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Abstract

We construct a model of endogenous growth in which public capital financed by
distortionary taxes influences investment specific technological change. Our main result
is that there exist infinitely many capital and labor tax-subsidy combinations that
decentralize the planner’s growth rate. Hence the optimal factor income tax mix is
indeterminate which gives the planner the flexibility to choose policy rules from an
infinitely large set. Accounting for administrative costs, however, reduces the set of
optimal feasible tax mix of the planner. The size of this set shrinks as the convexity
of the administrative costs increases, and eventually a unique factor income tax mix
emerges as the only feasible solution. A numerical exercise shows that the growth effects
of factor income tax changes are not large.

Keywords : Investment Specific Technological Change, Endogenous Growth, Factor
Income Taxation, Public Policy, Administrative Costs, Indeterminacy.

JEL Codes: E2; E6; H2; O4

*We thank Partha Sen, Joydeep Bhattacharya, Chetan Dave, Alok Johri, Premachandra Athukorala,
Rajesh Singh, Prabal Roy Chowdhury and seminar participants at the 7th Annual Growth and Development
Conference (ISI -Delhi), ISI Kolkata, and the Australian National University (ACDE) for extremely insightful
comments.

"Planning Unit, Indian Statistical Institute, New Delhi — 110016, India. Fax: 91-11-4149-3981. E-mail:
mbishnu@isid.ac.in. Tel: 91-11-41493935.

fCorresponding Author: Planning Unit, Indian Statistical Institute, New Delhi — 110016, India. Tel:
91-11-4149-3938. Fax: 91-11-4149-3981. E-mail: cghate@isid.ac.in.

$Planning Unit, Indian Statistical Institute, New Delhi — 110016, India. Fax: 91-11-4149-3981. E-mail:
pawan8ad@gmail.com. Tel: 91-11-27568306.



1 Introduction

A growing literature attributes the importance of investment specific technological change
to long run growth (see Greenwood et al. (1997, 2000); Whelan (2003)). Investment specific
technological change refers to technological change which reduces the real price of capital
goods. Greenwood et al. (1997, 2000) show that once the falling price of real capital goods
is taken into account, this explains most of the observed growth in output in the US, with
relatively little being left over to be explained by total factor productivity. Other authors,
such as Gort et al. (1999) distinguish between equipment specific technological change and
structure specific technological change. These authors show that 15% of US economic growth
rate can be attributed to structure specific technological change in the post war period, while
equipment-specific technological progress accounts for 37% of US growth. This implies 52%
of US economic growth can be attributed to technological progress in new capital goods.!
However, investment specific technological change in these models is typically is assumed to
be an exogenous process.

In a series of recent papers, Huffman (2007, 2008) builds upon this literature by explicitly
modeling the mechanism through which the real price of capital falls when investment spe-
cific technological occurs. Such models are characterized by endogenous investment specific
technological change. In Huffman (2008), the changing relative price of capital is driven by
research activity, undertaken by labor effort. Higher research spending in one period lowers
the cost of producing the capital good in the next period.? Agents equate the utility costs
of raising employment in research with the benefits of doing so. The return to increasing
research employment is the discounted value of the reduction in the real cost of investment in
future periods. Extra research employment also leads to higher future consumption because
of the reduction in cost of investing in capital goods because of the research.® Investment
specific technological change is thus endogenous in the model, since employment can either
be undertaken in a research sector or a production sector.

The specification of investment specific technological change in the above literature how-
ever has not incorporated two important empirical determinants: public capital and the

effects of capital deepening. For instance, it is well known that the public sector can be a

!See Greenwood and Krusell (2007) for a careful discussion of growth accounting in the presence of
investment specific technological change. Cummins and Violante (2002) show that "technological gaps", i.e.,
the comparative productivity of a new machine relative to an average machine, can explain the dynamics of
investments in new technologies as well as returns to human capital.

2Krusell (1998) also builds a model in which the decline in the relative price of equipment capital is a
result of R&D decisions at the level of private firms.

3However, if the utility cost of raising research employment is high, then all employment would be devoted
to production of output, and there would be no research employment. There would be no output growth,
and the economy converges to a steady state with constant levels of output.



source of manufacturing investment goods — which in turn — affects growth (see Schmitz,
2001). The point of departure of this paper is that we allow the stock of public capital (or
public infrastructure stock) to directly affect the future real price of capital goods through
investment specific technological change, and therefore balanced growth.* In particular, we
extend the environment in Huffman (2008) to allow public capital to directly affect invest-
ment specific technological change. Our setup also allows investment specific technological
change to enhance the accumulation of public capital.” Since the public capital stock is
financed by distortionary taxes, we allow a role for factor income taxes in generating en-
dogenous growth and raising welfare in the presence of investment specific technological
change. This generates several interesting optimal factor income taxation results.

Second, Greenwood et al. (1997) show that the real price of capital equipment in the
US — since 1950 - has fallen alongside a rise in the investment-GNP ratio. Greenwood et
al. (1997, p. 342) say: "The negative comovement between price and quantity.....can be in-
terpreted as evidence that there has been significant technological change in the production
of new equipment. Technological advances have made equipment less expensive, triggering
increases in the accumulation of equipment both in the short and long run." Given this,
we assume that investment specific technological change also depends on aggregate capital
accumulation. In particular, we assume that the aggregate capital-output ratio exerts a pos-
itive contribution on reductions in the future price of real capital goods because of aggregate
investment activity. Our model can be therefore seen as providing an endogenous channel
through which aggregate investment activity also enhances investment specific technological
change.

Our baseline model has two sectors. The first sector produces a final good, using private
capital, and two types of labor activities. One type of labor activity is devoted to final good
production, and the other to research which directly reduces the real price of capital goods in
the next period. The second sector captures the effect of public capital and research activity

on reducing the real price of capital goods explicitly and not through the shadow price of

4Qur paper is related to two strands of the literature on fiscal policy and long run growth in the neo-
classical framework. Barro (1990), for instance, models public services as a flow. Futagami, Morita, and
Shibata (1993), allow public capital to accumulate. However, in the large literature on public capital and
its impact on growth spawned by these papers, the public input, whether it is modeled as a flow or a stock,
doesn’t directly influence the real price of capital goods. For instance, in Ott and Turnovsky (2006) - who
use the flow of public services to model the public input - and Chen (2006), Fischer and Turnovsky (1998)
- who use stock of public capital - the shadow price of private capital is a function of public and private
capital. In our model, public capital affects the real price off capital explicitly. This means that the public
input affects future output through its effect on both future investment specific technological change, as well
as future private capital accumulation.

For instance, providing better infrastructure today reduces the cost of providing public capital in the
future.



capital In the planner’s problem, we assume that public capital is financed by a proportional
income tax. We focus on the balanced growth path (BGP). We show that the balanced
growth path is stable under a reasonable restriction. We characterize the growth and welfare
maximizing tax rates. The growth and welfare maximizing tax rate are determined by the
relative importance of the public capital output ratio vis-a-vis the private capital output
ratio in the investment specific technological change function. The implication of this is that
if a planner was to choose the tax rate, he could maximize long run growth as long as the
tax rate equals the relative contribution of public capital to investment specific technological
change. We show that welfare maximizing tax rate is smaller than the growth maximizing
tax rate.

We then decentralize the planner’s allocations. We assume that public capital is financed
by distortionary factor income taxes on capital and labor income. Interestingly, we show that
infinitely many combinations of factor income taxes can replicate the planner’s allocations
based on an optimal tax rule. The equilibrium factor income tax mix is therefore indetermi-
nate. Intuitively, indeterminacy occurs because for any given tax rate on one factor income,
changing the other factor income tax produces a different Laffer curve, with the optimal
tax rule now satisfied under the new Laffer curve. The implication of indeterminacy in our
model is that it gives the planner the flexibility to choose policy rules from an infinitely large
set. We also show that indeterminacy remains robust to two natural variants of the model,
i.e., in allowing just a single type of labor activity to augment final good production, and
allowing agents to participate in the credit market.

We then incorporate administrative costs to tax collection. We show that accounting for
administrative costs reduces the set of optimal feasible tax mix of the planner. In fact the size
of this set shrinks as the convexity of the administrative costs increases and a unique factor
income tax mix emerges as the only feasible solution. We also show that when administrative
costs increase with increases in the tax rate there is a level reduction in the growth rate for all
tax rates, and a lower growth maximizing tax rate. The indeterminacy in the factor income
tax mix, and its robustness, is the main result of our paper.

From a growth-tax policy standpoint, we show that reducing the tax on labor, while
increasing the tax on capital by an equi-proportionate amount, reduces growth marginally.
However, a revenue neutral change - which takes into account the elasticity adjusted factor
income tax changes - a rule that we characterize analytically — increases growth in comparison
to the equi-proportionate case. This result holds for large changes in the labor income tax.
However, if we reduce the tax on capital, the change required in terms of a revenue neutral
increase in the labor income tax is less than the equi-proportionate case. Hence, a reduction

in the tax on labor increases growth if we compare the equi-proportionate case to the revenue



neutral case. These results contrast with the case where we increase the tax on capital. Our
numerical results are consistent with some of the results in this literature that the growth
effects of changes in the capital income tax rate are not large (see Stokey and Rebelo (1995)).

The rest of the paper proceeds as follows. Section 2 develops the baseline model. Sec-
tion 3 shows that our indeterminacy result is robust to two variants of the baseline model.
Section 4 develops the model with administrative costs. Section 5 conducts numerous policy

experiments. Section 6 concludes.

2 The Baseline Model

Consider an economy that is populated by identical representative agents, who at each period

7 The term n;

t, derive utility from consumption of the final good C; and leisure (1 — ny).
represents the fraction of time spent at time ¢ in employment. The discounted life-time

utility, U, of an infinitely lived representative agent is given by

U=>" B"ogC, +log(l —ny)]. (1)

t=0
where § € (0, 1) denotes the period-wise discount factor. There is no population growth in
the economy. The final good is produced by a standard Cobb-Douglas production function

with a constant returns to scale technology. The production function is given by

Yy = AR g (Omna) ™, (2)

A > 0 is the productivity parameter. Output is produced using capital, K;, and two different
types of labor activity, ny; and no;, both of which are essential to production. The first part
of labor input, n;, is devoted to direct production of final output. The second part of
agent labor effort, ny, can be thought of as a more specialized labor input required for
research and development which affects the level of investment specific technological change,

Z. In particular, we assume that a representative firm employs a fraction, §,, € (0,1), of

6In the model with administrative costs, our policy experiments show that when we have concave admin-
istrative costs, it is easier to increase the tax on capital to re-establish optimal growth rates, compared to
the model with convex administrative costs. We also show that there is virtually no change in growth or
welfare for a significant increase in the tax on capital that matches a given reduction in the tax on labor.
From a policy standpoint, this suggests that it may be easier to tax capital at a higher rate without changing
growth or welfare when administrative costs are concave, when the tax on labor is reduced.

"See http://www.isid.ac.in/~cghate/chetanresearch.html for a detailed technical appendix of this paper.



8 The remaining fraction of ny not used directly in production of

ng in final production.
the final good is devoted to research effort which augments the level of investment specific
technological change (Z) in the subsequent time period.” Thus, ns, is analogous to the
research employment in Huffman (2008) that goes into raising Z.!° In other words, the
higher is the fraction of ny allocated for research effort, the higher is the future level of Z.

The total supply of labor by an agent at time ¢ is given by the following
Ny = Nt + Nag. (3)

The shares of capital K, ny; and ny in final goods production are given by «; € (0,1),i =
1,2, 3 respectively. The assumption of constant returns to scale in this model ensures that
they add up to unity, that is, a; + ag + oz = 1.1

Private capital accumulation grows according to the standard law of motion augmented

by investment specific technological change,
Kt—i—l = (1 - 5)Kt + ]tZt7 (4)

where ¢ € [0, 1] denotes the rate of depreciation of capital and I; represents the amount of
total output allocated towards private investment at time period ¢t. Z; represents investment-
specific technological change. The higher the value of Z;, the lower is the cost of accumulating
capital in the future. Hence Z; also can be viewed as the inverse of the price of per-unit
private capital at time period t. Thus at every period t, Z; augments investment I;. [;Z; thus
represents the effective amount of investment driving capital accumulation in time period
t+1.

In addition to labor time deployed by the representative firm towards R&D, the public
capital stock, GG, plays a crucial role in lowering the price of capital accumulation. Typically,
the public input is seen as directly affecting final production — either as a stock or a flow (e.g.,
see Futagami, Morita, and Shibata (1993), Chen (2006), Fischer and Turnovsky (1997, 1998),
and Eicher and Turnovsky (2000)). Instead, we assume that the public input facilitates
investment specific technological change. This means that the public input affects future
output through future private capital accumulation directly. In the above literature, the

public input affects current output directly.

