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Abstract

We study the estimation of a high dimensional approximate factor model in the pres-
ence of both cross sectional dependence and heteroskedasticity. The classical method of
principal components analysis (PCA) does not efficiently estimate the factor loadings or
common factors because it essentially treats the idiosyncratic error to be homoskedas-
tic and cross sectionally uncorrelated. For efficient estimation it is essential to estimate
a large error covariance matrix. We assume the model to be conditionally sparse, and
propose two approaches to estimating the common factors and factor loadings; both
are based on maximizing a Gaussian quasi-likelihood and involve regularizing a large
covariance sparse matrix. In the first approach the factor loadings and the error covari-
ance are estimated separately while in the second approach they are estimated jointly.
Extensive asymptotic analysis has been carried out. In particular, we develop the in-
ferential theory for the two-step estimation. Because the proposed approaches take
into account the large error covariance matrix, they produce more efficient estimators

than the classical PCA methods or methods based on a strict factor model.

Keywords: High dimensionality, unknown factors, principal components, sparse matrix,
conditional sparse, thresholding, cross-sectional correlation, penalized maximum likelihood,

adaptive lasso, heteroskedasticity



1 Introduction

In many applications of economics, finance, and other scientific fields, researchers often
face a large panel data set in which there are multiple observations for each individual;
here individuals can be families, firms, countries, etc. Modern applications usually involve
data-rich environments in which both the number of observations for each individual and
the number of individuals are large. One useful method for summarizing information in a

large dataset is the factor model:
Yie = i + Moo fe Fug, 1< Nt <T, (1.1)

where «; is an individual effect, Ag; is an r x 1 vector of factor loadings and f; is an r x 1
vector of common factors; u;; denotes the idiosyncratic component of the model. Note that
yir is the only observable random variable in this model. If we write v = (v, ..., Ynt)'s
Ao = Aoty Aon), @ = (ag,...,ay) and uy = (uyy,...,uny)’, then model (1.1) can be
equivalently written as

Y = a+ Nofi +uy.

Because y;; is the only observable in the model, both factors and loadings are treated
as parameters to estimate. As was shown by Chamberlain and Rothschild (1983), in many
applications of factor analysis, it is desirable to allow dependence among the error terms
{wit}i<ni<r not only serially but also cross-sectionally. This gives rise to the approzimate
factor model; in which the N x N covariance matrix ¥, = cov(u;) is not diagonal. In
addition, the diagonal entries may vary in a large range. As a result, efficiently estimating
the factor model under both large N and large T is difficult because to take into account both
cross-sectional heteroskedasticity and dependence of {u;}i<n <7, it is essential to estimate
the large covariance ¥,9. The latter has been known as a challenging problem when N is
larger than T

In this paper, we assume the model to be conditionally sparse, in the sense that X,q is
a sparse matrix with bounded eigenvalues. This assumption effectively reduces the number
of parameters to be estimated in the model, and allows a consistent estimation of ¥,y. The
latter is needed to efficiently estimate the factor loadings. In addition, it enables the model
to identify the common components a; + A), f; asymptotically as N — co. We propose two
alternative methods, both are likelihood-based. The first one is a two-step procedure. In
step one, we apply the principal orthogonal complement thresholding (POET) estimator of
Fan et al. (2012) to estimate ¥, using the adaptive thresholding as in Cai and Liu (2011);

in step two, we estimate the factor loadings by maximizing a Gaussian-quasi likelihood func-



tion, which depends on the covariance estimator in the first step. These two steps can be
carried out iteratively. We also propose an alternative method for jointly estimating the
factor loadings and the error covariance matrix by maximizing a weighted [; penalized likeli-
hood function. The likelihood penalizes the estimation of the off-diagonal entries of the error
covariance and automatically produces a sparse covariance estimator. We present asymp-
totic analysis for both methods. In particular, we derive the uniform rate of convergence
and limiting distribution of the estimators for the two-step procedure. The analysis of the
joint-estimation is more difficult as it involves penalizing a large covariance with diverging
eigenvalues. We establish the consistency for this method.

Moreover, we achieve the “sparsistency” for the estimated error covariance matrix in fac-
tor analysis (see Section 3 for detailed explanations). The estimated covariance is consistent
for both approaches under the normalized Frobenius norm even when N is much larger than
T. This is important in the applications of approximate factor models.

There has been a large literature on estimating the approximate factor model. Stock and
Watson (1998, 2002) and Bai (2003) considered the principal components analysis (PCA),
and they developed large-sample inferential theory. However, the PCA essentially treats wu;
to have the same variance across ¢, hence is inefficient when cross-sectional heteroskedasticity
is present. Choi (2012) proposed a generalized PCA that requires N < T' to invert the error
sample covariance matrix. More recently, Bai and Li (2012) estimated the factor loadings
by maximizing the Gaussian-quasi likelihood, which addresses the heteroskedasticity under
large N, but they consider the strict factor model in which (uy, ..., un¢) are uncorrelated.
Additional literature on factor analysis includes, e.g., Bai and Ng (2002), Wang (2009), Dias,
Pinherio and Rua (2008), Breitung and Tenhofen (2011), Han (2012), etc; most of these
studies are based on the PCA method. In contrast, our methods are maximume-likelihood-
based. Maximum likelihood methods have been one of the fundamental tools for statistical
estimation and inference.

Our approach is closely related to the large covariance estimation literature, which has
been rapidly growing in recent years. There are in general two ways to estimate a sparse co-
variance in the literature: thresholding and penalized maximum likelihood. For our two-step
procedure, we apply the POET estimator recently proposed by Fan et al. (2012), corre-
sponding to the thresholding approach of Bickel and Levina (2008a), Rothman et al. (2009)
and Cai and Liu (2011). For the joint estimation procedure, we use the penalized likelihood,
corresponding to that of Lam and Fan (2009), Bien and Tibshirani (2011), etc. In either
way, we need to show that the impact of estimating the large covariances is asymptotically
negligible for an efficient estimation, which is not easy in our context since the likelihood

function is highly nonlinear, and AgAj contains a few eigenvalues that grow very fast. It was



recently shown by Fan et al. (2012) that estimating a covariance matrix with fast diverging
eigenvalues is a challenging problem. Other works on large covariance estimation include Cai
and Zhou (2012), Fan et al. (2008), Jung and Marron (2009), Witten, Tibshirani and Hastie
(2009), Deng and Tsui (2010), Yuan (2010), Ledoit and Wolf (2012), El Karoui (2008), Pati
et al. (2012), Rohde and Tsybakov (2011), Zhou et al. (2011), Ravikumar et al. (2011) etc.

This paper focuses on high-dimensional static factor models although the factors and
errors can be serially correlated. The model considered is different from the generalized
dynamic factor models as in Forni, Hallin, Lippi and Reichlin (2000), Forni and Lippi (2001),
Hallin and Liska (2007), and other references therein. Both static and dynamic factor models
are receiving increasing attention in applications of many fields.

The paper is organized as follows. Section 2 introduces the conditional sparsity assump-
tion and the likelihood function. Section 3 proposes the two-step estimation procedure. In
particular, we present asymptotic inferential theory of the estimators. Both uniform rate
of convergence and limiting distributions are derived. Section 4 gives the joint estimation
as an alternative procedure, where we demonstrate the estimation consistency. Section 5
illustrates some numerical examples which compare the proposed methods with the existing
ones in the literature. Finally, Section 6 concludes with further discussions. All proofs are
given in the appendix.

Notation

Let Apax(A) and Apin(A) denote the maximum and minimum eigenvalues of a matrix A
respectively. Also Let ||Al|1, ||A|l and ||A||r denote the [;, spectral and Frobenius norms of
A, respectively. They are defined as [|All; = max; Y, [A;], [|A]l = Vmax (A A), | Allr =

tr(A’A). Note that ||A|| is also the Euclidean norm when A is a vector. For two sequences

ar and by, we write ap < br, and equivalently by > ar, if ar = o(br) as T' — oc.

2 Approximate Factor Models

2.1 The model

The approximate factor model (1.1) implies the following covariance decomposition:
EyO = AO COV(ft) Ai) + EuO; (21)

assuming f; to be uncorrelated with u;, where ¥, and ¥,9 denote the N x N covariance
matrices of y; and uy; cov(f;) denotes the r X r covariance of f;, all assumed to be time-
invariant. The approximate factor model typically requires the idiosyncratic covariance ¥,

have bounded eigenvalues and AjAy have eigenvalues diverging at rate O(N). One of the
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key concepts of approximate factor models is that it allows ¥,, to be non-diagonal.

Stock and Watson (1998) and Bai (2003) derived the rates of convergence as well as the
inferential theory of the method of principal component analysis (PCA) for estimating the
factors and loadings. Let Y = (y1,...,yr)" be the T' x N data matrix. Then PCA estimates
the T x r factor matrix F' by maximizing tr(F’(YY’)F') subject to normalization restrictions
for F'. The PCA method essentially restricts to have cross-sectional homoskedasticity and
independence. Thus it is known to be inefficient when the idiosyncratic errors are either
cross sectionally heteroskedastic or correlated.

This paper aims at the efficient estimation of the approximate factor model, and assumes
the number of factors r to be known. In practice, r can be estimated from the data, and
there has been a large literature addressing its consistent estimation, e.g., Bai and Ng (2002),
Kapetanios (2010), Onatski (2010), Alessi et al. (2010), Hallin and Liska (2007), Lam and
Yao (2012), among others.

2.2 Conditional sparsity

An efficient estimation of the factor loadings and factors should take into account both
cross-sectional dependence and heteroskedasticity, which will then involve estimating >.,o =
cov(u;), or more precisely, the precision matrix 5. In a data-rich environment, N can be
either comparable with or much larger than T'. Then estimating X, is a challenging problem
even when the idiosyncratics {uy}i<nyi<r are observable, because the sample covariance is
nonsingular when N > T', whose spectrum is inconsistent (Johnstone and Ma 2009).

Under the regular approximate factor model considered by Chamberlain and Rothschild
(1983) and Stock and Watson (2002), it is difficult to estimate 3,o without further structural
assumptions. A natural assumption to go one-step further is that of sparsity, which assumes
that many off-diagonal elements of ¥,9 be either zero or vanishing as the dimensionality
increases. In an approximate factor model, it is more appropriate to assume ¥,o be a sparse
matrix instead of . Due to the presence of common factors, we call such a special structure
of the factor model to be conditionally sparse.

Therefore, the model studied in the current paper is the approximate factor model with
conditional sparsity (sparsity structure on ¥,q), which is sightly more restrictive than that
of Chamberlain and Rothschild (1983). The conditional sparsity is required to regularize a
large idiosyncratic covariance, which allows us to take both cross sectional correlation and
heteroskedasticity into account, and is needed for an efficient estimation. However, such
an assumption is still quite general and covers most of the applications of factor models in

economics, finance, genomics, and many important applied areas.



2.3 Maximum likelihood

Compared to PCA, a more efficient estimation for model (2.1) of high dimension is based
on a Gaussian quasi-likelihood approach. Let f = T—! Zthl fi- Because of the existence of
a, the model y; = Ao fi + o + w, is observationally equivalent to y, = Ao f; + o + u;, where
f = f,— f and o* = a + Ay f. Therefore without loss of generality, we assume f = 0. The

Guassian quasi-likelihood for ¥, is given by
—N""log |det(S,)] — N~'tr (5,5, )

where S, = T-' 3> (4, — 7) (3 — §)' is the sample covariance matrix, with 7 = 713"y,
Plugging in (2.1), using the notation Sy = 7 Zthl fifi, we obtain the quasi-likelihood func-

tion for the factors and loadings:
1 / 1 / -1
N log |det (ASFA 4+ X,)| — Ntr (Sy(ASA +3,)71), (2.2)

where A = (A, ..., Ay)’ is an N X r matrix of factor loadings.

It has been well known that the factors and loadings are not separably identified without
further restrictions. Note that the factors and loadings enter the likelihood through ASA’.
Hence for any invertible » x r matrix H, if we define A* = AH™1, ff = Hf, and Sy =
%Zle frf, then A*S f*A*/ = AS;/A’, and they produce observationally equivalent models.
In this paper, we focus on a usual restriction for MLE of factor analysis (see e.g., Lawley
and Maxwell 1971) as follows:

S¢=1,, and A’S'A is diagonal, (2.3)

and the diagonal entries of A’S;'A are distinct and are arranged in a decreasing order.
Restriction (2.3) guarantees a unique solution to the maximization of the log-likelihood
function up to a column sign change for A. Therefore we assume the estimator A and Ay
have the same column signs, as part of the identification conditions.

The negative log-likelihood function (2.2) simplifies to
1 l 1 / -1
—L(A,3) =+ log [det (AN + 3,)| + Str (Sy(AN +%,)71). (2.4)

In the presence of cross sectional dependence, ¥, is not necessarily diagonal. Therefore
there can be up to O(N?) free parameters in the likelihood function (2.4). There are in
general two main regularization approaches to estimating a large sparse covariance: (adap-
tive) thresholding (Bickel and Levina 2008a, Rothman et al. 2009, Cai and Liu 2011, etc.)



and penalized maximum likelihood (Lam and Fan 2009, Bien and Tibshirani 2011). Corre-
spondingly in this paper, we propose two methods for regularizing the likelihood function to
efficiently estimate the factor loadings as well as the unknown factors. One estimates ¥,

and Ay in two steps and the other estimates them jointly.

