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Abstract

This paper deals with estimation of high-dimensional covariance with a conditional
sparsity structure, which is the composition of a low-rank matrix plus a sparse matrix.
By assuming sparse error covariance matrix in a multi-factor model, we allow the pres-
ence of the cross-sectional correlation even after taking out common but unobservable
factors. We introduce the Principal Orthogonal complEment Thresholding (POET)
method to explore such an approximate factor structure. The POET estimator in-
cludes the sample covariance matrix, the factor-based covariance matrix (Fan, Fan,
and Lv, 2008), the thresholding estimator (Bickel and Levina, 2008) and the adaptive
thresholding estimator (Cai and Liu, 2011) as specific examples. We provide mathe-
matical insights when the factor analysis is approximately the same as the principal
component analysis for high dimensional data. The rates of convergence of the sparse
residual covariance matrix and the conditional sparse covariance matrix are studied
under various norms, including the spectral norm. It is shown that the impact of es-
timating the unknown factors vanishes as the dimensionality increases. The uniform
rates of convergence for the unobserved factors and their factor loadings are derived.

The asymptotic results are also verified by extensive simulation studies.
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1 Introduction

Information and technology make large data sets widely available for scientific discovery.
Much statistical analysis of such high-dimensional data involves the estimation of covariance
matrix or its inverse (precision matrix). Examples include portfolio management and risk
assessment (Fan, Fan and Lv, 2008), high-dimensional classification such as Fisher discrimi-
nant (Hastie, Tibshirani and Friedman, 2009), graphic models (Meinshausen and Biihlmann,
2006), statistical inference such as controlling false discoveries in multiple testing (Leek and
Storey, 2008; Efron, 2010), finding quantitative trait loci based on longitudinal data (Yap,
Fan, and Wu, 2009; Xiong, et al., 2011), and testing the capital asset pricing model (Sentana,
2009), among others. See Section 4 for some of those applications. Yet, the dimensionality is
often either comparable to the sample size or even larger. In such a case, the sample covari-
ance is known to have a poor performance due to its diverse spectra, and some regularization
is needed.

Realizing the importance of estimating large covariance matrix and the challenges brought
by the high dimensionality, researchers have proposed various regularization techniques to
consistently estimate 3 in recent years. One of the key assumptions is that the covariance
matrix is sparse, namely, many entries are zero (Bickel and Levia, 2008, Rothman et al, 2009,
Lam and Fan 2009, Cai and Zhou, 2010, Cai and Liu, 2011). In many applications, however,
the sparsity assumption directly on X is not appropriate. For example, the financial returns
depend on the equity market risks, housing prices depend on the economic health, gene
expressions can be stimulated by cytokines, among others. Due to the presence of common
factors, it is unrealistic to assume that many outcomes are uncorrelated. An alternative
method is to assume a structure of factor model, as in Fan, Fan and Lv (2008). However,
they restrict themselves to the strict factor models with known factors.

A natural extension is the conditional sparsity. Given the common factors, the outcomes
are sparse. This approximate factor model is frequently used in economics and financial
studies (Chamberlain and Rothschild, 1983; Fama and French 1993; Bai and Ng, 2002). A
factor model typically takes the following form:

Yir = bify 4 wir, (1.1)

where y;; is the observed datum for the ith (i = 1,...,p) variable at time t = 1,...,7; b; is a
vector of factor loadings; f; is a K x 1 vector of common factors, and wu; is the idiosyncratic

error component, uncorrelated with f;. In a data-rich environment, p can diverge at a rate



faster than 7. The factor model (1.1) can be put in the matrix form as
yt = Bft + Uyg. (12)

where y, = (Y11, ..., Ypt)’s B = (by,...,b,)" and u = (uy, ..., up)’. Under model (1.1), the

covariance matrix X is given by
3 = Beov(f;)B' + X, (1.3)

where ¥, is the covariance matrix of u,. We assume that 3, is sparse (instead of diagnonal)
and refer to the model as the approximate factor model.

The conditional sparsity of form (1.2) was explored by Fan, Liao and Mincheva (2011) in
estimating the covariance matrix, when the factors {f;} are observable. This allows them to
use the regression analysis to estimate {u;}7_;. This paper deals with the situation in which
the factors are unobservable and have to be inferred. Our approach is very simple. Run
the singular value decomposition on the sample covariance matrix f), keep the covariance
matrix formed by the first K principal components, and apply the thresholding procedure
to the remaining covariance matrix. This results in a Principal Orthogonal complEment
Thresholding (POET) estimator. See Section 2 for additional details. We will investigate
various properties of POET under the assumptions that the data are serial dependence,
which include independent observation as a specific example.

High-dimensional approximate factor model (1.2) is innately related to the principal
component analysis, as clearly elucidated in Section 2. This is a distinguished feature not
shared by the finite-dimensionality. Bai (2003) established the large sample properties of the
principal components as the estimators of the factor loading as well as the estimated common
factors when they are unobservable. Forni, Hallin, Lippi and Reichlin (2000) established
consistency for the estimated common components bf;. In addition, Doz, Giannone and
Reichlin (2006) proposed quasi-maximum likelihood estimations and investigated the effect
of misspecification on the estimation of common factors, and Wang (2010) studied the large
sample theory of high dimensional factor models with a multi-level factor structure. Stock
and Watson (2002) considered time-varying factor loadings. See Bai and Shi (2011) for a
recent review.

There has been an extensive literature in recent years that deals with sparse principal
components, which have been widely used to enhance the convergence of the principal com-
ponents in high-dimensional space. d’Aspremont, Bach and El Ghaoui (2008) proposed a
semidefinite relaxation to this problem and derive a greedy algorithm that computes a full

set of good solutions for all target numbers of non-vanishing coefficients. Shen and Huang



(2008) proposed the sPCA-rSVD algorithm and Witten, Tibshirani, and Hastie (2009) used
the sPC algorithm for computing regularized principal component. The idea is further ex-
tended by Ma (2011) who iteratively applied thresholding and the QR decomposition to find
sparse principal components and derived the rates of convergence of sparse principal compo-
nents. Johnstone and Lu (2009) screened the variables first by a marginal variance and then
applied the PCA to the screened variables to obtain a sparse principal component. They
proved the consistency of such a method. Amini and Wainwright (2009) analyzed semidef-
inite relaxations for sparse principal components. Zhang and El Ghaoui (2011) proposed a
fast block coordinate ascent algorithm for computing sparse PCA.

The rest of the paper is organized as follows. Section 2 gives our estimation procedures
and builds the relationship between the principal components analysis and the factor analysis
in high-dimensional space. Section 3 provides the asymptotic theory for various estimated
quantities. Specific applications of regularized covariance matrix are given in Section 4.
Numerical results are reported in Section 5. Finally, Section 6 presents a real data example.
All proofs are given in the appendix. Throughout the paper, we use Apin(A) and Apax(A)
to denote the minimum and maximum eigenvalues of a matrix A. We also denote by ||A|r,
|A]l, [|[Al1 and ||A|lmax the Frobenius norm, spectral norm (also called operator norm),
Li-norm, and elementwise norm of a matrix A respectively, defined respectively as ||A||r =
tri/2(A’A), Al = Ma(A’A), [|A]l; = max; Y, |ai;] and ||Allmax = max;; |a;;|. Note that

when A is a vector, ||A|| is equal to the Euclidean norm.

2 Regularized Covariance Matrix via PCA

2.1 POET

Sparsity assumption directly on ¥ is inappropriate in many applications due to the
presence of unobserved factors. Instead, we propose a nonparametric estimator of 3 based
on the principal components analysis. Let Xl > //\\2 >0 > Xp be the ordered eigenvalues of
the sample covariance matrix 3 and {gi}le be their corresponding eigenvectors. Then the

sample covariance has the following spectral decomposition:
K ~ o~
X o= Z Ai&i&; + R, (2.1)
i=1

A ~ o~ A~/
where R = Y77 . \i&;&; = (74;)pxp is the principal orthogonal complement, and K is the

number of principal components.



Now we apply thresholding on R (Bickel and Levina, 2008). Define

~T R R . R
R = ()pwp 75 =1yl (I735] 2 735), (2.2)
where 7,; > 0 is an entry-dependent adaptive threshold (Cai and Liu, 2011). In particular,

the constant thresholding 7,; = 0 is allowed. An example of the adaptive thresholding is

71 = T(Fut;) Y2, for a given 7 > 0 (2.3)
where 7; is the i*" diagonal element of R. This corresponds to applying the thresholding
with parameter 7 to the correlation matrix of R. Moreover, instead of the hard-thresholding,
one can also use more general thresholding functions of Antoniadis and Fan (2001), as in
Rothman et al. (2009) and Cai and Liu (2011).

The estimator of 3 is then defined as:

K
ST =3 NEE + R . (2.4)

We will call the estimator as Principal Orthogonal complEment thresholding (POET) esti-
mator. It is obtained by thresholding the remaining components of the sample covariance
matrix, after taking out the first K principal components. In practice, the number of prin-
cipal components can be estimated based on the sample covariance matrix. Determining K
in a data-driven way is an important topic, and is well understood in the literature. See, for
example, Hallin and Liska (2007), Kapetanios (2010), Onatski (2010), etc, in latent factor
models.