8The results of the model are qualitatively similar when agents choose d,,, optimally.
9In Section (3), we assume that only n; enters in final good production, as in Huffman (2008). This does
not change the results qualitatively.

0 Other papers in the literature - such as Reis (2011) - also assume two types of labor affecting production.
In Reis (2011), one form of labor is the standard labor input, while the other labor input is entrepreneurial
labor. Our analysis considers no as quality enhancing labor.

UTn Huffman, ns doesn’t enter into the production of final goods directly.
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We assume that in every period, public investment is funded by a constant proportional

tax, 7 € (0, 1), on income. We assume that public capital evolves according to
G = (1-0)Gy + I} Zy, (5)

where Gy;; denotes the public capital stock in ¢ + 1, and I denotes the level of public
investment made by the government in time period ¢. As mentioned in the introduction, we
assume that Z; augments I/ in the same way as I; since it enables us to analyze the joint
endogeneity of Z and G. To derive the balanced growth path, we further assume that the
period wise depreciation rate § € [0,1] is same for both private capital and public capital.

The government budget constraint is given by
Il = 1Y, (6)
where 7 € (0, 1) is the tax rate imposed by the planner to finance public capital.

2.1 Investment Specific Technological Change

To capture the effect of public capital on research and development, we assume that Z grows

according to the following law of motion,

Ziy1 = B((1 = 6,,)n2)" 2} { (}?1)“ <é(tl)l_#}m. (7)

Here, B stands for an exogenously fixed scale productivity parameter, 1 — §,, represents

the fraction of labor input, no, devoted towards R&D, and p € (0,1) captures the impact
of public investments on investment specific technological change. We assume that the
parameters, § € (0,1) and v € (0,1), where 6 stands for the weight attached to research

effort and v is the level of persistence the current year’s level of technology has on reducing

Gy
Yio1

influence in affecting investment specific technological change in time period t + 1. For a

the price of capital accumulation in the future. The term represents public capital’s

given p, increases in G relative to Y;_; leads to increases in the future level of Z. We further

assume that aggregate investment activity, as captured by the aggregate capital-output ratio,

Ky
Yi-1’

of capital in t, K;, relative to Y;_1, raises Z;,1. At this stage, we make the following remarks

affects investment specific technological change. In particular, a higher aggregate stock

to compare our setup with that in Huffman (2008).

Remark 1 Assuming v = 1, 6, — 0 and a3 = 0, in equation (7) yields Equation 2.9 in



Huffman (2008) describing investment specific technological change.

Remark 2 We require v € (0,1) for the equilibrium growth rate to adjust to the steady state
balanced growth path.'?

2.2 The Planner’s Problem

We first solve the planner’s problem. The resource constraint the economy faces in each time

period t is given by
Ci+ L =Yi(1—7)=AK"'n{?(0,mn0)** (1 — 7) (8)

where agents consume C; at time period ¢ and invest [; at time period t. Aggregate con-
sumption and investment add up to after-tax levels of output, Y;(1—7), in every time period.

The planner maximizes life-time utility of a representative agent — given by (1) — subject
to the economy wide resource constraint given by (8), the law of motion of private capital
in equation (4), the law of motion of public capital in equation, (5), the equation describing
investment specific technological change (7), the identity for total supply of labor given by

(3) and finally, the government budget constraint given by (6).!3

2.2.1 First Order Conditions

The Lagrangian for the planner’s problem is given by,
L = Z ﬂt[log Ct + 10g(1 — N1 — TLQt) + At{AKtal’rL?ﬁ (5mn2t)a3(1 — T) - Ct — -[t}] (9)
=0

For simplicity, we assume that 6 = 1. The following first order conditions obtain with respect

to Cy, K41, nig, and ny,, respectively'?:

1
1 aBYen(=1) | Bl (—p) | BA1-)0-m-a1) o= Fvi s
CiZy — Ciy1Ki41 + Cii2Kiq1 + Kiq1 Z Ct+j+J3 (11)

j=0

12This contrasts with Huffman (2008) where v = 1 is required for growth rates of Z and output to be along
the balanced growth path. In Huffman (2004), v < 1 implies that the effect of research spending diminishes
over time. This generates technical innovation having immediate productive effects that can be maintained
only with more spending in the future. Therefore v = 1 is not needed for balanced growth.

BClearly, C; + I + I = Y.

14Gee Appendix A for details.



1y B2as( Z BN Iy jra _ ogYi(1—7) (12)

1—ny nit Ciyj+2 ~ Cinyg

and,
1 _ osYe(l-7) + BO0It41 + BZ(v9—as(1—7)) i ﬁj’Yth+j+2. (13)

1-—ny Cinayg Cirinaog nat i20 Cityjt2

Equation (10) represents the standard first order condition for consumption, equating the
marginal utility of consumption to the shadow price of wealth. Equation (11) is an aug-
mented form of the standard Euler equation governing the consumption-savings decision of
the household. The first term on the RHS of equation (11), %, corresponds to the
after tax marginal productivity of capital in ¢t + 1. The second term, %fq)ﬁu) > 0, is
the (further) increment to the marginal productivity of capital that agents get in period ¢+ 2
by postponing consumption today. This is increasing in the investment-consumption ratio,
but adjusted by the weight, 1 — u, of the aggregate capital-output ratio, in the investment

specific technological change equation. The third term, Eile! w%jl )=o) Z By Jctfij;s’ is the

discounted increase in marginal productivity of investing in capital from perlod t+3 onwards.
This expression is adjusted by the term (y(1 — p) — ay), which can be either positive or neg-
ative — depending on the relative importance of capital in equation (7) vis-a-vis its direct
contribution to increasing output, from (2). It is easy to see that when v = 1, the additional
terms in the Euler equation are equal to zero, yielding the standard Euler equation.
Equation (12) denotes the optimization condition with respect to labor supply (ny). If

we reorganize (12), we get the following expression for the marginal utility of leisure,

1 aVi(l-7) 1—v) BIVI Iy jqo
1-ng Ciniy nlt Z Ct+j+J2 : (14)
Since 0 < v < 1,the second term in the RHS, Bras( Z B J“’”“”“, is positive, which

Ciyj+2
constitutes a reduction in the marginal utility of lelsure Thls reduces nq relative to the
standard case in which there is no investment specific technological change.

Similarly, the terms of (13), are,

1 _ a3Yi(l-7) 801141 + B2 (’79 az(1—v)) Z 6]'YJIH-J+2 (15)

1-ny = Cinot Ciiinog Ciyjt2

The second and third terms in the RHS are the ¢ > 0 increment to marginal utility of
leisure that accrues in the future because of ns’s role in assisting both research effort and

increasing output. However, because ns has a direct and indirect effect (through production



and investment specific technological change, respectively), the future discounted gains are
adjusted by the term, v — a3(1 — ). Going forward we assume 70 — a3(1 — v) > 0 which
implies that final good production is not ns intensive.

We now derive the closed form decision rules based on the above first order conditions.

2.2.2 Decision Rules

Lemma 1 C}, I, ny, nyenoy are given by (16), (17), (18), where 0 < ® < 1 is given by (19),
and 0 < x < 1 given by (20) are constants. The supply of labor is constant over time and is

independent of the tax rate. Then,

C = V(1 —7), I, = (1 - D)i(1 — 7) (16)

ng=mn = 052[(1 _57) —ﬁ2<1—7)(1—(13)] (17)

(a2 + @) (1 — By) — axB*(1 — ) (1 — @)’

ny =ny = xn,ny = ng = (1 — z)n, (18)

where @ is given by

g L=PIL A7 =) —af] ~ (1 =)l —p) —on] (19)

Q=N -5 Q-1 —pw] - L= —p) — o]

and z is given by

o az(1— By) — Bas(l —7)(1 - P) B

o + a3 + BO(1 = @)J(1 = By) + B(1 — )[40 — as(1 —7) — ax(1 — )]

Proof. These expressions follow from the first order conditions as shown in (10), (11), (12)

and (13). See appendix B for details. m

How does a change in p affect consumption and investment? While the decision rules
for consumption and investment given by (16) suggest that the levels of consumption and
investment would fall if the tax rates increases (because of the 1 — 7 term), the actual share
of after tax income spent on consumption given by (19) rises when p rises, although for
investment it falls.!® Intuitively, the representative agent does not invest as much in private
capital because of an enhanced role of public capital in augmenting investment specific

technological change.

15See Appendix F.
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We will show later that when 7 # pu, the allocations from the planner’s problem are
sub-optimal, even though there is balanced growth. The labor supply is affected by u. This

can be shown by the following lemma

Lemma 2 Increases in p has an ambiguous effect on ny but has a strong negative effect on
ny which leads to an overall reduction in n.

Proof. Shown in Appendiz F. m

An increase in p increases the share of n devoted to ny, i.e., g—z > (0. Since g—‘i > 0 from
before, this implies g—z < 0. To see this, we can decompose the total change in n because of

changes in p by
871 o anl 1 8712
o Op o’
Given 22 > 0 and 22 > 0 (and hence, 8(167
" 1 1
ny; due to a change in p can be written as

2 < 0) %—’f < 0 will be true. Since the change in

o o ou’
<0 >0
~— ~

%—Zl may or may not be negative. Hence, while an increase in ;1 has an ambiguous effect on

n1, it reduces no and since the latter effect dominates, n falls.
This implies that an increased weight of public capital induces agents to supply lesser

labor (n), particularly towards research effort (ng).

2.3 Stability of the Balanced Growth Path

To obtain the balanced growth path (BGP), we substitute the above decision rules into the
law of motion for investment specific technological progress, (7), to characterize the balanced
growth path (BGP). Given the decision rules (16), (17), (18), (20) and (6), we can re-write

the above law of motion as
Zins = MZIZED () (1= 1)y 0) (21)
where M is a constant and is expressed as

M = B((1=6,,)(1 — z)n)?(1 — &)=,

11



If we define the absolute growth rate by

Zi+1
t

72 = g.,,,, then we can re-write (21) as

Gorpa = 92 M{(7) (1 — )t} 0 (22)

Using (22) and the parameter restrictions in Remark 1, we will get the same constant
growth rates along the balanced growth path (BGP) as in Huffman (2008). We re-write (22)

in the following way,
Q
Jorr = —a oy (23)

Zt

where () is a constant and is expressed as
Q = M{(r)"(1 —7)' 0.

Given the assumptions it is easy to show that we can obtain a constant growth rate for 7, K,
G and Y. This condition necessarily implies 0 < ® < 1 and 0 < x < 1 (as shown in Appendix
B). We therefore have the following lemma. Figure [1] shows the dynamic adjustment to the

steady state balanced growth graphically.

Lemma 3 On the steady state balanced growth path, the gross growth rate of Z, K, G and
Y are given by (24), and (25)

3 = Q0 = [M{(r)*(1 — r)i=}0=0) (24)

1
gk:gg:gzlffn,gy:gk 1T — zlfal, (25)

Proof. While g. can be computed directly from (23), the expressions for the remaining

variables are derived in Appendix C. m

There are several aspects of the equilibrium growth rate worth mentioning. First, the
growth rate is independent of the technology parameter, A, as in Huffman (2008). Second,
the growth rate of output, g,, is less than g, along the balanced growth path because equation
(7) is homogenous of degree 1 + 6.

Finally, from expression (24), the tax rate exerts a positive effect on growth as well as a
negative effect. This is similar to the equation characterizing the growth maximizing tax rate
in models with public capital. The mechanism here is however different. For small values of
the tax rate, a rise in 7 leads to higher public capital relative to output, Y;_ ;. This raises the
future value of investment specific technological change, Z. An increase in Z reduces the real
price of capital, stimulating investment and long run growth. However, for higher tax rates,

further increases in the tax rate depresses after tax income, and investment. This reduces

12
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Figure 1: The dynamic adjustment process to a steady state BGP

G relative to Y, lowering Z, and depressing investment and long run growth. Hence, there
is a unique growth maximizing tax rate.
Using the expression for g, in (24) we can characterize the growth maximizing tax rate

as follows:

Proposition 1 In the steady state, there exists a unique growth maximizing tax rate, given

by T = p.
Proof. See appendiz D. m

Proposition [1] sets a benchmark for the planner to set the optimal tax rate. If the
planner wants to maximize growth, he should set the tax rate to p. The higher the weight
attached to Y?fl
be the optimal tax rate set by the planner. This result is intuitive since it suggests that the

in the investment specific technological change equation, the higher should

government would have to impose a higher tax rate on income if public capital were to play

a greater role in driving investment specific technological change.