3 Two-Step Estimation

The two-step estimation estimates (Ag, >,0) separately. In the first step, we estimate
Yu0 by the principal orthogonal complement thresholding (POET), proposed by Fan et al.
(2012), and in the second step we estimate Ay only, using the quasi-maximum likelihood,

replacing ¥, by the covariance estimator obtained in step one.

3.1 Step one: covariance estimation by thresholding

The POET is based on a spectrum expansion of the sample covariance matrix and adap-
tive thresholding. Let (v, fj)j-vzl be the eigenvalues-vectors of the sample covariance S, of
Yt, in a decreasing order such that v, > v, > ... > vy. Then S, has the following spectrum

decomposition:

Sy = vi&& + R
=1

where R = Zl 1 Yi&i&; is the orthogonal complement component. Define a general thresh-
olding function s;;(z) : R — R as in Rothman et al. (2009) and Cai and Liu (2011) with an
entry-dependent threshold 7;; such that:

(i) sij(2) =0 if |2| < 753

(i) Isig(2) — 2| < 7.

(iii) There are constants a > 0 and b > 1 such that |s;;(2) — z| < a7} if |2| > bry;.
Examples of s;;(z) include the hard-thresholding: s;;(2) = 2[(;>r,); SCAD (Fan and Li
2001), MPC (Zhang 2010) etc. Then we obtain the step-one consistent estimator for ¥,

EA]S) = (s4(Rij))nxn, where R = (R;j)nxn-

We can choose the threshold as 7;; = C\/R;;R;;(1/(log N)/T + 1/v/N) for some universal
constant C' > 0, which corresponds to applying the threshold C'(+/(log N)/T + 1/v/N) to
the correlation matrix of R [defined to be diag(R)~'/2R diag(R)~'/?]. The POET estimator
also has an equivalent expression usmg PCA. Let {a} CA }i<ni<r denote the PCA estimators
of {u;ti<ni<r (Bai 2003). Then Zu’ij = 5;(T' S L U CATEeA).



It was shown by Fan et al. (2012) that under some regularity conditions |5 — S| =
O,(N~Y24T12(log N)/?), which guarantees the positive definiteness asymptotically, given
that Apin(2Xu0) > 0 is bounded away from zero.

3.2 Step two: estimating factor loadings and factors

Replacing ¥, in (2.4) by i&l), we obtain the objective function for A. Under the identi-

fication condition (2.3), in this step, we estimate the loadings as:

AW = argl{ni@n Li(A)
[SISHY

_ i 2 SO S I
= argl{relgiNlog]det(AA + X))+ Ntr(Sy(AA S (3.1)

where O, is a parameter space for the loading matrix, to be defined later. Suppose that
yr ~ N(0,AgAy + Xu0), the negative log-likelihood is then the same (up to a constant) as
(3.1) except that S should be replaced by X,9. Consequently, (3.1) can be treated as a
Gaussian quasi-likelihood of A, which will give an efficient estimation of Ay since it takes into
account the cross sectional heteroskedasticity and dependence in >, through its consistent
estimator.

After obtaining ./A\(l), we estimate f; via the generalized least squares (GLS) as suggested
by Bai and Li (2012):

J = (RO (ED) TR AV (E0) 7 (- ).
The proposed two-step procedure can be carried out iteratively. After obtaining
(AW, F, we update
T
U = Y — A(l)ﬁ(l), Y = (Sij(Til aitajt))NxN-

t=1

Then £ in the objective function (3.1) is updated, which gives updated A and /}1)

respectively. This procedure can be continued until convergence.

3.3 Positive definiteness

The objective function (3.1) requires AA" + S be positive definite for any given finite

sample. A sufficient condition is the finite-sample positive definiteness of i(f), which also



depends on the choice of the adaptive threshold value 7;;. We specify

log N 1
e (1)

where o;; is an entry-dependent value that captures the variability of individual variables
such as \/m ; C' > 0 is a pre-determined universal constant. More concretely, the finite
sample positive definiteness depends on the choice of C. If we write SO = i&l)(C) in step
one to indicate its dependence on the threshold, then C' should be chosen in the interval

(Cmin; Cmax], where
Chnin = Inf{M : )\min(ig)(c)) > 0,¥C > M},

and Cp., is a large constant that thresholds all the off-diagonal elements of i(}) to zero.

Then by construction, i(})(C) is finite-sample positive definite for any C' > Cy,i, (see Figure

1).

Figure 1: Minimum eigenvalue of )\min(i(})(C’))
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Data are simulated from the setting of Section 5 with T'= 100, N = 150. Both hard and SCAD
with adaptive thresholds (Cai and Liu 2011) are plotted.

3.4 Asymptotic analysis

We now present the asymptotic analysis of the proposed two-step estimator. We first
list a set of regularity conditions and then present the consistency. A more refined set of
assumptions are needed to achieve the optimal rate of convergence as well as the limiting
distributions.



3.4.1 Consistency

Assumption 3.1. Let ¥,0,; denote the (i,7)th entry of ¥,0. There is g € [0,1) such that
N
my = Irg\:;;z Zu045]7 = o(min(V'N, \/T/log N)).
i< i

In particular, when ¢ = 0, we define my = max;<y Zjvzl I(s,0..,#0), which corresponds to the

“exactly sparse” case.

The first assumption sets a condition on the sparsity of 3,9, under which Fan et al.
(2012) showed that the POET estimator S is consistent under the operator norm. The
sparsity is in terms of the maximum row sum, considered by Bickel and Levina (2008a).

The following assumption provides the regularity conditions on the data generating pro-
cess. We introduce the strong mixing condition. Let F°__ and F3° denote the o-algebras
generated by {(fi,us) : —oo <t <0} and {(f:,us) : T <t < oo} respectively. In addition,

define the mixing coefficient

a(T) = sup |P(A)P(B) — P(AB)|. (3.2)
AeF? ,BEFX

Assumption 3.2. (1) {u, fi}i>1 is strictly stationary. In addition, Euy = Eugf; = 0 for
allt <p,g<randt<T.
(ii) There exist constants c1,co > 0 such that 2 < Apin(Zw0) < Amax(Zwo) < c1, and
max;<n || Aoj[| < c1.
(1ii) Exponential tail: There exist r1,m9 > 0 and by,by > 0, such that for any s > 0, i < p
and j <,

P(luir| > 5) < exp(=(s/01)"),  P([fjil > 5) < exp(—(s/b2)").

(iv) Strong mizing: There exists r3 > 0 such that 3r7' + 1.5r;" +r3' > 1, and C > 0
satisfying: for all T € 77,
a(T) < exp(—CT").

The following assumptions are standard in the approximate factor models, see e.g., Stock
and Watson (1998, 2002) and Bai (2003). In particular, Assumption 3.3 implies that the
first r eigenvalues of AgAj are growing rapidly at O(N). Intuitively, it requires the fac-

tors be pervasive in the sense that they impact a non-vanishing proportion of time series

{yu}th, e {yNt}t§T~
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Assumption 3.3. There is a § > 0 such that for all large N,
1 < Amin(NTTAGA) < Amax(NTTAGAg) < 4.

Therefore all the eigenvalues of N~"*AjAg are bounded away from both zero and infinity as

N — oo.

Assumption 3.4. There exists M > 0 such that for allt <T and s < T,
(i) E[NY2(uu, — Bulu,)]* < M,
(ii) B[N7Y2 3500, Aojul|* < M.

The following assumption defines the threshold 7;; on the (7,7)th entry of R;; for the
step-one POET estimator.

Assumption 3.5. The threshold 7;; = Cay;(v/(log N)/T + 1//T) where a;; > 0 is entry-
dependent, either stochastic or deterministic, such that Ve > 0, there are positive Cy and Cy
so that

P(Cy < min oy; < maxa;; < Cy) >1—¢ (3.3)
<N ij<N

for all large N and T'. Here C' > 0 is a deterministic constant.

Condition (3.3) requires the rate 7;; < (y/(log N)/T + 1/v/T) uniformly in (i, 7). This
condition is satisfied by the universal threshold a;; = « for all (¢, j), the correlation threshold
a;; = \/RiiR;; as discussed before, and the adaptive threshold in Cai and Liu (2011).

For identification, we require the objective function be minimized subject to the diagonal-
ity of A/ (i(}))*lA. In addition, since Assumption 3.3 is essential in asymptotically identifying
the covariance decomposition X, = AgAj + X0, we need to take it into account when mini-
mizing the objective function. Therefore we assume ¢ in Assumption 3.3 is sufficiently large,

which leads to the following parameter space:

Or={A: " < Auin(NTTAA) < Ao (NTIAA) < 6,
N(EM)=1A is diagonal.} (3.4)

Write y71 = 3r;t + 1.5ryt + 73t + 1 and AW = (/):(11), ...,/):g\l,))’. We have the following

theorem.

Theorem 3.1. Suppose (log N)%7 = o(T), T = o(N?). Under Assumptions 3.1-3.5,

(1
—Nollr = 0p(1), max [N = Aoyl = 0,(1).

1 -
——|IA®
Nk
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By a more careful large-sample analysis, we can improve the above result and derive the

rate of convergence. Throughout the paper, we will frequently use the notation:

_1+logN
VN T

Theorem 3.2. Under the Assumptions of Theorem 3.1,

wr

— Nollr = Op(me;_q)’ 1;n<z}\>[( ||)‘§‘1) — Aojll = Op(mNW%_q)v

1 -~
—|IAM
\/NH

where my and q are defined in Assumption 3.1.

Remark 3.1. In the above theorem my does not need to be bounded. But in order to
achieve the v/T-consistency for each Xj, the uniform rate of convergence above would require
it be bounded (which is a strong assumption on the sparsity of ¥,0). Later in Section 3.4.3
we will enhance this convergence rate so that the boundedness of my is not necessary and

v/ T-consistency can still be achieved. This will require additional regularity conditions.

3.4.2 Covariance estimation and sparsistency
@)
achieve the sparsistency for estimating >,9. By sparsistency, we mean the property that all

In order to obtain the limiting distribution for each individual we also need to
small entries of ¥,y are estimated as exactly zeros with a probability arbitrarily close to
one. Besides being important for deriving the limiting distribution of Xg-l), the sparsistency
itself is of independent interest for large covariance estimation, and has been studied by
many authors, for instance, Lam and Fan (2009) and Rothman et al. (2009). To our best
knowledge, this is the first place where the sparsistency for an estimated idiosyncratic >,
is achieved in a high dimensional approximate factor model.

Let S; and Sy denote two disjoint sets and respectively include the indices of small and

large elements of ¥, in absolute value, and

Because the diagonal elements represent the individual variances of the idiosyncratic com-
ponents, we assume (i,7) € Sy for all © < N. The sparsity assumes that most of the indices
(,7) belong to S, when i # j. A special case arises when ¥, is strictly sparse, in the sense
that its elements in small magnitudes (Sg) are exactly zero. For the banded matrix as an

example,

12



for some fixed k. Then Sp, = {(i,7) : |i — j| > k} and Sy = {(4,)) : |i — j| < k}.

The following assumption quantifies the “small” and “big” entries of ¥,9. By “small”
entries we mean those of smaller order than wy = N2 + T—1/2(log N)'/2. The partition
{(i,7) i < N,j < N} =5, U Sy may not be unique. Our analysis suffices as long as such

a partition exists.

Assumption 3.6. There is a partition {(i,j) : i < N,j < N} = S USy such that (i,i) € Sy
for alli < N and S is nonempty. In addition,

Jnax Xu0,i5] € wr < (i%ieréU |2 00,45] -

The conditional sparsity assumption requires most off-diagonal entries of ¥, be inside
Sr, hence it is reasonable to have Sy, # ) in the condition. It is likely that Sy only contains
the diagonal elements. It then essentially corresponds to the strict factor model where X, is
almost a diagonal matrix and error terms are only weakly cross-sectionally correlated. That

is also a special case of Assumption 3.6.

Theorem 3.3. Under Assumption 3.6 and those of Theorem 3.2, for any e > 0 and M > 0,
there is an integer Ny > 0 such that as long as T and N > Ny,

PEY =0,9(i,5) € Sp) > 1—e¢,

(%%

P | > Mwyp,¥(i,j) € Sy) > 1 —e.

U,ij

It was shown by Fan et al. (2012) that ||(i(}))_1 — 22 = Oy(mywy ). Theorem 3.4

below demonstrates a strengthened convergence rate for the averaged estimation error.
Assumption 3.7. There is ¢ > 0 such that | X4 < c.

In addition to Assumptions 3.1 and 3.6, we require the following condition on the sparsity

of 3,0, which further characterizes Sy and Sy:

Assumption 3.8. The index sets Sp and Sy satisfy: Zi;ﬁj’(i7j)€SU1 = O(N) and
Z(i,j)eSL |Xu0,ij] = O(1).

Assumption 3.8 requires that the number of off-diagonal large entries of >,9 be of order
O(N), and that the absolute sum of the small entries is bounded. This assumption is
satisfied, for example, if {u;}i<y follows an heteroskedastic MA(p) process with a fixed

p, where >, ;s 1 = ON) and 37 sicq, [Zuoij| = 0. It is also satisfied by banded

13



matrices (Bickel and Levina 2008b, Cai and Yuan 2012) and block-diagonal matrices with
fixed block size.
Define an r x N matrix = = A} J = (£1,...,Ex). Then |2 ]|; < c implies

N
g 6] = 32 A2l < 125 i | < o
Z

The following assumption corresponds to those of PCA in Bai (2003), and also extends

to the non-diagonal X,9.

Assumption 3.9. (i) E”\/%Tv ST f(uhuy — Bl |)? = O(1)
(ii) For each element d; iy of &0 (k1 <),

T S S S (s — Eugug) AoiNyjdi g = Op(1),

\/#*T sz\il Zle(uzzt — Buj,)éé; = Op(1).

