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1. Introduction

The use of multidimensional panel data sets has received momentum the last few

years. Especially, three dimensional data bases are becoming readily available and

frequently used to analyze different types of economic flows, like capital flows (FDI)

for example, or most predominantly trade relationships (for a recent reviews of the

subject see Anderson [2010] or van Bergeijk and Brakman [2010]). Several model

specifications have been proposed in the literature to deal with the heterogeneity of

these types of data sets, but all of them considered these heterogeneity factors as

fixed effects, i.e., fixed unknown parameters. As it is pretty well understood from

the use of “usual” two dimensional panel data sets, the fixed effects formulations are

more suited to deal with cases when the panel, at least in one dimension, is short.

On the other hand, for large data sets, the random effects specifications seems to be

more suited, where the specific effects are considered as random variables, rather than

parameters.

In this paper we present different types of random effects model specifications

which mirror the fixed effects models used so far in the literature (some earlier versions

were introduced in Davis [2002]), derive proper estimation methods for each of them

and analyze their properties under some data problems. Finally, we present an

interesting application.

2. Different Heterogeneity Formulations

The most widely used fixed effects model specifications have been proposed by Baltagi

et al. [2003], Egger and Pfanffermayr [2003], Baldwin and Taglioni [2006], and Baier

and Bergstrand [2007]. The straightforward direct generalization of the standard fixed

effects panel data model (where the usual individuals are in fact the (ij) country pairs)

takes into account bilateral interaction. The model specification is

yijt = β′xijt + γij + εijt i = 1, . . . , N j = 1, . . . , N, t = 1, . . . , T

where the γij are the bilateral specific fixed effects. If the specification is used in

a macro trade model, for example, with say 150 countries involved, this explicitly

or implicitly, means the estimation of 150 × 150 = 22, 500 parameters. This looks

very much like a textbook over-specification case. Instead we propose, like in a

standard panel data context, the use of the much more parsimonious random effects

specification

yijt = β′xijt + µij + εijt i = 1, . . . , N, j = 1, . . . , N, t = 1, . . . , T (1)
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where E(µij) = 0, the random effects are pairwise uncorrelated, and

E(µijµi′j′) =

{

σ2

µ i = i′ and j = j′

0 otherwise

A natural extension of this model is to include time effects as well

yijt = β′xijt + µij + λt + εijt i = 1, . . . , N j = 1, . . . , N, t = 1, . . . , T (2)

where E(λt) = 0 and

E(λtλ
′

t) =

{

σ2

λ t = t′

0 otherwise

Another form of heterogeneity is to use individual-time-varying effects

yijt = β′xijt + αjt + εijt

The corresponding random effects specification now is

yijt = β′xijt + ujt + εijt (3)

where E(ujt) = 0, the random effects are pairwise uncorrelated, and

E(uijuj′t′) =

{

σ2

u j = j′ and t = t′

0 otherwise

Or alternatively we can also have the following random effects specification

yijt = β′xijt + vit + εijt (4)

where E(vit) = 0, the random effects are pairwise uncorrelated, and

E(vitvi′t′) =

{

σ2

v i = i′ and t = t′

0 otherwise

The random effects specification containing both the above forms of heterogeneity

now is

yijt = β′xijt + vit + ujt + εijt (5)

The model specification which encompasses all above effects is

yijt = β′xijt + γij + αit + αjt + εijt
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The corresponding random effects specification now is

yijt = β′xijt + µij + vit + ujt + εijt (6)

where E(µij) = 0, E(ujt) = 0, E(vit) = 0, all random effects are pairwise

uncorrelated, and

E(µijµi′j′) =

{

σ2

µ i = i′ and j = j′

0 otherwise

E(ujtuj′t′) =

{

σ2

u j = j′ and t = t′

0 otherwise

E(vitvi′t′) =

{

σ2

v i = i′ and t = t′

0 otherwise

In order to estimate efficiently these random effects models their corresponding

covariance matrices need to be derived

3. Covariance Matrices of the Different Random Effects Specifications

The standard way to estimate these models is with the Feasible GLS (FGLS)

estimator. First, we need to derive the covariance matrix of each of the models

introduced in Section 2, then the unknown variance components of these matrices

need to be estimated.

For model (1) let us denote

u⋆
ijt = µij + ǫijt (7)

So for all t observations

u⋆
ij = µij ⊗ lT + ǫij

E
[

u⋆
iju

⋆′
ij

]

= E [(µij ⊗ lT ) (µij ⊗ l′T )] + E
[

ǫijǫ
′

ij

]

= σ2

µJT + σ2

ǫ IT

where lT is the (T × 1) vector of ones, JT is the (T × T ) matrix of ones and IT is the

(T × T ) identity matrix. In all the paper matrix J will denote the matrix of ones,

with the size in the index, and I the identity matrix, also with the size in the index.