13



aq 0.35%

Qo 0.4

Qs 0.25

154 0.95x

v 0.67

0 1x
Om 0.2

7 0.5

0 0.2%

2 in the model with convex costs

X 0.1 in the model with concave costs
. 0.4 in the model with convex costs

0.01 in the model with concave costs
Table 1: Parameter Values

Figure [2] calibrates the impact of a change in p on the long run growth rate for two
arbitrary values of . Parameter values taken from Table 1.1 When u = 0.5, the growth
maximizing tax rate is given by ¢; = 0.5. When p = 0.6, the growth maximizing tax rate
rises to t, = 0.6. However, because p has increased, there is a level downward shift in the
growth tax curve associated with the higher value of i (the red line is lower than the blue
line). This is because of the reduction in growth due to a reduction ny. Due to this effect, the

planner needs to raise taxes to maximize growth, given that now there is a higher weightage

Gt
Yio1

leading to a higher growth maximizing tax rate. The net effect on growth however depends

on which effect (reduction in ny versus more weightage on %) dominates. This is sensitive

to the value of 7. In particular, the effect of ny on reducing growth is higher for higher values

on . In sum, a higher value of p tilts the growth-tax curve in a south-westerly direction,

of . Likewise, if there is a reduction in u, ne may increase sufficiently leading to higher
growth depending on the value of ~.

Finally, the growth rate is decreasing in 9,,, the weight attached to ny in production. In
other words, as ¢,, increases, more ns (specialized R&D labor) is devoted to production of
the final good, and less to investment specific technological change. This reduces the future
value of Z, and in the long run lowers optimal growth although there is no change in the
growth optimizing tax rate. This is because a higher 9,, leads to a level downward shift in

the growth tax curve, for all tax rates. To illustrate the quantitative impact of higher ¢,, on

6Without loss of generality we assume A = 1 and B = 1. The parameters which have a (*) against their
values means that they have been borrowed from Huffman (2008). The rest of the parameters have been
assigned in order to ensure feasibility.
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Figure 2: Comparing optimal taxes for different weights on the public input

growth, we first increase 9,,, arbitrarily from 0.2 to 0.3. We find that growth falls from 0.491
to 0.4622 (the difference being 0.0288). For higher values of §,, that is, increasing ¢,, from
0.5 to 0.6, we find that the fall in growth is 0.3968 to 0.3587 (the difference is 0.0381). This
shows that the fall in the growth rate is higher for higher values of 9,,,. Therefore, a greater
reduction in the share of ny available for future Z has a more detrimental, and non-linear

effect on growth.

2.4 The Decentralized Equilibrium

Consider an economy that is populated by a set of homogenous and infinitely lived agents.
There is no population growth and the representative firms are completely owned by agents,
who supply labor for final goods production, n;, and R&D, ny. Agents derive utility from
consumption of the final good and leisure given in (1). Agents fund consumption and invest-
ment decisions from their after tax wages w; and ws, which they receive for supplying labor
ny and ng, profits II; earned from the final goods production, which they take as given, and
the returns to capital lent out for production at each time period ¢ .

The representative firm produces the final good based on (2) where the law of motion of
private capital is given by (4). The government now funds public investment, I}, at each time
period t using a distortionary tax imposed on labor, 7,, € (—=1,1), and capital, 74 € (—1,1)
respectively. Like Huffman (2008), it is assumed that profits are taxed according to the same

rate as capital income.
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2.4.1 The Firm’s Problem

Firms solve a dynamic optimization problem which, at time ¢, has capital stock, K;, and
Zy. Let v(Ky, Z;) denote the value function of the firm at time ¢. Like Huffman (2008), the

firm’s optimization problem, assuming full depreciation, is given by,

K

v(Ky, Zy) = max {(Y;t — winy — WagNagr) (1 — Tx) — s + Bu(Kiya, Zt+1)} , (26)
Kiy1,n1e,n0t Zy

which it maximizes subject to (5) and (7). We assume that firms don’t borrow or lend in

the credit market and hence they assume that future payoffs are discounted at the rate 3.17

From the firm’s maximization exercise, we get the following first order conditions,

S a1Ye1(l=7p) | BA—)(-p)Kis | A=) (v(1—p)—a1) Jgd Bitjra
{KtJrl} CZy T B ( Kita - Kiy1Ziy2 - Kt+1 Z p v Zt+yj+3)

o

. . _ aYi(l-mr)  a2fi(l—y) BV Kitjis
{nue} wn(l —7) = ni; ni z_: Ziyjte

MPni(1-11) ~~

D

. _ _ agYi(1-7g) BOKiio | BA(v0— as(l 7)) By Kitjta
{n2t} : w2t<1 Tk) nat + Zipinat + Z Ziyj42

MPna(1—11) E

Because of investment specific technological change, factor prices are no longer equal
to the standard marginal products. In particular, the wage paid to n; is reduced by the
term ﬁ, while the wage paid to ng is increased by the term % In particular, w; =
MP,, — H and wy = MP,, + (
not imply that M Pn; = M Pn, unless the restriction, D + E = 0.!® Figure [3] shows how

investment specific technological change acts like a tax on n; and a subsidy to ns. This effect

The general point to note is that, w; = w, does

is magnified by the changes in 7.

"In Section (3), we allow firms to borrow and lend in the credit market, which implies that firms discount
future payoffs by 1}H,.

8 Intuitively, because investment specific technological change has a dynamic effect on the marginal pro-
ductivity of factor inputs, we cannot restrict ourselves to the static marginal productivities to calculate factor

prices.

16



_BANEC LR TR QNS DO )
danganal

Prodkuct ity ~ standard mirgEl orodutliv ity e

e Slandard marginal  pens

e prCeRAC A iy !

Marginal 7

Pttty - - efiective marginat pro@ecivity gz,

lahor SEpply R

Figure 3: The effect of investment specific technological change on n; and n»

2.4.2 The Agents Problem

A representative agent maximizes (1) subject to the following consumer budget constraint

(CBC),

Kt+1

C
t + Z,

= [wyny + wana] (1 — 7,) + [Vi — (wigna + waney)|(1 — %), (27)

the laws of motion given by (4), (5) and (7), total labor supply given by (3), and takes factor
prices and profits as given. The first term on the right hand side denotes after tax wage
income. The second term is the firm’s capital income plus profits, which is taxed at the rate,

7. The following restriction required for decentralizing the planner’s allocations.

Remark 3 Suppose that v0 — as(1 — v) > 0, which ensures that wy; = we > 0. Then,
Dnq = Ensy is necessary and sufficient to decentralize the planner’s allocation at every time

period, t.

The condition that, Dn; = Ens, means a reduction in the total wage bill paid to n; due
to investment specific technological change gets offset by an equivalent increase in the wage

bill paid to n,. This ensures that the total wage bill paid by the firm to n does not depart
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from the marginal productivities paid to each type under investment specific technological
change for any combination of factor income taxes.
Under Remark (3), the CBC — from equation (27) — can be written as

K
Zy

Ct+ :@Y;

where © = (1 — a3)(1 — 7,,) + (aq)(1 — 7%). This implies the government budget constraint
(GBC) is given by
Il =(1-0)Y. (28)

In general, any factor income tax combination decentralizes the planner’s allocations as
long as Remark (3) is imposed, because of the offsetting effects on the total wage bill of the

firm.

2.4.3 The Agent’s First Order Conditions

The Lagrangian given below for the agent’s problem is given by
L =73 p"log C; + log(1 — ny — nay) + A{OY; — C, — I, }]. (29)
=0

The optimization conditions with respect to Cy, Ky 1, nys, and nos, are given by equations
(30), (31), (32) and (33) respectively:

1 _

o =M (30)
1 _ aBYenn® | BNl | 1) (v(1—p)—c1) By It jvs
CiZ¢ o Ct+1Kt+1 + Ct+2Kt+1 + Kt+1 Z Ct+j+3 (31)
1 5 az(1—y BIvLiyjite YO
1*nt nit Z Ct+j+2 - Cinie (32)
2 X Bi~d
1 _ a3Vi® B61141 + B#(v6—a3(1—7)) Z By Ty jyo (33)
1—n¢ Cinot Cit1nat not = Ct+j+2 .

The above first order conditions can be derived in the same way as the planner’s version
as shown in Appendix A. Their interpretation is also the same as before, except that 1 — 7
is replaced by ©. The allocations that result from Remark (3) are also constrained Pareto

Optimal. The closed form decision rules are characterized by the following lemma.

Lemma 4 In the decentralized equilibrium, the expressions for Cy, Ij, ny, i no are given

by the same decision rules derived in (34), and (17), (18) respectively, where 0 < & < 1 is
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given by (19) and 0 < x < 1 is given by (20), with
C, = BY;0 and I, = (1 — )Y;0. (34)

Proof. The above expressions can be constructed from the first order conditions given by

equations (30), (31), (32) and (33), as explained in Appendix B for the planner’s version. m

The first order conditions governing the planner’s allocations can be easily be seen to
be replicated by the decentralized equilibrium, once we assume 7, = 7, = 7. In this case,
© = 1 — 7, and the first order conditions characterizing the planner’s allocations obtain.
Hence, the comparative statics of consumption, investment, and labor input vis-a-vis changes
in 1 remain unchanged. The gross growth rate of Z, K, G and Y at the steady state can
also be derived in a similar fashion. As in the planner’s version, the condition for dynamic

stability is the same, i.e., 0 < v < 1. We therefore have the following lemma

Lemma 5 In the steady state of the decentralized economy, the gross growth rate of Z, is
given by (35) while the gross growth rates for K, G and Y are given by (36)

3. = Q75 , where Q = M{(1 - ©)*(©)'"}0=), M = B((1 - 6,,)(1 — B)R)(1 — &)1 (1=

1 o1

~ ~ Q1

Zlfoq ’gy — gk — g;lfal . (36)

)

@g:@:

Nat

Proof. These are derived in the same way as in the planner’s version. m

Note that the expressions for the equilibrium long run growth rate are identical to those
in the planned economy, except that the growth rates differ because © need not equal 1 — 7.
We want to check under what conditions the growth maximizing allocations from the
planner’s problem can be replicated by the decentralized economy. From the steady state

growth rate given by (35), this leads to a second proposition.

Proposition 2 If factor income taxes are chosen such that a linear combination of factor

income taxes is equal to ji,i.e.,
(1 —a)(Tn) + on(7p) =p =7 (37)

then the decentralized allocations can replicate the growth mazximizing allocations from the
planner’s problem.

Proof. Shown in Appendix E. m
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The proposition above suggests that there is no unique combination of labor and capital
income taxes which maximizes growth. In particular, pick a value of ;1 and one of the two
tax rates. Lemma (5) yields a Laffer curve for the other factor income tax in terms of y and
the given tax. Changes in the value of the given tax rate causes a horizontal shift in the
Laffer curve. With the new Laffer curve, optimality is restored when © = . Further, if the
condition specified in the proposition holds, the planner’s allocations can be achieved from
the solutions of the agent’s version. Since there does not exist any unique growth optimizing
tax rate combination for 7,, and 7, the planner could choose multiple tax/subsidy schemes
(subject to the restriction placed in Remark (3) such that the convex combination will always
equal the planner’s growth optimizing tax rate of ;. Under this condition, the solution to the
agent’s version replicates the planners optimization solution. We therefore have the following

proposition

oy ~> ~> > ~
Proposition 3 Tn2T=U=>TpZ=T=UZ Tk

Proof. This is obtained from equation (37). m

From equation (37), it follows that if one of the factors receives a subsidy, the other factor

must be sufficiently taxed such that the optimality rule given by (37) is satisfied.!?

2.5 Welfare

We are interested in evaluating whether the optimality results for taxes vary when the rule
is to maximize welfare and not growth for the model in Section (2.2) and (2.4.1). Since
consumption is a fixed fraction of after tax income, it grows at the same gross growth rate
of output at the steady state as shown in Lemma 1 and Lemma 3. The total labor supplied
is also constant at each time period ¢. Using this information, we can re-write the life-time

utility given in (1) in the planner’s version as
A=T+ Alog(l —7) + Vlog[(T)"(1 — 1) 7*] (38)

where I', A and ¥ denote all other terms independent of the flat tax rate 7. We show this
in Appendix G. It is clear from the above expression for welfare that the maximizing tax
rate for the planner’s model is less than the tax rate which maximizes growth. This happens
because consumption is scaled down by (1—7) at every time period even though the balanced

growth rate is affected by 7 from the last term in (38). This gives us the following result.