(111) For each element d;j of &g’

NI Doikisif)eS0 S Yoo (it — Ettigng) Aoj Mo, dijur = Op(1),
TAT Doiti(id)eSu S (wivuje — Busgug)&&5 = Op(1).

Under Assumption 3.9, we can achieve the following improved rate of convergence for the

. . (1
averaged estimation error 22) — 20:

Theorem 3.4. Under the assumptions of Theorem 3.3 and Assumption 3.9,
1 - _
N||A6[(251))_1 = S ]Aollr = Op(miywr ™).

Remark 3.2. 1. A simple application of
[(EM) 1 — o) = O,(mywy 9) by Fan et al. (2012) yields
~ ||A6[(§]q(}))*1 — Y Ao|lp = Op(mywy 9). In contrast, the rate we present in Theorem
3.4 requires more refined asymptotic analysis. It shows that after weighted by the factor

loadings, the averaged convergence rate is faster.

2. The condition on the large-entry-set Sy in Assumption 3.8 can be relaxed a bit to
Dizjtigyesy L = OWN 1+¢) for an arbitrarily small ¢ > 0, which will allow less sparse
covariances. For example, Suppose {u;};<n follows a cross sectional AR(1) process
such that

Ui = PU—1t T €3t

for |p| < 1 and {e;}i<ni<r being independent across both i and ¢. We can then find
a partition Sy, U Sy such that =, oo Yol = O(1) and 35, sves, 1 = O(N')
for any € > 0. Theorems 3.4 and 3.5 below still hold. But conditions in Assumption
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3.9 need to be adjusted accordingly. For example, in Condition (iii) the normalizing
constant \F in the first equation should be changed to +- 1 ~ora73, and \/—% in the second
equation should be changed to m. The current Assumption 3.9, on the other

hand, keeps our presentation simple.

3.4.3 Limiting distribution

As a result of Theorem 3.4, the impact of estimating X,y at step one is asymptotically
negligible. This enables us to achieve the v/T-consistency and the limiting distribution of

Xy) for each j. We impose further assumptions.

Assumption 3.10. (i) N\/lﬁ Zz]\il Zj\le Z?zl(uitujt - EUit“jt)fz’f} = O,(1).
For each j < N’\/% zf\il Z;‘F:l(uitujt — Bugug )& = Op(1).
(iti) ﬁ sz\il Zthl Siuinfi = Op(1).

Theorem 3.5. Suppose 0 < ¢ < 1/2, and T = o(N>729). In addition, m3wy *? = o(T~1/?).
Then under the assumptions of Theorem 3.4 and Assumption 3.10, for each j < N,

VT = o) =4 N, (0, B(ujufif})).-

We make some technical remarks regarding Theorem 3.5.

Remark 3.3. 1. The condition m3ws ¢ = o

(T~1/%) (roughly speaking, this is my =
o(T"*) when N is very large and ¢ = 0) strengthens the sparsity condition of Assump-
tion 3.1. The required upper bound for my is tight. Roughly speaking, the estimation
error of 3 plays a role in the asymptotic expansion of v/T (A(l) Ao;j) only through

22q_0

an averaged term as in Theorem 3.4. Condition m3iwy (T~1/2) is required for

that term to be asymptotically negligible.

2. The asymptotic normality also holds jointly for finitely many estimators. For any finite

and fixed k, we have,
VI = Xy, A = M) % Niw (0, Eleov(uf] ) @ ff])):

where cov(uf|f;) = cov(uys, ..., upe| fi)-

3. If Assumption 3.10(i) is replaced by a uniform convergence, by assuming
max,< N “\/%7 SN S (uiue — Bugug)é|| = Op(v/Nlog N), we can then improve

15



the uniform rate of convergence in Theorem 3.2 and obtain

logN)
T )

() _
max A7 = Aol = Op(

3.4.4 Estimation of common factors

For the limiting distribution of ft(l), we make the following additional assumption:

Assumption 3.11. There is a positive definite matriz Q) such that for each t < T,

N
1 1 1

AT A = @ = A = —= Y &ui — Ny(0,Q).
N VN VN ‘=

For the next assumption, we define 3; = ¥, ju;. Then $3; has mean zero and covariance

e 31
matrix X .

Assumption 3.12. For any fizred t < T,

() Ao Dot Lo Fottis B = Op(1),

le“l\/ﬁ ZNfVl Zijl 22?1 &(;tz‘sujs — Buisu;s)Bje = 0p(1)

VN D im1 Zs:l(uisT_ Eui)&iBin = 0p(1)

T i (ig)esy Sosmt (Wistys — Buists)&iBj = op(1).

(ii) For each k <,

T it 2oyt Doae (Uisthys — Buistg) Moih;EinBin = 0p(1),
T i i)y Soamt St (Uisthis — Bttt ) dojAy&inBie = 0p(1).

Theorem 3.6. Under the assumptions of Theorem 3.5, we have for each fived t < T,

Hﬁ(l) - ft” = Op<me;w_q<log T)l/rl‘f‘l/w).

where 1,79 > 0 are defined in Assumption 3.2.
If in addition Assumptions 3.11, 3.12 are satisfied and v/ Nm3wa >? = o(1). Then when
TV < N < T?72,
VN = f) = N(0,Q7).

Remark 3.4. 1. It follows from Theorem 3.6 that for each fixed ¢, /Zl) is a root- N
consistent estimator of f;. Root- N consistency for the estimated common factors also
holds for the principal components estimator as in Bai (2003). In addition, the above
limiting distribution holds only when N = o(T?).
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2. If we strengthen the assumption to maxi<r H\/LN SV Guil| = O,(logT), then the

uniform rate of convergence can be achieved:

max || ) — fi| = Op(mawy " (log T) /7 H1/ret),
To compare this rate with that of the PCA estimator, we consider for simplicity, the
strictly sparse case ¢ = 0. Then when N = o(T?%/?) and my is either bounded or
growing slowly (m3, < min{~/T,T%2/N}), the above rate is faster than that of the
PCA estimator. (The above rate is O,((log T)/"1*1/72 /\/N) when N = O(T), whereas
the uniform convergence rate for PCA estimator is O,(T"/*/v/N).)

4 Joint Estimation

4.1 [;- penalized maximum likelihood

One can also jointly estimate (Ao, 2,0) to take into account the cross-sectional dependence
and heteroskedasticity simultaneously. As in the sparse covariance estimation literature (e.g.,
Lam and Fan 2009, Bien and Tibshirani 2011), we penalize the off-diagonal elements of
the error covariance estimator, and minimize the following weighted-/; penalized objective

function, motivated by a penalized Gaussian likelihood function:

A F@y — i Ly(A, D,
(A¥,57) arg in 2(A, Xy)

_ . : 1 , B
= argAerIélAanﬁlogMet(AA + X))+ Ntr(sy(AA +3.)7h

+% > prwis| S, (4.1)

i#]
where I' is the parameter space for ¥,, to be defined later. We introduce the weighted
li-penalty N~tur >, 4 ;5| Xy,i;] with w;; > 0 to penalize the inclusion of many off-diagonal
elements of X, ;; in small magnitudes, which therefore produces a sparse estimator S,
Here pr is a tuning parameter that converges to zero at a not-too-fast rate; w;; is an entry-
dependent weight parameter, which can be either deterministic or stochastic. Popular choices

of w;; in the literature include:

Lasso The choice w;; = 1 for all i # j gives the well-known Lasso penalty N~ 'pr >~ 2 1 2]
studied by Tibshirani (1996). The Lasso penalty puts an equal weight to each element

of the idiosyncratic covariance matrix.
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Adaptive-Lasso Let i’[m be a preliminary consistent estimator of X,p,;. Let w;; =

o 45177 for some v > 0, then

Hr
N Z]|EUZ]| = Z|Euz]| V|Eu,ij|
i#] Z#J

corresponds to the adaptive-lasso penalty proposed by Zou (2006). Note that the
adaptive-lasso puts an entry-adaptive weight on each off-diagonal element of 3,,, whose
reciprocal is proportional to the preliminary estimate. If the true element ¥, ;; € S,
the weight |

The prehmlnary estimator L%

Wy | =7 should be quite large, and results in a heavy penalty on that entry.

can be taken, for example, as the PCA estimator

u,ij
Zf A =T S ak cAuk CA” Tt was shown by Bai (2003) that under mild conditions,
EszJA uO,z‘j — Op( 1/2 LT 1/2>‘

SCAD: Fan and Li (2001) proposed to use, for some a > 2 (e.g, a = 3.7)

T (a— |Zz,ij|/NT)+I
Wij = L= ij1Swr) a—1 (1Z5.1>nr)"
The notation z, stands for the positive part of z; z, is z if z > 0, zero otherwise.
Here ZZ 4j 1s still a preliminary consistent estimator, which can be taken as the PCA

estimator.

4.2 Consistency of the joint estimation

We assume the parameter space for ¥,y to be, for some known sufficiently large M > 0,
L= {2 [IZulh < M7 K < MY

Then X,o € ' implies that all the eigenvalues of ¥, are bounded away from both zero and
infinity. There are many examples where both the covariance and its inverse have bounded
row sums. For example, for each t, when {u;}Y , follows a cross sectional autoregressive
process AR(p) for some fixed p, then the maximum row sum of ¥, is bounded. The inverse
of ¥,0 is a banded matrix, whose maximum row sum is also bounded.

As before we assume 71 Zle fofl = I, and A)X S A be diagonal for identification. In
addition, Assumptions 3.2 and 3.3 for the two-step estimation are still needed. Those con-
ditions such as strong mixing, weakly dependence and bounded eigenvalues of N71A{A,
regulate the data generating process, and asymptotically identify the covariance decomposi-
tion (2.1).

18



The conditions for the partition {(7,7) : 4,7 < N} = S, U Sy of 3, are replaced by the
following, which are weaker than those of two-step estimation in Assumption 3.8. Define the

number of off-diagonal large entries:

D= ) L (4.2)

i#7,(1,5) €Sy

Assumption 4.1. There exists a partition {(i,7) : 1 < N,j < N} = S U Sy where Sy and
St are disjoint, which satisfies:

(’l) EuO,ii < SU fOT' all i S N,

(ii) D = o(min{N+/T/log N, N?/log N}),

(i18) 3 jesy |Zu0,ii] = o(IN).

The following assumption is imposed on the penalty parameters. Define the weights

ratios

_ IaXgz; (i, 5)esy Wiy _IaxX jes, Wij
ar = : 5 T = ; .
min jyes; Wij ming jyes; Wij

Assumption 4.2. The tuning parameter prp and the weights {w;;}i<n j<n satisfy:

(i)
aT = 0, | min I ﬂ I B E —N
=" log N D’ \log N VD VDlogn (|

Br Z 1Xu0,ij] = 0p(IV),
(izj)GSL
(1) pr max( jes, Wij 2 jes, |Su0ij] = o(min{N, N?/D, N*/(Daz)}),
P MAX; 25 i j)esy Wij = o(min{N/D,\/N/D,N/(Dar)}),
pop Ming jyes, wi; > +/log N/T + (log N)/N.

The above assumption is not as complicated as it looks, and is satisfied by many examples.
For instance, the Lasso penalty sets w;; = 1 for all ¢,7 < N. Hence ar = 87 = 1. Then
condition (i) of Assumption 4.2 follows from Assumption 4.1(ii), which is also satisfied if
D = O(N). Condition (ii) is also straightforward to verify. This immediately implies the

following lemma.

Lemma 4.1 (Lasso). Choose w;; =1 for alli,j < N,i # j. Suppose in addition D = O(N)
and log N = o(T). Then Assumption 4.2 is satisfied if the tuning parameter ur = o(1) is

such that
loeN log N
Vo + =2 = olun).
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One of the attractive features of this lemma is that the condition on pr does not depend
on the unknown ¥,5. We will present the adaptive lasso and SCAD as another two examples
of the weighted-l; penalty in Section 4.3 below, both satisfy the above assumption.

Our main theorem is stated as follows.

Theorem 4.1. Suppose log N = o(T). Under Assumptions 3.2, 3.3, 3.7, 4.1, and 4.2, the
penalized ML estimator satisfies: as T and N — oo,

1 ~ 1 ~
NHEf) — ZuwllF =P 0, NHA@) — Agl% =7 0.

For each t <T,
IF2 = £l = 0,(1).

Remark 4.1. 1. The consistency for ft@) can be made uniformly in ¢ < T"if the condition
is strengthened to max,< [[N"Y2 32N | &yl = 0,(VN).

2. To establish the consistency in the high dimensional literature, one usually constructs
a neighborhood of the true parameters (Ag,>,0) € U (e.g., Rothman et al. 2008,
Lam and Fan 2009), and show that with probability approaching one, Ly(Ag, X0) >
Sup(a s,)¢v L2(A, Xy). This strategy however, does not work here due to the technical
difficulty in dealing with the term (AA’ 4+ X,) in the likelihood function, because its
largest r eigenvalues are unbounded and grow at rate O(/N) uniformly in the parameter
space. Omne of the contributions of Theorem 4.1 is to achieve consistency using a
new strategy to deal with the penalized likelihood function, which involves diverging

eigenvalues.

In this paper we only present the consistency for the joint estimation, which is already
technically difficult as one needs to deal with an equilibrium of the first order conditions for
both (/AX@), EAL(E)) simultaneously. Deriving the limiting distributions for the joint estimators

is difficult, and we leave this as a future topic.

