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ABSTRACT

We consider the following problem. A structural equation of interest contains two sets of explana-
tory variables which economic theory predicts may be endogenous. The researcher is interesting in
testing the exogeneity of only one of them. Standard exogeneity tests are in general unreliable from
the view point of size control to assess such a problem. We develop four alternative tests to address
this issue in a convenient way. We provide a characterization of their distributions under both the
null hypothesis (level) and the alternative hypothesis (power), with or without identification. We
show that the usual y? critical values are still applicable even when identification is weak. So, all
proposed tests can be described as robust to weak instruments. We also show that test consistency
may still hold even if the overall identification fails, provided partial identification is satisfied. We
present a Monte Carlo experiment which confirms our theory. We illustrate our theory with the
widely considered returns to education example. The results underscore: (1) how the use of stan-
dard tests to assess partial exogeneity hypotheses may be misleading, and (2) the relevance of using

our procedures when checking for partial exogeneity.

Key words: Subset of endogenous regressors; Generated structural equation; Robustness to weak
identification; Consistency.
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1. Introduction

Inference methods using instrumental variables (IV) methods are mainly motivated by the fact that
explanatory variables may be correlated with the error term, so ordinary least squares (OLS) yields
biased and inconsistent estimators. It is well known that when explanatory variables are endoge-
nous, OLS estimators measure only the magnitude of association, rather than the magnitude and
direction of causation which is needed for policy analysis. IV estimation provides a way to nonethe-
less obtain consistent parameter estimates, once the effect of common driving variables has been
eliminated. Usually, researchers need to pretest the exogeneity of the regressors to decide whether
OLS or IV method is appropriate. In the linear IV regression, exogeneity tests of the type proposed
by Durbin (1954); Wu (1973, 1974), Revankar and Hartley (1973), and Hausman (1978), hence-
forth DWHRH tests, are often used as pretests for exogeneity. Recent studies' have established that
they never over reject the null hypothesis of exogeneity even when model parameters are weakly
identified.

A drawback of DWHRH tests however is that the null hypothesis of interest is specified on the
whole set of supposedly endogenous regressors. When more than one regressor is involved, these
tests cannot pinpoint which regressor is endogenous and which is not, once joint exogeneity has
been rejected. This is particularly problematic from the viewpoint of estimation, since efficiency
requires to use available instruments only for the regressors which are endogenous. The use of
instruments for exogenous regressors often yields inefficient estimates of model parameters. To
avoid such situations, it is important to know which variables are endogenous and which are not
before inference. In models involving more than one supposedly endogenous variable, as it is often
the case in most empirical applications, it is important to find ways to assess the exogeneity of the
regressors separately.

However, the literature has focused on testing hypotheses specified on the structural parameters

and inference procedures that are robust to identification problems?

. Although these robust pro-
cedures extend to hypotheses specified on subsets of structural parameters [Dufour and Taamouti
(2005, 2007), Kleibergen (2004, 2005), and Guggenberger and Smith (2005)], not much is known

about testing for partial exogeneity, especially when identification is weak.

In this paper we propose alternative tests for assessing partial exogeneity hypotheses in linear

ISee for example, Staiger and Stock (1997), Guggenberger (2010), and Hahn, Ham and Moon (2010).
2 Anderson and Rubin (1949, AR-test), Kleibergen (2002, KLM-test),Moreira (2003, MQLR-test).



simultaneous equations models. The proposed tests do not require the exogeneity of the regressors
not being tested or strong instruments, so they can be described as identification-robust. To be more

specific, we consider a model of the form
y = YB+WO+u

where y is an observed dependent variable, Y and W are matrices of observed (possibly) endoge-
nous regressors. We wish to test the exogeneity of Y, i.e. the hypothesis cov(Y, u) = 0.

First, we stress the fact that the regressors W whose exogeneity is not being tested can be or-
thogonalized through a methodology built on four steps. We refer to the transformed equation where
W has been replaced by the orthogonalized regressors, W, as the generated structural equation.
An interesting feature of this generated structural equation is the structural parameters of interest 3
and # have the same interpretation as in the original model.

Second, we show that the exogeneity hypothesis of Y can be assessed by testing whether Y is
uncorrelated with the error of this generated structural equation, though the latter error typically
differs to the original structural one. We then follow Durbin (1954), Wu (1973), and Hausman
(1978) in proposing four statistics based on the vector of contrasts between ordinary least squares
(OLS) and instrumental variables (IV) estimators of /3 in the transformed model, upon scaling by
appropriate factors to guarantee the usual asymptotic x? distributions.

Finally, after formulating generic assumptions on model variables which allow one to charac-
terize the behaviour of the tests under both the null hypothesis (level) and the alternative hypothesis
(power), we consider two main setups. In the first setup, model parameters are strongly identified,
i.e., the reduced form parameter matrix that characterizes the strength of the instruments has full
rank. The second setup is Staiger and Stock’s (1997) local-to-zero weak instrument asymptotics. In
this setup, the parameter matrix that controls the strength of the instruments approaches zero at rate
[TF%] as the sample size n increases. The later case is often interpreted as a situation where some
linear combinations of the structural parameters are ill-determined by the data [see the review of
Andrews and Stock (2006), Dufour (2003), and Stock, Wright and Yogo (2002)].

In all setups, we show that under the null hypothesis of interest, the usual y? critical values
are applicable whether the instruments are strong or weak. Furthermore, our analysis indicates that

test consistency may still hold over a wide range of cases where overall identification fails, pro-



vided partial identification is satisfied. However, the tests exhibit lower power when all instruments
are weak. We present a Monte Carlo experiment and an empirical application which confirm our
theoretical results.

The paper is organized as follows. Section 2 formulates the model studied. Section 3 describes
the test statistics. Sections 3.1-3.2 study the asymptotic properties (level and power) of the tests in
both strong and weak identification setups. Section 3.3 presents the Monte Carlo experiment while
Section 4 deals with the empirical application. Conclusions are drawn in Section 5 and proofs are
presented in the Appendix.

Throughout the paper, I}, stands for the identity matrix of order k. For any full rank n x m
matrix A, Py = A(A’A)~! A is the projection matrix on the space spanned by the columns of A,
and My = I, — P4. The notation vec(A) is the nm x 1 dimensional column vectorization of A and
B > 0 for a squared matrix B means that B is positive definite (p.d.). Convergence in probability
is symbolized by « 57 « 4 stands for convergence in distribution while O, (.) and o,(.) denote
the usual (stochastic) orders of magnitude. Finally, | U]|| denotes the Euclidian norm of a vector or

matrix U, i.e., |U|| = [tr(U’U)]%.

2. Framework

We consider the following linear IV regression model

y = YB+Wo0+u, 2.1)

Y = ZIO+v, W=Z2T+¢, 2.2)

where y € R"™ is a vector of observations on a dependent variable, Y € R"*™v and W € R™*™Mw
(my + m, = m > 1) are two matrices of (possibly) endogenous explanatory variables, Z €
R™*! is a matrix of exogenous instruments, u = (uy, ..., u,) € R™ is the vector of structural
disturbances, v € R™ "™ and £ € R™*™» are matrices of reduced form disturbances, 5 € R™v
and § € R™v are unknown structural parameter vectors, while II € R>*™v and T' € R are
unknown reduced form coefficient matrices. An extension of model (2.1)-(2.2) that is more relevant
for practical purposes arises when we add included exogenous variables Z;. However, the results of

this paper do not alter qualitatively if we replace the variables that are currently in (2.1)-(2.2) by the



residuals that result from their projection onto Z;. We shall assume that the instrument matrix Z has
full-column rank ! with probability one and [ > m. The full rank assumption requires excluding
redundant columns from Z. It is particularly satisfied when Z; is generated by power series or
splines through an underlying scalar instrument x;, i.e. if Z; = p(z;) = (1, a4, ..., xifl)’ [see
Hansen, Hausman and Newey (2008, Assumption 1) for further details].

The usual necessary and sufficient condition for identification of model (2.1)-(2.2) is
rank(Ilyw) = m, where Ilyy = [II, T'|. If Iy = 0, the instruments Z are irrelevant,
and (', 8’)" is completely unidentified. If 1 < rank(ITy ) < m, (', 6')" is not identifiable, but
some linear combinations of its elements are identifiable [see Choi and Phillips (1992), Dufour and
Hsiao (2008)]. If ITyyy is close not to have full rank [e.g., if some eigenvalues of H’YWI'IYW are
close to zero], some linear combinations of (/3’, §’)" are ill-determined by the data, a situation often
called “weak identification” in this type of setup [See for example, Staiger and Stock (1997); Stock

et al. (2002); Dufour (2003); Andrews and Stock (2006)]. We shall now introduce the statistical

problem of interest.

2.1. Statistical problem

We consider the problem of testing the partial exogeneity of Y, i.e. the hypothesis

Hf : cov(Y, u) =0y =0 (2.3)

where the regressors 1/ not being tested may be endogenous [cov(W, u) = o¢, # 0]. By con-
vention, we consider that a matrix is not present if its number of columns is equal to zero. We
assume m, > 1 but m,, = 0 is allowed. In particular, if the null hypothesis (2.3) is specified in
the whole set of (possibly) endogenous regressors, we have m,, = 0 and W drops out of model
(2.1)-(2.2) and H}) is the standard exogeneity problem considered by Durbin (1954); Wu (1973);
Revankar and Hartley (1973); and Hausman (1978). In this case, Staiger and Stock (1997) and
more recently Guggenberger (2010) showed that DWH tests apply even when model parameters are
weakly identified.

Our concerned in this paper is how to test Hj) if m,, # 0, as DWH-RH tests are no longer valid
except when W is exogenous. In this perspective, we aim to provide valid procedures for assessing

Hg whether W is exogenous or not, with or without weak instruments.



To illustrate the problem, consider the following workhorse example from Card (1995) that

analyzes the return on education to earnings.

Example 2.1 The structural equation of interest is given by

yi = YB+W0+ Ziv+u (2.4

where Y; is the length of education of individual i; W; = (exper;, exper?)’ contains the expe-
rience (exper) and experience squared of individual ¢ where exper; = age; — 6 — Y;; Z1; =
(1, race;, south;, IQ;)" consists of a constant and indicator variables for race, residence in the
south of the United States and IQ score; and y; is the logarithm of the wage of individual 7. All
variables in Z; are assumed exogenous. It is well documented that both Y; and W; are potentially
endogenous, hence instrumental variables are needed to consistently estimate 3 and 6 in (2.4). The
matrix instruments Z contains age, age? of individual i and two proximity-to-college indicators for
educational attainment; these are proximity to 2- and 4-year college.

To access the joint exogeneity of (educ, exper, emperQ) in (2.4), we use Wu (1973) T5-statistic
and three alternative Hausman (1978) type-statistics, namely, H;, 7 = 1, 2, 3. All these tests are
robust to weak instruments, i.e., there are still valid even when model parameters are not identified.
We use data from the National Longitudinal Survey of Young Men, which run from 1966 until 1981.
We exploit the cross-sectional 1976 subsample that contains originally 3,010 observations. When
accounting for missing data, the final sample has 2061 observations.

Our calculations give 7o = 7.01, Hq, = 8.33, Ho = 8.53 and Hz = 20.92 as sample values of
the statistics, which correspond to p-values 0.000, 0.040, 0.036 and 0.000, respectively. This indi-
cates clearly the evidence against educ, exper and exper? joint exogeneity for all tests. Since joint
exogeneity is rejected, one important question is: should we apply IV method to all the regressors
educ, exper, exper?? Note that because the joint exogeneity has been rejected does not imply that
all three regressors are endogenous. It could be that only one is endogenous and the two others are
not. If so, applying IV to all of them may result in inefficient estimates of model parameters. This

underscores the necessity of having ways to check for the exogeneity of each regressor separately.



2.2. Approach and model assumptions

In this paper, we aim to provide valid procedure for assessing Hf even when W is endogenous and
model identification is weak. The main challenge we are facing is how to deal with the possible
simultaneity driving W and u. The strategy that we propose is to replace W by a W that is asymp-
totically independent with  under H5. Suppose we have regressors W satisfying this condition.

We can then express (2.1) as
y = YB+WO+a (2.5)

where 4 = u + (W — W)H is asymptotically uncorrelated with W. We call equation (2.5) the
“generated structural equation” to underscore the fact that W are generated regressors. Along with
being uncorrelated with u, a suitable candidate W in (2.5) should further leave invariant the null
hypothesis of interest in (2.3), i.e. cov(Y, u) = 0if cov(Y, u) = 0.

We now wish to discuss the choice of W. Note first that if ¢ has zero mean, the choice of
the conditional mean of W given Z is plausible, i.e., W = E(W|Z) = ZT. This choice then
entails that & = u + (W — W)H = u + £0. Because Z is exogenous and T is fixed, W are also
exogenous, hence uncorrelated with %. A difficulty however is that I' is unknown. This suggests
we replace I' by an estimator, say T', which meets the above requirements. At first, one is tempted
to use the least squares estimator I' = (Z'Z)~1Z'W obtained from the first-step regression. Even
though I is a consistent estimator of I' when the model is correctly specified, it is well known that
V(@' —T) = (Z2'Z/n)"'Z'¢/\/n and Z'i//n are not independent, even asymptotically. Hence,
we will still face a simultaneity problem choosing W = ZT.

Now, assume that ¢ = E(u/¢) < 0o and 0 < 02 = E(v/u) < +oo. Suppose further that
(u, v, ) have zero mean and ﬁZ "lu, v, £] is asymptotically Gaussian. Then, we can show that
Z'u/+/n and LnZ’[(W —ZI) — U—lauaug] = L7'[¢ - éuaug] are asymptotically independent

NG Vvn
[see Kleibergen (2002)]. Let

~ ~ ~ 1 N
W = 2z, T =(Z'2)Y2Z'W - U—Qz'ugug) .

u

(Z'Z) ' Z'uoye.  (2.6)

)
s

The choice of W in (2.6) then implies % = u+ (W —W)f = u+MzE0+0gPzu sothat Z'i/\/n =

(14 0¢)Z'u/\/n is proportional to Z'u/\/n, where o9 = 0,¢0/02 is a scalar. Since Z'u/\/n



is asymptotically independent of ﬁZ '€ — éuaug], hence Z'a/\/n and ﬁZ’ (€ — éuaug] are
also asymptotically independent. Hence, Z'ii//n and /n(T’ — T') are asymptotically independent;
which means that the choice of W in (2.6) weighs out the simultaneity problem. T can be viewed
here as the part of I that is asymptotically orthogonal to u. Furthermore, when the above regularity
conditions hold, we have Y'a/n B oou + Yoet, where X,¢ = E(v;&}) for all 4. In particular, if
v and £ are uncorrelated (i.e. if X, = 0) under Hf;, we have plim,_,» (Y'a/n) = 0 and H} can
in principle be assessed by testing whether Y is exogenous in model (2.5).

However, it is practically impossible to exploit (2.6) as u, o,¢ and ai are unknown. To alleviate

this difficulty, we suggest a strategy built on the following four steps:
1. project W on Z to obtain W = Pz W;
2. regress y on Y and W by OLS and recover the residuals, say
3. estimate g, by Gy = @, MzW/(n —m) and 02 by 62 = @, Mzt /(n — m);
4. and generate W as

W=z, T = ©'—(Z22) ' Z" (i, . Mgt,) i, MyW. 2.7)

Note that T' in (2.7) can be expressed as ' = (Z'Z) " Z'A(a,)W, where A(d,) = I —
(U, Mzt) Y0 My, If Z'Z/n = Op(1) and Z'W/n = O,(1) along with the exogeneity
of Z, then we have 4, Mzi./(n — m) = u,G./(n —m) + op(1) and @, MzW/(n —m) =
WW/(n —m) + op(1), sothat T = (Z'Z)"'Z' My, W + 0,(1), where My, is the projection
matrix onto the orthogonal of the space spanned by the residuals .. Hence, T is asymptotically
orthogonal to the residual @,. When identification is strong, I' = T' under standard regularity con-
ditions, which is always independent with the asymptotic distribution of Z'/+/n. However, when
identification is weak, T' converges to a random variable which is correlated with the asymptotic
distribution of Z’u/+/n. The aim of the orthogonalization by W is guarantee asymptotically, the in-
dependence between Z'i/y/n and T'y,. It is worthwhile noting that the choice of W in (2.7) implies

the following form of the errors @ in (2.5):

G=u+ (W —W)0 =u+ Mz&0 + 69Pzii. where &9 = G,w0/52. (2.8)



We now make the following generic assumptions on the behaviour of model variables.

Assumption 2.2 The errors {Ui = (ui, vl ;)/ 1< < n} are i.i.d. across i and n with zero

mean and the same nonsingular covariance matrix 3 given by

o2 o X, X
> — v Vu . (m+1)x (m+1), where Xy = ! & )
OVu EV E&) 25

_ / /AR 2. . . . .
O'Vu—(O'Uu,O'gu), o 11, opy i my X 1, 0gy iy X 1, Xyt my X my, Xy 1 My X My,

Ze My X My, and 02 — 03¢0 > 0. Furthermore, we have E(Z;U]) = 0 forall i =1, ..., n.

Assumption 2.2 requires model errors to be homoskedastic. However, it can be adapted to

account for serially correlated errors.

Assumption 2.3 When the sample size n converges to infinity, the following convergence re-

sults hold jointdly: (a) LS ;U7 B =, L5 zu!l 50,130 7,2 5 Qz; and (b)
d

75 i1 (iU, viwi = ov) = ¥ = Wz, ,,), where Uz = (g, g0, Vze), Vec(®) ~

N (0, ), vec(¥z) ~N (0, X®Qz) and ), ~N (0, c2%,).

Assumption 2.3-(b) entails that Z is weakly exogenous for (3, §')’, TI, and T' [see Engle,
Hendry and Richard (1982)]. The normality assumption on the limiting distributions is implied by

Assumption 2.2 and the central limit theorem (CLT).

Assumption 2.4 Under HY, the following two conditions hold: (a) 1 37" | vi&; = Oy(n™") for
some v > 1/2; and (b) 37 | Wit = Op(nfé), where {t.; : 1 < i <n} are the residuals

from the OLS regression in (2.7).

It is worth noting that Assumption 2.4 needs not to be satisfied under the alternative. As-
sumption 2.4-(a) along with Assumptions 2.2-2.3 entail that = Y7 | v;¢; 2 E(v;¢)) — 0 and
n’E(v;&)) = O,(1), asn — oo for some v > 1/2. This means that the covariance matrix, 2y, of
the reduced-form errors (v, £) is asymptotically diagonal under Hf}. This assumption is particularly
satisfied under Hf if v and & are uncorrelated (Xve = 0) or more generally if X = Evé /n” for
some v > 1/2, where Evg is a m, X m,, constant matrix. Furthermore, note that we also have

ﬁ Yo vkl = néf”n”% o vl = 0p(1).0p(1) = 0p(1), since v > 1/2. The condition that



LS Wit = Op(nfé) in Assumption 2.4-(b) implies that the correlation between the resid-
uals from the OLS regression in (2.7) and W converge to zero in probability, as the sample size n
increases. It follows that @, W/y/n = O,(1). Remark that @, W/n 2 0 does not implies that the
covariance between the structural error v and W (here o¢,,) converges to zero. However, it implies
a restriction of the form o, = — X¢ involving o¢,, X¢ and 0. Clearly, u and W may still be
asymptotically correlated even if a,W/n 203,

In this paper, we consider two main setups related to the identification of model parameters: (i)
ITyw = [I1, T is fixed with rank (IIyy) = m; and (ii) yw = %[HO, T'o], where ITy and T’
are constant [ X m,, and [ X m,, matrices (possibly zero). The setup for (i) implies that (5, 6')" is
identified, hence the instruments Z are strong. However, our results can be extended to cases where
(8, 0") is partially identified [i.e., ITyyy is fixed with 0 < rank(ITyw) < m], upon rotating
model variables in an appropriate way [See for example, Choi and Phillips (1992), Doko Tchatoka
and Dufour (2011), and Doko Tchatoka (2011)]. (ii) is Staiger and Stock (1997) local-to-zero weak
instruments asymptotic. The parameter that controls the strength of the instruments approaches zero
at rate 1/y/n as the sample size n increases.

We can now prove the following lemma on the asymptotic behaviour of Z't./n, Z'tu/n,

W'i/n, and Y'i/n.

Lemma 2.5 Suppose Assumptions 2.2-2.4 hold and let o,, = 0. Then we have:

Z'u/n, W'a/n, Z'uy/n, Y'i/n 2 0, irrespective of whether the instrument are strong or weak.

Lemma 2.5 shows clearly that W is asymptotically uncorrelated with @ in (2.5) and further, that
H} is asymptotically invariant by the transformation (2.7).

We now consider the following transformed model:
yt o= Yig+at, vi=Zz'TI+ot (2.9)

where the superscript “_L” means residual from projection onto the space spanned by the columns
of W. As W is asymptotically uncorrelated with @ under Hf} by Lemma 2.5, Z L is asymptotically
a valid instrument for Y. Furthermore, by exploiting (2.8), we can easily show that Y+ at /n EN

Ovu + Xpel. If Assumption 2.4 and Hf are satisfied, we have X,c = 0 and o, = 0 so that

3Under Assumptions 2.2-2.4, we have plim_, oo (W'ﬂ* ) =0}, = 0cu+ Xec0. Hence, 07, =0 & oue = —0'%;

n
so that the remark follows.



Y+ at /n 2 0, which means that HJ can be assessed by testing whether Y is uncorrelated with
ot in (2.9).

If 3 is identified* in (2.9), both the OLS estimator (namely B Ls) and IV estimator (B 1) of Bare
consistent under HE, and B 1.5 1s efficient. Hence, the magnitude of the vector of contrasts is small in
that case [3 LS~ 3 v = 0p(1)]. However, when HJ is not satisfied (o, # 0), B v 1s still consistent
but 3 Lg 1S not, so that 3 LS — 3 v = Op(1). Therefore, in the same spirit as Durbin (1954), Wu
(1973), and Hausman (1978), we can build the test statistics for assessing H’S on B LS — B IV, upon
scaling by appropriate factors to guarantee the usual asymptotic x2-distributions.

More interestingly, Lemma 2.6 shows that (Z+ 4+ /\/n, v+ 4+ /y/n) is asymptotically inde-
pendent of \/ﬁ(f‘ — T'), whether identification is strong or weak. So, the (possible) simultaneity

driving W and u has been eliminated by the transformation (2.7), as required.

Lemma 2.6 Suppose Assumptions 2.2-2.4 hold and let oy, = 0. Then we

have (ZJ_/’&’J_/\/H7 UJ_/{LJ_/\/H) i (wZJ-'zlv wvlﬂ) where: (i) (wZJ-fu vaﬂ) ~
. . 1/2 1/2

N [0, o2diag(Qz1, Xv)], with Qzu = Z/ Mle/zFQZ/ , rank(Ilyw) = m; and

. . 1/2 1/2
(i) (VzigsVora) ~ leme N {O,J%dlag(QZ/ MQ12/2F(12) Z/ ,Ev)] pdf (ze)dxy when
Iyyw = ﬁ[ﬂm Lo, T(22) = Lo + Q, w2 and pdf (x2) is the probability density function of

Y ¢ evaluated at 3.
Three remarks are in order.

1. The results indicate that Z-'at /+/n is asymptotically uncorrelated with vt ot //n and
vt at /v/n LN YVou ~ N [0, aiEU} , whether identification is strong or not. Consequently,
weak identification does not affect the asymptotic behaviour of UL/ﬂL/ \/n but the asymp-

totic behaviour of Z+ 4+ /+/n relies strongly on instrument quality.

2. When identification is strong [rank(IIy ) = m], T 2 T which is a constant [ x my, full
rank matrix. Hence, (Z @' //n, v @' /+/n) is asymptotically Gaussian, as expected [see
Lemma 2.6-(i)]. However, when identification is weak (weak instruments), T’ LN T(Yze) =
Ty + Q;@Z) z¢ Which is a non-degenerated random process with probability one. As a result,

the asymptotic distribution of (Z+'@"/\/n, v'@' /\/n) is a mixture of Gaussian processes

*It is well known that IV methods produce inconsistent estimates when identification is weak, see for example, Dufour
(2003), Stock et al. (2002), Stock and Wright (2000), Bekker (1994), Choi and Phillips (1992), Nelson and Startz (1990a,
1990b), Phillips (1989).
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with zero mean, as showed Lemma 2.6-(ii). Note that mixture is in the marginal distribution
of 141, because 1,15 is independent of both T'(3) ) and ¢ ;1 ; when Assumptions 2.2-2.4
and Hf hold.

3. When identification is weak, the independence between (1515, 1,,15) and T'(¢) 4¢) is crucial

to establish the validity of the tests that are proposed in the next section for assessing HJ.

3. Test statisticsand their asymptotic behaviour

We propose four alternative statistics to assess Hf, namely
9; = ki(Brs — B[v),ﬁfl(ﬁw ~Brv),j=1,2,34 (3.1
where k1 = (n — 2my)/my, k; =mn, forj =2, 3, 4, and

BLS = (Yﬂyl)flyrya BIV = (Y/PZLY)flylszya
B, = B3A A= 05— () 5y =620 — 620L 5y =74 5, = A
Qv = Y'PuY/n, Qs =Y Y40, 6% = (y - YBIV)/MVT/(?J —~YBp)/n,

62 = (y—YBLg) My (y—YBrs)/n, 63 =56%— Brs — Brv) A (Brs — Brv)-

The above expressions of 3, ¢, By, and {2 are derived from the identities Y-yt = Y1'y,
P, Y+t = P, Y and P,iyt = P,.y. The statistics in (3.1) differ only through the variance
estimators of the errors @ in (2.9) and the scaling factors ~;, 7 =1, 2, 3, 4. 62 and 62 are the
usual OLS-and I'V-based estimators of the errors (without correction for degrees of freedom), while
&3 can be interpreted as an alternative IV-based scaling factor. The use of different estimators of the
variance of the errors that leads to four versions of the test is important to discriminate between the
OLS-and I'V-based residuals, especially when identification is weak. When identification is weak,
the OLS estimator often outperforms [in terms of minimum mean squared errors (MSE)] the IV
estimator [see Kiviet and Niemczyk (2007) and Doko Tchatoka and Dufour (2011)]. The statistic

@f is an analogue to Wu (1973) Ty-statistic and can be interpreted as a usual F-test’ of v = 0 in

SFurther details on the regression interpretation of Durbin-Wu-Hausman tests can be found in Doko Tchatoka and
Dufour (2011) and Davidson and Mackinnon (1993, sec. 8.7).

11



the extended regression

yt o= Yig+oty+e (3.2)
where 0+ = M, .Yt e = P,ivty + ¢, and ¢ is independent of v*. The statistics @f
(J = 2, 3, 4) are analogues to alternative Hausman (1978) type-statistics considered in Staiger

and Stock (1997)°. The subscript “p” in the notation of the statistics, as well as the null hypothesis,
refers to partial exogeneity. The corresponding tests reject Hf) when the test statistic is “large”. Sec-
tion 3.1 investigates the size and power properties of the tests when identification is strong (strong

instruments).

3.1. Test behaviour with stronginstruments

Before investigating the properties (size and power) of the tests, we shall first examine the behaviour
of the vector of contrasts /3 LS — B 7v- Lemma 3.1 present the results under both the null hypothesis

(0uy = 0) and the alternative hypothesis (o, # 0 is fixed).

Lemma 3.1 Suppose Assumptions 2.2-2.4 hold and rank(Ilyy ) = m. Then we have:

" ~ . ~ d _
() Brs—Bry & 0, Vva(Brs—Br) SN0, 02(Z; =S| when oy = 0;

-
.o > e _ A ~ d
(i) Brs—Biy > S ow, Vr(Brs — Bry) = o0 when o, # 0;

where o = 3 4 5, B = WWQ 4TI, Q. is defined in Lemma 2.6-(i).

Lemma 3.1-(i) states the consistency to zero and the \/n-consistency of the vector of con-
trasts B LS — B v when H{, holds and identification is strong. As expected, the limiting distribution
of \/H(B LS — 3 7v) is Gaussian with zero mean and constant positive definite covariance matrix
02(E-1 — 21, Under the alternative hypothesis (o,,, # 0 is fixed, i.e., does not depend on the
sample size’), BLS — BIV it -1y, # 0 so that \/H(BLS - BIV) explodes, as showed Lemma
3.1-(ii). We can now characterize the asymptotic distributions of the statistics under both the null

hypothesis (level) and the alternative hypothesis (power). Theorem 3.2 presents the results.

%See also Guggenberger (2010) and Hahn et al. (2010).

"Throughout this paper, our analysis is based on alternative hypotheses of the form H? : o, # 0 where o,
is a my x 1 constant vector. However, it is easy to show that under local-to-zero alternative hypotheses of the form
HY. : 0vu = ¢/+/n where ¢ # 0 is constant, \/H(B LS — B 1) converges to a Gaussian process with nonzero mean
when identification is strong. As a result, all tests in (3.1) exhibit power against local-to-zero alternatives, though they
are no longer consistent.
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Theorem 3.2 Suppose Assumptions 2.2-2.4 are satisfied and rank(Ilyy ) = m. Then we have:
(a) 27 4 mLyXQ(my), 77 4 x2(my) Vi = 2,3, 4, when 0y, = 0; and (b) 77 4 4o

Vi=1,2, 3,4, when o,, # 0.

Theorem 3.2-(a) shows that all ZP statistics are asymptotically pivotal when identification is
strong. Hence, the corresponding tests are asymptotically valid (level is controlled). Theorem 3.2-
(b) indicates that test consistency holds, thus confirming the previous results in Lemma 3.1-(ii).
The Monte Carlo experiment shows that: (1) level is still controlled for moderate samples [see
Figure 1 for n = 100], and (2) test consistency may still hold in a wide range of cases where the
overall identification breaks down, provided partial identification is satisfied [i.e., IIyyy is fixed and
0 < rank(ITyy ) < m]. So, the above results extend to partial identification of model parameters.
More generally, it can be shown that the necessary and sufficient condition for consistency is that
MY, oy, # 0. We now study the behaviour of the tests under Staiger and Stock’s (1997) local-

to-zero weak instrument asymptotic.

3.2.  Test behaviour with weak instruments

In this section, we assume that model parameters are weakly identified, i.e., Ilyy = ﬁ[ﬂm T,
where Iy and I'y are constant matrices (possibly zero). As in the previous section, we first examine
the behaviour of the vector of contrast 3 LS — 3 7v- Lemma 3.3 presents the results under both the

null hypothesis and the alternative hypothesis.

Lemma 3.3 Suppose Assumptions 2.2-2.4 hold and I1yyw = ﬁ[l‘[o, T'o]. Then, we have:
. > ~ d _
(i) Brs— By — fRLme fRIme N [0, O'%‘I’le)] pdf (z1,z2)dx1dxe  When oy = 0;

. -~ ~ d _
(i) Brs— By — fRszw fszmy N [,u,ag\IlZi] pdf (z1,z2)dx1dxre  When oy, # 0

— — 1/2 1/2
where no= M((L‘l,(L‘Q) = ‘I’le)(xl,xg)(ﬂo + QZIIL'l)/ Z/ MQIZ/QF(QUQ) Z/ Hopvuv ‘IIZU =

Wy, (x1,22) = (I —l—Q;xl)’le/zMle/gr(m)QlZ/Q(Ho +Q21x1), pdf (x1, z2) is the joint prob-

ability density function of (1 7., z¢), and T'(x2) = T'o + Q' zo.

