MPRA

Munich Personal RePEc Archive

European Option General First Order
Error Formula

Leduc, Guillaume

American University of Sharjah

10 May 2012

Online at https://mpra.ub.uni-muenchen.de/42015/
MPRA Paper No. 42015, posted 17 Oct 2012 19:52 UTC



EUROPEAN OPTION GENERAL FIRST ORDER ERROR
FORMULA

GUILLAUME LEDUC

ABSTRACT. We study the value of European security derivatives in the
Black-Scholes model when the underlying asset & is approximated by
random walks & (") We obtain an explicit error formula, up to a term
of order (’)(nfg), which is valid for general approximating schemes and
general payoff functions. We show how this error formula can be used
to find random walks €™ for which option values converge at a speed
of (’)(Wf%).

1. INTRODUCTION

1.1. Motivation. The problematic of describing and controlling the error
for options evaluated under random walk approximations {5(")} of a geo-
metric Brownian motion £ has attracted the attention of several researchers,
such as for instance [1], [2], [3], [4], [5], [6], [7], [8]. [9], [10], [11], (12], [13],
114], [15], [16], [17], (18], [19], [20], [21], [22], [23], [24], [25]. Knowledge and
control of the error is of obvious interest when evaluating options through
random walk approximations. An explicit error formula, up to a error term
of order n~%, for some « > 0, has allowed an "acceleration" of the speed
of convergence to an order of n~® in [13] and [11]. In a broader context,
the such error formulae is part of understanding how small modelling errors
affect option prices, which is intimately related to the important question of
option price robustness.

It is common practice to approximate a real valued functions f (z) by its
Taylor expansion, which, for f sufficiently regular, is given around a by

N ) (g z p(k+1)
f(x)zzf k!( )(:U—a)k+/ %(x—t)’“dt.
k=0 a ’

The first order term f() (a) provides a measure of the sensibility of f to
small changes of its parameter x around a.

In the case of an option, its value v depend on the distribution of the
underlying £, and small random/unknown changes in the distribution of
¢ induce a "modelling error" in the pricing. One would like to have an
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analogue to Taylor’s expansion for the value v (§) of an option, seen as a
function of the distribution of the underlying &, that would help to price
and perhaps hedge the modelling error.

In the case of a binomial schemes approzimations {€(™} of the underlying
¢ in the Black-Scholes model, such analogue to Taylor’s expansion takes the
form

N+1

(1.1) v(€) = v (gw) + ivk (M) nF+0m ).
k=1

N
2

If N =2thenn~
and vy (f(”)) provides what we call a first order error formula. In Walsh

= n~!, and explicit formulae for the coefficients v; (5 (”))

[25] such first order error formula is given for general piecewise C®@ payoffs,
but only in the specific case where the binomial scheme is the Cox Ross and
Rubinstein scheme applied to the discounted process. In Diener and Diener
[4], a first order error formula is provided for General Binomial Schemes,
but only in the specific case where the payoff is a call option. In Diener and
Diener [5], this first order error formula is obtained for digital options. This
paper fills the obvious gap: we obtain a first error formula which is valid for
both general payoffs and for general binomial schemes approximations.
Chang and Palmer [2] showed how knowledge of a first order error formula
can be used to obtain schemes for which the error is smooth, that is for which
the error has the form cn=! +o (nil) for some constant c. Korn and Miiller
[13], developed a optimization procedure to minimize the absolute value of
this ¢. We will show here how, using the error formula obtained in this
paper, a slight modification of Korn and Miiller [13] optimization procedure
allows to reach "accelerations" of the convergence to an order of O (n_1'5).
An interest of this paper is that, when the payoff of the option is con-
tinuously differentiable, our error formula remains valid for non-binomial

schemes approximations {& (")}, as long as 5(;) satisfy some moment condi-

tions P1-P5 given in section 6. Our error formula is derived from a localiza-
tion of the error and an expansion of the local errors.

1.2. Main result. Throughout this paper we assume that r > 0 is the
(constant) risk free rate and that & = (¢, F, E,) is a geometric Brownian
motion with volatility o and drift » under the risk neutral probability. Here
F is the usual filtration and E, denote the expectation when & = x.

For all practical purposes, traders are interested in payoff functions which
are piecewise smooth. We consider here payoffs h which are piecewise C(3)
and for which

(1.2) ‘h(e)(x)) <Q(1+2P) for £=0,...,3 and every z > 0

for some integer p > 1 and some real number Q. By piecewise C3), we mean
that there exists a partition 0 < K7 < ... < Ky < oo of [0,00) and N + 1
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functions hy, ..., hxy € C®) such that
h = hol[O,K1) + hll[K17K2) ot th[KNvOO)'

We denote this class of payoffs by ICZ(,?’). We put a norm || Hg’) on ICI(,?’)
corresponding to the smallest value of @ for which (1.2) holds. For any
integer m > 0, we define ICZ()m) and || H;m) analogously.