Now for individual i

u⋆
i = µi ⊗ lT + ǫi

E
[

u⋆
i u

⋆′
i

]

= E [(µi ⊗ lT ) (µ′

i ⊗ l′T )] + E [ǫiǫ
′

i]

= σ2

µIN ⊗ JT + σ2

ǫ INT
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And combining all these results we get for the covariance matrix of model (1)

u⋆ = µ ⊗ lT + ǫ

E
[

u⋆u⋆′
]

= E [(µ ⊗ lT ) (µ′ ⊗ l′T )] + E [ǫǫ′]

= σ2

µIN2 ⊗ JT + σ2

ǫ IN2T = Ω

Deriving likewise the covariance matrix for model (2)

u⋆
ij = µij ⊗ lT + λ + ǫij

E
[

u⋆
iju

⋆′
ij

]

= E
[

(µij ⊗ lT ) (µij ⊗ lT )
′
]

+ E [λλ′] + E
[

ǫijǫ
′

ij

]

= σ2

µJT + σ2

λIT + σ2

ǫ IT

and

u⋆
i = µi ⊗ lT + lN ⊗ λ + ǫi

E
[

u⋆
i u

⋆′
i

]

= E
[

(µi ⊗ lT ) (µi ⊗ lT )
′
]

+ E
[

(lN ⊗ λ) (lN ⊗ λ)
′
]

+ E [ǫiǫ
′

i]

= σ2

µIN ⊗ JT + σ2

λJN ⊗ IT + σ2

ǫ INT

so we obtain

u⋆ = µ ⊗ lT + lN2 ⊗ λ + ǫ

E
[

u⋆u⋆′
]

= E
[

(µ ⊗ lT ) (µ ⊗ lT )
′
]

+ E
[

(lN2 ⊗ λ) (lN2 ⊗ λ)
′
]

+ E [ǫǫ′]

= σ2

µIN2 ⊗ JT + σ2

λJN2 ⊗ IT + σ2

ǫ IN2T = Ω

Let us turn now to models (3) and (4) which can be dealt with in the same way

as they are completely symmetric

u⋆
ijt = ujt + ǫijt (8)

u⋆
ij = uj + ǫij

E
(

u⋆
iju

⋆′
ij

)

= E
[

uju
′

j

]

+ E
[

ǫijǫ
′

ij

]

= σ2

uIT + σ2

ǫ IT

u⋆
i = u + ǫi

E
(

u⋆
i u

⋆′
i

)

= E [uu′] + E [ǫiǫ
′

i] = σ2

uINT + σ2

ǫ INT

u⋆ = lN ⊗ u + ǫ

E
(

u⋆u⋆′
)

= E [(lN ⊗ u) (l′N ⊗ u′)] + E [ǫǫ′] = σ2

uJN ⊗ INT + σ2

ǫ IN2T = Ω
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Using the same approach, the covariance matrix for model (5) is

u⋆
ijt = ujt + vit + ǫijt

u⋆
ij = uj + vi + ǫij

E
(

u⋆
iju

⋆′
ij

)

= E
[

uju
′

j

]

+ E [viv
′

i] + E
[

ǫijǫ
′

ij

]

= σ2

uIT + σ2

vIT + σ2

ǫ IT

u⋆
i = lN ⊗ vi + u + ǫi

E
(

u⋆
i u

⋆′
i

)

= E [(lN ⊗ vi) (l′N ⊗ v′

i)] + E [uu′] + E [ǫiǫ
′

i] =

= σ2

vJN ⊗ IT + σ2

uINT + σ2

ǫ INT

and so

E
(

u⋆u⋆′
)

= σ2

v(IN ⊗ JN ⊗ IT ) + σ2

u(JN ⊗ INT ) + σ2

ǫ IN2 = Ω

And finally the covariance matrix of the all encompassing model (6) is

u⋆
ijt = µij + ujt + vit + ǫijt (9)

u⋆
ij = µij ⊗ lT + uj + vi + ǫij

E
(

u⋆
iju

⋆′
ij

)

= E [(µij ⊗ lT ) (µij ⊗ l′T )] + E
[

uju
′

j

]

+ E [viv
′

i] + E
[

ǫijǫ
′

ij

]

= σ2

µJT + σ2

uIT + σ2

vIT + σ2

ǫ IT

u⋆
i = µi ⊗ lT + lN ⊗ vi + u + ǫi

E
(

u⋆
i u

⋆′
i

)

= E [(µi ⊗ lT ) (µ′

i ⊗ l′T )] + E [(lN ⊗ vi) (l′N ⊗ v′

i)] + E [uu′] + E [ǫiǫ
′

i] =

= σ2

µIN ⊗ JT + σ2

uINT + σ2

vJN ⊗ IT + σ2

ǫ INT

and so

E
(

u⋆u⋆′
)

= σ2

µ(IN2 ⊗ JT ) + σ2

u(JN ⊗ INT ) + σ2

v(IN ⊗ JN ⊗ IT ) + σ2

ǫ IN2T = Ω
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4. Estimation of the Variance Components and the Feasible GLS Estimator