In contrast of Lemma 3.1, observe now that /3 LS — B 7 converges to a non degenerated random
variable, LZNIB, under H5. Though B 1g is still consistent under Hf; despite the lack of identification,

Bry is not. The lack of identification then implies that ;g — B, = O,(1) under H). Because
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M 12p( wzg)Q_l/ sz zus 1s independent of le/ T'(¢4¢) and 1 4,, under H?, the conditional limit-
ing distribution of 6 LS— 6 v, given (¢4, ¥ Zg), is Gaussian with zero mean. So, its unconditional
null limiting distribution is a mixture of Gaussian processes with zero mean. Under the alternative
hypothesis (o, # 0), the conditional limiting distribution of B LS — B v given (Yz,, ¥yze), is
Gaussian with nonzero mean so that its unconditional limiting distribution is a mixture of Gaussian
processes with nonzero mean.

1/20q

Let ¢0(x1,1‘2) = [ + H ;12 (0 Uz‘I’ZU 1‘1,1‘2)) H ] 1 < 1 and ¢(x1,x2) = [1 +

||O';1211)/2N (121, 22) = pous o2 W, (1, z2)) ||*]7! < 1. Theorem 3.4 characterizes the asymp-

totic distributions of &P statistics when instruments are local-to-zero.

Theorem 3.4 Suppose Assumptions 2.2-2.4 are satisfied and Ilyy = ﬁ [IIy, To]. (@) If oy =

0, then we have:

1
PP 5 —P(my), P 5 P (my),

My
_@p —> X ( /Rzmw / do(x1, x2)pdf (21, 22)dx1dTe < Xz(my)

forj=2,3. (b) If oy # 0, then we have:

d,
P = — m /lxm /lxmu (mys; [loy, hIll/QNH )pdf (z1, xo)dxydxs,
y w

@pﬁ/lew /ley my’ Ho-_l‘:[ll/Qlu’H )pdf(xl)xQ)dxldCCQ,
@p 5 /1 / ¢(x1, m2) x> (my; H071‘1’1/2M|| )pdf (z1, x2)dxdxs
REXMw

/lew /leu my’ HO‘il\I’l/QlJ’” )pdf x17x2)dx1dx2

forj =23, where ¥z, = W, (x1,x2) and u = pu(x1,x2) are defined in Lemma 3.3.

Firstly, we note that under Hjj (0., = 0), 27 and 2} are still asymptotically pivotal despite
identification issues. Hence, these tests have correct size with weak instruments. However, 2% and
% are boundedly asymptotically pivotal. The upper bound of their limiting distribution correspond
to their asymptotic distribution when identification is strong. So, the usually 2 critical values are
still applicable to these tests, even though doing so leads to conservative procedures. Clearly, all

proposed ZP-tests can be described as identification-robust. Secondly, when o, # 0, 2V and 27
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converge to a mixtures of noncentral x? distributions, while 2% and Z% are asymptotically bounded
by a mixture of noncentral x? distributions. Hence the tests 2} and 2} are more powerful than 2%
and 2%. Moreover, as W z,,(z1,z2) > 0 with probability one and y(x1,2z2) # 0 with probability
one when Ilyp,, # 0, hence the non centrality parameter in the asymptotic distribution of the
statistics is positive with probability one when Ilyp,, # 0. This suggests that all tests may still
exhibit when identification is weak. This is conform with the necessary and sufficient condition for
test consistency which was that ITp,,, # 0 when II is fixed (does not depend on the sample size
as it the case here). However, if IIyp,,, = 0, the limiting distribution of all statistics is the same
under the null hypothesis and the alternative hypothesis. As a result, the power of the tests cannot
exceed their nominal level in that case. This is particularly the case when I1y = 0 (complete non
identification of 3). An interesting observation also is that even if the parameter of the regressor
which exogeneity is not being tested in the structural is completely unidentified (I'g = 0), the tests
may still have power as long as ITyp,,, # 0 [see Panels (B)&(C) in Figure 1]. In the other side, if
ITyp,, # 0O, the power of all tests is low even when € is identified or close so [as an illustration of
this, see Panel (D) in Figure 1]. We now study in Section 3.3, the behaviour of the tests in a Monte

Carlo experiment.

3.3.  Sizeand power comparison

We consider the following data generating process (DGP):

y = Y18 +YoBy + WO+ u,

(Y1,Y2, W) = Z(II}, 15, T) + (v1,v2,€), (3.3)

where Y = [Y7, Y5] is a n X 2 matrix of regressors of interest. W (here an x 1 vector)® is the
endogenous variable which exogeneity is not being tested. Z contains [/ instruments each generated
i.i.d N(0, 1) and is kept fix within experiment. So, IT;, IIs and I are [-dimensional vectors.

The errors (u, vy, ve, &) are generated such that:

wi = (L+pd + 02, + P52 (e1i + Py, e2i + PuyEsi + pecai),

vii = (L4 p2) Y2 (py 15+ e2i), va; = (14 p2) "2 (py 10 + €30),

8Note that the results are qualitatively the same when W contains more than one regressor.
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& = (1+ Pg)fl/z(/)g?fu +ew), (210, €2, €30y €1) LN (0, 1)) (3.4)
foralle =1,...,n, =1 < p, <1, p,, = pvl/\/g, and pg is kept at p; = 0.8. From this
parametrization, the partial null exogeneity of Y is then expressed as Hf : p, . = 0. As seen from
(3.4), € is not correlated with (v, v2) under Hg, but is under the alternative hypothesis. To extend
the model to cases where & is locally correlated with (v1, vg), as required Assumption 2.4, we
weakened the non correlation assumption between £ and (v, v2). The results for this setup are
presented in Figure 5 of Appendix B. They indicate that the tests are still valid even for moderate
correlation between & and (vq, v2).

The values of 3;, 3, and 0 are set at 2, —3 and 1/2, respectively. IT;, IIs and I" are chosen
as: IIy = 71Ipy, Iy = 75Ilge, T' = 7T, where [IIp;, ITpa, T'g] is obtained by taking the
first three columns of the identity matrix of dimension . To account for strong, partial and weak
identification of model parameters, we consider six panels for the values of 71, 7o and 7 as follows:
(A) 71 = 179 =7 =5, ie. By, By and 0 are identified; (B) 79 = 79 = 5,7 = 0, so, [,
and [, are identified but # is not (partial identification); (C) 71 =5, 79 = 7 = 07%, ie. B, is

identified but 3, and 6 are weakly identified; (D) 71 = 79 = %, 7 = 5, hence 6 is identified

3

but 5, and (3, are weakly identified; (E) 71 = 79 = OT%, T = ﬁ, i.e., all model parameters
are weakly identified; and finally (F) 71 = 79 = 0, 7 = ﬁ : B and B4 are completely non
identified (irrelevant instruments), and 6 is weakly identified. The number of instruments [ belong
to {3, 10, 20} . Since we have m = 3 endogenous regressors in (3.3), [ = 3 corresponds to the
usual “just-identified” setup, while [ > 3 corresponds to the “overidentification”. The simulations
are run with sample sizes 100 and 300, while the number of replications is N = 10,000. In all
cases, the nominal level is set at 5 %.