We want to provide a first order error formula when £ is approximated
by binomial schemes {£(™1}%° | where £ is a random walk which, at every
positive time ¢ in %N , has a probability p,, of jumping from its current state
§t(n) to the state @@um and a probability 1 — p,, of jumping to the state
§t(n) dy. Risk neutrality requires that

def exp(r%) —d,
pn =
Up — dp

3
d [T T 20 (T2
Un, lef exp (0’ o + )\O-QE +,un? <E>
T T 20 (T
dy, =l exp (—U\/ — 4+ AP+ un—g <—> ) ’
n n T \n

where |p,| < L for some one £, one gets fairly general binomial schemes,

analogue to those considered in [2] and [13]. We will refer to these schemes

as the flexible CRR scheme. Because we always assume that fgn) =&, By

)

and with

also denote the expectation when fén) =zx.

Now if h belongs to IC,(J?’), then h can be split into a linear combination
of digital options and call options plus a function which is continuously
differentiable and in ICI(,3). Indeed it is easy to see that

N N
(13) h(z)=g(z)+ Y AR(Ke) L, 00) () + Y AR (K¢) max (z — Ky, 0)
/=1 /=1

(3)

where g is C") and belongs to Kp”’. Since error formulae for digital and
call options are already known, thanks to [4], [5] and [2], the contribution
of this paper is to find the error formula for the CV) part of h. For the sake
of simplicity, we will restrict our exposition to continuous payoff functions
h. Given that {g = x, we denote by Errf. (h) (z) the error, under the Black-

Scholes model, resulting from pricing with a flexible CRR scheme {55?)} a
European option with payoff h and maturity T'. In other words

Err (h) (2) < e T B, (1 () — e Eu(h(e).
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Let Cx (z) = max (z — K,0) denotes the payoff of European call option,
n T 10'2
and set 91 = () J(\/; )7) ,and 0o = 01 — oV/T. The following is due to
[4] and [2].

Theorem 1 (Call Option First Order Error Formula). Let {£(™} be a flex-
ible CRR scheme. For every x > 0 the error Errl (Ck) (x) satisfies

Err} (Cx) (z) = Ap(K,x) + O (n*1'5)
where AT = ATL(K, x) is given by
(1.4)

—0.502
n re 1

Np= ——

T 24021 T
(1.5) A=c’T (6 + 2+ 02) + 12772 (r— )\02)2 — AT (D% — D%) (r— >\02) ,
(1.6) B =430°T () (1+ ™),
(1.7)

i = frac(= (ln:ﬂ —InK —oVT/n + )\02T> WV + pin)-
oVT
The following theorem is the main result of this paper. Given a continuous

payoff h in ICI(,s), it provides a formula for the error Erri: (h) (x).

Theorem 2 (General First Order Error Formula). Let {£(™} be a flexible

CRR scheme and let p > 1. For every continuous h in IC](D?’), if 0 < Ky <
. < Ky < oo defines a partition of [0,00) for which h is C) on the
corresponding closed subintervals then for every x > 0,

Yo (hyx) + S0 AR (Kp) A2 (K, @)

(A+ B),

(1.8)  Err}(h)(x) =

+0 (n_1'5)

n
where
1 1 1 —rT RN/
(1.9) Y7 (h,z) = —A2 - §A3 + —A4 e " B, (§7h" (¢1))
147554 _,
B (G ey ()
1 Ay _
+ormare B (G0 ) (i (%) -1))
and
In(z)— (r— 30T
1.10 z) = )
( ) 77T< ) \/TO’
Ay = —0*T? X\ + N204T2% + 7212 + rT2%62 + 2 A2 _ 2T%ra? \,

12
As = 2rT%0% — 26*T2\ + 20772,
Ay = 20472,
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Remark 1. In Theorem 2, if additionally h is CY), then the error formula
(1.8) remains valid for any approximation scheme satisfying properties P1-
P5 of section 6. This is due to the fact that only these properties are used in
the proofs. They boil down to moments conditions and therefore, our error
formula remains valid under these broad assumptions on the moments of the

single step random walk jumps f(ln).

Let {£("} be a flexible CRR scheme and h as in Theorem 2. For simplicity
assume that N = 1. We show here how a slight modification of Korn and
Miiller [13] optimization procedure allows to reach accelerations to an order
of O (n_1'5). For this purposes only, we assume that, in addition to the
risk free rate r, the volatility o, the maturity 7" and integer p, the payoff
h and the current value of the underlying = are also fixed and considered
constants. In other words, only A\ and f(”) are seen as variables. A glimpse
at (1.8) reveals that Errf (h) (x) can be written as

P\ (n)
(1.11) Errf (h) (z) = 9 +nQ (™) +0 (%),
where (" := §() (X, u,) is given by (1.7), and where for some constants
a,b,c,d,

P()\) =a)\ +b)\+c,

o) - () ().

The following is admittedly a slight extension! of Korn and Miiller [13]
optimization procedure which shows how an optimal can be obtained for
our general payoff functions:

(1) Choose a constant xo = @ (pp) for some —1 < pg < 1,

(2) Choose Ag such that
def .
(1.12) my, < inf [P (V) + ol = [P (%) + xal

(3) Set g := po — f™ (Ao, 0) and note that

™ (N0, ptn) = frac <f(”) (Mo, 0) + un> ~ o,

Under the binomial scheme with parameters (Ao, 5), equation (1.11) can
be rewritten as

m
Errl (h) (z) = 22X 4 0 (n*) .
n
When m,, = 0, the scheme convergence has been accelerated to an order of
(’)(n_%), otherwise, the constant m,, has been optimized.

