
Munich Personal RePEc Archive

A mathematical introduction to

transitional lotteries

Strati, Francesco

Università di Messina

11 June 2012

Online at https://mpra.ub.uni-muenchen.de/39377/

MPRA Paper No. 39377, posted 12 Jun 2012 01:02 UTC



❆ ▼❆❚❍❊▼❆❚■❈❆▲ ■◆❚❘❖❉❯❈❚■❖◆ ❚❖ ❚❘❆◆❙■❚■❖◆❆▲

▲❖❚❚❊❘■❊❙

❋❘❆◆❈❊❙❈❖ ❙❚❘❆❚■

❆❜str❛❝t✳ ❲❤❡♥ ✇❡ ❢❛❝❡ ❛ ❞❡❝✐s✐♦♥ ♠❛tt❡r ✇❡ ❞♦ ♥♦t ❢❛❝❡ ❛ ❢r♦③❡♥✲t✐♠❡
✇❤❡r❡ ❛❧❧ ❦❡❡♣ st✐❧❧ ✇❤✐❧❡ ✇❡ ❛r❡ ♠❛❦✐♥❣ ❛ ❞❡❝✐s✐♦♥✱ ❜✉t t❤❡ t✐♠❡ ❣♦❡s ❜② ❛♥❞
t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❦❡❡♣s ♠♦✈✐♥❣ ❜② ♥❡✇ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥
t❤✐s ♣❛♣❡r ■ ✇❛♥t t♦ ❜✉✐❧❞ ✉♣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ❛ s♣❡❝✐❛❧ ❦✐♥❞
♦❢ ❧♦tt❡r②✿ t❤❡ tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✳ ❚❤✐s t❤❡♦r② ❝♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧ t♦ ❣✐✈❡ t♦
t❤❡ ❞❡❝✐s✐♦♥ t❤❡♦r② ❛ ♥❡✇ ❦❡② s♦ ❛s t♦ ❞❡✜♥❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ♠❡♥t❛❧ ♣❛t❤✳
■♥ ♦rt❤❡r t♦ ❞♦ t❤❛t ✇❡ ✇✐❧❧ ♥❡❡❞ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❜❛s❡❞ ✉♣♦♥ t❤❡
❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♦✉r tr❛♥s✐t✐♦♥❛❧ ♦❜❥❡❝t✱ t❤❡ ❝♦r❡ ♦❢ t❤✐s
❦✐♥❞ ♦❢ ❧♦tt❡r②✳

✶✳ ▲♦tt❡r✐❡s ❛♥❞ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥

■♥ t❤✐s ♣❛♣❡r ■ s❤❛❧❧ ❞❡s❝r✐❜❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ s♦ ❛s t♦ r✐❝❤ ❛ ✈❡r②
♣♦✇❡r❢✉❧ ♠❡t❤♦❞ ✐♥ ❝♦♠♣✉t✐♥❣ ❧♦tt❡r✐❡s✳ ■t ✇♦✉❧❞ ❜❡ ❞✐✣❝✉❧t t♦ st✉❞② ❛ tr✉t❤❢✉❧
❞❡❝✐s✐♦♥✬s ♣❛t❤ ✇✐t❤♦✉t ❝♦♥s✐❞❡r s♦♠❡ ✐♥t✉✐t✐♦♥s ✇✐t❤ r❡❣❛r❞ t♦ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳
❘❛t❤❡r✱ ✇❡ s❤❛❧❧ ❞♦ t❤❛t ❜❡❝❛✉s❡ ♦❢ t❤❡ r❛♥❞♦♠♥❡ss s♦❛❦❡s ✉♣ ❡✈❡r②t❤✐♥❣ ❝♦♥❝❡r♥s
❞❡❝✐s✐♦♥s✳ ❲❡ ❤❛✈❡ t♦ t❛❧❦ ❛❜♦✉t t❤❡ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s t♦ ✇❤✐❝❤ ❛ ❞❡❝✐s✐♦♥ ❝♦✉❧❞
❧❡❛❞ t♦ ❛♥❞ t❤✉s t❤❡ r✐s❦② ❛❧t❡r♥❛t✐✈❡s❀ ■ ❛♠ t❛❧❦✐♥❣ ❛❜♦✉t t❤❡ ❧♦tt❡r✐❡s✳ ❆ s✐♠♣❧❡
❧♦tt❡r② Z ✐s ❞❡✜♥❡❞ ❛s Z = (p1 . . . pn) ✇✐t❤ p ≥ 0 ❛♥❞ ∑n pn = 1 ✇❤❡r❡ p ✐s ❛
♣r♦❜❛❜✐❧✐t② t❤❛t s♦♠❡t❤✐♥❣ ❤❛♣♣❡♥s✳

❲❡ ❝❛♥ tr❡❛t t❤❡ ❧♦tt❡r✐❡s ✐♥ t❤✐s ❢❛s❤✐♦♥✿ ❣✐✈❡♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P)✱
❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✭❧♦tt❡r②✮ Z ∶ Ω→ R

+ ❛♥❞ t❤❡ ♠❡❛s✉r❡ µ❀ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡❛s✉r❡
♦♥ ❛ ❞❡♥s✐t② f (υ=f.µ) ✇✐t❤ r❡s♣❡❝t t♦ µ

υ(A) = ∫
A
f(x)dµ(x),

✐❢ υ,µ ❛r❡ σ✲✜♥✐t❡ ❛♥❞ υ ≪ µ ✭❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦s✮ t❤❡r❡ ❡①✐st t❤❡ ❞❡♥s✐t② f

✭❘❛❞♦♥✲◆✐❦♦❞②♠✮✳ ❲❡ ❝❛♥ ❛ss❡rt t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✱
❜✉t ✐t ❝♦✉❧❞ ❜❡ ❞✐✣❝✉❧t t♦ st❛t❡ ✐t ✐♥ ♠❛♥② ❝❛s❡s✳ ■♥ ❞❡❝✐s✐♦♥ t❤❡♦r② ✐t ✇♦✉❧❞ ❜❡
✈❡r② ❧✐❦❡❧② t♦ ❤❛✈❡ ❛ tr❛s❢♦r♠❛t✐♦♥ ✐♥ ♣r♦❝❡ss❡s✱ t❤❡r❡❢♦r❡ ✐t ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡
t♦ tr❡❛t t❤✐s s✉❜❥❡❝t ✐♥ ❝❤❛♥❣✐♥❣ ✏♣r♦❜❛❜✐❧✐t②✑✳ ❇✉t✱ ✇❤❛t ❞♦❡s ✐t ♠❡❛♥ ✏❝❤❛♥❣❡✑❄
❆♥ ✐♥t✉✐t✐✈❡ ✇❛② t♦ t❤✐♥❦ ❛❜♦✉t t❤❡ ♠❡❛♥✐♥❣ ♦❢ tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s ✐s t❤✐s✿ ■❢ ✇❡
❤❛✈❡ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ ❣✉② A ❛♥❞ ❤✐s ✉t✐❧✐t② ❢✉♥❝t✐♦♥ UA✳ ❲❡ ❦♥♦✇ t❤❛t
t✇♦ ♦❜❥❡❝ts (c, b) ❧✐❡ ♦♥ t❤❡ s❛♠❡ ✐♥❞✐✛❡r❡♥❝❡ ❝✉r✈❡✱ ❜✉t t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ♦❢
A ❛❧❧♦✇s ❤✐♠ t♦ ❜✉② ❡✐t❤❡r c ♦r b✳ ❚❤✉s✱ A ❛t t✐♠❡ t0 ✐s ✐♥ t❤❡ ♣❧❛❝❡ x0✱ ❜✉t ❤❡
✇❛♥ts b t❤❛t ✐s ✐♥ t❤❡ ♣❧❛❝❡ x1✳ ❍❡ ✇✐❧❧ ❜❡ ✐♥ t❤❡ ♣❧❛❝❡ x1 ❛t t✐♠❡ t1✱ ❤❡♥❝❡ ✐❢ ✇❡
❦♥♦✇ t❤❛t ❤❡ ✐s ❛❧r❡❛❞② ❣♦✐♥❣ t♦ x1 s♦ ❛s t♦ t❛❦❡ b ✐t ✐s ♣r❡tt② s✉r❡ t❤❛t ❤❡ ✇✐❧❧
s❛t✐s✜❡s ❤✐s b✲✇✐s❤✳ ❇✉t ✇❤✐❧❡ ✐s ✇❛❧❦✐♥❣ ❤❡ s❡❡ ❛ st♦r❡ ✇❤❡r❡ ✐t ✐s s❡❧❧✐♥❣ c✱ t❤✉s A
❝❤❛♥❣❡ ❤✐s ✇✐s❤ ❛♥❞ ❣♦❡s t♦✇❛r❞ t❤❛t st♦r❡ s♦ ❛s t♦ ❜✉② c✳ ❍❡ ❝❤❛♥❣❡❞ ❤✐s ♠✐♥❞

❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ❑♦❧♠♦❣♦r♦✈ ❊q✉❛t✐♦♥s✱ ❉❡❝✐s✐♦♥ ❚❤❡♦r②✱ ▲♦tt❡r✐❡s✳
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♣❛t❤ ❜❡❝❛✉s❡ c ✇❛s ❝❧♦s❡r t❤❛♥ b ❛♥❞ ✇❡ ❦♥♦✇ t❤❡② ❧✐❡ ♦♥ t❤❡ s❛♠❡ ✐♥❞✐✛❡r❡♥❝❡
❝✉r✈❡✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❛t t✐♠❡ t0 ✇❛s r✐❣❤t✱ ❢♦r ❤❡ r❡❛❧❧② ✇❛♥t❡❞ t♦ ❜✉② b ❛t t0✱
t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❤❛❞ ❝❤❛♥❣❡❞ ✇❤❡♥ ❤❡ s♦✇ t❤❡ st♦r❡ ♦❢ c ∼ b✳ ❲❡ ❤❛❞
t♦ ♦❜s❡r✈❡ t❤❡ ❝❤❛♥❣❡ ✐♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢r♦♠ (t0, x0) → (t1, x1) ❛♥❞ ♥♦t
❛t t❤❡ ♣♦✐♥t A ❤❛s ❝❤❛♥❣❡❞ ❤✐s ♠✐♥❞✱ ❜✉t ❛s ❛ ✢♦✇ ✐♥ t❤❡ t✐♠❡ s♣❛♥ [t1, dt, d2]✳ ❖❢
❝♦✉rs❡ dt ✐s ♥♦t ❛ ❞❡r✐✈❛t✐✈❡✱ ✐t ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ♦❜s❡r✈❡ ❛ ♣♦✐♥t ✐♥ t❤❡
♠✐❞st ♦❢ t❤❡ t✐♠❡ s♣❛♥✱ ❜✉t ✇❡ ❤❛✈❡ t♦ ❜❡ ❝❛r❡❢✉❧ t♦ t❤❡ ✢♦✇ t❤r♦✉❣❤♦✉t t❤❛t s♣❛♥✳
❲❡ ❤❛✈❡ t♦ ✉s❡ ❛ ♠❡t❤♦❞ ✇❤✐❝❤ ❛❞♠✐ts ❛ ❝❤❛♥❣❡✱ ❛♥❞ ✐♥ ❞❡❝✐s✐♦♥ t❤❡♦r② ■ r❡❦♦♥ ✐t
✇♦✉❧❞ ❜❡ ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ t♦ ❢♦r❡s❡❡ ❛ ♠♦✈❡♠❡♥t ✐♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
✇❤❡♥ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s t♦ ❞❡❝✐❞❡✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ s❤❛❧❧ s❡❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✇❤✐❝❤ ✇✐❧❧ ❛❞♠✐t ❛
❝❤❛♥❣❡ ✐♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥ ✇❡ s❤❛❧❧ s❡❡ t❤❡ tr❛♥s✐✲
t✐♦♥❛❧ ❧♦tt❡r✐❡s ♠❛❞❡ ✉♣ t❤❛t ❢r❛♠❡✇♦r❦✳ ■♥ ❬➓✶✳✶❪ ❛♥❞ ❬➓✶✳✷❪ ✇❡ s❤❛❧❧ s❡❡ t❤❡ ❢✉♥✲
❞❛♠❡♥t❛❧ t❤❡♦r② ✉♥❞❡r♣✐♥s ❡✈❡r② r❛t✐♦♥❛❧ ❞❡❝✐s✐♦♥ ♣❛t❤✳ ❚❤r♦✉❣❤ ❬➓✶✳✸❪ t♦ ❬➓✶✳✻❪
✇❡ s❤❛❧❧ ❞❡✜♥❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❬➓✶✳✼❪ ✇❤❡r❡✐♥ t❤❡r❡ ✇✐❧❧ ❜❡ ❛
❞❡✜♥✐t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✳

