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CHAPTER 8
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ABSTRACT. From the point of view of consumer demand theory the linear expenditure system (LES)
provides a convenient model for representing consumer response to price and income and its linearity is
one of its most attractive features. But when estimation problems are discussed, the descriptive adjective is
more notable for its irony than its accuracy. Since Stone (1954) first calculated parameter estimates for the
LES, some stochastic specifications for the system have been given. These specifications, however, ignore
some of the requirements implied by economic theory and these methods of estimation lack desirable
properties. This paper will deal with the problems of stochastic specification and maximum-likelihood
estimation of the LES making full use of the restrictions of economic theory by assuming that the
minimum required quantities for the commodities have a three-parameter multivariate lognormal
distribution.

1. Introduction

The linear expenditure system (LES) — first introduced by Klein and Rubin (1948) ~— has had
great appeal in applied econometrics owing to the fact that it expresses consumer expenditures on
the various commodities as linear functions of prices and income, consistently with the hypothesis
of utility-maximization subject to a budget constraint. It was shown by Samuelson (1948) (and
subsequently again by Geary, 1949) that the corresponding system of demand functions is
generated by a utility function which is linear in the logarithms of displacements of the quantities
consumed, or equivalently, by a shifted Cobb-Douglas utility function. Stone (1954) was the first
to apply this concept empirically, using an ingenious heuristic computational algorithm. This was
further developed in Stone (1964) and Stone et al. (1964), and the approach has been the subject
of a valuable exposition and development by Deaton (1975).

The pure theory of consumer behavior makes no allowance for the random errors that must be
allowed for in statistical estimation. The procedure followed by Stone’s followers, such as Barten
(1964, 1969), Theil (1965), Malinvaud (1966), Parks (1969, 1971), Deaton (1975) and others has
been to add random terms to the expenditure functions, without considering (as in the original
deterministic formulation of Klein and Rubin, 1948) whether the new stochastic demand
functions could find a basis in the theory of rational behavior, except in the following limited
sense: it was noted independently by Barten (1969) and Parks (1969, 1971) that if the stochastic
demand functions were to obey the budget constraint exactly, then the covariance matrix of the
error terms would necessarily be singular, and that this restriction should be taken into account in
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the development of efficient estimation procedures. However, this still leaves unanswered the
question of the source of the error terms. If it is not a random error in the consumer’s computation
of the budget constraint it must be a random error in the consumer’s utility function.

The idea that preferences themselves are stochastic was apparently first suggested by Mosteller
and Nogee (1951). They noted that in experiments to test transitivity of preferences, one could
always find instances in which this postulate was violated unless it were recast in stochastic form.
A large literature on stochastic choice emerged, of which one may cite May (1954), Quandt
(1956), Papandreou (1957), Luce (1958), Debreu (1958), Davidson and Marschak (1959),
Chipman (1960), and Block and Marschak (1960). The basic idea is that an individual's
preference ordering is conditional on a particular ‘state of mind’ which can change from time to
time in response to intemal or external stimuli. This approach has been generally accepted in
psychology but has been slow to penetrate econometrics, except in the area of discrete-choice
models, where it has very successfully been applied by McFadden (1974). In the continuous-
choice setting of the theory of consumer demand the only applications we are aware of are those
of Pollak and Wales (1969) and Woodland (1979), and more recently Lee and Pitt (1986a, 1987,
1986b). Pollak and Wales (1969) included a random error tem in the Klein-Rubin-Samuelson-
Geary utility function, but unfortunately they postulated it to have a normal distribution, which is
logically impossible since the logarithm is defined only for positive numbers. Woodland (1979)
suggested an alternative specification on the disturbances in the LES, namely that they have a
Dirichlet distribution. However, the Dirichlet distribution requires the expenditures for the
different commodities to be independent of one another, by the definition of the Dirichlet
distribution (see Rao 1973, p. 125). Thisis clearly a very strong assumption.

The main purpose of this paper is to remove those obstacles and suggest an alternative
stochastic specification. We assume that the stochastic term in the utility function has a
multivariate lognormal distribution and then obtain the first-order conditions from which the
maximum-likelihood (ML) estimators are derived. It will be noted that our approach satisfies all
of the restrictions implied by economic theory in contrast to some more general approaches such
as that of the ‘Rotterdam model’ (Barten 1964, 1969; Theil 1965) — which uses a quadratic
approximation to the utility function — and the model of Christensen, Jorgenson, and Lau (1975)
— which uses a utility function which likewise does not satisfy the global concavity and
monotonicity constraints assumed in consumer theory. Though this paper considers the
estimation problem only for the case of the LES model, we think it quite likely that some of the
techniques developed in the paper can be profitably used in other expenditure-share models, e. g.,
the Rotterdam differential demand model, the Christensen-Jorgenson-Lau model, and the Deaton
and Muellbauer (1980b) AIDS model. Qur aim in this paper is not to strive for the utmost
generality but to try to carry out an exact analysis for the simplest case, in the hope that the
methods can later be applied to more general cases.