IThe differences with [13] are that we allow xo # 0 (which is sometimes necessary to
reach m,, = 0 as in the example provided below) and we use the error formula (1.8) to

show that the remainer term is of order O(rf%), as opposed to o (nfl) in [13].
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1.3. Example and simulations.

Example 1 (Simulation and the error formula). Consider the classical CRR
scheme, where A = u, = 0, and the following payoff function

{22 0<z<K

h(z) = 1 K<z

which is continuous and belongs to K®) with K = 1. It is easy (with Maple)
to calculate that

1
Y (h,z) = (§A2 -

where

1

1 4A5 — 5Ay 1 Ay
3 — B

e 14

1
As+-A .
373 4>A+24 /T 24 Tg2

A:x2eT(rfa'2) <C+ e%cﬂ) 7

—V2d + ac\/7 + a\/?e%“2 )
ﬁ Y
T(rff)(_b\/ﬁd —av2d +a’yme+ 65“2612\/7?)
ﬁ Y
and a = 20VT, b= UT(%); c = e2® erf(%), d=exp(—3b(—2a+1b)). In

figure 1, we set v = 0.08, 0 = 0.5, T'=1 and z = 1.1 and, in accordance
AL (x
with Theorem 2, n*5(Errith (z) — Tr®@) _ Ap! (Ky) KlT()) is bounded.

n

B:JI2€T(T_U2) (

C=z’¢

Example 2 (Optimal Scheme). We use the same payoff function h of ex-
ample 1, as well asr =0.08, 0 = 0.5, T =1 and x = 1.1. Hence, everything
is fized except A and . Reusing the formula of example 1, we calculate that
the General First Order Error Formula, can be rewritten as

ad? + oA+ c+d (§™) (1 +§)

Erri (h) (z) = ; +O ).

where

a = —0.0315445549329754 75877, b = 0.015054127355591099077,
c = 0.084196334462544764572, d = —0.73282116693588932807.

Choose xo = —le, and note that xo = Q (po) with uo = —0.5. Note also that
in equation (1.12), my, = 0 is achieved with Ao = 1.8896959961364908175.
Letting pn, = po — £ (Xo,0), the flexible scheme €™ with parameters Ao
and p, satisfies Err (h) (z) = O (n~15). The convergence is illustrated in
figure 2.

1.4. Settings and notation. The following contains some assumptions
and notation used throughout the remaining of this paper.

Constants r, 0, T, p and L: we study the convergence of options
with payoffs A in IC,(J?’), where p > 1 is some integer, when the geomet-
ric Brownian motion is approximated by flexible binomial schemes

{§<">}, which depend on a parameters A and u,. We suppose that
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FIGURE 1. The quantity n'®(Errih(z) — et _

AR "
AR (K1)

Ky (z)

) oscillates rapidly but remains bounded.

lpn| < L, for some L. Parameters A\, r, o, T, p and L are fixed
throughout this paper and expressions in terms of these parameters
are considered constants.

Independence of ¢ and ¢(™: we assume that & and £ are inde-
pendent.

Time steps t,,: given n, t,, denotes the m!” time step, or in other
words, t,, = m%

Discounted expectations £ and £": for every ¢,z > 0 and mea-

surable functions h we denote E:h (z) =l e " E, (h(&)) and sim-

ilarly, &h (x) et e_”tEx(h(ggn))). Note that £ and E" simply
denote the discounted expectation. They are semigroup operator:
Eipsh = EEsh and &Y Jh = EPETh. Because § and £ are indepen-
dent, £ and £" commute: £'Esh = EED.

The error Err™: we denote Erry (h) (x) = Eih () — &R (x). When-
ever possible, we write Erry f (z) instead of Err} (f) (x). Note that
operator Err™ commutes with £ and £™ and therefore with itself.

The identity function [ and the symbols 5,(:1) and A,(gn): the let-

. . d
ter I denotes the identity operator: I(z) ef z, for every z. Among
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0.72754

072704 ¢ .

0.7265-

0.72604

T T T T
100 150 200 250 300

FIGURE 2. The value of the option as a function of n for
both the optimal scheme and the classical CRR scheme of
example 2. The horizontal line is the value of the option in
the Black-Scholes model.

others, this allows to define expressions such as

Brr} (/1[g(u) du) () = 2B, (Agzg(u)du—/lg(%n)g(u)du) ,

and for any integer k > 0,
de n L
o Y ep (11-11F) (1) = e T (el — 1P,

A B (- 1Y) () = e E B - D - (€ - 1))

Note that Agn) = 0 because both ¢ and €™ are risk neutral.

A function x, on K:r()?)): given h in ICQ(D?’) and a partition 0 < K; <
.. <Ky < 00 of [0,00) for which h is C® when restricted to the
closed intervals defined by this partition, x, is defined by:

2 2

N
(113) o) LRI+ 3D (K [AR® (K.

¢=1 j=0 k=0
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1.5. Proof of the main result.