✶✳✶✳ ❖r❞❡rs ❛♥❞ ♣r❡♦r❞❡rs✶✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❜② ♥♦ ♠❡❛♥s ❛ ❝♦♠♣❧❡t❡ tr❡❛t♠❡♥t
♦❢ t❤❡ ♦r❞❡r t❤❡♦r②✱ ✇❤❛t ❢♦❧❧♦✇s ✐s t♦ ✐♥❞❡♥t s♦ ❛s t♦ ❣✐✈❡ ❛ ❤✐♥t ❛❜♦✉t t❤✐s t♦♣✐❝✳
❲❡ ❤❛✈❡ t♦ r❛t✐♦♥❛❧✐③❡ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r✬s ❛❝t✐♦♥✱ t❤❛t ✐s t♦ s❛②✱ ✇❡ ❤❛✈❡ t♦ ❣✐✈❡
s♦♠❡ r✉❧❡s ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❜❡♥❝❤♠❛❦❡r ❜② ✇❤✐❝❤ ♦♥❡ ❝❛♥ st✉❞② ❤♦✇ ❛ ❞❡❝✐s✐♦♥
♠❛❦❡r s❤♦✉❧❞ ❛❝t✳

❆ r❡❧❛t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡s❡ ♣r♦♣❡rt②

P1✿ x ≤ x✱ ❘❡✢❡①✐✈✐t②
P2✿ x ≤ y ❛♥❞ y ≤ x ✐♠♣❧② x = y✱ ❆♥t✐s②♠♠❡tr②
P3✿ x ≤ y ❛♥❞ y ≤ z ✐♠♣❧② x ≤ z✱ ❚r❛♥s✐t✐✈✐t②

✐s ❝❛❧❧❡❞ ❛♥ ♦r❞❡r✐♥❣ ❛♥❞ ❛ ♥♦♥✲❡♠♣t② s❡t ✇❤✐❝❤ ❤♦❧❞s s✉❝❤ ❛ r❡❧❛t✐♦♥s ✐s ❝❛❧❧❡❞
❛♥ ♦r❞❡r✳ ❲❡ ❝❛❧❧ r❡❧❛t✐♦♥ R ❢r♦♠ ❛ s❡t A t♦ ❛ s❡t B ❛ s✉❜s❡t R ⊂ A ×B✳ ●✐✈❡♥
a ∈A ❛♥❞ b ∈B✱ ✇❡ ✇r✐t❡ aRb ✭a ✐s r❡❧❛t❡❞ t♦ b✮ ✐✛ (a, b) ∈R✳ ■❢ A = B✱ ✇❡ ✇r✐t❡
A2 = A × A✱ t❤❡♥ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ R ♦♥ A ✐s ❛ s✉❜s❡t ♦❢ A2✳ ■❢ R s❛t✐s✜❡s t❤❡
♣r♦♣❡rt✐❡s (P1, P2, P3)✱ t❤❡♥✱ R ✐s ❛♥ ♦r❞❡r✐♥❣ ❛♥❞ ✇❡ ❝❛♥ ❞❡♥♦t❡ ✐t ❜② ≤✳ ■❢ a ≤ b
✇❡ s❛② t❤❛t a ✐s ♠❛❥♦r✐③❡❞ ❜② b ♦r t❤❛t b ♠❛❥♦r✐③❡s a ❬✽❪✱ t❤✉s

✶✳ a ≤ b ♠❡❛♥s t❤❛t b ≤ a
✷✳ a < b ♠❡❛♥s t❤❛t a ≤ b ❛♥❞ a≠b
✸✳ a > b ♠❡❛♥s b < a✳
■❢ R s❛t✐s✜❡s tr❛♥s✐t✐✈✐t②✱ r❡✢❡①✐✈✐t② ❛♥❞ s②♠♠❡tr②✷ ✭r❛t❤❡r t❤❛♥ ❛♥t✐s②♠♠❡tr②✮ ✇❡
❤❛✈❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ Rǫ✱ ❞❡♥♦t❡❞ a ≡ b✭♠♦❞Rǫ✮ ❛s ✇❡❧❧✳ ■❢ R ✐s tr❛♥s✐t✐✈❡
❛♥❞ r❡✢❡①✐✈❡✱ ✇❡ ♥❛♠❡❞ s✉❝❤ r❡❧❛t✐♦♥s ♣r❡♦r❞❡rs✳ ■❢ Rǫ ✐s ❛ ♣r❡♦r❞❡r✐♥❣ ♦♥ A✱ ✇❡
❝❛♥ ❞❡✜♥❡ Rǫ ♦♥ A✿ ✐❢ (a, b)(b, a)∈R ❬✽❪✳

❆♥ (A,R✮ ✐s ❛♥ ♦r❞❡r❡❞ s♣❛❝❡ ❛♥❞✱ ✐♥ ❞❡❝✐s✐♦♥ t❤❡♦r②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ A ❛ ♥♦♥✲
❡♠♣t② str❛t❡❣② s❡t ❛♥❞ R ❛ ♣r❡♦r❞❡rs ♦♥ A✳ ❆ ♣r❡♦r❞❡r ❛❧❧♦✇s ✉s t♦ ❝♦♠♣❛r❡
s❡✈❡r❛❧ str❛t❡❣✐❡s r❛t✐♦♥❛❧❧② ✭✉♥❞❡r ❛ ❝♦♥str❛✐♥t S✮✱ s♦ ✇❡ s❛② t❤❛t ❛ ♣r❡♦r❞❡r ✐s t❤❡
❞❡❝✐s✐♦♥ ♠❛❦❡r✬s r❛t✐♦♥❛❧✐t② ❜② ✇❤✐❝❤ ❤❡ ❝❛♥ ❢❛❝❡ ❛ ♣r♦❜❧❡♠✳ ❲❡ ❞❡✜♥❡ (A,R, S)
t❤❡ ❞❡❝✐s✐♦♥ ♠❛tt❡r ✇❤❡r❡ A ✐s t❤❡ ♠❛tt❡r✲str❛t❡❣✐❝ s❡t✱ R t❤❡ r❛t✐♦♥❛❧✐t② ❛♥❞ S

t❤❡ ❢❡❛s✐❜❧❡ s❡t✳

✶❚❤✐s s❡❝t✐♦♥ ✐s ❜❛s❡❞ ✉♣♦♥ ❬✷❪
✷✐❢ aRb→ bRa✳
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❲❡ ❤❛✈❡ (A,≤) ✇✐t❤ a, b ∈ A✱ ✐❢ a ∼ b t❤❡♥ a ✐s ✐♥❞✐✛❡r❡♥t t♦ b ❛♥❞ s❛t✐s✜❡s ❜♦t❤
a ≤ b ❛♥❞ b ≤ a✳ ■❢ ✇❡ ❤❛✈❡ a < b t❤❡♥ a ✐s str✐❝t❧② ❧❡ss t❤❛♥ b ♦r ❢♦r a > b ✇❡ s❛② t❤❛t
a ✐s str✐❝t❧② ❞♦♠✐♥❛♥t ♦♥ b ✐❢ a ≥ b ✭✐s ✇❡❛❦❧② ❞♦♠✐♥❛♥t✮ ❜✉t ✐t ✐s ♥♦t ✐♥❞✐✛❡r❡♥t✳

❚❤❡r❡ ❛r❡ s✉❜❥❡❝t✐✈❡ ❛♥❞ ♦❜❥❡❝t✐✈❡ ♣r❡♦r❞❡rs✱ ♦❢ ❝♦✉rs❡ t❤❡ ♠❡❛♥✐♥❣ ✐s t❤❛t ♦♥❡
❝❛♥♥♦t ✉s❡ t❤❡ s✉❜❥❡❝t✐✈❡ ♦♥❡ ✐♥ ❧✐❡✉ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ♣r❡♦r❞❡r✱ ❜✉t t❤❛t t❤❡ ❢♦r♠❡r
❤❛s t♦ ❜❡ ❛ r❡✜♥❡♠❡t ♦❢ t❤❡ ❧❛tt❡r✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❤❛✈❡ ❛ p⃗ ∈ Rn → ∃x, y ∈ (p⃗,≤
,Rn) → x ≤p y ↔ pixi ≤ piyi∀i✱ ✐t ✐s r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❛♥❞ t❤❡ ≤p≡≤s ✇❤❡r❡
si = sgn(pi)✳ ■♥ ❞❡❝✐s✐♦♥ t❤❡♦r② ✇❡ ❝❛♥ s❛② t❤❛t (R,≠) ♠❡❛♥s t❤❛t ∃ ❣♦♦❞✲❝❤♦✐❝❡s✱
❜❛❞✲❝❤♦✐❝❡s ❛♥❞ ✉♥✐♠♣♦rt❛♥t✲❝❤♦✐❝❡s (pi = 0)✱ ❢✉rt❤❡r♠♦r❡ ✐❢ −pi ✐♥ pixi ≤ piyi
♠❡❛♥s xj ≥ yj ✐t ✇♦✉❧❞ ❜❡ ❛ ❜❛❞✲❝❤♦✐❝❡ ✇❤❡r❡❛s ❛ +pi → xj ≤ yj ♠❡❛♥s t❤❛t ✐t
✇♦✉❧❞ ❜❡ ❛ ❣♦♦❞✲❝❤♦✐❝❡✳ ❚❤❡ ✇❡❛❦ ♣r❡❢❡r❡♥❝❡ ≤p ♦❢ t❤❡ y✲q✉❛❧✐t② ♠❡❛♥s t❤❛t ✐t ✐s
♥♦t ❧❡ss t❤❛♥ t❤❡ x✲q✉❛❧✐t②✱ ❛♥❞ t❤❡ y✲❜❛❞ q✉❛❧✐t② ♠✉st ❜❡ ♥♦t ❣r❡❛t❡r t❤❛♥ t❤❡
x✲❜❛❞ q✉❛❧✐t②✳ ◆♦✇ ✇❡ ❤❛✈❡ t♦ ❦♥♦✇ ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡r②✳ ●✐✈❡♥ t✇♦ ❧❛tt✐❝❡s
X = (X,≤) ❛♥❞ Y = (Y,≤) ✇❡ s❛② t❤❛t t❤❡② ❛r❡ ✐s♦♠♦r♣❤✐❝ (X ≅Y ) ❛♥❞ t❤❡ ♠❛♣
φ ∶ X → Y ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✐❢ φ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❛♥❞ a ≤ b ∈X ↔ φ(a) ≤ φ(b) ∈ Y