Figures 1- 2 presents the power curves of the tests for n = 100, while Figures 3-4 in Appendix
B is for n = 300. The results are qualitatively the same in terms of level control in both cases.
However, the power improves substantially when n = 300, as expected. First, we observe that all
tests have correct level whether identification is strong, partial or weak. Furthermore, 2¢ and 27
have approximately a good level even when IVs are weak [for example, see Figure 2 below and
Figure 4 in Appendix B where identification is weak]. However, the same figures show clearly that
2% and Z% are overly conservative. In the same vain, all tests have similar power when identification

is strong strong (see Panel (A) in Figure 1& 3), but 27 and 2 exhibit more power than 25 and
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% when identification is partial or weak. In addition, the results confirm that the tests have power
when the parameter of the regressors which exogeneity is tested (here 3) is identified (for example,
see Panel (B)& (C) in Figure 1). But power is low when (3 is weakly identified, even when 6 is
strongly identified (see Panel (D) Figure 1). Overall, the recommendation is to use the tests 27 and

2% which outperform the others in all possible configurations of model identification.
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Figure 1. Size and power at nominal level 5% when identification is strong or partial, n = 100
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Figure 2. Size and power at nominal level 5% when identification is weak, n = 100

Partial identification of 6 and complete weak identification of all parameters: Panels D, E and F
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4. Empirical illustration

We consider the return to education model from Card (1995) in Example 2.1. The first-stage speci-

fications for educ and (exper, exper?) are given by
educ; = Z'T1+ Z1,01 + v, (exper;, e:cper?) =ZT+Z100+&,i=1,....,n (4.1)

where Z; and Z are the same as in (2.4). In Example 2.1, we found that DWH-tests rejected the
joint exogeneity of (educ, exper, exper?), but we do not know if some regressors are exogenous.
In this application, we want to test the exogeneity of educ and (exper, exper?) separately. So,
two null hypotheses are considered: (i) Hf : cov(v;, u;) = 0 for all ¢ (partial exogeneity of
educ) and (ii) Hb : cov(¢;, u;) = 0 for all i [partial exogeneity of (ezper, exper?)], where u
is the structural error term in (2.4). Note that in the setup for (i), £ may be correlated with u [i.e.
(exper, exper?) may be endogenous], while in those for (ii), v may be correlated with u (i.e.
educ may be endogenous).

Table 1 reports the outcomes of the DWH-tests and the 2P tests proposed in this paper. The
DWH-tests are run under the assumption that the regressors not being tested are exogenous, while
the P tests do not require this questionable restriction. It is important to observe that because exper
is generated as exper = qge — 6 — educ, we have cov(exper;,u;) = —cov(educ;,u;), as age
is exogenous. So, any valid procedure that rejects the partial exogeneity of educ should also reject
those of exper. This is not however the case for the DWH-tests, as they all fail to rejected the partial
exogeneity of (exper, exper?). This result is not surprising because educ is likely endogenous
and DWH procedures do not account for that when testing the exogeneity of (exper, exper?).
The outcomes of the ZP tests indicate strong evidence against the exogeneity of both educ and
(exper, exper?) as showed Table 1. Overall, these results underscore: (1) how the use of DWH
tests to assess partial exogeneity hypotheses may be misleading, and (2) the relevance of using 2P

tests when checking for partial exogeneity.
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Table 1. Testing for partial exogeneity of educ and (exper, exper?)

DWH-tests of the exogeneity of educ by keeping (exper, exper?) exogenous

Statistics | Sample value p-value decision
T2 36.62 0.000 reject
Hy 18.41 0.000 reject
Ho 18.58 0.000 reject
Hs 36.08 0.000 reject

DWH-tests of the exogeneity of (exper, exper?) by keeping educ exogenous

Statistics | Sample value p-value decision
T2 1.44 0.236 do not reject
Ha 2.87 0.238 do not reject
Ho 2.89 0.236 do not reject
Hs 2.89 0.235 do not reject

PP-tests of the exogeneity of educ

Statistics | Sample value p-value decision
97 27.52 0.000 reject
7% 9.86 0.002 reject
74 9.91 0.002 reject
174 27.23 0.000 reject

PP-tests of the exogeneity of (exper, exper?)

Statistics | Sample value p-value decision
74 99.05 0.000 reject
2% 151.51 0.000 reject
74 170.94 0.000 reject
Dy 181.38 0.000 reject
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5. Conclusion

In this paper, we propose alternative tests for assessing partial exogeneity in a linear IV regression.
The tests are easy to implement as they only require OLS and IV regressions. We provide an
analysis of their asymptotic behaviour (level and power) which shows that all tests are valid (level
is controlled) whether model parameters are identified or not. So, the proposed tests robust to weak
instruments. Moreover, our analysis indicates that test consistency may still hold over a wide range
of cases where the overall identification fails, provided partial identification is satisfied. However,
all tests have low power when model parameters are completely not identified.

A Monte Carlo experiment confirms our theoretical results. We illustrate our theoretical finding
through the workhorse example of returns to education from Card (1995). Our results clearly indi-
cate that standard exogeneity tests of the type proposed by Durbin (1954), Wu (1973, 1974), and
Hausman (1978) are not appropriate to assess partial exogeneity hypotheses, as they are valid only
when the regressors not being tested are exogenous. For example, we find these tests fail to rejected
the exogeneity of experience variables in this model if education is assumed exogenous. In contrast,
all proposed tests in this paper find strong evidence against the exogeneity of both education and ex-
perience variables, separately. Overall, this application underscores the relevance of using Z?-tests

when checking for partial exogeneity.
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APPENDIX

A. Proofs

PROOF OF LEMMA 2.5  Assume that rank(ITyy,) = m. First, write @ and 4, as:
i = u+ (W —=W)0=u+ Mz€0 + 9Pz, tn = Mgu, = Mgu+ MyxMzE0 (A1)

where X = [Y,W] and 69 = 6,:0/62. Hence, we have Z'ii/n = Z'u/n + 692"t /n and Z'i./n =
Z'Mgu/n + Z'MgMz£0/n. When Assumptions 2.2-2.4 are satisfied and if further Hy holds, then
X'u/n (d,,0) =0 and

mo;mn+x, mozr

X /n B Qy = >0, 2'%/n % Qux = ( Q1 QuT ).

', r'ezr
This then implies that Z'Mgu/n = Z'u/n — (Z'X /n)(X'X /n)~ Y (X u/n) B 0. Since v'¢/n % 0 from
Assumption 2.4-(a), we also get Z' M M z£60/n 2 0 so that Z'i, /n = Z' M gu/n+2Z' M Mz£0/n 2 0.
So, we have G,¢ = W, W/(n —m) — (@.Z/n)(Z'Z/n)"Y(ZW/(n —m)) = &.W/(n —m) + 0,(1) >
Ope = Oug + 'S¢ and 52 5 022 = 02 + 0,¢0. From Assumption 2.4-(b), we have 0, = —6'X¢ so that
e = 0and 0% = 02— 0' X0 > 0 (by Assumption 2.2). Hence, we have 69 = 6,¢0/62 5 o9 = 0 and
Z'u)n = Z'u/n + 692"t /n 2 0. We shall now show that W’a/n % 0 and Y'a/n % 0. Observe first
that W'a/n = I’ Z'a/n. Since T' & T, and from (??) Z'i/n 2 0, we have W'i/n 5 0. By the same
way, we get Y'u/n =Y (u+ Mz£€0 4+ 69 Pz.)/n B Gou. As 0py = 0 under Assumption Hy, it is clear

that Y'a/n 20. The proof is similar for weak values of ITy, i.e., IIyy = % [IIy, To].

n

PROOF OF LEMMA 2.6 Firstly, from Lemma 2.6, we have &t = u + Mz£60 + 69 Pzt = u+ Mz£0 +

Pz Py W0 + 0,(1), where Py, = 4, (0.a,) " 4, is the projection matrix in the space spanned by the

*

. A . [ [
residuals .. So, we can write Z+ @ /\/n and v @t /\/n as:

zVat )vn = ZVut )+ Z2Y Mggo)n+ 2 PoPy WO/ (A2)

vat/ve = vt ut Vi + ot Mgel/vn+ ot PrPy W6 . (A3)