One of the noteworthy consequences of the stochastic formulation undertaken in this paper is
that the error terms in the expenditure equations depend upon the prices, see equation (5) below;
thus, the usual procedures — if our formulation is correct — fail to take account of the
pronounced heteroskedasticity in the error term of the LES that could result from price
fluctuations.

One limitation of the formulation of this paper should be mentioned: no account is taken of
boundary conditions. That is, it is assumed that the first-order conditions of an interior maximum
are satisfied for the consumer. For most applications, where commodity aggregation assures that
there will be positive consumption in each category, this should present no problem; however, this
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might no longer be so in the case of highly disaggregated data sets. For treatments of these
problems see Wales and Woodland (1983) and Lee and Pitt (1986a, 1987, 1986b).

The plan of the paper is as follows: Section 2 begins with the discussion of the stochastic
specification by making systematic use of economic theory. Section 3 gives the first-order
conditions of the ML estimator for the LES under the lognormal specification. In Section 4 we
report our conclusions.

2. Stochastic Specification

Let g; be the quantity of commodity j demanded at time ¢ (j=1,2,...,m;t=1,2,...,T), and let it
be assumed that the community acts as if it maximized a stochastic utility function

Ugno,Y.&)= f‘,a.- log (g4 +Yu +€4) (05 > 0, }Ea; =1) ¢)]

i=l i=l

subject to the budget constraint

2.Pudu <Cn )

i=1
where p, = (pi1, pia, . - . .Pm)’ iS the price vector withp; > 0(i = 1,2,...,m) at time ¢, c, is income, or
more properly expenditure, at time +. The term €, = (€,,,. . . ,E)’ is a random error that allows for
random variation in the minimum requirement; since (1) is undefined for g, +v; +&4 <0, & must
be assumed to be bounded from below (and thus we cannot assume that €, has a multivariate
normal distribution). We may take this lower bound to be zero, since any departure from zero
may be considered to be absorbed in the term v, = (Y1, %z2,...,%m). In particular, ¢, may be
postulated to have a two-parameter lognormal distribution with 0 as lower bound; equivalently,
the random vector y,+¢, may be postulated to have a three-parameter multivariate lognormal
distribution with the (unknown) parameter -y, as lower bound. The v, parameter is notoriously
difficult to estimate (cf. Johnson and Kotz, 1970; Cohen, 1951; Hill, 1963). However, owing to
the nature of the LES we can show, as in Chipman and Tian (1988), that the function 4, defined by
(11) below — which is a function of the parameters to be estimated — is bounded by probability
integral functions (Lemma 1 of Chipman and Tian, 1988), and further we can show that the ML
estimation of the LES with lognormal distribution is strongly consistent, asymptotically normal,
and asymptotically efficient by using the theory of M-estimation recently developed by Huber
(1967), Duncan (1987), and others.

The v, here are assumed to be of the form

=3 Db, 3
1=0

where @, =1 is an identity matrix (thus bo ="y), b;=(bn1. b1z, . . . . by iS an m-component vector,
and @,(t) = diag(d;; (1), di2(1), . . . , b (1)) is a diagonal matrix (I=1,...,n). ) )
(3) is a very general form fory,. A simple special case is that of the linear time trend
Y=Y +bt,
which was used by Stone, Brown, and Rowe (1964, p. 205).
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Pollak’s (1970) dynamic specification for y,, which is also a special case of (3), is
Y=Y +Qib,

which is called linear habit formation, as it takes into account changes in tastes. This specification
was already anticipated by Stone (1954, p. 522). Here Q, = diag(q1.412, . - - »qom)-

Chipman (1985) in his empirical research on net-import demand functions for the Federal
Republic of Germany using monthly German data gives another dynamic specification, one which
takes both seasonality and time trend into account:

Y% =Y +acos(%t) + bsin(%t) +ct.

This is also a special case of (3).