With the choice of 7;; in (2.3), our estimator encompasses many popular estimators as
its specific cases. When 7 = 0, the estimator will be the sample covariance matrix and
when 7 = 1, the estimator becomes that based on the strict factor model. When K = 0,
our estimator is the same as the threhsolding estimator of Bickel and Levina (2008) or the
adaptive thresholding estimator of Cai and Liu (2011) with a slight modification of the

thresholding parameter that takes the standard error of the sample covariance.

2.2 High dimensional PCA and factor model

We now elucidate why PCA can be used for the factor analysis. The main reason is that

when dimensionality p is large, the covariance matrix 3 has very spiked eigenvalues. For



3 = (0ij)pxp as in (1.3), define

my = max I(o;; #0). (2.5)

=P
which is assumed to grow slowly in p. Hence X, is a sparse covariance matrix. The rationale
behind this assumption is that, after the common factors are taken out, many pairs of the
cross-sectional units become uncorrelated. As we now demonstrate, we need the following

lemma.

Lemma 2.1. Let {\;}}_; be eigenvalues of X in descending order and {&,}"_, be their as-
sociated eigenvectors. Correspondingly, let {Xi}le be eigenvalues of S in descending order

and {/E\i}f:l be their associated eigenvectors.
1. (Weyl’s Theorem) A — il < Hi\] - 3.

2. (sinf Theorem, Davis and Kahn, 1970)

V2[E -3
min([Ai—1 — Al [N — Aiga )

”Ez — &l <

When the factor loadings {b;}/_; are a random sample from a certain population, we

then have

p
p~'> bb;=p 'B'B = Ebb), asp— oo, (2.6)
i=1

under some mild conditions. Note that the linear space spanned by the first K principal
components of Beov(f;)B’ is the same as that spanned by the columns of B when cov(f;)
is non-degenerate. Thus, we can assume without loss of generality that the columns of
B are orthogonal and cov(f;) = Ik, the identity matrix. The assumptions correspond to
the identifiability condition in decomposition (1.3). Let El, e ,BK be the columns of B,
ordered such that {||BJ||}]K:1 is in a non-increasing order. Then, {EJ/HEH}]K:l are principal
components of the matrix BB" with eigenvalues {||b;||}2; and the rest zero.

Let {A;}/<, be the eigenvalues (in non-increasing order) of p~'B'B, which are bounded
from below and above by (2.6), assuming K < p. Since the non-vanishing eigenvalues of
the matrix BB’ are the same as those of B'B, the non-vanishing eigenvalues of the matrix
BB’ are {p\;}/<,, and pA; = HBJH Correspondingly, let {\;}Y_; be the values of ¥ in a
descending order and {ﬁj}gzl be their corresponding eigenvectors. Then, an application of
Weyl’s theorem yields that



Proposition 2.1. For the factor model (1.3) with the normalization condition
cov(fy) = Ix and B'B is diagonal, (2.7)
we have
N = Bl < NSl fori <K, NI (Sl forg > K.

If in addition (2.6) holds with Amin(Eb;b) bounded away from zero, then ||B]||/p is bounded

away from zero for all large p.

The above proposition reveals that the first K eigenvalues of X is of order p, whereas
the rest is only of order ||¥,]]. Under the sparsity assumption (2.5), with the notation
3., = (0uij), we have

1]l < [Zull < mpmax oy

Thus, when m, = o(p) and max; o, is bounded, we have distinguished eigenvalues between

the principal components and the rest of the components. More generally,

P
IZull < IZulh € max Y 0wl (0uii0us) 072, for g < 1. (2.8)
j=1

If we assume that the right-hand side of (2.8) is bounded by ¢, < p, then the conclusion
continues to hold. This generalizes the notion of sparsity defined by (2.5), which corresponds
to ¢ = 0 and was used in Bickel and Levina (2008) and Cai and Liu (2011).

Using Proposition 2.1 and the sinf theorem of Davis and Kahn (1970), we have the

following

Proposition 2.2. Under the normalization (2.7), zf{HEJH}JK:l are distinct , then
1€, —b;/|[bjlll = O |Bul]),  forj <K

Proposition 2.2 reveals that when p is large, the principal components {& j}JK:1 are close
to the normalized vector {bj}]K:l. The space spanned by the first K principal components
are close to the space spanned by the columns of the factor loading matrix B. This provides
the mathematics for using the principal components as proxy of the space spanned by the
columns of the loading matrix. Our conditions for the consistency of principal components
are much weaker than those in Jung and Marron (2009).

A penalized least-squares approach for the low-rank plus sparse matrix is to minimize,



with respect to B and S, the objective function

|£ — BB’ — S|} + Arank(B) + > _ pal|s). (2.9)
i#]

For example, Luo (2011) takes py(|0]) = A|f| (but including the penalty in the diagnonal
term) and relax the penalty on rank(B) by its nuclear norm (the L;-norm of singular values).
The advantage of our approach is that no optimization is needed. Even when the rank of B
is known, and p,(|0]) = A* — (A —|0])% (Antoniadis and Fan, 2001) is the hard thresholding
penalty, the minimization of (2.9) still consists of two-step iterations: Given B, S is the
thresholded matrix ¥ — BB’, and given S, B is the un-normalized principal components
of £ — S. With the POET, the above iterations are avoided and Propositions 2.1 and 2.2

provide some mathematical justifications.

2.3 Least squares point of view

The POET (2.4) has an equivalent representation using a constrained least squares
method, due to the low-rank decomposition (1.3). In the latent factor model (1.1), the
least squares method seeks for A= (El, s Bp)’ and f, such that

P T

(A1) = arg glin Z Z(yit — bif,)?, (2.10)

R
subject to the normalization

T p
1 L 1 P~
T E ft/fi =1Ig, and — E bib; is diagonal. (2.11)
D <
t=1 i=1

The constraints (2.11) correspond to the normalization (2.7). Here, through inclusion of the
intercept terms a; in (2.10) if necessary, we assume that the mean of each variable {y;;}._; has
been removed so have been the factors {f;}7_,. Putting in the matrix form, the optimization

problem can be written as

arg min | Y — BF'||?
e Y - BF'[}
F'F =1;, B’'Bis diagonal. (2.12)

where Y = (yy,...,yy) and F' = (f,--- ,f7). For each given F, the least-squares estimator
is A = T~'YF, using the constraint (2.11) on the factors. Substituting this into (2.12), the



object function now becomes
Y — T'YFF'||% = tr[(I; — T 'FF)Y'Y].

The minimizer is now clear: the columns of F are the eigenvectors corresponding to the K
largest eigenvalues of the T x T matrix T-'Y'Y and A = T-1YF.

We will show that under some mild regularity conditions, as p and T" — oo, B;/f\’t consis-
tently estimates b.f; for each i and ¢. Since X, is assumed to be sparse, we can construct an
estimator of 3, using the adaptive thresholding method by Cai and Liu (2011) as follows.

For some pre-determined decreasing sequence wr > 0, let
T T
R I R 1 o 1
Uit = Yit — bift, Oij = T g Uit WUt and z“ E uztu]t Uz]
t=1 t:l
Define X, = (),

ZUT = (8Z;>p><}77 and 317; = 8'”](|6U| Z \/ éiij). (213)

Analogous to the decomposition (1.3), we obtain the following substitution estimators

o~/

T =AA + 37, (2.14)

and
(E7) = (D)~ (8]) ALy + A'(E]) AR (8] (2.15)
by the Sherman-Morrison-Woodbury formula, noting that % Zthl?tﬁ =Ig.

The following theorem shows that the two estimators based on either regularized PCA

or least squares substitution are equivalent.

Theorem 2.1. If the entry-dependent threshold in (2.2) is the same as the thresholding
parameter used in (2.13). Then, S, = R and the estimator (2.]) is equivalent to the
substitution estimator (2.1]), that is,

A~

7T =37, and T =R



3 Asymptotic Properties

3.1 Assumptions

This section gives the assumptions for the convergence of ST — 3 as well as (fJT)*l —
3! under model (1.2), in which only {y,}., is observable. Recall that we impose the
identifiability condition (2.7). We make the following assumptions.

Assumption 3.1. (i) {u;}s>1 is stationary and ergodic with mean vector zero and covariance
matrix 3,.

(ii) There exit constants c1,ce > 0 such that ¢; < Apin(Xw) < Amax(Ba) < 2.

(iii) There exist ri > 0 and by > 0, such that for any s > 0 and i < p,

Pllua] > s) < exp(—(s/b1)"),

Condition (ii) requires that X, is well-conditioned as in Chamberlain and Rothschild
(1983). As noted in Bickel and Levina (2004), this condition is satisfied if for each ¢, {u; }5°,
is a stationary and ergodic process with spectral density that is bounded away from both
zero and infinity. Condition (iii) requires the distributions of the idiosyncratic terms to have

exponential-type tails, which allows us to apply the large deviation theory to % Zthl g U —

Uu,ij~

Assumption 3.2. (i) {f;};>1 is stationary and ergodic.

(i1) {u; }+>1 and {£;}1>1 are independent.