Observe that Z+' My, = Z'My = 0 and v+ Mz£0/+/n = 0,(1) when Assumption 2.4-(a) holds, hence
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(A.2)-(A.3) become:

zVat )yn = ZHut)n+ 25 PaPy Wi (A.4)

vtat /v = vt et Ve + ot PoPa, WO/ A+ 0p(1). (A.5)

As Z't/n = op(1), v Z/n = o0,(1) and @.W/yn = Oy(1), we have vt PzP; W8/\/n =
(vt Z/n)(Z' Z/n) ") (Z e 1) (0. Gin /0) (@ W//0) = 0,(1). Moreover, since ' % T' (with T' = 0
when Iy = ﬁ[l’[o, To]), we have o'W /n = (v'Z/n)T 5 0 so that v+ ut//n = v'u/y/n —
(W'W /n)(W'W /n) 'T(Z' //n) = v'u/\/n + 0,(1). By the same way, we get Z- Py Py W6/\/n =

(ZY Z/n)(Z'Z)n) 1) (2", Jn) (@i /n) (@, W8/+/n) = 0,(1) so that we can express (A.4)-(A.5) as:
Hat/yn n "u/\/n
(Z/ /f) _ (A 0 )(Z/\/_>+Op(1) e
vt at/yn 0 Inp, v'u/v/n
where A, = I, — (Z’Z/n)f‘(f"(Z’Z/n)f‘)—lf" and (Z/“/ﬁ) KA (dJZu) N

0. o2 Qz 0
B R 8

and (2) HYW = %[Ho, FQ].

(1) Suppose first that rank(ITlyy) = m. Then, Aq, B A =1, - QT (I'Q,I)~ IV =

N by Assumption 2.3. We shall now distinguish two cases: (1) rank(Ilyy ) = m,

1Z/2MQ1Z/2FQ21/2 and from (A.6) we have

25w g Ve | [ QM@ 0 ) (v
’UJ_,’l]J'/\/E 'I/JUL,Q 0 Imy wvu

Qzr 0
~ N O7 0'3 N QzL = 1Z/2MQ12/21" 1Z/2
0o %,

(2) Suppose now that Iyy = \/#H[HO, To] and write \/al' = T + (Z2'Z/n)"*(Z2'¢/\/n) —
69(Z2'Z/n)~*(Z"1./+/n). From the proof in Lemma 2.5, we have 69 = 7,:0/62 % o4 = 0. From
Assumption 2.3, we also have (Z'Z/n)~Y(Z'¢//n) 4 led)zg. We now focus on Z't, /+/n. Let us

decompose Mg as My = My, — Py, y and write Z't, //n as:

Z'i/n=Z'Mgu./vn = Z'Myu./vn—(Z'MygY/n)(Y' MyY/n)" (Y Myu./v/n)

[l — (Z' My, Y/n) (Y My, Y/n) "I Z' My //n +

(Z' My Y /) (Y My, Y/n) " "' /v/n. (A7)
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Since Z'Myu./\/n = I, — (Z2Z/n)0X(Z2'Z/n)D) )2/ /0 = I
(Z'Z/n)T(T(Z2' Z/n)T) ') Z'u//m and v'u, /A = v'u//m+ ' Mz€0/yn = v'u//n + op(1)
[because v’ Mz£60/v/n = 0,(1) under Hy ], we can express (A.7) as:

Z'us/vn = A Z'u/vn+ Agpv'u/vn 4 0p(1) (A.8)

where Ay, = [I; — (Z'MyY/n)(Y' My Y/n) IV, — (Z'Z/n)D(X(Z'Z/n)T)~'1V] and As, =
(Z' My Y/n)(Y' My Y/n)~'. As Tyw = —=[M, Ty], we find: Z'MyY/n % 0 Y'MzY/n 5

v
o, Ao B oAy, = 1Z/2MQ12/2I‘5Q21/2 where I'e = T'o + QEW)Z@ and Az, 5 0. Hence,
we get and Z'i /v Q) My Qg and VD S Tz = Q'*(Q°T: -
U”MQ}/QQ 21/2¢Zu) = T¢ (since 09 = 0). Moreover, we have A, 4A, = I, —

Q2T (W 2¢)(C($26) Q2T (W 2¢)) " T(ze) = QY *Mgyop wzs)Q;/ ? and (A.6) then implies that

’ . 1/2 —-1/2
Z+Yat yn q Yzig _ z MQIZ”F(?Zng)QZ 0 ¥zu . (A9

Ul/’ﬁL/\/ﬁ Vola 0 Imy Vo

Because ¢ ;. 4 = le/QMQl/zF(wzg)Q;/QwZu, itis clear that Q;/szﬁl is independent of QIZ/QI‘(wzg).
zZ
Since @z is fixed, ¥ ;. is also independent of le/QI‘(wzg). So, conditionally on QIZ/2I‘(¢Z£) =
IZ/QI‘(@), (A.9) implies that

wZLﬂ

. 1/2 1/2
. |02y~ N |0, 0% diag(QY*My1ep QY ,Ev)}. (A.10)
vla

By integrating (A.10) with respect to all possible realization of ¢ ., the result follows.

PROOF OF LEMMA 3.1 (i) Assume first that 0, = 0. We have

Brs—Brv = YY)y yYal/m— (Y Pyt )ty Y Pyiat/n,
ViBrs = Bry) = (YHYE )Ty at v — (VY Pyt )Ty Pauat v/,
YYYt/n = Y'V/n— (Y'Z/n)AC[Wal' (Z' Z/n)y/nl) el (Z'Y /n),

Y Pt /n = (Y My Z/n)(Z' My, Z/n)~ (2" My Y/n),
yYat/n = Yia/n— Y'W/n)(W'W /)" \(W'a/n),

Y Pyiat/n = (Y My Z/n)(Z' My, Z/n)~ (2 My i/n).
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From Lemmas 2.5-2.6, it easy to see that YJ-/YJ-/n 5w = QLI + X, YJ_/PZLYJ_/n 2
Y, = WQuIL YV al/n = WZY 4t o+ ot at/n B 0, and Y Pyoat/n = WZY 0t /n +
v Pyiat/n B 0. So, we find B, — By = 0. Moreover, from results in by Lemma 2.6, we have
yVat/ym = WzYatjym+ ot et /vn S Wy + vpn = WQuQ7 Wy + 1y, and
YY Pyt /yn =W ZY 0t [y + ot Pyuat/yn 5 T yey; = TTQ 40 Q5 4, So, from Lemma

2.6-(i), we get /(3.5 — Brv) 4 Wz where
Uy = 3 NQ Q5 g+ b)) — S QL Q7 gy ~ N[0, a2(5; - 271

(ii) Suppose now that o, # 0. It is easy to see from the above proof that Y+ P, at/n 5 0,

YYat/n B o, # 0 so that we obtain ;¢ — B;y — X:'owe # 0. This then entails that

\/E(BLS - Blv) 5 co.

PROOF OF THEOREM 3.2 Let o, = 0 and recall that

77 = ki(Brs — Brv) Aj_l(BLS —Brv) (A.11)

where Z‘ and k5, 7 = 1, 2, 3, 4 are defined in (3.1). By noting that all 62,7 52 5% = 02 and by Lemma

3.1-(i), we have #;(Bs — Brv) 4 Vg ~N {0 o2(E;1 -7 )} for j = 2,3, 4; /m1(Brs — Brv) 4
Wy ~ LN [0, 02(51 2—1)}, we have 27 % V(S - B2 W ~ Gy (my),

1
Vy \/"_ T My 02
TP S HUL(ELT - B W~y (my) forall j = 2, 3, 4.

If oy # 0, we have .@j’-’ A +oo, forall j =1, 2, 3, 4, by applying directly results in Lemma 3.1-(ii).