✳ ❲❡ ❝❛❧❧ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ❛ s❡♠✐❧❛tt✐❝❡ (A1, ○) ✐♥t♦ (A2, ○) ✐❢ φ ∶ A1 → A2 Ô⇒
ψ(a○b) = φ(a)○φ(b)✳ ■♥ t❤❡ ❞❡❝✐s✐♦♥ t❤❡♦r②✱ ✐❢ ❛ ❢✉♥❝✐t✐♦♥ f ❤❛s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✇❡
s❛② t❤❛t x ≤f y✱ t❤❡♥ y ✐s ✇❡❛❦❧② ♣r❡❢❡rr❡❞ t♦ x ❜② ♠❡❛♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ∶X → R✳
■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ♣r❡♦r❞❡r ✐♥❞✉❝❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ✐s st✐❧❧ ❛ ♣r❡♦r❞❡r ✐♥
✐ts ❞♦♠❛✐♥✳

●✐✈❡♥ X1 ❛♥❞ X2 t✇♦ ♥♦♥✲❡♠♣t② s❡ts ❛♥❞ R1 R2 ♦♥ X1 X2✱ t❤❡ ❜✐♥❛r② r❡❧❛t✐♦♥R ❞❡✜♥❡❞ ♦♥ X1 × X2∀x, y ∈ X1 × X2✱ xRy ↔ x1R1y1, x2R2y2❀ ✇❡ ❝❛❧❧ ✐t t❤❡
♣r♦❞✉❝t r❡❧❛t✐♦♥ ♦❢ R1 R2✳ ❚❤❡ ♣r❡♦r❞❡r ≤ ❞❡✜♥❡❞ ♦♥ t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ✐s
❝❛❧❧❡❞ ♣r♦❞✉❝t✲♣r❡♦r❞❡r ♦❢ ≤1,≤2✳ ❚❤❡ ♣r❡♦r❞❡r❡❞ s♣❛❝❡ (X1×X2,≤) ✐s ❝❛❧❧❡❞ t❤❡
♣r♦❞✉❝t✲♣r❡♦r❞❡r❡❞ s♣❛❝❡ ♦❢ (X1,≤1), (X2,≤2)✳ ●✐✈❡♥ t❤❡ ♣r♦❞✉❝t✱ ❛♥ x ≪ y ✐s ❛
str♦♥❣ ♣r❡❢❡r❡♥❝❡ ✭♦❢ ♠✐♥♦r✐③✐♥❣✮ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣r♦❞✉❝t✲♣r❡♦r❞❡r ♦❢ t❤❡ ♣r❡❢❡r❡♥❝❡s≤1,≤2✳

●✐✈❡♥ X ≠∅ ❛♥❞ R1 R2 ♦♥ X✳ ❚❤✉s xRy ↔ xR1y ❛♥❞ xR2y ∀ x, y ∈ X✱ ✐t ✐s
❝❛❧❧❡❞ t❤❡ ❝♦♥❥♦✐♥❡❞ r❡❧❛t✐♦♥ ♦❢ R1 R2✳ ❲❡ s❛② t❤❛t t❤❡ ♣r❡♦r❞❡r ≤ ❞❡✜♥❡❞ ♦♥ X
❜② x ≤ y ✐s ❛ ❝♦♥❥♦✐♥❡❞ ♣r❡♦r❞❡r ↔ x ≤1 y ❛♥❞ x ≤2 y ✇❤❡r❡❛s t❤❡ s♣❛❝❡ (X,≤) ✐s
❝❛❧❧❡❞ t❤❡ ❝♦♥❥♦✐♥❡❞ ♣r❡♦r❡r❡❞ s♣❛❝❡ ♦❢ (X1,≤1) ❛♥❞ (X2,≤2)✳
✶✳✷✳ ❖♣t✐♠❛❧ ❜♦✉♥❞❛r✐❡s ❢♦r ❞❡❝✐s✐♦♥✸✳ ■♥ t❤✐s s❡❝t✐♦♥ ■ ✇❛♥t t♦ ❞✐s❝✉ss t❤❡
♦♣t✐♠❛❧ ❜♦✉♥❞❛r✐❡s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♣r❡♦r❞❡r❡❞ s♣❛❝❡s✳ ❘❡♠❡♠❜❡r t❤❛t ✐♥ (X,≤) ✐❢
x0 < y ❛♥❞ t❤❡ r❡❧❛t✐♦♥ x0 ≥ y ❞♦❡s ♥♦t ❤♦❧❞ ✇❡ s❛② t❤❛t y ✐s str✐❝t❧② ♣r❡❢❡r❡rr❡❞
t♦ x0✳ ❇❡❛r✐♥❣ t❤✐s ✐♥ ♠✐♥❞✱ ❧❡t (X,≤) ❜❡ ❛ ♣r❡♦r❞❡r❡❞ s♣❛❝❡ ❛♥❞ S ❛ ♣❛rt ♦❢
X✱ x0 ∈ S✳ ❚❤❡ ❡❧❡♠❡♥t x0 ✐s ❝❛❧❧❡❞ P❛r❡t♦ ♠❛①✐♠✉♠ ♦❢ S ✭♦r ♠❛①✐♠❛❧✮ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♣r❡♦r❞❡r ≤✱ ✐❢ ∄y ∈ S ∶ y > x0✳ ❲❡ ❝❛❧❧ P❛r❡t♦ ♠❛①✐♠❛ ♦❢ S✱ t❤♦s❡
♣♦✐♥ts x0 ∈ S ∶ ∄y < x0 ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡♠ ❜② maxP≤ (S) ♠❡❛♥✇❤✐❧❡ t❤❡ s❡t ♦❢
P❛r❡t♦ ♠✐♥✐♠❛ ♦❢ S ✐s ❞❡♥♦t❡❞ ❜② minP

≤ (S)✳ ❚❤❡s❡ t✇♦ s❡ts ❛r❡ ❝❛❧❧❡❞ ♠❛①✐♠❛❧
P❛r❡t♦✲❜♦✉♥❞❛r② ♦❢ S ❛♥❞ ♠✐♥✐♠❛❧ P❛r❡t♦ ❜♦✉♥❞❛r② ♦❢ S r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ❛s ♣❧❛✐♥
❛s ❞❛② t❤❛t x0 ∈(X,≤) ✐s ❛ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡ s♣❛❝❡ ✐✛ ∀yi ≥ x0 → yi ∼ x0✳

◆♦✇ ✇❡ ❤❛✈❡ t♦ st❛t❡ t❤❛t t❤❡ ♠❛①✐♠❛❧ ❡❧❡♠❡♥ts ❛r❡ ♥♦t ❝♦♠♣❛r❛❜❧❡ ❛♠♦♥❣
t❤❡♠✱ t❤❡r❡❢♦r❡ ❧❡t S ❜❡ ❛ ♣❛rt ♦❢ ❛ ♣r❡♦r❞❡r❡❞ s❡t (X,≤)✳ ❚❤❡♥
✶✳ ✐❢ maxP1

≤ (S) ≁maxP2

≤ (S) ∴ → / ←✹

✸❚❤✐s s❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❬✸❪✳
✹■♥ t❤✐s s❡❝t✐♦♥ ∧ ❤❛s t❤❡ ❧♦❣✐❝ ♠❡❛♥✐♥❣ ♦❢ ✏❛♥❞✑ r❛t❤❡r t❤❛♥ ✏♠✐♥✐♠✉♠✑ ❛s ❛❜♦✈❡ s❡❝t✐♦♥ ❛♥❞

❜② → / ← ■ ♠❡❛♥ ✏♥♦t ❝♦♠♣❛r❛❜❧❡✑✳
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✷✳ ✐❢ (X,≤) ∧maxP1

≤ (S) ≠maxP2

≤ (S) ∴ → / ←
✸✳ ✐❢ (X,≤) ✐s ❛ t♦t❛❧❧② ♣r❡♦r❞❡r❡❞ s♣❛❝❡ t❤❡♥ ❡✈❡r② P❛r❡t♦ ♠❛①✐♠✉♠ ✐s ❛

♠❛①✐♠✉♠ ♦❢ S
✹✳ ✐❢ (X,≤) ✐s ❛ t♦t❛❧❧② ♣r❡♦r❞❡r❡❞ s♣❛❝❡ ❛ P❛r❡t♦ ♠❛①✐♠✉♠ ♦❢ S✱ ✐❢ ✐t

❡①✐sts✱ ✐s ✉♥✐q✉❡ ❛♥❞ ✐t ✐s t❤❡ ✭✉♥✐q✉❡✮ ♠❛①✐♠✉♠ ♦❢ S✳

❊✈❡r② ♠❛①✐♠✉♠ ♦❢ S ✐s ❛ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t ♦❢ S ❛♥❞ ✐t ✐s t❤❛t ✐✛ ✐t ✐s ❛ ♠❛①✐♠❛ ♦❢
S✱ t❤✉s t✇♦ ♠❛①✐♠❛❧ ❡❧❡♠❡♥ts ❛r❡ ∼ ❛♠♦♥❣ t❤❡♠ ❛♥❞ ∃! P❛r❡t♦ ♠❛①✐♠✉♠✳

❲❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t✱ ❛ s✉❜s❡t C ♦❢ ❛ ♣r❡♦r❞❡r❡❞ s❡t
X ✐s s❛✐❞ t♦ ❜❡ ❝♦✜♥❛❧ ✭r❡s♣✳ ❝♦✐♥✐t✐❛❧✮ ✐♥ X ✐❢ ∀x∈X ∃y ∈C ∶ x ≤ y ✭r❡s♣✳ y ≤ x✮✳ ❚♦
s❛② t❤❛t ❛♥ ♦r❞❡r❡❞ s❡t X ❤❛s t❤❡ ❣r❡❛t❡st ✭r❡s♣✳ ❧❡❛st✮ ❡❧❡♠❡♥t✱ t❤❡r❡❢♦r❡✱ ♠❡❛♥s
t❤❛t X ❤❛s ❛ ❝♦✜♥❛❧ ✭r❡s♣✳ ❝♦✐♥✐t✐❛❧✮ s✉❜s❡t ❝♦♥s✐st✐♥❣ ♦❢ s✐♥❣❧❡ ❡❧❡♠❡♥t❬✶❪✳ ❲❡
❝♦✉❧❞ s❛② t❤❛t ❛ ❝♦✜♥❛❧ ♣❛rt ✏t❤❡ s♠❛❧❧❡r ✐s t❤❡ ♠♦r❡ ✐s ❣♦♦❞✑✱ ❤❡♥❝❡ ❛ ♣r❡♦r❞❡r❡❞
s♣❛❝❡ ❤❛s ❛ ♠❛①✐♠✉♠ ✐✛ ∃ ❛ ❝♦✜♥❛❧ ♣❛rt ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝❧❛ss ♦❢
✐♥❞✐✛❡r❡♥❝❡✳ ❲❡ ❝❛❧❧ C t❤❡ s♠❛❧❧❡st ❝♦✜♥❛❧ ♦❢ X ✇✳r✳t✳ ≤ ✐❢ ✐t ✐s ❝♦✜♥❛❧ ❛♥❞ ✐t ✐s
❝♦♥t❛✐♥❡❞ ✐♥ ❡❛❝❤ ❝♦✜♥❛❧ ♣❛rt ♦❢ t❤❡ s♣❛❝❡ t❤❡r❡❢♦r❡ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ ❛❧❧ ❝♦✜♥❛❧ ♣❛rts ♦❢ t❤❡ s♣❛❝❡✳