We introduce the strong mixing conditions to conduct asymptotic analysis of the least
square estimates. Let F°_ and F2° denote the o-algebras generated by {(f;,u;) : —oo <
t <0} and {(f;,u;) : T <t < 0o} respectively. In addition, define the mixing coefficient

a(T) = sup |P(A)P(B) — P(AB)|. (3.1)
AeFP ,BEFX
Assumption 3.3. (i) Ezponential tail: There exist by > 0 and ro > 0 such that for all i,t,
and s > 0,

P(|fitl > ) < exp(—=(s/b2)").

(ii) Strong mizing: There exists r3 > 0 such that 3r;' + 1.5ry' + 731 > 1, and C > 0
satisfying: for all T € 77,
a(T) < exp(—CT"™).

10



In addition,

T
max Y  |Euju|/p = O(1).
s=1

t<T
In addition, we impose the following regularity conditions.

Assumption 3.4. There exists M > 0 such that for allt <p andt < T,
(i) |Dillmax < M, and E||f]|* < KM,

(ii) Elp~'/? (v, — Bu/u,)]* < M,

(iii) E|(pK)~2 377 bua||* < M.

This assumption provides regularity conditions in order to consistently estimate the
transformed common factors as well as the factor loadings. Conditions (ii) and (iii) are
satisfied, for example, if {u;}$°, and {byu;}2, are stationary and ergodic processes with
finite fourth moment for each ¢, k. For simplicity, we only consider nonrandom factor load-
ings and a known number of factors. Note that the conditions here are weaker than those
in Bai (2003), as there is no need to establish the asymptotic normality in order to estimate
the covariance matrix.

The following assumption requires that the factors should be pervasive, that is, impact

every individual time series (Harding, 2009). See also (2.6).

Assumption 3.5. ||[p7'B'B—Q| = o(1) for some K x K symmetric positive definite matriz
Q such that A\yin(Q2) is bounded away from both zero and infinity.

3.2 Convergence of the idiosyncratic covariance

Estimating the covariance matrix 3, of the idiosyncratic components {u;} is important
for many statistical inference purposes. For example, it is needed for large sample inference
of the unknown factors and loadings in Bai (2003), Wang (2010), for testing the capital asset
pricing model in Sentana (2009), and large-scale testing in Fan, Han and Gu (2012). See
Section 4 for the last two applications.

We estimate X, by applying the adaptive thresholding given by (2.13). By Theorem 2.1,
it is also the same as f{T given by (2.2). We apply the POET estimator with adaptive
threshold:

7,5 =C éiij, (3.2)

where C' > 0 is a sufficiently large constant, and throughout the paper we denote

_K\/logp—l—K2 K3+ log p
VT VP &

11

wr and 0p = mywr. (3.3)



The following theorem shows that f]z is asymptotically nonsingular as T" and p — oo. The

rate of convergence under the spectral norm is also derived. Let y~' = 3r; ! 4+ 1.5r; 1 + 73t
Theorem 3.1. Suppose max{(logp)*'~1, K*(log(pT))*} = o(T), and T'*K?* = o(/p).
Under Assumptions 3.1-3.5, the POET estimator defined in (2.13) satisfies

1% = Zull = 0, (6r).
If further o7 = o(1), then iz 15 invertible with probability approaching one, and

I(ED) ™ ==Y =0, (7).

When estimating X, p is allowed to grow exponentially fast in 7', that is, there exists
a > 0, as long as logp = O(T*%), iz can be made consistent under the spectral norm. In
addition, f]uT is invertible while the classical sample covariance matrix based on the residuals

is not when p > T.

Remark 3.1. Fan, Liao and Mincheva (2011) showed that when {f;}L_, are observable, the

rate of convergence of the adaptive thresholding estimator is given by

~ log p ST _
I=7 — = =0, <mpK T )ZH(ED R |

Hence when the common factors are unobservable, the rate of convergence has an additional
term m,K?/ /D, coming from the impact of estimating the unknown factors. This impact
vanishes when plogp > K*T. As p increases, more information about the common factors
is collected, which results in more accurate estimation of the common factors {f;}X_,. The
estimation error becomes negligible when p is significantly larger than 7. If in addition K

is bounded, the rate of convergence achieves the minimax rate as in Cai and Zhou (2010).

3.3 Convergence of the POET estimator

As was found by Fan et al. (2008), deriving the rate of convergence under the spectral

norm for 37 — ¥ is inappropriate. We illustrate this using a simple example.

Example 3.1. Consider an ideal case where we know b; = (1,0, ...,0)" for each i = 1,..., p,
¥, =1, and {f;}]_, are observable. Then when estimating X, we only need to estimate

cov(f;) using the sample covariance matrix cov(f;), and obtain an estimator for X:
3 = Béov(f,)B' +1,.

12



Simple calculations yield to

T
1

I =2l =17 > _(fu— A1) = var(fu)l - [1,1))
t:l

where 1, denotes the p-dimensional column vector of ones with |[1,1}[ = p. Therefore,
1= -3 = O,(p/VT), which is 0,(1) only if p = o(v/T). O

Alternatively, Fan et al. (2008) suggested to use the weighted quadratic loss to study the

rate of convergence in high dimensional factor models:
1Alls = p~ 2= PAS 2|

which is closely related to the entropy loss, introduced by James and Stein (1961). Here p~'/2
is a normalization factor such that ||X||xs = 1. Technically, the impact of high dimensionality
on the convergence rate of ¥ — ¥ is via the number of factor loadings in B. It was shown by
Fan et al. (2008) that B appears in || — 3| through B'S"'B, and that Apa(B'S'B) is
bounded, which successfully cancels out the curse of high dimensionality introduced by B.

The following theorem gives the rate of convergence under various norms.

Theorem 3.2. Under the assumptions of Theorem 3.1, the POET estimator defined in (2./)

satisfies

~ K./plogp  K?\/logp

T %y =

IS7 - 2l = 0, (FVTEEE 1 SR gy )

log K
T

157 = Elwax = Op(K?

—i—wT).

In addition, if 67 = o(1), then 7 is nonsingular with probability approaching one, with
I(ET)" == =0, (0r).

In practical applications, K is typically small compared to p and T. It can even be
thought of as a constant. For example, in the Fama-French model, K = 3. Our result also
covers the case of K = 0, when the target covariance ¥ = 3, is a sparse matrix. The POET
estimator is then the same as either the thresholding estimator of Bickel and Levina (2008)

or the adaptive thresholding estimator of Cai and Liu (2011). Theorem 3.2 then implies

~ log p ST _
I\ET—Ellz=0p< T )IH(ET) |

13



Remark 3.2. When estimating X!, p is allowed to grow exponentially fast in T, and the
estimator has the same rate of convergence as the estimator f)u in Theorem 3.1. When p
becomes much larger than 7', the precision matrix can be estimated as if the factors were
observable. This fact was also shown in the asymptotic expansions obtained by Bai (2003)
when K is finite and X, is diagonal. Therefore in the approximate factor model, we can do
a much better job in estimating ¥~! than estimating . The intuition follows from the fact

that 7! has bounded eigenvalues whereas X! has diverging eigenvalues.

3.4 Convergence of unknown factors and factor loadings

Many applications of the factor models contain the latent factors, and as a result, the
common factors need to be estimated by the method of principal components. In this case,
the factor loadings in B and the common factors f; are not separably identifiable, as for any
nonsingular K x K matrix H, Bf, = BH 'Hf,. Hence (B,f,) cannot be identified from
(BH ', Hf,). However, this ambiguity is eliminated by the identifiability condition (2.7),
subject to a permutation. Note that the linear space spanned by B is the same as that by
BH'. In practice, it often does not matter which one to be used.

Let V denote the K x K diagonal matrix of the first K largest eigenvalues of the sample

covariance matrix in decreasing order. Recall that F' = (fy, ..., fr) and let
[ /
H= TV F FB'B.

Then fort =1,...,T,
1 .
Hf, = fV‘lF/(Bfl, ..., Bf;)'Bf,.

Note that Hf; depends only on the data VIF and identifiable part of parameters {Bf;}L .
Therefore, there is no identifiability issue in Hf; no matter the identifiability condition (2.7)
is imposed.

Bai (2003) showed that when K is fixed and 3, is diagnonal, B, and E are consistent
estimators of H'~'b; and Hf, respectively. The following theorem allows K to grow slowly

and 3, to be a sparse non-diagonal matrix.

Theorem 3.3. Under the assumptions of Theorem 3.1,

Bi_ HI _lbi :O E),
[ (1) = 0, (2

and
{{1272( |f: — HE[| = O,(d7),

14



where &, = \/K/T + K**T"'*/, /p.
As a consequence of Theorem 3.3, we obtain the following

Corollary 3.1. Under the assumptions of Theorem 3.1,

max HB;E - b;ftH =0, (\/gé} + wr(log T)I/TQ) .

i<pt<T

4 Applications

We give four examples which are immediate applications of the results in Theorems 3.1—
3.3.

