 6

Basic Resources 9 53.08 78.77 5

Construction & Materials 9 56.12 74.16 5

Industrial Goods & Services 55 46.63 56.61 29

Automobiles & Parts 6 65.21 - 0

Food & Beverage 5 61.04 55.00 5

Personal & Household Goods 23 51.21 57.95 9

Health Care 19 34.51 77.32 4

Retail 24 43.38 - 1

Media 12 42.32 - 3

Travel & Leisure 18 48.22 - 1

Telecommunications 6 60.87 - 2

Utilities 6 59.60 63.24 26

Banks 4 92.89 72.33 14

Insurance 0 - - 1

Real Estate 0 - - 1

Financial Services 3 - 54.17 8

Technology 19 45.29 71.48 5

Total 255 130

Average 54.98 67.37 �
������,1#���
	�����
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Comments to bias for MLE (8) and for a mass μ (6):��
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number of firms\rhos 5,00% 10,00% 15,00% 20,00% 25,00%

100 9,82% 14,09% 18,37% 22,69% 27,03%

200 8,48% 12,75% 17,17% 21,77% 26,24%

300 7,84% 12,19% 16,80% 21,40% 25,94%

400 7,46% 11,82% 16,49% 21,17% 25,73%

500 7,23% 11,59% 16,30% 21,11% 25,58%

600 7,03% 11,46% 16,20% 21,00% 25,53%

700 6,87% 11,34% 16,12% 20,93% 25,48%

800 6,75% 11,25% 16,07% 20,87% 25,47%

900 6,67% 11,18% 16,00% 20,83% 25,46%

1000 6,57% 11,12% 15,96% 20,82% 25,42% �
������,G��Empirical distribution of a MLE (8) vs number of firms and given rhos�

�

number of firms\mju 5,00% 10,00% 15,00% 20,00% 25,00%

100 6,00% 10,89% 15,87% 20,78% 25,58%

200 5,56% 10,45% 15,44% 20,47% 25,24%

300 5,38% 10,31% 15,41% 20,35% 25,11%

400 5,30% 10,21% 15,30% 20,26% 25,00%

500 5,29% 10,15% 15,23% 20,29% 24,92%

600 5,24% 10,16% 15,22% 20,24% 24,91%

700 5,20% 10,13% 15,21% 20,22% 24,89%

800 5,19% 10,12% 15,22% 20,19% 24,90%

900 5,19% 10,11% 15,19% 20,17% 24,91%

1000 5,16% 10,11% 15,18% 20,19% 24,89% �
������,6��Empirical distribution of mass μ (6) vs number of firms and given rhos�
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Proof of Eq. (13): 

9�	�
����
�	� ���

( )

( )( )
( )

( )

( )( )
( )

( )
( ) ( ) ( )

2 2

, ,

2 1 2 1
/ 2/ 2

1 1

, , , 1 1 , , ,
2 12 1

k m
t j j t i i

s j sj ii
ji

i j i j

V x V y

n n
nn

cross s s i j cross s s

k m ij

e e
L x y L x y

ρ ρ

ρ ρ

ρ ρ ρ ρ ρ ρ
π ρπ ρ

− −
− −

− −
−−

= =

= ∝ − −
−−

∏ ∏ � *�

���	��

( )
( )

( )( ) ( )