●✐✈❡♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✜♥❛❧✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t ❡❛❝❤ ❝♦✜♥❛❧ ♣❛rt ♦❢ ❛♥ ♦r❞❡r❡❞
s♣❛❝❡ ❝♦♥t❛✐♥s t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s♣❛❝❡ ❛♥❞ ✐t ✐s t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡ s❡t
♦❢ ❝♦✜♥❛❧ ♣❛rts ♦❢ t❤❡ ♦r❞❡r❡❞ s♣❛❝❡ ✇✳r✳t✳ t❤❡ s❡t ✐♥❝❧✉s✐♦♥ ✐♥ t❤❡ ♣♦✇❡r✲s❡t P(x)✱
t❤✉s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❝♦✜♥❛❧ ♣❛rts ❤❛s t♦ ❜❡ ♥♦♥✲❡♠♣t② ✭❡✈❡♥ ✐❢ ✐t ❝♦✉❧❞ ❜❡✮✳ ■t
✐s tr✐✈✐❛❧ t♦ s❛② t❤❛t ✐❢ ∃ t❤❡ s♠❛❧❧❡st ❝♦✜♥❛❧ ♣❛rt ♦❢ ≤✱ t❤❡♥ ✐t ✐s ❝♦✐♥❝✐❞❡s ✇✐t❤
t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s♣❛❝❡✳ ▼♦r❡♦✈❡r✱ ❛♥ ♦r❞❡r❡❞ s♣❛❝❡ ❤❛s t❤❡ s♠❛❧❧❡st
❝♦✜♥❛❧ ♣❛rt ✐✛ t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s♣❛❝❡ ✐s ❝♦✜♥❛❧✳

❚❤❡r❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t t❤❛t ✇❡ ❤❛✈❡ t♦ ✉s❡ ✇❤❡♥ ✇❡ ❢❛❝❡ ♣r❡♦r❞❡r❡❞
s♣❛❝❡s ✇❤✐❝❤ ❛r❡ ♥♦t ♦r❞❡r❡❞ ✏t❤❡ s❛t✉r❛t❡❞ ♣❛rt ✇✳r✳t✳ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✑✳ ❲❡
❛❧r❡❛❞② ❦♥♦✇ t❤❛t ❡✈❡r② r❡❧❛t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s r❡✢❡①✐✈✐t②✱ s②♠♠❡tr② ❛♥❞ tr❛s✐t✐✈✐t②
✐s ❝❛❧❧❡❞ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ X ❬✶❪✳ ❚❤❡ ♣❛rt✐t✐♦♥ P ⊂X ✐s ❝❛❧❧❡❞ t❤❡ q✉♦t✐❡♥t
s♣❛❝❡ X ❜② t❤❡ r❡❧❛t✐♦♥ R(x)✱ ✇❡ ❞❡♥♦t❡❞ ❜② X/R ✐ts ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ✇✳r✳t✳ R
✭t❤❡ ♥♦t❛t✐♦♥ x ≡ y(modR) ✐s s♦♠❡t✐♠❡s ❛ s②♥♦♥②♠ ❢♦r R{x, y}✮ ❬✶❪✳ ❚❤❡ ♠❛♣♣✐♥❣
x↦H(x) ♦❢ X ♦♥t♦ X/R ✐s ❝❛❧❧❡❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣✳ ❚❤✉s✱ ❧❡tR ❜❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡
r❡❧❛t✐♦♥ ♦♥ X✱ ❛♥❞ A ⊂ X✳ ❚❤❡♥ x ≡ y(modR) ∈ A ✐s ❝❛❧❧❡❞ t❤❡ r❡❧❛t✐♦♥ ✐♥❞✉❝❡❞
❜② R ♦♥ A ✭RA✮✳ ❆♥ A ⊂ X ✐s s❛✐❞ t♦ ❜❡ s❛t✉r❛t❡❞ ✇✳r✳t✳ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥
R ✐❢ ❢♦r ❡❛❝❤ x ∈A t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ x ✇✳r✳t✳ R ✐s ❝♦♥t❛✐♥❡❞ ✐♥ A✱ t❤✉s ❛r❡
t❤❡ ✉♥✐♦♥s ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ✇✳r✳t✳ R✳ ■❢ f ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣♣✐♥❣ ♦❢ X ♦♥t♦
X/R t❤❡♥ ❛ s❡t ✐s s❛t✉r❛t❡❞ ✐❢ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ f−1(X) ✇❤❡r❡ X ⊂X/R ❬✶❪✳ ●✐✈❡♥
t❤❛t ✇❡ s❛② t❤❛t t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ ❛ ♣r❡♦r❞❡r❡❞ s♣❛❝❡ ✐s s❛t✉r❛t❡❞✱ ❢♦r ✐❢
x ∼ x0 ✇❤❡r❡ x0 ✐s t❤❡ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t ❛♥❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ∃y ∶ y > x → y > x0✱
❜✉t ✐t ✐s ✐♠♣♦ss✐❜❧❡ ❜② ❞❡✜♥✐t✐♦♥✳ ❙♦ x ❜❡❧♦♥❣s t♦ t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r②✳ ◆♦✇ ✇❡
❝❛♥ st❛t❡ t❤❛t ❛❧❧ ∩Sn

c ✭✐♥t❡rs❡❝t✐♦♥ ♦❢ s❛t✉r❛t❡❞ ❝♦✜♥❛❧ ♣❛rts✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s♣❛❝❡✱ ❤❡♥❝❡✱ ✐❢ t❤❡r❡ ✐s ❛ ♠❛①✐♠❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡ s♣❛❝❡✱
s✉❝❤ ✐♥t❡rs❡❝t✐♦♥ ✐s ♥♦♥✲❡♠♣t②✳

■❢ ∃ ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ r❡❛❧ ❢✉♥❝t✐♦♥❛❧ ♦♥ R
n✱ t❤❡♥ ✐❢ K ✐s ❛ ❝♦♠♣❛❝t ♣❛rt ♦❢ Rn✱

t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ K ≠ ∅ ❛♥❞ ❝♦✜♥❛❧ ❢♦r K ✇✳r✳t✳ (Rn,≤) ∴ ∃ t❤❡ s♠❛❧❧❡st
♣❛rt ♦❢ K✳

❆ tr✐♣❧❡ (X,≤, τ) ✐s s❛✐❞ t♦♣♦❧♦❣✐❝❛❧ ♣r❡♦r❞❡r s♣❛❝❡ ✇✐t❤ X ♥♦♥✲✈♦✐❞ s❡t✱ ≤ ❛
♣r❡♦r❞❡r ♦♥ X ❛♥❞ τ ❛ t♦♣♦❧♦❣② ♦♥ X✳ ■❢ t❤❡ s❡ts ♦❢ ✉♣♣❡r ✭❧♦✇❡r✮ ❜♦✉♥❞s ♦❢ ❡❛❝❤
❡❧❡♠❡♥t ♦❢ X ✇✳r✳t✳ ≤✱ ❛r❡ ❝❧♦s❡❞ ✐♥ τ ✱ t❤❡ ≤ ✐s s❛✐❞ ✉♣♣❡r ✭❧♦✇❡r✮ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
t❤❡ t♦♣♦❧♦❣② τ ✳ ❙♦ t❤❛t ❛ss✉♠❡ ∃ ♦♥ X ❛t ❧❡❛st ❛ r❡❛❧ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦s str✐❝t❧②
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✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥❛❧✱ t❤❡♥ t❤❡ ♠❛①✐♠❛❧ ❜♦✉♥❞❛r② ♦❢ ❛ ❝♦♠♣❛❝t S ✐s S ≠ ∅ ❛♥❞
❝♦✜♥❛❧ ❢♦r S✳ ▲❡t (X,≤, τ)✱ ✐❢ ❡✈❡r② ♣♦✐♥t ♦❢ X ∈ τ ✲❝❧♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ✐ts ♦✇♥
str✐❝t ✉♣♣❡r ✭❧♦✇❡r✮ ❜♦✉♥❞s✱ t❤❡♥ t❤❡ ♠❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮ ❜♦✉♥❞❛r② ♦❢ ❛ S ⊂ X ✐s
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ τ ✲❜♦✉♥❞❛r② ♦❢ S✳

✶✳✸✳ ❆♠❛t❤❡♠❛t✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥✺✳ ❲❡ ❛r❡ ❣✐✈❡♥ ❛ r❡❛❧ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡
H ✭✇✐t❤ ♥♦r♠ ∣ ⋅ ∣ ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝t ⟨⋅, ⋅⟩✮ ❬✼❪✳ ❲❡ ❞❡♥♦t❡ ❜② L(H) t❤❡ s❡t ♦❢ ❛❧❧
❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦r T ∶H →H ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ∣∣ ⋅ ∣∣✳ ❚❤❡ s❡t
♦❢ ❛❧❧ s②♠♠❡tr✐❝ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♣❡r❛t♦rs ♦❢ L(H) ✐s ❞❡♥♦t❡❞ ❜② L+(H) ❛♥❞ ✇❡
❞❡♥♦t❡ ❜② B(H) t❤❡ σ✲❛❧❣❡❜r❛ ♦❢ ❛❧❧ ❇♦r❡❧ s✉❜s❡ts ♦❢ H ❬✼❪✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥
t❤❡ ♠❡❛s✉r❡ µ✱ t❤✉s ❣✐✈❡♥ t❤❡ s❡t ♦❢ ❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s M (H) ♦♥ (H,B(H))✱
✐❢ µ∈M (H) t❤❡♥ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ❞❡✜♥❡❞ ❜②

✭✶✳✶✮ µ̂(γ) = ∫
H
ei⟨γ,x⟩µ(x), γ ∈H;

♦❜✈✐♦✉s❧② µ̂ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ µ✱ ❢✉rt❤❡r♠♦r❡ µ̂ ✉♥✐q✉❡❧② ✐❞❡♥t✐✜❡s
µ✳

●✐✈❡♥ c∈R✱ ✇❡ ❞❡✜♥❡ t❤❡ ●❛✉ss✐❛♥ ♠❡❛s✉r❡ ♦♥ R

✭✶✳✷✮ Nc,0(dx) = δc(dx)
✇❤❡r❡ δc ✐s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t c✳ ■❢ γ > 0

✭✶✳✸✮ Nc,γ(dx) = 1√
2πγ

e−
(x−c)2

2γ dx.

❚❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ Nc,γ

✭✶✳✹✮ N̂c,γ(dx) = ∫
R

eihxNc,γ(dx) = eich− 1

2
γh2

, h∈R.
◆♦✇ ✇❡ s❡t L+1(H) = L+(H) ∩L1(H) ✇❤❡r❡ L1(H) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♦♣❡r❛t♦rs ♦❢

L(H) ♦❢ tr❛❝❡ ❝❧❛ss ❬✼❪✳ ❚❤✉s✱ ❣✐✈❡♥ Q ∈L+1(H) ✐♥ ❛♥ ❛r❜✐tr❛r② s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt
s♣❛❝❡✱ t❤❡♥ ∃ ❛ ✉♥✐q✉❡ ♠❡❛s✉r❡ Nc,Q s✉❝❤ t❤❛t

✭✶✳✺✮ N̂c,Q(dx) = ∫
R

ei⟨hx⟩Nc,Q(dx) = ei⟨hx⟩− 1

2
Qh,h, h∈R.

❚❤✉s ❣✐✈❡♥ c∈H ❛♥❞ Q ∈L+1(H) ∃ ❛ ✉♥✐q✉❡ ♠❡❛s✉r❡ µ ♦♥ (H,B(H)) s✉❝❤ t❤❛t
❬✼❪

✭✶✳✻✮ ∫
R

ei⟨hx⟩µ(dx) = ei⟨c,h⟩e− 1

2
⟨Qh,h⟩, h∈R

µ ✐s ❛ ●❛✉ss✐❛♥ ♠❡❛s✉r❡ µ = Nc,Q✳ ◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡❛♥ c ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡
Q

✭✶✳✼✮ ⟨c, h⟩ = ∫
H
⟨x,h⟩µ(dx), h∈H

✭✶✳✽✮ ∫
H
⟨x − c, y⟩⟨x − c, z⟩Nc,Q(dx) = ⟨Qy, z⟩, y, z ∈H.