Proof. of Theorem 2 Using (1.3) to split the payoff function h into the

sum of call options and a continuously differentiable function g in IC,(,B) one
obviously gets

N
Erry (h) () = S AW (Ko) A (Ke, @) + Err (g) ().
/=1

where A (K, z) = Errf (max (I — K, 0)) (z) is the error for a call option with
strike K. Because smooth functions are undoubtedly easier to deal with, we
replace g by £r g, the option itself evaluated over one single time step. This

provides a new smoothed payoff which is infinitely differentiable. Obviously
this smoothing of g splits the error, Errig, into the sum of two terms:
Errl(g—E&rg), the error coming from the payoff smoothing procedure itself,

and Err%gnzg, the error of the smoothed payoff. The fact that the payoff

smoothing error is negligible, that is of order O(n*%), is what Proposition
2 says. As for the smoothed payoff error, Theorem 4 says that

LA 0F

_3
2o " gt (8] O

(1.14) Errh (é’%g) (z) =

Using the representation formulae for the derivatives g—;ETg (), Theorem
5, it is tedious but otherwise completely trivial to rewrites the above as

Erri (€29) (2) = Tr (9) (2) + O(nH).
Since g” = h” then Y7 (g) () = Y1 (h) (z), which completes the proof. [

1.6. Outline of the paper. To summarize the proof of Theorem 2, finding
the first order error formula for h in C©) N IC](;’) , hinges around establishing

equation (1.14) when g belongs to cMn IC1(93), and to use the representation
formulae for the derivatives of Furopean options.

This paper exhibits how such a formula comes naturally —and in great
generality— from a localization formula and an expansion formula of these
local errors, used in conjunction with our representation formulae. Local
errors refer here to errors when the maturity is %, and error localization
refers to expressing an error as a sum of (discounted expected) local errors
and a sum of errors of local errors.

We now outline how (1.14) is obtained. Thanks to the localization formula

(Theorem 3),

n—1 n—1

Err%g%g = ZST,th (Err%&gjg%g> — ZETT%,%,H (Err%&jg%g> .

=0 =0
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Thus, because Err™ and £ commute, and because &£ is a semigroup,

n n
(1.15) Errpérg = ZET?JZLETQ - ZETT%%J, (Err'p&,g).
To avoiding technicalities, let us temporarily ignore for this outline, that
local errors Err' &, g (x) depend on the payoff &g and on the initial value

x of the underlyinng, and that the O terms are not uniform in the payoff and
the initial value of the underlying. Then, as pointed out in Remark 3, we
can rewrite our local error expansion formula for Err'p &g as

A
Errié,g = QZ o e g+ O ),

from which we obtain the followmg error localization expansion formula for
ETT%(S rg,

1 A ok
Em’%g%QZEZi 2T ’“8 wErg
4
p OF 3
_ZZkl 2 ( O kgt g)+0(n 2)
k=2 j=1

Therefore if

n p OF —(k—1 _
(1.16) ErrT_tj( e —561,9) = NG ( )O(n D,

simple calculations give, as wanted,

ErrpErg = Zk 27 xkaa—é’Tg—l—O(n 3)

To prove (1.16), we use the European option derivative representation for-
mulae which shows that, for s > 0 and k = 2, 3,4,

k—2
IF sy =D anes 20 (IPH),
£=0

for some constants a;, and some nice and smooth functions czée) (I 2R )

In particular, if ¢; is a long maturity, meaning that % < t; < T, then

the functions (’ng) (I 2pr ) are as smooth as it can be, yielding the equation
n @ rr2pmy _ —1

ErrTftj((‘Etj (I*h")) = O(n™1), and therefore

4
A n oo OF _
> g B, (I 5 —€,,9) = O(n7%).

Now if ¢; is a short maturity, that is when 0 < ¢; < %, then Err{,ﬁ_tj is a long
maturity error and, using an extension of Berry-Esseen theorem, we show
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that Err%ftj((’fgf) (I*h")) = (’)(n_%), from which (1.16) can be derived (see
Lemma 4).

To complete the outline of this paper, let us mention that section 2 gathers
the results about localization, section 3 deals with the smoothed payoff error
while section 4 establishes our representation formulae for the derivatives
of European options. The fact that payoff smoothing error are negligible is
proved in section 5. The appendix contains auxiliary results including a list
of simple properties, P1-P5, enjoyed by all flexible CRR schemes.

Remark 2 (On the O notation). In the remaining of the paper, unless
otherwise mentioned, the O notation is uniform. By this we mean that if A,
B and C > 0 are real valued, then the expression A = B+ CO (nil) means
that there exists a constant Q, which may depend only on our parameters r,
o, T, pand L, such that |A— B| < CQn~".

