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Abstract

VAR modelling is a frequent technique in econometrics for linear processes. VAR modelling
offers some desirable features such as relatively simple procedures for model specification (order
selection) and the possibility of obtaining quick non-iterative maximum likelihood estimates of the
system parameters. However, if the process under study follows a finite-order VARMA structure,
it cannot be equivalently represented by any finite-order VAR model. On the other hand, a finite-
order state space model can represent a finite-order VARMA process exactly, and, for state-space
modelling, subspace algorithms allow for quick and non-iterative estimates of the system
parameters, as well as for simple specification procedures.

Given the previous facts, we check in this paper whether subspace-based state space models
provide better forecasts than VAR models when working with VARMA data generating processes.

In a simulation study we generate samples from different VARMA data generating processes,
obtain VAR-based and state-space-based models for each generating process and compare the
predictive power of the obtained models. Different specification and estimation algorithms are
considered; in particular, within the subspace family, the CCA (Canonical Correlation Analysis)
algorithm is the selected option to obtain state-space models. Our results indicate that when the
MA parameter of an ARMA process is close to 1, the CCA state space models are likely to provide
better forecasts than the AR models.

We also conduct a practical comparison (for two cointegrated economic time series) of the

predictive power of Johansen restricted-VAR (VEC) models with the predictive power of state
space models obtained by the CCA subspace algorithm, including a density forecasting analysis.
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1. Introduction

In science in general, and in econometrics in particular, it is often the case that we can
observe a time series of noisy data from a given system and we would like to obtain a
mathematical model for that system: a model that expresses the relationships among the
variables in the system. The process of obtaining a dynamic mathematical model from
noisy observations is known as “system identification” (Ljung 1999). On many
occasions we will be looking for stochastic linear models, either because we assume the
system to be (locally) linear or because we want to start the system-identification
process with relatively simple structures and well-developed techniques.

Some popular options (structures) to represent stochastic linear processes are transfer
functions, Vector Auto-Regressive (VAR) models, Vector Auto-Regressive Moving-
Average (VARMA) models, and State-Space (SS) models. After having selected one
structure, e.g. VAR models, system identification requires two steps: first, to decide how
many parameters are needed or convenient in the desired model (specification) and
second, to estimate the values of those parameters. Because of their associated simple
procedures for model specification and estimation, VAR models are often selected in
comparison with the other structures: a simple one-step least-squares procedure provides
the (conditional) maximum-likelihood estimates of a VAR model parameters, whereas
maximum-likelihood estimation of a VARMA or SS model is much more involved, at
least computationally, and it requires numerical iterative techniques. Selecting the orders
of an ARMA representation is also more complex than selecting the order of a VAR
representation. For SS models, however, the family of system-identification algorithms
known as “subspace methods” allows for a quick and simple specification (even simpler
than in the VAR case) and estimation of a SS model, providing an interesting alternative
to the quickly-obtained VAR models.

The finite order (finite number of parameters) SS and VARMA formulations are
equivalent in the sense that the set of processes that can be represented using any of
them is the same (Hannan and Deistler 1988; Pollock 1999), but the finite order VAR
formulation is not as general: a finite-order VAR model can only be an approximation of
an underlying VARMA process, while a finite-order State Space (SS) model can provide
an exact representation. This fact suggests that we might expect some advantages of SS
models over VAR models when working with VARMA data generating processes. In
particular, when comparing a SS and a VAR model, both obtained from the same data
stemming from a VARMA generating process, we could expect the SS model to provide
better forecasts than the VAR model. This is the hypothesis that we will test in this
paper for various simulated VARMA Data Generating Processes (DGPs).

As suggested before, the comparison between the different modelling structures is not
straightforward, because within each structure there are different procedures to obtain an
estimated model, involving different options and criteria both in the specification and
estimation steps (least squares, maximum likelihood, Akaike information criterion,
Schwarz criterion, ...). These different procedures within each modelling structure will
usually affect the final quality of the obtained models.

We are particularly interested in comparing VAR models with subspace-based SS
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models, because in both cases the system-identification procedures are quick and simple.
Within the family of subspace methods we have focused on the subspace algorithm
known as Canonical Correlations Analysis or CCA (Larimore 1983) because it presents
optimal properties for stochastic system-identification (Bauer and Ljung 2002) and,
under certain conditions, is asymptotically equivalent to maximum likelihood (Bauer
2005b). In order to compare the VAR and SS models we will be working with simulated
VARMA DGPs, both stationary and non-stationary (unit roots). We will also make a
comparison using some real economic data.

For several simulated cases, and for the real data, we have considered cointegrated
processes because VAR modelling (as used by Johansen’s method) is frequently
selected for the analysis of this kind of systems. Several authors (Bauer and Wagner
2002, Aoki and Havenner 1991, Larimore 2000) have also proposed the use of subspace
algorithms for cointegrated systems.

The rest of this paper is structured as follows: in section 2 we briefly describe the
different methodologies that we will be using: prediction-error methods, subspace
algorithms and Johansen’s method. The implementations of Johansen’s method and the
CCA subspace algorithm are detailed in the appendices. In section 3 we present the
general design of the experiments and the simulation process, and provide selected
simulation results for some VARMA processes: univariate stationary, univariate non-
stationary, and bivariate cointegrated; in section 4 we present a practical case to compare
the CCA models with Johansen’s models, including a density forecasting analysis. At
the end of the experiments of section 3 and at the end of the practical case of section 4
there are short summaries of the associated results. Finally, in section 5 we state our
conclusions and propose some future research.

2. Methodology
2.1 VARMA, VAR and SS models

A VARMA(p, q) representation of a process y; of m stochastic time series y; = [y1¢, ya, ...
_ymt]” follows the specification:

(ImtA L+...+A L") o= (In+B L+...+ByL) ¢ €))

where L is the lag operator (Ly; = yi.1), I 1s the (m x m) identity matrix, A; and B;are (m
X m) matrices of parameters, and e; is a (column) vector of m random variables such that
E(e;) =0 and E(e; e5’) = X 0y, with 8 = 1 if t =5 and & = 0 if # # 5 (e; is @ white noise
process). Conditions for representation (2) to be unique are discussed by Hannan and
Deistler (1988). VARMA models can provide a parsimonious representation of a linear
system and can be useful for forecasting purposes, but the models may not (and in most
cases will not) have a clear physical or economic interpretation.

A VAR(p) representation of a vector y; of m stochastic time series y: = [yit, Vat, ... Ymt |’
follows the specification:



(Int® L+...+®, L) p = & @)

where ®@; are (m x m) matrices of parameters. Like VARMA models, VAR models do
not usually have a clear economic interpretation and in general they are not used to that
end. The specification (i.e. selection of the system order p) and estimation steps can be
easier than in the VARMA case, but the number of parameters required to describe or
approximate a given linear system up to a certain degree could be much greater than
using a VARMA model.