Example 4.1 (Large-scale hypothesis testing). Controlling the false discovery rate in large-
scale hypothesis testing based on correlated test statistics is an important and challenging
problem in statistics (Leek and Storey, 2008; Efron, 2010). Suppose that the test statistic
for each of the hypothesis

Hiyg:py =0 vs. Hjp:p #0

is Z; ~ N(u;, 1). These test statistics Z are correlated and follow N (g, ) with unknown
covariance matrix 3. For a given critical value z, the false discovery proportion is then

defined as FDP(x) = V(z)/R(x) where

P
V(z)=p" I(|Z;] > x) and R(x):p’lzlﬂZi\ > )
11i=0 i=1
are the total number of false discoveries and the total number of discoveries, respectively. Our
interest is to estimate FDP(x) for each given x. Note that R(z) is an observable quantity.
Only V(x) needs to be estimated.
If the covariance 3 admits the approximate factor structure (1.3), then the test statistics

can be stochastically decomposed as
Z=p+Bf+u, where X, is sparse. (4.1)

By the principal factor approximation (Theorem 1, Fan, Han, Gu, 2012)

V(x) =Y {P(ai(zesz +1:)) + D(ai(ze/2 —1:))} + 0p(p), (4.2)

=1
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when m, = o(p) and the number of true significant hypothesis {7 : y; # 0} is o(p), where z,
is the upper z-quantile of the standard normal distribution, n; = (Bf); and a; = var(u;).

Now suppose that we have n repeated measurements from the model (4.1). Then, by
Corollary 3.1, {n;} can be uniformly estimated, and hence p~'V(z) can be consistently
estimated and hence FDP(z). Efron (2010) obtained these repeated test statistics based on
the bootstrap sample from the original raw data. Our theory gives a formal justification to
the seminal work of Efron (2007, 2010).

Example 4.2 (Risk management). The maximum elementwise estimation error || £7 — % || ax
appears in risk assessment as in Fan, Zhang and Yu (2008). For a fixed portfolio allocation
vector w, the true portfolio variance and the estimated one are given by w'Xw and w’ >Tw

respectively. The estimation error is bounded by
WETw — WEw| < [|1E7 = 2 max [ W13,

where ||w||;, the [; norm of w, is the gross exposure of the portfolio. Usually a constraint
is placed on the total percentage of the short positions, in which case we have a restriction
|lw|ly < ¢ for some ¢ > 0. In particular, ¢ = 1 corresponds to a portfolio with no-short
positions (all weights are nonnegative). Theorem 3.2 quantifies the maximum approximation

error.

Example 4.3 (Panel regression with a factor structure in the errors). Consider the following

panel regression model

}/%t — X;jt/8+‘€it7 ZSpatSTa
e = bif+uy,

where x;; is a vector of observable regressors with fixed dimension. The regression error €;
has a factor structure, but b, f; and u;; are all unobservable. Assuming x;; to be independent
of g;4, we are interested in the common regression coefficients 3. The above panel regression
model has been considered by many researchers, such as Ahn, Lee and Schmidt (2001),
Pesaran (2006), etc, which has broad applications in social sciences. For example, in the
income studies, Yj; represents the income of individual 7 at age t, x;; is a vector of observable
characteristics that are associated with income. Here b; represents a vector of unmeasured
skills, such as innate ability, motivation, and hardworking; f; is a vector of unobservable
prices for the unmeasured skills, which is assumed to be time-varying.

Although OLS (ordinary least squares) produces a consistent estimator of 3, a more

efficient estimation would be obtained by GLS (generalized least squares). The GLS method
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depends on an estimator of X!, the inverse of the covariance matrix of &; = (g14, ..., &),
which should be consistent under the spectral norm. In a large panel model, p can be larger
than T. As a result, the traditional GLS, which estimates X~ based on the sample residual
covariance, is infeasible.

By assuming the covariance matrix of (uyy, ..., up) to be sparse, we can successfully solve
this problem by applying Theorem 3.2. Although ¢; is unobservable, it can be replaced
by the regression residuals €;;, obtained via first regressing Y;; on x;;. We then apply the
POET estimator to T 3./ &}, as described in Section 2.1. By Theorem 3.2, the inverse
of the resulting estimator is a consistent estimator of ¥ ! under the spectral norm. A

slight difference lies in the fact that when we apply POET, 7! ZtT:l g€} is replaced with

T-'3°7 €, which introduces an additional term O,(4/ 1%2) in the estimation error.

Example 4.4 (Testing for asset pricing theory). A celebrated financial economic theory is
the capital asset pricing model (CAPM, Sharpe 1964) that makes William Sharpe win the
Nobel prize in Economics in 1990, whose extension is the multi-factor model (Ross, 1976,
Chamberlain and Rothschild, 1983). It states that in a frictionless market, the excessive
returns of any financial asset equals to the excessive returns of the risk factors plus idiosyn-
cratic noises that are only related to the asset itself. In the multi-period model, the excess
return y;; of firm ¢ at time ¢ follows model (1.1), in which f; is the excess returns of the risk
factors at time t and w; is the idiosyncratic noise. To test the null hypothesis (1.2), one

embeds the model into the multivariate linear model
yt:H+Bft+ut, t=1,---.,T (43)

and wishes to test Hy : p = 0. The F-test statistic involves the estimation of the covariance
matrix 3, whose estimates are degenerate without regularization when p > T even if f; are
observable risk factors. Therefore, in the literature (Sentana, 2009, and references therein),
one focuses on the case p < T. The typical choices of parameters are T = 60 monthly
data and the number of assets p = 5, 10 or 25. However, the CAPM should hold for all
tradeable assets, not just a small fraction of assets. With our regularized technique, non-
degenerate estimate iuT can be obtained and the F-test or likelihood-ratio test statistics can

be employed even when p > T.

5 Monte Carlo Experiments

In this section, we will examine the performance of the POET method in the finite

sample. We will also demonstrate the effect this estimator on the asset allocation and risk
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assessment.

Similarly to Fan, et al. (2008, 2011), we simulated from a standard Fama-French
three-factor model, assuming a sparse error covariance matrix and three unobserved fac-
tors. Throughout this section, the time span is fixed at 7" = 300, and the dimensionality p
increases from 1 to 600.

We assume that the excess returns of each of p stocks over the risk-free interest rate

follow the following model:

Yit = bi1 f1e + bia for + b far + wir.

The factor loadings are drawn from trivariate normal distributions b ~ N3(pp,3p), the
idiosyncratic errors from u; ~ N,(0,%,), and the factor returns f; follow an VAR(1) model.
To make the simulation more realistic, model parameters are calibrated from the financial

returns, as detailed in the following section.

5.1 Calibration

To calibrate the model, we use the data on annualized returns of 100 industrial portfolios
from the website of Kenneth French, and the data on 3-month Treasury bill rates from the
CRSP database. These industrial portfolios are formed as the intersection of 10 portfolios
based on size (market equity) and 10 portfolios based on book equity to market equity ratio.
Their excess returns (y,) are computed for the period from Jan 1%, 2009 to Dec 31%, 2010.

Here, we present a short outline of the calibration procedure.

1. Given {¥,}5% as the input data, we calculate a 100 x 3 matrix B, and 500 x 3 matrix

F, using the principal components method described in Section 3.1.

2. We calculate the sample mean vector gz and sample covariance matrix ¥p of the
rows of B, which are reported in Table 1. The factor loadings b; = (bi1, b, bi3)T for
i=1,...,p are drawn from N3(pp, Xp).

Table 1: Mean and covariance matrix used to generate b
[l Xp
0.0047 | 0.0767 -0.00004 0.0087
0.0007 | -0.00004 0.0841  0.0013
-1.8078 | 0.0087 0.0013  0.1649
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3. Assume that the factors f; follow the stationary vector autoregressive model, f; =

p+ Pf, 1+, a VAR(1) model. Then obtain the multivariate least squares estimator
for g and ®, and estimate 3., by autoregressing the columns of F. Note that all
eigenvalues of ® fall within the unit circle, so our model is stationary. The covariance

matrix cov(f;) can be obtained by solving the linear equation below,
cov(fy) = ®cov(fy)d' + X..

The estimated parameters are depicted in Table 2. We then obtain the data generating

process of f;.

Table 2: Parameters of f; generating process
© cov(fy) P
-0.0050 | 1.0037 0.0011 -0.0009 | -0.0712 0.0468 0.1413
0.0335 | 0.0011 0.9999 0.0042 | -0.0764 -0.0008 0.0646
-0.0756 | -0.0009 0.0042 0.9973 | 0.0195 -0.0071 -0.0544

. For each value of p, we generate a sparse covariance matrix 3, of the form:
3., = DXyD.

Here, X is the error correlation matrix, and D is the diagonal matrix of the standard
deviations of the errors. We set D = diag(oy,...,0,), where each o; is generated
independently from a Gamma distribution G(«, ), and « and [ are chosen to match
the sample mean and sample standard deviation of the standard deviations of the
errors. A similar approach to Fan et al. (2011) has been used in this calibration step.
The off-diagonal entries of 3y are generated independently from a normal distribution,
with mean and standard deviation equal to the sample mean and sample standard
deviation of the sample correlations among the estimated residuals, conditional on
their absolute values being no larger than 0.95. We then employ hard thresholding to
make Yo be sparse, where the threshold is found as the smallest constant that provides
the positive definiteness of 3y. More precisely, start with threshold value 1, which gives
Yo = I, and then decrease the threshold values in grid until positive definiteness is

violated.
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5.2 Simulation

For the simulation, we fix T = 300, and let p increase from 1 to 600. For each fixed p, we
repeat the following steps N = 200 times, and record the means and the standard deviations

of each respective norm.
1. Generate independently {b;}’_; ~ N3(ug, Xp), and set B = (by,...,b,)".
2. Generate independently {u;}/_; ~ N,(0,X,).
3. Generate {ft}thl as a vector autoregressive sequence of the form f;, = pu + ¢f;,_; + €.
4. Calculate {y,}, from y, = Bf; + u,.