1YWe have shown in Lemma 1 and in Lemma 4 that 0 < ® < 1 given by (19), 0 < z < 1 given by (20) and
the supply of labor given by (17) are constants.
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Proposition 4 The welfare maximizing tax rate, 7V, is less than the growth maximizing tax

rate and s given by,

FU — |: 62&1(1_7)
Brar(l =)+ (1 - a)(2-7)

p=op<p=T7,

B2a1(1=7)+(1-a1)(2—)
Proof. This can be obtained by differentiating (38) with respect to 7. ®

where p = [ o) ] <1

In the agent’s version, the life-time welfare function can be expressed as
A =E+ +Alog(©) + ¥log[(1 — ©)*(©)' ] (39)

where =, A and ¥ denote all other terms independent of the tax rates 7,, and 7. We get the

same result as in the case of the planner’s version, as shown in the following proposition

Proposition 5 There exists a convex combination of factor income tazes, given by
(1 —an)(ry) + oa(7)) = o < pp = (1 = ) (7)) + a(7),

where this combination mazximizes agent’s welfare and also yields the planner’s welfare asso-
ciated with ™ in Proposition (4).
Proof. We get the above equation from the welfare optimization conditions with respect to

T, and 7. M

In sum, we have characterized both the planner’s and agent’s problem. We have shown
that there exists a unique growth maximizing tax rate, which is greater than the tax rate
that maximizes long run welfare. This inequality ranking also strictly holds true when agents

maximize welfare.

3 Robustness

In order to establish the robustness of our results we first show that if agents are allowed to
borrow and lend by participating in the credit market as in Huffman (2008), the planner’s
allocations can still be decentralized using multiple factor income tax combinations. We then
show that the results obtained in Section (2), generalizes to a model where only n; enters into
the production function of the final good, and nsy affects investment specific technological

change.
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3.1 Decentralizing the model under a borrowing-lending setup

As shown in Appendix J, if agents are allowed to borrow and lend in the credit market, the
planner’s allocations can still be decentralized using multiple factor income tax combinations
as above.?? The crucial difference is that ®, n and x depend on 7,, and 742'. If we restrict
factor income taxes to be positive, then we can numerically show that the factor income tax
mix that decentralizes the planner’s allocations are inversely related to each other similar to
equation (37). However the relationship is non-linear. If we allow for both 7,, and 74 to be
either a tax or a subsidy, then we can numerically show that such a mix still decentralizes
the planner’s allocations, although the particular combination of 7,, 2 0 and 7, 2 0 depends
on the parameter values of 1 and ~y. For the case of positive factor income taxes, Figure (4)

plots the set of taxes that decentralizes the planner’s growth maximizing allocations.

Agent's Growth

I P lanner's Grawth

Growth Rate

Tax on Capital

Tax on Labor

Figure 4: Decentralizing the planner’s growth rate - under borrowing and lending

20 As in Huffman (2008, p. 3456) the agent’s budget constraint is given by
At41 = (1 —+ T)at + wt(nlt + th)(l — Tn) — Ct.

In equilibrium,
a; = Kt'

21 This is shown in Appendix .J
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3.2 Decentralizing using only n; in production

As shown in Appendix K, the results obtained in Section (2), generalizes to a model where
only n; enters into the production of the final good, and ns affects investment specific
technological change, as in Huffman (2008). Our main result - which we show numerically -

is:

Proposition 6 For any given value of u and one of the factor income taxes, there is at least

one feasible value for the other factor income tax that decentralizes the planner’s allocations.

Proof. See Appendix K. m

In sum, the robustness exercises in Sections (3.1) and (3.2) suggest that decentralizing
the planner’s allocations leads to indeterminate, or multiple, factor income tax rates.?? The

following Figure [5] illustrates the case with only n; in production.

[ lAgents Growth

B anners Growih

Growth Rate

Tax on Lahor Income Tax on Capital Incorne

Figure 5: Decentralizing the planner’s growth rate without n; in production

The above exercises suggest that the optimal factor income tax mix is indeterminate in
two natural variants of the model. This indeterminacy result therefore gives the planner the

flexibility to choose policy rules from an infinitely large set. As we show in the following

22Tt can be shown that welfare results do not coincide with growth. The results are available from the
authors on request.
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section, accounting for administrative costs, however, restricts this set of optimal feasible
tax mix for the planner and eventually a unique factor income tax mix emerges as the only

feasible solution.

4 The Model with Administrative Costs

The presence of administrative costs during tax collection is one of the major reasons (the
other being the dead-weight loss of imposing the tax), for the government’s inability to
change (particularly increase) tax rates with ease for the purpose of raising revenue (see
Bovenberg and Goulder (1986), Yitzhaki (1979), Yang (1989)). We provide specific condi-
tions under which the tax rate differs at the optimum — compared to the benchmark model
— when administrative costs for implementing public investment occur. In particular, as
long as administrative costs are not linear, we show that there will always exists a unique

combination of distortionary tax rates on labor income and capital income.

4.1 The Planner’s Model

As before, the government collects taxes by imposing a proportional tax rate on income to
fund G to contribute to investment specific technological change. It however incurs admin-
istrative costs with respect to tax collection. The government budget constraint takes the
following form

I{ = (1 —w(7))Ys

where w(7) represents continuously varying administrative costs with respect to the tax rate
7. Here, w'(1) > 0, which implies that the administrative cost is assumed to be increasing
in the tax rate. In what follows, we will assume that these costs could be linear, convex,
or concave with respect to the tax rate, and show that these assumptions have different

implications for the steady state balanced growth path.

4.1.1 Convex Administrative Costs

Suppose that administrative costs are strictly convex with respect to the tax rate (e.g.,
Perotti (1993), Buiter and Sibert (2011)), i.e., w”(7) > 0. By strict convexity we mean
that a proportional increase in the tax rate causes a more than proportional increase in the
collection costs and that governments experience greater difficulty in imposing a higher tax
rate on income as compared to a lower tax rate. In such a scenario, if achievable growth rates
are much lower than as compared to the case where such costs are absent, the government,

at an optimum, would consider imposing a lower tax rate on income.
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We parametrize the function, w(7) = ¢7X, where 0 < ¢ < 1 is like a "fixed level cost"
parameter and x > 1 is the degree of convexity. The government budget constraint takes
the form

Il = (1 — etV (40)

We assume that agents who are subject to these tax rates are unaffected by the administrative
costs the government incurs for imposing taxes. It is like as if the government incurs an
additional expenditure towards enhancing investment specific technological change. For this
reason the first order conditions are the same as in the baseline model and are therefore
given by (10), (11), (12) and (13). The decision rules are also the same and are given by
(16), (17), (18), (19) and (20) as shown in Lemma 1.

Given the government budget constraint in (40), the law of motion for investment specific
technological change according to (7) and the decision rules for consumption, investment and
the labor supplies as (16), (17), (18), (19), (20), we can rewrite (7) in terms of the steady

state growth rate,
G = [B((1 = 0,)(1 = 2)n)’(1 — &)= {(7 — er)(1 — 7)' 710025, (41)

As before, the growth rate, with administrative costs, is increasing in B, decreasing in 9,,,
and increasing in no. Further, an increase in ¢ reduces the growth rate. We now get the

following proposition.

Proposition 7 The growth maximizing tax rate, Tac (tax with administrative costs) in a
model with convex administrative costs is always less than the growth maximizing tax without

such costs, that is, T = . The optimal tax is obtained from the following expression

(1= 7ac)u[l — ex(Tac) ] = (1 = p)(Tac — (T ac)¥), (42)

where,

Tac =T = p when ¢ =0 or when x = 1. (43)

Proof. Shown in Appendix H m

Given that administrative costs with respect to the tax rates are convex, the steady state
optimal growth rate given by (41) will be lower than the steady state optimal growth rate in
the baseline model. This is shown in Figure [6] where ¢ is the optimal tax rate as derived in
the baseline model. The tax rate t; is the growth optimizing tax rate when the government
faces convex administrative costs.

For instance, Perotti (1993) and Buiter and Sibert (2011) assume that convex adminis-

trative costs are quadratic in nature (y = 2). Assuming ¢ = 1, the optimal tax is now given
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Figure 6: Optimal tax rates across different models - with and without administrative costs

by the following equation

(1—=7ac)p(1 = 274¢) = (1 — p)(Tac — (Ta0)?) (44)

which gives us
1

TAC:m</7::/L. (45)
Therefore the general result in a model with convex administrative costs is that the planner
will choose to charge a lower tax rate compared to the case when there are no administrative
costs. These costs hamper the availability of resources for funding public expenditure thereby
leading to lower growth rates. But the planner would choose to charge a lower tax rate at

the optimum since the costs of imposing higher tax rates are increasing in the tax rate.

4.1.2 Other Cases: Concave or Linear Administrative Costs

The government budget constraint for the planner’s version is again given by equation (40)
but now instead of having strict convexity in administrative costs with respect to the tax rate,
we assume strict concavity (w”(7) < 0) in administrative costs, i.e., x < 1. Anecdotally, strict
concavity of administrative costs is suggestive of a more efficient administrative machinery

compared to the previous case with convex costs.?® Such administrative costs increase with

23This may be due to employing better technology that may assist in revenue collection. See Slemrod
(1990).
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a higher tax rate but at a decreasing rate. Therefore at the optimum, the government has
an incentive to impose a higher tax on income as compared to the case of the baseline model
even though the steady state growth rates is lower because of the loss due to administrative
costs. This again is shown in Figure [6] where now t5 is the growth optimizing tax rate when
the government faces concave administrative costs.

Linear administrative costs simply cause a level downward shift in the optimal growth

rate. The optimal tax however remains the same. This is shown in Figure [7].
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Figure 7: The model with and without linear costs

4.2 The Decentralized Equilibrium

There are two separate factor income taxes imposed on labor and capital income, i.e., 7, and
capital 7 respectively. The administrative costs incurred by the government for imposing
tax rate on labor and capital are assumed to be different, in terms of the fixed level costs
although not in terms of the degree of convexity or concavity. Hence the cost of imposing

Tk is ¢;7f while that for 7,, is co7X. The following is the government budget constraint?*
II =logmi + (1 — aq) 1 — a7y — o7 Y5 (46)

The rest of the specification remains the same, just as in the baseline agent’s model. The

first order conditions are given by equations (30), (31), (32) and (33) and the decision rules

24This equation is derived in the same way as in the baseline model, where the firm’s profit maximization
solutions are substituted into wages and rate of return on capital. In addition, there are also administrative
costs of imposing each tax rate.
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by (16), (17), (18), (19) and (20) as shown in Lemma 3. We now substitute the decision
rules given by equations (17), (18), (19) and (20) as in Lemma 3 and the government budget
constraint given by equation (46) into the investment specific technological change equation

given by (7) to obtain the following steady state growth rate for Z
72 = [B(A = 6,)(1 — 2)n)’(1 = @)1 = © — ey7) — epr)(©)'H0=]77, (47)

where, ©® = 1 — ;7 — (1 — a3)7,. Unlike in the baseline framework where administrative
costs were absent, we show that there exists a unique combination of the tax on labor income

and on capital income given by the following proposition.

Proposition 8 There exists a unique combination of positive tax rates 7, and T which

maximizes the steady state growth rate given by
*\ Xx—1
1—
=) - E) @
Ty, (oA] Co

1 =

— X—
X21:>7';:{( 1) }7}2272

aq

Proof. Shown in Appendiz [ m

When ¢ = ¢,

This inequality result holds for 0 < «; < 0.5. The proposition suggests that if the scale
constant, ¢, and variable costs are identical, the government could maximize efficiency by
charging a higher tax on labor income. The tax on capital income could therefore exceed the
tax on labor income only under the special case when the fixed level costs of imposing 77
relative to 7} sufficiently exceeds the relative share of total labor to capital in production.
In other words, capital income could be subject to a higher tax rate rate compared to that
on labor provided it is less costly to impose a higher tax on capital.

This specification gives us uniqueness, which was absent in the baseline model. This
happens because p affects the first order conditions — relating the growth rate to the optimal
factor income tax rates — symmetrically (see Appendix 7). The ratio of factor income taxes,
as seen in equation (48), is therefore independent of p. However, individual factor income

taxes still depend on p .

4.3 Decentralizing the planner’s allocation

While the above results suggest that there can exist a unique combination of factor income

taxes that maximizes growth in the agent’s problem, it does not guarantee whether such a
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unique combination also decentralizes the planner’s growth maximizing tax rule. While we
can’t show this analytically, we can show numerically that for feasible yet small values of
¢ and increasing xy > 1 reduces the set of feasible factor income tax mix the planner could
choose from. In fact the size of this set shrinks as the convexity of the administrative costs
increases, and eventually a unique factor income tax mix is the only feasible solution. Figure

[8] illustrates this uniqueness result.