2. LOCAL ERRORS AND ERROR LOCALIZATION

Theorem 3 (Error localization formula). Let n,m > 1 be some integers
and let h be a polynomially bounded function. Then,

m—1 m—1
(2.1) Errg h= Z&gm,tﬁl (Err’ié’tj h) - ZErrfm,th (Err%&gj h) .
j=0 " =0 "

Proof. First we show that

m—1

(2.2) Erry h = ZEZ‘m,tHI (Err’ié}ﬂh) .
=0 !
Note that, the rhs sum being telescopic,
m—1
(2.3) Ein =€ =3 (& 1) Epih — Ly Eh)
j=0

Also, because & and &' are semigroup operators,
n _ n
gtm—tj+1gt h = Etvn—tj+1g% gtjh’
n _on n
gtmft]'gtj h — gtm*tj+1g%gtjh'

Jj+1

Hence
&ty Eipih— EnEh =0y, (€2 —&2) &)

_eon
=&l 1,1 (Err

383
&n
>

N—

Substituting this in (2.3) gives (2.2). Obviously
Efm,tjﬂ (Err’ié}ﬂh) = Etp—t;1 (Err%&gj h) — Errfm,tﬁl (ETT%Etj h) ,

o (2.1) follows form (2.2) in the most trivial manner. O
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Local errors are rich in ways they can be analyzed, including a simple
Taylor expansion as in Lemma 1 below, where the expression Zévzz is un-
derstood to vanish in the case N < 2.

Lemma 1 (Local error expansion formula). For every integer N >0, p > 1,
geCWMn ICI(,NH) and x > 0,

LA kg™ (@)

(2.4) Err'tg(z) = Z—k' + R%N <IN+1g(N+1)> (x)
n k:2 . n
where
nN def 1o o 1 geng-u®
(2.5) R7 (9) (z) = ME”"%( ) Tdu) (1).
Proof. Recall that the Taylor expansion of g (y) around z is

N R (g y
gy) —gz)=>"7 k,( )y - ) + %/ g () (y — )" du.
k=1 z

Using the (discounted expected) Taylor expansions of g(z{r) and g(xﬁ(zn))

around z in
L n
Brrg (@) = " By ((9(og) ~ 9(0) ~ (0(a ) — o(a) )
one precisely gets (2.4) after a simple manipulation of the remainder. [

Remark 3 (Order of the remainder RZN) If, for some constants o > 0
and 8 > 1, .

‘xNHg(NH) (a:)’ < (1 + a:6> ,
then

1
‘R%N <IN+19(N+1)) (@) /1 u= D (1 — )N gy

< NiErr"Z <

n

B
+ ar Err'y <

)
).

I
/ uP~ N (1 — )N du

NUUE A,

and, thanks to property PS5,
‘R%N <IN+lg(N+1)) (2)] = a (1 + xﬁ) O (n—%'—l> .

Now a glimpse at the error localization formula reveals that we deal with
local errors Err'y Esg where the payoff has the form Esg for some time step

s. As pointed out in section 1.6, we are interested in the case s > 0, and g in
cn ICI(,g). But in this case, the European option derivative representation

formulae (see Remark 6) guarantees that

P _
P2t @) < gl (V3) ™ (1+a72)

da®
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and thus

5
4 0 2 -3 s
(26) Ry (15% sg) ()| = gl (v5) > (1 +ar*?) 0 (n ) .
According to Theorem 3, the error Erry g(z) can be decomposed into
two components which need a separate analysis: (1) the main term of the
error, denoted M Err} g(x), which is the sum, for j = 0,...,m — 1, of the
local errors &, ¢, (Err'z&,9); (2) the compounded errors term, denoted

CErry g(x), which is the sum, for j = 0,...,m — 1, of these errors of local

n n
errors Erry, ;. (Err'p&;g). In other words,
n

n—1
d
MErr g(x) 2 thm—tj+1 <E7"T%gtj9> (@),
=0 ’

n—1
CErri g(x) def ZErrfm_th (Err% &, g) (z).
7=0 "

Of course we want to combine the error localization formula and the local
error expansion formula which gives:

Proposition 1 (Error localization expansion formula). Let integer M >
0, let 0 < t, < T be the m! time step, and assume that g belongs to

cM) n ICI(,MH). Then, for every integer N > 0 and for every x > 0,
Erry g(xz) = MErry g(z) — CErry g(x)

where

(2.7)  MErri g(x) = mZTm @gtmfl (9) ()

Proof. Note that, for every s > 0, Eg belongs to CN) N IC](DNH), for every

integer N > 0. The result is obtained by a mere combination of the error
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localization formula and the local error expansion formula, using the facts
that for every steps t; and t,,, every polynomially bounded function v and
every integer k > 0, the following holds:

(1) &, and Err’ commute,
E,Err'r = Err'y E,,

(2) by independence and Fubini’s theorem, Erry, and R%N also com-

mute,

Erry, (RF N () = R%N (E”“Z (w)) )

n n

(3) thanks to Lemma 3,
p OF ok p OF
&, < e kgtm¢> = Ika =&, E, 0 = amkgte+tm¢-
U

Remark 4. We will use the error localization expansion formula with N =

4. The reason for this is, in essence, that if g belongs to CY N ICS), then
each of the remainders —the R-terms— in formula (2.7) and (2.8) are of

order n_%, which makes them collectively of order n_%, and thus negligible.

3. THE SMOOTHED PAYOFF ERROR

As noted earlier —in section 1.6— we are particularly interested in the
error ETTTS r ¢ (x), which decomposes into

Errp€rg(x) = MErrpErg (x) — CErriErg ().

Now thanks to the Furopean option derivative representation formulae, The-
orem 5, for every integer k > 0,

ok _3
:L‘k%STg (x) = Hng) (1 + :Bp+2) O(n~2).
Therefore, using property P3, A,(cn) = (%)2 Ay + O(nfg), and Remark 3,
one rewrites the main term of the error as

3

k
MErri€rg(x) = S22 TETg (x) + ||g||1()2) (14272 O(n~%).
— k!
As for the compounded errors term, CErri€r g (x), the error localization
expansion formula gives !