5. Calculate A and F based on {y,}L |, using the PCA method described in Section 2.3.

6. Set wp = 2(K /%82 + I\;—;) with K = 3 to be the threshold for creating $7. Calculate

7 and (£7)~! using the POET method.
7. Calculate the sample covariance matrix isam.

In the graphs below, we plot the averages and standard deviations of the distance from
37 and S, to the true covariance matrix 3, under norms ||.||s;, ||.]| and ||.|[max. We also
plot the means and standard deviations of the distances from (f]T)_l and f]s_alm to X!
under the spectral norm. We plot values of p from 20 to 600 in increments of 20. Due to
invertibility, the spectral norm for f)s_alm is plotted only up to p = 280. Also, we zoom into
these graphs by plotting the values of p from 1 to 100, this time in increments of 1. Notice
that we also plot the distance from f]Z;,S to & for comparison, where f]g;s is the estimated

covariance matrix proposed by Fan et al. (2011), assuming the factors are observable.

5.3 Results

From the simulation results, reported in Figures 1-4, we observe that our estimator under
the unobservable factor model performs just as well as the estimator in Fan et al. (2011)
under the observable factor model, when p is large enough. The cost of not knowing the
factors is approximately of order O,(1/,/p). It can be seen in Figures 1 and 2 that this
cost vanishes for p > 300. To give a better insight of the impact of estimating the unknown
factors for small p, a separate set of simulations is conducted for p < 100. As we can see from
Figures 1 (bottom panel) and 2 (middle and bottom panels), the impact decreases quickly.
In addition, when estimating X!, it is hard to distinguish the estimators with known and

unknown factors, whose performances are quite stable compared to the sample covariance
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Figure 1: Averages (left panel) and standard deviations (right panel) of Hf)T — 3|z with
with known factors (solid red curve), unknown factors (solid blue curve), and || Eyam — =5
(dashed curve) over 200 simulations, as a function of the dimensionality p. Top panel: p
ranges in 20 to 600 with increment 20; bottom panel: p ranges in 1 to 100 with increment 1.
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Figure 2: Averages (left panel) and standard deviations (right panel) of [|(£7)~! — =]
with known (solid red curve) and unknown (solid blue curve) factors and ||(Zeqm) ™" — X7}
(dashed curve) over 200 simulations, as a function of the dimensionality p. Top panel: p
ranges in 20 to 600 with increment 20; middle panel: p ranges in 1 to 100 with increment 1;

Bottom panel: the same as the top panel with dashed curve excluded.
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Figure 3: Averages (left panel) and standard deviations (right panel) ||E7 — %||max with
known (solid red curve) and unknown (solid blue curve) factors and || Xsum — X ||max (dashed

curve) over 200 simulations, as a function of the dimensionality p. They are nearly indif-
ferentable.

Standard Deviation
Average

matrix. Also, the maximum absolute elementwise error (Figure 3) of our estimator performs
very similarly to that of the sample covariance matrix, which coincides with our asymptotic
result. Figure 4 shows that the performances of the three methods are indistinguishable in

spectral norm, as expected.

Figure 4: Averages of ||§]T — X|| with known (solid red curve) and unknown (solid blue

curve) factors and || Xs.m — 2| (dashed curve) over 200 simulations, as a function of the
dimensionality p. The three curves are plotted, but hardly distinguishable.
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5.4 Portfolio allocation

We demonstrate the improvement of our method compared to the sample covariance
and that based on the strict factor model, in a problem of portfolio allocation for risk
minimization purposes.

Let S bea generic estimator of the covariance matrix of y,, and w be the allocation vector
of a portfolio consisting of the corresponding p financial securities. Then the theoretical and
the empirical risk of the given portfolio would be R(w) = w'Ew and R(w) = wEw,

respectively. Now, define

W = argming;_; W' Xw,
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the estimated (minimum variance) portfolio. Then the actual risk of the estimated portfolio
is defined as R(W) = W'XW, and the estimated risk (also called empirical risk) is equal to
Z%(v?z) = WEW. In practice, the actual risk is unknown, and only the empirical risk can be
calculated.

For each fixed p, the population 3 was generated in the same way as described in Section
4.1, with a sparse but not diagonal error covariance. We use three different methods to
estimate 3 and obtain W: strict factor model i (estimate X, using a diagonal matrix),
our POET estimator 27, both are with unknown factors, and sample covariance Ssam We
then calculate the corresponding actual and empirical risks.

It is interesting to examine the accuracy and the performance of the actual risk of our
portfolio W in comparison to the oracle risk R* = mingy,q_, w'3w, which is the theoretical
risk of the portfolio we would have created if we knew the true covariance matrix 3. We
thus compare the regret R(w) — R*, which is always nonnegative, for three estimators of
3. They are summarized by using the box plots over the 200 simulations. The results are
reported in Figure 5. In practice, we are also concerned about the difference between the
actual and empirical risk of the chosen portfolio w. Hence, in Figure 6, we also compare
the average difference |R(W) — R(W)| over 200 simulations. When W is obtained based on
the strict factor model, both the differences between actual and oracle risk, and between
actual and empirical risk are persistently greater than the corresponding differences for the

approximate factor estimator.

Figure 5: Box plots of regrets R(w) — R* for p = 80 and 140. In each panel, the box plots

from left to right correspond to w obtained using 3 based on approximate factor model,

strict factor model, and sample covariance, respectively.
p=80 p=140

approx. factor strict factor sample approx. factor strict factor sample
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Figure 6: Error of risk estimation |R(w) — R(W)| as p increases. W and R are obtained based

on three estimators of 3. Blue line: approximate factor model 277 red line: strict factor
model Edlag dotted line: sample covariance isam

Risk

—factor: sparse
03D —factor: diagonal| |
---sample cov.

6 Real Data Example

We demonstrate an application of the approximate factor model on real data. The data
was obtained from the CRSP database, and consists of p = 50 stocks and their annualized
daily returns for the period Jan.1%*, 2010-Dec.31%2010 (7' = 252). The stocks are chosen from
5 different industry sectors, (more specifically, Consumer Goods-Textile & Apparel Clothing,
Financial-Credit Services, Healthare-Hospitals, Services-Restaurants, Utilities-Water utili-
ties), with 10 stocks from each sector.

The largest eignevalues of the sample covariance equal 0.0102,0.0045 and 0.0039, while
the rest are bounded by 0.0020. Hence we consider K = 1,2,3 factors respectively. The
threshold has been chosen using a leave-one-out cross-validation procedure.

Figure 7 shows the heatmap of the thresholded error correlation matrix. We compare the
level of sparsity (percentage of non-zero off-diagonal elements) for the diagonal 5 blocks of
size 10 x 10, versus the sparsity of the rest of the matrix. For K = 2, our method results in
25.8% non-zero off-diagonal elements in the 5 diagonal blocks, as opposed to 7.3% non-zero
elements in the rest of the covariance matrix. Note that, out of the non-zero elements in the
central 5 blocks, 100% are positive, as opposed to a distribution of 60.3% positive and 39.7%
negative amongst the non-zero elements in off-diagonal blocks. There is a strong positive
correlation between the returns of companies in the same industry after the common factors
are taken out, and the thresholding has preserved them. The results for K =1 and K =3
show the same characteristics. These provide stark evidence that the strict factor model is

not appropriate.

7 Conclusion

We study the problem of estimating a high dimensional covariance matrix with condi-

tional sparsity. Realizing unconditional sparsity assumption is inappropriate in many appli-
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Figure 7: Heatmap of thresholded error correlation matrix for number of factors K = 1,
=2 and K = 3

cations, we introduce a factor model that has a conditional sparsity feature, and propose the

POET estimator to take advantage of the structure. This expands considerably the scope of
the model based on the strict factor model, which assumes independent idiosyncratic noise
and is too restrictive in practice. By assuming sparse error covariance matrix, we allow for
the presence of the cross-sectional correlation even after taking out common factors. The
sparse covariance is estimated by the adaptive thresholding technique.

It is found that the rates of convergence of the estimators have an extra term approxi-
mately O,(p~*/?) in addition to the results based on observable factors by Fan et al. (2008)
and Fan et al. (2011), which arises from the effect of estimating the unobservable factors. As
we can see, this effect vanishes as the dimensionality increases, as there are more information
available about the common factors. When p gets large enough, the effect of estimating the
unknown factors is negligible, and we estimate the covariance matrices as if we knew the
factors. This fact was also shown in the asymptotic expansions obtained by Bai (2003).

The sparse covariance is estimated using the adaptive hard thresholding. Recently, Cai
and Liu (2011) studied a more general thresholding function of Antoniadis and Fan (2001),
which admits the form ;;(6;;) = s(0y;), and also allows for soft-thresholding. It is easy to
apply the more general thresholding here as well, and the rate of convergence of the resulting

covariance matrix estimators should be straightforward to derive.