Turning now to the estimation of the variance components of the different models, let

us start with model (1)

E
[

u⋆2

ijt

]

= E
[

(µij + ǫijt)
2
]

= E
[

µ2

ij

]

+ E
[

ǫ2ijt

]

= σ2

µ + σ2

ǫ (10)

and let us introduce the appropriate Within transformation

u⋆
ijt,within = u⋆

ijt − ū⋆
ij = ǫijt − ǭij (11)

where ǭij = 1/T
∑

t ǫijt and ū∗
ij = 1/T

∑

t u∗

ijt, so we get

E
[

(

u⋆
ijt − ū⋆

ij

)2
]

= E
[

(ǫijt − ǭij)
2

]

= E



ǫ2ijt − 2ǫijt

1

T

T
∑

t=1

ǫijt +

(

1

T

T
∑

t=1

ǫijt

)2




= E
[

ǫ2ijt

]

− 2E

[

ǫijt

1

T

T
∑

t=1

ǫijt

]

+ E





(

1

T

T
∑

t=1

ǫijt

)2




= σ2

ǫ −
2

T
σ2

ǫ +
1

T
σ2

ǫ = σ2

ǫ −
1

T
σ2

ǫ = σ2

ǫ

T − 1

T

Let û∗ be the OLS residual of model (1) and û∗

within the Within transformation of

this residual. Then we can estimate the variance components as

σ̂2

ǫ =
T

T − 1
û⋆′

withinû⋆
within

σ̂2

µ =
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

û⋆2

ijt − σ̂2

ǫ

These estimators naturally should be adjusted to the actual degrees of freedom.

Continuing with model (2)

E
[

u⋆2

ijt

]

= E
[

(µij + λt + ǫijt)
2
]

= E
[

µ2

ij

]

+ E
[

λ2

t

]

+ E
[

ǫ2ijt

]

= σ2

µ + σ2

λ + σ2

ǫ

E





(

1

T

T
∑

t=1

u⋆
ijt

)2


 = E





(

1

T

T
∑

t=1

µij + λt + ǫijt

)2




= E
[

µ2

ij

]

+
1

T 2
E

[

T
∑

t=1

λ2

t

]

+
1

T 2
E

[

T
∑

t=1

ǫ2ijt

]

= σ2

µ +
1

T
σ2

λ +
1

T
σ2

ǫ
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and

E
[

(

u⋆
ijt − ū⋆

ij − ū⋆
t + ū⋆

)2
]

= E
[

(ǫijt − ǭij − ǭt + ǭ)
2

]

= E
[

ǫ2ijt

]

+ E





(

1

T

T
∑

t=1

ǫijt

)2


+

+ E











1

N2

N
∑

i=1

N
∑

j=1

ǫijt





2





+ E











1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

ǫijt





2





−

− 2E

[

ǫijt

1

T

T
∑

t=1

ǫijt

]

− 2E



ǫijt

1

N2

N
∑

i=1

N
∑

j=1

ǫijt



+

+ 2E



ǫijt

1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

ǫijt



+ 2E





1

T

T
∑

t=1

ǫijt ·
1

N2

N
∑

i=1

N
∑

j=1

ǫijt



−

− 2E





1

T

T
∑

t=1

ǫijt ·
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

ǫijt



− 2E





1

N2

N
∑

i=1

N
∑

j=1

ǫijt ·
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

ǫijt





= σ2

ǫ +
1

T
σ2

ǫ +
1

N2
σ2

ǫ +
1

N2T
σ2

ǫ −
2

T
σ2

ǫ −
2

N2
σ2

ǫ +

+
2

N2T
σ2

ǫ +
2

N2T
σ2

ǫ −
2

N2T
σ2

ǫ −
2

N2T
σ2

ǫ =

= σ2

ǫ

(N − 1)(N + 1)(T − 1)

N2T

This leads to the estimation of the variance components

σ̂2

ǫ =
N2T

(N − 1)(N + 1)(T − 1)
û⋆

′

withinû⋆
within

σ̂2

µ =
1

N2T (T − 1)





N
∑

i=1

N
∑

j=1





(

T
∑

t=1

û⋆
ijt

)2

−

T
∑

t=1

(

û⋆
ijt

)2









σ̂2

λ =
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

(

û⋆
ijt

)2
− σ̂2

µ − σ̂2

ǫ

Turning now to models (3) and (4)

E
[

u⋆2

ijt

]

= E
[

(ujt + ǫijt)
2

]

= E
[

u2

jt

]

+ E
[

ǫ2ijt

]

= σ2

u + σ2

ǫ (12)
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and the appropriate Within transformation now is

u⋆
ijt,within = u⋆

ijt − ū⋆
jt = ǫijt − ǭjt (13)

where ū∗

jt = 1/N
∑

i u∗

ijt and ǭjt = 1/N
∑

i ǫijt and

E
[

(

u⋆
ijt − ū⋆

jt

)2
]