(n)
(3.1) CETT’Tng ZZA ( 88k€t] ) (z)

J=1k=2

n +1
+ ZRZA <Err (]N—&-la6 N gtjg>> (z).

=t "




EUROPEAN OPTION GENERAL ERROR FORMULA 15

Now it is clear from the Furopean option derivative representation formu-
lae that, for every t; > 0, the functions I k 6} g are infinitely differ-
entiable and, together with there derivatives, unlformly bounded over all
xz > 0. This suggests —rightly so— that for every fized t;, 0 < t; < T,
Err%itj(lkg—;&jg) is of order n~!. But unfortunately here t; is not fived
(and so isn’t T'—t;) but rather takes all positive time steps up to 7. Now the
greater T'—t; is, the greater the averaging effect is (that’s the Berry- Esseen
theorem effect). On the other hand, the greater t; is, the "smaller" 1 ]‘7 St g

is (because as t; approaches zero, the maximum of function I Stj g as well
as the maximum of each of its derivatives goes to infinity). All in all, thanks
to Lemma 4, the correct estimate is, for 0 < ¢; < T,

n , OF —(k—1) _
(2)  Brrp, (58,0 = (9) VG V0 (07 (1427,
where g, is defined by (1.13). This obviously cannot work for ¢t; = T,
but in the formula (3.1) for CErr.€r g (z), this case accounts for only

(’)(n_%) ||g||}(,2) (1 + 2P*2), thanks to remark 3 and property P3. Thus, re-
placing (3.2) in (3.1) gives

n—1 4
CErrTETg ZZ (9) \/t_ji(kfl)o (n™1) (1 +2P1?)
j=1k=2

¥ ixp () V540 (n7Y) (1 +27%%) O~ %)

N

+ ||g||I(J2) (142" O(n~
= Xp (9) (1 + $p+3) O(n*

We have proved the following result:

)
).

W

Theorem 4. For every g € CY N ICZ(JS) and every x > 0,

4
1
(3.3) ETTTSTg Ez%wké‘ ) + 34, (9) (1 4 2PT3) O(n_%).

4. EUROPEAN OPTION DERIVATIVE REPRESENTATION FORMULAE

Let ¢ (z) be the pdf of a standard normal random variable and let,
as usual, ¢(j)(z) be its j** derivative. To shorten expressions, we denote

d _1 . . .
Cs (2) ] eVsozt(r 2‘72)5, with which we can write

[e o]

Esh (z) = e”/ h(xz¢s (2)) ¢(2)dz.

—00
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We will show that the derivatives of Esh () can be expressed as linear com-
binations of smooth functions €k (x) of the form

. def o .
e () % ¢ / h (@G (2)) 69 (2)dz.
Not only do we need expressions for the derivatives of Esh (), but it turns
out that, actually, we need expressions for the derivatives of I 5 h, for
integers k; > 0. This motivates the notation
def ok
O (@) Y e (@),

ERB (2) E 2P e®h (2),

S

and, more generally, for any function ¢ in C'*¥),

o (@) € Fp® ().

Now let h be any continuous function in (1) and let s > 0. Integration
by parts gives

-1

"= z = UHDp (2
@) [ GO a6 () e = e Ih ).
and since

D)= [ @ 6 ()60
then
(4.2) (%egi)h(m) x\_flaew)h(:ﬁ).

Thus, for integers j, k > 0, repeated differentiation gives that, for some real
numbers asq,...,ay,

k 0
-1 ,
4. 0" @(7) N~ () el '
(1.9 e =35 () & ne
Note that equation (4.1) says that for j > 1,

EOh (z) = —/soe " /°° (2 (2)) W (26 (2)) 49 (2)d.

—00

In other words
(4.4) ¢V (z) = —/s0€UY (I1) (2).

Hence if h € CM N K@), then, for j > 2, the relation (4.4) can be used a
second time, giving

¢l (I1) (z) = —/50€U 2 (I(Ih))(a:),
(15)  eDh(e) = (Vo) (€02 (1K) (@) + €62 (") ().
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Nothing that
Eh(z) = ¢On(z),

we have essentially obtained the following result which can be used to obtain
explicit expressions for g—;é’sh (x) and 88—;285<k>h (x), for any value of k, £ > 0.