A Proofs for Section 2

Proof of Theorem 2.1

Proof. The sample covariance matrix of the residuals using least squares method is given by
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AV
- = ,

where we used the normalization condition %f‘lf‘ = Ig.
~~ ~ o~
If we show that AA = Zfil Ni&;€;, then from the decompositions of the sample covari-

ance

K
1 o~~~/ ~ o~ o~ A~ ~
—YY =AA + 3, = E NEE + R,
T + 2 &€ +

we have R = ﬁu Consequently, applying thresholding on iu is equivalent to applying
thresholding on ﬁ, which gives the desired result.
We now show AA = Zfil /):ZEZ/E\: indeed holds. Consider again the least squares problem

(2.10) but with the following alternative normalization constraints:
1< L I
];; bib; = Ik, T ; ftﬂ is diagonal.

Let (K, f‘) be the solution to the new optimization problem. Switching the roles of B and
F, then the solution of (2.12) is A = (&,, -+ , &) and F = pYY’A. In addition,

~

,1"“/"“_ . N
T7'FF =diag(\y, -, A\k).

From AF = Ki‘, it follows that

Q.E.D.

B Proofs for Section 3

We will proceed by subsequently showing Theorems 3.3, 3.1 and 3.2.
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B.1 Preliminary lemmas

The following results are to be used subsequently. The proofs of Lemmas B.1 and B.2

are found in Fan, Liao and Martina (2011).

Lemma B.1. Suppose A, B are symmetric semi-positive definite matrices, and Apin(B) > cr
for a sequence cr > 0. If ||A — B|| = op(cr), then Apin(A) > cr/2, and

IA™ =B~ = Oy(c")|A - BJ.

Lemma B.2. Suppose that the random variables Zy, Zs both satisfy the exponential-type tail
condition: There exist 11, ro € (0,1) and by, by > 0, such that Vs > 0,

P(1Zi] > 5) < exp(—(s/b)™), i =1,2.
Then for some rs and by > 0, and any s > 0,
P(|Z1725| > s) < exp(l — (s/b3)™). (B.1)

Lemma B.3. Under the assumptions of Theorem 3.1,
(i) maxi j<x | % Y fufin — Efufinl = Op(y/(log K)/T).
(ii) max; jep | 2y ity — By = Op(+/(logp) /T)
(iii) maxi<xc j<p |7 >4y Firttjs] = Op(1/(log p)/T)

Proof. The proof follows from the Bernstein inequality for weakly dependent data (Merlevede
et al. (2009, Theorem 1). See Lemmas A.3 and B.1 of Fan, Liao and Mincheva (2011).

Lemma B.4. Let XK denote the Kth largest eigenvalue ofi = %Zthl vy}, then XK > Chp
with probability approaching one for some Cy > 0.

Proof. First of all, by Proposition 2.1, under Assumption 3.5, the Kth largest eigenvalue g
of ¥ satisfies:

AK brcll = Ak = [Dxll] = PAmin (2) = [[Zull

>
Z p)\mm(Q)/2

for sufficiently large p. Using Weyl’s theorem, we need only to prove that [|£ — || = 0p(p).
Without loss of generality, we prove the result under the identifiability condition (2.7). Using
model (1.2),

T
i = T_l Z(Bft + ut)(Bft + ut)'.

t=1
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Using this and (1.3), 3} — ¥ can be decomposed as the sum of the four terms:

T
D, = (T"'B) fiff —1x)B/
t=1
T
D, = T7') (uu, - %,),

t=1

T
D; = BT') fu;, D,=Dj
t=1

We now deal them term by term. We will repeatedly use the fact that for a p x p matrix A,
JA] < pllAllmax-

First of all, by Lemma B.3,
T T
TS 6 — Ll < KT S ) — Iclhnax = Op(K /(log K)/T),
t=1 t=1

which is o,(p) if K'logp = o(T"). Consequently, by Assumption 3.5, we have

D1 [l < Op(K+/(log K)/T)|[BB'|| = Oy (Kp+/(log K)/T).

We now deal with D,. It follows from Lemma B.3 that

T

D2l < T~ (wtt) = B)lhnax = Op(py/(log p) /T)-

t=1

Since ||Dy|| = ||Ds]|, it remains to deal with Dj, which is bounded by

T
D)l < |77 £ [ B]| = O,(p/K (logp)/T),
=1
which is o,(p) if K'logp = o(T).
Q.E.D.

Lemma B.5 (Theorem 2.1, Fan, Liao and Mincheva, 2011). Suppose there exists a posi-
tive sequence ap — 0 such that max;<, ZtT:l(uit — Uy)* = Op(a}). In addition, assume
max; ; [uy — | = 0,(1), and (logp)%/7~t = o(T). Then under Assumption 3.1, ST defined
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as in (2.13) with wy = C(y/(logp)/T + ar) for sufficiently large C' > 0 satisfies: (i)
157 — Zull = Op(mrwr).
(ii) If mrwr = o(1), then f]uT is positive definite with probability approaching one, and
IED™ = =21 = Op(mrwr).

B.2 Proof of Theorem 3.3

Using (A.1) in Bai (2003), we have the following identity:

ft - Hft < Z f E U— sUt /p + = Z fsgst + = Z fsnst + = Z £ gst) (BZ)

where Cst = u,sut/p - E(u;ut>/pa Nst = f:e Z?:l bi“it/ﬁ» and gst = lef Zi?:l bluzs/p We first
prove some preliminary results in the following Lemmas. Denote by [A= (Fies s frct)-

Lemma B.6. (i) maxi<x =3, (31| fi, E(Wu,)/p)? = O,(T1),
(i) max;<y % 23:1(% Z;F:l fisgst)Q = Op(pfl),

(ii1) max;<x 7 Z?:l(% Zstl fisno)? = Op(K?p~1),

(iv) maxicx >y (F Y asy fislat)? = Op(K2p7Y).

Proof. (i) We have Vi < K, 3.7, f2 = T. By the Cauchy-Schwarz inequality,

T 1 d 1 d / 2
rzgg}?;—z Z (Ww,)/p)? < Tz ZEusut/p)

/ /
< max |Buu,/p| max Zl | Euju/p|
S—=

By Assumption 3.3, max,<r Y., |Fu,u,/p| = O(1), which then yields the result.
(ii) By the Cauchy-Schwarz inequality,

T T
max Z Z fisGa)? = max Z Z fisfa Z CatGir)

s=1 [=1




IA

mlax — Z Z Z <st<lt>2

sl t=1

Z Z Cst Clt

1 =1 t=1

T
T2

S

Note that B(3 1, Y30 (3, Gul)?) = T2E(X L, Cuu)? < T maxy E|Cyl*. By Assump-
tion 3.4, maxy £C4 = O(p~2), which implies that 3= (3", CuCu)? = Op(T*/p?), and yields
the result.

(iii) By definition, ny = £, >"F | byu;/p. We first bound || >~F_, bjuy||. Assumption 3.4

implies
1 T 4 I4
B Y 1D bl = E|| Y bl = O(K).
t=1 =1 i=1
Therefore, by the Cauchy-Schwarz inequality,
1 1 o 1 « 1 1
; 2 P2 2
1;1%5}??2(?2 isTst) m?X”?Zfzssz TZHEbJ%t;H

T T

max— Z || Zb thHQ (; Z 125711 Z ||fs||2)
=1

Co(E),

(iv) Similar to part (iii), noting that & is a scalar, we have:

IN

IN

T

1
TZFZb ujs f’LS

1o~ 1 &
S,
IZI%%??E (;E fiskst)” = rnax—

t=1 s=1
< m?xTZ||ft||2~\ ) RITETA |
s=1 j=1
T
S Op( maX— Zb Ugsp %fos
<

K2
Or (?) ’

where the third line follows from the Cauchy-Schwarz inequality. Q.E.D.

Lemma B.7. (i) max.<r HTlp ST REWW)| = 0,(/K/T),
(i) maxier || 3 2oy Cstl\ = O,(VKT"*/\/p),
(iii) maxy<r |+ Yooy fonatl| = Op (KT /),
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(iv) maxi<r || & 7 Bl = O, (K3/2TV4/ /p).

Proof. (i) By the Cauchy-Schwarz inequality and the fact that %Zthl ||/ftt||2 =

T T
1 =y
il < - 2 / 2
max 7y ZfE““t = Tzl ”szTzl(E“S“t/p)
1 T
— / 2
s Vi TZ_I(E“sut/p)

IN

\/?matx V| Eulu,/p| max Z |Eulu,/p|.

The result then follows from Assumption 3.3.

(ii) By the Cauchy-Schwarz inequality,

T
%H—Zfscstnmax— ZHf” ZCQ Kmf‘x%z;

It follows from Assumption 3.4 that

1 1
B(g 2 G)* < max EG, = O(5).
It then follows from the Chebyshev’s inequality and Bonferroni’s method that
max; Y. O,(VT /p).

(iii) By Assumptlon 3.4, EH\/L]3 P biuy|[* < K2M. Chebyshev’s inequality and Bon-
ferroni’s method yield max;<r || S°0_, biuy|| = O,(TY*/pK) with probability one, which

then implies:
T
1 -~ K3/21/4
Bl )
T s=1 \/]_)

(iv) By the Cauchy-Schwarz inequality and Assumption 3.4, we have demonstrated that

o (%)

max
t<T

1 s

max
t

1
]—) ZZI bju;

H zzbzuw :

s=1 i=1
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In addition, since E||K~2f||* < M, max;<r ||fi|| = O,(TY*K'/?). Tt follows that

K3/271/4

1’?'<a,‘_‘[2<||_zf555t” < maXHftH H Zzbzuzs s|| — p( \/ﬁ

s=1 =1

Q.E.D.