= E
[

(ǫijt − ǭjt)
2
]

= E



ǫ2ijt − 2ǫijt

1

N

N
∑

i=1

ǫijt +

(

1

N

N
∑

i=1

ǫijt

)2




= E
[

ǫ2ijt

]

− 2E

[

ǫijt

1

N

N
∑

i=1

ǫijt

]

+ E





(

1

N

N
∑

i=1

ǫijt

)2




= σ2

ǫ −
2

N
σ2

ǫ +
1

N
σ2

ǫ = σ2

ǫ −
1

N
σ2

ǫ = σ2

ǫ

N − 1

N
And the estimators for the variance components are

σ̂2

ǫ =
N

N − 1
û⋆′

withinû⋆
within

σ̂2

µ =
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

û⋆2

ijt − σ̂2

ǫ

Now for model (5) the Within transformation is

u∗

ijt,within = (u∗

ijt − 1/N
∑

i

u∗

ijt − 1/N
∑

j

u∗

ijt + 1/N2
∑

i

∑

j

u∗

ijt) (14)

so we get

E
[

(

u⋆
ijt − ū⋆

jt − ū⋆
it + ū⋆

t

)2
]

= E
[

(ǫijt − ǭjt − ǭit + ǭt)
2
]

= E
[

ǫ2ijt

]

+ E





1

N2

(

N
∑

i=1

ǫijt

)2


+ E







1

N2





N
∑

j=1

ǫijt





2





+ E







1

N4





N
∑

i=1

N
∑

j=1

ǫijt





2





−

− 2E

[

ǫijt

1

N

N
∑

i=1

ǫijt

]

− 2E



ǫijt

1

N

N
∑

j=1

ǫijt



+ 2E



ǫijt

1

N2

N
∑

i=1

N
∑

j=1

ǫijt



+

+ 2E





1

N2

N
∑

i=1

ǫijt

N
∑

j=1

ǫijt



− 2E





1

N3

N
∑

i=1

ǫijt

N
∑

i=1

N
∑

j=1

ǫijt



− 2E





1

N3

N
∑

j=1

ǫijt

N
∑

i=1

N
∑

j=1

ǫijt



 =

= σ2

ǫ +
1

N
σ2

ǫ +
1

N
σ2

ǫ +
1

N2
σ2

ǫ −
2

N
σ2

ǫ −
2

N
σ2

ǫ +
2

N2
σ2

ǫ +
2

N2
σ2

ǫ −
2

N2
σ2

ǫ −
2

N2
σ2

ǫ =

= σ2

ǫ

(

1 −
2

N
+

1

N2

)

= σ2

ǫ

(

N2 − 2N + 1

N2

)

= σ2

ǫ

(N − 1)
2

N2

(15)
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And, also,

E
[

u⋆2

ijt

]

= E
[

(ujt + vit + ǫijt)
2

]

= σ2

u + σ2

v + σ2

ǫ

E





(

1

N

N
∑

i=1

u⋆
ijt

)2


 = E





(

1

N

N
∑

i=1

(ujt + vit + ǫijt)

)2




= E
[

u2

jt

]

+
1

N2
E

[

N
∑

i=1

v2

it

]

+
1

N2
E

[

N
∑

i=1

ǫ2ijt

]

= σ2

u +
1

N
σ2

v +
1

N
σ2

ǫ

(16)

The estimators of the variance components therefore are

σ̂2

ǫ =
N2

(N − 1)2
û⋆′

withinû⋆
within

σ̂2

u =
1

N2T (N − 1)





N
∑

j=1

T
∑

t=1





(

N
∑

i=1

ûijt
⋆

)2

−

N
∑

i=1

ûijt
⋆2









σ̂2

v =
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

û⋆2

ijt − σ̂2

ǫ − σ̂2

u

Finally, to derive the estimators of the variance components for model (6), we

need first the appropriate Within transformation

u∗

ijt,within = (u∗

ijt − 1/T
∑

t

u∗

ijt − 1/N
∑

i

u∗

ijt − 1/N
∑

j

u∗

ijt + 1/N2
∑

i

∑

j

u∗

ijt

+ 1/(NT )
∑

i

∑

t

u∗

ijt + 1/(NT )
∑

j

∑

t

u∗

ijt − 1/(N2T )
∑

i

∑

j

∑

t

u∗

ijt)

Carrying out the derivation as earlier, we get to the following estimators

σ̂2

ǫ =
N2T

N(N − 1)(T − 1) + 1
û⋆′

withinû⋆
within

σ̂2

v =
1

N2T (N − 1)







N
∑

i=1

T
∑

t=1











N
∑

j=1

û⋆





2

−

N
∑

j=1

û⋆2













σ̂2

u =
1

N2T (N − 1)





N
∑

j=1

T
∑

t=1





(

N
∑

i=1

û⋆

)2

−

N
∑

i=1

û⋆2









σ̂2

µ =
1

N2T

N
∑

i=1

N
∑

j=1

T
∑

t=1

û⋆2

ijt − σ̂2

ǫ − σ̂2

v − σ̂2

u
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Now we have all the tools to properly use the FGLS estimators.