( )
( )( ) ( )2 2

2 2

, , , ,

1 1

1 1
, , , 2 2

2 12 1

j i
n n

k k m m

cross i j t j j j t j t i i i t i

k mij

L x y Exp V x x V V y y Vρ ρ ρ ρ ρ ρ
ρρ = =

        = − + − ⋅ − + − ⋅          −−    
∑ ∑� ��

����������
�	������
��	������D3%E��������
�������

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 2

2 2 2

2
2 2

2 1

2

2 2 2

2 2

2
, , ,

2 12 1 2 1

2

4 2 12 1 2 1

j j

x x y y

p x q xj i i i i i

cross i j

ij

j j i i i i i

j j ij

y n y y
I L x y e dx Exp e dx

q y n y y
Exp

p p

ρ

ρ α α ρ ρ β
ρ ρ

ρρ ρ

α α ρ ρ βπ

ρρ ρ

− +
−∞ ∞

− − +

−∞ −∞

 + − ⋅
 = = − − −
 −− − 

 + − ⋅
 = − − −
 −− − 

∫ ∫�

�

���	��



( ) ( )( ) ( ) ( )2

, ,

1 1

;
j jn n

k k

j t j j t j

k k

t V t Vα β
= =

= =∑ ∑ ���


( ) ( )
2

22

1
;

1 12 1 2 1

j jj j

j j

jj

n y
p q

ρ βρ ρ

ρ ρρ ρ
= + = +

− −− −
��

,����
�	������
��	������
������ �������

2

24

q

p

j

II I dy e e
p p

ξ π π∞

−∞

= ⋅ =∫
�

�

�

�*�

���	���

( ) ( )( ) ( )

2
2 2

2 2 22 2
;

12 1 14 1

j j i i

i

ij jj

p p q
pp

ρ β ρ ρ βρ

ρρ ρρ
= − = +

−− −−
� � ��
��

( ) ( ) ( )

2

2
2 2 1 2 14 1

j j ji

i jj j
p

ρ β αα
ξ

ρ ρρ
= − −

− −−

���

$�����

( )
( ) ( )

/ 2/ 2

inter

,
2

1

1 1

2 1

ji
nn

T
i j

i j

t

II
ρ ρ

ρ
π ρ

−−

=

− −
Λ =

−
∏ ���������
�� ( ) ( ) ( ) ( )

2

2
/ 2

inter 2 2 2 4

,

1

1 1 1
ji

q
TT

nn p

i j i j j

t

p p e
ξ

ρ ρ ρ ρ
− +

=

 Λ ∝ − − ⋅ −   ∏
�

�� ���

@���
����

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )( )( ) ( )

2 2

,

1 1 1

2

2
2

2 2 2
,2

2 22 2 24 2
1

; ; ;

2 1 2 14 1

1 1 1 14 1 1

T T T

j j j j i j i j

t t t

j j ji

i jj j

T
i j j ij j i i

t j j i ij j

t t t t

p

Q q
pp

α α β β β β β

ρ β αα

ρ ρρ

β ρ ρ ρρ β ρ ρ β

ρ ρ ρ ρρ ρ

= = =

=

= = =

Χ = − −
− −−

⋅
= = + +

− − − −− −

∑ ∑ ∑

∑ �

��

�����
��

��� ( )
( ) ( ) ( )( )

inter

, 2
2 2 2 2

1

4
1 1 4 1

ji

i j
TTnTn

i j i j

Q
Exp

p
p p

ρ

ρ ρ ρ ρ

 
Λ ∝ Χ + 

 − − − −
�

��

,��
�������	�
�	���
������	�����	���
��
�	
�H�
������ ���

( ) ( )

( ) ( )

( ) ( ) ( )

1

2 2 2

1

, ,

1

1 ;

1 ;

1

T

j j j

t

T

j j j j

t

T

i j i j i j i j

t

t n T

t n T

t t n n T

α α

β β µ

β β β µ

=

=

=

= ≈ ⋅ −

= ≈ ⋅ − ⋅

= ≈ ⋅ ⋅ − ⋅

∑

∑

∑

�

���	��
, ,

1 1

1 ji
nn

i j k l

k lj i

r
n n

µ
= =

=
⋅
∑∑ �����������������
	������
���M��	���"���	������		���
���� ( ) ( )

, , ,

1

1

1

T
k l

k l t i t j

t

r V V
T =

=
−
∑ ���	������	�

Dk,lE������	����	������
�	��i���
�j�*�	�����
� ������

+
�������$������ 
����
	������������������
����
�&�?(��


