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❋❘❆◆❈❊❙❈❖ ❙❚❘❆❚■

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ■ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♠❡t❤♦❞ ❜② ✇❤✐❝❤ ✐t ✐s ♣♦ss✐❜❧❡
t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝❛❧ ❞❡❝✐s✐♦♥ ♠❛❦❡r✬s ❜❡❤❛✈✐♦✉r✳ ■t ❝❛♥ ❜❡ t♦✉❣❤t ♦❢ ❛s ❛♥
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ S✲▲✐♥❡❛r ❆❧❣❡❜r❛ ♦❢ Pr♦❢❡ss♦r ❉❛✈✐❞ ❈❛r❢ì✱ t❤✉s t❤✐s t❤❡♦r②
✐t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✳ ■ s❤❛❧❧ ❢♦❝✉s ♦♥ t❤❡ ❋❡②♥♠❛♥✬s ♣r♦♣❛❣❛t♦r ❛♥❞
t❤✉s t❤❡ ❋❡②♥♠❛♥✲❙tr❛t✐ ♣r♦♣❛❣❛t♦r✳ ❚❤❡ ❧❛tt❡r st❡♠s ❢♦r♠ t❤❡ ❢♦r♠❡r✳ ■t
✇✐❧❧ ❜❡ ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ s♦ ❛s t♦ ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ t♦ ❜♦t❤ t❤❡ ❡✈♦❧✉t✐♦♥
❛♥❞ t❤❡ ❍✲♦♣❡r❛t♦r ❜② ✇❤✐❝❤ ■ s❤❛❧❧ ❞❡r✐✈❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤✐s ❦✐♥❞
♦❢ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥ γp✳ ❚❤❡♥ ■ s❤❛❧❧ ❞❡✜♥❡ t❤❡ S✲tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r②✬s
♠❡❛♥✐♥❣ ❛s t❤❡ γp✬s ♠♦t✐♦♥✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ■ s❤❛❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ S✲tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✱ ✐ts ♠❡❛♥✐♥❣
❛♥❞ t❤❡ t♦♦❧ ✇❡ ❤❛✈❡ t♦ ✉s❡ s♦ ❛s t♦ ❝♦♠♣✉t❡ t❤✐s ❦✐♥❞ ♦❢ ❧♦tt❡r②✱ t❤❡ ❋❡②♥♠❛♥

♣r♦♣❛❣❛t♦r✳ ❇✉t t❤❡ ❋❡②♥♠❛♥✬s tr❛♥s✐t✐♦♥ ❛♠♣❧✐t✉❞❡ t❤❡♦r❡♠ ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ❛
t♦♦❧ ✇❤✐❝❤ st❡♠s ❢r♦♠ t❤❡ S✲▲✐♥❡❛r ❆❧❣❡❜r❛ r❛t❤❡r t❤❛♥ ❢r♦♠ ❍✐❧❜❡rt s♣❛❝❡s✱ ✐♥
❈❛r❢ì✬s ✇♦r❞s ❬✶❪✿

❖❢ t❤✐s t❤❡♦r❡♠ t❤❡r❡ ✐s ♥♦ ❛ r✐❣♦r♦✉s ♣r♦♦❢✱ ♥❡✐t❤❡r ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ ❍✐❧❜❡rt s♣❛❝❡s✱ ❜✉t t❤✐s ✐s ♥♦t t❤❡ ✇♦rs❡ ♣r♦❜❧❡♠❀ t❤❡ ✈❡r② ❝r✐t✐❝❛❧

♣♦✐♥t ✐s t❤❛t t❤❡r❡ ✐s ♥♦t ❛ ❝❧❡❛r✱ ✉♥✐✈♦❝❛❧ ❛♥❞ ✉♥❛♠❜✐❣✉♦✉s st❛t❡♠❡♥t

♦❢ t❤❡ r❡s✉❧t❀ t❤✐s ❛✛❡❝t ❜❛❞❧② ♦♥ t❤❡ ✉s❡ ♦❢ t❤✐s ✐♥❞✉❜✐t❛❜❧② ❣♦♦❞ r❡s✉❧t✱

✜rst❧② ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❛t ✐s t❤❡ ♣r❡❝✐s❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ s②♠❜♦❧s

❛♥❞ ♦♣❡r❛t✐♦♥s t❤❛t ❋❡②♥♠❛♥ ♣r❡s❡♥ts✱ ❛♥❞ s❡❝♦♥❞❧② ❜❡❝❛✉s❡ t❤❡ ❝♦♥✲

t❡①t ♣r♦♣♦s❡❞ ✭t❤❡ ❍✐❧❜❡rt s♣❛❝❡s✮ ❛♣♣❡❛rs✱ ❛t ❛ ❞❡❡♣ ✈✐❡✇✱ ✐♥❛❞❡q✉❛t❡

✐♥❞❡❡❞ ❢♦r ✐ts ❛♣♣❧✐❝❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐ts ❡✣❝✐❡♥❝② ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✱

t❤❛♥❦s t♦ t❤❡ ❣♦♦❞ ✐♥t✉✐t✐♦♥s ♦❢ ♣❤②s✐❝✐sts✱ ♠❛❞❡ ✐t ❛ ❜❛s✐❝ ✐♥str✉♠❡♥t ✐♥

♠❛♥② q✉❡st✐♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧✱ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s

♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳

❚❤❡ ✐♥tr❡st✐♥❣ ♣♦✐♥t ✐s t❤❛t t❤❡ S✲▲✐♥❡❛r ❆❧❣❡❜r❛ ✭SA✱ ❤❡♥❝❡❢♦rt❤✮ ✐s ❛ ❜r✐❧❧✐❛♥t
t♦♦❧ ❜❡❝❛✉s❡ ♦❢ ✐ts ❛❜✐❧✐t② t♦ s✐♠♣❧✐✜❡s t❤❡ t❡❞✐♦✉s ❢r❛♠❡✇♦r❦ t❤❛t st❡♠s ❢r♦♠ t❤❡
✏❝❛♥♦♥✐❝❛❧✑ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ♣♦✇❡r✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡
❛ ♣❛rt✐❝✉❧❛r ❦✐♥❞ ♦❢ tr❛♥s✐t✐♦♥ ❛♠♣❧✐t✉❞❡✱ t❤❡ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✇❡ s❤❛❧❧
❞❡♣✐❝t t❤❡ ♣❛ss❛❣❡ ❢r♦♠ ❛ ♣✉r❡ st❛t❡ ✉ t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❡✐❣❡♥st❛t❡s ♦❢ ❛♥ S✲♦❜s❡r✈❛❜❧❡
ω✳ ❙✉r❡❧② ✇❡ ❛r❡ ❛❝q✉❛✐♥t❡❞ ✇✐t❤ t❤❡ Aω = λω✱ ✇❤❡r❡ λ ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ❤❡♥❝❡
✇❡ ❦♥♦✇ t❤❡ ❢♦r♠✉❧❛t✐♦♥

✭✶✳✶✮ A(u) = ∫
Rn

λ[u∣ω]ω.
❲❡ ❞❡♥♦t❡ ❜② ω t❤❡ ❡✐❣❡♥❜❛s✐s ♦❢ ❛♥ S✲♦❜s❡r✈❛❜❧❡✱ t❤❡ ♦♣❡r❛t♦r A(u) ∈ L (S′n)

❛♥❞ ✉ ✐s ❛ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥✳ ●✐✈❡♥ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❞✉❝t
✶
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❋✐❣✉r❡ ✶✳✶✳ ❞❡❝✐s✐♦♥ ♣❛t❤s

✉ ✇✐t❤ t❤❡ ❢❛♠✐❧② ω✱ t❤❡ r❡s✉❧t ✐s ❛ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥✱ ❜✉t ✐♥ ❣❡♥❡r❛❧ ♥♦t ❛
r❡❣✉❧❛r ♦♥❡ ❬✶❪✳

■♥ ♦r❞❡r t♦ ❣r❛s♣ tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✬ ✭❚❙✱ ❤❡♥❝❡❢♦rt❤✮ ♠❡❛♥✐♥❣ ✇❡ ❤❛✈❡ t♦
❞❡✜♥❡ ✇❤❛t ❦✐♥❞ ♦❢ ❧♦tt❡r② ✐s ❛♥❞ t♦ ✇❤❛t ❦✐♥❞ ♦❢ t✐♠❡ ✇❡ ❛r❡ ❤❛♥❞❧❡ ✇✐t❤✳ ❲❤❡♥
✇❡ ❛r❡ t❛❧❦✐♥❣ ❛❜♦✉t ❚❙✱ ✇❡ ❛r❡ t❛❧❦✐♥❣ ❛❜♦✉t ❞②♥❛♠✐❝ ♦❜❥❡❝ts✱ r❛t❤❡r ✐❢ ✇❡ ✉s❡
t❤❡♠ ✇❡ ✇❛♥t t♦ st✉❞② ❛❧❧ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♣❛t❤s ✇❤✐❝❤ ❝❛♥ ❧❡❛❞ t♦ ❛ ❝❡rt❛✐♥ ❞❡❝✐s✐♦♥✳
■♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❢❛s❤✐♦♥✿ ❛ ♠❛♥ ❝❛❧❧❡❞ ❆✱ ❤❛s t♦ ♠❛❦❡ ❛ ❞❡❝✐s✐♦♥ ♦♥ s♦♠❡t❤✐♥❣ ❛t
t✐♠❡ t0✳ ❆t t❤❛t ♣♦✐♥t ✐♥ t✐♠❡ ❆ ✐s ❣♦✐♥❣ t♦ ♠❛❦❡ t❤❡ ❞❡❝✐s✐♦♥ a✱ ❛♥❞ ✐t ✐s ♣r❡tt②
s✉r❡ ✭❬❋✐❣✳✶✳✶❪ ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✮✳ ❲❡ ❝❛♥ ❛❝❝❡♣t t❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✇❡ ✇❡r❡ ❧✐✈✐♥❣ ✐♥ ❛ ❝❡t❡r✐s ♣❛r✐❜✉s✲✇♦r❧❞✱ ❜✉t ✐t ✐s ♥♦t s♦✳ ❙✐♥❝❡ ♦✉r ✇♦r❧❞ ✐s
❞✐✣❝✉❧t t♦ ❜❡ ❛ ♣r✐♦r✐ ✲❞❡t❡r♠✐♥❡❞ ✇❡ ❤❛✈❡ t♦ ✉s❡ s♦♠❡ ♠❡t❤♦❞s ✇❤✐❝❤ ❛r❡ ❛❜❧❡ t♦
❣✐✈❡ ✉s ❛ ♣r♦❜❛❜✐❧✐t② t❤❛t ❝❛♥ ❞❡♣✐❝t ❛ ♣r♦❜❛❜❧❡ ♦✉t❝♦♠❡✳ ❚❤✉s✱ t❤❡ a ✐s ♥♦ ♠♦r❡
s♦ s✉r❡✱ ❜❡❝❛✉s❡ t❤❡ ❞❡❝✐s✐♦♥ ❝♦✉❧❞ ❜❡ ❛ b ♦r ❛ c ❛♥❞ s♦ ❢♦rt❤ ✭❬❋✐❣✳✶✳✶❪ ♦♥ t❤❡ r✐❣❤t
❤❛♥❞ s✐❞❡✮✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t ✇❡ ✇❛♥t t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✐♥s✐❞❡ t❤❡ ❣r❡②✲
❝✐r❝❧❡ ❬❋✐❣✳✶✳✶❪✱ ❛♥❞ ✇❡ ❝❛♥ ❞♦ t❤❛t ❜② t❤❡ ❚❙✳ ❲❡ ❞♦ ♥♦t ❝❛r❡ ❛❜♦✉t ❧♦♥❣ s♣❛♥ ♦❢
t✐♠❡✱ ✇❡ ✇❛♥t t♦ ❞✇❡❧❧ ♦♥ ❛ s❤♦rt s♣❛♥ ♦❢ t✐♠❡ t0 → t1✳ ❖❢ ❝♦✉rs❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
s♣❛♥✬s ❧❡♥❣❤t ✐s ❛r❜✐tr❛r②✱ ❜✉t t❤❡ ♠♦r❡ t❤❡ t✐♠❡ ❣♦❡s ❜②✱ t❤❡ ♠♦r❡ ✐s ❞✐✣❝✉❧t t♦ ❜❡
❛✇❛r❡ ♦❢ ❛ ❢✉t✉r❡ ♦✉t❝♦♠❡✳ ❲❡ ❤❛✈❡ t♦ st✉❞② t❤❡ ♣♦ss✐❜❧❡ ♠✐♥❞✲♣❛❤ts t❤r♦✉❣❤♦✉t
[t0 ↭ t1]✱ t❤✐s ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♦❜s❡r✈❡ t❤❡ ✢♦✇ ♦❢ ✏✐♥❢♦r♠❛t✐♦♥✲t✐♠❡✑ ✭❞❡♥♦t❡❞
❜② ↭✮ ✇❤✐❝❤ ❣♦❡s ❢r♦♠ t0 t♦ t1✳ ❚❤✐s t✐♠❡✲s♣❛♥ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ❝❧♦s❡❞
s❡t✱ r❛t❤❡r ✇❡ ❝♦✉❧❞ ❞❡♥♦t❡ ❛♥ ✐♥✜♠✉♠ t0 ❛♥❞ ❛ s✉♣r❡♠✉♠ t1 ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ t❤❡
✐♥❢♦r♠❛t✐♦♥✲t✐♠❡ s❡t [t0 ↭ t1]✳

✷✳ ❚❤❡ ❋❡②♥♠❛♥✲❙tr❛t✐ S✲♣r♦♣❛❣❛t♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤❛❧❧ st✉❞② ❛ ♣❛rt✐❝✉❧❛r ❦✐♥❞ ♦❢ ♣r♦♣❛❣❛t♦r ✇❤✐❝❤ st❡♠s ❢r♦♠
t❤❡ ❋❡②♥♠❛♥ ♦♥❡✱ t❤❡ s♦ ❝❛❧❧❡❞ ✏❋❡②♥♠❛♥✲❙tr❛t✐ S✲♣r♦♣❛❣❛t♦rs✑ ✭❋✲❙ ♦r ❋❙ ❤❡♥❝❡✲
❢♦rt❤✮✳ ❲❡ ❤❛✈❡ t♦ ♠♦❞✐❢② t❤❡ ❝♦♥❝❡♣t ♦❢ ❋❡②♥♠❛♥ ♣r♦♣❛❣❛t♦s ❜❡❝❛✉s❡ ♦❢ ✐ts str♦♥❣
❧✐♥❦ ✇✐t❤ ◗✉❛♥t✉♠ ▼❡❝❤❛♥✐❝s✱ ❜✉t ✇❤❡♥ ✇❡ ❛r❡ t❛❧❦✐♥❣ ❛❜♦✉t ♠✐♥❞✲♣❛t❤s ✇❡ ❝❛♥
♥♦t t❛❧❦ ✏q✉❛♥t❛✲❧✐❦❡✑✳ ■ s❤❛❧❧ ✉s❡ t❤❡ ❋❡②♥♠❛♥ ♣r♦♣❛❣❛t♦rs ❞❡✈❡❧♦♣❡❞ ❜② ❈❛r❢ì ❬✶❪
❬✷❪✱ t❤✉s✱ ❧❡t ♠❡ r❡❝❛❧❧ s♦♠❡ ✉s❡❢✉❧ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶ ✭❋❡②♥♠❛♥ ♣r♦♣❛❣❛t♦r✮✳ ❲❡ ❝❛❧❧ ❛ ❢✉♥❝t✐♦♥

✭✷✳✶✮ P ∶ R2 → S(Rn,S ′n)

❛ ❋❡②♥♠❛♥ S✲♣r♦♣❛❣❛t♦r ✐❢✿

F1 P (t, t) = δ ∀t ∈ R ❀
F2 P (t0, t) ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ P (t0, t) = P (t, t0)

−1 ∀t0, t ∈ R ❀
F3 P (t0, t2) = P (t0, t1) × P (t1, t2)✳
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❋✐❣✉r❡ ✷✳✶✳ s✐♠♣❧❡ ❋✲❙ ♣r♦♣❛❣❛t♦r

❉❡✜♥✐t✐♦♥ ✷ ✭Pr♦♣❛❣❛t♦r ♦❢ ❛ ♣r♦❝❡ss✮✳ ▲❡t u ∶ R→ S ′n ❜❡ ❛ ❞②♥❛♠✐❝ ♣r♦❝❡ss✳ ❲❡
s❛② t❤❛t ❛ ♣r♦♣❛❣❛t♦r ✭✷✳✶✮ ✐s ❛♥ S✲●r❡❡♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♣r♦❝❡ss u ✐❢

✭✷✳✷✮ u(t) = ∫
R

u(t0)P (t0, t) ∀t0, t ∈ T.

■♥ ❬❉❊❋✷❪ ✇❡ ✉s❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ s✉♣❡r♣♦s✐t✐♦♥ ❬✷❪✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ st❛t❡ ♦❢
u ❛t t✐♠❡ t ✐s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ✭✷✳✷✮ ♦❢ t❤❡ ❢❛♠✐❧② P (t0, t) ✇✳r✳t✳ t❤❡ s②st❡♠ ♦❢
❝♦❡✣❝✐❡♥ts ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ t❤❡ st❛t❡ ♦❢ u ❛t t0✳ ❚❤✉s✱ t❤❡ S✲♣r♦♣❛❣❛t♦r ❝❛♥ ❜❡
t❤♦✉❣❤t ♦❢ ❛s ❛ ❣r♦✉♥❞ ✉♣♦♥ ✇❤✐❝❤ ❛ st❛t❡ ❝❛♥ ✇❛❧❦✳ ◆♦✇ ✇❡ ❝❛♥ ❧♦♦❦ ❛t ❛♥♦t❤❡r
✐♠♣♦rt❛♥t ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✸ ✭❋✲❙ ♣r♦♣❛❣❛t♦r✮✳ ●✐✈❡♥ ✭✷✳✶✮ ✇❡ ❞❡✜♥❡ ❛♥ S✲♣r♦♣❛❣❛t♦r t❤❡ ❋❡②♥♠❛♥✲
❙tr❛t✐ ♣r♦♣❛❣❛t♦r ✐✛ ❢♦r ❡✈❡r② P (t0,L , t) ∃L ∶ (t0,L ) → (L , t) ❣✐✈❡s ♣r♦❜❛❜✐❧✐st✐❝
♣❛t❤s c(t)Ω✳

■t ✐s ♦❜✈✐♦✉s t❤❛t ❬❉❊❋✸❪ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ [t0 ↭ t1]✱ ❜✉t ✇❤❛t ❞♦❡s
❬❉❊❋✸❪ ♠❡❛♥❄

■♥ ❢❡✇ ✇♦r❞s✱ ✇❡ s❛② t❤❛t ✇❤❡♥ ✇❡ ♠♦✈❡ ❢r♦♠ ❛♥ ❛❜str❛❝t ♣❧❛❝❡ j ❛t t0 t♦✇❛r❞
❛♥♦t❤❡r ❛❜str❛❝t ♣❧❛❝❡ j1✱ ✐♥ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ❝♦♠❡ ❛❧♦♥❣ ❛t t✐♠❡ t1✱ ✏s♦♠❡t❤✐♥❣
❤❛♣♣❡♥s✑✳ ❚❤✐s ✐s ❛♥ ✐♥t✉✐t✐✈❡ ✇❛② t♦ t❤✐♥❦ ❛❜♦✉t ❋❙ ♣r♦♣❛❣❛t♦r✱ ❛❧❜❡✐t ✐t ✐s ♥♦t s♦
♣r❡❝✐s❡✱ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ♥♦t✐❝❡ t❤❛t ✇❡ s❤♦✉❧❞ ❢♦❝✉s ♦♥ t❤❡ L ♦♣❡r❛t♦r✳ ■♥ ❬❋✐❣✳✷✳✶❪
✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t ✇❡ ❢❛❝❡ ✏s♦♠❡t❤✐♥❣✑ ✇❤✐❧❡ ✇❡ ❛r❡ ✇❛❧❦✐♥❣ ♦♥ t❤❡ ♣❛t❤
[t0 → t1] ❛♥❞ t❤✐s ✏s♦♠❡t❤✐♥❣✑ ✐s ❝❛❧❧❡❞ ♣r♦❜❛❜✐❧✐st✐❝ ❜♦① ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② L ✳ ■♥
❬❋✐❣✳✷✳✶❪ ■ str❡ss❡❞ t❤❡ r♦❧❡ ♦❢ L ✱ r❛t❤❡r ✇❡ ❤❛✈❡ ♦♥❧② ♦♥❡ ♣❛t❤✲♦✉t❝♦♠❡ ❛♥❞ t❤r❡❡
c(t)Ω❀ t❤✐s ❦✐♥❞ ♦❢ ❋❙ ♣r♦♣❛❣❛t♦r ✐s ❝❛❧❧❡❞ s✐♠♣❧❡✳ ❲❤❡♥ ✇❡ ❤❛✈❡ t♦ ❢❛❝❡ ❛ ❞❡❝✐s✐♦♥✲
♠❛tt❡r ✐t ✇♦✉❧❞ ❜❡ ✈❡r② str❛♥❣❡ t♦ s♦❧✈❡ ✐t ❜② q✉❛♥t❛✲❧✐❦❡ ♠❡t❤♦❞s ❜❡❝❛✉s❡ t❤❡r❡ ✐s
♥♦ ❧✐♥❦ ❢r♦♠ t❤❡ ♠❡♥t❛❧✲♣❛t❤s ❛♥❞ ♣❛rt✐❝❧❡s✲♣❛t❤s✳ ■♥ ♦r❞❡r t♦ ❞❡♣✐❝t ♠❡♥t❛❧✲♣❛t❤s
✇❡ ❤❛✈❡ t♦ ✉s❡ s♦♠❡t❤✐♥❣ t❤❛t ♣❡r♠✐ts t♦ ♦❜s❡r✈❡ ❛♥ ❛❜str❛❝t s✐t✉❛t✐♦♥ ❣✐✈❡♥ ❛♥
✐♥❢♦r♠❛t✐♦♥ ❜✉♥❞❧❡✳ ◆♦✇ t❤❛t ✇❡ ❤❛✈❡ t❛st❡❞ t❤❡ ❋❙ ♣r♦♣❛❣❛t♦r✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡
✐ts t♦♦❧s✿

FS1 P (t0, t) ✐s t❤❡ t✐♠❡ ✇❤✐❝❤ ❣♦❡s ❢r♦♠ ❛ ♣♦✐♥t t0 t♦ ❛ ♣♦✐♥t t ✱
FS2 L ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❜♦① ✇❤❡r❡✐♥ ✇❡ ❝♦♠♣✉t❡ s♦♠❡ ♣♦ss✐❜❧❡ ♣❛t❤s ❣✐✈❡♥ ❛♥

✐♥❢♦r♠❛t✐♦♥ ❜✉♥❞❧❡ I
α ✇❤❡r❡ t❤❡ α✬s ❛r❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡ts ✇✐t❤ α ∈ N✱

FS3 c(t)Ω ❛r❡ t❤❡ ♣r♦❜❛❜❧❡ ♣❛t❤s ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ Ω✲t②♣❡ ♦❢ ❞✐str✐❜✉t✐♦♥✳
FS4 Ω ✐s ❛ s❡t ♦❢ ❞✐str✐❜✉t✐♦♥ ❞❡✜♥❡❞ ✐♥ S(Rn,S ′n) ✇❤✐❝❤ ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt

K ✐♥ L ✳ ■t ✐s ✐♠♣♦rt❛t t♦ ♥♦t✐❝❡ t❤❛t ∫Rn
c(t)Ω <∞

◆♦✇ ✇❡ ❤❛✈❡ t♦ ❞❡✜♥❡ ✐♥ ❛ ❞❡❡♣❡r ❢❛s❤✐♦♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❜♦①✳
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✸✳ ❚❤❡ ❋✲❙ ♣r♦♣❛❣❛t♦r ❛♥❞ t❤❡ L ✲s♣❛❝❡s

■♥ ❬➓✷❪ ■ ❞❡✜♥❡❞ t❤❡ ❋❙ ✐♥ ❛♥ ✐♥t✉✐t✐✈❡ ✇❛②✱ ❛♥❞ ■ ❧✐st❡❞ s♦♠❡ ✉s❡❢✉❧ ❝♦♥❝❡♣ts
✇❤✐❝❤ ❞♦ ♥❡❡❞ ❛ ❢✉rt❤❡r st✉❞②✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦❝✉s ♦♥ ❛ ♣❛rt✐❝✉❧❛r ❦✐♥❞ ♦❢
s♣❛❝❡ t❤❛t ✐s t❤❡ ❝♦r❡ ♦❢ t❤❡ ❋❙ ♣r♦♣❛❣❛t♦r✱ ✇✐t❤♦✉t ✐t ❋❙ ✇❛s s✐♠♣❧② t❤❡ ❋❡②♥♠❛♥
♣r♦♣❛❣❛t♦r✳ ❚❤✉s✱ ❛s ②♦✉ ❦♥♦✇✱ ✇❡ ❝❛❧❧ ✐t L ✲s♣❛❝❡✳ ■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t ❢r♦♠
t❤❡ FS2✲FS4 ❢♦❧❧♦✇ Ω ⊂L ⊂ S ′n ⊂ Sn✳

■♥ L ✲s♣❛❝❡ ✇❡ ❤❛✈❡ ❛ ❞✐str✐❜✉t✐♦♥ h(x, t)✱ ✇❤❡r❡ x = x1, . . . , xn ❛♥❞ t = t0, . . . , tm
✇✐t❤ m ≤ n − 1✳ ❚❤❡ h(x, t) ∈ Iα1 ❛♥❞ h(x, t)2 ∈ Iα2 ❛♥❞ s♦ ❢♦rt❤❀ t❤✉s t❤❡ h✬s ❛r❡
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜✉♥❞❧❡s✳ ❚❤❡② ❛r❡ ❍❛✉s❞♦r✛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ❛♥❞ ✐♥♥❡r r❡❣✉❧❛r
✐♥ ❛ σ✲❛❧❣❡r❜r❛ ❞❡✜♥❡❞ ♦♥ ❇♦r❡❧ s❡ts B✱ t❤❛t ✐s t♦ s❛② t❤❡ h✬s ❛r❡ ♦❢ ❘❛❞♦♥ ♠❡❛s✉r❡✳
❇✉t ✇❤❛t ❞♦❡s ✐t ♠❡❛♥ ✐♥ ❛ ♠✐♥❞✲♣❛t❤ st✉❞②❄ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❝♦♠♣✉t❡ t❤❡
❋❡②♥♠❛♥✲♣r♦♣❛❣❛t♦r ♦❢ ❛ ♣r♦❝❡ss ✭✷✳✷✮ ✇❡ ✇❛♥t t♦ st✉❞② ❛♥ ✇❡ s❤❛❧❧ ♦❜t❛✐♥ u(t)✳
❲❡ ❝❛❧❧ t❤✐s ✜rst r❡s✉❧t t❤❡ ❜❡♥❝❤♠❛r❦ ♣❛t❤✱ ✐t ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t t❡❧❧s ✉s
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♠♦st ♣r♦❜❛❜❧❡ ♣❛t❤ t❤❛t ❛ ✏st❛t❡✑ ❝❛♥ ♣✉rs✉❡✳ ❖♥❡ ❤❛s t♦
❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ✏st❛t❡✑ ✐s ❛ ♠❡♥t❛❧ ♣❛t❤ ✐♥ ❛ ❝❡rt❛✐♥ (x, t)✳ ■♥ ♦r❞❡r t♦ ❛♥s✇❡r
t❤❡ q✉❡st✐♦♥ ✐t ✐s ♥❡❡❞❡❞ ❛♥ ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✶✳ ✭✜rst ♣❛rt✮ ❏♦❤♥ ♥❡❡❞s t♦ ❣♦ ♦✉t ♦❢ ❤✐s ❤♦♠❡✱ t❤❡ s❦② ✐s ❝❧♦✉❞② ❛♥❞
✇❡❛t❤❡r ❢♦r❡❝❛st ✐s ♥♦t s♦ ❝♦♠❢♦rt✐♥❣✳ ❚❤✉s ❤❡ ❤❛s t✇♦ ♠❛❝r♦✲✐♥❢♦r♠❛t✐♦♥ ❜♦✉♥❞❧❡s
I
α1 ✭❝❧♦✉❞s✮ ❛♥❞ I