There are two interpretations for y,: one is that -y, is interpreted as minimum-required
quantities or subsistence; with this interpretation one must have g, > 0. The other is that -y, is
interpreted as the vector of initial endowments of a set of consumers in an open economy, and that
gs = 2 —Ys» Where z; is the gross consumption of commodity i on the part of that economy.
Accordingly, only z; is required to be nonnegative; a positive g, denotes imports and a negative g4
denotes exports of commodity . In this interpretation, ¢, must be interpreted not as expenditure
but as the excess of expenditure over income, or the deficit in the open economy’s balance of
payments on current account.

Solving the maximization problem (1) with respect to (2), we obtain the linear expenditure
equations

Py = €0+ 2peYi(ey — &) + uy, @)
i=l
where §; is the Kronecker delta and u; is given by

U= f%Pﬁ (0 —8)€s . (6]

In vector form (4) becomes

w,=C, O+ ALY, + Uy,

where
w,=Pqs;
u=Agy;
A = (o' -D)P,,

and where a= (o, 0, . . . , O)» P = diag(p;1, P2, - - - . Pem) a0d t is a column vector with ones in all
components.

As Parks (1969, 1971) pointed out, Stone (1954) and Malinvaud (1966) overlooked the fact that
u1=0 and assumed that the covariance matrix of u, is nonsingular. This is clearly not correct.
Also, Pollak and Wales (1969) assumed that €, has a multivariate normal distribution. However,
this specification violates the condition g +¥s +€; > 0.

To extricate oneself from this situation one has to formulate a suitable stochastic specification
fore,. To do so we assume that one of the minimum-required quantities, Say Y., is deterministic
(..., we assume that g, =0) and that &=(,...,E,-1) has a two-parameter multivariate
lognormal distribution with O as lower bound. With this specification, the implied stochastic
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expenditure equations are of the form (4) with

m-1
u;= Y, pa(0-8;)€s

i=1

forj=1,2,....m. Thus (4) can be written as

m m-1
Py = €10 + %Pn"Yu‘(aj -8+ gpn‘(aj -8;)€4, ()]
which are symmetric for all parameters to be estimated. Thus the estimation of the parameters of
the LES by (6) will not be affected by which commodity is chosen to be deleted. That is, the
asymmetrical stochastic specification for g, does not affect the estimation for the LES.

Notice that for any stochastic specification for €,, the mapping from ¢, to u, is singular (because
of Vi, = 0) and thus the probability density function of u, cannot be expressed explicitly. However,
since any expenditure equation of the LES is equal to total expenditure minus the sum of the other
expenditure equations, one of the equations (4) is completely redundant in the sense that using the
information contained in any (m-1) of the equations we can obtain the m-th equation.! Thus we
may as well omit the m-th equation. The system with the m-th equation deleted becomes:

Wi = 0,0+ AP Y, 4 Pom Ym0+ iy,

where
w =f,l‘74;
A= -TI);
El =/;t€|;
Al =‘Zi;h
and where vectors &= (0, 0z, ..., 0m1)s &= @rs- - Gum)’s ¥e=1,- -2 Yuma), and matrix
P,=diag(p1,Pe2s - - - +Pim-1)-
Since

detA =det [6n' -1]

.(11—1 oy s oy
o -l -0 0y
Oy Omy **° Oyl
1 1 1
0.1 02_1 o a2
Opy Omy " Opa-—1
=ED)" o, 20,
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we know that the linear transformation
’:1 = Zlgt
is nonsingular and thus we can obtain the distribution of &, from that of €,.
The assumption that € has a two-parameter multivariate lognormal distribution with 0 as lower

bound implies that x, =log€ has a multivariate normal distribution with the mean 4, and the

covariance matrix V,, where log €, = (log €y, . . . ,log € ;). Thus the density function of €, is of the
form

m-1
ITed
fE)= ——2"———cxp (Hllog,-a,I'V;' [logé,~a)).

emy Z |y |
Notc that the Jacobian matrix of the transformation from &, to &, is
9, -a
=4
ou,
- m-1
and the absolute value | dctA,l | =0 I1pd. To find the density function of W, we use the
i=1
formulaA™ = —(I +&’/ a,,) and the facts that
~ o
o =—— ¥
Ol

and

A= - 1S pagud ®)

] t o, & i 40

Thus by using (7). 8), and A, =P A™, we have

“d. . e - p(q+7)~

Axl(wr-cta—Apl'Yl—Pthmu)— = mp a-g—¥.