4.3 Two examples

We present two popular choices for the weights as examples: one is adaptive lasso, pro-
posed by Zou (2006), and the other is SCAD by Fan and Li (2001). Both weights depend on
a preliminary consistent estimate of each element of ¥,. In the high dimensional approx-
imate factor model, a simple consistent estimate for each element can be obtained by the

principal component analysis (Stock and Watson 1998 and Bai 2003).
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To simplify the presentation, we will assume that D = O(N), which controls the number

of off-diagonal large entries of ,,0. Moreover, we retain Assumption 3.6:

max{|2u0’i]~| : (Z,j) € SL} <L wr K min{|Zu07ij| : Euo,i]’ S SU},

_ log N 1
and recall that wy = /=5~ + ik
Let the initial estimate X* .. = R

u,tJ
(2003). The adaptive lasso chooses the weights to be, for some constant v € (0, 1],

;> where R;; is the PCA estimator of ¥,0;; as in Bai

(Adaptive Lasso) 1 wy; = (=] + 7)™, (4.3)
where 67 = o(1) is a pre-determined nonnegative sequence. The additive dr was not included
in the original definition of adaptive lasso in Zou (2006), but has often been seen in recent

literature, e.g., Xue and Zou (2012). We include it here in the weights to prevent w;; getting

too large if ]ifm\ is very close to zero. The adaptive lasso has been used extensively in the
high dimensional literature, see for example, Huang, Ma and Zhang (2006), van de Geer,
Biihlmann and Zhou (2011), Caner and Fan (2011), etc.

Another important example is SCAD, defined as: for some a > 2,

S
(SCAD) :  wy = I 5. e Bl/er)s

u,ij‘SP«T) a—1 (|Zu,¢j‘>NT)'

(4.4)

We have the following theorem.

Theorem 4.2. Suppose either the Adaptive Lasso or SCAD is used for the weighted-l; pe-
nalized objective function. Also, suppose log N =o(T), D = O(N), 32, s cs, [Euo,ii| = o(N)
and Assumptions 3.2, 3.3, 3.7, 4.1 hold. In addition, assume the tuning parameters are such
that:

(i) for Adaptive Lasso,

1/~
> i 200,51
Wit < pr <€ Wik (4.6)
T T T :
(i1) for SCAD:
log N /4 log N 12
i Yu0iil- 4.7
(7)) + (57) o ol 40
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Then Assumption 4.2 is satisfied, and

~

1 ~
HEE?) - EuOH% = Op(l): NHA@) - AOH% = Op(l)'

1
N
1 = fill = 0p(1):

As in the case of Lemma 4.1, an attractive feature of this theorem is that, if both the

upper bound of 7, ;¢ [¥u0,;| and the lower bound of

esy,
Min;; ;. j)esy |Suo,i;| are known, [e.g., in the strictly sparse model,
Z(m.)eSL |Xwo,45] = 0, and assume min;; ; j)es, |Suo,i;j| is bounded away from zero as in

MA(1)] then Conditions (4.5) - (4.7) do not depend on any other unknown feature of 3.

5 Numerical Examples

We propose a novel algorithm to numerically minimize the objective function Ls(A,X,)
(4.1) for joint estimation, which combines the EM algorithm with the majorize-minimize
method recently proposed by Bien and Tibshirani (2011). The algorithm uses the PCA as
initial values, and updates the estimator iteratively. At each iteration, an EM-algorithm is
carried out to estimate A and the empirical residual covariance 7 S°7 ., T} Then a majorize-
minimize method (Bien and Tibshirani 2011) is used to obtain a positive definite estimate of
the covariance X, based on 7 ST U, and soft-thresholding. The algorithm is summarized
as follows (see Bai and Li (2012) and Bien and Tibshirani (2011) for detailed descriptions of
the algorithm).

1. Initialize A and @ as the PCA estimators. Initialize iu as a diagonal matrix of the

sample covariance based on the PCA residuals.

2. At step k+1, Kkﬂ = AM ™!, where
M =N So18, SR, + I, — NS 1Ay,

A=S30 R, Syp = A, + S
Let Sy = Sy — AN,y — Apr A+ Ay MAS .

3. Still at step k£ + 1, For some small value t > 0 , let B = iuk — t(i;}g - f];}gSuki\];}ﬁ)
Let
Sukil = S(B, MK)
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where S(A, B);; = sign(A;;)(Ai; — B;;) and K is a matrix whose off-diagonal K;; is

|(Su.k)ij| 77 and diagonal elements are zero.

4. Repeat 2-3 until converge.

We present a numerical experiment to illustrate the performance of the proposed method.
The data was generated as following: {e;}i<ni<r are both serially and cross-sectionally
independent as N(0,1). Let

Uy = €1, Uy = €y + Q1€1, U3 = €34 + ageg + breyy,

Uip1t = Cit1t + Qi€ + bi_1€i_14 + Ci—2€i_at,

where {a;, b;,c;}¥, are i.i.d. N(0,0.7%). Let the two factors {fi, fos} be i.i.d. N(0,1), and
{N\i1, Mi2}i<n be uniform on [0, 1]. Then X, is a banded matrix.

We apply the adaptive lasso penalty for our joint estimation, with various choices of the
tuning parameters v and pr. The result is compared with the PCA estimator and the regular
maximum likelihood restricted to diagonal iu (DML, Bai and Li 2012). More specifically,
DML estimates (Ag, Xu0) by:

Eu,ijg(l)igr o min % log |[AN + X, | + %tr(Sy(AA’ +3,)7H). (5.1)
Therefore DML forces the covariance estimator to be diagonal even though the true X,q is
not. Hence it does not take the idiosyncratic cross-sectional dependence into account.

For each estimator, the smallest canonical correlation (the higher the better) between
the estimator and the parameter has been used as a measurement to assess the accuracy of
each estimator. Tables 1 and 2 list the results of the estimated factor loadings and common
factors from joint-estimation.

We have also computed the canonical correlations between the estimators and the true
parameters using the regularized two-step method (Section 3) with iterations. For compu-
tational simplicity, the threshold value in the first step has been fixed to be the adaptive
threshold of Fan et al. (2012) with a universal constant C' = 1, which we find to maintain the
finite-sample positive definiteness well. The results demonstrate that both two-step and joint
estimations have higher canonical correlations, and thus outperform the PCA and DML.

Our EM plus majorize-minimize algorithm maximizes an approximate penalized like-
lihood function. Developing an efficient algorithm for maximizing the original likelihood

function will be a future research direction.
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Table 1: Canonical correlations between A and Ao

Penalized ML

PCA DML v =1 v=5
T N pr =0.08 ppr=03] pur =008 pup=0.3
50 50 | 0.205 0.199 | 0.212 0.222 0.230 0.234
50 100 | 0.429 0.558 | 0.591 0.613 0.627 0.631
50 150 | 0.328 0.470 |  0.494 0.495 0.515 0.507

100 50 | 0.496 0.519 0.560 0.537 0.558 0.537
100 100 | 0.394 0.574 0.621 0.648 0.648 0.658
100 150 | 0.774 0.819 0.837 0.829 0.840 0.836
Canonical correlations are presented. DML is defined in (5.1) which treats 3, to be diagonal.
Penalized ML uses the one-step adaptive Lasso estimation.

Table 2: Canonical correlations between F® and F

Penalized ML
PCA DML vy=1 vy=2>5
T N pr =008 pur=03| ur=0.08 pur=0.3
50 50 | 0.232 0.234 0.251 0.267 0.279 0.283
50 100 | 0.477 0.640 0.671 0.732 0.748 0.749
50 150 | 0.411 0.599 0.623 0.638 0.666 0.650
100 50 | 0.430 0.446 0.503 0.473 0.508 0.474
100 100 | 0.371 0.579 0.647 0.688 0.687 0.697
100 150 | 0.820 0.867 0.880 0.892 0.912 0.903

Canonical correlations are presented. Penalized ML uses the one-step adaptive Lasso estimation.
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Table 3: Canonical correlations between the regularized two-step ML estimators (Section 3)
and the true parameters

Factor loadings Factors
T N | PCA DML Two-step | PCA DML Two-step
ML ML

50 50 | 0.205 0.199 0.241 0.232 0.234 0.277
50 100 | 0.429 0.558 0.643 0.477 0.640 0.752
50 150 | 0.328 0.470 0.565 0.411 0.599 0.731

100 50 | 0.496 0.519 0.548 0.430 0.446 0.469
100 100 | 0.394 0.574 0.717 0.371 0.579 0.758
100 150 | 0.774 0.819 0.846 0.820 0.867 0.927
The SCAD(t;;) threshold has been used for the covariance estimation, where T;; = ajwr with the
adaptive threshold constant o;j proposed by Cai and Liu (2011).

6 Conclusion

We study the estimation of a high dimensional approximate factor model in the presence
of cross sectional dependence and heteroskedasticity. The classical PCA method does not
efficiently estimate the factor loadings or common factors because it essentially treats the
idiosyncratic error to be homoskedastic and cross sectionally uncorrelated. For the efficient
estimation it is essential to estimate a large error covariance matrix.

We assume the model to be conditionally sparse in the sense that after the common
factors are taken out, the idiosyncratic components have a sparse covariance matrix. This
enables us to combine the merits of both sparsity and high dimensional factor analysis.
Two maximum-likelihood-based approaches are proposed to estimate the common factors
and factor loadings, both involve regularizing a large covariance sparse matrix. Extensive
asymptotic analysis has been carried out. In particular, we develop the inferential theory
for the two-step estimation.

It remains to derive the limiting distribution as well as the optimal rates of convergence
for the estimators by the joint-estimation method. This will extend the consistency results
obtained in the current paper. In the presence of a covariance AgAj that has fast-diverging
eigenvalues, the task is difficult because it requires the consistency of the penalized covariance

estimator under the operator norm. We intend to address this issue in future research.
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A Proofs for generic estimators

We need to establish the results for two sets of estimators: the two-step estimator and
the joint estimator, whose proofs for consistency share some similarities. Therefore in this
section we establish some preliminary results for generic estimators that can be used for
both cases. We denote by (/A\, iu) as a generic estimator for (Ao, 2,0), which can be either
(A, ED) or (A®, SP)). Define

Q2(A, X)) = %tr(AéZ;le — AGSPA(NSTA) A T A), (A1)

_ 1 / l / —1 _i —1 _l _
Q3(AX,) = N10g|AA +Eu|—|—Ntr(Sy(AA +X0)7) Ntr(SuZu ) Nlog|§]u| Q2(A, X,).
(A.2)
Define the set

S ={(A20) 0 < Amin(NTIAA) < A (NTITAA) < 6,
571 < )\mln(zu) S Amax(zu) < 6}

We first present a lemma that will be needed throughout the proof.

Lemma A.1. (i) max; <, |+ Zthl ficfie — Efifil = Op(/1/T).
(id) max; jen |3 oy wirtze — Bugug| = Op(y/(log N)/T).
(iii) max;<, j<n |7 Sy firtge] = Op(+/(log N)/T).

Proof. See Lemmas A.3 and B.1 in Fan, Liao and Mincheva (2011). [

Lemma A.2. Under Assumption 3.2, for any § > 0,

log N [log N
sup  |Q3(A,X3,)] =0 + :
(A,S4)€Es al ) N T

Therefore we can write

1 / 1 / —
Nlog AN + 2, + Ntr(Sy(AA + )7

1 1 1 log N log N
—Ntr(SuEu )+Nlog|2u\+Q2(A,2u)+O( N +14/ ™ ) (A.3)

Proof. First of all, note that |[AA 4+ X, | = [S,] x |1, + A’S'A[, and supy 5, ez, + 10g |1 +
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NE;TA| = O (85 | hence we have

1 1 log N
—log |AN +3,| = —log|X, A4
§1oEAN 45, = log 5,1 +0 (5 ). (A4
where O(-) is uniform in =;. Equation (A.4) will be used later in the proof.
We now consider the term N~'tr(S,(AA’ + X,)~1). With the identification condition

ISt ffi=1, f=0,and S, = L3 wul,

1

T T T

/ 1 / 1 / —

Sy = T Z(?/t — (Y — ) = Moy + Sy + AOT Z Jeuy + (AOT Z fowy)' — .
=1 t=1

t=1

By the matrix inversion formula (AA +3,)"! =31 — S PA(L + A'STA) TIAS L
1 / —1 1 /-1 1 —1
Ntr(Sy(AA + Eu) ) == Ntr(AOEU Ao) + Ntr(SuEu ) - Al + AQ + Ag - A4 - A5, (A5)

where A; = N~ Hr(AgAGS AL A+ASIA) TS, Ay = S tr(5 ST Ao fuuh (AN +3,)71),
Ay = Str(E S w fING (AN +3,)7Y), and Ay = Str(S, 25T A(L A+ A'S,TA) TTAS Y. Term
As = N~ Mtr(aw' (AN +3,)71) = Oy((log N)/T) uniformly in the parameter space, and hence
can be ignored.

Let us look at terms A;, Ay, A3 and A, subsequently. Note that Apyax(2,) and NA_:

min

(A'A)

are both bounded from above uniformly in =5, we have,

o Amax(Z4) _
SUP  Amax[(AS,'A) 71 < sup R — O(NTY), A6
(A,zu)iaé ( )< (A,zuiag Amin(AA) () (4.6)
SUp  Amax|(l F AT <0 sup Anax[(AS,PA) 7 = O(N Y. (A7)

(Azzu)egé (A7Eu)€E5

In addition, |Allr = O(VN), Amax(Z;") = O(1) uniformly in Z5, and [|Aol|r = O(VN).