A state-space model SS(n) for a vector y, of m stochastic time series can be formulated
as:

w1 = Azt Ke State transition equation 3)
»nw =Czit e Observation equation (4)

where z; is a (n x 1) vector of auxiliary variables known as “state vector”, yyis a (m x 1)
vector of observations, e; is a (m x 1) white noise vector with E(e; e’s) = R 8 and A, K,
C are constant matrices of coherent dimensions. The system matrices {A, K, C},
together with the covariance matrix R, determine the second-order statistical properties
of the time series y:. For state-space models there are alternative formulations to the one
we use here, which is known as “innovations form” and does not imply any loss of
generality (Hannan and Deistler 1988).

The vector z; is made up by n “state variables” or “hidden dynamic factors” which need
not be observable or have physical interpretation, but they are, in any case, auxiliary
variables that allow us to condense the whole system dynamics into a first-order
equation in differences.

For a given linear system, the minimum number n of state variables required to represent
the system is known as the system order. A state-space formulation that uses the
minimum number of state variables is called a minimal representation. We will always
assume to be working with minimal representations. Minimal representations of a given
linear system are not unique: if {A, K, C} are the system matrices of a SS representation
of a given system with state vector z;, then the matrices {TAT'I, TK, CT'I} and the
“rotated” state vector Tz, where T is any (n % n) invertible matrix, will provide an
equivalent SS representation of the same system; and this kind of relationship exists
between any two equivalent minimal representations of any given system.

Similarly to VARMA models, SS models can provide a parsimonious representation of a
linear system. Besides, by “rotating” the state vector, the modeller may choose one
particular minimal representation of a system so that the state variables are given a
convenient interpretation (e.g. a particular trend-cycle decomposition; see Aoki 1990,
and Godolphin and Triantafyllopoulos 2006). For the specification step (i.e. choosing
the order of the system or hyperparameters of the representation), and particularly for
the multivariable case, SS(7) models offer some advantages over VARMA(p, ¢) models
(Ljung 1999), mainly because in the SS case there is only one hyperparameter to
estimate (n) and because it can be estimated directly from the data in one step (there is
no need to sequentially estimate the system parameters and residuals of several different
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alternative models). Selecting the orders of a VARMA(p, ¢g) representation is usually a
difficult step, but selecting the order of a SS representation using a subspace algorithm is
an easy step.

2.2 Prediction Error Methods

The maximum likelihood (ML) and least squares (LS) estimation procedures that we
will be using can be considered particular cases of the Prediction Error Methods (PEM)
framework developed by Ljung (1999), and are available in the “System Identification
Toolbox” of MATLAB® (Ljung 2006).

In our context of linear models and stochastic time series, PEM methods proceed as
follows': Let y, be a time series and let M(6) be a linear model parameterised by a vector
6. For any given 6 we can find the predictor y(@) of y; according to model M(#) and
conditioned on past values y.i, yi2 ,..., 1 and (possibly) on some initial state. Let the
prediction error associated with a certain model M(#) be given by

&(0) =y - p«(0)

For a given time series Yt = [y1, )2 ,..., yr] and a given model M(@), the series (@) for ¢
=1, ..., T can be computed. Following Ljung (1999), the general term prediction-error

methods will be used for the family of approaches that search for the estimate éT ,
defined as the minimizing @ of the loss function

0, Y1) = Y 1(2,(0)

where f(*) is a scalar valued (typically positive) function.

In general, minimizing V1(@, Yr) will require iterative, numerical techniques, starting
the search for the “best” vector of parameters from an initial value 8, (Ljung 1999,
chapter 10). In the particular case of estimating autoregressive AR(#) models, it can be
proved that the PEM criterion with a quadratic selected function f(¢) = % &* coincides
with the least-squares method (Ljung 1999, p. 204). In this case, the function V'r(0, Yr)
can be minimized analytically, providing quick non-iterative estimates of the parameters
0 (the least-squares estimates). The maximum likelihood method can also be considered
a particular case of a PEM method, for a proper selection of /(-). When the innovations
are assumed to be Gaussian white noise with zero mean, a quadratic criterion for /() in
the PEM method would provide the (conditional) maximum likelihood estimates (Ljung
1999, p. 217 and p. 480).

2.3 Subspace algorithms

Given a series of observations y;, subspace algorithms aim at finding a set of system
matrices {A, K, C} and a covariance matrix R such that the associated statistical

"Ljung’s (1999) PEM framework is a general system-identification approach; it is not restricted to our
context of time series and linear models.
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properties (up to second order) of the state-space representation (3) and (4) are
consistent with those of the observed data. The properties of subspace algorithms that
make them especially interesting are:

- They provide solutions both for the specification and estimation steps.

- They are not iterative, so they can be very quick, and they are free from the
convergence problems of iterative numerical optimization algorithms (Van
Oberschee and De Moor 1996).

- If desired, a sequence of Kalman-filter-like states can be obtained directly from
input-output data using linear algebra tools, without knowing the mathematical
model (De Cock and De Moor, 2003). In fact, many subspace algorithms use this
estimated sequence of states as a previous step to obtain a (state space)
mathematical model for the system.

This non-iterative character of subspace algorithms and their ease of use are the reasons
why we will be comparing subspace-estimated state space models with least-squares-
estimated VAR models. However, note that subspace estimates can be refined using
prediction-error methods: the PEM iterative numerical search for the “best” parameter
values would begin with the estimates provided by the subspace algorithm. Actually,
since PEM numerical methods need a good initial “guess” for the numerical search,
subspace methods are often selected to provide this initial guess. In our experiments we
will also be checking how far the subspace estimates can be improved by PEM
(maximum likelihood) methods.

“Subspace” algorithms owe their name to the fact that a sequence of Kalman-filter-like
states Z (as well as some of the system matrices) can be obtained from the column (row)
spaces of a certain matrix of predicted values (Y'/YP, as will be defined later). This
matrix can be obtained directly from the series of observations. Note that, once a
sequence of states Z is obtained, the system matrices (A, C, K) and the residuals (to
calculate R) can be estimated by least squares, as can be seen in equations (3) and (4)
(assuming that z, z; and y; are known).

The reader interested in a rigorous description and analysis of subspace algorithms is
referred to Bauer (2005a), Van Oberschee and De Moor (1996), De Cock and De Moor
(2003), Ljung (1999) or Viberg (1995). The following paragraphs provide the intuition
behind these algorithms, for stochastic systems.

Consider at time #-1 a vector of /““future” observations ytf =y, Y1’y - Yee-1’]  and a
vector of p “past” observations y.i* = [yi1”, yi.2”, ..., Yep’]’- Then:

-y can be estimated based on y.,” through an orthogonal projection:
ytf/yt.lp = E(vtfy’t.1p) E(yt-lpy’t-lp)-l yt.1p

where, for stationary processes, the matrix E(y y*..1") E(.i” y’iF) can be
consistently estimated from the observed data.
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- Alternatively, and considering the state space equations (3) and (4), y" could also
be estimated based on the value of the estimated state zy.; and the state space
system matrices A and C :

ﬁtf = Or Zyje-1
where O¢=[C’ (C A)’ ... (C A™)’ T is an (extended) observability matrix.