Lemma B.8. (i) max;<x = 7 (f, — Hf,)? = O0,(1/T + K?/p).

(i6) 73y [fe = BE|* = Oy (K/T + K*/p).

(iii) max,<r ||f, — HE|| = Op(v/K/T + K3/2T"*//p).

Proof. (i) By (B.2), the assumption that the entries of V are bounded away from zero, and
the fact that (a + b+ ¢+ d)? < 4(a® + b* + ¢® + d?), there exists a constant C' > 0,

i (0~ 1! < cmaxiz%ZﬁsE(ugut)/p)?

+O maX T Z Z fzsgst

Each of the four terms on the right hand side above are bounded in Lemma B.6, which then
yields the desired result.
(ii) It follows from part (i) and that

~

T
1 —~
7 2 I = HE* < K max Z — Hf);

=1 t=1
Part (iii) is implied by (B.2) and Lemma B.7. Q.E.D.

Lemma B.9. There exist positive constants cy, co such that with probability approaching one,

< )\min(H,H> < )\max(H,H> < Cy.

Proof. We first show that [|H[ = Op(1). In fact, Amax(V) = Amax(75 >oimy ¥e¥1) = Op(1),

and
T

||l = M (FE) = N2 6f) = O,(VT).

t=1

In addition, ||1A7‘H = /T. Tt then follows from the definition of H that |[H|| = O,(1).
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Now

FFH/T = (F-FH)FH/T + HFFH/T
(F — FH)FH/T + HH + H'(F'F/T — 1) H. (B.3)

On the other hand, using f‘/f‘/T = I, we have

FFH/T = F(FH-F)/T+FF/T
= F(FH-F)/T + 1. (B.4)

Thus combining (B.3) and (B.4) gives us
HH =1, +C, (B.5)

where

C=F(FH-F)/T — (F-FH)FH/T — H'(FF/T — Ix)H.

It follows from Lemma B.8 and the triangular inequality that

~ A~/ A~
ICII < |FH - F[|[F|/T(1 + [[H]|) + [|H|*|FF/T - Ix||

T
! 22 1Fl e
<\ 7 ; [~ 22 0,(1) + O (D [FF/T — |

- 0p<\/§+\/&;g[(> = 0,(1).

It then follows from Weyl’'s Theorem that A\y;,(H'H) > 1/2 with probability approaching
one.

Q.E.D.

Proof of Theorem 3.3
The second part of this theorem was proved in Lemma B.8. We now derive the conver-
gence rate of max;<, ||b; — (H') by
Using the facts that EZ = %Zle yitﬁ, and that % thl/ﬂ/ii = [, we have
R L I T R A
b; — (H)™'b; = - > Hfou; + T SR - HTER) D, + n > (£ — Hf )y (B.6)
t=1 t=1

t=1

We bound the three terms on the right hand side respectively. It follows from Lemmas B.3
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and B.9 that

max
i<p

g g Klogp
< B max | ¥ (D fuewin)? = O, . ®7

k=1 t:l

1 T
? Z Hfu;,
t=1

For the second term, max; || (H')~'b;|| = O(VK). Therefore, the Cauchy-Schwarz inequality
and Lemma B.8 imply

maXH—th (f, —H'f)b;|| = maXH—th Hf, — £,)(H) 'by||

i<p i<p

IN

_ 1 ~ a1 ~
max || (H') bl fZHftﬂszHHft—ftHZ
t=1 t=1

B KVK  K*K
—Op<ﬁ+ \/]_9>.

(B.8)

Finally, as max; = >, u, < max; |4 S°0 | w2 — Bu},|+max; Eu?, < M. Still by the Cauchy-

Schwarz inequality,

!

max [

T
1 -~ 1
Z Hfy)uu| < fZHHft—ftHQm?XTZU?t
= t=1 t
\/E K3/2
=+
vT /b
The result follows from combining (B.6)-(B.9). Q.E.D.

Proof of Corollary 3.1
Under Assumption 3.3, it can be shown by Bonferroni’s method that

’ﬂ 3| =

— 0, ) (B.9)

max [[f]| = O,(VE (log T)"/"). (B.10)

By Theorem 3.3, and max{|H||, [H ||} = O,(1), Vi, t,

Ib:f, —bifill < B — ()b [f; — HE; | + [|(E) b [, - Ff |
+%~4Hrmmmm
= 0y =5 | +0, (VE&;) +0, _or
Jw% VEm,
d7(log T)*/r2
= 0, (ﬁg} i M) '

mp

VK (log T)l/”)
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B.3 Proof of Theorem 3.1

Lemma B.10.

K21 K* K°S
maX—Z|u,t — Uyl = O, (Lﬁ—l- —) ;

i<p p

d7(log T')V/™
max |uy — G| = O, (@5} + M) = 0,(1).

mp
Proof. We have,

wir — 4y = BJH(f, — HE,) + (b, — b/H V) (f, — HFf,) + (b, — b/H ) Hf,. (B.11)

Therefore, using the inequality (a + b+ ¢)? < 4a® + 4b* + 4¢?, we have:

T

T
1 A N2 1 e e 1\ —1
IlngaTXthl(uit—uit) < 4an<aTbu Tz;(f—Hft)(ft—Hft) (H) 'b;
~ 5 |
"H N rpr—1y\/
+41P<a,Tx(b b/H TZ — Hf,)(f, - Hf,)' (b, — bjH™)

t:l

i<T

/ e rry—1\/
+4max(b, — b/H™! T;ftﬂH (b, — b/H™")

IN

fa [ L S
t=1
T
+ma B~ BH* 3 | - HE |
N rpr—1 21 d /
et B B 3 )

It then follows from Theorem 3.3 and Lemma B.8 that
T

1 N
max — Z(Uzt — t1)* = Op(K°/p + (K logp + K*)/T).

i<T
t=1

By (B.10), max,<r ||| = O,(vK (log T)*/"2). Hence part (i) follows from Theorem 3.3.
Q.E.D.

Proof of Theorem 3.1 The theorem follows immediately from Lemma B.5 and Lemma
B.10.
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B.4 Proof of Theorem 3.2

Define Dy and Cr as:
D;=1Ix-HH, Cr=A-BH"

Lemma B.11. |Dr|r = O,(KIog K /VT + K*/,/p).

Proof. Applying the triangular inequality gives:
IDzl[r < |[HH' — cov(Hfy)| p + [lcov(Hf;) — Lg||r (B.12)

By Lemmas B.3 and B.9, the first term in (B.12) is

— — log K
IHH' — cov(Hf,)||» < [[H|]?||Tx — cov(f)l|lr = O, (K gT ) '

The second term of (B.12) can be bounded, by the Cauchy-Schwarz inequalities and Lemma

B.8, as follows:
1 v
H ZHft (HE) — =) 6,
T — F
~ A~ ,
+ T th(ft — (Hf)")
F t F
1 1 ~ 1 ~
\/—Z |Hf, - ft||2f; |HE|2 + \/TZ |Hf, - w;; £

offe5)

Lemma B.12. |[BH 'D;(BH'Y||% = O(K?(log K)/(pT) + K*/p?).

< H S (Hf, —§)(HEY

IA

Q.E.D.

Proof. First of all, note that
Amax (Heov(£)H') 1) = \pax (HH') 1),

which is bounded away from infinity by Lemma B.9. Hence the same argument of the proof
of Theorem 2 in Fan, Fan and Lv (2008), with B and f replaced with BH " and Hf,, yields

I(BE™YS™"BH | < 2[|(Heov(f,)H') || = O,(1).
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The lemma then follows from Lemma B.11 and the fact that

IBH'D(BH )| < p 'tr[(Dy(BH')Z'BH™)’]

<
< p DrlEI(BH) ST BHT

Q.E.D.

Lemma B.13. Let E = (uy, ..., ur).

(i) |IT'"EFH’||% = O,(pK (logp)/T).

(it) |[T7'E(F — FH')||% = O,(pK/T + K?).
(iii) |[BH'Cy'||% = O,(K?/p + K(logp)/T).

Proof. (i) |[T'EFH'||% < ||T~'EF||%||H||?. The result follows from ||H|| = O,(1) and that

T
B 1
|IT'EF|% < pK max (7 Y fiua)® = Op(Kp(logp)/T).
t=1

1<p,J<K

(ii) We have, by the Cauchy-Schwarz inequality and Lemma B.8,

T
1~ , 1 .
|FEE - FH)E = 2> wE - HEY|
t=1

= 0,(— + K%). (B.13)
(iii) First all, it is easy to see that, for any K x p matrix A,

p|BH'A|Z = tr(H'AX'A'H'B'S'B)
[HY*B'="Bll[=|AlI
Oy (I Al17)- (B.14)

IN

In addition, we have the decomposition:

Cr=—-EFH + _BH'(HF - F)F + +E(F - FH)), (B.15)
Therefore,
1 1~ K1
p|BH™!(—ZEFH' + —E(F — FH))'|} = 0,(*=—2F + K*). (B.16)
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In addition, using |[B'S™'B|| = O(1), and [|F||2 = Amax(S.L, £.£,) = T', we obtain

1 o~
p|BH ™ (ZBH ' (HF - F)F)[}

1 B _ ~ ~1
< 7 |H HIYB=TTBI|F|PHE — F 1%

K K3

:Op(f‘i‘ D )

The result then follows from (B.15)-(B.17). Q.E.D.
Lemma B.14.

|ICrCr[I% = O, (pK>(log p)?/T? + K*(log p) /T + K°/p).