Applying the matrix inversion formula yields

1 1
Ar = (AT ANE T A) TS ) — tr(AgE A A TA) (T + ASTA) TS A)

- %tr(A{)Z;lA(A/EJIA)_IA'qule) +0 <%) : (A.8)

where O(+) is uniform over (A, ¥,) € Z5. In the second equality above we applied (A.6) and
(A.7) and the following inequality:

1
Ntr(AgZ;lA(A’ZglA)—l(Ir + AN TIAS T A)
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< NIIA' A Amax [(A"S5 T A) ™ A (1 + A5, TA) 7]
< O(N)[AolIF AT Amax (B3 1) = O(NTH).

By Lemma A.1(iii), and Apax((AA 4+ 2,) ™) < A (B, 1) = O(1) uniformly in Zg,

thut

logN)
T )

1
sup Ao < = [IAG(AN + X) |
(A,Eu)€55

= 0,( (A.9)

Similarly, sup(s s, ez, [As] = Op( IO%FN). Again by the matrix inversion formula,

Ay = %tr(SuZ;lA(A’EglA)‘lA’Egl) - %tr(SUEJIA(A’ZJIA)‘l(I +ASTA) IS Y.

The second term on the right hand side is of smaller order (uniformly) than the first term,
because it has an additional term (I + A’3;'A)™!, whose maximum eigenvalue is O(N~1)

uniformly by (A.7). The first term is bounded by (uniformly in =5 ):

logN 1
T +N)'

%HS@JIAHFO(NA)HA/EJIHF < O(N™H)Amax(Su) = O(
Hence sup 5, ez, [A4] = O(T~*(log N)'/? + N71). Results (A.4) and (A.5) then yield

1 1 _
N llog AN + %, + Nltr(Sy(AA' + 21{) H 1
= Ntr(AéE;le) + Ntr(Squ) + —log |Z,| — Ntr(A(JZ;lA(A’EjA)*H\’E;IAO)

N
log N log N
e
1 1 1 log N log N
—Ntr(SuZu)+Nlog]2u|+Q2(A,Eu)+O< N + 4/ |

]

Throughout the proofs, we note that the consistency depends crucially on the consistency

of the following quantities:
J= (A= NS ANSA) !
We state the following lemma for the generic estimators.

Lemma A.3. (i) A,S 1Ay — (I, — NS A(L — J) = 0,(N)
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(ii) First order condition: N'(AN +3,)71(S, — AN —X,) = 0.

We will prove Lemma A.3 for both (_/A\(l), iq(})) and (A®), i(f)) later when we deal with

these two estimators individually.

Lemma A.4. Suppose Lemma A.3 holds, then
(i) NS4S, — AN — 5,) = 0.
(ii) (J — L)Y(J = I,) — I, = Op(N~* + T7/2(log N)/?).

Proof. (i) Using the matrix inverse formula, the same argument of Bai and Li (2012)’s (A.2)
implies /(AN + 3,)! = (I, + N'S;1A)A’S; L Thus part (i) follows from the first order
condition in Lemma A.3.

(i) Let H = (A’S;'A)~L. Part (i) can be equivalently written as J +.J' — J'J + K = 0

where

T

K= thut SOUAH + HN'S, 112 tftJ——thut SUAH — HN'S 11 Zutft

t=1 t=1
—HAN'S;Y(Sy — S,)S:'AH,

Note that for (A,3,) € 55, H = O,(N71), J = O,(1) for each element, IS = 0,(1),
IAllr = O,(vV'N), hence

Nlog N
H—thut JRH|r < 0,0 NTthutanz IRl = Oyl V) = 0y

Moreover, for the empirical covariance [|S,[|> < 237, (T} STty — Guoag)? +
2Twll2 = O (T"'N2?logN + 1) by Lemma A.l, which implies HA'S'S, S 'AH =
O,(N7Y + T2(log N)V/2). Also, HN'S;'S,S'AH = H = O,(N~Y). Therefore K =
O,(N~t 4+ T71/2(log N)'/?). Tt then implies (ii).

Lemma A.5. Suppose Lemma A.3 holds, then J = o0,(1).

Proof. By our assumption, both A’ i; 1A and ALY M A are diagonal. Moreover, the eigen-
values of N=1A/ i; A and N 1A} g A are bounded away from zero. Therefore by Lemma
A.3(i) and Lemma A.4(ii), there are two diagonal matrices M; and My whose eigenvalues

are all bounded away from zero, such that
(I, = J)My(I, — J) = My + 0,(1), (J—1.)(J—=1,) =1 +0,(1) (A.10)

29

log N




Applying Lemma A.1 of Bai and Li (2012), we have J = 0,(1) and M; = My + o0,(1). We
also assumed A and Ay have the same column signs, as a part of identification condition.
]

B Proofs for Section 3

In this section, (A, 5,) = (AW, i&l)) and J = (A® —Ao)( ) AW (A (2(1)) TAM)-1
Throughout Appendix B, we will let H = (K(l)'(ig))_lA(l))_ . For notational simplicity,

we let
1 log N

\/_

We first cite a result from Fan et al. (2012):

wr =

Theorem B.1 (Theorem 3.1 in Fan et al. (2012)). Suppose (log N)¥7 = o(T) and T =
o(N), then under Assumptions 3.1- 3.5,

IZ8) = Zuoll = O, (mawr®) = [(E0) ™ = 5.
Proof. The sufficient conditions of this theorem are satisfied by our assumptions. See Fan
et al. (2012). O

We then prove Lemma A.3, which then enables us to apply Lemmas A.4 and A.5. Under
Assumptions 3.1- 3.3, there is § > 0 such that (Ag,X,0) € Es and (K<1>,§S)) € =5 with
probability approaching one for =5 in Appendix A.

Lemma B.1. For (A,3,) = (A, SN, Lemma A.3 is satisfied.

Proof. The first order condition with respect to A in (ii) is easy to verify, which is the
same as that in Bai and Li (2012). We only show part (i).
By definition, Ll(//i(l)) < Ly(Ag). Also the representation defined in Lemma A.2 yields

Q3(A,20) + Qa(A, 2y) = Li(A) = N "Hr(Su(EW)~1) + Nt og S0,

Thus

/\

Q2(AD, ZM) + Q5 (AW, 1) < Qa(Ag, BD) + Q3(Ag, E)

Note that @)y is always nonnegative and (Qa(Ay, i&l)) = 0. Therefore by Lemma A.2, 0 <

QQ(K(”, iq(})) = 0,(1). Moreover, the matrix in the trace operation of @)y is semi-positive
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definite, hence

~

Y LS TN — (I, — J) =AY (ED)yTAD (L, — JY = 0,(1). (B.1)

1
N N

It remains to show that N *1A6((§A]1(L1))*1 — ¥.5)Ao = 0,(1), which follows immediately from
Theorem B.1 and that mywy ¢ = o(1).
[l

B.1 Proof of Theorem 3.1
B.1.1 Consistency for A()

The equality (B.1) implies

The second term is bounded by N=Y[J[|2|A®|Z[[(EM) Y = O,(||J||2). Lemma A.5 then

implies the second term is 0,(1), which then implies that the first term is 0,(1). Because

(M)~ has eigenvalues bounded away from zero asymptotically, we have N~1[|A® — Aq|2 =

op(1).
B.1.2 Consistency for Xgn
Lemma A.4 (i) can be equivalently written as: for any j < N,

A = hoj = =T Ay + HAY' (E0) e (B2)

where if}; denotes the jth column of S and a; is an N x 1 vector

T
= A()T Z ftujt + T Z UtUje — 2(1 + T_l Z utft/)\Oj - Hﬂj.
t=1

The consistency of max;<y HXED — Agj|| follows from Lemma A.5 and the following Lemma
B.2.

Lemma B.2. max;<y ||H/A\(1)/(§£1))_1aj|] = O, (my N~ + T~ 12(log N)'/?).
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Proof. By Lemma A.1, uniformly in j < NV,

L \/N log N log N
HAW (S~ Zutft)\oj—i—Ao thujt (5 @VN gT ) = 0,( gT ).
L VN log N log N
HAW'(S0)- Zutuﬂ u0j) = Op( S VN =) = 0oy —).
VS S VN _ my i
HAW' (S0) S = Suog) = Op(“rmwwr ™) = Opl wor™)

Finally, max;<y |HA® (i(l))_l‘aju = O,(log N/T). The result then follows from a trian-
gular inequality and that mywy ¢ = o(1). O

B.2 Proof of Theorem 3.2
B.2.1 Uniform rate for Xy)

By (B.2), the uniform rate of convergence follows from Lemma B.2 and the following
Lemma B.3.

Lemma B.3. J = O,(mywy %).

Proof. The first order condition in Lemma A.4 (i) is equivalent to:

/\

JJ+J 4+ J+HA(ED)IBEMTAOF = (B.3)

where B = AT S0 fudh+ (AT o0, futd) +8,— S5 —aw’. We have, [|Ao||r = O(V/N),
i’ = O,(Nlog N/T), and Hs —SM) < ||§<1> Suoll + 119 — Suoll = Op(NT~1/2(log N)V/2 +
mywy 9). Therefore HAV (EBEM AN = O, (T~ ?(log N)V? + myN~twy ?).
Since J = 0,(1), J'J can be ignored. It follows from (B.3) that

log N 1~
J 4 = Oy 2o+ L), (B.4)

Let J;; denote the (i,j)the entry of J. It then follows that J; = Op(T_1/2(log N)1/2
my N~ wy ) for all i < r. It is also not hard to verify that v/(log N)/T = O(mywy. ?) for
any 0 < g < 1 since my > 1.

On the other hand, due to the identification condition, both A¥ Ay and
AW'(S ( ) IAM are diagonal. Let ndg(M) denote the off-diagonal elements of M. Then
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/\

ndg(A)St Ag) =ndg(AD (S0 1AM = 0 is equivalent to
ndg{(AM = A)'(EM) AN + AV(ED) AW — Ag)}

= ndg{—AH((EP) 7 = Ty Ao + (A = A)(EP)HAY - A)}

Note that if ndg{M;} = ndg{M>} then ndg{ HM1H} = ndg{HMsH?} for two matrices M,
and M, since H is diagonal. Also, (A — Ag)(S)TAMH = J. The above identification

condition implies

ndg{HJ + J'H} = ndg{—HAH((Z)) ™" = S.0)AoH + H(AD — Ag) (E0) 1 (AD — Ag)H}
(B.5)
Note that HA{)((i]q(}))*l — X AH = Op(mNN + ©). Let h; denote the ith diagonal

/\

entry of H. Let X = (A — Ap)’ (i )THAWD — Ag). Then for i # j, (B.4) and (B.5) imply

that )
loeN  mpyw; ?
Jji +Jij = Op(yf 7 T NT );

1—q
myWws

N
By assumption, with probability one, there is § > 0 such that (Nd)™! < hy < N71§, and

hiiJij + hjjJji = Op(

hi; # hj; for i # j. Moreover, since all the eigenvalues of 5, are bounded away from zero

and infinity, wpal, ||/AX — Ao||% > || X||F for some ¢ > 0. Then the above two equations imply
that for any i # j, Ji; = O,(mywy @) +O,(N~1) X}, (since \/log N/T = O(mywy ?)). Then

17117 = Op(miwy q+_HX||F) (B.6)

Moreover, by Lemma B.2, max;<y HH/AX(I)(i(Ll))_lajH = O, (mywy ?).

We now show that J = O,(mywy ?). Suppose this does not hold, then (B.6) implies
J = O,(N~'X). By the definition
X = (A0 = 20) (ST AY = ),

1X||r = O,(|A® — Ag||%). Therefore J = O,(N71X) yields [|J||Z = O,(N72||A — Agl[4).
The first order condition (B.2) also yields

ma X = X[ = Op(1713) = O, (NIAY — Aq}),

33



which implies [A® — Ag[|% = SN AW = Agjl|? = Op(N 1 |AD — Ag||4). Therefore

1 IA®) — Aol

1A 2 1A (1 4:OP<1)’
N7HAD = Aol|7 N7HAD — Aol

which contradicts with the consistency N ! A® — Ao||% = 0,(1). This concludes the proof.
F=0p
O

Therefore, (B.2) gives manSNHX;l) — il = Op(I7]|r) = Op(mywy ®). The rate
of convergence for N=Y2||[A®M) — Ay||p then follows immediately since it is bounded by

maxj<y AL — Ao -

B.3 Proof of Theorem 3.3

By the definition of the covariance estimator in the first step, s — (si;(Rij)) NxN, where
si; is a chosen thresholding function. It was shown by Fan et al. (2012, Theorem 2.1) that

R;; is the PCA estimator of 771 Zthl uirujg, that is, R = T1 Zthl ﬂﬁCAﬂﬁCA.

