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♣❤❡♥♦♠❡♥♦♥ t❤❛t ❝♦♥tr❛❞✐❝ts t❡①t❜♦♦❦ ♠✐❝r♦❡❝♦♥♦♠✐❝ t❤❡♦r②✳ ❙♦♠❡ t❤✐❝❦
♠❛r❦❡ts ✇✐t❤ ❞♦③❡♥s ♦❢ ❝♦♠♣❛♥✐❡s ♦✛❡r✐♥❣ s✐♠✐❧❛r ♣r♦❞✉❝ts ❞♦ ♥♦t ❝♦♥✈❡r❣❡
t♦ ♦♥❡ ♣r✐❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❚❤♦♠♣s♦♥ ❛♥❞ ❚❤♦♠♣s♦♥ ✭✷✵✵✻✮ ♣r❡s❡♥t ❡✈✐❞❡♥❝❡
❢♦r ✉♥❡①♣❧❛✐♥❡❞ ✈❛r✐❛t✐♦♥ ✐♥ ♣r✐❝❡s ❛♥❞ s✉♣❡r✲♠❛r❣✐♥❛❧ ♣r♦✜ts ❢♦r ✇❡❜✲❤♦st✐♥❣
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✐♥tr♦❞✉❝❡❞ ❜② ❛❝t✐✈❡ ♣r✐❝❡ ♦❜❢✉s❝❛t✐♦♥ ❜② ❝♦♠♣❛♥✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❇❛②❡
❛♥❞ ▼♦r❣❛♥ ✭✷✵✵✹✮✱ ❈❧❛② ❡t ❛❧✳ ✭✷✵✵✶✮✱ ❊❧❧✐s♦♥ ❛♥❞ ❊❧❧✐s♦♥ ✭✷✵✵✾✮ ✉s❡ ❞❛t❛
❢r♦♠ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s ❢♦r ❝♦♥s✉♠❡r ❡❧❡❝tr♦♥✐❝s t♦ ❛r❣✉❡ t❤❛t r❡✲
t❛✐❧❡rs ❛❝t✐✈❡❧② ❡♥❣❛❣❡ ✐♥ ♣r✐❝❡ ♦❜❢✉s❝❛t✐♦♥ ♣r❛❝t✐❝❡s t❤❛t ❢r✉str❛t❡ ❝♦♥s✉♠❡r
s❡❛r❝❤✳ ❙✉❝❤ ♣r❛❝t✐❝❡s ✐♥❝❧✉❞❡ ❝♦♠♣❛♥✐❡s✬ ✉s❡ ♦❢ ✜❝t✐t✐♦✉s ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥s
♦r ❢❛❧s❡ s❛❧❡ s✐❣♥s t♦ ❞❡t❡r ❝♦♥s✉♠❡r s❡❛r❝❤ ❞❡❝❡♣t✐✈❡❧② ❛♥❞ ♣r♦✜t❛❜❧②✳ ❆♥✲
♦t❤❡r s♦✉r❝❡ ♦❢ ♥♦✐s❡ ✐s ❝♦♥s✉♠❡rs✬ ✐♥❤❡r❡♥t ✐♥❛❜✐❧✐t② t♦ r❡❛s♦♥ ❛❜♦✉t ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ ❣♦♦❞s ❛♥❞ s❡r✈✐❝❡s ❡①❤❛✉st✐✈❡❧② ♦r t♦ ♣r❡❞✐❝t t❤❡✐r ❢✉t✉r❡ ✉s✲
❛❣❡✱ ❡✈❡♥ ✇❤❡♥ ♥♦ ♦❜❢✉s❝❛t✐♦♥ ❡✛♦rts ❛r❡ ✉♥❞❡rt❛❦❡♥ ❜② ❝♦♠♣❛♥✐❡s✳ ❍❛tt♦♥
✭✷✵✵✺✮ ♣r♦✈✐❞❡s ❛♥ ❡①❛♠♣❧❡ ❢r♦♠ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❛r❦❡ts✱ ❞✐s❝✉ss✐♥❣ ❤♦✇
❝♦♥s✉♠❡rs ✜♥❞ ✐t ❞✐✣❝✉❧t t♦ ♣r❡❞✐❝t t❤❡✐r ❢✉t✉r❡ ✉s❛❣❡ ♦❢ ❛✐rt✐♠❡ ❛♥❞ ♦t❤❡r
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t✉r❡✳ ❋♦r ❡①❛♠♣❧❡✱ ♣r✐❝✐♥❣ ❞✐s♣❡rs✐♦♥ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠
r❡s✉❧t ♦❢ ❝♦♠♣❛♥✐❡s ♦♣❡r❛t✐♥❣ ✉♥❞❡r ♠♦♥♦♣♦❧② ✭❘✉❜✐♥st❡✐♥✱ ✶✾✾✸✮✱ ❙t❛❝❦✲
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♦r ❝♦♠♣❛♥②✲✐♥❞✉❝❡❞ ♥♦✐s❡ ✐s ♣r❡s❡♥t ♦♥ t❤❡ ♠❛r❦❡t✳ ▼✉❝❤ ❧❡ss ❛tt❡♥t✐♦♥ ✇❛s
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✐s ❡①♦❣❡♥♦✉s t♦ t❤❡ ♠❛r❦❡t ❛♥❞ r❡♣r❡s❡♥ts tr✉❡ t❛st❡ s❤♦❝❦s ♦r ❝♦♥s✉♠❡r
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2✱ ✇❡ ❡❧❛❜♦r❛t❡ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♠❛r❦❡t str✉❝t✉r❡ ❛♥❞ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣
♦❢ ❝♦♠♣❛♥✐❡s ❛♥❞ ❝♦♥s✉♠❡rs✳ ■♥ ❙❡❝t✐♦♥ 3✱ ✇❡ ✉s❡ ♦✉r ♠♦❞❡❧ t♦ ♠❡❛s✉r❡ t❤❡
✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢ ♥♦✐s❡✳