Olpy

Therefore the probability density of w, is

h(w) = o, lI-Ipu f[Al (Wl -c,0—- APIYI PimYum )]
i=1

2 Pi(Gim + Yem) '
m_l H( au——‘ Pi 04— g~

i @un-2 |y

X
Pom(Gom + 'Yun) ~ 1y
xexp ([ log __&..— a-g,-%, |-a,1Vi' x

x [log [Mi’fl -&—6:—'?.]-0.]l-
O ®
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3. Maximum-Likelihood Estimation

In this section we derive the ML estimator for the parameters to be estimated. For simplicity we
assume that the sample observations come from the same population distribution. Distributions
for different observations are assumed to be uncorrelated. Thus the logarithm of the likelihood
function (9) is

Tm-1 Tm-1 lT
L=-Tlogo, -3 3 logps-3 3 log hy— =T

1=1i=1 t=li=1

~—— log(2m)— (10)

T
_%‘-logl detV | %Y [log h—a]’ V! [log h,—al.

=1

Here

Pon(@om + Yem) -
b= %—2— &g~ an
We will obtain the first-order derivatives of L with respect to a, V, @&, ¥, &i({=1,...,n).
Differentiating (10) with respect to a, we have

o _ I
=YV~ [log h,—-al.
% Zi '

Letting g—l; =0, we have

log h,.

i=1
T,

iPiM~

Differentiating (10) with respect to v;;, we have

T
9L =-¢/(TV -3V [log h—a][log h,—a) V']e;
3Vij =1
fori #jand
oL _ 1, Lo, -1
=——¢/(TV' -Y V- [log h,~al [log h,—al'V'}e,,
ovi 2 =1

where e; is an (m-1)x 1 column vector with 1 in the ith place and 0 in other places, and v; is the
element in the ith row and jth column of V.

Letting g—t =0, we have

R T
V= % 3. llog h~a]log h—al’
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. - * 0 03 M‘-l
Similarly, we can obtain the derivatives of L with respect to a (noting that o, =1- ¥ ), Yo and
b(=12,...,n) =
T + -
oL - Ll— ¥ Pon(Gom + Yom) HIIP,IL—

00 Om = O

T ~ —~_ Tm-1 .
3 Pl + V) @] + GG2BH P,V log By )= B Y, P Vo)

P =r=R
o T -1
— =Y H; 1+ V' [log h,—al);
N =t
aL - L _,(b -1 .
o zlﬂ, (1) (L+ V- [log h, —al);
(=]
A _ Int pm®  Ipm .,

-1
_— —&H;'P, V{logh,-al;
Yom t=1j=1 OmhyDy  1=f Om co llog b, —a]

AL _ Il ()0 I Pemben(t) &HP,

1
L. v-{iog hy-al,
L. st Ombypy i Om B

where H;! = diag(hii, ... k), G=diag(oy, . .. ,0h), and &, =diag(®....,dym-1). Note that
Yo = 0. Yom) and b;= (6", bim)', 1=1,... .1
The maximum-likelihood estimators are thus obtained by solving the following equations:

N 17l
a—?E]ogh,,
~ 1 T
V= Lllogh,~al[log h,-al’,
1=1
_a_£4_=0;
o
oL _
N
oL
—=0forl=1,2,...,n;
ab, Ofori=1,2, n
Oy = 1-01.

Note that the system of equations to be solved is nonlinear in the parameters and we have to resort
to numerical methods for solutions. The consistency, asymptotic normality, and efficiency of the
ML estimator can be proved in the same way as given in Chipman and Tian (1988).

4. Conclusion

This paper has discussed the specification and estimation of the linear expenditure system. It has
argued that neither the normal distribution nor the Dirichlet distribution as a specification of the
LES can be strictly valid for various reasons associated with the fact that the former does not
allow the utility function of the LES to be well-defined while the latter requires that the w, be

O
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mutually independent. To solve the problem we deal with the problems of stochastic specification
and maximum-likelihood estimation of the LES making full use of the restrictions of economic
theory by assuming that the minimum required quantities for the commodities have a three-
parameter multivariate lognormal distribution.

Notes

* Work done for this paper was supported by the Stiftung Volkswagenwerk, the Riksbankens
Jubileumsfond, and grant SES-8607652 of the National Science Foundation. We are very grateful to an
anonymous referee of this volume for useful comments.

1. This is true if the u, are serially independent (see Barten, 1969). However, when the u, are
autocorrelated, maximum-likelihood estimates may be conditional on the equation deleted. For a
detailed argument, see Berndt and Savin (1975).
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