Lemma B.4. For any € > 0, and any constant M > 0, for all large enough N,T,
P<|RZ]‘ > MTij,v<i,j) S SU) >1—e
Proof. We have, |R;;| > |Xy0;] — |04 — Rij|.- Thus for all large enough N, T,

P(|Rij| > MT;;,¥(i, j) € Su) P(|Zu0,i5] > M7ij + [Xu0,45 — Rigl, V(i, ) € Su)

>
> P(|Xu045l/2 > |Zu0i; — Rijl, V(i j) € Sy) > 1 —,

where in the second and last inequalities we used the assumption that wy =
o(min(i,j)esU ‘zuoﬂ'j‘) and the fact that maxs; ‘Euo,ij — RZ]’ = Op(wT).
O

Proof of Theorem 3.3

By Fan et al. (2012), max; ; |R;; — Xu0,i;| = Op(wr), which implies for any € > 0, there
is C' > 0 such that P(max; ; |R;; — Xu0,;| > Cwr) < €/2. For some universal M > 0, we set
the threshold 7;; = May;wr at entry (i, j), where oy; is a data-dependent value that satisfies,
for any € > 0, there is C; > 0 such that P(a;; > C41,Vi # j) > 1 — ¢/2. Then as long as the
constant M in the definition of the threshold is larger than 2C/CY,

P(max |R;j — Yuo45] > minT;;/2) < P(max |Ry; — Ly045] > MCiwr/2) +¢€/2 < e.
7 ) 3
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Note also that if s;;(R;;) = iz(;) # 0, then |R;j| > 7;;, by the definition of s;;. This implies,

P #0,3(i,5) € S1) < P(|Ry;| > 75,31, §) € Sp) < P((m)a}; |R;;| > min ;)
1,7)€ )

< P(max | Ry — Syo,4] + max Y95 > min 7).
2 (1,5)€SL ij

Since max;j)es, |Xu0,5| = o(wr) by assumption, for all large 7', N
P(ES) 7£ 0, EI(Z,]) c SL) < P(H%E]%X |Rz] — EuO,ij| > H%jlnTZj/Q) <€

On the other hand, for arbitrarily small € > 0, P(max;; 7;; < Kwr) > 1 — ¢/2 for some
K > 0, which 1mphes P(‘lel 2 MCUT + KwT,V(i,j) € SU) S P(|R”| Z MCL)T + Tij,V(i,j> €
Su) + €/2. By the definition of s;;, |s;;(2) — 2| < 7, for all z € R. Therefore |R;; — iszjl =

|R;j — si;(Rij)| < Tij, hence for arbitrarily large M > 0,

<|Z ’ > MWT,V(’i,j) S SU) > P(‘Rm‘ > Mwr + |RZ] | V(Z j) € SU)

u,tg UZ]

> P(|Rij| > (M + K)wp,V(i,j) € Sy) —€/2>1—¢

where the last inequality follows from Lemma B.4.

B.4 Proof of Theorems 3.4 and 3.5
B.4.1 Proof of Theorem 3.4

A simple derivation implies that | N=2AL((S0)~1 = S2D)Aollr < N7 Ao|/2]|(SM)
Yool = Op(me;_q). This rate is not tight enough for the v/T-consistency and limiting
distribution X&l). A more refined rate of N~1AL((S0)~1 =71 A depends on the convergence
properties of the PCA estimator. We begin by citing some results proved by Fan et al. (2012).
Recall that R;; denotes the (7, j)th entry of the orthogonal complement covariance in the
sample covariance’s spectrum decomposition, and Eu 2] = 5;;(Rij).

Let {@;}i<ni<r be the PCA estimates of {uy}icn<r. Let /)\\fCA and ftPCA denote the

PCA estimators of the factor loadings and factors.

Lemma B.5. (i) For any i, j, with probability one R;; = T~! Zthl Uiy,

(ii) maxi<n T30 (Ui — wie)? = Op(w}).

(iii) There is a nonsmgular matriz H such that T~ 3. || f; FPCA _H |2 = O (T7'+ N1
and max; HAfCA — H' = \y;]| = Oplwr).

() max; j<n | Rij — Buoij| = Op(wr).
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Proof. See Theorem 2.1 and Lemma C.11 of Fan et al. (2012). O
Lemma B.6. w7 Y1y o5 w1 (7 = H)&€ = Onl g + 7+ ).

Proof. By Bai (2003), there are two 7 X r matrices H and V, ||V ||z = O,(1), |[H||r = O,(1)
such that ]/CZJCA — Hf,=V(NT)™! Zstl ECA[u;ut + f! Z L Aojuie + ff Z 1 Aojujs). The
desired result then follows from the following Lemma B.7.

[

Lemma B.7. (i) §p 30, S8 waho - (NT) ™ L POl = Onl g + 1+ )
(”) NT Zt 1 Zz 1 Wit Ao H_ 1( T)~ ZZ 1 J/E?CAJW Zjvzl Aoju;i&i€l = Op(\/% + %)
(1) 5 1oy Sory wie A T (NT) T S0, FPOAfE S0 Mool = Oyl + 7).

Proof. (i) We have,

T N T
Z Z ZtNT Z PP ™ Ml < Ny NQTQ DO un Yy fiH W H A

t=1 =1 s=1
T

ZZuth (FPCY — f B W H U A&l = a + b. (B.7)

t=1 i=1 s=1

]\/2T2

We bound a, b separately. Here a is upper bounded by a; + as, where by Cauchy-Schwarz,

T N T
1 _ — /
a1 = i D0 D e 3 foH (wlawe — Bulu) B Mol

t=1 =1 s=1

T T T
1 11
< rgg;gcllez-&&H(f;ui)mllﬁ(f; 22: (o — Bujuy)||*)"?
1 T T
< Op(l)(?ZHﬁZfs(u’sut—Eu;ut)Hz)l/z. (B.8)

Note that B4 3" 7% S0 fo(uluy — Eulw)|? = Bllmy i, fs(ulu, — Buluy)||?, which
is O(T~'N~!) by Assumption 3.9. Hence a; = O,((NT)~/2).

T N T T T

N2T2 Z Z Uit Z f;H,EU;UtI:I_II)\Oififz{H < max % Z |Uit|0(1)% Z | fs By |
t=1 =1 s=1 t=1 s=1 (Bg)

Since maxi<y E(TT'N~' ST || foBulu|) < O(TY)max, S0, |Bulw|/N = O(T~) by

the strong mixing condition (Lemma C.5 of Fan Liao and Mincheva 2012), we have ay =

O,(T"). This implies a = O,(N~Y/2T~1/2 471,
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Now we bound b. Using Cauchy Schwarz inequality, we have b < b; + by where

T N T
1 / ! 17/ / / rr—1' /
b = e Do 2wy (FOY = FUH) (e — Bulun) H™ Dot
t=1 =1 s=1
, TN 1 T 1/2 | T 1/2
<OV D Juatl [ = Y NP4 — H AP = g — B, |?
1 N 7; t=1 i:ll T s=1 1 1 T s=1
< 0)(=)0,(—= + ——)O,(VN) = O)(— + ——), B.10
< OF)0 =+ =I0VN) = 0ol 5 + =) (B.10)

where the second inequality follows from ET~" 7w/ u; — Eu/u|* = O(N). Using Cauchy-

Schwarz inequality, we also obtain

T N T
by = NZTQZZ%Z (FFPEX — fLl") (Bulu) H Al

t=1 i=1 s=1
T

1/2
g SIFPeA B AP 1/2< Z\Eu ut/N|2>

s=1
1 n 1)
VNT T"
(ii) Let d; i be the (k,1)th element of &;¢/. Then the (k,[)th element of the object of interest
is bounded by d; + dsy, where, by Cauchy Schwarz inequality,

IA

= 0, (B.11)

T N N

T
d = T)? Z Z Z Z(uituﬁ - Euitujt))‘éiﬁ_lECAf;AOjdi,kl|

t=1 s=1 j=1 i=1

T T N N T
1 1 ~p
< )(f Z 1/ CAH 1/2 T Z 1/ CAH 1/2“ N2T Z Z Z (wiruze — Euitujt)/\ow\{)jdi,kl||
s=1 j=1 i=1 t=1
1
= O)(—). (B.12)

The last equality follows from Assumption 3.9. Also, =, .y [Euwitse] = 32 hes, S0l +
Z(i,j)GSL |EU077«7’ = O(N) ThuS

T T N N
1 _
© = |(NT)2 YD DD (B N H T FEOA fhojdin
t=1 s=1 j=1 i=1
T
< NQT Z IFPEANLN D Buug] = Op( > (B.13)
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(iii) The object of interest is bounded by e; + e, where

T N T N
_ 1 1
7 )\ H S >\ sSe — Y B14
&1 = NTZZZZu FFdajtss€i€ill = Opl s+ ) (B14)
and we used the fact that &3/ || /; FPCA— Hf |12 = O,(T~* + N~1) from Lemma B.5, and
that N~ Zi:l ||T Zt:l feuil| = p(T_l/z)-l

T N T N .
€2 = N2T2 Z Z Z Z uit}‘é)ifsft/)\ﬂjujsgigz{’l = Op(f)- (B.15)

s=1 j=1 t=1 i=1
[

Lemma B.8. For Sy in the partition {(i,7) : 1,7 < N} =S, U Sy,

9 e s S, w1 V1) £ e = Oyl + 4+ )
(“) NT Zt 1 ZWéJ (i,)€Su uit)\lojH (NT) Zs 1 fPCAfI Zv 1 )‘Ovuvt&gl - OP(\/% + m)

(i) S5 Dot Doity oyesy Wit Moy H T NT) TS0, FECAFISN Novttnsli€s = O,(1/BY +

log N
=)

Proof. (i) The term of interest is bounded by a + b, where

a = N2T2 Z Z Ulth HlulutH >‘0ng§ I,

t=1 (i,j)€Su,i#j =1

- N2T2Z > unz — fH W H ™ N8

t=1 (i,j)eSy i#j =1

Here a is upper bounded by a; + as, where
= || N21T2 ZtT 1 Z(zg )eSy itj it Erf Lol (wu — B ut>H_1,)\0J£Z£/H and
HN2T2 Zt . Z (i) e sy ing Vit Zs ) frH' Bl H~ 1/)\OJ€Z£’|] Note that a; and ay can be
bounded in the same way as (B.8) and (B.9). The only difference is that N ! Zi:l is replaced
by a double sum N~ Z (i.j)eSy.isj- DY the assumption, N~ Z (ijespizi L = O(1). The
result of the proof is exactly the same, so is omitted. We conclude that a = O,(N~Y/2T~1/2 4
1.
On the other hand, b < by + by where
b S S s it ST (FPOX = F1) (s — B AV Aoy, and

Y T 1N T _1xN T
'We have (N ! Zi:l H% Zt:1 ftuitH)z <N-! 21:1 ”% Zt:1 ftuitH2 =Nt 211:1 22:1(% thl ftuit)2a
whose expectation is N ! Zf;l Z;:1 var(+ Zthl fjtuit). Note that var(+ Zthl fituir) = O(T~1) uniformly
ini <N.
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= ||N2T2 Zt 1 Z (1,9) €Sy ,i#j Uit Zs 1<fsPCAI - féH/)(Eu/suOHil/)‘O]gzg;|| USing CaU-Chy_
Schwarz inequality and the strong mixing condition, b; and b, can be also bounded in an
exactly the same way of (B.10) and (B.11). We conclude that b = O, (N "' +T—1+(NT)~1/2).

(ii) Let diju be the (k,l)th element of §&%. Then the (k,l)th element of the object of
interest is bounded by d; + ds, where

= ’ NT)2 Et 1 Zs 1 Z (4,5)ESU ,i#] Zv 1<u’ltuvt Eultuvt))\é)]ﬁ_l]/a)CAf;)\ovdijvkl|7 and

= [z Do S Y isyes i oot (Bttigtio) Noy HLFPOA fiNoydi pa]. Bounding dy, d
is slightly different from (B.12) and (B.13), and we give the detall here. By Cauchy Schwarz

inequality,

T T N
1
i £ 0,0 L NE A ansn e S 3 st Busgtee) dogNou iyl

1#37(7’7])ESU t=1 v=1

which is O,((NT)~'/2) by Assumption 3.9. On the other hand,
dy < O,(N72) D it (i)eSy S [Buoikl- Note that [|Syoli = O(my), where my is as defined
in Assumption 3.1. Thus dy = O,(N " 'my).
(iii) The object of interest is bounded by e; + e, where
er = | yorz N2T2 Zs 1 Zzyﬁj (i,)€St Zt 1 Zv 1 Uzt}‘ g _1(J?SPCA - Hfs)fg)\0vuvsgi§;’|’7

H N2T2 Zs 1 Zz;é] (4.9) ESU Et 1 Ev 1 ult}\ fsft,)\Oqusgzé-;H
Since maxi<y |71 321, frui]| = O,(\/log N/T), we conclude that e, = O, (5l

L), and ey = O, (%) O

From Lemma B.8, immediately we have the following result.
Lemma B.9. =577 S0 oo Ny, HOU(FPOA — H )85 = Op(wh + my/N).

Proof. Note that results (i)(ii)(iii) in Lemma B.8 sum up to O,(w%+my/N). Hence Lemma
B.9 follows from the equality /?CA Hf, = V(NT)* I ECA[U’Sut + fi Zjvzl AojUjt +
i Z 1 AojUjs)- [l

The following lemma strengthens the results of Bai (2003) when ¥, is sparse.

Lemma B.10. For the PCA estimator,
(i) N7US0 (Rii — Suo)i€l = Op(w).
(ii) N~* Zi;éj,(i,j)esU (Rij — EuO,ij)gifg' = Op(wf +my/N).