α2 ✭♠❡t❤❡♦r♦❧♦❣②✮✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ ✇❤♦ ❏♦❤♥ ✐s ❛♥❞ ✇❤❛t
❏♦❤♥ ❤❛s t♦ ❞♦✳ ■❢ ❤❡ ❤❛s t♦ ❣♦ t♦ ❤✐s ✉♥✐✈❡rs✐t② ❢♦r ✐✳❡✳ ❛♥ ❡①❛♠✐♥❛t✐♦♥ ✐t ✇❛s q✉✐t❡
s✉r❡ t❤❛t ❤❡ ✐s ❣♦✐♥❣ t♦ ❣♦ ♦✉t✱ ✇❤❡r❡❛s ✐❢ ❤❡ ❤❛s t♦ ❜✉② ✐✳❡✳ ❛ ♥❡✇s♣❛♣❡r ✐t ✐s
♥♦t s♦ s✉r❡ t❤❛t ❤❡ ✇♦✉❧❞ ❣♦❡s ♦✉t✳ ❚❤✉s L ✲s♣❛❝❡s ❛r❡ str♦♥❣❧② r❡❧❛t❡❞ t♦ ✇❤❛t
❏♦❤♥ ❤❛s t♦ ❞♦✱ ✇❡ ❝❛♥ s❛② t❤❛t ✐❢ ❏♦❤♥ ❝♦✉❧❞ ❞♦ t✇♦ ❞✐✛❡r❡♥t t❤✐♥❣s t❤❡r❡ ✇✐❧❧ ❜❡
t✇♦ ❞✐✛❡r❡♥t L ✲s♣❛❝❡s✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❋❡②♥♠❛♥ ♣r♦♣❛❣❛t♦r t♦ t❤❡
♣r♦❝❡ss ✏❏♦❤♥ ❣♦❡s ♦✉t✑ [u0] ❛♥❞ ❣✐✈❡♥ ✏❏♦❤♥ ❤❛s t♦ ❜✉② ❛ ♥❡✇s♣❛♣❡r✑ [f(x, t)] ∈L

❛♥❞ ✐t ❤❛s ♥♦t st❛rt❡❞ r❛✐♥✐♥❣ ②❡t [f(x0, t0)] ✇❡ ✐♥❢❡r t❤❛t ❏♦❤♥ ✐s ❥✉st ✇❡♥t ♦✉t
❛♥❞ ✇✐❧❧ ❜❡ ❜✉② ❛ ♥❡✇s♣❛♣❡r ❣✐✈❡♥ t❤❛t ❛t ∫Rn

f(t0, t)u(t0) ❤✐s ❝❧♦t❤❡s ✇❡r❡ ❞r②✳
❚❤✐s ✐s t❤❡ ❜❡♥❝❤♠❛r❦ ♣❛t❤✳

■t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ❤♦✇ ✇❡ ❝♦✉❧❞ ♠❡❛s✉r❡ ♣r♦♣♦s✐t✐♦♥ ❧✐❦❡ ❬✏✐t ✐s ❝❧♦✉❞②✑ t❤❡♥ ✏✐t
✐s ❣♦✐♥❣ t♦ r❛✐♥✑❪✳ ■♥ t❤❡ ❝❛s❡ ♦❢ L ✲s♣❛❝❡ ✇❡ ❞❡✜♥❡ ❛♥ I

α ✐♥ t❤✐s ✇❛②✿

❉❡✜♥✐t✐♦♥ ✹ ✭■♥❢♦r♠❛t✐♦♥ ❜❛s✐s✮✳ ●✐✈❡♥ A ∶ S ′n → S
′
n ✐♥❞❡①❡❞ ❜② R

n✱ ❢♦r ❛ ❣✐✈❡♥
❞✐str✐❜✉t✐♦♥ f ❛♥❞ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❡✐❣❡♥❜❛s✐s B = o1, . . . , on ✇❡ ❞❡✜♥❡ ✧■♥❢♦r♠❛t✐♦♥
❜❛s❡✧ t❤❡ ✐♥t❡❣r❛❧✿

✭✸✳✶✮ An(fn) = ∫
Rn

λn[f ∣o]o

●✐✈❡♥ t❤❛t ✭✐♥ ❛ t❡♠♣❡r❡❞ s♣❛❝❡✮ ✇❡ ❝♦✉❧❞ ❞❡✜♥❡ ❛ ❞✐r❡❝t✐♦♥ ✐♥ ❛ st❛❜❧❡ ❢❛s❤✐♦♥✳
◆♦✇ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ s♦♠❡ ✏❞r✐❢t✑ ♦♣❡r❛t♦r ✇❤✐❝❤ ♠✐❣❤t ❞❡✜♥❡ ♠♦r❡ ♣❛t❤s✳ ❚❤❡
❞r✐❢t ✐s ❛ ♣❛rt✐❝✉❧❛r ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❛s

✭✸✳✷✮ e([∫Rn An(fn)u(t)]○H).

❚❤❡ ✭✸✳✷✮ ❡♠❜❡❞❞❡❞ H ✇❤✐❝❤ ✐s ❛♥ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ t❤✐s ✇❛②✿

H = (I−α), (I−α2), . . . , (I−αm).

❚❤❡r❡ ❛r❡ ♥❡❣❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❜✉♥❞❧❡s✱ ❜✉t t❤❡ s✐❣♥ ✏−✑ ✐s ❛♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱
r❛t❤❡r ✐t ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t ✐t ✐s ❡♠❜❡❞❞❡❞ ✇✐t❤ ♥❡❣❛t✐✈❡ ♥✉♠❜❡rs✱ ❜✉t t❤❛t t❤✐s
❦✐♥❞ ♦❢ ❜✉♥❞❧❡ ❝♦✉❧❞ tr✐❣❣❡r ♦✛ ❛ ❞r✐❢ t♦ t❤❡ ❜❛♥❝❤♠❛r❦✳



❆ ❋■❘❙❚ ■◆❚❘❖❉❯❈❚■❖◆ ❚❖ S✲❚❘❆◆❙■❚■❖◆❆▲ ▲❖❚❚❊❘■❊❙ ✺

❉❡✜♥✐t✐♦♥ ✺ ✭❍✲♦♣❡r❛t♦r✮✳ ●✐✈❡♥ H ∈ S(Rn,S ′n) ✇❡ ❞❡✜♥❡ ❛ ❞r✐❢t ♦♣❡r❛t♦r

H(I−α) ∶ S(Rn,S ′n) →L

❛♥ ❍✲♦♣❡r❛t♦r✳

❆t ✜rst ❣❧❛♥❝❡ ❬❉❊❋✺❪ ❝♦✉❧❞ s❡❡♠ ♣r❡tt② ♦❜s❝✉r❡✱ ❜✉t ❧❡t ♠❡ s❤♦✇ ②♦✉ s♦♠❡
✐♥t✉✐t✐♦♥s✳ ❋r♦♠ t❤❡ R

n t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥ s♣❛❝❡ ✇❡ ♠❛♣ ❣✐✈❡♥ ❢✉♥❝t✐♦♥❛❧ ✐♥t♦
t❤❡ L ✲s♣❛❝❡✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ♠❛♣H(I−α) ∶ ∫Rn

g(x, t)ψ(x) → (∫Rn
λn[f ∣o]o)×u(t)✳

❚❤❡ ❡✐❣❡♥❜❛s✐s ♦❢ g(x, t) ❝♦✉❧❞ ❛rr❛♥❣❡ ❛ ❞✐✛❡r❡♥t ♣❛t❤ ✇❤✐❝❤ ♠✐❣❤t ❞r✐❢t ❢r♦♠ t❤❡
❜❛♥❝❤♠❛r❦✳ ■t ✐s ✐♠♣♦rt❛♥t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✷✳ ✭s❡❝♦♥❞ ♣❛rt ❬❊❳✶❪✮ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ t❤❡ ❜❡♥❝❤♠❛r❦ ♣❛t❤
❛♥❞ ✇❡ ❛r❡ r❡❛❞② t♦ st✉❞② t❤❡ ❞r✐❢ts ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r✳ ❚❤✉s✱ ✐t ❝♦✉❧❞ ❤❛♣♣❡♥ ✏r❛✐♥✑
❛♥❞ s♦ g(x, t) ♠❛② ❜❡ ❛ ❢✉♥❝t✐♦♥❛❧ ❜② ✇❤✐❝❤ ✭❧✐❦❡ ❬❊❳✶❪✮ ❏♦❤♥ ❞❡❝✐❞❡s t♦ st❛② ❤♦♠❡✳
❚❤✉s✱ ❜② s✉♣❡r♣♦s✐t✐♦♥ ∫Rn