:'Agem‘s Growth
[ IPlanner's Growth

|

Growth Rate

0.2~

Tax on Capital Income Ta on Labar Incame

Figure 8: Decentralizing the planner’s growth rate in the presence of convex administrative
costs

5 A Numerical Example

In this section, we use the baseline model in Section (2.2) and (2.4) to quantify the growth
effects of factor income tax changes.?” Our focus is to assess the growth effects of changing
factor income taxes. We use parameter values for the US from Huffman (2008), and other
parameters from the literature. We use arbitrary values of y, v, and d,, because of the lack of
clear empirical estimates for these parameters. Table [1] contains the parameter values used
in the numerical exercise. We are interested in two different policy experiments: the effects
of 1) equi-proportionate changes in fact or income taxes and 2) revenue neutral changes on

growth and welfare. We then augment these estimates assuming different cost technologies.

25 These exercises were done in Matlab. The codes are available from the authors on request.
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We first analyze the impact of changing the tax on capital on the growth rate for a given

value of the labor income tax in the decentralized model using the optimality condition (37),
(1 —n)(Tn) + a(Th) = =7

We earlier quantified the effect of an increase in p, in the investment specific technological
change equation — on the equilibrium growth rate. We showed that a higher u, leads to
a higher growth maximizing tax rate. This effect on growth can be decomposed into two
effects: the effect of a higher higher 1 on labor effort devoted to research, and the direct
effect of a higher weightage on public capital relative to output on increasing the level of in-
vestment specific technological change. The quantitative results show that an increase in the
government spending share reduces the labor input devoted to research effort which reduces
growth, but increases the level of technological change which increases growth. Hence, the
net change in growth depends on the magnitude of these two effects and on the parameter
7.

The above dynamics are replicated when there are tax changes in the decentralized equi-
librium, except that at the optimum, there does not exist any unique combination of tax
rates on capital and labor income which maximizes growth. For illustrative purposes, we
arbitrarily pin down a particular value for the tax on labor, 7,, = 0.4. According to (37) —
where g = 0.5 and a; = 0.35 — which yields 7}, ~ 0.6857.2° This can also be replicated if we
plot the growth schedule of g, — fixing 7,, at 0.4 — and varying 7.

This is shown in Figure [9] where the optimum combination of 7, and 7 is given by
(0.4,0.6857), corresponding to t;. Suppose we decrease the tax rate on labor income and
increase the tax rate on capital by 0.1 in comparison to this combination at the optimum:;
that is, 7,, and 7} are now given by (0.3,0.7857).%" These tax rates no longer satisfy (37).
Growth is no longer at its highest value, although in comparison to the growth maximizing
factor income tax mix, (0.3,0.87143) — given by ¢3— which satisfies (37), the gross growth
rate is marginally (though not significantly) less: by a magnitude of ~ 3.303 x 10~%. Hence,
deviating from the optimal rule by changing factor income taxes in equal proportions has a
negligible effect on long run growth and welfare. The reason why this happens is because of
the assumed share of output accruing to capital in the final goods production, oy where we
assume that 0 < a; < 0.5. Under this restriction, the absolute rate of change in growth rate

due to a change in the tax rate on capital income will strictly be less than the absolute rate

. . . . . = 1—
26The revenue neutral rule for changes in factor income taxes is given by, 2;% = f% .

2TThe value of 74, = 0.7857 is given by the point 5.
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Figure 9: Impact of a change in the tax on labor income on the capital tax Laffer curve

of change in the growth rate due to a change in the tax on labor. That is

g,
aTk

9.
< ‘ 0Ty,

This means, deviating away from the tax rate on capital according to an optimal tax rule
will only have a moderate effect on the growth rates. This result is consistent with the
results of the policy experiments in Huffman (2008) relating the effect of capital income tax
changes on growth. He finds that changes in factor income taxes have a minimal effect on
the growth rate. However, as evident from Figure [9], depending upon whether changes to
the capital income tax rate are equi-proportionate or revenue neutral, the effect on growth
rate would be negative (but marginal), or zero, respectively. This contrasts with Huffman
(2008) where a change in the tax on labor income has a negative effect on the growth rate.?®

If now we reverse the exercise by first fixing 7, at the arbitrary value of 0.6 and then lower
it to 0.3, and then calibrate the equi-proportionate increase and revenue neutral increase
in 7,,, we find that changes in growth are of the same order when we compare an equi-
proportionate change to a revenue neutral change when we fixed tax 7, and varied 7.

However, there is an important difference. An equi-proportionate change in 7,, means that

28For a large arbitrary change in taxes, our calibrated results show that the "growth-gap" between equi-
proportionate and revenue neutral changes is still not large, but larger than the case for small changes in
taxes. For instance, a reduction in 7, from 0.6 to 0.3 implies that ,, rises from 0.315 to 0.87143. In contrast,
an equiproportionate change in 7 is 0.61. The growth difference is still roughly 3.303 x 1074,
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now we increase the tax on labor from 0.44615 (when 74 is 0.6) to 0.74615 (when 74 is
0.3) which is significantly higher than the revenue neutral value (at 0.607). Since the equi-
proportionate change in 7, exceeds the revenue neutral value of 7,, reducing 7,, would
increase growth.

We now conduct a similar policy experiment with administrative costs as in Section (5).
For simplicity we have assumed that the fixed level cost parameter ¢ and the variable cost
parameter y are the same for both tax rates on labor income and on capital income. We first
consider the case with convex administrative costs, and assume (arbitrarily) that ¢ = 0.4
and y = 2. Plugging the value of ¢ and y into equation (48), and then substituting out the
resulting value of 7,, in terms of 7, into the first order condition derived in Appendix I, the
optimal tax rate on capital income 7} is found to be approximately 0.23. Using this value

for 75, and using the equation (48) we get 7} = 0.42. We now get Figure [10].
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Figure 10: Policy analysis in the model with convex costs

Here ¢, represents the point (77, 75) = (0.42,0.24).% This gives us the growth maximizing
tax mix with convex administrative costs. Therefore, any change in the tax on labor such
that 7,, # 77, such as at point ¢3, where we arbitrarily reduce 7,, by 0.1 to 0.32, and also

re-calibrate 7, according to (48) reduces growth to a sub-optimal value. This is because the

new tax mix at t3 does not satisfy optimality.’® However, if the choice of 7 corresponding

29Note that there are two solutions but the second solution 75 = 0.69 and 7, = 1.28 is not feasible.
30Here, gfz > 0.
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gﬁz = 0), then the optimal

tax on capital would have to be significantly higher than 7;.This is denoted by point ts,

to 7, = 0.32 were to satisfy optimality (hence 7 satisfies

Tn=.32

where growth has marginally fallen (by roughly 3.6 x 1073), but by an amount greater
than the growth fall in the model without administrative costs. In sum, because of convex
administrative costs, deviating from the tax rule, (48), will lead to a greater fall in long run
growth and welfare.?!

We now look at the case with concave administrative costs. With ¢ = 0.01 and y = 0.1
we can show that the optimal tax rate on capital income 75 & 0.73.3% Using this value for

77 and using the equation (48) we can show that 77 ~ 0.4013. This is shown in Figure [11].
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Figure 11: Policy analysis in the model with concave costs

Here ¢, is given by (7%, 7%) = (0.4013,0.714).33 We conduct a similar exercise of lowering
the tax on labor income by 0.1 and back out the value for the corresponding tax (shown
as tp) on capital income from the equation (48). This will give us a tax rate on capital
income equal to 0.594 which does not give us the optimal growth rate. However a tax rate

on capital income, much higher than ¢;, and given by t3 in Figure [11] will ensure optimal

3UIf we allow 7, to fall by 0.2 to 0.22 - a large arbitary amount, we find that a decrease in 75, — from (48)
—1is 0.1209. For 7,, = 0.22, 7, = 0.345. There is larger reduction in the growth rate.

32This choice of ¢ and x ensures feasibility.

33The second solutions to 75 and 7 are approximately close to 0 which means that the funding available
for the public input will be close to zero. We therefore ignore this solution.
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growth rates. The difference in the growth rates by moving from a tax on capital income of
0.594 as in t3 to 0.908 (moving to t,) is roughly around 3.4 x 10~ which is also not large.
Hence, having concave administrative costs suggests that there is negligible change in the
optimal growth rate when the tax on capital income is increased.?* Given concave costs, on
normative grounds, a planner could charge a higher tax rate on capital without changing

the optimal growth rate when there is a fall in the tax on labor income compared to 7.

6 Conclusion

This paper constructs a dynamic general equilibrium endogenous growth model in which pub-
lic capital influences investment specific technological change. We characterize the growth
and welfare maximizing tax rates in the planner’s problem and the decentralized equilibrium.
Unlike the existing literature where public input affects current output directly, in our model
it affects future output through its effect on investment specific technological change. Our
main result is that there exist infinitely many capital and labor tax-subsidy combinations
that decentralize the planner’s growth rate. Hence the optimal factor income tax mix is
indeterminate which gives the planner the flexibility to choose policy rules from an infinitely
large set. The indeterminacy in the factor income tax mix, and its robustness, is the main
result of our paper.

Accounting for administrative costs, however, reduces the set of optimal feasible tax mix
of the planner. In fact the size of this set shrinks as the convexity of the administrative
costs increases, and eventually a unique factor income tax mix emerges as the only feasible
solution. From a growth-tax policy standpoint, our numerical results are consistent with
some other papers in this literature which shows that capital income taxation may increase
growth.

While we do not directly solve for the Ramsey optimal fiscal policy allocations, our results
are related to a celebrated literature started by Judd (1985) and Chamley (1986), who find
that capital taxation decreases welfare and a zero capital tax is thus efficient in the long-
run steady state. From a growth standpoint, models analyzing the equilibrium relationship
between capital income taxes and growth also typically find that an increase of the capital
income tax reduces the return to private investment, which in turn implies a decrease of
capital accumulation and thus growth (see Lucas (1990) and Rebelo (1991)). In contrast,

our results are consistent with some other papers in this literature which show that the

34This result is broadly consistent with the results in Huffman (2008) and Stokey and Rebelo (1995)
who show that growth rates are unaffected by a deviation of tax rates on capital income away from their
equilibrium values.
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optimal capital income tax is positive, i.e., taxation may increase growth (see Uhlig and
Yanagawa (1996) and Rivas (2003)). On normative grounds, our results suggests that policy
makers may want to measure precisely the relative cost associated with factor income tax
collection before setting factor income taxes.

In terms of future work, one could formalize the optimal capital income taxation under

the Ramsey policy within our environment.
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Technical Appendix

The appendix contains all the calculations and proofs of propositions present in the paper.

Appendix A: The planner’s FOCs for the baseline model

The following is the FOC with respect to C}

1
B\ =0.
B =N
Hence, we get
1
Cit = =\
G =

This gives us equation (10). The FOC with respect to K;,; is as follows:

— At 041Yt+1(1 ) 0 Ko 2 9, Kt+3
K — + N — — B\ =0.
{Kia}: 2 BAt1 o BA t+1aKt+1 ( Zt+1) B N2 m— 0K, ( Zrea
Note that
0%, - 02111 o 0Zi19 . Zivo 0Zi13 . V43 02149 Zi43
= =0, = (1= =p)=, = —on(l—7)
OKyy1 0K OKi11 Ky 0Ky Zipo 0K Ki
We therefore have 97 P
t+3 t+3
=(1— 1— 1) — ).
0K, (1—7) Ko (YL = p) — o)
And hence for any other future time period
0Zisvj L1434 ,
TS (1 — ) 2B (1 — ) — ], forj = 0.
oK, (1-7) Koo V(A —p) =], forj 2
Therefore, substituting the above values in {K;.;}, considering %ﬂ = A4j and [ ; =
K%ﬁj, j 2 0 and assuming full depreciation (that is § = 1), we obtain the following FOC

for {Kyy1} which is shown in equation (11)

1 oY (=1 | BPhe(1—y)(A—p) | BP9 (y(1—p)—en) By Ity ji3
{Kt+1} CiZy Ciy1 K41 + Ci42Ki41 + Kit1 Z Ct+j+3 '

Next, the FOC with respect to ny, is given by

—1 AaYy(l-7) 9 (Kit1y\ 9 (Kit2\ 2 9 (Kit3\ _ .
i )\t_(‘)nu(_Zt ) ﬁ)\tﬂ—amt(—zm) I5; )‘t+2_8nn<_zt+2) ... = 0. Given that

B(1 — 6:)'n, 2] (GF) " V(K ) D (K) M (n2%) (6, n%%) )

Zt+1 = A(l_,y) )
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this implies
0  Kin 0 Ky,

0n1t Zy anlt Zt+l

We further have

?