❲❡ s❡t L2(H,Nc,Q) = L2(H,B(H),Nc,Q)✱ ❢♦❧❧♦✇✐♥❣ ❬✻❪ ✇❡ s❛② t❤❛t ❢♦r ❛♥② h ∈H✱
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ Eh✱ ❞❡✜♥❡❞ ❛s

✭✶✳✾✮ Eh(x) = e⟨h,x⟩, x ∈H,
✺❚❤✐s s❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❬✹❪ ❛♥❞ ❬✺❪
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❜❡❧♦♥❣s t♦ Lp(H,Nc,Q)✱ p ≥ 1✱ ❛♥❞

✭✶✳✶✵✮ ∫
H
ei⟨h,x⟩Nc,Q(dx) = e⟨a,h⟩e 1

2
Qh,h.

❋✉rt❤❡r♠♦r❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ L2(H,Nc,Q) s♣❛♥♥❡❞ ❜② ❛❧❧ Eh✱ h ∈H✱ ✐s ❞❡♥s❡ ♦♥
L2(H,Nc,Q) ❬✼❪✳ ◆♦✇✱ ❣✐✈❡♥ Q ∈ L+1(H)✱ ✇❡ ❞❡♥♦t❡ ❜② (ek) ❛ ❝♦♠♣❧❡t❡ ♦rt❤♦♥♦r♠❛❧
s②st❡♠ ✐♥ H ❛♥❞ ❜② (λk) ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✭❡✐❣❡♥✈❛❧✉❡s✮ s✉❝❤ t❤❛t

Qek = λkek, ∀k ∈ N ❬✼❪✳ ❲❡ ❞❡✜♥❡ t❤❡ s✉❜s♣❛❝❡ Q
1

2 (H) t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♦❢

t❤❡ ♠❡❛s✉r❡ NQ✱ ❛♥❞ ✐❢ ❑❡rQ = {0} t❤❡♥ Q
1

2 (H) ✐s ❞❡♥s❡ ♦♥ H✳ ❲❡ ❞❡✜♥❡ t❤❡

♦♣❡r❛t♦r Q
1

2 ❛s

✭✶✳✶✶✮ Q
1

2x =
∞

∑
k=1

√
λk⟨x, ek⟩ek, x ∈H.

■ts r❛♥❣❡ Q
1

2 (H) ✐s t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ✭❛s ✇❡ ❤❛✈❡ ❥✉st s❡❡♥✮ ♦❢ t❤❡ ♠❡❛s✉r❡

NQ ❬✻❪✳ ❲❡ ❤❛✈❡ s❛✐❞ t❤❛t Q
1

2 (H) ✐s ❛ ♣r♦♣❡r s✉❜s♣❛❝❡ ♦❢ H ❛♥❞ t❤❛t ✐t ✐s ❞❡♥s❡
✐♥ H

✭✶✳✶✷✮ Q
1

2 (H) = ⎧⎪⎪⎨⎪⎪⎩y ∈H ∶
∞

∑
k=1

y2kλ
−1
k < +∞

⎫⎪⎪⎬⎪⎪⎭.
❆♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ♦❢ Q

1

2 (H) ✐s t❤❛t µ(Q 1

2 (H)) = 0✳ ❚❤✉s ❣✐✈❡♥ f ∈ Q 1

2 (H)
✇❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ Wf ∈ L2(H,µ) ❞❡✜♥❡❞ ❛s ❬✻❪

✭✶✳✶✸✮ Wf(x) = ⟨Q 1

2 f, x⟩, x ∈H.
❋♦❧❧♦✇✐♥❣ ❬✻❪ ✐t ✇♦✉❧❞ ❜❡ ✐♠♣♦rt❛♥t t♦ ❞❡✜♥❡ Wf∀f ∈ H✱ ❜✉t ✇❡ ❤❛✈❡ t♦ ❜❡

❝❛r❡❢✉❧ ❜❡❝❛✉s❡ ♦❢ ✐ts ③❡r♦ ♠❡❛s✉r❡✳ ❚❤✉s ❣✐✈❡♥ ❬✻❪

✭✶✳✶✹✮ W ∶ Q 1

2 (H) ⊂H → L2(H,µ), f →Wf ,

✇❤❡r❡ Wf(x) = ⟨x,Q 1

2 f⟩, x ∈ H✳ ❚❤❡♥ ✇❡ ❝❛♥ ❡①t❡♥❞ W t♦ ❛❧❧ H s✐♥❝❡ ✐t ✐s ❛♥

✐s♦♠♦r♣❤✐s♠✳ ❲❡ ❤❛✈❡ ✐♥ ❢❛❝t ❢♦r ❛♥② f, g ∈ Q 1

2 (H)
✭✶✳✶✺✮ ∫

H
Wf(x)Wg(x)µ(dx) = ⟨QQ− 1

2 f,Q−
1

2 g⟩ = ⟨f, g⟩.
❚❤❡ ❢✉♥❝t✐♦♥ W ✐s ✈❡r② ✐♠♣♦rt❛♥t✱ ✐t ✐s t❤❡ ✇❤✐t❡ ♥♦✐s❡ ❢✉♥❝t✐♦♥✳

✶✳✹✳ ❚❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ t❤❡ ❲✐❡♥❡r ✐♥t❡❣r❛❧✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ❇r♦✇✲
♥✐❛♥ ♠♦t✐♦♥ B ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (H,B(H), µ)✻✳ ▲❡t B(t)=Wϑ[0,t] ✱

t ≥ 0✱ ✇❤❡r❡ ϑ[0,t] ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, t]✳ ❚❤❡♥ B ✐s ❛
r❡❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ (H,B(H), µ) ❬✼❪✳

❲❡ ❝❛♥ ❞❡✜♥❡ ❛♥ H✲✈❛❧✉❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛s ❛ ♣❛✐r ♦❢ (ek)✱ (Wk(t) ✇❤❡r❡ t❤❡
❧❛tt❡r ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t r❡❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ (Ω,F , (Ft)t≥0,P)✳
❚❤✉s ✇❡ ❞❡✜♥❡

✭✶✳✶✻✮ AW (t) = ∞∑
k=1

Wk(t)Aek, t ≥ 0,
t❤❛t ✐s ❝♦♥✈❡r❣❡♥t ✐♥ L2(Ω;H) ∀A ∈ L2(H) ✭❍✐❧❜❡rt✲❙❝❤♠✐❞t ♦♣❡r❛t♦rs✮ ❛♥❞ s♦

✇❡ ❞❡✜♥❡ t❤❡ ❡①♣❡❝t❛t✐♦♥

✭✶✳✶✼✮ E∣AW (t)∣2 = tTr[AA⋆] = t∣∣A∣∣2HS

✻H = L2(0,+∞)✱ µ = NQ ✇❤❡r❡ Q ∈ L+
1
∶ ❑❡rQ = {0}✳
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❣✐✈❡♥ t❤❛t✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❲✐❡♥❡r ✐♥t❡❣r❛❧s ♦❢ r❡❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ✈❛❧✉❡s ✐♥
L2(H)✳ ▲❡t F ∈ L2([0, T ];L2(H)) ❛♥❞ T > 0

✭✶✳✶✽✮ ∫
T

0
F (s)dW (s) = ∞∑

k=1
∫

T

0
F (s)ekdWk(s),

t❤✉s

✭✶✳✶✾✮ E

RRRRRRRRRRR∫
T

0
F (s)dW (s)RRRRRRRRRRR

2

H

= ∫
T

0
∣∣F (s)∣∣2HSds;

❛♥❞ t❤❡ s❡r✐❡s ✐s ❝♦♥✈❡r❣❡♥t ✐♥ L2(Ω;H)✳
✶✳✺✳ ❙♣❛❝❡s ♦❢ ❝♦♥t✐♥✉♦s ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ Cb(H) t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ ❝♦♥s✐st✲
✐♥❣ ♦❢ ❛❧❧ ♠❛♣♣✐♥❣s ϕ ∶ H → R ✇❤✐❝❤ ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✱ ❡♥❞♦✇❡❞ ✇✐t❤
t❤❡ ♥♦r♠

✭✶✳✷✵✮ ∣∣ϕ∣∣0 ∶= x∈H

sup ∣ϕ(x)∣, ϕ ∈ Cb(H).
❲❡ ❞❡♥♦t❡ ❜② UCb(H) t❤❡ ♠❛♣♣✐♥❣s ϕ ∶ H → R t❤❛t ❛r❡ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦s

❛♥❞ ❜♦✉♥❞❡❞✳❀ ✐t ✐s ♥♦t ❛ s❡♣❛r❛❜❧❡ s♣❛❝❡ ❛❧❜❡✐t H = R✳ ❋♦❧❧♦✇✐♥❣ ❬✻❪ ✇❡ ❞❡✜♥❡
s♦♠❡ ✐♠♣♦rt❛♥t s✉❜s♣❛❝❡s✳

✭i✮ C1
b ✭r❡s♣✳UC1

b (H)✮ ✐s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦s ✭r❡s♣✳ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✲
✉♦s✮ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ϕ ∶ H → R ✇❤✐❝❤ ❛r❡ ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡
♦♥ H ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ✭r❡s♣✳✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✮ ❛♥❞ ❜♦✉♥❞❡❞ ❞❡✲
r✐✈❛t✐✈❡ Dϕ✳

✭✶✳✷✶✮ [ϕ]1 ∶= x∈H

sup ∣Dϕ(x)∣, ∣∣ϕ∣∣1 = ∣∣ϕ∣∣0 + [ϕ]1, ∀ϕ ∈ C1
b (H),

✐❢ ϕ ∈ C1
b (H) ❛♥❞ x ∈ H✱ ✇❡ ✐❞❡♥t✐❢② Dϕ(x) ✇✐t❤ t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t h

♦❢ H✿ Dϕ(x)y = ⟨h, y⟩✱ ∀y ∈H✳

✭ii✮ ■♥ ❣❡♥❡r❛❧✱ ❢♦r ❛♥② k ∈ N✱ Ck
b (H) ✭r❡s♣✳UCk

b (H)✮ ⊂ UCb(H) ♦❢ ϕ ∶H →
R ✇❤✐❝❤ ❛r❡ k✲t✐♠❡s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ H ✇✐t❤ ❝♦♥t✐♥✉♦✉s ✭r❡s♣✳
✉♥✐❢♦r♠❧②✮ ❛♥❞ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s Dh

ϕ ✇✐t❤ h ≤ k✳
✭✶✳✷✷✮ [ϕ]k ∶= x∈H

sup ∣Dϕ(x)k ∣, ∣∣ϕ∣∣k = ∣∣ϕ∣∣0 + ∣∣ϕ∣∣k, ∀ϕ ∈ Ck
b (H).