Subspace algorithms make use of the (asymptotic) equivalence of the two predictions
above (Van Oberschee and De Moor 1996):

f ~
Dt /yt-1p ~ Oth\t-l

where the first term y / p.,” can be estimated from the observed data y,, for ¢ = p+1,
p+2, ..., T. The estimates §/y..” can be arranged into a matrix Y'/Y":

YIYP = [ﬁp+1f/ypp, ﬁp+2f/yp+1p, o Pyl O [Zp+1ips Zp2lp+ls «- -5 TTHT]
leading to the matrix relation
Y'Y= OcZ
where Z = [Zp+1)p, Zp+2p+1s ---» T+1/7] 1S @ sequence of Kalman-filter-like states.

Thus, once the matrix Y'/Y? is obtained from the observations, it is decomposed into the
product of an estimated observability matrix O and an estimated sequence of states Z.
Note that there is no need for a recursive calculation of the states starting from an
estimated initial state, as would be the case with a Kalman filter (Pollock 2003)

The actual decomposition of Y/Y? into O and Z is usually carried out by a Singular
Value Decomposition (SVD) of a conditioned matrix (W, YiyP W,), where W, and W,
are weighting matrices that are chosen in different ways by the different subspace
algorithms within the family. The singular values of the decomposition also allow for
different tests and selection criteria for the system order n (dimension of the state
vector).

Finally, note that, after Of and Z have been estimated, the system matrices A and C can
be recovered from the estimated Oy, or, as previously stated, all the state space system
matrices can be estimated by least squares from the estimated states Z and the
observations y;. Note also that, in a practical application of a subspace algorithm, p and
are parameters of the subspace algorithm that must be selected (see Ljung 1999 for
different options). The details of our actual implementation of the CCA subspace
algorithm can be seen in Appendix II.

2.4 Analysis of cointegrated systems

Cointegrated systems are made up by several non stationary time series with one or
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several stationary relations among them, implying long-term stable relations
(cointegrating relations). Each individual time series would be 1(1), i.e., integrated of
order one, but the stationary relations imply that there is a reduced number of non
stationary “common trends” (Stock and Watson 1988) leading the process. The analysis
of cointegrated systems consists in estimating the number of common trends and the
parameters of the cointegrating relations, and then obtaining a dynamic model for the
whole system. Differencing the data would make the series stationary, but would also
lose the long-term stationary relations among the levels of the series, causing
specification problems (Hamilton 1994, p. 562).

The most widely used method for the analysis of cointegrated systems is arguably
Johansen’s maximum likelihood procedure (Johansen 1988), based on a VAR
formulation, though related approaches based on VARMA models have also been
developed (Yap and Reinsel 1995). Johansen (1988) derived the maximum likelihood
estimates (assuming Gaussian innovations) of the system parameters of a VEC (see
Appendix I) representation of a cointegrated system subject to different restrictions for
the number of cointegrating relations, allowing for likelihood ratio tests on the number
of cointegrating relations. Johansen’s method offers the advantage that it provides the
maximum likelihood estimates in a single step, i.e. without making a numerical search
for the maximum of the likelihood function.

Subspace algorithms were initially developed for stationary processes and the
asymptotic properties of many of these algorithms for unit root processes are not yet
known. To our knowledge, the first subspace algorithm to prove consistent estimation of
all parameters of a model corresponding to a VARMA cointegrated system is the ACCA
subspace algorithm by Bauer and Wagner (2002), and this constitutes a theoretical
advantage over Johansen’s method applied with a fixed autoregressive lag length: when
the underlying generating process is a cointegrated VARMA process with MA
components, Saikkonen (1992) derived consistency of Johansen-type estimates
assuming the lag length of an autoregressive approximation is increased with the sample
size at a sufficient rate; Wagner (1999) showed that Johansen’s method used with a
fixed VAR order provides consistent estimates of the cointegrating relations, but in this
last case the system parameters can not be estimated consistently, given that a VARMA
can not be, in general, equivalently represented by a finite VAR.

With the ACCA algorithm, Bauer and Wagner (2002) also proposed several tests for the
cointegrating rank (or the number of common trends), and a consistent estimation
criterion for the system order. From a practical point of view, the results of Bauer and
Wagner (2002, 2003) indicate that their proposed tests and models perform at least
comparable to the tests and models of Johansen’s method, opening the door for a
competitive subspace-based analysis of cointegrated systems. In a simulation study,
Wagner (2004) also shows similar performance of Johansen’s and ACCA-related tests
for the number of cointegrating relations, as well as similar performance in the
estimation of the cointegrating space (the vector space spanned by the cointegrating
relations). However, the evidence is still very limited, and it might depend on the studied
data generating processes (DGPs). In particular, as to the different predictive power of
the models associated with each system-identification method (ACCA vs. Johansen),
Bauer and Wagner (2003) did not find statistically significant differences in Mean
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Square Error (MSE). In this paper, we explore further the predictive differences in
simulated data and in a real case.

3. Experiments
3.1 Design of the experiments

As previously stated, given that any finite-order VARMA process can be equivalently
represented by a finite-order state space model, but a finite VAR model cannot provide
an exactly equivalent representation, we would like to test whether subspace-based state
space models provide better forecasts than VAR models when working with VARMA
Data Generating Processes (DGPs). To this end, we will generate working samples from
different VARMA DGPs, obtain VAR-based and subspace-based models for the
generating process and compare the predictive power of the obtained models. The
analytical study is difficult to conduct because each system-identification procedure is
not straight-forward and it involves a series of sequential steps, and because we are
mainly interested in finite-sample predictions, rather than asymptotic properties.

We consider different DGPs; the properties of each of them will depend on a certain
vector of parameter values . For each different selected combination of parameter
values 6, we undertake the following process:

- Generate 1000 samples of size T (for different values of 7), plus 10 additional
observations in each sample that will be used to measure the forecasting error
(forecasting sample).

- For each generated sample, obtain both a SS and an AR model (using T
observations).

- Foreachi=1,2...10, measure the one-step-ahead prediction error for observation
T+i (forecasting sample), recalculating the SS and AR models as the new
observations are considered.

- Obtain the mean square one-step-ahead forecasting error for the last 10
observations in each sample: the values MSPEgs and MSPE 4R, one for each family
of models (SS, AR).

These MSPEgs and MSPE g values are then compared in the 1000 realizations of every
DGP(6), for different sample sizes 7.

As stated in the introduction, there are a large number of different algorithms within the
subspace family (Bauer 2005a) and, among the possible options, we selected the
Canonical Correlation Analysis subspace algorithm (CCA, Larimore 1983) because of
its optimal properties for the estimation of stochastic stationary systems (Bauer and
Ljung 2002). For non-stationary cointegrated systems we considered the Adapted
Canonical Correlation Analysis (ACCA) algorithm because of its proven consistency
(Bauer and Wagner 2002), but, given that in our experiments ACCA did not provide
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clearly better results than the standard CCA (it worked better on some occasions, worse
in some others), we will keep CCA as the reference subspace method in every case
(stationary and non stationary). Subspace algorithms admit a number of variants or
alternatives in their implementation, and the details of our actual implementation of
CCA can be seen in Appendix II.

The VAR models were estimated by a PEM-least-squares method in the stationary
cases, and by Johansen’s (maximum likelihood) method in the non-stationary
cointegrated cases. Details of the implementation of Johansen’s method are provided in
Appendix I. Both methods provide quick and non-iterative estimates. In every case, the
order of the VAR model was selected by the Akaike Information Criterion AIC
(Liitkepohl 1991; Kuha 2004).