0 (Kt-i-?)) (1l —7)Kiys

Ony \ Zito N1 L2

and similarly,

d (Kt+4) (1 =)7K

Onlt Zt+3 nltZt—i-B
d <Kt+5> _ as(1 =)y Kiys
Onyy Ziga N1t Lt44

for all future time periods. Therefore, substituting the above expressions into the expression

for {ny;} we get

1—9)K 1— K A Yy (1 —
+52>\t+2 (a2( ) t+3) +33>\t+3 <042( 7)Y t+4) L= 12 Yy ( 7')'
I—ny N1t Ziy2 Nt Ziy3 N1
Recall that for every t, = A Since § =1, I = Kt“” , for all j = 0. This gives us the

final expression of the FOC for ny;, as shown in equation (12)

1 . 62052(]_ — ) Z 6] j It+]+2 _ O{Q}/;f(]. —7—>‘
— Nt Ct+j+2 Cinyy

{ny} : .

The FOC with respect to ny; is given by

—1 Atasy(lfT) 0 (Kit1 el
{2t s 70y + 770 — My, (F2) = B,

(Kt+2)_52)\t+2 0 (Kt 2)... = 0. Given
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07, 0 07111 o 071
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this means a change in ny on Z has two effects - a direct effect and an indirect effect. The

’YZt+2 0741 Zt+2

expression, Tt o , is the direct effect, while the expression, —as(1—7)=2, is the indirect
effect. Therefore,

02119 Lo

— = (70 — a3(1 — .

ang 0 as(l= )7



Similarly, the derivative of Z with respect to ny at time period t + 3 is

0Zi13

Ziy3
— (0 — as(1 — .
Do Y(7v0 — as(l — 7)) -

Hence, for any future time period ¢ + j + 2, the derivative is as follows

0Ziyji2 j Zitjt2
R L 0 — 1— e
T 7 (70 — as(1 — 7)) o

Substituting the above expressions into the above expression for {ny,}, we get

-1 )\tOé3Y2(1 - 7') K 207211 2 Kiys Ziyo
A A 0 — as(1— ..=0.
-, + ~ + BAi1 72 i B Mg 72, (70 — a3(1 — 7)) - +
Again, for every t, =M. Since 0 =1, [, = Kt““ , for all j = 0. This implies that

_|_
1—mny Noy L 1Moy Noy j=0 Ciiji2
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Hence the final expression for {ny} is as follows and as shown in equation (13)
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Appendix B: Decision rules for the planner’s problem for the base-

line model

We first show that ®, x and n are constants, and have feasible values. Feasibility requires
that 0 < ®,z,n < 1. We also derive a condition that ensures that the balanced growth rate

is stable, i.e.,
Gzt+1 = Gzt = gz
We have shown earlier

{Kt+1}30tlzt = et 4 g2 Ci (1 — ) (1 —p) + £a- v)éml =) Z (393 Leties
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0615(1 _57)
(1=BNL=3 1=l —w] - L=y —p) —a]
(=81 =B =)A= p) — ] = B =)L = p) — o]
(1=By =1 —A=p)] =LA =-Nh1—p) —a]

= (1-9)=

=

as shown in (19).

For 0 < ® < 1, we require that

(1= AN =B =1 = p) —up] = B =)yl —p) —ea] >0

and

1
1—67>0:>7<B.

Note that, v < %, is the condition for stability. From the FOC for ny,

n 62042(1 — ) Z /8-7 j It+]+2 _ Q{QY;(]_ - T)
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as[(1 =) = (1 = 7)(1 = ®)]

(a2 + @) (1 — By) — 2B*(1 —7)(1 — @)

=

= n=

which is the expression in equation (17), and @ is derived above. Note, when

az[(1 = By) = B*(L = 7)(1 = @)] > 0

and when
0<d,x<1,

then
O<n<l.

Next, we derive the expression for . We know the FOC with respect to {ng} is given by
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N (1 - x) _as(1=By) + 01— @)1 = B) + (10 — as(1 = 7))(1 — P)
x as(l = fBr) = BPas(1 —7)(1 — @)
az(1 = ) = BPas(1 —7)(1 - D)
[z + a3 + BO(1L — @)J(1 = By) + B*(1 = D70 — as(1 — ) — az(1 = )]

= =

which is the expression for x in equation (20). When 0 < ® < 1, 0 < z < 1 is automatically
satisfied. This means feasible values of x require no other additional assumption other than
0 < v < 1. We first verify that 0 < ® < 1. This means we need to check whether the

following two inequalities are satisfied:

Q=N =B Q=1 —p) —b] = L=yl —p) —] > 0

(1)1 — By > 0:>7<%.

Since0 <y < 1,wehave 0 <y <1< % This means (ii) is trivially satisfied when 0 < < 1.
To check (i), we must check whether (1 — 37)[1 — £%(1 —~)(1 — p) — 8] — B*(1 — ) [v(1 —

p) — ] >0, 0r (1= 391 —anff) = 81 = 7)(1 = p— af) > 0,
= (1= 7)1 =) > B2 (1 =9)(1 = p— ).

We know (1 —a13) > (1 —pu— ;1 8) because 0 < p < 1. Further, (1 —3v) > 8*(1 —~) if and

only if (1—3v)—B*(1—v) > 0. Clearly, (1—3)(14+3—£7) > 0. Hence, (1—37)—5*(1—7) > 0.
This implies

(1= 571 —af) = B1 =)l — p—aB) > 0.

Hence, (i) is satisfied and 0 < ® < 1. We now verify that 0 < x < 1.We know that

az(1 = By) = BPaz(1 —1)(1 - P)
[z + a3 + BO(L — @)J(1 = B7) + B*(1 = D) 10 — as(1 =) — az(1 = )]

To show the above expression for 0 < x < 1, it is sufficient to show that as[(1 — f7) —
B*(1 —v)(1 — ®)] > 0, since we have already shown, 0 < ® < 1. We also have to show the
denominator in the above expression is greater than the numerator so as to ensure that x is

a fraction. As shown earlier,
(1=87) =B (1=7)>0

which implies (1 — #v) — (1 — v)(1 — ®) > 0 since we have already shown 0 < ® < 1 (and



so 0 < (1 —®) < 1). This implies that, as[(1 — 3v) — f*(1 —)(1 — ®)] > 0 is true. The

denominator is given by the expression
(s + a5 + BO(1 — ®)](1 — ) + F2(1 — D)0 — as(1 — 1) — an(1 — )],

which on re-arranging yields o [(1—7) — B2(1—7)(1—®)] +as[(1— 7)) — B2 (1 —7) (1 — )] +
BO(1—®)(1— B7) + %1 —®)yH. We earlier showed that, as[(1—B7) — B*(1—7)(1—®)] > 0.

Similarly, we can obtain

as[(1 = By) = B*(1 = 7)(1 — @)] > 0.

Also,
BO(1 = @)(1 = fy) + (1 — )70 > 0

follows from above and the restriction that (1 — 5v) > 0. Hence the denominator of x is the
numerator plus a sum of two positive terms. This shows that 0 < x < 1.
Finally, we need to check that 0 < n < 1. Recall that,

a1 - -1 9)
(as+ ®@z)(1— By) — Bl —7)(1— @)

This means if we just show the numerator is greater than zero, 0 < n < 1 is true. This
is because the denominator is simply the numerator + ®xz(1 — 7). From above, this term
(®x(1— f3v)) is positive. We have also seen that as[(1— 3v) — 8*(1 —7)(1 — ®)] > 0. Hence,
0 <n <1is true.

Therefore, 0 < &, x,n < 1.

Appendix C : Balanced Growth Rates

In the planner version,

_,) =)
G Ve e 1-p
Zy1 = B((1 - 5m)”2t)92g { (Y : ) <Y : ) } '
t—1 t—1

Since under full depreciation Ky = I, 1Z; 1 and Gy = I | Z;_1, we can substitute for G and

K in the law of motion and further substitute the decision rules for I and 19, leading to

L =(1-®)Y,(1—7)



and

Il = 1Y

Further,
ne = (1 —z)n.

= Zi = MZ)Z87 () (1 = )0

where

M = B((1 = 8,,)(1 — 2)n)°(1 — &)(1=10=)

is a constant. This implies

Zi1 —=Z17 1 —pun (1
Z+ = g, =M 1;_1 Zt(_lv)ﬂ {(r)*(1 = 1) M}(l ")
t Zy

= Gar = 95,V M{()H (1 - )

The assumption 0 < v < 1, makes the system defined by

Q
i )

2t
(where Q = M {(7)*(1 = 7)'=#}(=7) is a constant) dynamically stable. Any deviation from
the point of intersection of the 45-degree line with the plot for g., , = % will eventually

92

result in the system converging to the 45-degree line. This is shown in Figure [1]. Note
that (1 — ) = 1 will give an oscillating system which will never ever converge. Likewise
(1 —~) > 1 will lead to an explosive system. In our model, it is therefore sufficient to have

0 < v < 1 to ensure a steady state BGP.

At the steady state therefore,
92i01 = Gz = Lé;

and hence,
7. = O = (WT{(r)(1 — 7)) O]

is the steady state growth rate, where M = B((1—4,,)(1—z)n)?(1— &)1~ is a constant.



To derive the growth rates of the other variables on the BGP, note that

Kt+1 = L7
K, 1.7
N t+1 e
Ky I 1 Zi 4
~ (1 — @)Y;(l — T)Zt Y. Z, PR
= = = = -
M=oY (-2 YiaZa
Now,
Yi = AKn{?(0,m9)*
Y, . AK'nS2 (6,19 )% KM a
= _t:gy: alt a21t< 2t) — = (7;1 ngl
Y AKZYNGE 1 (Omnae-1)*® K
= gy =a"
S G = =g

Appendix D - Optimal tax rate in the baseline model - the planner’s

problem
0g. _ OI{(n(A-r)'0
or or .
-~ Mo E; : ::; [(7)*(1 — T)l—u]ﬁ a[(T)M(gT_ )] —0
S (L) ey = () - ()
= (I=7)p= ()1 —p)
= T=u

Hence the steady state growth optimizing tax rate in the planner version is 7 = p.

Appendix E - Optimal tax rate in the baseline model - the agent’s

version
{(ra} gf_awﬂu—@%21@“W%“_o
= Mw g — ::; (1 - @) (O)—HEm ofl(1 = ?Z’;(@)l_”n —0
= (@) -0y 2= e - e 2



Since

[(1 - ©)] Ol(az + as)(Tn) + a1 (74)]

0Ty, - OTn, — T
o[©) _ Ollaz+as)(A —7n) + (1 = 74)] _
aTn = 87-n = —(Oég + 043).

Substituting the above expressions yields,

= (0)"u(1-0)t = (1-0)"(1-p)(O)" =0
po 1-6
= l—p O
= 1/—\@ = U
Likewise . - e
{74} : gii _ oM - @)“é?: R
Since
oL=0)) _ Ollas+as)(r) +onlre)] _
87'k 87'k ’
oO) _ dlfoatag(l-r)ronl=r)
aTk aTk v

Substituting the above yields the same FOCs just as in the case of {7,}. This implies, both
{7n} and {74} give the same FOC

1-0 = u

= (062 + 043)(?;) + C¥1<7:7€) =u= T.

Appendix F - Comparative statics - the planner’s problem

We know from equations (17) and (19)

a[(1 = By) — (1 —7)(1 — )]
(a2 + ®2)(1 — By) — B (1 —y)(1 — @)

And
(1= By)[L =B - —p) —af] = L1 — v — p) — i
1= -FA-—N1-p)]=Fl=hA—p) —o]




Further
T = L.

We shall first see how ® changes with p. This implies, the relationship between 1 — ® and
1 gets reversed.

g o [<1 A= B =)= ) — B — B — DA — ) —al]}
o ol (L=BNL-L-70-p]-580—-7)1-p—al
_ i {1_ a1 8(1 = By) ]
O (1= =50 =1 —p)] -1 -1 —p) — o]
_ 0415(1 - 57) %
{(1=pNL =21 =1 —p)] =80 =71 —p) —a]}?
(1 — By =21 =)A= p)] -1 =1 —p) —al}
op
B U (L L) R L )
(A== =N =] = FA =y —p) —a]}? ™
Hence
od
% > 0,
and therefore o1 — ®)
e < 0.