❋✉rt❤❡r♠♦r❡

✭✶✳✷✸✮ C∞b (H) = ∞⋂
k=1

Ck
b (H)

✶✳✻✳ ❚♦✇❛r❞ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥✳ ❚❤❡r❡ ✇♦✉❧❞ ❜❡ ❛ ❧♦t ♦❢ t❤✐♥❣s ❛❜♦✉t
t❤✐s ❢❛s❝✐♥❛t✐♥❣ s✉❜❥❡❝t✱ ❜✉t ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ❤❛✈❡ t♦ ❞♦ ❛ s♦rt ♦❢ s✉♠♠❛r②✳
❲❡ ❞♦♥♦t❡ ❜② K(t) t❤❡ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r

✭✶✳✷✹✮ K(t)ϕ(x) = 1

2
Tr[AA⋆D2

xϕ(x)] + ⟨x,S⋆Dxϕ(x)⟩ + ⟨f(t),Dxϕ(x)⟩.
❚❤✐s st❡♠s ❢r♦♠ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss

✭✶✳✷✺✮ { dX = SXdt +AdW (t)
X(0) = x ∈ Rd ,
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✇❤❡r❡ S ∶ D(S) ⊂ H → H ❣❡♥❡r❛t❡s ❛ C0 s❡♠✐❣r♦✉♣ etS ∶ ∣∣etS ∣∣ ≤ e−ωt✱ ω > 0✱
A ∈ L(H) ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛ H✲✈❛❧✉❡❞ ❜r♦✇♥✐❛♥ ♠♦t✐♦♥ ((ek), (Wk))✳ ❚❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✐s

✭✶✳✷✻✮ X(t, x) = etSx +WS(t), t ≥ 0,
✇❤❡r❡ t❤❡ st♦❝❤❛st✐❝ ❝♦♥✈♦❧✉t✐♦♥ WS(t) ✐s

✭✶✳✷✼✮ WS(t) = ∫ t

0
e(t−l)SAdW (l).

◆♦✇ ✭✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ X(t, x)✮ ✇❡ ❞♦ ❤❛✈❡ t♦ ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ t♦ t❤❡
st♦❝❤❛st✐❝ ❝♦♥✈♦❧✉t✐♦♥ ❛s ❛ ❲✐❡♥❡r ✐♥t❡❣r❛❧ ❢♦r ❡❛❝❤ ✜①❡❞ t

✭✶✳✷✽✮ [0, t]→ L(H), l ↦ e(t−l)SA

t❤✐s ♠❛♣♣✐♥❣ ♠✉st ❜❡❧♦♥❣ t♦ L2(0, t;L2(H))✱ s♦ t❤❛t

✭✶✳✷✾✮ ∫
t

0
Tr[elSAA⋆elS⋆]dl < ∞.

❇② ✐t ❢♦r ❛♥② t > 0 t❤❡ ♦♣❡r❛t♦r Qt ✐s ♦❢ tr❛❝❡ ❝❧❛ss

✭✶✳✸✵✮ Qtx = ∫
t

0
elSAA⋆elS

⋆

xdl, x ∈H,
✐❢ ✐t ✐s ❢✉❧✜❧❧❡❞✱ s❡tt✐♥❣

✭✶✳✸✶✮ WS(t) ∶= ∞∑
h=1
∫

t

0
e(t−l)SAehdWh(l),

✇❡ ❤❛✈❡ ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ✐♥ L2(Ω,Ft,P;H) ❛♥❞ E[∣WS(t)∣2] = TrQt✱ ❢✉r✲
t❤❡r♠♦r❡ WS(t) ✐s ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ H ✇✐t❤ ♠❡❛♥ 0 ❛♥❞
❝♦✈❛r✐❛♥❝❡ Qt ✭t❤❛t ✐s t♦ s❛② ♦❢ NQ ❧❛✇✮✳ ❚❤✉s ❜② t❤❡X(t, x) ❛♥❞ t❤❡WS(t) ✇❡ ✜♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣✱ ❝❛❧❧❡❞ t❤❡ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ s❡♠✐❣r♦✉♣

✭✶✳✸✷✮ Rtϕ(x) = ∫
H
ϕ(etSx + y)NQt

(dy), t ≥ 0, x ∈H, ∀ϕ ∈ Bb(H),
✇❤❡r❡ Bb(H) ✐s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ♠❛♣♣✐♥❣s H → R ❜♦✉♥❞❡❞ ❛♥❞ ❇♦r❡❧✱ s♦ ✐t ✐s

❛ s❡♠✐❣r♦✉♣ ♦❢ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ♦♥ UCb(H)✱ ❛♥❞ ✐t ✐s str♦♥❣❧② ❝♦♥t✐♥✉♦s
♦♥❧② ✐❢ S = 0✳ ◆♦✇ ✭✇✐t❤♦✉t ♣r♦♦❢✮ ✇❡ st❛t❡ t❤❛t t❤❡ s♣❛❝❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s
Θ(H) ✐s st❛❜❧❡ ❢♦r Rt✳

❲❡ ❦♥♦✇ ✭✷✳✶✮ t❤❛t Eh(x) = ei⟨x,h⟩ ∀h ∈H✱ x ∈H✱ ✇❡ ❤❛✈❡ ❥✉st s❛✐❞ t❤❛t Θ(H)
✐s t❤❡ ❧✐♥❡❛r s♣❛♥ ♦❢ ❛❧❧ r❡❛❧ ♣❛rts ♦❢ Eh ❢♦r h ∈ H✳ ❆❧❜❡✐t Θ(H) ✐s ♥♦t ❞❡♥s❡ ✐♥
Cb(H)✱ ❛♥② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ♣♦✐♥t✇✐s❡ ❛♣♣r♦①✐♠❛t❡❞ ❢r♦♠ ✐t ❜② ❢✉♥❝t✐♦♥s ♦❢ Θ(H)✳
❲❡ ❤❛✈❡ t♦ ♥♦t✐❝❡ t❤❛t✱ ✐♥ s❡✈❡r❛❧ ❝❛s❡s✱ t❤❡ str♦♥❣ ❝♦♥t✐♥✉✐t② ❢❛✐❧s t♦ ❤♦❧❞ ✐♥ Cb(H)
❛♥❞ t❤❛t ✐s t❤❡ ❝❛s❡ ♦❢ ❖r♥❡st❡✐♥✲❯❤❧❡♥❜❡❝❦ s❡♠✐❣r♦✉♣✳ ❚❤✉s✱ t❤❡ s❡♠✐❣r♦✉♣ Rt

❜❡❧♦♥❣s t♦ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ s❡♠✐❣r♦✉♣s ♦♥ UCb(H)✱ t❤❡ s♦ ❝❛❧❧❡❞ π−s❡♠✐❣r♦✉♣s✳ ❆

s❡q✉❡♥❝❡ (ϕn) ⊂ Cb(H) ✐s s❛✐❞ t♦ ❜❡ π−❝♦♥✈❡r❣❡♥t t♦ ❛ ♠❛♣ ϕ ❛♥❞ ✇❡ ✇r✐t❡ ϕn
πÐ→ ϕ

❛s n→∞ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❬✾❪

✭i✮ ϕ ∈ Cb(H), n≥1

sup ∣∣ϕn∣∣0 < ∞❀
✭ii✮ limx→∞ϕn(x) = ϕ(x), x ∈H.
❆ s✉❜s❡t Ξ ✐s ❝❛❧❧❡❞ π✲❞❡♥s❡ ✐❢ ❢♦r ❛♥② ϕ ∈ UCb(H) ∃ (ϕn) ⊂ Ξ ∶ ϕn

πÐ→ ϕ✳
❋♦❧❧♦✇✐♥❣ ❬✼❪✱ ❢♦r ❛♥② ϕ ∈ UCb(H) ∃ ❛ ♠✉❧t✐✲s❡q✉❡♥❝❡ ✭ϕk,n,j✮ ✐♥ ΘS(H) s✉❝❤

t❤❛t

✭i✮ limk→∞ limn→∞ limj→∞ϕk,n,j(x) = ϕ(x), ∀x ∈H
✭ii✮ ∣∣ϕk,n,j ∣∣0 ≤ ∣∣ϕ∣∣0 + 1

n
, ∀n, k, j ∈ N✳
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■❢ ϕ ∈ Θ(H) t❤❡♥ u(t, x) ∶= Rtϕ✱ ❢✉❧✜❧❧s t❤❡ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥

✭✶✳✸✸✮ { DtX(t, x) = 1
2
Tr[AA⋆D2

xu(t, x)] + ⟨x,S⋆Dxu(t, x)⟩,
u(0, x) = ϕ(x)

❣✐✈❡♥ t❤❛t ✱ t❤❡ ♦♣❡r❛t♦r

✭✶✳✸✹✮ K0ϕ(x) ∶= 1

2
Tr[AA⋆D2

xu(t, x)] + ⟨x,S⋆Dxu(t, x)⟩, x ∈H,
✐s t❤❡ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❖✳❯ ✭✶✳✷✺✮✳
❲❡ ♥❡❡❞ t❤❛t t❤❡ ❑♦❧♠♦❣♦r♦✈ ♦♣❡r❛t♦r ✭✶✳✸✹✮ ❜❡❝♦♠❡s ❝♦♥t✐♥❣❡♥t ♦♥ ❛ t✐♠❡

❞❡♣❡♥❞❡♥t ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss ✐♥ t❤✐s ❢♦r♠

✭✶✳✸✺✮ { dX = (SXdt + f(t)) +AdW (t)
X(l) = x, l ∈ [0, T ) ,

✇❤❡r❡ f ∈ C([0, T ];H)✳ ◆♦✇ ✇❡ ❤❛✈❡ X(t, l, x) ❛♥❞ Rl,tϕ(x) = E[ϕ(X(t, l, x))]✱
x ∈ H ❛♥❞ 0 ≤ l ≤ t ≤ T ✳ ❙♦ ❛❞❛♣t✐♥❣ ✇❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ ❛❜♦✈❡ t♦ t❤❡ t❤✐s ♥❡✇
❢♦r♠✱ ✇❡ ♦❜t❛✐♥

✭✶✳✸✻✮ K(t)ϕ(x) = 1

2
Tr[AA⋆D2

xϕ(x)] + ⟨x,S⋆Dxϕ(x)⟩ + ⟨f(t),Dxϕ(x)⟩,
✇❤✐❝❤ ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣

✭✶✳✸✼✮ DtRl,tϕ(x) = Rl,tK(t)ϕ(x), 0 ≤ l ≤ t ≤ T ∀ϕ ∈ ΘS(H).
❋♦❧❧♦✇✐♥❣ ❬✺❪ ✇❡ ❞❡♥♦t❡ ❜② Pk(H)✱ k ∈ N t❤❡ s❡t ♦❢ ❛❧❧ ❇♦r❡❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s

µ ✐♥ H ❛♥❞ ❜② Pk([0, T ] ×H) t❤❡ s❡t ♦❢ ❛❧❧ ♣r♦❜❛❜✐❧✐t② ❦❡r♥❡❧s s✉❝❤ t❤❛t

✭✶✳✸✽✮
t∈[0,T ]

sup ∫
H
∣x∣kµt(dx) <∞.

❚❤✉s✱ ❣✐✈❡♥ η ∈P1(H) ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ♣r♦❜❛❜✐❧✐t② ❦❡r♥❡❧ µ ∈Pk([0, T ]×H) ∶
µ0 = η ❛♥❞

✭✶✳✸✾✮
d

dt
∫
H
ϕdµt = ∫

H
K(t)ϕdµt, t ∈ [0, T ], ∀ϕ ∈ ΘS(H).