g(t0, t)u0 = u(t)1 ✐t ✐s ❣♦✐♥❣ t♦ r❛✐♥✳ ❇✉t ✇❡ ❤❛✈❡ t♦
❝♦♠♣❛r❡ t❤✐s r❡s✉❧t t♦ ✇❤❛t ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ ✐♥ ❬❊❳✶❪✱ r❛t❤❡r ✐♥ ♦♥❡ ❝❛s❡ ❏♦❤♥
❝♦♠❡s ♦✉t ✇❤❡r❡❛s ✐♥ t❤❡ ♦t❤❡r ♦♥❡ ❏♦❤♥ st❛② ❤♦♠❡✳

■t ✐s ♦❜✈✐♦✉s t❤❛t ❣✐✈❡♥ ✭✸✳✷✮ ✇❡ ❝❛♥ ❞❡✜♥❡ s❡✈❡r❛❧ ♣❛t❤s✱ ❛s ♠✉❝❤ ❛s ✐♥❢♦r♠❛t✐♦♥
❜✉♥❞❧❡ ♦♥❡ ✇❛♥ts t♦ ✐♥❝❧✉❞❡✱ ❛♥❞ ✐❢ ✇❡ ❝❛❧❧ ❊ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✸✳✷✮ ✇❡ s❛②

eEH = [ϕ(xn, tn)]✭✸✳✸❛✮

[ϕ(xn, tn)]
2 = γp✭✸✳✸❜✮

❚❤❡ ✭✸✳✸❜✮ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② γp ♦❢ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ♣❛t❤s c(t)Ω✳ ❲❡ ❤❛✈❡
t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❍✲♦♣❡r❛t♦r ✐s ❝r✉❝✐❛❧ ✐♥ γp ❝❤❛♥❣✐♥❣ ❛♥❞ t❤✉s ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✹✳ S✲tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s

■ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ✇❛② ❛❞ ❤♦❝ s♦ ❛s t♦ st✉❞② t❤❡ ❞❡❝✐s✐♦♥❛❧ ♣❛t❤ ✐♥ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧
❢❛s❤✐♦♥✳ ❚❤❡ ❢♦r♠✉❧æ ❛r❡ t❤♦✉❣❤t ♦❢ ❛s ❡✈❡r②❞❛② ❡✈❡♥ts ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦♥❝r❡t❡ st✉❞✐❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ■ s❤❛❧❧ t❛❧❦ ❛❜♦✉t t❤❡ S✲tr❛♥s✐t✐♦♥❛❧
❧♦tt❡r✐❡s ✭S❚▲✱ ❤❡♥❝❡❢♦rt❤✮✱ ❛♥❞ ✇❤② ✇❡ s❤♦✉❧❞ ✉s❡ t❤❡♠✳

❆s ■ ❤❛✈❡ s❛✐❞✱ ✇❡ ♥❡❡❞ ❛ ♠♦r❡ ❝♦♥❝r❡t❡ ❢❛s❤✐♦♥ s♦ ❛s t♦ st✉❞② t❤❡ r❡❛❧ ✇♦r❧❞✱
t❤❡r❡❢♦r❡✱ t❤❡ ❛✐♠ ♦❢ t❤❡ S❚▲ ✐s t❤❛t ♦❢ st✉❞✐❡s ❛ ❞②♥❛♠✐❝❛❧ ♠✐♥❞✲♣❛t❤ ♣r♦❝❡ss
✇❤❡♥ ♦♥❡ ❢❛❝❡s ❞❡❝✐s✐♦♥✲♠❛tt❡r✳ ❚❤❡ t❡r♠ ❞②♥❛♠✐❝❛❧ ✐t ✐s ✐♥t❡♥❞❡❞ ♠✉❝❤ ❛s t❤❡
❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ t❤❡ r❡❛❞❡r s❤♦✉❧❞ ❜❡ ❛✇❛r❡ ♦❢ t❤✐s t❡r♠ ❛t t❤✐s ♣♦✐♥t✱ st✐❧❧ ■
❤❛✈❡ t♦ ❝❧❛r✐❢② s♦♠❡t❤✐♥❣✳ ❚❤❡ ❞②♥❛♠✐❝ ✐s ❣✐✈❡♥ ❜② eEH ✇❤✐❝❤ ❡♠❜❡❞❞❡❞ A(f)✱ t❤❡
❧❛tt❡r ✐♥t❡❣r❛❧ ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡✱ r❛t❤❡r ■ ❝❛♥ s❛② t❤❛t ✐♥ ✭✸✳✷✮ t❤❡ ✐♥❢♦r♠❛t✐♦♥
❜❛s✐s ✏❝❧✐♠❜s✑ ✭t❤r♦✉❣❤ ❊✮ t❤❡ u(t) ♣r♦❝❡ss ❜② ❛ ❣✐✈❡♥ ❤♦♠♦❣❡♥❡♦✉s ❞✐r❡❝t✐♦♥✳ ❚❤✐s
✐s ❛ ❞②♥❛♠✐❝❛❧ ♠♦t✐♦♥ ❬❋✐❣✳✹✳✶❪ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜✉♥❞❧❡ ✇❤✐❝❤ ❞❡✜♥❡s ❛ ♣❛t❤
✭❜❡♥❝❤♠❛r❦✮ ✐♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✇❛②✳ ❲❡ ❝♦✉❧❞ ✐♥t❡r♣r❡t t❤❛t ✏❝❧✐♠❜✑ ❛s s♦♠❡t❤✐♥❣
❣✐✈❡s ❛ ❝❡rt❛✐♥ s✇❡❧❧ ❛❧♦♥❣ t❤❡ u(t)✳ ❋♦r ❡❛❝❤ ♦❢ λ✬s t❤❡r❡ ✐s ❛ ❞❡✜♥✐t❡ ❞✐r❡❝t✐♦♥✳

❚❤❡ S❚▲ ✐s ❛ ♠♦t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r S✲❢❛♠✐❧② ♠❛❞❡ ♦❢ ❛❧❧ t❤❡ t♦♦❧s ✐♥ ❬➓✸❪✳

❉❡✜♥✐t✐♦♥ ✻ ✭S✲tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r✐❡s✮✳ ❲❡ ❞❡✜♥❡ ❛ ♠♦t✐♦♥ ♦❢ S✲❢❛♠✐❧② t❤r♦✉❣❤ ❛
♣❛t❤ P (t0, t) ❣✐✈❡♥ ❜② ∆γp ❛♥ S✲tr❛♥s✐t✐♦♥❛❧ ❧♦tt❡r② ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜②

✭✹✳✶✮ STL = [(t0, x0)↭ (t, x(s))]

✇❤❡r❡ (s) ❞❡♥♦t❡s t❤❡ ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥t ♣❛t❤s✲❛rr✐✈❛❧s✳
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❋✐❣✉r❡ ✹✳✶✳ ❚❤❡ ❆✭❢✮✬s ❝❧✐♠❜