❚❤❡ ✇❡❧❢❛r❡ ✐♠♣❛❝t ♦❢ ♥♦✐s② ♣r✐❝✐♥❣ ♦♥ ❝♦♥s✉♠❡rs ✇❛s ✐♥✈❡st✐❣❛t❡❞ ❜②
♠♦❞❡❧s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♥♦✐s❡ ✐♥ ✇❤✐❝❤ ❝♦♠♣❛♥✐❡s ❝❤♦♦s❡ t❤❡ ❧❡✈❡❧ ♦❢ ♣r♦❞✉❝t
❝♦♠♣❧❡①✐t② ♦r ♦❜❢✉s❝❛t✐♦♥✳ ❚❤❡② ✐♥❞✐❝❛t❡ t❤❛t ♥♦✐s❡ ❛♥❞ ♦❜❢✉s❝❛t✐♦♥ ✐♠♣❛❝t
❝♦♥s✉♠❡rs✬ ✇❡❧❢❛r❡ ♥❡❣❛t✐✈❡❧②✳ ❙♦♠❡t✐♠❡s ♠♦❞❡❧s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♥♦✐s❡
❣❡♥❡r❛t❡ ✉♥✐♥t✉✐t✐✈❡ ❡q✉✐❧✐❜r✐❛✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ▲❛✐❜s♦♥ ❛♥❞ ●❛❜❛✐① ✭✷✵✵✹✮
❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❡t✐t♦rs ❝❛♥ ✐♥❝r❡❛s❡ ♠❛r❦✉♣s ❛♥❞ r❡❞✉❝❡
❝♦♥s✉♠❡r ✇❡❧❢❛r❡✳ ❇❛②❡ ❛♥❞ ▼♦r❣❛♥ ✭❢♦rt❤❝♦♠✐♥❣✮ s❤♦✇ t❤❛t r❡❞✉❝t✐♦♥s
✐♥ s❡❛r❝❤ ❝♦sts ♠❛② ❧❡❛❞ t♦ ❡✐t❤❡r ♠♦r❡ ♦r ❧❡ss ♣r✐❝❡ ❞✐s♣❡rs✐♦♥✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ♠❛r❦❡t ❡♥✈✐r♦♥♠❡♥t✳ ❆♥❞❡rs♦♥ ❛♥❞ ❉❡ P❛❧♠❛ ✭✷✵✵✷✮ ♣r♦✈❡ t❤❛t
✐♥tr♦❞✉❝✐♥❣ s❤♦♣♣❡rs ✇❤♦ ❛❧✇❛②s ❜✉② ❢r♦♠ t❤❡ ❝❤❡❛♣❡st ✜r♠ ♠❛② ✐♥❝r❡❛s❡
♠❛r❦❡t ♣r✐❝❡s✳ ▲❛✐❜s♦♥ ❛♥❞ ●❛❜❛✐① ✭✷✵✵✹✮ ❛ss✉♠❡ ✈❛r②✐♥❣ q✉❛❧✐t② ♦❢ ♣r♦❞✉❝ts
❛♥❞ ❡♥❞♦❣❡♥♦✉s ❝❤♦✐❝❡ ♦❢ ♥♦✐s❡ ✐♥ ❛ ♠❛r❦❡t ✇❤❡r❡ t❤❡ s✉♣♣❧✐❡r ✇✐t❤ t❤❡
s✉♣❡r✐♦r ♣r♦❞✉❝t ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ r❡❞✉❝❡ ♣r✐❝✐♥❣ ♦❜❢✉s❝❛t✐♦♥✳ ❖♥ t❤❡
❡♠♣✐r✐❝❛❧ s✐❞❡✱ r❡❝❡♥t ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❜② ❑❛❧❛②❝✐ ❛♥❞ P♦tt❡rs ✭✷✵✶✶✮
❝♦♥✜r♠ t❤❛t ♣r✐❝✐♥❣ ♦❜❢✉s❝❛t✐♦♥ ❝❛♥ ❧❡❛❞ t♦ ❤✐❣❤❡r ❛✈❡r❛❣❡ ♣r✐❝❡s✳

■♥ ❝♦♥tr❛st t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱
✇❡ ❣✐✈❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s ♥♦✐s❡ ✇❤❡r❡ ❝❡rt❛✐♥
❧❡✈❡❧ ♦❢ ❝♦❣♥✐t✐✈❡ ✐♠♣❡r❢❡❝t✐♦♥ ❝❛♥ ✐♠♣r♦✈❡ ❝♦♥s✉♠❡rs✬ ✇❡❧❢❛r❡✳ ❲❡ tr❛❝❡ t❤✐s
❝♦✉♥t❡r✐♥t✉✐t✐✈❡ r❡s✉❧t t♦ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢✉❧❧ r❛t✐♦♥❛❧✐t② ♦❢ ❝♦♠♣❛♥✐❡s
❛♥❞ t❤❡ ❜♦✉♥❞❡❞ ❝♦❣♥✐t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs✳ ❖✉r ♠♦❞❡❧ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ s✐♠♣❧❡
❡♥✈✐r♦♥♠❡♥t ✐♥ ✇❤✐❝❤ ❜♦✉♥❞❡❞❧② r❛t✐♦♥❛❧ ❛❝t♦rs ♦❜t❛✐♥ ❜❡tt❡r ♦✉t❝♦♠❡s t❤❛♥
❢✉❧❧② r❛t✐♦♥❛❧ ❛♥❞ ❢✉❧❧② ✐♥❢♦r♠❡❞ ♦♥❡s✳

Pr♦♦❢s ♦❢ t❤❡♦r❡♠s ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

✷✳ ❇❡rtr❛♥❞ ❉✉♦♣♦❧② ✇✐t❤ ◆♦✐s② ❈♦♥s✉♠❡rs

❈♦♥s✐❞❡r ❛ ♠❛r❦❡t ✇✐t❤ t✇♦ ❝♦♠♣❛♥✐❡s 1 ❛♥❞ 2 ❝♦♠♣❡t✐♥❣ ♦♥ ♣r✐❝❡s ✇✐t❤
❛♥ ✉♥❞✐✛❡r❡♥t✐❛t❡❞ ♣r♦❞✉❝t✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡①❛❝t ✜♥❛❧ ♣r✐❝❡ ♣❛✐❞ ✐s

✸



✉♥❦♥♦✇♥ t♦ t❤❡ ❝♦♥s✉♠❡r ✉♥t✐❧ ❛❢t❡r ❤❡ ❝♦♠♠✐ts t♦ ♦♥❡ ♦❢ ❝♦♠♣❛♥✐❡s✳ ❙✉❝❤
s✐t✉❛t✐♦♥ ❝❛♥ r❡s✉❧t ❢r♦♠ ❢✉t✉r❡ ❞❡♠❛♥❞ ♦r ♣r✐❝❡ ✉♥❝❡rt❛✐♥t②✳

❚❤❡ r❡❛❧✲❧✐❢❡ ❡①❛♠♣❧❡s ♦❢ ❞❡♠❛♥❞ ✉♥❝❡rt❛✐♥t② ❛r❡ ❝❤♦♦s✐♥❣ ❛ s✉♣❡r♠❛r❦❡t
t♦ ♠❛❦❡ t❤❡ ❣r♦❝❡r② s❤♦♣♣✐♥❣ ♦r s❡❧❡❝t✐♥❣ ❛ ♠♦❜✐❧❡ ♦♣❡r❛t♦r✳ ❙✉♣❡r♠❛r✲
❦❡ts ❛♥❞ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s ❝♦♠♣❛♥✐❡s ♦✛❡r ❛♣♣r♦①✐♠❛t❡❧② ✐❞❡♥t✐❝❛❧ ❣♦♦❞s
✐♥ t❡r♠s ♦❢ q✉❛❧✐t② ❛♥❞ ✈❛r✐❡t② ❛♥❞ ❝♦♥s✉♠❡rs ❛r❡ ✉♥❝❡rt❛✐♥ ❛❜♦✉t t❤❡ ✜♥❛❧
♠❛r❦❡t ❜❛s❦❡t t❤❡② ♣✉r❝❤❛s❡ ✉♥t✐❧ t❤❡② ❡♥t❡r t❤❡ s❤♦♣ ♦r s✐❣♥ ❛ t❡❧❡❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❝♦♥tr❛❝t✳ ■♥ t❤✐s ❝❛s❡✱ ❝♦♠♣❛♥✐❡s ❝❛♥ ✐♥tr♦❞✉❝❡ ♥♦✐s❡ t♦ ❝♦♥s✉♠❡rs✬
❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡✐r ♦✛❡rs ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ♣r✐❝❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✐t❡♠s✳

❆ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ♦❢ ♣r✐❝❡ ✉♥❝❡rt❛✐♥t② ✐s ❡①❝❤❛♥❣❡ r❛t❡ ♥♦✐s❡ ✇❤❡♥
❝❤♦♦s✐♥❣ ❜❡t✇❡❡♥ t✇♦ s✉♣♣❧✐❡rs ❛t ❦♥♦✇♥ s♣♦t ♣r✐❝❡s✱ ❜✉t ✇❤❡♥ ❡❛❝❤ s✉♣♣❧✐❡r
❝♦♥tr❛❝ts ✐♥ ❛ ❞✐✛❡r❡♥t ❝✉rr❡♥❝②✳ ■♥ t❤✐s ❝❛s❡✱ ❝♦♥s✉♠❡rs ❝❛♥♥♦t ❞❡t❡r♠✐♥❡
t❤❡ ❝❤❡❛♣❡r ♦✛❡r ❛t t❤❡ ❞❛t❡ ♦❢ ❣♦♦❞s ❞❡❧✐✈❡r② ✇❤❡♥ t❤❡② ❛r❡ s✐❣♥✐♥❣ t❤❡
❝♦♥tr❛❝t✳

❘❡❧❡✈❛♥t ♠♦❞❡❧s ♦❢ ❝♦♥s✉♠❡r ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ✐♥ ♥♦✐s② ❡♥✈✐r♦♥♠❡♥ts ✐♥✲
❝❧✉❞❡ s✐♠♣❧❡ s❛♠♣❧✐♥❣ s❝❤❡♠❡s ✭❙♣✐❡❣❧❡r✱ ✷✵✵✻✮✱ ♣❡r❝❡♣tr♦♥✲❧✐❦❡ ❛r❝❤✐t❡❝t✉r❡s
✭❘✉❜✐♥st❡✐♥✱ ✶✾✾✸✮✱ ✈❛r✐❛t✐♦♥s ♦❢ ❇❛②❡s✐❛♥ ✉♣❞❛t✐♥❣ ✭❲✐❧s♦♥✱ ✷✵✵✹✮✱ ❝♦st❧②
s❡❛r❝❤ ♣r♦❝❡ss❡s ✭❊❧❧✐s♦♥ ❛♥❞ ❲♦❧✐t③❦②✱ ✷✵✵✽❀ ●❛❜❛✐① ❛♥❞ ▲❛✐❜s♦♥✱ ✷✵✵✺✮ ❛♥❞
♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ❡st✐♠❛t✐♦♥ ❜❡❢♦r❡ ♣✉r❝❤❛s❡ ✭P❡r❧♦✛✱ ✶✾✽✺✮✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❝♦♥✲
s✉♠❡rs s❡❧❡❝t t❤❡ s✉♣♣❧✐❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡✿

✶✳ ❊st✐♠❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣r✐❝❡s ♦✛❡r❡❞ ❜② t❤❡ ❝♦♠♣❛♥✐❡s ✭♣❡r✲
❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡✮ ❛♥❞ ❝❤♦♦s❡ t❤❡ ❝❤❡❛♣❡r ♦♥❡✳ ❲❡ ❛ss✉♠❡ t❤❛t
t❤❡ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ✐s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ ❡①♣❡❝t❡❞ ❛❝t✉❛❧ ♣r✐❝❡s✳

✷✳ ❖❜s❡r✈❡ t❤❡ ♣r✐❝❡ ❢♦r t❤❡ ❝♦♠♣❛♥② t❤❛t ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ✭❛❝t✉❛❧ ♣r✐❝❡✮✳
❚❤✐s ✈❛❧✉❡ ✐s ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ t❤❡ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡✳

■♥ ♦r❞❡r t♦ ❞❡❝✐❞❡✱ t❤❡ ❝♦♥s✉♠❡r ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❡st✐♠❛t❡ ❛❝t✉❛❧ ♣r✐❝❡s
❢♦r ❡❛❝❤ ❝♦♠♣❛♥②✳ ❚❤❡ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ❡✈❛❧✉❛t✐♦♥ ✐s s✉✣❝✐❡♥t✳ ❋♦r
❡①❛♠♣❧❡✱ ✐♥ t❤❡ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s ❝❛s❡✱ t❤❡ ❝♦♥s✉♠❡r ❝❛♥ ❝♦♠♣❛r❡ ✉♥✐t
♣r✐❝❡s ♦❢ ❛ ♦♥❡✲♠✐♥✉t❡ ✈♦✐❝❡ ❝❛❧❧ ✐♥ ♠♦❜✐❧❡ ♦♣❡r❛t♦rs ♦✛❡rs ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦
s♣❡❝✐❢② t❤❡ ❛❝t✉❛❧ ❞❡♠❛♥❞ ❢♦r ✐t✳ ❍♦✇❡✈❡r✱ ✐♥ ♠♦st ❝❛s❡s t❤❡ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡
❞✐✛❡r❡♥❝❡ ✐s ❡st✐♠❛t❡❞ ❛s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡①♣❡❝t❡❞ ❛❝t✉❛❧ ♣r✐❝❡s ❢r♦♠
❜♦t❤ ❝♦♠♣❛♥✐❡s✳

❲❡ ♠♦❞❡❧ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❝❛s❡
♦❢ ❞❡♠❛♥❞ ✉♥❝❡rt❛✐♥t② ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡ t❤❛t ❛ ❝♦♥s✉♠❡r ❤❛s ❛ s❡t S ♦❢
♣♦ss✐❜❧❡ ❢✉t✉r❡ ❞❡♠❛♥❞ s❝❡♥❛r✐♦s ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ H ❞❡✜♥❡❞

✹



♦✈❡r S✳ ❋♦r ❡❛❝❤ ❞❡♠❛♥❞ s❝❤❡♠❡ s ∈ S✱ t❤❡ ❝♦♥s✉♠❡r ❝❛♥ ❞❡t❡r♠✐♥❡ ❡①❛❝t❧②
t❤❡ ♣r✐❝❡ ei(s) ❤❡ ✇✐❧❧ ♣❛② ✐❢ ❤❡ ❝❤♦♦s❡s t♦ ❜✉② ❢r♦♠ ❝♦♠♣❛♥② i✳ ■❢ t❤❡
❝♦♥s✉♠❡r t❡sts ❡✈❡r② s ∈ S ❛♥❞ ❛✈❡r❛❣❡ t❤❡ ❡①♣❡❝t❡❞ ♣r✐❝❡s ❛❝❝♦r❞✐♥❣ t♦ H✱
❤❡ ❝❛♥ ♠✐♥✐♠✐③❡ t❤❡ ❡①♣❡❝t❡❞ ♣r✐❝❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥s✉♠❡r
t❛❦❡s ♦♥❧② ❛ ✜♥✐t❡ s❛♠♣❧❡ ❢r♦♠ S ❞r❛✇♥ ❛❝❝♦r❞✐♥❣ t♦ H✱ ❛♥❞ ❡st✐♠❛t❡s t❤❡
♣r✐❝❡s ei(s) ❜❛s❡❞ ♦♥ t❤❛t s❛♠♣❧❡✳ ❙✉❝❤ ❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ❛❝t✉❛❧ ♣r✐❝❡
✐s ✉♥❜✐❛s❡❞❀ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ✐s ✉♥❜✐❛s❡❞✳ ❚❤❡
❛❝t✉❛❧ ♣r✐❝❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② r❛♥❞♦♠✐③✐♥❣ s ∈ S ❛❝❝♦r❞✐♥❣ t♦ H ✉s✐♥❣ t❤❡
✉♥✐t ♣r✐❝❡s ♦❢ t❤❡ ❝❤♦s❡♥ ❝♦♠♣❛♥②✳