Since

Ct = (I)}/; ( 1-— T)
0C,

= a—T<0.

Now we take the partial derivative of

az(1 - By) — Blaz(1 —9)(1 - @)
a2 + a3 + BO(1 = @) (1 = B7) + (1 — @)[y0 — as(1 — ) — ax(1 = 7)]

Tr =

with respect to p. We will use 22 > 0 in our analysis. Suppose we consider the value of — L

1 as(1 = By) ~ FPas(l =) (1 - @) | 30(1 ~ @)
x (1= By) = BPoa(l =) (1= @)  ax(l—By) — Baz(l —7)(1— )
N 8(%)_3(%(1—57) Bas(1—7)(1 @) 3( Bo(1 — D)
O Op \ag(l = By) — fPaz(l—7)(1— @ O \ (1 — By) — BPas(l —7)(1 — @)

10
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On opening up the brackets and simplifying the above expression, we get

L o) az(1— 37)804:(1 — @) 0
O (aa(1 = Bv) — Pag(l —7)(1 - @))?

because

0d a(1 — @)
%>OandsoT<0.
Hence,
9(3)
D < 0
9 (x)
W 0.

We now look at the partial derivative of n with respect to . We have shown earlier that

ax[(1 = By) — 21 —7)(1 — )]
(a2 + ®2)(1 — By) — B (1 —y)(1 — @)

Hence, on applying the quotient rule and on re-arranging the terms, we get

0 _ (1 = 7)®a(1 — 37)] 22
o T Toa(1 = B7) — aaB(1— ) (1= @) + Ba(1 — )2
[aa(1 = B) — (1 —7)(1 — ®))(1 — )DL
[0a(1 = B7) — aaB%(1 — 1) (1 — B) + (1 — 7)]?
[as(1 = By) — (1 —7)(1 — ®)](1 — B7)r 22
[aa(1 = By) — aaB?(1 —7)(1 — @) + (1 — Bv)]*

Given that g—z > () we can easily see that the second term in the above expression

B [aa(1 = B7y) — (1 — ) (1 — ®))(1 — ﬂ,y)q)g_z L
[ (1 — By) — ()4252(1 — (1 =) + Px(1 — B7)]2 .

This is because from an earlier exercise we have shown that (1 —3v) —ag3*(1—7)(1—®) >

11



0. Clubbing the other two terms, we get,

ﬁ(n) |1 89)? = (L= )@(1 — By) - B - B (1 - ) (1 - @) G
o [ (1 = B7) — 282 (1 — 7)(1 — @) + (1 — B7))?
[a(1 = By) — a6 (1 =) (1 = @)](1 - B7) 5"

as(1 = By) — axB2(1 — ) (1 — @) + ®a(1 — 57)]?

If [(1—B7)2 = B2 (1 —7)@(1— Bv) — B*(1 = B7)(1 —7)(1 — @)] > 0 then 22 " < 0. To see this,
we re-arrange

(1= 87)? = (1 =1~ Bv) — B (1 = By)(1 =) (1 — D)]
to get
(1 =B~ By) = 21—~ (1 —7)(1 — ®)]

which is equal to

(1=B7v)1=B)[L—py+5]>0

because we have shown earlier that [1 — 3y — 3*(1 — )] > 0. Hence

on

— <0.
o

We now need to verify whether, 8”1 < 0. Note that

0 0 0 0
@(”1) = @(ﬂf n) = 33@( n) + ”@(33),

the sign of which is ambiguous because x is increasing in p while n is decreasing in u.

Therefore whichever term dominates will determine the way n; behaves with . However we

can show 5
8_u(n2) <0,
since
%(m) aalu((l—x)n) = <1_x)8au( )—i—n%(l—x) < 0.
Appendix G: Welfare analysis
In the planner’s problem, we know
Cy = oY (1 —1)

12



Cy Y, (1—-7)
Cia B CI)YtA(l - 7’) — %

~

= g\c:gy-

=

Since §, is a constant, C; = Cpge’. On the BGP, the supply of labor is the same across time.
We denote welfare by A, where,

A = > BlogCy + log(1 — ny)]
j=0
log(l —n
A = Z@tlogCt—i—M
j=0 1-p
= A =1logC, + Blog C + 2log Cy + 2 log Cs + Blog Cy + ... + oglh)
logC,  f* . log(1—7)
= A= log g. + ———+—=
-3 "1-p 8% 13
-~ A= logCo + = B)(oln — log[]\/f\{( ) (1_7.)1 u}(l 7]2 7 4+ log(l n)
o " T 204 og(l—-n
= A= lgw(ﬁl D+ e loelM{( A Hym) +_1 g(lﬂ)
S A= log1<1>ﬁYo) + log(l T) + s B)(cln ) log[M {(7)"(1 — )1 u}(l 7]2 Y+ log(l n)

= A =T+ Alog(1 —7) + ¥log[(7)"(1 — 1)+,
where ' is independent of the tax rate and

fPai(l =) 1
1A -z MA=1"5

On differentiating the above welfare function, we get

U =

w _ Fa(l —7)u
Fa(l =)+ (1-a)(2-7)

13



In the agent’s version, we denote welfare by A.

A = Y 3logCy+log(1 — )

j=0

log(1 —mn)
1-p

log(1 —n)
1—-p

= A= 26t10g0t+
=0

logC, N
|
-3 +1—5 oggc—+

_ log(®Y;) | log® B2y
= A= 1-4 +1—ﬁ+(1—6)(1—a1)

1

= A==+ Alog© + ¥log[(1 — ©)*(0)" ],

where = is independent of the tax rates and

2 J—
Braa(1=7) andA:L_

R T o =5

log[M{(1 — ©)4(0)-1 1=z |

log(1 —n)

1—-p

Appendix H - The model with administrative costs: growth opti-

mization in planner’s version

= (B = 6,)(1 = 2)(m)(1 = )00 (7 — er¥yi(1 — )y
07%  O{(r — cr)r(1 — )iy
- or or =0
ou-n ot — er)*

= (1 — e + Q=7 =0

or or

= -1-—p(F—c)*A=7) +pul —7)" (7 — )P 1 —cxrx 1) =0

—w)]ﬁ

= u(l — 74NN — ex (729 = (1 — p) (749 — ¢(749)X) as shown in equation (42).

Substituting ¢ = 0, we get

p(1=74%) = (1= p)rt

= T = U.

14



Substituting y =1

pA == = (1= —er™)
= pl =79 = (1 - p)r°
= 7Y = M.

Appendix I - The model with administrative costs: growth opti-

mization in the agent’s version

We have,
G = [B((1 = 0,)(1 = 2)(n)’ (1 = &) MO{(1 - 0 — e47) — ur)) (€)'} V] 75

where 1 — © = ay7y + (1 — ay1)7,. Substituting for (1 — ®) in g, we get,

3. = [B((1 = 6,)(1 = 2)(n))’(1 = @)W (g 7y + (1 — an)1y — a7y — e27)H(1 —
a1 — (1= an)r,) =} 007

The FOC of g, with respect to 7, is given by

892

{Tn}:

H (i + (1 — 1) — armyf — o) (1 — anme — (1 — o)1) 7 F}

=0
o,
= (1= 0 — a1} — ey Almmsflena) 2 (g)t-nenct G arlenl)l
=l — a1 —exmy )(0) = (1 —a)(l - p)(l -0 — o) — cry). (1)
Similarly, the FOC with respect to 7 is given by

892
{Tk} aTk

a{(@ﬁk + (1 - al)Tn - 017'2( - CzTﬁ)“(l — 0T — (1 - Oél)Tn)l_“} —0
(%k

9(e)t—+ (1 =0 — 178 — caTX)H
= (1—0—ar)f— )t © (e) ( arg —an)'

aTk aTk

15



= plor —ax7i)(O) = ar(l = p)(1 -6 — a1ty — eor). (2)

Using FOC (a) and FOC (b), we have

w(l —ag — coxX 1) (0) _ (1—a)(l—p)(l—0 -1y —car))
plen = ey} )(6) ar(1—=p)(1 =0 —ermf — )
1—a; — x—1 1—
- ( oy 62)(7_7i ) _ ( aq)
(a1 —exti ) o

= a(l—a;—cxi ) =(1—a)(og — clxrffl)
= ajexri = (1- ozl)chTf_l
N X1 _ (1—aq)q

T;g_l a1Co

-1
Tk o C2
as shown in equation (48). We now summarize the results for linear administrative costs.
The following is the FOC with respect to 7,

{ra} s p(l— o — ey )(O) = (1 —a1)(1 = p)(1 = © — a7y — cory)
and the following is the FOC with respect to 7
{m} s plan = exri )(©) = an(l = p)(1 = © — er7f — eory).

Substituting y = 1, we now get the following as the FOCs with respect to 7, and 7

respectively

{mn} ip(l =1 —c2)(O)=(1—a1)(1 = p)(1 =0 — 17 — caTy)

{me} (o —c1)(©) = aq(1 — p)(1 — © — 47 — caTy)-

This suggests that there does not exist any unique solution to the combination of tax rates

on labor and capital.

16



Appendix J - The Agent’s Version - solved as a borrowing-lending

problem

The Firm’s Problem

The firm’s value function is given by

Kiyi1,nie,not Zy

K
Max V(k’t, Zt) = {AKaln?f (5mn2t)a3—wt(n1t+n2t)}(1—Tk)_ t+1 + (—r) V(kt+17 Zt+1)-

The FOC with respect to K, is as follows:

1 1 Oélythrl(l - Tk) < 1 ) |: 0 Kt+3 ( 1 ) 0 Kt+4
K, _
el (1 + 7“) [ Ky - L+ 0K ( Ziya )~ L+7r) 0Ky ( Ziy3 )

Note that
07, . 02141 - 0442 . Ziyo 0Zy3 . V213 0Zy 4o Zi43
0Ki1 0K OK44 K" 0K Ziro 0Ky K
We therefore have 57 p
t+3 t+3
— =(1- 1—u)—a
= 0= p) )

And hence for any other future time period,

0Zyisej Zits+
P — (1 — ) 2B (1 = ) — ], forj 2 0.
0Ky

Therefore, substituting the above values in {K;;;}, and since 6 = 1, I;,; = K%i“ for all

j =2 0. This implies

01Yer1(1=7y) +

L) |+ () - b -p >—a11§<1+r)“?ﬁ

1
{ K} 7=

The FOC with respect to ny; is as follows:

{ni} M—wt(l—mﬂ—( ! ){ 0 Husy_ ( ! ) 0 (K”“)—.}:o

N1t 147 8n1t Zt+2 1+7r 8n1t Zt+3
Note that
0Z, . 0Z11 —0 0Z 12 . (1 Py)a Zivo 0Ziyis . V143 0Z4yo and so on
= =Y, = -l —= 2 ) = .
ony, onyy onyy ST onu Zt+2 ony

17
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Therefore, substituting the above expressions (and § = 1, I;;; = KZi”, for all j = 0) into
J

the expression for {n;;} we get

) w1 = 7y = U= (2 ﬂ“‘”’“ﬂi( ) )jzm.

Ny Y

j=0

The FOC with respect to ng; is given by

{n%}:_wt(l_Tk)+@3m<1—Tk)+< 1 )[ 9 (KHQ)_( 1 ) ) (ng)_‘}zo

Nay 1+7) | Ony Z 147 ) Ongy Zyso

Given

02, _ o 0% _ 071,

8n2t ’ 8n2t ot
0Zy 9 o V211202111 Zito
Sr Dl o)
Ongy Ziy1 Ny Nat
7,
= [0 — as(1 — )| ==
Nt
07 : , Z ;
and =222 = ~i[y0 — (1 — )] 222 Wi > 0 and so on.
Ong, Nat

Substituting the above expressions into the above expression for {ng}, we get

(a1 =) = STy (L) Sy DO S (L )j]t+j+2-

Noy 14+7r) no (1+7)ny o\1+7

The Agent’s Problem

The agent is modelled as solving a borrowing-lending problem, as follows

MaxZﬁt [log c; + log(1 — ny)

t=0

subject to
apy1 = (L4 1r)a; + wi(ng + no) (1 — 7)) — .