❚❤✐s ✐s t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ✭❢r♦♠ ♥♦✇ ♦♥ ❋✲P✮ ❡q✉❛t✐♦♥ ❛♥❞ ✐❢ (µt)t∈[0,T ] ❡①✐sts
✐t ✐s t❤❡ ❋✲P s♦❧✉t✐♦♥✳

❚❤❡ ❋✲P ❡q✉❛t✐♦♥ ✭✶✳✸✾✮ ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ st♦❝❤❛st✐❝ s②st❡♠s✱ ✐t ♠♦❞❡❧s
t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ s②st❡♠ ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ❜②
❞❡s❝r✐❜✐♥❣ ❣❡♥❡r✐❝ ❞r✐❢t✲❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ❋✲P ❡q✉❛t✐♦♥ ✭✶✳✸✾✮ ✐s ❛❧s♦ ❦♥♦✇♥
❛s ❑♦❧♠♦❣♦r♦✈ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥✳ ❚❤✐s ❝❛♥ ❣✐✈❡ ✉s ❛ ❤✐♥t ♦♥ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s
❡q✉❛t✐♦♥✱ t❤✉s ✇❡ ❝♦✉❧❞ s❛②✱ ✐♥❢♦r♠❛❧❧②✱ t❤❛t ❣✐✈❡♥ ❛ ❝❡rt❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡
st❛t❡ χ ♦❢ t❤❡ s②st❡♠ ∆χ ❛t t✐♠❡ s✱ ✇❡ ❤❛✈❡ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐srt✐❜✉t✐♦♥ ✭❛s ✇❡ ❤❛✈❡
s❡❡♥ ❛❜♦✈❡✮ Ps(χ)✳ ❚❤✉s✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❝❤❛♥❣❡ ✐♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛t
t✐♠❡ t > s✱ s♦ t❤❛t✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ✐♥t❡❣r❛t❡❞ ❢♦r✇❛r❞ ✐♥ t✐♠❡✳

●✐✈❡♥ s✐♠♣❧❡ ✭♦r ♥♦t✮ ❧♦tt❡r✐❡s ✐t ✇♦✉❧❞ ❜❡ ✐♥tr❡st✐♥❣ t♦ st✉❞② t❤❡✐r ✐♥ ❝❤❛♥❣✐♥❣✱
✐♥ ♦r❞❡r t♦ ♠❛♥❛❣❡ t❤❡ ❞❡❝✐s✐♦♥ t❤❡♦r② ✐♥ ❛ ♠♦r❡ ❢♦r♠❛❧ ❢❛s❤✐♦♥✳ ❍❡♥❝❡✱ ❜② t❤❡
❋✲P ❡q✉❛t✐♦♥ ✭✶✳✸✾✮ ✇❡ ❝❛♥ st✉❞② t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛♥❞
t❤✉s ✇❡ ❝♦✉❧❞ ♥❛♠❡ t❤✐s ❦✐♥❞ ♦❢ ❧♦tt❡r② t❤❡ ✏tr❛♥s✐t✐♦♥❛❧✲❧♦tt❡r✐❡s✑✳
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✶✳✼✳ ❚r❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✿ ❛♥ ✐♥t✉✐t✐✈❡ ✐♥tr♦❞✉❝t✐♦♥✳ ●✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ♣r❡♦r❞❡r❡❞ s♣❛❝❡ ❬➓✶✳✶❪ ❜② [≤;P1, P3]✱ ✇❡ ❞❡✜♥❡ χ✲♣r❡♦r❞❡r✱ ❛ ♣r❡♦r❞❡r ✇❤❡r❡

P
χ
2 ■❢ x ≤ y ❛♥❞ y ≤ x → ¬y ∨ ¬x
P

χ
4 ■❢ x ≤ ◇ ≤ y✱ ✇❤❡r❡ ◇ ✐s ❛ ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ ✇❡ ❤❛✈❡ ❛ [χ]◇µ s✉❝❤ t❤❛t

❣✐✈❡♥ x ≤ [χ]◇µ ≤ y✱ f ∶ [χ]◇µ → R ✇❡ ❞❡✜♥❡ [χ]◇µ ❛s t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡
r❡❝t❛♥❣❧❡ x ≤ χ ≤ y ❣✐✈❡♥ ❜② f ✳

❈♦r♦❧❧❛r② ✶✳ ■❢ ✐♥ ❛♥ ♦r❞❡r❡❞ s♣❛❝❡ t❤❡r❡ ❡①✐st ❛t ❧❡❛st ♦♥❡ ✉♥❞❡✜♥❡❞ χ ❛t ❛ ♣♦✐♥t✲

❢✉♥❝t✐♦♥ g ↦ R✱ t❤❡♥ ✐t ❤❛s t♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ r❡❝t❛♥❣❧❡ ♠❡❛s✉r❡ ❣✐✈❡♥ ❢r♦♠

t❤❡ ❞✐✛❡r❡♥❝❡ ∣∣{y}ci − {x}cf ∣∣✳ ❚❤❡ xcf ✐s t❤❡ s♠❛❧❧❡st ❝♦✜♥❛❧ ♣❛rt ♦❢ x ❛♥❞ yci ✐s

t❤❡ s♠❛❧❧❡st ❝♦✐♥✐t✐❛❧ ♣❛rt ♦❢ y✳

❚❤✉s✱ ❣✐✈❡♥ Pχ
2 ✱ t❤❡ {y}ci ✭r❡s♣✳ {x}cf ✮ ✐s ♠❛❞❡ ✉♣ ♦❢ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t✳

❚❤✐s st❛t♠❡♥t ✐s tr✉❡ ❢♦r ✐❢ ✇❡ ❤❛✈❡ y0 ∼ y ∈ {y}ci ✱ t❤❡♥ t❤❡ ¬y0 ∨ ¬y✳
❲❡ ❤❛✈❡ t♦ ✉s❡ t❤❡ ❈♦r♦❧❧❛r② ✶ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ t❤❛t s♦♠❡t✐♠❡s

♦❝❝✉rs✱ r❛t❤❡r ✐❢ ✇❡ ✉s❡ t❤❡ r❡❝t❛♥❣❧❡ ♠❡❛s✉r❡ ♦♥t♦ R ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ❣❡♦♠❡tr✐❝
③♦♥❡ ✇❤❡r❡✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✭♣✳❞✳❢✮ s✉r❡❧② ♣❛ss❡s t❤r♦✉❣❤✳ ❋♦r t❤❡
s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ s❛② t❤❛t ❣✐✈❡♥ ❛ s❡t X ♦❢ ❛❧❧ ❡❧❡♠❡♥ts✱ ✇❡ ❤❛✈❡ ❛ σ✲❛❧❣❡❜r❛✱ ξ✱ ♦❢
s✉❜s❡ts ♦❢ X✳ ❚❤✉s✱ ✇❡ s❛② t❤❛t (X, ξ) ✐s ❛ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡ ❛♥❞ µ ∶ ξ → [0,+∞)
✐s ❛ σ✲❛❞❞✐t✐✈❡ ❢✉♥❝t✐♦♥✱ ❤❡♥❝❡ µ ✐s ❛ ♠❡❛s✉r❡ ♦♥ (X, ξ) ❛♥❞ (X, ξ, µ) ✐s ❛ ♠❡❛s✉r❡
s♣❛❝❡✳

❲❡ ❛r❡ ❣✐✈❡♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P) ❛♥❞ ❛ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡ (X, ξ)✳ ❲❡
❛❧r❡❛❞② ❦♥♦✇ t❤❛t F ❛r❡ t❤❡ ❡✈❡♥ts✱ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❛ ♠❛♣ U ∶ Ω→X s✉❝❤ t❤❛t
I ∈ ξ → U−1(I) ∈ F ✳ ❲❡ ❝❛❧❧ ✐t ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦♥ (X, ξ) ✇✐t❤ ❧❛✇ U#P

✼✳ ❲❡
❦♥♦✇ t❤❛t FU ∶= {U−1(I) ∶ I ∈ ξ}✱ t❤✉s FU ✐s t❤❡ s♠❛❧❧❡st σ✲❛❧❣❡❜r❛ ✐♥ F s✉❝❤ t❤❛t
U ✐s ♠❡❛s✉r❛❜❧❡✳ ❲❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ (R,B(R)) r❛t❤❡r t❤❛♥ (X, ξ) ❢♦r ❥✉st✐❢②
t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

✭✶✳✹✵✮ U#P =
k⨉
i=1

(Ui)#P.
❲❡ ❞❡✜♥❡ ❛ χ✲❧♦tt❡r② (χL)✱ ❛ ❧♦tt❡r② ❡♠❜❡❞❞❡❞ ❛ χ✲♣r❡♦r❞❡r ❛♥❞ ♦♥❡ ❝❛♥ ❞❡✜♥❡

✐t ♦♥ (R,B(R)) ❜② (Ω,F ,P) ✇✐t❤ U#P✳
❖❢ ❝♦✉rs❡ ✇❡ ❤❛✈❡ s❡✈❡r❛❧ χL✱ s♦ ✇❡ ❞❡♥♦t❡ t❤❡♠ χn

L → (Rn,Bn(R)) ❡♠❜❡❞❞❡❞
✇✐t❤ t❤❡ ❣❛✉ss✐❛♥ ♠❡❛s✉r❡ Na,Q✳ ❲❡ ❝❛♥ s❡t xh = ⟨x, eh⟩✱ h ∈ N ❛♥❞ Pnx =
∑n

k=1 xkek, x ∈H,n ∈ N✳ ❚❤✉s✱ t❤❡ χn
L ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ γ✱ H → ℓ2✱ ❢✉rt❤❡r♠♦r❡

✇❡ ❤❛✈❡ t♦ ♥♦t✐❝❡ t❤❛t Pnx, ∀x ∈ ℓ2✳ ❲❡ ❤❛✈❡ t♦ st❛t❡ t❤❛t Q ✐s ♦❢ tr❛❝❡ ❝❧❛ss ❛♥❞
❞❡tQ > 0❀ t❤❡s❡ st❛t❡♠❡♥ts ❛r❡ ♥❡❡❞❡❞ ❢♦r t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ str♦♥❣❧② ❝♦♥t✐♥✉✐t②
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❛✉ss✐❛♥ ♠❡❛s✉r❡ r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❤❛✈❡ ❜✉✐❧t ❛ χn
L ✇✐t❤✐♥ ❛ ❣❛✉ss✐❛♥ ♠❡❛s✉r❡ ✐s ❡♠❜❡❞❞❡❞✱ s♦ t❤❛t ✇❡ ❞❡✜♥❡

χn
NL t❤❡ ❣❛✉ss✐❛♥ ❧♦tt❡r✐❡s✳ ❲❡ ❤❛✈❡ t♦ s❛② ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥✱ ❛ I ⊂ h ✇❤❡r❡
I = {x ∈H ∶ (x1, . . . , xn) ∈ B},B ∈ B(R)✱ ✐s ❝❛❧❧❡❞ ❝②❧✐♥❞r✐❝❛❧✳ ◆♦✇✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞
✭❛❧❜❡✐t ✐♥ ❣❡♥❡r❛❧✮ t❤❡ χn

NL✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡ t♦ ✉♥❞❡rst❛♥❞ ✭✐♥ ❛♥ ✐♥t✉✐t✐✈❡ ✇❛②✮
t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ χn

NL ❛♥❞ ✐ts tr❛♥s✐t✐♦♥✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❡ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦
s❡♠✐❣r♦✉♣✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❬➓✶✳✻❪

✭✶✳✹✶✮ Qtx = ∫
t

0
elSAA⋆elS

⋆

,

✼❚❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ♦❢ P t❤r♦✉❣❤ U ✳
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✇❤❡r❡ elS ✐s ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣ ♦♥ H✱ AA⋆ t❤❡ s❡❧❢✲❛❞❥♦✐♥t ❛♥❞

♥♦♥❡❣❛t✐✈❡ ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ♦♥ H✱ Qt ❛ tr❛❝❡ ❝❧❛ss ♦♣❡r❛t♦r ❛♥❞ elS
⋆

t❤❡ ❛❞❥♦✐♥t
s❡♠✐❣r♦✉♣ ♦❢ elS ✱ t❤✉s ❜② ❛ NQ ❧❛✇ t❤❡ ❖✲❯ s❡♠✐❣r♦✉♣

✭✶✳✹✷✮ Rtϕ(x) = ∫
H
ϕ(etSx + y)NQ(dy).