■♥ t❤❡ ❝❛s❡ ♦❢ ♣r✐❝❡ ✉♥❝❡rt❛✐♥t②✱ t❤❡ ✇❡ ❛ss✉♠❡ t❤❡ s❛♠❡ ♠♦❞❡❧✱ ❜✉t
s❛♠♣❧❡ ♣r✐❝❡ s❝❡♥❛r✐♦s ✐♥st❡❛❞ ♦❢ s❛♠♣❧✐♥❣ ❞❡♠❛♥❞ s❝❡♥❛r✐♦s✳

❲❡ ❛ss✉♠❡ t❤❛t ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❡r❝❡✐✈❡❞ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ i✲t❤
❛♥❞ −i✲t❤ ❝♦♠♣❛♥✐❡s ✐s ●❛✉ss✐❛♥ N(m−i −mi,Σ)✱ ✇❤❡r❡ mi ✐s t❤❡ ❡①♣❡❝t❡❞
♣r✐❝❡ ♦❢ t❤❡ i✲t❤ ❝♦♠♣❛♥② ❛♥❞ Σ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❝♦❣♥✐t✐✈❡ ✐♠♣r❡❝✐s✐♦♥ ♦❢
❝♦♥s✉♠❡rs✳ ❈♦♠♣❛♥✐❡s ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ Σ✳ ❈♦♥s✉♠❡rs ❛♥❞ ❝♦♠♣❛♥✐❡s
❛r❡ r✐s❦ ♥❡✉tr❛❧ ❛♥❞ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ✐s ✐♥❡❧❛st✐❝ ✭❝♦♥s✉♠❡rs ❝❛♥♥♦t ♦♣t
♦✉t ♦❢ t❤❡ ♠❛r❦❡t✮✳ ❈♦♠♣❛♥✐❡s ♠❛①✐♠✐③❡ t❤❡✐r ❡①♣❡❝t❡❞ r❡✈❡♥✉❡s ❜② s❡tt✐♥❣
❡①♣❡❝t❡❞ ✉♥✐t ♣r✐❝❡s mi ❣✐✈❡♥ t❤❡ ❝♦st ♦❢ s✉♣♣❧②✐♥❣ t❤❡ ♣r♦❞✉❝t ci✳

❯s✐♥❣ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ♦❢ t❤❡ i✲t❤ ❝♦♠✲
♣❛♥② Vi (mi,m−i)✿

Vi = F

(

m−i −mi

Σ

)

(mi − ci) ✭✶✮

✇❤❡r❡ F (·) ✐s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ st❛♥❞❛r❞ ●❛✉ss✐❛♥✳
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❢♦r♠✉❧❛ ❞❡s❝r✐❜❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❝♦♥s✉♠❡r
❝❤♦♦s❡s i ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt ❣✐✈❡s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♠♣❛♥②✬s
♣r♦✜t ❣✐✈❡♥ t❤❛t ✐t ✐s ❝❤♦s❡♥✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ❝♦♥t❛✐♥s ❞✐s❝✉ss✐♦♥ ♦❢ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦❞❡❧ ❛♥❞ ❛♥❛❧✲
②s✐s ♦❢ Σ ✐♥✢✉❡♥❝❡ ♦♥ ✇❡❧❢❛r❡ ♦❢ ❝♦♥s✉♠❡rs✳

✸✳ ■♥✢✉❡♥❝❡ ♦❢ Pr✐❝❡ ◆♦✐s❡ ♦♥ ❊①♣❡❝t❡❞ ❈♦st

❚♦ ❛♥❛❧②③❡ t❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ 2✱ ✇❡ ❛♣♣❧② t❤❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞
♦♥ r❡❛❝t✐♦♥ ❝✉r✈❡ ❝❛❧❝✉❧❛t✐♦♥✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❚♦♣❦✐s ✭✶✾✼✽✮✳ ❲❡ s❤♦✇ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣✉r❡ str❛t❡❣② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ♣r✐❝❡s (mi,m−i)✿

❚❤❡♦r❡♠ ✶✳ ❆ ✉♥✐q✉❡ ♣✉r❡ str❛t❡❣② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♣r✐❝❡s (mi,m−i)
❡①✐sts✳

✺



▲❡t ✉s ❞❡♥♦t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥✐t ♣r✐❝❡ ♦❢ i ❛s µi✳ ■t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢
ci, c−i,Σ✳ ❉❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ♦❢ i ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜② Pi = Vi(µi, µ−i)
❛♥❞ i✬s ♠❛r❦❡t s❤❛r❡ Si = F

(

µ
−i−µi

Σ

)

✳ ❯s✐♥❣ t❤✐s ♥♦t❛t✐♦♥ t❤❡ ❡①♣❡❝t❡❞
❡q✉✐❧✐❜r✐✉♠ ❝♦st t♦ ❛ ❝♦♥s✉♠❡r ✐s ❡q✉❛❧ t♦✿

C(c1, c2,Σ) = µiSi + µ−iS−i.

❊q✉✐❧✐❜r✐❛ ♦❢ t❤❡ ♠♦❞❡❧ ❢♦r ❞✐✛❡r❡♥t ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❤❛✈❡ s✐♠♣❧❡ s❝❛❧❡✲
❛♥❞ s❤✐❢t✲✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s✿

❚❤❡♦r❡♠ ✷✳ ❋♦r a > 0 ❛♥❞ ❛r❜✐tr❛r② b ✇❡ ❤❛✈❡✿

µi(aci + b, ac−i + b, aΣ) = aµi(ci, c−i,Σ) + b

Si(aci + b, ac−i + b, aΣ) =Si(ci, c−i,Σ)

Pi(aci + b, ac−i + b, aΣ) = aPi(ci, c−i,Σ)

Ci(aci + b, ac−i + b, aΣ) = aCi(ci, c−i,Σ) + b.