Proof. (i) N“'S2 (Ry — Su0ii)&i& = Sy (Ris — Suit) &€l/N + 31 (Sui — Suo,i)&&l/ N
By Assumption 3.9, Zz]\;(suu - Euo,ii)figi/N = Zi:l Zt:l( Ui — uOu)fzgfz/(NT) =
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O,(1/v/NT). On the other hand, % ,‘]11(Rii — Suii)&€l is equal to

1 N T 1 N T
WZZ — U&= TZZ“” Ut §,§+—Zzu@tuzt (EIISE

i=1 t=1 i=1 t=1 i=1 t=1

The first term on the right hand side is O,(w%). We now work on the second term. By Bai
(2003), there is a nonsingular matrix H such that

Uje —wje = Ny HHFPCA = Hf) + (P94 — H'=Ig) (FFCA — Hf) + \PCA — H ) H fr.
(B.16)
By Lemma B.6 = S SV ug\) HN(FPCA — HNGE = (T + 7 + +). In addition,

for each element d; j; of &£,

N T N T
1 ~ —/_ — 1 1 — -~ —
NT DO up A —H " Mo H fidjp < N > 1077 > upf/H'| max A7 CA=H " Ao
; j=1 t=1

N T T N
1 -~ —/_ ’\P — 1 ’? — 1 ~ —/__
T 2 2 A= H N (FFONH ) daa = 5 Y (PO =H LY 55 Y eV A= X0 dy
j=1 t=1 t=1 j=1
1 o 1 1 & 2
P — ~ — wr
< ( SOIFON = Hf|? max |Af9A — H 1)\Oj||2f Z[N > \thdj,kl’]2> =0, (\/— N
t=1 J t=1 j=1

(i) Since Ry; = T~' Y1, Ul the term of interest equals

% Z Zu” Ujt — Ujt fzﬁ +% Z Zuzt wit) (Uje — uzt)&f

], ZJ)GSU = i#], z])ESU t=1

T
1
+W Z Z(uitujt — Euo,ij)figg'-

i#j:(i’j)GSU t=1
By Assumption 3.9, the third term is O,((NT)~%/2). By the assumption that diti(ij)esy L =

O(N) and Cauchy Schwarz inequality, the second term is O,(w?). We now work out the first
term. Again we use the equality U —uj = )\6]-1{[_1(?0“ —Hf)+ (XfCA — H' "\, (fFCA -
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Hf)+ (/):fCA — H'='\o;)'H f;. Lemma B.9 gives

LS LS e e - 0w+ ).

i#5,(4,7 GSU t=1

On the other hand, &3, ses T ST w (APOA — H=Y X\o;) H f1£€} is bounded by,

1 - log N
mex Gl D Zuﬁftﬂ'umachf“ Dojll = Oplwry | =2,
i#ja(izj)ESU t=1
since maxj< [|&[] = O(1). Also, &3 i esy F Do i (APCA— =V X ) (FPOA— H )€
is bounded by
1 « R .
O(1) max 1b; — H™" Ao (f SO Hft||2> T Z[ﬁ | Z | e
t=1 t=1 Z#J’(lzj)GSU

which is O (\/_Z \/—71%)

Proof of Theorem 3.4 N~'A)((S) 1 — £ Ag = O, (w2 2"m2))

Proof. By the triangular inequality, the left-hand-side is bounded by

1 a - -
FIA(ED) ™ = E00) (Buo = BT Mollr + HA’ w0 (Buo = Z) 350 Aol

u

The first term is O (w% *1m2). We now bound the second term, which is

N
1_ = 1 1 @
N:(Zg) N Z - uO i Szf + N Z (E’EL,B‘] - ZuO,zg)gzgé
. i=1 i#3,(1,5) €Sy
N Z u Zj uO 1])51537
(Z ])ESL

where = = A)Y. . The first term on the right hand side is O,(w?2) by Lemma B.10. The third

term is dominated by, O(N™")(Xs, [Zuowsl + X, [E01) = OV _1) O(N™Y) X, IZ0 -
By Theorem 3.3, for any € > 0 and any M > 0, P(% > (ij)esy |Zu Zj| > Mw?) < P(3(i,5) €
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St, if}fj # 0) < e. This implies the third term is O,(w?%). The second term equals
1 P
N Z (Eg,ij - lj)€l£ _'_ AT Z (sz - Zuo,zj)fz%
Z’#j:(i’j)GSU /L;ﬁj:(i’j)GSU

By Lemma B.10 (i), N7'>7,; ” yesy (Rij = Bu0ij)&i; = Op(wi + my/N). On the other
hand, recall that |s;;(z) — 2| < a7} when |z| > br;; (Section 3.1),

1 -
v X EU-R)egl=lly X (su(Ry) - REE
i#35,(4,5) €Sy Z#j,(i7j)ESU»|Rij|>bTij
1 1
+5 > (si(Ri) — Rip)&&jll < Op(wi) + I > (s3j(Rij) —
i#ja(izj)GSleRij‘>bTij i#j’(izj)est‘Rij‘SbTij
Write v = N7V, 6 vesu i <on, (Si(Big) — Rij)&&ll, then for any € > 0, and

e > 0, Lemma B.4 implies P(v > Mw?) < P(3(i,j) € Su,|Rij| < brij) < €, which
yields v = Op(w7). Therefore § >, ”)ESU(ZSQJ — Yu0,ij)&i€; = Op(w?). This implies
NTA(EW) ™ = 3g) Ao = Oplwh + wi mdy + mi /N) = Oyl *mR).

O
B.4.2 Convergence rate for J
We now improve the rate in Lemma B.3.

Lemma B.11. (i) HAW'(S) Mg 300, frup + (Mog X0, fr)|(E0) TAVH - =
O,(myT~%(log N)I/Qw;q).
(i) HAV'S1(S, — SOV EM)TAVH = O, (mywh 1T 2(log N)Y2 + mywi IN7Y).
Proof. (i) By Theorem 3.2,

1AM = Aollr = Op(VNmywr ) = AW (EP) " — A || (B.17)

Therefore the RHS of part (i) equals

T
1
HAY Z feuy + (AOT > fay)
t=1

Now it follows from Assumption 3.10 that

T
. 1 [log N _
_T tz; ftutzu(]lAO Z Z ftuztg \/_T) = Op(mN T w;“ q)’

tlzl
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which then yields the desired result.
(i) Recall that ||S, — S| = O,(NT2(log N)/? + mywi ) and that
AW (S — ALS e = O,(VNmywh ). By Theorem B.1, the RHS of (ii) equals

log N 1=q
HALS (S — Su0) Sl AH + O, (mywi 4 / O%F n mN;T ).

By Assumption 3.10 (note that H = O,(N~1)),

/I N— — 1 /
HAYS 0 (Sy = Suo) S Ao H = —H > Y (g, — Buguy)§&H = Oy

1
—).
J /
T i<NJ<N t<T NT

Lemma B.12. J = O,(m%w> 7).

Proof. By (B.3) and Lemma B.11, ignoring the smaller order .J'.J, we have

log N mywy ?
J+J = O,(mywy 94/ 7t NT ).

This implies that J; = O, (mywy (T‘1/2(10g N)Y2 4+ N71).

Moreover, since H(A® — Ag)(SM)1HA® — A)H = O,(N"'m2w? ), (B.5) and
Theorem 3.4 imply ndg{HJ + J'H} = O,(N~'m3w; >9). Therefore for i # j, Ji; =
O, (m%ws " + mywy Y(T~?(log N)/2 + N=1)) = O, (m3%wa 9). The desired result follows
immediately. [

B.4.3 Improved rate for /):(1)

Lemma B.13. (i) HAY' (ST (wugy — 1) = O, (maw? 1 + mwi 2N -1/2),

u,J

(i) HAW' (SM)-17-1 S urfiho; = Op(muywy ‘T2 (log N)'/2).
Proof. (i) We have, [[A® (M) — AiS= | p = O,(VNmywi™). Hence H(AW (M)~ —
AN DT ST (g, — i(};) = O (mywy T2 (log N)/2 + N~12m3w2>"). Hence part
(i) equals

miwr

VN

where O,(+) is uniform in j < N. By Assumption 3.10, for each j < N,

HAGS T (wg — Eugug)) + Op(mywi  + )

T N T
1
HABE;Olel Z(Utu]‘t — E(utujt)) = Hf E E gi(uitujt — E(Utujt)) — Op(<NT>71/2).
t=1 i=1 t=1
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(if) We have | H(AM'(S)™ = AjZ) T S0, wefllr = Op(myewr “T~%(log N)'/2).
Hence (ii) equals
log N
)

HA{ ZuolT Z g fiAoj + Op(mywy

By Assumption 3.10, the first term equals NH(NT)"* 28 ST &ug fido; = O,(NT)~1/?),
which yields the desired result. [

Lemma B.14. For each fized j < N,

X;l) — Xoj = HAW'(Z) 1A0—thu]t + Op(mxwy ).

Proof. Note that those two terms in Lemma B.13 (i) (ii) are dominated by O,(m%wa 9).

Therefore, the desired expansion follows from the first order condition (B.2) and Lemma

B.12. [l

B.4.4 Proof of Theorem 3.5

By Lemma B.14, and (B.17)
X§1) —Xoj = HA(l),(i =LAy — A(l Z feuje + — Z fruje + Op(miywy27)

T
/logN
= Z e+ Op( meT b myw T Z Jruje + O (mNW% Qq)-

By the assumption that m%wa >4 = o(T~/?), we have \/T(XP —Xo;) =T 25 fug +

0p(1). The limiting distribution follows since

T
T-1/2 thujt —4 N0, E(ujefif])).

t=1

B.5 Proof of Theorem 3.6

Forany t < T, y, — y = Ao f; + us — u. Hence

= fom =+ (A D) RO R ED) ). (B9

u
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B.5.1 Convergence rate

Since both f; and wu; have exponential tails, using Bonferroni’s method we have,
max, ||f;|| = O,((logT)"/"2) and max; ||u|| = O,(v/N(logT)*™). Thus by Lemma B.12,
max;<r ||J' fi]| = (me?p *I(log T)'/™2). The term with @ in (B.19) is of smaller order hence
is negligible. Also [|(A® (S TAM)1 AW (M) — LS [lr = Op(N~Y2mywi ),
where we used [[AD (M) = ALS | = 0,(VNmywi™). Hence

max(AD (S TA)TAD (SMY=1 (4, — @) = O,(

Loy
t<T N)A Euo Ut

1
+0 (m?\;w; 2f1(1og T)l/T2_|_me (10g T)I/Tl) — OP(N)ABE;&ut+Op(me71:CI(log T)l/r1+1/r2).

Finally, because E(xA(X,gwuiE0Ao) = +AiE.0 Ao, whose eigenvalues are bounded.
Hence — =AEw ‘uy; = O,(1). Also, O,(N~'/2) is of smaller order than
@) (meT (log T')Y/m1+1/2#1) " This implies

H]/C;(l) — ftH = (meT (logT)l/r1+1/r2+l)

The above proof also shows that the rate can be made uniform if max;<r ||\/_1NA6Z;01WH =

O,(logT).
B.5.2 Asymptotic normality
Recall that = = AjY 4 and 3, = ¥ u;.
Lemma B.15. For any fized t <T, N~Y2(AW — Ag)ySlu, = 0,(1).
Proof. We expand AW — Ay using the first order condition

~

T T
~ 1 1 ~
(1) / A (1) 71 - / - AT (1)
(AW — Ag) = JA, + HAW' (Z(V )" Ao ?:1: foul + 521 us foho + Sy — 2,71 (B.20)

and 1nvest1gate each term separately. First of all, since J = O,(m Nw; %9) and by assumption

that AjYdu, = SON | Euy = O,(VN), we have N™V2JA S u, = O, (m%wh *9). Second,
by the assumption that (TN)~'/2 ZS L fsul S guy = O,(1), we have

1

1 0, (-
VT

LR (S0) 1A~ qu wl

VN )

Third, N~/2HA® (2(1 )t ;1 us fIAL Sy, = O,(1/log N/T). Moreover,
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N2HAO (EW) = A S (Sy — Suo) Sty = Op(mywi 94/Nlog N/T) = 0,(1). There-
fore, by the assumption that (NTV/N)~ Zf\il Zstl &i(uisul, — Bugsul) By = 0,(1), we have,

1~y 1
——HAW' (ED) (S, — Su0)Spgtr = ——=HAYE 0 (Su — Suo)Spg s + 0,(1)

VN
1
N WH Y DD Giluisugs — Buisug)Bi = 0,(1).

i=1 j=1 s=1
Finally, N~1/2HAD (S) 1S — Su0) Spg e = Op( Femavwy ). 0
Lemma B.16. For any fived t < T, N-2A)(S8M) 1 — 2w, = 0,(1)

Proof. We note that, N=Y/2AL((S0) 1 =5y, = N72EEN - S40) B4 0, (VNmE wi27),
On the other hand,

N
1 _ - 1 1 .
\/N:(Zq(}) —Yw)B = T > (Ri — Suoat)ilBie + —= iy (B8, — S0 )EBje

1 Z¢j7(i7j)eSU
&(1
\/—— Z (S5 — Suoi)EiBjt-

The result of the proof is very similar to that of Lemmas B.10 and Theorem 13.1, based on

the expansion (B.10) and Theorem 3.3, hence is omitted. O

Proof of asymptotic normality

We now fix ¢, then Lemma B.12 gives J’ ft (m?\,wT 7). Hence v/ N.J'f; is negligible
as \/_me2 20 = o(1). Moreover, (A (SM)-TAM)-1IAD" (£M)=14 is of smaller order of
(A(l)/(E ) 1A0 N~ 17\(1)/(2(}))_1%, hence is negligible. Next,

VNAW(ED)TTAD) A (S Ty, = VN (AGS 3 Ao) T AG S

FO,(N"VA AN (ED) 1 = AgEd e + Op(mywy )

where we used (AW (S ) AW — (ALSEA) ™ = Oy (N 'mywh ). By Lemmas B.15
and B.16, N~Y/2(AW (E ) — ApX 3 )ug = 0,(1). This implies, for each fixed ¢,

VNV = £) = VNG M) Ay + Op(VNmEwr ™ + mywy )
= VNS ) T TALS g + 0, (1),
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The asymptotic normality then follows from the fact that
| X
N71/2A62501’U/t = — Z fiuit _>d N(O, Q)
VN i=1

C Proofs of Section 4

C.1 Proof of Theorem 4.1

Define
1 1 -1 Hr
(X)) = N log |X.] + Ntr(SuZu )+ N ZTUij’Eu,ij‘
i#]
1 1 Hr
R O sy L Zwmyzw il
27&3

Let LC(A’ Eu) = LQ(A, Eu> - N_l log |Eu0‘ - N_ltr(SuZ;()l) - N_lﬁT 2/1753 wij|2u0,ijl. Then
the minimizer of L. is the same as that of L,. This implies L.(A®), Eq(f)) < Le(MNoy 2uo)-
Recall the definitions of Q2(A,X,) and Q3(A,X,). Then

LC<A7 2u> = Ql(zu) + Q2(A7 2u) + Q3(A7 Eu)

Lemma C.1. There is a nonnegative stochastic sequence 0 < dy = O (N 'logN +
T=Y2(log N)'/?) such that Ql(i(f)) < dr with probability one.