5. Unbalanced Data

Like in the case of the usual panel data models, just more frequently, one may be faced

with a situation when the data at hand is unbalance. In our framework of analysis

this means that for all models (1)-(6) in general t = 1, . . . , Tij ,
∑

i

∑

j Tij = T and

Tij often is not equal to Ti′j′ . For this unbalanced data case, as we did when the

data was balanced, we need to derive the covariance matrices of the models and the

appropriate estimators for the variance components.

For model (1), using decomposition (7) we get

u⋆
ij = µij ⊗ lTij

+ ǫij

E
[

u⋆
iju

⋆′
ij

]

= E
[

(

µij ⊗ lTij

) (

µij ⊗ lTij

)

′

]

+ E
[

ǫijǫ
′

ij

]

=

= σ2

µJTij
+ σ2

ǫ ITij

and u⋆
i = µ̃i + ǫi

E
[

u⋆
i u

⋆′
i

]

= E
[

µ̃iµ̃i
′
]

+ E [ǫiǫ
′

i]

= σ2

µA + σ2

ǫ I∑N

j=1
Tij

where µ̃i =













































µi1

...

µi1

µi2

...

µi2

...

µiN

...

µiN













































, A =











ITi1
0 . . . 0

0 ITi2
. . . 0

...
...

. . .
...

0 0 . . . ITiN











of size
N
∑

j=1

Tij ×

N
∑

j=1

Tij

and finally for the complete model

u⋆ = µ̃ + ǫ

E
[

u⋆u⋆′
]

= E [µ̃µ̃′] + E [ǫǫ′]

= σ2

µB + σ2

ǫ IT

11



where µ̃ =



































































µ11

...

µ11

µ12

...

µ12

...

µij

...

µij

...

µNN

...

µNN



































































, B =











JT11
0 . . . 0

0 JT12
. . . 0

...
...

. . .
...

0 0 . . . JTNN











of size (T × T )

Continuing with model (2)

u⋆
ij = µij ⊗ lTij

+ λ + ǫij

E
[

u⋆
iju

⋆′
ij

]

= E
[

(

µij ⊗ lTij

) (

µij ⊗ lTij

)

′

]

+ E [λλ′] + E
[

ǫijǫ
′

ij

]

= σ2

µJTij
+ σ2

λITij
+ σ2

ǫ ITij

u⋆
i = µ̃i + λ̃i + ǫi

where

λ̃′

i = (λ1, λ2, . . . , λTi1
, . . . , λ1, λ2, . . . , λTiN

)

E
[

u⋆
i u

⋆′
i

]

= E
[

µ̃iµ̃i
′
]

+ E
[

λ̃iλ̃i

′
]

+ E [ǫiǫ
′

i]

= σ2

µA + σ2

λDi + σ2

ǫ I∑N

j=1
Tij

u⋆ = µ̃ + λ̃ + ǫ

E
[

u⋆u⋆′
]

= E [µ̃µ̃′] + E
[

λ̃λ̃′

]

+ E [ǫǫ′]

= σ2

µB + σ2

λE + σ2

ǫ IT

with

E(E11, E12, . . . , E1N , . . . , EN1, EN2, . . . , ENN )
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Eij =











MT11×Tij

MT12×Tij

...

MTNN×Tij











and Di =











ITi1
MTi1×Ti2

. . . MTi1×TiN

MTi2×Ti1
ITi1

. . . MTi2×TiN

...
...

. . .
...

MTiN×Ti1
MTiN×Ti2

. . . ITiN











where

MTij×Tlj
=











1 0 . . . 0 0 . . . 0

0 1 . . . 0 0 . . . 0
...

...
. . .

...
...

. . .

0 0 . . . 1 0 . . . 0











if Tlj > Tij

and

MTij×Tlj
=

























1 0 . . . 0

0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

0 0 . . . 0
...

...
. . .

...

0 0 . . . 0

























if Tlj < Tij

Doing the same exercise for model (3) using decomposition (8) we end up with

u⋆
ij = uj + ǫij

E
(

u⋆
iju

⋆′
ij

)

= E
[

uju
′

j

]

+ E
[

ǫijǫ
′

ij

]

= σ2

uITij
+ σ2

ǫ ITij

u⋆
i = u + ǫi

E
(

u⋆
i u

⋆′
i

)

= E [uu′] + E [ǫiǫ
′

i] = σ2

uI∑N

j=1
Tij

+ σ2

ǫ I∑N

j=1
Tij

u⋆ = ũ + ǫ

and so for the complete model we get

E
(

u⋆u⋆′
)

= E [ũũ′] + E [ǫǫ′] = σ2

uC + σ2

ǫ IT

where

ũ′ = (u11, . . . , u1T11
, . . . , uN1, . . . , uNT1N

, . . . , u11, . . . , u1TN1
, . . . , uN1, . . . , uNTNN

)
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C = (C1, C2, C3)

C1 =



























































IT11
0 . . . 0

0 IT12
. . . 0

...
...