❚❤❡♦r❡♠ ✷ ❛❧❧♦✇s ✉s ❝♦♥s✐❞❡r ♦♥❧② t✇♦ s♣❡❝✐✜❝ ❣❛♠❡s (c1, c2) = (0, 1)
❛♥❞ (c1, c2) = (0, 0) ✇✐t❤ ✈❛r②✐♥❣ Σ✳ ❊q✉✐❧✐❜r✐❛ ♦❢ ❛❧❧ ♦t❤❡r ❣❛♠❡s ❝❛♥ ❜❡
❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡s❡ t✇♦✳ ❯s✐♥❣ t❤✐s ♦❜s❡r✈❛t✐♦♥ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳ ■❢ c1 < c2 t❤❡♥ ✐♥ ❡q✉✐❧✐❜r✐✉♠ µ1 < µ2✳ ▼♦r❡♦✈❡r✱ dµi

dcj
> 0 ❛♥❞

dµi

dΣ
< 0 ⇐⇒ ci < c−i − 6.683Σ✳

❚❤❡♦r❡♠ ✸ ✐♥❞✐❝❛t❡s t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❛♥② ❝♦♠♣❛♥②
❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♠❛r❦❡t ♣r✐❝❡s ♦❢ ❜♦t❤ ❝♦♠♣❛♥✐❡s✳ ❍♦✇❡✈❡r✱ ❛♥ ✐♥❝r❡❛s❡
✐♥ t❤❡ ♥♦✐s❡ ❧❡✈❡❧ Σ ♠❛② r❡s✉❧t ✐♥ ❞❡❝r❡❛s✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ♣r✐❝❡ ♦✛❡r❡❞ ❜②
i ✐❢ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ✐s ❧♦✇ ❡♥♦✉❣❤ ci < 6.683Σ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠
❡①♣r❡ss❡s t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ❛❞❞✐♥❣ ♥♦✐s❡ t♦ ❝♦♥s✉♠❡r ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣
♠❛② ❤❛✈❡ ♣♦s✐t✐✈❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s✿

❚❤❡♦r❡♠ ✹✳ ❊①♣❡❝t❡❞ ❝♦st ❢♦r ❝♦♥s✉♠❡rs ✐s ♠✐♥✐♠✐③❡❞ ❢♦r Σ ≈ 0.126 ‖c2 − c1‖✳

❚❤❡♦r❡♠ ✹ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❲❤❡♥ ❛ ❝♦♠♣❛♥② ✇✐t❤ ❧♦✇❡r ♠❛r❣✐♥❛❧
❝♦st ✐s ❢❛❝❡❞ ✇✐t❤ ♥♦✐s② ❝♦♥s✉♠❡rs✱ ✐t ✇✐❧❧ t❡♥❞ t♦ ❦❡❡♣ ✐ts ♣r✐❝❡s ❧♦✇ ✐♥ ♦r✲
❞❡r t♦ ❛✈♦✐❞ ❧♦s✐♥❣ ♠❛r❦❡t s❤❛r❡ ❞✉❡ t♦ ♠✐s♣❡r❝❡♣t✐♦♥ ❡✛❡❝ts✳ ❚❤❡r❡❢♦r❡✱ ✐♥
♠❛r❦❡ts ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❞✉❝t✐♦♥ ❝♦sts✱ ❝♦♥s✉♠❡rs ❛r❡ ❜❡tt❡r ♦✛ ✇❤❡♥
t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ♣❡r❝❡♣t✐♦♥ ❡①♣r❡ss❡❞ ❜② Σ ✐s ❧✐♠✐t❡❞✱ ❜✉t ♥♦♥✲③❡r♦✳

✻
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❋✐❣✉r❡ ✶✿ ❊①♣❡❝t❡❞ ✜♥❛❧ ♣r✐❝❡ ♣❛✐❞ ❜② ❝♦♥s✉♠❡rs ♦♥ ❞✉♦♣♦❧② ♠❛r❦❡t ✇✐t❤ ♠❛r❣✐♥❛❧ ❝♦sts
c1 = 0 ❛♥❞ c2 = 1✳ ❈♦st t♦ ❝♦♥s✉♠❡r ✐s ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♥♦✐s❡ ❧❡✈❡❧ Σ✳

✹✳ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤❡ ♣❛♣❡r ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ s✐♠♣❧❡ ♠♦❞❡❧ ♦❢ ❇❡rtr❛♥❞ ❞✉♦♣♦❧② ✇✐t❤ ♥♦✐s②
♣❡r❝❡♣t✐♦♥ ♦❢ ♣r✐❝❡s✳ ❲❡ ❛ss✉♠❡❞ t❤❛t ❝♦♠♣❛♥✐❡s ❝♦♥tr♦❧ ❛✈❡r❛❣❡ ♣r✐❝❡s ❜✉t
❝❛♥♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❝♦♥s✉♠❡rs✬ ♣❡r❝❡♣t✐♦♥s ♦❢ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡✳
❚❤✐s s✐t✉❛t✐♦♥ ❝❛♥ r❡s✉❧t ❢r♦♠ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ❢✉t✉r❡ ❞❡♠❛♥❞ ✭❢♦r ❡①❛♠♣❧❡
♦♥ r❡t❛✐❧ ❛♥❞ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❛r❦❡ts✮ ♦r ♣r✐❝❡ ✉♥❝❡rt❛✐♥t② ✭❢♦r ✐♥st❛♥❝❡
✐♥ ♠❛r❦❡ts ✇✐t❤ ❢♦r❡✐❣♥ ❝✉rr❡♥❝② ❝♦♥tr❛❝ts✮✳

❲❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❡st✐♠❛t♦r ♦❢ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡s ✉s❡❞ ❜② ❝♦♥s✉♠❡rs ❢♦❧✲
❧♦✇s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ ♣✉r❡ str❛t❡❣② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ♣r✐❝❡✲s❡tt✐♥❣ ❣❛♠❡ ❜❡t✇❡❡♥
❝♦♠♣❛♥✐❡s✳ ❊q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ✐♥❝r❡❛s❡ ✇❤❡♥ ❡✐t❤❡r ❝♦♠♣❛♥✐❡s✬ ♠❛r❣✐♥❛❧

✼



❝♦sts ✐♥❝r❡❛s❡ ♦r ✇❤❡♥ t❤❡ ♣❡r❝❡♣t✐♦♥ ♥♦✐s❡ ✐♥❝r❡❛s❡s✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❞✐❢✲
❢❡r❡♥❝❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st ❜❡t✇❡❡♥ ❝♦♠♣❛♥✐❡s ✐s ♥♦t ❧❛r❣❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❡✈❡❧
♦❢ ♥♦✐s❡ t❤❛t ♠✐♥✐♠✐③❡s ❛✈❡r❛❣❡ ❝♦sts ❢♦r ❝♦♥s✉♠❡rs✱ ♠❡❛s✉r❡❞ ❛s st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ♦❢ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ❡st✐♠❛t♦r✱ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ 12.6✪ ♦❢
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦♠♣❛♥✐❡s✬ ♠❛r❣✐♥❛❧ ❝♦sts✳