The CCA method and Johansen’s method, as described in the appendices, were
programmed in MATLAB®™. For VAR-LS estimation we selected the least-squares
option of the “ar” command of the System Identification Toolbox of MATLAB®™ (Ljung
2006). Pseudo-random normal numbers were generated using the “randn” command.
The results were imported into Microsoft Excel 2003 to create pivot tables and graphs
with descriptive statistics. Excel 2003 was not used to generate distributions or perform
regressions (Knusel 2005; McCullough and Wilson 2005). The experiments were run in
a PC with a Pentium IV microprocessor and Microsoft Windows XP Professional
operating system.

3.2 Data Generating Process 1 (DGP1)
DGP1 is defined by the following univariate ARMA(1,1) process :
V- @y = et Oep
where e, is Gaussian white noise N(0, o). An equivalent state-space formulation is

Zrl = @z Te
n=(@+0)z te

Note that some authors (e.g. Harvey 1989; Hamilton 1994) occasionally select state-

space representations different from (3) and (4). For instance, DGP1 can be given the
following equivalent state-space representation:

2 oL ek

netlz

This last state-space representation for DGP1 is equivalent to the previous one but it is

% A version of the CCA algorithm is also available in the System Identification Toolbox of MATLAB®™
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neither minimal (two states instead of one) nor in innovations form. Minimal
representations have some computational advantages (Terceiro 1990). The algorithms of
Aoki and Havenner (1991) to transform a VARMA formulation into a SS formulation
provide minimal representations in innovations form.

Searching for different statistical properties in the ARMA process, we consider the
parameter space ¢ = {0, .5,.9, 1} and 8= {0, .5, .9}, and the sample sizes 7= {50, 100,
200, 500}. Because the system is completely stochastic, there is no loss of generality in
assuming E(e; ) = o” = 1, given that simulating the series with a variance E(e, e)) = A* is
equivalent to simulating the series with a variance E(e; e;) = 1 and then multiplying the
series by the factor 4 (changing the scale).

3.2.1 Recovering the system parameters

Before starting the forecasting comparisons, we “calibrate” the ability of the subspace
CCA algorithm to recover the values of the system parameters ¢, 6 and o.

A SS(1) model formulated as in (3) and (4):

ziw1 = Az + K e (5)
»y = CZt + ét (6)

can be given an equivalent ARMA(1,1) representation, either by direct elimination of
the state in (6) (note that C in this case is a scalar): z,= C"' ( - e), and substitution in
(5), or by applying a SS-ARMA conversion procedure such as the one proposed by
Aoki and Havenner (1991), leading to the expression:

n-Aya= et (CK-A4) e

So, after a SS(1) model is estimated, the equlvalent parameters of an ARMA(1,1)
representation can be obtained as ¢ = A, 6=C-K-Aand 6> =R.

We generate 1000 working samples for each different combination of values of ¢, 8 and
T, and for each sample we estimate a SS(1) model using the CCA subspace algorithm
and an ARMA(1,1) model using a prediction-error (maximum likelihood) method (ML).

The average errors (biases) ¢ — @, 6-6,and 6% o2, together with their standard
errors are calculated and represented.
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Average Bias x 1000 Standard error x 1000
® T ARMA ML SS CCA ARMA ML SS_CCA
0 50 3 89 176 203

100 9 50 121 130

200 -2 18 80 83

500 -3 4 52 54
0.5 50 -17 -4 136 164
100 -11 4 92 91

200 -6 0 64 67

500 -4 0 41 41
0.9 50 -38 -61 88 160
100 -20 -17 50 50

200 -8 -8 32 32

500 -4 -3 21 20
1 50 -31 -49 59 134
100 -17 -16 32 32

200 -9 -9 17 17

500 -4 -3 6 6

Table 1. Average bias and standard error for the estimates of ¢ according to the ARMA(1,1) ML and
SS(1) CCA procedures, calculated in a 1000-replicate series of DGP1 with 8 = .9

In Table 1 we show some representative results for the estimation of ¢ with high values
of 8 (0 = 0.9). The same information can be graphically seen in Figure 1. Except for 7'=
50 or ¢ = 0, the estimates provided by CCA are very close to those provided by ML.
However, when 7= 50, the CCA estimates show a remarkably greater dispersion than
the ML estimates.

In Figure 2 we can see some representative results for the estimation of the moving-
average parameter 6. As the value of 8 approaches the unit circle, the estimates provided
by CCA show an increasing bias, while the ML estimates do not. The dispersion of the
CCA estimates is also higher than that of the ML estimates, especially for low sample
sizes.

0 =0 o=.5 =9 @o=1
9 0.3 0.3 0.3 0.3
A
0.2 R 0.2 N 0.2 - 024 *
014 . 5| 01 S o1 N 0.1
. A A A n
0+ —— 0 +—o——%—@——@ 0 - 23 o T (% 0"#.‘#0‘#%*
50 100 200 50 50 100 200 500 50 100 2Q0 500 50 1Q0 200 500
04 Lo TR x| -0 LT LTS N ST Rt P 04 f oo TR
A
A
021 PR 02t > 02t 02t
-0.3 -0.3 -0.3 -0.3

Figure 1. Average error (bias) and +/- 2 standard error bands for the estimation of . With 8 = .9 and 7=
{50, 100, 200, 500}. The grey large dots correspond to the ARMA(1,1) prediction-error (maximum
likelihood) estimates and the small red diamonds (average) and triangles (error bands) correspond to the
SS(1) CCA estimates. Values out of the range of the figures are not represented.
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04 oo oL ST 04 oo oI el IR 1 T Ep Ao 014D oC Rl ad i
N A * A
024 02 P 0210 PO 02t
. A

-0.3 ‘ -0.3 4 -0.3 -0.3

Figure 2. Average error and +/- 2 standard error bands for the estimation of 6. With ¢ = .5 and 7'= {50,
100, 200, 500}. The grey large dots correspond to the ARMA(1,1) prediction-error (ML) estimates and
the small red diamonds (average) and triangles (error bands) correspond to the SS(1) CCA estimates.
Values out of the range of the figures are not represented.

Note that the different precision in the estimation of the system parameters is not
associated to the different representations (SS or ARMA), but to the different estimation
algorithms (ML or CCA). The SS(1) CCA estimates can be further “refined” through a
PEM method: the PEM iterative process would begin with the parameter values
provided by CCA. In Figure 3 we can see how the properties of the estimates provided
by the SS(1) models are basically the same as those corresponding to the ARMA(1,1)
models when the estimation is made using a prediction-error (equivalent to ML) method
in both cases. There are still some differences in variability when 7'= 50, which are
probably due to the different algorithms used to find initial estimates of the parameters
for the prediction-error search: CCA in the SS case and the default instrumental
variables method of the MATLAB “armax” command in the ARMA case (Ljung 2006).
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A
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Figure 3. Average error and +/- 2 standard error bands for the estimation of 6. With ¢ = .5 and 7'= {50,
100, 200, 500}. The grey large dots correspond to the ARMA(1,1) prediction-error (ML) estimates and
the small red diamonds (average) and triangles (error bands) correspond to the SS(1) prediction-error
(ML) estimates, with an initial CCA estimate for the prediction-error search. Values out of the range of
the figures are not represented.