❲❡ ❤❛✈❡ s❛✐❞ ❬➓✶✳✻❪ t❤❛t ✉♥❧❡ss etS = I ✭✐❞❡♥t② ♠❛tr✐①✮ ❢♦r ❛♥② t ≥ 0✱ Rt ✐s ♥♦t
❛ str♦♥❣❧② ❝♦♥t✐♥✉♦s s❡♠✐❣r♦✉♣ ♦♥ UCb(H)✱ t❤✉s ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❬➓✶✳✻❪ t❤❡
π✲s❡♠✐❣r♦✉♣ s♦ ❛s t♦ ❞❡✜♥❡ Rt ✐♥ ✐t✳ ❚❤❡r❡ ✐s s♦♠❡t❤✐♥❣ t♦ s❛②✱ ❢♦❧❧♦✇✐♥❣ ❬✼❪✱ ✇❡
❝❛❧❧ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭♦❢ t❤❡ π✲s❡♠✐❣r♦✉♣✮✱

✭✶✳✹✸✮ { D(Lπ) = {ϕ ∈ UCb(H) ∶ ∃ψ ∈ UCb(H) ∶∆hϕ
πÐ→ ψ, h→ 0},

Lπ(ϕ) = ψ,
✇❤❡r❡ ∆h = 1

h
(Rh−I) ✇✐t❤ h > 0✳ ❚❤✉s✱ D(Lπ) ✐s ❞❡♥s❡ ✐♥ UCb(H)✱ ❤❡♥❝❡ ✐❢ ϕ ∈

D(Lπ) t❤❡♥ Rtϕ ∈D(Lπ) ∀t ≥ 0✳ ❆♥ ✐♠♣♦rt❛♥t t❤✐♥❣ ✐s ❣✐✈❡♥ t❤❛t ϕ ∈D(Lπ) t❤❡♥
Rtϕ(x) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ∀t ≥ 0✳ ❚❤✉s✱ t❤❡ r❡s♦❧✈❡♥t ρ(Lπ) = Rt(z,Lπ) ∶= (z −Lπ)−1
❝♦♥t❛✐♥s (0,+∞)✱ ❜② ❍✐❧❧❡✕❨♦s✐❞❛ t❤❡♦r❡♠

✭✶✳✹✹✮ R(z,Lπ)φ(x) = ∫ ∞

0
e−ztRtφ(x)dt, φ ∈ UCb(H), z > 0, x ∈H.

❚❤✐s ✐s t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t✱ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ❦❡❡♣ ✐♥ ♠✐♥❞
t❤❛t ❡✈❡r② str♦♥❣❧② ❝♦♥t✐♥✉♦s s❡♠✐❣r♦✉♣ ❝❛♥ ❜❡ r❡s❝❛❧❡❞ t♦ ❜❡❝♦♠❡s ❜♦✉♥❞❡❞✳ ❲❡

✜♥❞ t❤❛t ✐❢ ϕk
πÐ→ ϕ✱ ❤❡♥❝❡ R(z,Lπ)ϕk

πÐ→ R(z,Lpi)ϕ, ∀z > 0✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ C0✲s❡♠✐❣r♦✉♣ ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ s♦ ❛s t♦ ❣✐✈❡ ❛ str♦♥❣

❢r❛♠❡✇♦r❦ ❢♦r t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❝❡ss✳ ●✐✈❡♥ ❛♥ ❖✲❯ ♣r♦❝❡ss ✭✶✳✸✺✮ ∃ ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ X(⋅, l, x) ♦♥ [0, T ] ❣✐✈❡♥ ❜②

✭✶✳✹✺✮ X(t, l, x) = e(t−l)Sx +∫ t

l
e(t−r)Sf(r)dr +∫ t

l
e(t−r)SAdW (r),

✇✐t❤ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ e(t−l)Sx +ml,t ❛♥❞ Qt−l r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱ ∀t, l ∶ 0 ≤
l ≤ t ≤ T ❛♥❞ ϕ ∈ Bb,1(H) ✇❡ ❣❛✐♥ t❤❡ tr❛♥s✐t✐♦♥ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r✽

✭✶✳✹✻✮ Rl,tϕ(x) = E[ϕ(X(t, l, x))], x ∈H.
●✐✈❡♥ t❤❡ ❧❛✇ ♦❢ ●❛✉ss✐❛♥ ♠❡❛s✉r❡

✭✶✳✹✼✮ Rl,tϕ(x) = ∫
H
ϕ(y)Ne(t−l)Sx+ml,t,Qt−l

(dy).
❲❡ ❝❛♥ ❞❡✜♥❡ t❤❡ tr❛♥s✐t✐♦♥✱ t❤✉s t❤r♦✉❣❤ t❤❡ ❢♦r✇❛r❞ ❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥

✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ ❝❤❛♥❣✐♥❣ ❢r♦♠ l → t✳ ❲❡ ❤❛✈❡ ✉♥❞❡rst♦♦❞ t❤❡
tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣ ✐♠♣♦rt❛♥❝❡✱ ❛♥❞ ❤♦✇ ❛ ❝❤❛♥❣❡ ❝❛♥ ❤❛♣♣❡♥✳ ❇✉t✱ ■ ❤❛✈❡ ♣❛ss❡❞
♦✈❡r s♦♠❡ t♦♣✐❝s t❤❛t ❛r❡ ❜❡②♦♥❞ t❤❡ ❛✐♠ ♦❢ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ ❢♦r ❡①❛♠♣❧❡ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❦❡r♥❡❧ ❛♥❞ ✐ts s♠♦♦t❤♥❡ss ❛♥❞ t❤❡ st✉❞② ♦❢ s❡♠✐❣r♦✉♣
✐♥ ❛ ❞❡❡♣ ❢❛s❤✐♦♥ t❤❛t ■ r❡❦♦♥ ✐t ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ χn

NLπ
✳ ❚❤❡s❡ ❛♥❞

♦t❤❡r s✉❥❡❝ts ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❛♥♦t❤❡r ♣❛♣❡r t❤❛t ❣♦❡s ✐♥ ❢♦r t❤✐s t♦♣✐❝✳
❋♦r ♥♦✇ ✇❡ ❦♥♦✇ t❤❛t s♦ ❛s t♦ ❤❛♥❞❧❡ ✇✐t❤ ❞❡❝✐s✐♦♥ ♠❛tt❡r✱ ✇❡ ❤❛✈❡ t♦ st✉❞②

♥♦t ♦♥❧② t❤❡ ♣❤♦t♦❣r❛♣❤ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❛t ❛ ♠♦♠❡♥t ✐♥ t✐♠❡✱ ❜✉t ❛❧s♦ t❤❡ ♣♦s✲
s✐❜❧② ❡✈♦❧✉t✐♦♥ ❢r♦♠ t0 t♦ t1✳ ■♥ t❤❡ ♠✐❝r♦❡❝♦♥♦♠✐❝ t❤❡♦r② ✇❡ ♦❜t❛✐♥ ❛ ✏tr❛♥s✐t✐♦♥❛❧

✽Bb,1(H) ✐s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❇♦r❡❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ❧✐♥❡❛r ❣r♦✇t❤✱ ϕ ∈ Bb,1(H) ✐✛ ∣∣ϕ∣∣b,1 ∶=

supx∈H
∣ϕ(x)∣
1+∣x∣

< ∞✳
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❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✑ ✇❤❡r❡ ✭❜② t❤❡ ❡✳✉✳❢✳ t❤❡♦r❡♠✮ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r✬s ♣r❡❢✲
❡r❡♥❝❡s ♦✈❡r ❧♦tt❡r✐❡s ❤❛✈❡ t♦ s❛t✐s❢② t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛①✐♦♠s ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t②✳
❖✉r ❧♦tt❡r② s❛t✐s✜❡s t❤❡s❡ ♣r♦♣❡rt② s♦ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ r❡❛s♦♥✐♥❣ ♦❢ χ✲❧♦tt❡r✐❡s t♦
t❤❡ χE✲✉t✐❧✐t② ❢✉♥❝t✐♦♥✳

✶✳✽✳ ❈♦♥❝❧✉s✐♦♥s✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ s❡❡♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ♦❢ t❤❡
tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✬ t❤❡♦r②✳ ❲❡ ❤❛✈❡ ✉s❡❞ ❛ ❇r♦✇♥✐❛♥✲❛♣♣r♦❛❝❤ ❛♥❞ ❜② s❡✈❡r❛❧
♦❜❥❡❝ts ✇❡ ❤❛✈❡ ❜✉✐❧t ❛♥ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❜② ✇❤✐❝❤ t❤❡ tr❛♥s✐t✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳
❚❤✐s ❦✐♥❞ ♦❢ ❧♦tt❡r② ❤❛s t♦ ❜❡ s❡❡♥ ❛s ❛ ❣r♦✉♥❞ ✉♣♦♥ ✇❤✐❝❤ t❤❡ ❞❡❝✐s✐♦♥ t❤❡♦r② ♠❛②
❧✐❡✱ ❡❛❝❤ ❞❡❝✐s✐♦♥ ✐s ❡♠❜❡❞❞❡❞ ✇✐t❤ ✉♥❝❡rt❛✐♥t② ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s ❛❞♠✐t
❛ st♦❝❤❛st✐❝ ✇♦r❧❞✱ ❜✉t t❤❡② ❛❧s♦ ❛❞♠✐t ❛ ❝❤❛♥❣❡ ✐♥ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛s
t✐♠❡ ❣♦❡s ❜②✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡✜♥❡ t❤❡ t❡❝❤♥✐❝❛❧ r❡✜♥❡♠❡♥ts ♦❢ t❤❡
t❤❡♦r②✱ t❤✉s ✐t ✐s ♥♦t ♥❡❡❞ ❛ ❞❡❡♣ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s ❛♣♣❧✐❝❛t✐♦♥✱
❛ ❤✐♥t ❛❜♦✉t ✐t ✐s ❡♥♦✉❣❤✳ ❋♦r ♥♦✇ ✇❡ ✇❛♥t t♦ ❛❦s✿ ✇❤❛t ❛r❡ t❤❡ ❜r✐❝❦s ❜② ✇❤✐❝❤ t❤❡
tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✬ t❤❡♦r② ✐s ♠❛❞❡ ♦❢❄ ❚❤✐s ♣❛♣❡r ✐s ✐♥t❡♥❞❡❞ t♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r
t♦ t❤✐s q✉❡st✐♦♥✳
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