. . .
...

0 0 . . . IT1N

MT21×T11
0 . . . 0

0 MT22×T12
. . . 0

...
...

. . .
...

0 0 . . . MT2N×T1N

...
...

. . .
...

MTN1×T11
0 . . . 0

0 MTN2×T12
. . . 0

...
...

. . .
...

0 0 . . . MTNN×T1N



























































C2 =



























































MT11×T21
0 . . . 0 . . .

0 MT12×T22
. . . 0 . . .

...
...

. . .
... . . .

0 0 . . . MT1N×T2N
. . .

IT21
0 . . . 0 . . .

0 IT22
. . . 0 . . .

...
...

. . .
... . . .

0 0 . . . IT2N
. . .

...
...

. . .
... . . .

MTN1×T21
0 . . . 0 . . .

0 MTN2×T22
. . . 0 . . .

...
...

. . .
... . . .

0 0 . . . MTNN×T1N
. . .
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C3 =



























































MT11×TN1
0 . . . 0

0 MT12×TN2
. . . 0

...
...

. . .
...

0 0 . . . MT1N×TNN

MT21×TN1
0 . . . 0

0 MT22×TN2
. . . 0

...
...

. . .
...

0 0 . . . MT2N×TNN

...
...

. . .
...

ITN1
0 . . . 0

0 ITN2
. . . 0

...
...

. . .
...

0 0 . . . ITNN



























































Let us now turn to model (4). Following the same steps as above, we get for the

covariance matrix (σ2

vD + σ2

ǫ IT ) where

D =





D1 0 . . . 0

0 D2 . . . 0

0 0 . . . DN





Models (5) and (6) can be dealt with together using decomposition (9)

u⋆
ij = µij ⊗ lT + uj + vi + ǫij

E
(

u⋆
iju

⋆′
ij

)

= E
[

(

µij ⊗ lTij

)

(

µij ⊗ l′Tij

)]

+ E
[

uju
′

j

]

+ E [viv
′

i] + E
[

ǫijǫ
′

ij

]

= σ2

µJTij
+ σ2

uITij
+ σ2

vITij
+ σ2

ǫ ITij

u⋆
i = µ̃i + ṽi + u + ǫi

E
(

u⋆
i u

⋆′
i

)

= E
[

µ̃iµ̃i
′
]

+ E
[

ṽiṽi
′
]

+ E [uu′] + E [ǫiǫ
′

i]

= σ2

µA + σ2

uI∑N

j=1
Tij

+ σ2

vDi + σ2

ǫ I∑N

j=1
Tij

u⋆ = µ̃ + ṽ + ũ + ǫ

where ṽi
′ = (vi1, vi2, . . . , viTi1

, vi1, vi2, . . . , viTi2
, . . . , vi1, vi2, . . . , viTiN

)

ṽ′ = (ṽ1, ṽ2, . . . , ṽN , )

E
(

u⋆u⋆′
)

= E [µ̃µ̃′] + E [ṽṽ′] + E [ũũ′] + E [ǫǫ′] =

= σ2

µB + σ2

uC + σ2

vD + σ2

ǫ IT
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For model (5) the appropriate covariance matrix is the same with B = 0.

Now that we derived the covariance matrices for unbalanced data it is time to

turn to the estimation of the variance components. Using (10) and (11)

E





1

N2

N
∑

i=1

N
∑

j=1

(

u⋆
ijt − ū⋆

ij

)2



 =
1

N2

N
∑

i=1

N
∑

j=1

E
[

(ǫijt − ǭij)
2
]

=
1

N2

N
∑

i=1

N
∑

j=1

E






ǫ2ijt − 2ǫijt

1

Tij

Tij
∑

t=1

ǫijt +





1

Tij

Tij
∑

t=1

ǫijt





2






=
1

N2

N
∑

i=1

N
∑

j=1






E
[

ǫ2ijt

]

− 2E



ǫijt

1

Tij

Tij
∑

t=1

ǫijt



+ E











1

Tij

Tij
∑

t=1

ǫijt





2












=
1

N2

N
∑

i=1

N
∑

j=1

(

σ2

ǫ −
2

Tij

σ2

ǫ +
1

Tij

σ2

ǫ

)