18



The following are the FOCs

{at} = ), where )\; is the Lagrangian multiplier
B(1+7r
{ar1} - —( ) =G
Ct+1
wy(l—71,) 1
{nlt} Ct n 1-— Nn¢
. w(l —7y) 1
{na} ¢ S l-mny
In equilibrium,
ay = Kt. Vit

Now, the firm’s FOC {K};;1} :

a1Yip1(1—7g) I
(1) ewialion) | ((L) (1 - 9)(1 - p) (£2)

T |+ (50 0= 0h = o) 5 () e

1
{Kt—i-l} : 7 =

Substituting for (14 r) from {a:;1}

1 Pa {0413/2“(1 — Tk)‘| . Ber Beiga (1—)(1— p) ( Iiyo )

Z Cty1 K Cit1 Ciy2 K
a Be 1— 1—p)—aq) & o iy
I Ber B Bct+2( 7) [7( M) 1] Z B t+]+3.
Ct+1 Cit2 K 4=0 Ctyj+3

This implies

(K1) 1 _ 1Y (1 — 1) n L1 —y)(1 — ) <1t+2>

ceZy 1K K Ct+2
@u—>[u—m—aﬂ§5]JW%
K =0 Ctij+3

The firm’s FOC {ny;} :

AT, 1+7r N1t

Substituting for the FOC {ny;} from the agent’s problem, we get

{nu} : _ ¥l =T) g [ag(l - 7)1 —)Tn)} & gtz

1—ny CtNt nlt(l — Tk j=0 Ctij+2

19



Likewise,

{ngt}Z 1 1

Uz CeMigyg Ty

Hence we can summarize the required FOCs as follows

(Ko} 1 oY (1 —74) n B2 =) (1 = p) (It+2)
" ct s Cey1 i1 K Ct42
3 00

5 (1 - )[K(l - M) - 061] Z 5j’Yj It+j+3

t+1 j=0 Ct+j+3

1 Y. (1 -1, 1-— 1-—
{nlt} : _ a2 t( T ) _52 |:062( 7)( ):| Eﬁj j t+]+2
1—mny CtNt nlt(l - Tk) = Ct+j+2

ot (50 s (= 7) 0~ ol =)= )

Ct+1 (1—Tk) Moy (1_Tk)

J

_ Tn)

{na}

1—n CtNoy Not ) Ci41 (1 - Tk) Ty

It is easy to see that 7,, = 7, = 7 gives us the planner’s version.

The Decision Rules

I asYi(1—7,) N (ﬁ) L (1—1,) N B0 — as(1 —~)] (1

_ Tk)

i I Zthit2
Ct+g+2

i iy It+j+2'

j=0 Ct+j+2

We will now derive the decision rules from the above FOCs. The following are the decision

rules which we will derive using the method of undetermined coefficients.

¢ = DAY, where AY,, is the after tax income accruing to agents

Ny = Iy
ny = (1—x)ny
n; = n that is, labor supply turns out to be constant

We will also consider the following

{Y; — wi(nae + nae) (1 — 75) + we(nae + noe) (1 — 7,) = AY;.

Substituting for w; from the firm’s FOCs {ny;} and {ny},

[Y} — @Y, — Y, + 220=nseAY: (=2) — BODAY; (L=2) — B2y0—as(1—9)|AY;

®)

(-5 \ & (-rn) \® A=) (1=57)
as(1 )52<1>AYt o BODAY;: (1—-D B2[v0—a 7] PAY;
+ [O‘2Yt+O‘3Y2 (21 T,j (T) = Tkt( ) 71 Ti) - 67)

AY,

20

(52)]

K

1— Tk)
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_ o (1-)FAQ-D) _ FIAQ-®) _ F[o_as(1)[(1-8)A
= 1 =m)Y, [O‘ﬁ (=7 (1-57) ) (=r)(1-57) ]

o a(e)fPA0-®) | 80A0-8) | Pho-as1-)1-)A] vr 1\ _
+[(1 [ M s e Rl M ¢z }Yt(l 7n) = AY,.

This gives us

as(1— 2A(1—®)(Tn—T 0A(1—®)(Tp—T
ar(1 =) + (1= ar)(1 = 7,,) + 20Tt AL )
_ B—as(1-)](1 =) A(Tn—Tk)
(1=71)(1=B7)

Y =AY,

which means

(T — 1) BA(1 — D)
(1 —7)(1 = BY)

A= {al(l — 7))+ (1 —a)(l—7,)+ {1 =)=~ — 9}} .

We will now derive decision rules for consumption and investment. From the FOC of

{Ki}

1 Y (1 — 2(1 —~)(1 — I
{Kt+1} : _ a8 t+1( Tk) 4 B ( 7)( M) < t+2)
cr 2y Ct+1Kt+1 Kt+1 Ct+2
31— 1—p)—ai] & o T
LA =)h( = p) = o] S pinieests
Ky j=0 Ct+j+3
This implies,
1 afY(l-m) FOL-)1-p) (1-0
DAY, 7, DAY, 1 (1 — ®)AY, Z, (1—-®)AY; Z, 0]

+

B =) = p) — o] (1 - ¢>>
A-®)AViZ(i-5y) \ & )

This gives us

0615(1 - 57)(1 - Tk)

= (1-®)= AL =By) = 81 =1 = p) + a1 B (1L = )]

(3)

And hence expressions for consumption and investments follow. Substituting this back

into the expression for A,

(T — k) BA(1 — D) s B B

a1f*(1 = A7) = ) (1w = TH)[(1 = a1)(1 — )8 — 0]

A = a(l—mp)+ (1 —a))(1—7,)+

— e ) e I~ 59) - - (- )+ (L)

a1 (1, — ) [(1 — 1) (1 — )8 — 0]
[(1=57) = B2A =) (1= p) + an 2 (1 = 7))

= aq(l—-1)+ 1 —-aq)(1 =7+
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Clearly, when 7,, = 7, = 7

A = Jai(1—=7) + (1 —a1)(1 —7y)]
= (1-7).

We will now derive decision rules for labor supply and the way it is distributed between
ny and ny. Using the following FOCs {ny;} and {n}

(e} I wYi(l-1,) _ B2 [ozz(l—v)(l ) )} Zﬁj i

1—mny CtT1¢ Tllt(l — Tk =0 Ct+j+2
1 asYy(l —71, 0\ I, 1—7, 2y — (1 — 1—7,) &
(rad = = W) (30 T (o) POl =N 2 s
1—ny CMy not ) cep1 (1 —7g) Noy (1—74) ;=0 Citjt2
and the definitions

nie = Iy
ny = (1—x)ny
n; = n that is, labor supply turns out to be constant

and the decision rules for consumption and investments, we get

{ne} 1?2—”%2;”” {(1(_Tk 251 By ))} (1;1))
1-

)
o ag(l—1y) as(1 —)( D] (1—@
- e S =] ()
N xn _ as(1 —7,)(1 = 7)(1 = By) — Blas(1 —7)(1 — 7,,) A(1 — ®)
1-7 PA(L —74)(1 = B7)
N noo_ as(1—7,)(1 = 74)(1 = By) = Blaa(l = 7)(1 — 7,) A(1 — ®)
1—-7m r®A(L —74)(1 = By)

This implies

(1 —7,)(1 — 74)(1 = By) — 52042(1 -1 =7,)(1-P)A
(1l —7,) (1 —74)(1 = By) — 52%(1 — A =7)(1 = P)A + 2PA(1 — 74)(1 — 5’(72)

=7 =

From the FOC {ny}

=0T _aphill 1) gy (1-2) (11 B0 — as(1— (1 —7,) (1B
L e 17 “”( 3 )(1—@* 05 (@)
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(1 —a)[as(1 = 7,) (1 = 7) (1 = B7) — Fas(l =) (1 = 7,,) A(L — D)]
AL — 7)(1 = B7)
a3(1 = 7a) (1= 73) (1 = B) + BO(1 = D)(1 — 7u) A(L = By) + AB*[40 — as(1 = 9)](1 — 2)(1 — 7,)
DAL —74)(1 = By) '

=

This implies

1oz a3(1=7n) (A=7k) (1=BN)+B0(1=8) (1=0) A(1=B7)+AB*[y0—as (1] (1=®) (1=Tn)
® az(1=7n)(1=74)(1=47) B2 az(1-7) (1-7n) A(1-P)

which gives us

a2(1=7,)(1—=71)(1—57)—B2a2(1—7)(1—7,) A(1—®)
(a2+a3)[(1=7n) (1=74) (1=7) =B (1=7) (1=Tn) A(L=@)]+B0(1—70) (1= D) A(1— ) + AB* 1O (1—7p) (1~ )~
This implies

=z =

az(1 = 7)1 = 7) (1 = B7) — B2aa(1 = 9)(1 — 7,) A1 — @)
(a2 +as)[(1 = 7,) (1 = 7) (1 = By) = BH(L =) (1 = 1) A(L = )] + BO(L — 7,,) (1 — q(>g,)4'

xr =

The expressions for n; and ns follow.

Appendix K: The Model without n; in production

The Firm’s Problem

The firm’s value function

Kiy1,n1¢,m2t Zt 147

() )]

The final expressions for the FOCs are as follows:

K, 1
Maz  V(ky, Z) = {AKn, Y — wy(ng + no) H1 — 7)) — —=4 + (—) V(ktr1, Zit1)

where,
I—y

— Y, 0
Ziy1 = BZny,

[ ()
2 3 ECSEs]
Lt/ |+ (55) A= h - p) —al 2 (77)" T2

1=

{Kipa} - Zl = (

() (1 — ) — (LX) < 1 ) [u — (1 - aq S (L)[

N1t 147 N1t 4=0 1+4+7r
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The Agent’s Problem
The agent is modelled as solving a borrowing-lending problem similar to Appendix J:
Mabe’t [log c; + log(1 — ny)
t=0

subject to
Qi1 = (1 + T)at + wt(nlt + n2t)<1 - Tn) — Ct.

Solving the FOCs the same way as done in Appendix J, we can summarize them as

follows
1 Y1 (1— 21 — ~)(1 = I
{Kia} - _op (1 — 7k) + BT =)L —p) ( t+2)
CtZt Ct+1Kt+1 Kt+1 Coyo
3 - ‘
A== ) mal & g T
Kt j=0 Ct+j+3
1 1—a)Y,(1—7, -1 —a)1=7)] & . Ty
{Tllt} . = ( ) t( ) _52 |:( 7)( )( ):| Zﬁjvj t+5+2
1—ny N1t nlt(l — Tk) j=0 Citjt2

1 Bo 1—7m\ & . Ly
{nat} = (_> < > Zﬁj7j—t+]+l-
1—mny Mot I1—7/) =0 Cttj+1
It is again easy to see that 7,, = 7, = 7 gives us the planner’s version.

The Decision Rules

We will now derive the decision rules from the above FOCs. The following are the decision

rules which we will derive using the method of undetermined coefficients.

¢ = DAY, where AY,, is the after tax income accruing to agents

niy = Iy
ny = (1—x)ny
n; = n that is, labor supply turns out to be constant.
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We will also consider the following
1Y — wi(nae + noe) (1 — 71) + wi(nay + no) (1 — 7,) = AY,

Solving for the above decision rules, we get

af(1 = By)(1—1p)
A[1=Bv) =21 =71 = p) +af(1—7)]

(1—-®) =

(T — Tk)
(A ﬁv)ﬁA (1-2)[(1-7)8 -0
af?(1 = By)(1 = 74)(rn — Ti)[(1 = )8 — 0]
(1= 7)1 = BY)[(1 = By) = (L= )1 — p) + (1 — )]
aff*(rn — i)[(1 = )8 — 0]
(1= p7) = B2 (1 =) (1 —p) +af’(1 =)

A= al—-mp)+ (1 —-a)1—71,) +

= a(l—m)+(1—a)(1-7,) +

= o(l—m)+(1-a)(1—7) +
Clearly, when 7, = 7, = 7

A = [a(l—714)+ 1 —a)(1—7,)]

= 1-7.

The decision rules for total labor supply and the way it is distributed between n; and ns

can be derived from the following FOCs,

1 1—a)Y (1 -7, 11—yl —a)(1—7p) | & . Ly
o+ U] ()0l r)] o
1 —ny CiNag nlt(l - Tk) j=0 Ct4j42
]. 58) <1—7—n> e j th+j+1
n : == ey
{ 2t} 1—mny <n2t 1 —74 g;)ﬁ 7 Ctij+1
with the following definitions
Ny = Iy
ny = (1—x)ny
n, = n that is, labor supply turns out to be constant

as follows

(1-a)1-7)(1 - 7)1 = B7) = B (L= - a)(1 - 7,) (1~ P)A
(1=a)l=7)1=7)(1 = 57) = (1 =71~ a)(1 = 7)1 = ©)A+2@AL — ) (1~ By)

=
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The expression for x is given by

(1 — )= 7)1 = By) = 7L =71 - )(1 - 2)A]
(1= a)(1 = 7)1 = Bv) = B(1 = 7)(1 — a)(1 = @)A] + BO(1 — ®)A

Tr =
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