O

PROOF OF LEMMA 3.3 (i) Assume first that o',, = 0 and express 3, ¢ — 3y as:
Brs—Bry = (YEYL/m)y=tv+at/n) - (Y PLyh) Tyt pat. (A.12)

Since Iy = \/Lﬁ[ﬂo, T'o], it is easy to see that YJ-'YJ-/n 2 5, and YJ-/ﬁJ-/n LN 0, so that the first
term in the right hand sight of (A.12) is 0,(1). Hence, A5 — By = —(Y - P, Y L) 'YL Pyoat +
op(1). Now, write Y'P,.Y = (YXZY//n) (2" 2z /)" (ZzY Y /yn) and Y Pyiat =
(YL/ZL/\/H)(ZL/Zi/n)_l(Zﬂﬂi/\/ﬁ). By observing that we now have: Z1'Z1t/n B
—1/2

1/2 1/2 1/2 1/2 1/2
Z/ MQ1/2F(w B Z/ , ZJ‘ YJ‘/\/_ / M 1/21"(111 )Q / II, + QZ/ M 1/2 T( e ’lﬂZU =
—1 2

( IZ/2M QYT (v, )Q1/2)(H0+Q2 ¥y,), and Z+ J-/\/_%QZ QY (v, )QZ wZu(byLemma
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2.6), it follows that Y'P,.Y % W, = (II, + Q;wZU)'QlZ/QMQlZ/QF(%) VAT + Qy'by,) and

' _1d —1 1/2 —1/2
Y Pyt S (o + QL' v4,) Q) MlepF(sz)QZ ¥ 4., Thus we get

P e d & - - 1/2 -1/2
Brs = Brv — ¥p= _‘Iqul;(HO + Q21¢Zu)/ Z/ Mle/zr(wzs)QZ / Vzu (A.13)

Because MQWF(w )Q;/szu is independent of QIZ/QI‘(ng) and 1, is also independent of ¢, un-
z VA3

der H5, with a little manipulation (and using results in Lemma 2.6-(ii)), we find that conditionally on

(wzva wzg) = (3017302)7

= 1
¥s |7J)zU:IlﬂJ}Z§: Y T (a2) ™ N [0’ Uz‘I’ZU(xhxﬁ} (A-14)

where Wy, (z1,22) = (IIp + Q;xl)’QIZ/2MQ12/2F(“)Q12/2(H0 + QElxl). By taking the integral with
respect to all possible realizations (¢ z,,, ¥ z¢) = (21, 72), the result follows.
(ii) Suppose now that o, # 0. The proof is similar to those in (i). Firstly, note that we now have

Y+'at/n % 5, and the other limits in (i) do not change. So, we have

N P .
Brs—Bry — X lou+ ¥s. (A.15)

Now, observe that MQl/zr(w )Q;/me is still independent of QIZ/QI‘(wzg). However, ¢, and 9 4,
z ZE

are correlated. Since (¢, ¥ ,, ¥ z¢) is Gaussian by Assumption 2.3-(b), we have E(¢ 4, |y, v,

) = EWzy lv,) = wzupp, where p,, = X 'o,,. As a result, we have E(p,, +
= - - 1/2 —1/2 -
‘I’ﬂ |w2w¢zg) = Pou — lI’Z'Ll;(l_l:o + Qzlev)/QZ/ Mle/Qr(wzg)QZ / wZ'up'uu = ‘I’Zi(HO +

—1 1/2 1/2 _
QZ ¢Zu)/QZ/ Mle/zf‘(lbzg)QZ I1op,, = p. So, we get
Pouw T ‘i’ﬂ |,¢)ZU::E1’712}Z§: 1Z/21_,(z2) ~ N [M(Il, IQ), Ui‘I’Ei(Il, Ig)} (A.16)

where p(z1,22) = \Ilgllj(xl,xg)(ﬂo + lexl)’QIZ/QMQ

respect to all possible realizations of (¢ z,,, ¥ z¢), the result follows.

12/2”12)@12/ ’IIyp,,, . By integrating (A.16) with
O

PROOF OF THEOREM 3.4  Note first that we still have 62, &3 LN o2 when Iy = ﬁ [IIy, T'y], whether

0vw = 0 or not. Moreover, we can write 52 as:

5 = (y — YBQSLS)/MVV(ZJ - YBQSLS)/”
= ly— YBLS - Y(BQSLS - BLS)]/MVV ly — YBLS - Y(BQSLS - BLS)]/”

= & - 2(y — YBLS)/YL(BQSLS - BLS)/” + (BQSLS - BLS)/(YJ_,YL/H)(BQSLS - BLS)
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= &+ (B2SLS - BLS)/(YL/YJ_/”)(BQSLS - BLS) (A.17)

where the last equality holds because (y — Y 3, )Y+ = 0. So, it follows from Lemma 3.3 that &> A o2 =
02 + W0, W5 =02 (140,28, 5,%s) > 02, where ¥4 is defined by (A.13).

Suppose that 7, = 0. From Lemma 3.3-(i), we have 3,5 — 3,y 4 W ;5 so that

1 = ~ a 1 = ~
or 4 G W, By, 975 W W, ¥,, A.18
1 myor La¥zv¥s Ti = e Wg¥auls (A.18)
2
d O2u & 4 . 9= ~
ZA = W,V j=2,3;02,=(1+0,2W,2,W5)" " <1. (A.19)
u
-1/2 S 1/2 . .
Because Mle/QF(wzg)QZ V4, 1s independent of QZ/ (v 4¢) and ¢y, is also independent of

¥, under HY, From (A.14) we have Wy |wZU:zth£: Vopg™ N [0, 02, (z1,22)] so that
o A2 P 4
|wzuzx17w252 Y2p(as) x*(my). Hence, we have %} |wZU:zth§: 2y

d

1.2 74 d 2 P P
myX (my)7 94 |1/)ZU:"];171[)Z§=Q1Z/2F("LA2)*> X (my)’ and @2’ 93 |’¢)ZU:$11'I/)Z§=Q1Z/2F($2)4>

&, 0,

02, (z1,22)x*(my). As the conditional asymptotic distribution of 27 and 2} does not depend

d d .
on (z1,r2), we have 27 = —x*(m,), 27 = x*(m,), unconditionally. However, the con-
Yy

2

zZv)

ditional asymptotic distribution of 24 and %! depends on (z1,z2) through o the uncondi-

tional distribution is obtained by integrating with respect to possible values of (x1,x2); where
— / —

02lerms  ~ Golenaa) = [1 4+ 0PN (0, 05 ¥, (21,22)) TN (0, 055, (21,22))] 7" =

1+ |lo; ' 28/*N (0, 02® ! (z1,22)) |?]~. So, part (a) and (b) of Theorem 3.4 follow.

Suppose that 7, # 0. From Lemma 3.3-(ii), we have 3, 5 — (3, 4 Pou + ¥ 5 s0 that

d 1 ~ ~ a 1 ~ ~
@f - W(pvu+‘1’5)l‘yzv(pvu+‘1’5)ﬂ @f - U_g(pvu+‘P5)l‘IlZU(pvu+‘Il5)v
Y- u u
2
d 02, ~ ~ .
Dy 5 pou+ 28) Uau(py, + p), j=2,3. (A.20)
Furthermore, ~we can see from (A.16) that o2 |4, 4 ~ o(x1,22) =
_ - _ d
1+ lon SN (ur, 22) = puy, 0285 (w1,22)) |27 and Aoy s -

_ d _ d

mLyX2(my;Haulqjlz/f:u(xl’mQ)HQ)? @flxlaﬂh - XQ(my;Haulqjlz/f:u(xl’xQ)HQ) and ‘957 ‘@§)|l‘17l‘2 —

21, 2)x2(my ; o1 2 (21, 22)||?). Part (c) and (d) of Theorem 3.4 follow by integrating with
Y u Zo M y g g

respect (¢ z,,, l/fzg)-

B. Additional ssmulation results
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Figure 3. Size and power at nominal level 5% when identification is strong or partial, n = 300
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Figure 4. Size and power at nominal level 5% when identification is weak, n = 300
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Figure 5. Size and power at nominal level 5% when the reduced form errors are correlated under the null hypothesis
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