Finally, Figure 4 and Figure 5 show the precision in the estimation of ¢°. The main
differences are again for 7= 50, where the CCA estimates show larger variability.
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Figure 4. Average error and +/- 2 standard error bands for the estimation of ¢*. With ¢ =.5 and T'= {50,
100, 200, 500}. The grey large dots correspond to the ARMA(1,1) prediction-error (ML) estimates and
the small red diamonds (average) and triangles (error bands) correspond to the SS(1) CCA estimates.
Values out of the range of the figures are not represented.
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Figure 5. Average error and +/- 2 standard error bands for the estimation of ¢>. With = .9 and T = {50,
100, 200, 500}. The grey large dots correspond to the ARMA(1,1) prediction-error (ML) estimates and
the small red diamonds (average) and triangles (error bands) correspond to the SS(1) CCA estimates.
Values out of the range of the figures are not represented.

In brief, in these experiments, provided that the sample size is 100 or greater, the CCA
algorithm we are considering recovers rather well the autoregressive parameter of the
ARMA(1,1) model, but not so well the moving-average parameter, especially when its
value is close to 1 (close to the unit circle).

Note that DGP1 admits a minimal SS(1) representation or an equivalent ARMA(1,1)
representation, and in these experiments we have pre-specified the order of the SS
models to be » = 1 and the orders of the ARMA models to be (p, g) = (1, 1); these
conditions are needed to be able to recover the system parameters. The following
forecasting comparisons will not impose (but will estimate) the orders of the system,
and will also consider VAR models. As we will be getting different, and not equivalent,
model specifications, it will not be possible to compare the system parameters with
reference to one particular model specification.
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3.2.2 Forecasting

Following the indicated methodology, for each considered combination of the values of
(p, 6, T) we generate 1000 time series. Then, for each time series and for each system-
identification method we estimate a model and calculate the quality-of-prediction
indicator (MSPEemoq) for the one-step ahead prediction error in the last 10 observations
(recalculating the models as the new observations are incorporated in the time series).
Then we compare the values MSPE .04 for the different system-identification
methods.

We start by comparing the predictive performance of the AR models estimated by least
squares (LS) with the predictive performance of the SS models estimated by the
subspace CCA algorithm. The relative performance of the different methods showed
little dependence on the considered values of ¢, so here we present representative results
corresponding to ¢ = .9.

In Figure 6 we show, for different values of 7'and 8, plots of the associated 1000 points
(MSPEar.Ls , MSPEgss.cca). Points below the 45° line (defined by the equation
MSPEss.cca = MSPEaR.1s) correspond to MSPEss cca < MSPE4R.1s, so that the
associated sample was forecasted with less MSPE by the SS-CCA models than by the
AR-LS models.

The regression line for a projection of MSPEgs.cca on MSPE g 1 s has also been

represented, and the slopes of these regressions are shown on Table 2, with values lower
than one being in favour of the CCA models.
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Figure 6. MSPE of the forecasts of SS-CCA models vs. AR-LS models in a 1000-replicate series of
DGP1 with p =.9

0
T 0 0.5 0.9
50 1.02 1.01 0.94
100 1.01 0.99 0.90
200 1.00 1.00 0.92
500 1.00 1.00 0.95

Table 2. Slopes of the regressions of MSPEgs.cca on MSPE zr 1 5 calculated in a 1000-replicate series of
DGP1 with ¢ = .9

In Table 3 we show the number of samples in which the SS-CCA models “beat” the
AR-LS models, calculated as the number of samples satisfying MSPEgs.cca < MSPEaR-
Ls plus half the number of samples satisfying MSPEgs cca = MSPEr.1s 3

With the data in Table 3 we can conduct a binomial statistical test (Siegel and Castellan

3 The incidence of cases MSPE ethoa1 = MSPE emodz Was very low for almost every pair of methods: less
than 5 cases out of 1000 and about 0.1% on average. Only when the methods were SS(1)-ML and
ARMAC(1,1)-ML would the number of equalities rise remarkably, getting occasionally to even more than
10%.
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1988; Diebold and Mariano 2002). Using as null hypothesis that the SS-CCA models
and the AR-LS models are equally likely to make the best predictions (smaller MSPE)
in a sample, i.e. equally likely to “beat” each other in a forecasting tournament, the
number of samples in which the SS-CCA models beat the AR-LS models out of a series
of N samples should follow a binomial distribution such that the probability of having x
samples in which SS-CCA models beat AR-LS models is

N X N-x
PCrout of N)= || (4)" (1-%)

For a series of 1000 samples we have P(459 <x <541)=0.991, and P(448 <x <552) =
0.999. So, for values of x outside the range [459, 541] we can reject (with error o <
0.01) the null hypothesis that both models (AR and CCA) are equally likely to beat each
other, and accept that one of the methods is likely to make forecasts with less MSPE
than the other.

0
T 0 0.5 0.9
50 370.5 472 575
100 420.5 514 653
200 447.5 544.5 677
500 421 512 644

Table 3. Number of samples in which MSPEgs.cca < MSPEr.1s , plus half the number of samples in
which MSPEgs.cca = MSPE g 15, out of a 1000-replicate series. Significant values for a binomial test (Hy
: PMMSPEgss.cca < MSPER.Ls) = PIMSPEar.1s < MSPEgs.cca); @ < 0.01, two-sided test) are shown in
bold.

In Table 3 we can see that when the MA component & is 0, there are significant
forecasting differences in favour of the AR-LS models, but when the MA component 6
is .9, there are significant forecasting differences in favour of the SS-CCA models, and,
in this last case, for sample sizes 100, 200 and 500, the differences are remarkable.

In Table 4 we can see the per cent increase (decrease for negative values) in MSPE of
SS-CCA models with respect to AR-LS models. We can use a test for the equality of
“prediction accuracy” based on Diebold and Mariano (2002): as each one of the 1000
generated samples is independent of the others, we can assume that the values d; =
(MSPEss.cca - MSPEaRr.1s)i, withi =1, 2, ..., 1000, come from i.i.d. variables (this is
for each combination of values of the parameters). Then, to test the null hypothesis
E(MSPEss_cca)i = E(IMSPEr.Ls)i or, equivalently, E(d;) = 0, we can use the statistic

d,

l

N
std(d.)

where N is the number of samples (1000), a_’l is the sample average and std(d;) is the
sample standard deviation. Under the null, the distribution of the statistic S should
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approach a standard normal distribution. Significant values for this test with o = 0.01
(S| > 2.58) are shown in bold in Table 4.

Our results show that, for # = 0 (when an AR is a right specification), the AR-LS
models are likely to improve the forecasts made by the SS-CCA models (Table 3), but
both forecasts show in this case a similar MSPE (Figure 6) and there is little global
difference between them (Table 4). On the other hand, for § = 0.9 (now an AR is not a
right specification and the MA value is close to the unit circle), the SS-CCA models are
likely to improve the forecasts made by the AR-LS models (Table 3), and there are
greater differences in MSPE (7% reduction in some cases; Figure 6 and Table 4, right
column).