❚❤❡ r❡s✉❧ts s✉❣❣❡st t❤❛t ✇❤❡♥ ❢✉❧❧② r❛t✐♦♥❛❧ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣❛♥✐❡s
❝♦♠♣❡t❡ ✐♥ ♣r✐❝❡s✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs ✇✐t❤ ❛ ❞❡❣r❡❡ ♦❢ ❜♦✉♥❞❡❞
♣❡r❝❡♣t✐♦♥ ✇♦✉❧❞ ❜❡ ❜❡tt❡r ♦✛ t❤❛♥ ♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ♦r ❝♦♠♣❧❡t❡❧② ♥♦✐s②
♣♦♣✉❧❛t✐♦♥s✳ ❚❤❡ ♠❡❝❤❛♥✐s♠ r❡❧✐❡s ♦♥ t❤❡ ❝❤❡❛♣❡r ❝♦♠♣❛♥② ❧♦✇❡r✐♥❣ ✐ts ♣r✐❝❡
❞✉❡ t♦ t❤❡ ❢❡❛r t❤❛t ❝♦♥s✉♠❡rs✬ r❛♥❞♦♠♥❡ss ❝❛♥ ❧❡❛❞ ❝♦♥s✉♠❡rs t♦ ❝❤♦♦s❡ ✐ts
❝♦♠♣❡t✐t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ♦✉r r❡s❡❛r❝❤ ❡①♣❧❛✐♥s t❤❡ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ ❲❛❧✲
▼❛rt ❊✈❡r② ❉❛② ▲♦✇ Pr✐❝❡s ♣♦❧✐❝②✳ ■♥ ♥♦✐s② ♠❛r❦❡ts✱ t❤❡ ❝♦st ❧❡❛❞❡r ✇✐t❤
❧♦✇❡r ♣r✐❝❡s ❝❛♥ s✐❣♥❛❧ ♣r✐❝❡ ❞✐✛❡r❡♥❝❡ ♦♥❧② ❜② s❡tt✐♥❣ ❡✈❡♥ ❧♦✇❡r ♣r✐❝❡s✳ ❲❛❧✲
▼❛rt✬s ♣♦❧✐❝② ❛✐♠s t♦ r❡❞✉❝t❡ ♣r✐❝✐♥❣ ♥♦✐s❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡✐r ❝♦♠♣❡t✐t♦rs✬
♠❛r❦❡t✐♥❣ str❛t❡❣✐❡s ❜❛s❡❞ ♦♥ ❛❝t✐✈❡ ♣r♦♠♦t✐♦♥ ♦❢ ♥❛rr♦✇ r❛♥❣❡ ♦❢ ♣r♦❞✉❝t
❛t ✈❡r② ❧♦✇ ♣r✐❝❡s✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ♦t❤❡r ♣r♦❞✉❝ts✬ ♣r✐❝❡s ❤✐❣❤✳

❆♣♣❡♥❞✐① ❆

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t ❢♦r ❛ ✜①❡❞m−i✱ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡
ri(m−i) ♦❢ ♣❧❛②❡r i ✐s ❣✐✈❡♥ ❜② ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ❋❖❈✳ ▲❡t ✉s ❝❛❧❝✉❧❛t❡ ✐t
✭✇❡ ❞❡♥♦t❡ F ′(x) = f(x)✮✿

∂Vi

∂mi

= F

(

m−i −mi

Σ

)

− f
(

m
−i−mi

Σ

)

(mi − ci)

Σ
✭✷✮

∂Vi

∂m−i

=
f
(

m
−i−mi

Σ

)

(mi − ci)

Σ
✭✸✮

∂2Vi

∂m2
i

=
f
(

m
−i−mi

Σ

)

Σ

(

(mi −m−i)(mi − ci)

Σ2
− 2

)

✭✹✮

∂2Vi

∂m2
−i

=
f
(

m
−i−mi

Σ

)

(mi −m−i)(mi − ci)

Σ3
✭✺✮

∂2Vi

∂mi∂m−i

=
f
(

m
−i−mi

Σ

)

Σ

(

1− (mi −m−i)(mi − ci)

Σ2

)

✭✻✮

❚❤❡r❡ ❡①✐st ♣♦✐♥ts pl < min(ci,m−i) ❛♥❞ ph > max(ci,m−i) s✉❝❤ t❤❛t ∂2Vi

∂m2

i

✐s ♥❡❣❛t✐✈❡ ✐♥ ✐♥t❡r✈❛❧ (pl, ph) ❛♥❞ ♣♦s✐t✐✈❡ ♦✉ts✐❞❡ ✐♥t❡r✈❛❧ [pl, ph]✳

✽



❘❡✈❡rt t♦ ∂Vi

∂mi
✳ ■t ✐s ♣♦s✐t✐✈❡ ❢♦r mi ≤ ci✳ ❋♦r mi > m−i ✇❡ ❝❛♥ ✉s❡ t❤❡

❢❛❝t t❤❛t x < 0 ⇒ F (x) < −f(x)
x
✿

∂Vi

∂mi

<
f
(

m
−i−mi

Σ

)

mi−m
−i

Σ

− f
(

m
−i−mi

Σ

)

(mi − ci)

Σ

❋♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ mi✿
Σ

mi−m
−i

< mi−ci
Σ

✱ t❤❡r❡❢♦r❡ ∂Vi

∂mi
< 0✳

■♥ t❤❡ ✐♥t❡r✈❛❧ (ci,+∞)✱ ∂Vi

∂mi
✐s ✜rst ❞❡❝r❡❛s✐♥❣ ❢r♦♠ s♦♠❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡✱

❛❢t❡r✇❛r❞s ✐t ❤❛s ❡①❛❝t❧② ♦♥❡ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛♥❞ ❧❛t❡r ✐♥❝r❡❛s❡s ❜✉t ❞♦❡s
♥♦t ❝r♦ss 0✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ♦♥❧② ♦♥❡ mi ❢♦r ✇❤✐❝❤

∂Vi

∂mi
❡q✉❛❧s

0✳ ❇❡❝❛✉s❡ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✐♥ t❤✐s ♣♦✐♥t ✐s ♥❡❣❛t✐✈❡ ✐s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧
♠❛①✐♠✉♠ ♦❢ Vi ✇✐t❤ r❡s♣❡❝t t♦mi ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ ri(m−i)✳

❋r♦♠ ❡q✉❛t✐♦♥ ✷ ✇❡ ❣❡t t❤❛t ✐❢ mi = ci t❤❡♥
∂Vi

∂mi
> 0✳ ▲❡t ✉s s❤♦✇ t❤❛t

❢♦r mi =
m

−i+ci
2

+

√

(

m
−i−ci
2

)2
+ Σ ❞❡r✐✈❛t✐✈❡ ∂Vi

∂mi
✐s ♥❡❣❛t✐✈❡✿

∂Vi

∂mi

= F (U −
√
U2 + 1)− f(U −

√
U2 + 1)(U +

√
U2 + 1)

✇❤❡r❡ U = m
−i−ci
2Σ

✳ ❙✐♥❝❡ U <
√
U2 + 1✿

∂Vi

∂mi

< −f(U −
√
U2 + 1)

U −
√
U2 + 1

− f(U −
√
U2 + 1)(U +

√
U2 + 1) = 0

❚❤✐s ✜①❡s t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r✈❛❧✿

ri(m−i) ∈ I1 =



ci,
m−i + ci

2
+

√

(

m−i − ci
2

)2

+ Σ2





❚❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥
♦❢ ❡q✉❛t✐♦♥ ∂Vi

∂mi
= 0 ✐♥ t❤❡ ❛❜♦✈❡ ✐♥t❡r✈❛❧✳ ◆❡①t✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧

r❡s♣♦♥s❡ ri(m−i) ✐s ✐♥❝r❡❛s✐♥❣ ❛s m−i ✐♥❝r❡❛s❡s✳ ❋♦r t❤✐s ✇❡ ✉s❡ ♥❡❝❡ss❛r②
❝♦♥❞✐t✐♦♥ ∂Vi

∂mi
= 0 t♦ ❝❛❧❝✉❧❛t❡✿

dri
dm−i

= −
∂2Vi

∂mi∂m−i

∂2Vi

∂m2

i

=
Σ2 − (ri −m−i)(ri − ci)

2Σ2 − (ri −m−i)(ri − ci)

❲❡ ❦♥♦✇ t❤❛t ri > ci✱ ❛s ❡❛❝❤ ❝♦♠♣❛♥② ♥❡❡❞s t♦ r❡♠❛✐♥ ♣r♦✜t❛❜❧❡✳ ■❢
ri < m−i t❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ❛❜♦✈❡ ✐s ♣♦s✐t✐✈❡✳ ▲❡t ✉s ❛♥❛❧②③❡ t❤❡ ♦♣♣♦s✐t❡
❝❛s❡ ri > m−i✳

✾



❋✐rst✱ ♦❜s❡r✈❡ t❤❛t ✐❢ Σ2 > (ri −m−i)(ri − ci) t❤❡♥ t❤❡ ❛❜♦✈❡ ❢r❛❝t✐♦♥ ✐s
♣♦s✐t✐✈❡✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✐s ♠❡t ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r✈❛❧✿

ri ∈ I2 =
m−i + ci

2
+ (−1; 1)

√

(

m−i − ci
2

)2

+ Σ.