~/

Proof. Let A, = —XEFH/, A, = L\ BH }(HF' — F)F, A; =

CT == A1 + A2 + A3. In addition,

1
T

CrCy' = By + (Bia + Bis + Biz + Bi3 + Bas + Bl;) + Bas + Bas,

(B.17)

E(F — FH'). By (B.15),

where B;; = AiA;-. We bound each term B;; as follws. Straightforward calculation yields:

! ! pk*(log p)?
|Bul  <p'B7'|?| ZEFH F:OP(T)
1 N1 - 2
13 <p - — — _
Bisl|:  <p Y=Y =EFH E(F - FH’
T T .
pK%logp K?logp
=0 =)
1 ~ pK2 K6
Bsyllz < pYZ7YPI|=EF —FH)|| =0,(~—= + —).
B =7 B )| = 0,7+ )
By the facts that |[B'S~'B|| = O(1), and ||[F||2 = T, we have
1 111 o= 2
Balt <y e )| pern| | eE - )| e
F F
pK?logp K*logp
=0
P( TQ + T )7
1 AN ~
Bxly < pY|B'E'B|P||=H HF — F)F
. T
K? K¢
p(zﬁ+p—3)7 2
_ _ _ _ 1~
1Basllz < pIBETB]IETH|[HTP) SE(F - FH)
F
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1 I
T(HF/ —F)F
K? KS K4F

- Op(ﬁ‘i‘p +pT)

Combining these results yields the lemma. Q.E.D.

Proof of Theorem 3.2 (i)
By Lemmas B.12-B.14,

=7 -2 < C[BE'D(BHY|%+ ||BH'C/|
+||ICrCr|13] + ||EZ]—(2§(JIU||§)2 pn o
<7 2 p ogp ogp
= =0 = Bl + O S ),

The theorem follows directly from Theorem 3.1. Q.E.D.

Lemma B.15. (i) )\mm((HH')_1 (BH 'S 'BH ™) > ¢p for some ¢ > 0.

(1) HIK— (HH) Y| = O,(K+/(log K)/ —I—KQ/\/_
(iii) ||A (EuT> A - (BH )EulBH 1” = ppmpKv logp)/T—l—\/}_)mpK3—l—pmpK2/\/T).

Proof. (i) We have,

Amin(HH') ™' + (BH™)'S'BH ™) Amin(BH™'YS,'BH ™))
Amin(Z; ) A (H)'B'BH ™)
)\min(zgl))\min(B/B))\min((HHl)_1>
cp.

VvV IV IV IV

Part (ii) follows from Lemma B.11 and Lemma B.1. For part (iii), by Theorem 3.3,

p
IA=BH|7. = |[b; — (H)'by||> = O,(K® + pK log p/T + pK*/T). (B.18)

=1
Since [|(£7) 7! = Op(1). |B]| = O(/p), and

IA(E])A - (BHYS,'BH| < |(A-BH /(D) 1A
+2](A - BH ) (S])"'BH- 1||
+|BH () -2, H)BH .  (B.19)

el

The desired result then follows from Theorem 3.1 and (B.18). Q.E.D.
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Proof of Theorem 3.2: [[(£7)~! — 2-1||.

Using the Sherman-Morrison-Woodbury formula, we have

6
17 -2 <> L
i=1

where
L = (D) -1
Ly = (BN -~ HALk +A(E]) AR (ED) )
Ly = (B = 2)AlLx + A(E]) A AS|
Li = [|=,'(A - BH Ik + K (S]) A A'S,|
Ly = |IZ;'(A-BH I + A(E]) Al (H)'B'S, |
Ly = |=;'BH ([Ix + A (S]) A
—[cov(Hf)‘1 + (H’)‘lB’EJIBH’l]‘l)(H/)‘IB’EJI||. (B.20)

We bound each of the six terms respectively. First of all, L; is bounded by Theorem 3.1.
Let G = [Ix + K/(flz—)*lf&]*l, then

A~ ~ -~/ A~
Ly < |(BD)7" =3 - AGA | - (=) 71
Note that Theorem 3.1 implies ||(§]u7—)*1|| = Op(1). Lemma B.15 implies
IGII = O,(p™). (B.21)

This shows that Ly = O,(Ly). Similarly Ly = O,(L4).
In addition, by (B.18),

-1(A - N 51— K5 Klogp + K3
L 9 R - BEOCHIRS ] = 0,1 4 [FlEr

Similarly Ls = O,(L4). Finally, let
G, =[HH)"'+(BH ')S,'BH ']
By Lemma B.15, ||Gy]| = O,(p~!). Then

IG=Gil = GG = GG
< (‘2)\|(HH’) — Ik
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+0,(p™?)|(BH'YS,'BH ' — A'(£7)'A||
_ 0 <mTK\/logp+mpK3 N mTK2)
4 T e )

Consequently,

K4/l + K2 K3
L < |3;'BHYP2[G — G| = 0,(1X= Vel T M | 7
JT NG

).

Adding up Li-Lg gives the result.
Q.E.D.

Proof of Theorem 3.2: |27 — =[x

Let e;, denote a p-dimensional unit vector with one on the ¢th element and rest zero.

Lemma B.16. (i) || (HF' — F)E || max = O,(1/VT + K/ /P).
(i) |A = BH™Y|max = Op(K?//p + /K (logp) /T + K/VT).
(iii) |1 — HH'[|1nax = Op(K/log K/T + K/ /p).

Proof. (i) By the Cauchy-Schwarz inequality and Lemma B.8,

N

M=

1 ~
||T(HF, - F)E/Hmax =

1 ~ 1 ~
Hf (Hf, — £)u) || max < max T‘ ;(Hft — £

t=1
1 <& L1 &

< maxy |7 ) (HE—1)i5 > o,
t=1 t=1

1

0, (\/_ \/_ mjax—Zu]t (B.22)

IA
|x

Lemma B.3 implies max;<, 7 >, u% = O,(1), which yields the result.
(ii) We have

~ 1 1 T~
R~ BH Yo < [ BFH e+ [ BH (HE — B
1 ~

By Lemmas B.3, B.9,

1 1 1
||TEFH/||maX = max|e EFH’eJK|<maX||e TEF||||H’ej’K||

ZpT
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T
1 1
< O (maXII%TEFII) < Op(VK Hzl.éjl.x|f2fjtuit|
’ t=1
Klogp

By Lemma B.8 and the Cauchy-Schwarz inequality,

1 N 1 ey AN
| ZBH ! (HE — F)F e = max o], 7-BH ' (HF' — F)Fe, x|

T

1 ~ A
S max Heé,pBH‘llHlf > (Hf —£) fll
t=1
1 T
< 0,(VK max TZHHft—ft]P Z
K K2
- Op( )

VT

Still by Lemma B.8 and the Cauchy-Schwarz inequality,

1.~ 1 ~
||?E(F — HF)||nax = max |f > uu(f, — HE),|

Therefore we have the desired result.

(iii) By the triangular inequality,
HIK - HH,Hmax < ”IK - C/O\V<I_Ift)Hmax + HC/O\V(Hft) - HH/HmaX-

In the proof of Lemma B.11, ||cov(Hf;) — HH'||nax = O,(K+/log K/T), where we used the
fact that ||.||max is dominated by ||.||r. In addition,

max\/ Z|Hft—ft|2 Z(Hftﬁ
+max\/ Z|Hft—ft|ZTfot

0,(— £). (B.23)

VT b

||IK - C/(-R,(Hft)nmax

IN
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Q.E.D.
Completion of the Proof of Theorem 3.2 We first bound

IAA — (BH Y)HH (BH Y|
< 12C7(BH ™) [[max + |[BH "Dz (BH ™) ||l max + [|CrCl[[max
+|2BH "D C/ || max.

A

We bound the terms on the right hand side. By Theorem 3.3,

IC(H ™) B max = Igg@XIeé,pCT(H_l)'B'ej,plSrrgthI\Bi—(H')_lbiHHH_lHHij

-
P

By Lemma B.16(iii), ||Dr|/max = Op(K+/log K/T + K/,/p). Hence

= Op(

IBHDr(BH™ ) [lnax < max|lef,Bll[Drlllef,Bll = Op(K*)Drllnex

log K K?
_ 3
= 0K/ = +—\/]_)).

Since e, Cr| = [[b; — (H')"'b,]],

|CrHH'C [lmax - < mgXl!eé,pCTHQHHH'H=0p(I?%XHB¢—(H')’1biH2)

5%>

= Ok

[2BH™'DrCl[lmax < max ||}, B[ Dz || Crej, |

)
- o)
Therefore,
A= (),3(1(3\/@4r %).
Finally,
17— Sl = 0, (22
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Therefore,

~ . [log K or
37 — Yl = O, (K3 ==).
H H P =+ o)

Q.E.D.
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