0 0
T 0 0.5 0.9 T 0 0.5 0.9
50 2% 3% -3% 50 -6,01 -4,31 3,79
100 1% 0% -7% 100 -4,95 -0,55 12,00
200 0% 0% -7% 200 -1,87 -0,35 13,24
500 0% 0% -4% 500 -2,60 1,00 10,35

Table 4. Left: total increase in MSPEgg.cca With respect to MSPEzr.1 5 out of a 1000-replicate series of
DGP1 with ¢ = .9. Right: corresponding values of the statistic S. Significant values (« = 0.01) are shown
in bold.

These results are in favour of using SS-CCA models as an alternative or complement to
VAR models for stochastic time series, given that both types of models can be obtained
very quickly by non-iterative methods. It would also be interesting to know what can be
gained by using other, more involved, estimation methods, or by imposing the right
specification for the studied process. We will now try to give an answer to the following
questions in relation to our simulated ARMA(1,1) process:

Question 1: How much can be gained by using an ARMA(1,1)-ML model (i.e.
the right specification when 6 # 0) instead of an AR-LS model (specified
according to AIC)?

Question 2: How much can be gained by using an ARMA(1,1)-ML model (i.e.
the right specification when 6 # 0) instead of a SS-CCA model?

Question 3: How much can be gained by refining the obtained SS-CCA models
through a prediction-error (ML) method?

Question 4: Are there forecasting differences between SS(1)-ML models (i.e. SS
models with the right specification and a ML estimation) and ARMA(1,1)-ML
models (i.e. ARMA models with the right specification and ML estimation)?

Question 1: How much can be gained by using an ARMA(1,1)-ML model (the right
specification when 6 # 0) instead of an AR-LS model (specified according to AIC)?
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Table 6. Number of samples in which MSPE srma11.mr < MSPEr.1s , plus half the number of samples in

which MSPE srmai1-mL = MSPE4R.1s, out of a 1000-replicate series. Significant values for an equal-

Table 5. Slopes of the regressions of MSPE srmai1-m 0n MSPE g 1 s calculated in a 1000-replicate series
forecasting-accuracy binomial test (o < 0.01, two-sided test) are shown in bold.

Figure 7. MSPE of the forecasts of ARMA11-ML models vs AR-LS models in a 1000-replicate series of
of DGP1 with ¢ = .9

DGPI1 with ¢ =.9



9 9

T 0 0.5 0.9 T 0 0.5 0.9
50 1% 5% | -17% 50 4,22 5,04 | -18,97
100 0% 3% | -13% 100 1,91 7,40 | -18,46
200 0% 2% 9% 200 0,78 6,89 | -15,20
500 0% 1% 5% 500 1,64 6,51 | -12,47

Table 7. Left: total increase in MSPE srma11-mL With respect to MSPE g1 s out of a 1000-replicate series
of DGP1 with ¢ = .9. Right: corresponding values of the statistic S. Significant values (o = 0.01) are
shown in bold.

Our results show that, for # = 0 (when an AR is a right specification), the AR-LS
models are likely to improve the forecasts made by the ARMA(1,1)-ML models (Table
6), but the differences in MSPE are then small (Table 7). For every other case there is
an advantage of the ARMA(1,1)-ML models over the AR-LS models (Figure 5, Table
5). This advantage grows with @ (within the considered values) and can get very
remarkable for = 0.9. The advantage of ARMA(1,1)-ML over AR-LS also seems to
decrease as the sample size grows.

Question 2: How much can be gained by using an ARMA(1,1)-ML model (the right
specification when 6 # 0) instead of a SS-CCA model?

Theta =0 Theta = 0.5 Theta = 0.9

T =50

T=100

T =200

500

T

MSPEARMAI 1-PEM

MSPEgs.cca

Figure 8. MSPE of the forecasts of ARMA11-ML models vs SS-CCA models in a 1000-replicate series
of DGP1 with ¢ = .9
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0
T 0 0.5 0.9
50 0.99 0.90 0.81
100 0.99 0.96 0.93
200 1.00 0.97 0.97
500 1.00 0.99 0.98

Table 8. Slopes of the regressions of MSPE srma11-mL 0n MSPEgs.cca calculated in a 1000-replicate series
of DGP1 with ¢ = .9

0
T 0 0.5 0.9
50 495 641 740
100 496.5 574 657
200 508 597.5 595
500 485.5 567 576

Table 9. Number of samples in which MSPE srmai11-mr < MSPEgs.cca , plus half the number of samples in
which MSPE arma11.mL = MSPEss.cca, out of a 1000-replicate series of DGP1 with ¢ = .9. Significant
values for a binomial test (HO . P(MSPEARMAII-ML < MSPESS-CCA) = P(MSPEARMAII-ML > MSPESS-CCA); a
< 0.01, two-sided test) are shown in bold.

0 0
T 0 0.5 0.9 T 0 0.5 0.9
50 1% % | -14% 50 242 | 730 | -1493
100 1% 3% -6% 100 3,63 | 7,14 | -10,96
200 0% 2% 2% 200 1,32 | -6,98 | -6,25
500 0% 1% 1% 500 1,59 | -573 | -528

Table 10. Left: total increase in MSPE srma11-me With respect to MSPEgs.cca out of a 1000-replicate series
of DGP1 with ¢ = .9. Right: corresponding values of the statistic S. Significant values (a = 0.01) are
shown in bold.

We find that, but for § = 0, the ARMA(1,1)-ML models are likely to improve the
forecasts made by the SS-CCA models (Table 9). The advantage of ARMA(1,1)-ML
over SS-CCA decreases as the sample size grows (Table 8 and Table 10). The greatest
reductions in MSPErma11-mL With respect to MSPEgs cca are obtained for small sample
sizes (T = 50) and for §# = .9 (Table 10). Note that, when # = .9 (large MA component),
the reductions in MSPE obtained by ARMA(1,1)-ML models compared to SS-CCA
models (Table 10) are not as large as when compared to AR-LS models (Table 7).

Question 3: How much can be gained by refining the obtained SS-CCA models through
a prediction-error (maximum likelihood) method?

In this case we compare the SS-CCA models with the SS models provided by a PEM
(ML) method, where the ML method uses the SS-CCA model to get initial values for a
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numerical search for the parameter values that minimise the sample likelihood function

(Gaussian innovations).
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Figure 9. MSPE of the forecasts of SS-ML models vs SS

DGPI1 with ¢ =.9

-replicate series of

Table 11. Slopes of the regressions of MSPEgg y on MSPEgs ca calculated in a 1000

DGPI1 with p =.9
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0
T 0 0.5 0.9
50 487 557 592
100 485 550 583
200 510.5 579 576
500 479 566 563

Table 12. Number of samples in which MSPEgg v < MSPEgs cca , plus half the number of samples in
which MSPEgs v = MSPEgs_cca, out of a 1000-replicate series of DGP1 with ¢ =.9. Significant values
for a binomial test (Hy : P(IMSPEgss.mp < MSPEgs.cca) = PIMSPEgs.vr > MSPEgs.cca); o < 0.01, two-sided
test) are shown in bold.