Theorem 5 (European option derivative representation formulae). If h is a
continuous function in KU, then for every j > 0, there exists real numbers
for some real numbers axq, ..., ag, such that

(4.6) o 2 eDh ( ZO[(\/_ LelitOn ()

If additionally k > 1, there exists real numbers for some real numbers
ai, ..., ak, such that

(4.7) 2" 2 eUn ZWJ'WWUWU

If additionally k > 2 and h € CYNKP), there exists real numbers for some
real numbers o, ..., and B, ..., By, such that
(4.8)

k—2
P B (1) = 3 a5 (1) () + 3 /50 (1) (o)

=0 =0
In particular, for h € CD NK® we have

226 (z) = €O (121") (x)
x%ﬁm@:—mwu%ﬁuy-lg>mMM@,

L
' EDh (z) = 60 (I21") () + 2=V (I21") (z) + L& (I7h") ()

\/_
Proof. Equations (4.6), (4.7) and (4.8) is the content of the short discussion
at the beginning of this section. In order to get expressions for 86—;5511 (x) =
T g”) (h) (z), k = 2,3,4, one first calculate the actual values of a;, j =
0,...,4, such that (4.6) holds, and repeatedly calls (4.4) and (4.5). This is
tedious but otherwise trivial. g

Remark 5 (Expressing ¢\ in terms of Es). Recall ns from (1.10) and note

that ns (s (2)) = z, note that ¢¢( ()))) is a polynomial in z. Expressions

involving e (I*h") (z) can also be written in terms of Es or the e " E, in
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following manner:

oo

® (ns z¢s(2)
eO) (121" (z) = " /_ ) (2Cs ()2 " (2 (2)) %WW

—_ Ss <I2h” ¢(e)(77

__ _—Ts AN/ ¢(Z)(TIS(%))
=¢ b (gsh &)o@ )

In the statement of Theorem 2, we use the latest form.

Remark 6 (Boundedness of Ss<k> g and xmaaz—rfn §k> ). The error localization

expansion formula, expresses errors Errli€rg(x), for g in cW KB, in
terms of errors of payoffs of the form Err%ftjgtg@g(a:). Use the error local-

ization expansion formula to analyze these errors, bringing up errors of the
form

¢ ok
Erry, (IZ% t<j >g> (z).
With the European option derivative representation formulae, the form func-
tions Ifa—25<,]€>g is extremely simple and easy to deal with. If for instance
ozt “t;

k,4>0andk+£0>2 andgEC(l)ﬂlC(Q) then

k+0—2 o
Igaa—;eé'é]@g = Z ajy/s Tel) (I*¢") (z)
=0
k-+0—2 o
+ Y Bivs Y (Ig) (),
=0

for some real numbers a;, B;, 1 =0,....k + £ — 2.

We are preoccupied with the boundedness of functions I 666—;, éjk> g. This
boundedness immediately follows from the fact that, given real number a,b >
0 and integer j, there exists a constant () such that for every function
satisfying |¢ ()| < a (1 + :rb), and for every for every x,s > 0,

e (1) (x)| < Qa (1+3").
5. THE PAYOFF SMOOTHING ERROR
Recall x, (h) from (1.13).

Proposition 2. For every h € C) N ICI(,s) and every x > 0,

(5.1) Erry (h — 5% (h)) () = xp (h) (L+2PT3) O (n19)
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Proof. We get from Taylor expansion theorem that

Exh(z) = ek (z) + ok (z) Ex (I-1)

I
+ 5%(/1 (zu)? b (zu) (Iu}u) du)(1).
Hence, since from risk neutrality, £z (I —1) =1 — e TR =0 (n71),

h(@) = Ech (@) = (1- e ) (h(z) — ah (x))

and therefore

(5.2) Erri <h —&r (h)) (@) = O (nY) Bt (h— IH) ()

& ( /1 " Bron (27) (2 %m) (1).

But h — Ih' € COn ICI(,2+)2 and I2h" € IC;1+)2. Hence, from Theorem 6,

(5:3)  |Brr (b= 10) @)] O (n7%) () (14 (@),
‘Err% (IQh”) (ZL‘U)‘ <0 (n_0‘5) xp (h) <1 + (wu)p+3> )
Now

/I (1 + (zu)p+3) (I;—;L)du
1

and since, thanks to P5,

Er < /1 ' (1 + (m)p+3) %m) =0 (n") (1+a7+3),

n

= /I (1 + (xu)p”) (Iu_—z,“)du,
1

we obtain
(5.4)

Er </1[ Err} (1K) (zu) (Iu}“) du> (1)=0 (n_%> xp (h) (14 2P3).

n

O

6. AUXILIARY RESULTS

We list here basic properties satisfied by all flexible CRR Schemes. Here
F ) and Fg, denote the cumulative distribution functions of gt(”) and &,
t

with §(()n) = &. Proofs are left to the reader.

Lemma 2 (Properties of {€(™}). For every flexible CRR Schemes {€}2°
the following hold
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P1 (Berry-Esseen): There exists a constant QQ such that for every
teIN, withL <t<T,

_1
sup ‘Fft(n) (2) — Fg, (z)‘ <Q@n 2.
z /
P2 (local estimate of the distance to 1): For integers k > 0,
5im el en (|1 - 1|’“) 1) =0 (n—é) .

P3 (local error of the difference to 1): For integers k = 2,3,4,
there exists Ay, such that

AP By (1-1F) () = 2 + 0,

n

P4 (local and global estimates for log and power functions):
€5 (D) (1) =0 (n3).
Furthermore, for every fixed real number +,
i (I") = €2 (1) + 0O (n?)
and (consequently)
& (0 -1) (1) =0 (n73),
max |€4 (1) () = £z (1) (2)] =270 (n7"),

]:07"'7” n

max
7=0,....n

Elr (1) (@)] =270 1).

P5 (Remainder related local estimate): For integer 5 and inte-
ger N >0,

+1

I
5”(/1 P (1= w)N dul) (1) = O,

Remark 7. All the properties P1-P5 remain valid if €™ is replaced by €.