❍❡♥❝❡✱ t❤❡ [↭] ♠❡❛♥s t❤❡ ❡✈♦❧✉t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ t✐♠❡ s♣❛♥s✳ ❚❤✉s ∆γp ✐s ❛
♠♦t✐♦♥ ✐♥ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② s♦ ❛s t♦ ♦❜s❡r✈❡ ✇❤❛t ❝♦✉❧❞ ❤❛♣♣❡♥ ✐❢✳ ✳ ✳ ❛♥❞ t❤❡ r♦❧❡
♦❢ ❍✲♦♣❡r❛t♦r ❜❡❝♦♠❡s ❝r✉❝✐❛❧✳

❇② ❍✲♦♣❡r❛t♦r ✇❡ ❝❛♥ ❢♦r❡s❡❡ ❛ ♣♦ss✐❜❧❡ ❞r✐❢t ✐♥ u(t)✱ ■ s❛② ✏♣♦ss✐❜❧❡✑ ❜❡❝❛✉s❡ t❤❡
❍✲♦♣❡r❛t♦r✬s ❡①✐st❡♥❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❝q✉❛✐♥t❛♥❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❜✉♥❞❧❡s ✇❤✐❝❤
❝♦✉❧❞ ♦❝❝✉r✳ ❖❢ ❝♦✉rs❡ t❤❡ ❝❤♦✐❝❡ ✐♥ ✉s✐♥❣ ❛ ❜✉♥❞❧❡ ♦r ♥♦t ✐s ❛ s✉❜❥❡❝t✐✈❡ ♦♥❡✳ ■❢ ✐t
✇❛s ♥♦t s♦✱ ✇❡ ✇♦✉❧❞ ♣✉t ♦✉r tr✉st ✐♥ ❛ ✇✐♥tr② ❛❧❣♦r✐t❤♠✳

✺✳ ❆♣♣❡♥❞✐①

✺✳✶✳ ❍✲♦♣❡r❛t♦r ❛♥❞ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠✳ ●✐✈❡♥ t❤❛t

H ∶ S(Rn,S ′n)→L

∶ ∫
Rn

g(x, t)ψ(x)→ (∫
Rn

λn([f ∣o]o) × u(t)
✭✺✳✶✮

✐t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t g(x, t) ∈ S(Rn,S ′n) ❛♥❞ ψ(x) ∈ OM ✱ t❤✉s t❤❡ ❤✉❧❧S

s♣❛♥ g(x, t) ❝♦♥t❛✐♥s t❤❡ ❤✉❧❧S s♣❛♥ (g(x, t)ψ(x))✱ ❢r♦♠ t❤✐s ❢♦❧❧♦✇s t❤❛t g(x, t) ✐s
S✲❧✐♥❡❛r❧② ✐♥❞✐♣❡♥❞❡♥t ❛♥❞ ✐t ✐s s♦ ❢♦r (g(x, t)ψ(x)) ❛s ✇❡❧❧✳

❲❡ ❤❛✈❡ t♦ str❡ss t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs✳ ●✐✈❡♥ ❛♥
A ∈ L(S ′n) ❛♥ S✲❧✐♥❡❛r ❡♥❞♦♠♦r♣❤✐s♠✱ λ ∈ OM ❛♥❞ o ∈ S(Rn,S ′n) ❛♥ S✲❧✐♥❡❛r❧②
✐♥❞✐♣❡♥❞❡♥t ❡✐❣❡♥❢❛♠✐❧② ♦❢ A ✇✳r✳t✳ t❤❡ s②st❡♠ ♦❢ ❡✐❣❡♥✈❛❧❡s λ✳ ❲❡ ❤❛✈❡ s❡❡♥
❬❉❊❋✹❪ t❤❡ s♣❡❝tr❛❧ S✲❡①♣❛♥s✐♦♥

A(f) = ∫
Rn

λ[f ∣o]o.

❲❡ ❦♥♦✇ t❤❛t

A(op) = A(op)
= λ(p)op
= (λo)(p),

t❤✉s
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A(f) = A(∫
Rn

[f ∣o]o)

= ∫
Rn

[f ∣o]A(o)

= ∫
Rn

[f ∣o](λo)

= ∫
Rn

(λ[f ∣o])o.

✭✺✳✷✮

❆s ✇❡ ❤❛✈❡ ♥♦t✐❝❡❞✱ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ✐s ♦❢ ♦✉t♠♦st ✐♠♣♦rt❛♥❝❡ ✐♥ st✉❞②✐♥❣ t❤❡
S❚▲✱ t❤❡r❡❢♦r❡ ✇❡ st❛t❡ ✇❤❛t ✐t ✐s ✐♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❢❛s❤✐♦♥✳ ❚❤❡ ❡✐❣❡♥s♣❡❝tr✉♠
♦❢ ❛♥ S✲❞✐❛❣♦♥❛❧✐③❛❜❧❡ ♦♣❡r❛t♦r ✐✳❡✳ A ✐s t❤❡ imλ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ λ✱ t❤❛t ✐s t♦ s❛②
imλ = σe(A) = (λRn) ✭✇❤❡r❡ σe ✐s t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠✮✳ ❍❡♥❝❡ σe✱ ❜❡✐♥❣ ❛♥ ✐♠❛❣❡✱
✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ♣r♦❥❡❝t✐♦♥s✳ ❚❤✐s ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t t♦♦❧ s♦
❛s t♦ ❞❡✜♥❡ t❤❡ ❞✐✛❡r❡♥t ❞❡❝✐s✐♦♥✲♣❛❤ts✱ r❛t❤❡r ✐♥ t❤❡ ❍✲♦♣❡r❛t♦r ✇❡ ❤❛✈❡ t♦ ❞❡✜♥❡
t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❛♥❞ t❤❛t ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✳ ●✐✈❡♥ t❤❛t
✇❡ s❤❛❧❧ ♦❜t❛✐♥ ❛ ❧♦❝✉s ✇❤❡r❡✐♥ t❤❡ ❞❡❝✐s✐♦♥s ❛r❡ ❢♦r♠❡❞✳

✺✳✷✳ ❚❤❡ u(t)✬s ❞②♥❛♠✐❝s✳ ❲❡ ❦♥♦✇ ✭❢r♦♠ ❬❉❊❋✷❪✮ t❤❛t u ∶ R→ S ′n ✐s ❛ ❞②♥❛♠✐❝❛❧

♣r♦❝❡ss✱ ✇❡ s❛② t❤❛t ✐t ✐s ❛ σ(S
′

n
)✲❞✐✛❡r❡♥t✐❛❜❧❡ ❝✉r✈❡ ❛♥❞ P (⋅, ⋅) ∈ S(Rn,S ′n)✳ ❲❡

❞❡✜♥❡ t❤❡ ❝✉r✈❡ t

✭✺✳✸✮ ∫
Rn

u(⋅)P (⋅, ⋅) ∶ R→ S ′n ∶ t→ ∫
Rn

u(⋅)(t)P (⋅, ⋅)

❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

(∫
Rn

u(⋅)P (⋅, ⋅))
′

σ(S′
n
)
= ∫

Rn

u(⋅)′σ(S′
n
)P (⋅, ⋅).