❲❡ ❝❛♥ s❡❡ t❤❛t I1 ⊂ I2✱ t❤❡r❡❢♦r❡ t❤❡ ❝♦♥❞✐t✐♦♥ Σ2 > (ri −m−i)(ri − ci)
✐s ♠❡t ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❙✉♠♠❛r✐③✐♥❣ 0 < dri
dm

−i
< 1✱ s✉❝❤ t❤❛t t❤❡ r❡❛❝t✐♦♥ ❝✉r✈❡ ❢♦r ♣❧❛②❡r i ✐s

✐♥❝r❡❛s✐♥❣ ❛s m−i✱ ❜✉t s❧♦✇❡r t❤❛♥ −i✲t❤ ♣❧❛②❡r✬s ♣r✐❝❡ m−i✳
❆❞❞✐t✐♦♥❛❧❧②✱ ✐❢ mi = m−i =

√

π
2
Σ + ci t❤❡♥

∂Vi

∂mi
= 0✳ ❚❤✐s ♠❡❛♥s t❤❛t

i✲t❤ ♣❧❛②❡r✬s r❡❛❝t✐♦♥ ❝✉r✈❡ ❝r♦ss❡s mi = m−i ❧✐♥❡ ✐♥ t❤✐s ♣♦✐♥t✳ ❇✉t ❛s
0 < dri

dm
−i

< 1 t❤✐s ✐s t❤❡ ♦♥❧② ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t r❡❛❝t✐♦♥
❝✉r✈❡s ♠✉st ✐♥t❡rs❡❝t ❛t ❧❡❛st ♦♥❝❡ ❛♥❞ ❛t ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t✿

r1, r2 ∈
√

π

2
Σ + [min(c1, c2),max(c1, c2)]

■t r❡♠❛✐♥s t♦ ❜❡ s❤♦✇♥ t❤❛t t❤❡ r❡❛❝t✐♦♥ ❝✉r✈❡s ✐♥t❡rs❡❝t ✐♥ ❡①❛❝t❧②
♦♥❡ ♣♦✐♥t✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✇❡r❡ t✇♦ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts (r1,1, r2,1) ❛♥❞
(r1,2, r2,2)✳ ❇✉t t❤✐s ✇♦✉❧❞ ✐♠♣❧② maxi∈{1,2}

mi,1−mi,2

m
−i,1−m

−i,2
≥ 1 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts

t❤❡ ❢❛❝t t❤❛t 0 < dri
dm

−i
< 1✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ❡q✉✐❧✐❜✲
r✐✉♠✳ ❚❤✉s✿

∀i ∈ {1, 2} :
∂Vi

∂mi

(µi, µ−i) = F

(

µ−i − µi

Σ

)

− f
(

µ
−i−µi

Σ

)

(µi − ci)

Σ
= 0

■❢ ✇❡ tr❛♥s❢♦r♠ ci ❜② ♠✉❧t✐♣❧②✐♥❣ ✐t ❜② a ❛♥❞ ❛❞❞✐♥❣ b ❛♥❞ ♠✉❧t✐♣❧② Σ
❜② a✱ t❤✐s s❡t ♦❢ ❡q✉❛t✐♦♥s ✐s s♦❧✈❡❞ ❜② aµi + b✳ ❊q✉❛t✐♦♥s ❢♦r Pi✱ Si✱ Ci ❛r❡
❝❛❧❝✉❧❛t❡❞ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ tr❛♥s❢♦r♠❡❞ µi✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳ ■♥ ❡q✉✐❧✐❜r✐✉♠ ∂Vi

∂mi
(µi, µ−i) = 0✳

❚❤❡r❡❢♦r❡ ∂V1

∂m1

(µ1, µ2) = ∂V2

∂m2

(µ2, µ1)✳ ❇② r❡❛rr❛♥❣✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ ✇❡
❣❡t✿

2F

(

µ2 − µ1

Σ

)

− 1 = f

(

µ2 − µ1

Σ

)

((µ1 − c1)− (µ2 − c2)) /Σ

✶✵



t❤✉s µ2 > µ1 ⇔ µ1 − c1 > µ2 − c2 ❛♥❞ c2 > c1✳ ▲❡t✬s ❝❛❧❝✉❧❛t❡ ❛❧❧
❞❡r✐✈❛t✐✈❡s ♦❢ ♣r♦✜ts ✐♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t (µ1, µ2)✿

J = −
[

∂2Vi

∂m2

i

∂2Vi

∂mi∂m−i

∂2V
−i

∂mi∂m−i

∂2V
−i

∂m2

−i

]

.

❯s✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✿
[

dµi

dci
dµ

−i

dci

]

= J−1

[

∂2Vi

∂mi∂ci
∂2V

−i

∂m
−i∂ci

]

❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✇❡ ❤❛✈❡ −∂2Vi

∂m2

i

> ∂2Vi

∂mi∂m−i
> 0✳ ❚❤❡r❡❢♦r❡

det(J) > 0 ❛♥❞ J−1 ❤❛s ♦♥❧② ♣♦s✐t✐✈❡ ❡❧❡♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱ ❝r♦ss ❞❡r✐✈❛✲
t✐✈❡s ❛r❡ ❛s ❢♦❧❧♦✇s✿

[

∂2Vi

∂mi∂ci
∂2V

−i

∂m
−i∂ci

]

=

[

f
(

µ
−i−µi

Σ

)

/Σ
0

]

❛♥❞ t❤❡ ✜rst t❡r♠ ✐s ♥♦♥♥❡❣❛t✐✈❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ♣r✐❝❡s ♦❢ ❜♦t❤ ❝♦♠♣❛♥✐❡s
✐♥❝r❡❛s❡ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ❡✐t❤❡r ♦❢ ♠❛r❣✐♥❛❧ ❝♦sts ci✳

❉❡♥♦t❡ A = Σ−1✳ ❯s✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ❛❣❛✐♥ ❛♥❞ s✐♠♣❧✐✲
❢②✐♥❣ ✇❡ ❤❛✈❡✿

dµi

dA
= det(J−1)

(

∂2Vi

∂mi∂m−i

∂2V−i

∂m−i∂A
+

∂2V−i

∂m2
−i

∂2Vi

∂mi∂A

)

❆❢t❡r ❝❛❧❝✉❧❛t✐♥❣ ❞❡r✐✈❛t✐✈❡s ❛♥❞ s✐♠♣❧✐❢②✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✇❡ ❣❡t✿

dµi

dA
= det(J−1)Af(A(µ−i − µi))