Bl

Recall the notation of section 4. The following lemma is a practical and
simple result that we used on few occasions.

Lemma 3. Let integer k > 0. For every h € C*Yn KK s > 0 and
x>0,

(6.1) x’fd—kg h(z)=E Ikd—kh (z)
' dak ° s dzk
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Proof. Since Eh (z) = e [ h(x(s (2)) #(2)dz, one writes

(8P (2) = ahe s L / b (aCs (2)) 6(2)dz

The result below extends Berry-Esseen property P1.

Theorem 6 (Berry-Esseen extension). If ¢ € IC,(,l) then,

6.2 max |Err + A +£L‘p+1 n_%.
©2)  max [Bret o @) < Ul + 3 1agl) (2 0n~)

Proof. If ¢ belongs to IC,(JI) but is not continuous, then it can be decomposed
into a (finite) sum of piecewise constant functions and a continuous function

@« in ICZ(Jl). Note that H(,O*Hg) < H<p||;1) + > |A¢p|. Since the convergence

of option value occurs at a rate of a least n~% when the payoff is piecewise
constant, thanks to property P1, we can assume, without loss of generality,
that p € C O n ICI(,I). Recall that, thanks to the European option derivative
representation formulae, there exists a constant () such that for 0 < s < T
and for k =2,...,5,

9 () (@) < @ @i (L+art).

Let time step t,, € [%,T]. Substituting the above estimate in the error
localization expansion formula (with M = 0 and N = 4) we get, thanks to

Remark 3 and property P3,

10 n2) el

MErri ¢ (x) =m o 1 (1+ J:p'H)
k=2 vV m
1)
+ m—H(pHII;_l (1+ ZL‘p+1) (’)(n_%%
Vim

= [lellY (1 + 27T O (n7Y).
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Using additionally the fact that Erry, and RZ’N commute, we similarly get

m—1 4 _ (1)
O (n7?) el
cBr o) =33 b (140
=1 k=2 k! Vi
el

+ el (1 + 27+ O(n~3)
_1
= [lellV (1 + 2P1) O(n"2)

The result below is used in the proof of Theorem 4.
Lemma 4. Let integer k> 2 and g € CV) N ICI(Dg). Then,
(6.3) Errg_,, (€0 9) (2)] <

tm

%o (™) (1+aP*?),

for all time step 0 < t, <T and x > 0.

Proof. Using the fact that, for every s,¢ > 0, thanks to Lemma 3,
£ g(2) = EPEg (2) = €l (2).

the error localization expansion formula (with M = N = 4) gives

n k
MErrTftm8<m>g (x) = mZTQ: p; T 4,9 (x)

(6.4)
m—1 4 (n) v}
k A 0 Lk
CErr,, &g (@) = 3> —f=Frrt oy, (255600 ) @)
7=0/¢=2
m—1

5
4 5 0 k
+ 'Rz (ETT%—tm—th <ZL‘ By gt<jltm,g>> (z).
=0 "

Recall that, thanks to the Furopean option derivative representation formu-
lae, there exists a constant @) such that for k, ¢ =2,...,5,

i lglly” i1
xwgs QSQW(l—O—x )

Thanks to Remark 3 and property P3, replacing this estimate in the above
formulae one gets that, not only

Jmax |MErrh, E0g (@) = gl (1+272) 0 (n7h),
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but also, that the contribution in )CETW%_tm Eti’?g (a:)‘ of those t;’s for which

L <t;+1t, < T, amounts to Hng) (1+2P™2) O (n™'). Hence we are left
to consider the ¢;’s for which 0 <t; +1,, < %, in which case

T
EST_tm_tj+1<T-

Let us write s := s(j,m,n) = t;+tm,m and t :=t(j,m,n) =T —t,, —tj1. Re-
call that, thanks to the European option derivative representation formulae,
82
Bzt

and s_%QEgj) (I?g") (z) with j € {0, ..,k + ¢ — 2}. Now

' ()
e (") (@) = & ((@I)* " (D) S0 ) (1)

z! Ss<k>g (x) is a linear combination of terms of the form s—3el) (Ig") (x)

so that ‘ ‘
Errp(€9) (12g")) (z) = €9 (Errf(I%g")) (x),

and (recall % <t < T) Berry-Esseen extension Theorem 6 yields
_1
| Brr} (I%9") (2)| = xp (9) O(n72) (1 +277)

and since the same is true for the terms ¢ (Ig') (z), it follows that
o' — (k-

(65)  Erp(I'55609) (@) = 5~ (9) 03 (14 2773).

Noticing that, with constant Q = 2 (1 + T)*,

—(k+4—2
gl (1+27%2) < @vs Dy, (9) (142773,
for every s,z > 0, and k,¢ = 2,...,5, we can replace the estimate (6.5) in
the formula (6.4) for C’Err%ftmé'%)g (x), obtaining

tm

’C’Err%_tmgwg (ZL‘)‘

tm

SS O(n=*%) O(n~?) 14 pPt3
j;o ;(mkw p) \/mkﬁ )Xp (9) ( T )

from which one easily gets

n O(n—1
OB, &80 )] = Lohiy (9) (14 272)
O
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