❚❤❡ ✭✺✳✸✮ ❡♥s✉r❡s ❛ ❞②♥❛♠✐❝s ♦❢ u✱ t❤❡s❡ ❝✉r✈❡s ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ✐♥ t❤❡ S❚▲✬s
❢r❛♠❡✇♦r❦ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ ❜✉✐❧❞ t❤❡ S✲♣r♦♣❛❣❛t♦r ❛♥❞ t❤✉s t❤❡ ❜❛♥❝❤✲
♠❛r❦ ♣❛t❤✳ ■❢ u ✇❛s ✉♥❞❡✜♥❡❞ ✇❡ ❝♦✉❧❞ ♥♦t ❜❡ ❛❜❧❡ t♦ ❤❛✈❡ r✐❣♦r♦✉s ❞❡❝✐s✐♦♥
♣❛t❤s✳

✺✳✸✳ ❚❤❡ c(t)Ω✬s ❞②♥❛♠✐❝s✳ ❚❤❡ c(t)Ω✬s ❤❛✈❡ ❜❡❡♥ ♦♥❧② ♠❡♥t✐♦♥❡❞ s♦ ❢❛r✱ ✇❡
❤❛✈❡ ❛❧r❡❛❞② ✉s❡❞ t❤❡♠ ❜✉t ♠❛②❜❡ ✇❡ ❞✐❞ ♥♦t ❦♥♦✇ t❤❛t✳ ❚❤❡ I

α ✐s ❛♥ ❍❛✉s❞♦r✛
t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ∈ Ω ⊂L ✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡♠ ❛r❡ t❤❡ ✏c(t)Ω✬s ❞②♥❛♠✐❝s✑✳
❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥ t❤❡ r❡str✐❝t✐♦♥ Ω ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝✉r✈❡ ✐♥ ✐t t ∶ R → Ω✱ t❤✉s t❤❡
❝✉r✈❡ t ✐s s❛✐❞ t♦ ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t❤❡ ♣♦✐♥t x ∈ R ✐✛ t❤❡ ♠❛♣

wx ∶ R
≠ → Ω ∶ h→

t(x + h) − t(x)
h

,

t❤✉s ✇❡ ❞❡✜♥❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧

(t)′τ(x) ∶= lim
h→0

t(x + h) − t(x)
h

.

❲❤❡r❡ R
≠ = R Ó 0 ❛♥❞ τ ✐s ✐♥t❡♥❞❡❞ t♦ str❡ss t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ s♣❛❝❡✳ ❆♥❞

(t)′τ(x) ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝✉r✈❡ t ❛t x✳ ❚❤❡ ❝✉r✈❡s ❛r❡ ❞✐✛❡r❡♥t ❢♦r ❡✈❡r②
❞✐✛❡r❡♥t I

α✱ t❤❡② ❛r❡ ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ s♦ ❛s t♦ ❞❡✜♥❡ ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥❝❡s ♦❢
t❤❡s❡ ♣❛t❤s ❢r♦♠ t❤❡ ❜❡♥❝❤♠❛r❦ ♦♥❡✳
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✺✳✹✳ ❚❤❡ ○H ♠②st❡r②✳ ❚❤✐s ♠②st❡r② ❤❛s t♦ ❜❡ s♦❧✈❡❞ ❜❡❝❛✉s❡ ♦❢ ✐ts ✐♠♣♦rt❛♥❝❡✳
❚❤❡ ○H ✐s t❤❡ ♦♣❡r❛t✐✈❡ ✇❛② ❜② ✇❤✐❝❤ t❤❡ ❍✲♦♣❡r❛t♦r tr✐❣❣❡rs ♦✛ ❛ ❞r✐❢t t♦ t❤❡
❜❡♥❝❤♠❛r❦✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐t ✐♥ ✭✸✳✷✮ ❜✉t ■ ❤❛✈❡ ♥♦t ❝❧❛r✐✜❡❞ t❤❡ r❡❛s♦♥s ❜❡❤✐♥❞
t❤✐s ♦♣❡r❛t✐♦♥✳ ❚❤❡ ✏○✑ ✐s ❛ ✇❛② t♦ s❛② t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣❡r❛t✐♦♥ t❤❡r❡✱ ♥♦t ❛
❞❡✜♥❡❞ ♦♥❡✱ t❤❛t ✐s ❢♦r t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❍✲♦♣❡❛rt♦r✳ ❲❡ ❝❛♥♥♦t s❛② t❤❛t t❤✐s
♦♣❡r❛t♦r ❡♥t❡rs ✐♥t♦ t❤❡ E (✭✸✳✸✮) ❜② ❛ s✐♠♣❧❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❲❡ s❛② t❤❛t t❤❡
❍✲♦♣❡r❛t♦r ❞❡✜♥❡s s♦♠❡ ❞r✐❢ts ✇✐t❤♦✉t ❛♥♥✐❤✐❧❛t❡s t❤❡ ❜❛♥❝❤♠❛r❦ ✏♣❛t❤s✑✶✱ ❜✉t ✐t
❞❡✜♥❡s ❛ ❞✐✈❡r❣❡♥❝❡✱ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠ ✏❞✐✈❡r❣❡♥❝❡✑✳ ❲❡ ❞♦
♥♦t ❤❛✈❡ t♦ ❞❡✜♥❡ ❛ ♠❡❛s✉r❡ ❢r♦♠ t❤❡ ❜❛♥❝❤♠❛r❦ t♦ t❤❡ ❍✲st❛t❡s ✐♥ ❛ str✐❝t ✇❛②✱
❜❡❝❛✉s❡ ♦❢ t❤❡ ❍✲♦♣❡r❛t♦r ✐s ❜✉✐❧t ♦♥ ❛ ❞✐✛❡r❡♥t L ✲s♣❛❝❡✱ ❛❧t❤♦✉❣❤ ✈❡r② ❝❧♦s❡ t♦ ✐t✳
●✐✈❡♥ t❤❛t H ∈L ⊂ S ′n ✇❡ ❤❛✈❡ t♦ ✜♥❞ t❤❡ ❛♥s✇❡rs t♦ ♦✉r ♠②st❡r② ✐♥ t❤❡ S ′n✲s♣❛❝❡
✇❤✐❝❤ ❝♦♥t❛✐♥s ❡❛❝❤ ♦❢ L ✲s♣❛❝❡✳ ❚❤❡ sq✉❛r❡ ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ♦✉r
t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥s ✇✐❧❧ ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ t❤✐s ❜✉♥❝❤ ♦❢ S✲❢✉♥❝t✐♦♥❛❧s✳
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❬✶❪ ❈❛r❢í✱ ❉❛✈✐❞✱ ✧❋❡②♥♠❛♥✬s tr❛♥s✐t✐♦♥ ❛♠♣❧✐t✉❞❡s ✐♥ t❤❡ s♣❛❝❡ S′
n
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❯♥✐✈❡rs✐t② ♦❢ ▼❡ss✐♥❛✱ ❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s✳

❊✲♠❛✐❧ ❛❞❞r❡ss✿ ❙tr❛t✐✳❋r❛♥❝❡s❝♦❅❣♠❛✐❧✳❝♦♠

✶✇❡ s❛② ♣❛t❤✭s✮ ❜❡❝❛✉s❡✱ ❣✐✈❡♥ t❤❡ A(f)′s ❝❧✐♠❜❡r t❤❡r❡ ❝♦✉❧❞ ❜❡ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❤❛✈❡ ♠♦r❡
t❤❛♥ ♦♥❡ ❜❛♥❝❤♠❛r❦✳