0 0
T 0 0.5 0.9 T 0 0.5 0.9
50 0% -3% -4% 50 -0,55 -4,64 -4,91
100 -1% -2% 2% 100 -3,14 -3,89 -3,72
200 0% -2% -1% 200 -0,59 -4,78 -3,05
500 0% -1% -1% 500 -1,23 -5,61 -2,96

Table 13. Left: total increase in MSPEgg.\; With respect to MSPEgg.cca out of a 1000-replicate series of
DGP1 with ¢ = .9. Right: corresponding values of the statistic S. Significant values (o = 0.01) are shown
in bold.

In brief, refining the CCA estimates through a prediction-error method (which for
Gaussian innovations and a quadratic loss function is equivalent to maximum
likelihood) will do no harm, and when the MA component & is not null it is likely to
provide forecasts with less MSPE (Table 12). Note however that the gains in MSPE that
we obtained are usually moderate (Table 13), especially for large sample sizes (7 = 200,
500). The gains in MSPE obtained by ARMA(1,1)-ML models are larger than those
obtained by SS-ML models, but note that in the first case we are imposing the right
specification, while in the second case the SS-ML models are using the system order
estimated by the CCA algorithm (Appendix II).

Question 4: Are there forecasting differences between SS(1)-ML models (SS models

with the right specification and PEM estimation) and ARMA(1,1)-ML models (ARMA
models with the right specification and PEM estimation)?
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Figure 10. MSPE of the forecasts of ARMA11-ML models vs SS1-ML models in a 1000-replicate series
of DGP1 with ¢ = .9

0
T 0 0.5 0.9
50 1.00 1.01 1.00
100 1.00 1.00 1.00
200 1.00 1.00 1.00
500 1.00 1.00 1.00

Table 14. Slopes of the regressions of MSPEarya11-m 0n MSPEgg; v calculated in a 1000-replicate
series of DGP1 with ¢ = .9

0
T 0 0.5 0.9
50 505 489 484.5
100 496.5 507.5 518
200 491 507 487.5
500 475.5 485.5 488

Table 15. Number of samples in which MSPE sruma11.me < MSPEss v , plus half the number of samples
in which MSPEarmai1-mr = MSPEggs v, out of a 1000-replicate series of DGP1 with ¢ = .9. Significant

values for a binomial test (Hy : POIMSPE prma11-Mr < MSPEssivr) = PMMSPE Arma11-me > MSPEssiv); o
< 0.01, two-sided test) are shown in bold.
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0 0
T 0 0.5 0.9 T 0 0.5 0.9
50 0% 1% 1% 50 0,40 0,97 1,37
100 0% 0% 0% 100 1,06 -0,30 0,59
200 0% 0% 0% 200 -0,07 -0,16 -0,95
500 0% 0% 0% 500 0,62 0,14 -0,93

Table 16. Left: total increase in MSPE srma11-mr With respect to MSPEgsi v out of a 1000-replicate series
of DGP1 with ¢ = .9. Right: corresponding values of the statistic S. Significant values (o = 0.01) are
shown in bold.

The MSPE provided by SS(1)-ML and ARMA(1,1)-ML models is basically the same,
as can be checked graphically on Figure 10 (note the concentration of points around the
45° line) and on the associated tables (Table 14, Table 15 and Table 16).

Summary of results for DGP1

To summarize the results of our simulations with the univariate ARMA(1,1) process
DGP1:

- The CCA state space models provided better forecasts than the AR models when
the MA component was large (6 = .9) (see rightmost column of Table 2, Table 3
and Table 4).

- For a large MA component (€ =.9), a correct ARMA(1,1) specification would
reduce considerably and significantly the MSPE of the AR approximations (see
rightmost column of Table 6 and Table 7). It would also reduce considerably and
significantly the MSPE of the CCA models (Table 9 and Table 10).

- There was margin to improve the CCA models through a PEM (maximum
likelihood) method. The reductions in MSPE obtained by the refined models were
in general statistically significant (Table 12 and Table 13), though moderate (less
than 5 % reduction in MSPE).

- When the right specification was imposed, both the SS(1) and ARMA(1,1) models
estimated by PEM (maximum likelihood) provided basically the same predictive
performance.

3.3 Data Generating Process 2

Data generating process 2 (DGP2) is a bivariate cointegrated process defined by the
following equations:

(1 - L) yl,t = (1 + (91 L) 61,t
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o=yt Byt (A +6L) e

where L is the lag operator and [e; ; 2] is Gaussian white noise N (0, ) with

O~ o’ po
po 1

DGP2 admits the following VARMA formulation (including the constant term v):
|:y1,l :| ) { 1 O}|:yl’[_l :| ) |:O:| + |:u1,t :| + { 01 O }|:ul’t_l }
Vau B 0|y v Uy, B©6,-6,) 6, |uy,.
1 0
where ol [ } s
Uy, g 1] e,

Searching for a variety of statistical properties in the generated processes we selected
the parameter space 6, = {.5, .9} ; 6, ={.5,.9} ; p=1;p=1{0, .8} ;0= {1,2}; y=50.
For different sample sizes 7= {100, 200, 400, 800} and for every combination of the
values (T, 6, 0, B, ¢, 0), we generate 1000 samples from which we obtain (1000 pairs
of) results for the one-step-ahead quality of prediction indicators (MSPEvag,

MSPEcca), measured for 10 new observations of every sample and recalculating the
models as the new observations are included.

Note that for DGP2 the cointegrating relation is

V- Pyie= T (1 +6:1)ex
so there is a constant term () in the cointegrating relation.

The VAR or vector error-correction (VEC) models are calculated by Johansen’s
procedure adapted for the case of constant terms in the cointegrating relations and no
deterministic trends, as described in Appendix I. The correct number of stochastic
common trends (i.e. one) has been imposed for Johansen’s models.

For the subspace models, we start by eliminating the effect of the constant term v,

centring the data (subtracting the average values); thus, the following relation is
obtained:

(Vs - .)72,T )- Bie- 371,T )=ent e _(e_Z,T + 6, e_Z,T—l )
where X, stands for the sample average of variable x up to time 7.

Representative results of our simulations are shown in Figure 11, Table 17and Table 18.
The relative advantage of one method over the other depends on the values of the
parameters of the DGP and on the particular series (v or y»,). In the case of y,
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significant advantages of the CCA models over the VEC models are obtained for
sample sizes greater than 100 and for 8, =.9. In the case of y,;, significant advantages of
the CCA models over the VEC models are obtained for sample sizes greater than 100
and for (6,=.9,0=1) or (6,=.9, 6 = 2). On the other hand, significant advantages of
the VEC models over the CCA models are usually obtained when forecasting with
sample size 100 or 200 and using the small values of ;.
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Figure 11. MSPEccs and MSPEygc for y;; in a 1000-replicate series of DGP2 with =1 and p = .8.