= σ2

ǫ

1

N2

N
∑

i=1

N
∑

j=1

Tij − 1

Tij

so for the variance components we get the following estimators

σ̂2

ǫ =
N2

∑N
i=1

∑N
j=1

Tij−1

Tij

û⋆′

withinû⋆
within

σ̂2

µ =
1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆
2

ijt − σ̂2

ǫ

For model (3) (and similarly for model (4)), using (12) and (13) and using the same

derivations as there we get

σ̂2

ǫ =
N

N − 1
û⋆′

withinû⋆
within

σ̂2

u =
1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt − σ̂2

ǫ

Turning now to model (5), as (14) and (15) are the same in the unbalanced case we

get

σ̂2

ǫ =
N2

(N − 1)2
û⋆′

withinû⋆
within

σ̂2

u =
1

N − 1





N
∑

i=1

1
∑N

j=1
Tij

N
∑

j=1

Tij
∑

t=1

(

1

N

N
∑

i=1

û⋆
ijt

)2

−
1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt





σ̂2
v =

1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt − σ̂2

ǫ − σ̂2

u
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And finally for model (6) we get

E
[

u⋆2

ijt

]

= E
[

(µij + ujt + vit + ǫijt)
2

]

= σ2

µ + σ2

u + σ2

v + σ2

ǫ

E





(

1

N

N
∑

i=1

u⋆
ijt

)2


 = E





(

1

N

N
∑

i=1

(µij + ujt + vit + ǫijt)

)2




=
1

N
σ2

µ + σ2

u +
1

N
σ2

v +
1

N
σ2

ǫ

E











1

N

N
∑

j=1

u⋆
ijt





2





= E











1

N

N
∑

j=1

(µij + ujt + vit + ǫijt)





2






=
1

N
σ2

µ +
1

N
σ2

u + σ2

v +
1

N
σ2

ǫ

E







1

N2

N
∑

i=1

N
∑

j=1





1

Tij

Tij
∑

j=1

u⋆
ijt





2





=

1

N2

N
∑

i=1

N
∑

j=1

E











1

Tij

Tij
∑

j=1

u⋆
ijt





2






=
1

N2

N
∑

i=1

N
∑

j=1

1

T 2

ij

E











Tij
∑

t=1

(µij + ujt + vit + ǫijt)





2






=
1

N2

N
∑

i=1

N
∑

j=1

1

T 2

ij



E





Tij
∑

t=1

µ2

ij



+ E





Tij
∑

t=1

u2

jt



+ E





Tij
∑

t=1

v2

it



+ E





Tij
∑

t=1

ǫ2ijt









=
(

σ2

µ + σ2

u + σ2

v + σ2

ǫ

) 1

N2

N
∑

i=1

N
∑

j=1

1

Tij

Putting all these together, the estimators of the variance components are

σ̂2

µ =
1

N2 −
∑N

i=1

∑N
j=1

1

Tij







N
∑

i=1

N
∑

j=1





1

Tij

Tij
∑

t=1

û⋆
ijt





2

−





N
∑

i=1

N
∑

j=1

1

Tij





1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt







σ̂2

u =
1

N − 1





N
∑

i=1

1
∑N

j=1
Tij

N
∑

j=1

Tij
∑

t=1

(

1

N

N
∑

i=1

û⋆
ijt

)2

−
1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt





σ̂2

v =
1

N − 1







N
∑

j=1

1
∑N

i=1
Tij

N
∑

i=1

Tij
∑

t=1





1

N

N
∑

j=1

û⋆
ijt





2

−
1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt







σ̂2

ǫ =
1

T

N
∑

i=1

N
∑

j=1

Tij
∑

t=1

û⋆2

ijt − σ̂2

µ − σ̂2

u − σ̂2

v
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5. An Application: Modelling Within EU Trade

In order to highlight the differences between the usual fixed effects (FE) and the

proposed random effects (RE) approach, let us use a typical empirical trade problem.

In a gravity-like panel estimation exercise we explore the effects of geographical

distance and membership in the European Union (EU) on bilateral trade flows. We

compare the RE estimates to FE and Pooled OLS estimates.

We take a balanced panel data set of bilateral trade flows for all pairs formed

by 20 EU member countries for years 2001-2006. Hence, the total number of country

pairs is N2 = 400 and T = 6. Twelve of the countries were members of the EU

in the whole sample period (group A)2, the remaining eight entered the EU in 2004

(group B)3. Apart from foreign trade, the database also includes self-trade, i.e. trade

of a country within its own borders.4 Self-trade for a given year is generated as gross

output minus total exports of a country in that year. All data is in current euros.

A first look at the data suggests that countries in group A trade more with each

other than countries in group B, and trade of group B countries increased much faster

after 2004 than trade of group A countries (Table 1). The first fact can simply reflect

that larger, more advanced and more strongly integrated economies trade more. The

second may be evidence for the trade creating effect of entering the EU.

We fit a simple gravity-type model that explains bilateral trade with country

incomes (GDP), bilateral geographical distance and a dummy for EU membership.