(

−(µ−i − c−i)− 2(µi − ci) + A2(µ−i − µi)
2(µi − ci) + (µ−i − µi)

)

❋r♦♠ ❡q✉✐❧❧✐❜r✉♠ ❝♦♥❞✐t✐♦♥ ❛♥❞ ❡q✉❛t✐♦♥ ✷ ✇❡ ❤❛✈❡ µi−ci =
F (A(µ

−i−µi))
Af(A(µ

−i−µi))
✳

■♥tr♦❞✉❝✐♥❣ t❤✐s ✐♥t♦ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ ❞❡♥♦t✐♥❣ x = A(µ−i − µi) ✇❡ ❣❡t✿

dµi

dA
= det(J−1)

(

−1− F (x)(x2 − 1) + f(x)x
)

❲❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t det(J−1) > 0✳ ❚❤❡r❡❢♦r❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥
❞❡♣❡♥❞s ♦♥ G(x) = −1−F (x)(x2 − 1)+ f(x)x✳ ◆♦t✐❝❡ t❤❛t G′(x) = 2xF (x)

✶✶



❛♥❞ ✐t ✐s ♣♦s✐t✐✈❡ ❢♦r x > 0✳ ▼♦r❡♦✈❡r G(0) = −3
2
❛♥❞ ❢♦r x < 0 ✇❡ ❤❛✈❡✶

G(x) < f(x)
x

− 1 < −1✳ ❙✉♠♠✐♥❣ ❛❧❧ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡

❡①✐sts x̂ s✉❝❤ t❤❛t x < x̂ ⇒ dµi

dA
< 0 ❛♥❞ x > x̂ ⇒ dµi

dA
> 0✳ ❆ ♥✉♠❡r✐❝

❝❛❧❝✉❧❛t✐♦♥ ②✐❡❧❞s x̂ = 1.363✳ ❯s✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ✇❡ ❣❡t✿

x = x̂ ⇔ ci = c−i − 6.618Σ

◆♦✇ ✇❡ s❡❡ t❤❛t ❢♦r ci = c−i ✇❡ ❤❛✈❡ x = 0 s♦✿

dµi

dA
< 0 ⇔ ci < c−i − 6.618Σ

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t c1 < c2✳
❚❤❡ ❝❛s❡ ♦❢ c1 > c2 ✐s s②♠♠❡tr✐❝ ❛♥❞ ♦♥❧② ❝♦♠♣❛♥✐❡s ✐♥❞✐❝❡s ♥❡❡❞ t♦ ❜❡
❡①❝❤❛♥❣❡❞✳

❆ss✉♠❡ t❤❛t ❛ ❝❡rt❛✐♥ Σ ✐s t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❧♦✇❡st ❛✈❡r❛❣❡
❝♦♥s✉♠❡r ♣r✐❝❡s ❢♦r ❛ ♣❛✐r (c1, c2)✱ t❤❛t ✐s✿

∀Σ̂ > 0 : C(c1, c2,Σ) ≤ C(c1, c2, Σ̂)

❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✱ t❤✐s ❛ss✉♠♣t✐♦♥ ❛❢t❡r s✉❜st✐t✉t✐♥❣ a = (c2−c1)
−1

❛♥❞ b = −c1 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

C(0, 1,
Σ

c2 − c1
) ≤ C(0, 1,

Σ̂

c2 − c1
)

■❢ c1 6= c2 t❤❡♥ t❤❡ ♦♣t✐♠❛❧ Σ ✐s ❡q✉❛❧ t♦ ❡q✉✐✈❛❧❡♥t Σ ❢♦r ❛ ❝♦st ♣❛✐r
(c1, c2) = (0, 1) ♠✉❧t✐♣❧✐❡❞ ❜② |c2 − c1|✳

❚❤❡ r❡♠❛✐♥✐♥❣ ❝❤❛❧❧❡♥❣❡ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ Σ ❢♦r ♠❛r❣✐♥❛❧ ❝♦st
♣❛✐r (0, 1)✳ ❆ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ②✐❡❧❞s Σ = 0.125 ❛♥❞ C =
0.892✳ ❖♥ ❋✐❣✉r❡ ✶ ✇❡ s❤♦✇ t❤❡ s❤❛♣❡ ♦❢ C ❢♦r s♠❛❧❧ Σ✳ ▼✐♥✐♠✉♠ ❝❛♥♥♦t
♦❝❝✉r ❢♦r Σ > 0.25 ❜❡❝❛✉s❡✿

✶✳ ❋r♦♠ ❚❤❡♦r❡♠ ✸ ✇❡ ❦♥♦✇ t❤❛t Σ > 0.151 ⇒ dµi

dΣ
> 0❀

✷✳ ❋♦r Σ = 0.25 ✇❡ ❤❛✈❡ µ1 = 0.902 ❛♥❞ µ2 = 1.161 ❛♥❞ t❤❡② ❛r❡ ❜♦t❤
❣r❡❛t❡r t❤❛♥ 0.892✳

❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

✶❆❣❛✐♥ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t x < 0 ⇒ F (x) < − f(x)
x

✳

✶✷



❘❡❢❡r❡♥❝❡s

❬✶❪ ❆♥❝❛r❛♥✐ ❋✳✱ ❱✳ ❙❤❛♥❦❛r✱ ✷✵✵✹✳ Pr✐❝❡ ▲❡✈❡❧s ❛♥❞ Pr✐❝❡ ❉✐s♣❡rs✐♦♥ ❲✐t❤✐♥
❛♥❞ ❆❝r♦ss ▼✉❧t✐♣❧❡ ❘❡t❛✐❧❡r ❚②♣❡s✿ ❋✉rt❤❡r ❊✈✐❞❡♥❝❡ ❛♥❞ ❊①t❡♥s✐♦♥
❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❝❛❞❡♠② ♦❢ ▼❛r❦❡t✐♥❣ ❙❝✐❡♥❝❡ ✸✷✭✷✮✱ ✶✼✻✲✶✽✼✳

❬✷❪ ❆♥❞❡rs♦♥ ❙✳ P✳✱ ❆✳ ❉❡ P❛❧♠❛✱ ✷✵✵✺✳ Pr✐❝❡ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❈♦♥s✉♠❡r
❘❡s❡r✈❛t✐♦♥ Pr✐❝❡s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✫ ▼❛♥❛❣❡♠❡♥t ❙tr❛t❡❣②
✶✹✭✶✮✱ ✻✶✲✾✶✳

❬✸❪ ❇❛②❡ ▼✳ ❘✳✱ ❏✳ ▼♦r❣❛♥✱ ✷✵✵✹✳ Pr✐❝❡ ❉✐s♣❡rs✐♦♥ ✐♥ t❤❡ ▲❛❜ ❛♥❞ ♦♥ t❤❡
■♥t❡r♥❡t✿ ❚❤❡♦r② ❛♥❞ ❊✈✐❞❡♥❝❡✳ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✸✺✭✸✮✱
✹✹✾✳

❬✹❪ ❇❛②❡ ▼✳ ❘✳✱ ❏✳ ▼♦r❣❛♥✱ ❢♦rt❤❝♦♠✐♥❣✳ ■♥❢♦r♠❛t✐♦♥✱ s❡❛r❝❤✱ ❛♥❞ ♣r✐❝❡
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