~

Proof. We have QQ(K(2), Euz)) > 0. In addition, Q2(Ag, Xu0) = @Q1(Xw0) = 0. Hence

—~

@) — Q(A®,22)) — Q5(A®,22)
@) — @(N z@) Le(Ao, Tuo) — Qs(A®, £

’ u

= Q3(A072u0) Q3( ( )

Ql (iuZ))

A

=
9> 3)
M>“m>

By the definition of ©, x I'; there is § > 0 such that ©, x I' C Z5. The result then holds for
dr = |Q3(Ao, Xuo)| + |Q3(/A\(2), iz(?)” by Lemma A.2.
O

Throughout, let (recall that D =3%", ., ; ycg, 1.)

A=ED) T —ng, Kr= Y [Suwgyl

(Z7J)GSL

47



Lemma C.2. For all large enough T and N,

. 1 ~
NQ,(2®) > = min  w;; Ywii — Suoii| + cl|AllE -2 max w;; K-
Q(E) > 2NT (iyesy U (ZDZESL X 0,ij| A7 Hr (’i,j)e}é[, JOAT

log N
—0,(\/ BN+ D +pr max  wy; VD | |Ap.

Proof. Let Qy = X, Q= (2(2))_1. For any 3, let Q = 3!, Define a function f(t) =
—log | + tA| + tr(S.(Q + tA)), t > 0. Then —log Q| + tr(S.Q) = f(1); —log || +
tr(SuQO) = f(0)7 and

NQiEP) = (1) = FO) + pr Y wiglSuig| — pr Y wigl Sl (C.1)
i#] i#]
By the integral remainder Taylor expansion, f(1) — f(0) = ) + fo t)f"(t)dt. We

now calculate f’(0) and f”(t). Using the matrix differentlatlon formula, we have, f'(t) =
tr(S,A) — tr((Qo + tA)~'A), which implies,

F10) = t((Su — Tu0) (@ — 20)) = tr(Q0(Sy = Tu0)ATuo — S))
D (Q0(Su = Tu0)D)ij (Buo — E2)5.
)
Note that both [|€2]|; and || 2|1 are bounded from above for Sy, $? €T. By Lemma A1(ii),
max;; |(Q(Sy — Su0)Q)ij| < maxy; [(Su — Zu0)iil |l 1201 = O,(y/log N/T). Therefore,
1£(0)] = Op(\/10g N/T) =4, [Buoi — Zujl- In addition,

() = tr((Qo +tA) TA(Qy +tA) TA) = vec(A)(Qp +tA) P @ (Qo + tA) Tvec(A),

where wvec dentoes the vectorization operator and ® denotes the Kronecker prod-
uct. Since both (K@),if)) and (Ao, X,0) are inside O, x T, supogtgl)\max(t(i(f))_l +
(1 — #)2,5) is bounded from above, which then implies infoci< Amin[(Q0 + tA)7Y] =
infocrcr Aol (HEP) " + (1 — £)%20) is bounded below by a positive constant c. Hence
infocicr f7(t) > c|All3. From (C.1) and f(1) — £(0) > | £/(0)] + c| A3, we have

~ ~ log N ~
NQED) > pr Y wylSusl = pr Y wy|Suosl + | AllE = Oy T ) D Su0is — Sl
i

i i
= pr Y wylSugl e D wilSagl = pr Y wi|Suosl + cll Al
(i)€SL i5,(1)€SU i#
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log N ~ log N ~
) D R — Sl — Oy ) D [Buos — Sl

Yo, €SU (4,9)€SL

_Op(

Since |yl > |Bui — Zuoij| = [Buogsl, and 3o wii| Bl = D24 6 5esy WiilZuoi] +
Z(i,j)GSL wl‘jlzu(]’iﬂ. It follows that

BN BN log N BN
NQIED) > pr Y wijlSus — Suoigl — Op( ) Y B0 — Suggl + el AllE

4 T4
(4,5)€SL (4,5)€SL
log N =
—HT Z wij‘zuo,ijl — Oy( T ) Z |Eu0,ij _Zu,ijl
(1,9)€SL Yu0,ij€SU
—pr > willSuosgl = 1Sugl] = D wilSue]
Z#Jv(zvj)eSU (ivj)eSL
log N S 9
> (pr min w;; — Oy ) Y Sus — Sl + el Al
(i,4)€SL T ,
(4.5)€SL
log N ~
—2ur Z Wi | Luo,i5] — Op( T ) Z 1Xu0,ij — Ll
(i,9)€SL >u0,i; €ESU
—HTr ) I(D&;és W Z |Xu0,ij — Ll
PRI i Gig)esu
> lpT min w; Z S0i; — Suo;] + c||A||5 — 2ur max w; Kt
= 2" jes, 7 R r (id)ess
(’L,j)ESL
log N
—Op( WN + D|Allr — pr | max wyl|AllrVD,
T Z#J:(’LJ)GSU
which implies the desired result. O

Lemma C.3.

1
— |12 —E = 0, max w;; Kr +log N + max wa))
H i = (N <MT (s, HUT T8 “Twej,u,j)esy 7

Dlog N log N
g i g

+O,( NT T ).

Proof. Lemma C.2 implies

~ log N
NQ(ED) > ¢|A|2% - 2,uT(.m)a>S< wi; K — (Op( 0? WN 4 D + ur X wU\/D> 1A 7.
2,))€SL 7]
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Lemma C.1 gives N@; ( ) < Op(log N + N/log N/T). Hence we have

N + D)log N
Al = O \/( + max  w;;V'D)?
Al = oy RN by mas iV

+O,(pr rnax w;j Kr +1log N + N+/log N/T)

(i,5)€s

N+ D l N
= Op(( +D)log +pp max  wD+ pr max w;; Ky +log N+ Nv/log N/T)
| ]3; i#35,(4,)€Su (1,5)€SL
D
= Op(o—g + 75 max  w}D+ pp max w;jKr4log N + N+/log N/T).
T i#5,(1:7) €Sy (i-)€SL

/\ /\

Note that .0 — 5 = S AS,. Hence the desired result follows from ||§£2)|| < M wpl
and [|X,0| < M.

O
Lemma C.4. N} Z (i./)ESL \Eu,ij — Yu0,ij] = 0,p(1).
Proof. Lemma C.2 implies
1 ~ ~
ghT min wi Z S — Suog| < NQ1(ED) + 2pr Jnax wij Kr
(4,4)€SL
log N
Oy = WN D+ pr max wiVD | ||
i#j
We have NQl( )<O (log N + N4/log N/T). By Lemma C.3,
Dlog N
Alp = O VD
[A[le e max o wivD)
log N
+Op(\/uT max w;; Kr + /log N + \/N(&)l/‘*).
(i,4)€SL T
which implies the desired result under Assumption 4.2.
O

Lemma C.5. N-'A}(S2) ! — 521)A = 0,(1).

Proof. Let Ay = &) — S, £ = NS = (6, .., 6n), and V = (if))_l]\o. Since the [;
norms of (i(f))*l and ¥ are bounded away from infinity, we have, sup,<y ||\A/,|| = 0,(1)
and sup;<y [|§]| = O(1). Then

1 ~ Loap_ 1 .
T — EP) A = FEAV == Y0 GV A+ D &V AL

(1,9)€SL Euo,z‘j €Sy
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1 1
< On(y) > Al + Op() > ALl

(1,5)€SL 2u0,i €SU

The first term on the right hand side is 0,(1) by Lemma C.4, and the second is bounded by
N1 ||§]£2) — Yuwol|[VN + D (using Cauchy-Schwarz inequality), which is also 0,(1) by Lemma
C.3 and Assumption 4.2.

]

Lemma C.6. For (K, i]) = (/AX(Z), EAISLQ)), Lemma A.3 is satisfied.

Proof. We first show part (i) of Lemma A.3. Since L.(A®,SP) < L.(Ag, Su), and
Q1(Zuw0) = Q2(Ao,Xw) = 0, there is a nonnegative sequence d, = O,(N 'logN +
T-'2(log N)'/?) such that Ql(i(?)) + QQ(K(2),§1(L2)> < d,. Lemma C.2 then implies 0 <
Q2(S, A®) = 0,(1). On the other hand,

QB R9) = i [A4(ER) ' Ag — A(ER) RO RER)RD) R (ER) A

The matrix in the bracket is semi-positive definite. Hence

1 ey ]_ ~, -~
NAg(zg@)*le — (I, - J)NA’@gf))*lA@)([r —J) = o,(1). (C.2)
Finally, the desired result follows from Lemma C.5.
The first order condition in part (ii) is easy to derive and is the same as that in Bai and
Li (2012).
O

Proof of Theorem 4.1
N‘lHi(f) — Yuoll% = 0,(1) follows from Lemma C.3 and Assumption 4.2. On the other
hand, equation (C.2) also implies

1 ~ ~ 4~ 1
“(AD ZANVSTY AP AL — T
w7 0) 2y ( 0) = I

H™ ' =o,(1).

By Lemma A.5, N"'JH'J" = 0,(1). Hence Nﬁl(//i@) — AO)’igl(/A\ — Ag) = 0,(1), which
implies the consistency N~1|A — Ag||? = 0p(1) because the eigenvalues of S-1 are bounded
away from zero. Q.E.D.

To prove the consistency of :(2), we note that the expansion (B.19) still holds for /}2).
Since J = 0,(1) by Lemma A.5, and @ is of smaller order than w, for each fixed t. Hence
2~ f = O,(N"HA@ () 1y, + 0,(1). Moreover, since ||(S) 71| and |S| are both
O,(1) and ||/A\(2)||F = O0,(V/N) by the restriction of the parameter space ©, x I, we have
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N YA (S = AZgd[|r = Op(NV2[A®) — Ag||p+ N-V2|EF — Sy ), which is 0, (1)
as proved above. Therefore, since N™'AYdu, = NTL SN Guy = O, (N~1/2),

T — Ju = 0N NS+ 0,(1) = 0,(1),

C.2 Proof of Theorem 4.2
We now verify Assumption 4.2 for the Adaptive Lasso.

Lemma C.7. For adaptive lasso,
(1) miniz; i jyesy [Buo,ii|” Maxis; i es, wij = Op(1).
(1i) o7 maxi jes, wi; = Op(1),
i) wr ) (ming es, wi;) " = O,(1) (recall that wp = N=Y2 4 T-2(log N)).
T (4,5)€SL Wij P

Proof. By Lemma B.5 max;<y j<n |§];"m — Yu0.4j| = Op(7). Given this result and the as-
sumption that ming jjes, |Suo,ij| > wr, we have result (i). For any (i, 7) € Sg, the following
inequality holds: 6,7 < wigl < (|Zu0,ij] + |Zuo0,ij — iuwl + d7)7, which then implies results

(ii) and (iii), due to the assumptions that dr = o(wr), and ¥, = O(wr). O

Proof of Assumption 4.2 for Adaptive Lasso
It follows from the previous lemma that oy = Oy (W} (Minisjx,0. es0 |Zu0,i5])77) = 0p(1),
and Br = O,((wr/dér)7). By the assumption that D = O(N),

¢ —mi T N T\"*/N N . T \"* | N
= min — — min :
log N D’ \ log N D’ \/Dlog N log N "\ log N

Hence ar = O,((). This together with the lower bound assumption on dr yields Assumption
42 (i).
For part (ii), note that ar = 0,(1) implies that with probability approaching one,

N? N? N
min{ N, o 304;2} =N, min{ﬁ,

NN n_ [N

D'DT D

By Lemma C.7(ii), (recall that Ky = 32, s [Suo|) and the lower bound o7 >
wr(Kp /N)V7, pp maxq jes, wiyKr = Op(prds " Kr) = 0,(N).

By Lemma C.7(i) and the assumptions that D = O(N) and min;z; i jyes, | S0 > wr,
we have pir max;zj ;i jesy Wij = Oppir(Mingz; g jesy [Suoii|") ™! = op(\/W), due to the
upper bound on i = o(wy). Finally, by Lemma C.7(iii) and the assumption that pp > wy'”,
we have pp ming jes, wi; > wr.

Proof of Assumption 4.2 for SCAD
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Since g/ ming.; g jesy |Rijl = 0p(1) and max( jes, |Rij| = op(pr), it is easy to
verify that with probability approaching one, max;.;jjes, wi; = 0, ming jjes, Wi
max(; j)es, Wij = pr. Hence ap = 0 and Br = 1. This immediately implies the desired

result.
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