For better tractability we restrict the elasticities of trade to income to unity and use

income adjusted trade, denoted as y, as dependent variable. We take all variables

(except the EU dummy) in logarithms: yijt = ln tradeijt − ln incomeit − ln incomejt,

and the explanatory variables are simply [ln distij , EUijt]. The dummy for EU

membership is 1, if both the exporter and the importer countries are EU members,

and 0 otherwise. Formally,

EUijt =

{

1 (i ∈ A and j ∈ A) or t ≥ 2004

0 otherwise

2 Group A: Austria, Germany, Denmark, Spain, Finland, France, Greece, Ireland, Italy,
Portugal, Sweden, United Kingdom

3 Group B: Czech Republic, Estonia, Hungary, Lithuania, Latvia, Poland, Slovenia,
Slovakia

4 We include self-trade to avoid bias of the Fixed Effects estimates. As it is stressed in
Hornok [2011] and Mátyás and Balázsi [2011], the Fixed Effects within transformation
formulas for some of the error structures considered here give biased estimates if self-
trade is not included in the database.

18



Notice that, while distance is time-invariant, the EU dummy is time-varying, changing

from 0 to 1 from 2003 to 2004 for country pairs with at least one type-B country.

The (composite) error term, can take the form of any of the error structures (1)

to (6) discussed in the previous sections. Assuming an error structure, we estimate

the model using FGLS. Estimated coefficients for each error structure (models (1) to

(6)) are reported in Table 2. We report Pooled OLS, FE and RE estimates, as well as

the estimated variances for the error components. Pooled OLS estimates are identical

for each model. The parameter estimates for the distance coefficient are very stable

across all models and methods as this coefficient is always identified from variation

in the country pair dimension. As a consequence, in the FE models with country

pair fixed effects (models (1), (2) and (6)) the distance coefficient is not identified.

This highlights one important drawback of the FE approach: due to the large number

of fixed effects related dummies, other important dummy-like variable often are not

identified.

In contrast, the coefficient for the EU dummy is always identified, but its

estimates vary considerably across models. In models (1), (2) and (6) it is identified

mostly (in the case of FE, only) from the time dimension, i.e., from the change in

trade of type-B countries. In the other three models identification is based more on

the cross-sectional dimension, i.e., comparing EU pairs to non-EU pairs before 2004.

Apart from that, in this case, the RE parameter estimates happen to be quite close

to the FE estimates (except for model (5)).

As a next step we change the estimating equation so that the EU dummy is

broken up into three separate dummies. One for pairs of two type-A countries, one

for pairs of two type-B countries and one for pairs with one type-A and one type-B

country:

EUAA =

{

1 EU = 1 and i ∈ A and j ∈ A

0 otherwise

EUBB =

{

1 EU = 1 and i ∈ B and j ∈ B

0 otherwise

EUAB =

{

1 EU = 1 and EUAA 6= 1 and EUBB 6= 1

0 otherwise

This modification enables us to identify separate effects of the EU on the different

groups of country pairs. Besides, it helps to bring to light again the already mentioned

important disadvantage of the FE approach. When the within transformation nets

out fixed effects in it and jt (and ij) dimensions, identification of other regressors
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(especially dummy variables) may not be possible, even if these regressors vary in

the ijt dimension. This is due to perfect collinearity among the fixed effects and

the regressors.5 As reported in Table 3, the FE estimator is not able to identify the

coefficients of EUBB and EUAB separately under models (5) and (6). In contrast,

the RE method identifies all coefficients and reveals that there are indeed large and

significant differences among the effects of EU on different groups of country pairs.

These differences are in line with the raw data evidence in Table 1. The coefficient

estimates for EUBB are significantly larger than those for EUAB, which are larger

than the coefficient estimates for EUAA. The estimates are in some cases negative,

depending on whether the model identifies them mostly from the time series or from

the cross section dimension. In an empirical research, this has of course important

implications on which model to choose and how to interpret the estimates, an issue

we do not deal with here.

6. Conclusion

In this paper we presented an alternative random effects approach to the usual fixed

effects gravity models of trade, in a three-dimensional panel data setup. We showed

that the random effects and fixed effects specifications, just like in the usual panel

data cases, may lead to substantially different parameter estimates and inference,

although in both cases the corresponding estimators are in fact consistent.

At the end of the day, the main question for an applied researcher, as in any panel

data setup, is whether to use a fixed effects or random effects specification. In three

(or multi-) dimensional models the fixed effects specification (due to the very large

number of dummies to estimate) will result in a massive over-specification, which

implies that much less data information will be available for the estimation of the

main/focus variables. Also, again due to the fixed effects dummy variables, frequently

other (say, for example policy, type, potentially important) dummy variables cannot

be identified. On the other hand, in a random effects specification the data is not

“burdened” by the massive estimation of the fixed effects parameters. In addition

any reasonable covariance structure can be imposed on the disturbance terms, still

the model can be estimated without to much trouble. The down side is, of course,

that one has to keep an eye on the endogeneity problem. The choice unfortunately

not obvious.

5 This identification problem is also addressed in Hornok [2011].
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