Y1 W2
6, 6, T=100 200 400 800 T=100 200 400 800
0.5 0.5 359 441 454 482 345 434 458 468
0.9 436 452 498 511.5 548 519.5 571 565
0.9 0.5 549 578 618 591 441 524 551 572
0.9 539.5 605 607 598 539 625 607 609

Table 17. Number of samples in which MSPEcca < MSPEygc , plus half the number of samples in which
MSPEcca = MSPEygc, out of a 1000-replicate series of DGP2 with =1, 0 =1 and p = .8. Significant
values for a binomial test (Hy : POIMSPEcca < MSPEygc) = PIMSPEcca > MSPEvgc); a = 0.01, two-sided
test) are shown in bold.
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Y1 )2
0, 0, T=100 200 400 800 T=100 200 400 800
0.5 0.5 10% 4% 2% 1% 11% 4% 2% 1%
0.9 6% 3% 0% 0% -1% -1% 2% -1%
0.9 0.5 -3% -4% -5% -3% 3% 0% 2% 2%
0.9 -2% -5% -4% -3% -2% -5% -4% -3%

Y1 »2
0, 0, T=100 200 400 800 T=100 200 400 800
0.5 0.5 12,18 6,54 4,33 2,30 12,98 7,21 4,59 2,29
0.9 7,08 425 0,80 0,44 1,02 | 2,44 | 550 | -4.48
0.9 0.5 342 | 567 | 967 | -7.61 3,60 0,42 | 491 | -4,49
0.9 -2,40 -7,50 -7,32 -7,24 -1,90 -8,57 -7,98 -7,58

Table 18. Top table: total increase in MSPE ¢4 with respect to MSPEygc out of a 1000-replicate series of
DGP2 with =1, 0 =1 and p = .8. Bottom table: corresponding values of the statistic S. Significant
values (o = 0.01) are shown in bold.

Table 19 shows some results corresponding to the Adapted Canonical Correlation
Analysis (ACCA) models of Bauer and Wagner (2002). Although, within the considered
algorithms, consistent estimation of all system parameters of VARMA cointegrated
systems has only been proven for the ACCA algorithm, in our simulations, the ACCA
models did not show predictive advantages over the CCA models (the ACCA models
showed similar performance to the CCA models; they were better in some occasions but
worse in some others).

Augmenting the prediction horizon usually involves gradual little changes in the
tournament results. In general, as in Bauer and Wagner (2003), we found a relative
improvement in the performance of Johansen’s model as the prediction horizon grows,
probably because this model imposes a value of exactly 1 for the non stationary roots
(which is the right value for our simulated processes). However, the unit root
restrictions can also be considered in the subspace model through a reduced-rank
regression in the estimation of the state transition matrix (Reinsel and Velu 1998; Bauer
and Wagner 2002), imposing that the rank of (A - I, ) must be (n - ¢), where 7 is the
order of the model and ¢ is the number of common trends. The results of Bauer and
Wagner (2003) also raise concerns about the performance of subspace algorithms
compared to Johansen’s method when the number of series in y; gets large.
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Y1 »2
0, 0, T=100 200 400 800 T=100 200 400 800
0.5 0.5 16% 7% 3% 1% 5% 3% 2% 1%
0.9 27% 18% 12% 7% 4% 2% 1% 0%
0.9 0.5 26% 16% 8% 5% 7% 4% 1% 1%
0.9 24% 15% 10% 7% 3% 0% 0% 0%
Y1 )2
0, 0, T=100 200 400 800 T=100 200 400 800
0.5 0.5 15,45 11,30 7,84 5,25 8,30 7,53 5,64 3,16
0.9 20,26 19,39 17,49 13,00 5,12 4,13 2,51 0,79
0.9 0.5 18,48 16,10 11,77 9,33 9,60 6,81 3,34 1,87
0.9 16,48 14,84 13,32 11,73 3,61 -0,43 -0,20 -0,68

Table 19. Top table: total increase in MSPE zcca With respect to MSPEygc out of a 1000-replicate series
of DGP2 with =1, o0 =1 and p = .8. Bottom table: corresponding values of the statistic S. Significant
values (o = 0.01) are shown in bold.

Summary of results for DGP2

DGP2 is a VARMA bivariate cointegrated process used to compare the forecasting
accuracy of Johansen’s VEC models with that of SS CCA models. Our results show that
the MA components have a large influence on the relative finite-sample performance of
both methods. In our experiments, large values (close to 1) of the MA components
usually led to relative advantages for the SS CCA models.

4. A practical case

In this section we compare, for two cointegrated series of real data, the point and
density forecasts made by CCA models with those made by Johansen’s VAR models.

We take a series of 4,805 crude oil daily prices between January 1986 and March 2005,
as well as the corresponding “oil future contract” prices. The data is freely provided by
the U.S. Energy Information Administration in their web page. The spot prices
correspond to “Cushing, OK WTI Spot Price FOB ($/bbl)” and the future prices to
“Cushing, Ok Crude Oil Future Contract 4 ($/bbl)”. Instead of working directly with
prices, whose variations have a lower bound and are expected to be proportional to the
price level, we take the logarithms of the original data: y, = log(spot), y» = log(future).
The sample is shown in Figure 12.
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Figure 12. The studied sample: log(spot) and log(future).

The autocorrelogram and partial autocorrelogram for the series log(spot) and log(future)
are shown in Figure 13.

log(spot) log(future)
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Figure 13. Autocorrelogram and partial autocorrelogram for the series log(spot)-left- and log(future)-
right-.

For both series, if we assume no deterministic trend, the augmented Dickey-Fuller test
with 1 lag (this number of lags was selected to eliminate correlation in the residuals), as
well as the Philips-Perron test, do not reject the null of a unit root at the 5% level (Table
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20). However, there seemed to be conditional heterocedasticity in the residuals of the
regressions made by both tests.

ADF Test Statistics 1% Critical Value* -3.4349
Log(future) -1.891829 5% Critical Value -2.8627
Log(spot) -2.698352 _ 10% Critical Value B -2.5674

PP Test Statistic 1% Critical Value* -3.4349
Log(future) -2.058627 5% Critical Value -2.8627
Log(spot) -2.418566 10% Critical Value -2.5674

*MacKinnon critical values for rejection of hypothesis of a unit root.
Lag truncation for Bartlett kernel: 9 ( Newey-West suggests: 9 )

Table 20. ADF and PP tests for log(future) and for log(spot). ADF test made with one lag plus constant.

A Johansen cointegration test (Table 21) with a VAR(1) specification indicates one
cointegrating equation.

Test assumption: No deterministic trend in the data

Lags interval: 1 to 1

Likelihood 5 Percent 1 Percent Hypothesized

Eigenvalue Ratio Critical Value Critical Value No. of CE(s)
0.018872 89.29129 19.96 24.60 None **
0.000817 3.671838 9.24 12.97 At most 1

*(**) denotes rejection of the hypothesis at 5%(1%) significance level
L.R. test indicates 1 cointegrating equation(s) at 5% significance level

Normalized Cointegrating Coefficients: 1 Cointegrating Equation(s)

LOGSPOT  LOGFUTURE C
1.000000 -1.065687 0.178895
(0.02091) (0.06332)

Table 21. Results of the Johansen cointegration test. The numbers in parentheses under the estimated
coefficients are the asymptotic standard errors.

If, alternatively, we expected the cointegrating relation to be log(spot) = log(future) + s,
with s; being stationary, we can test whether the log(spot) - log(future) differences are
stationary. Both the Dickey-Fuller test (Statistic = -6.286, 1% Critical Value = -3.435)
and the Philips-Perron test (Statistic =-7.923, 1% Critical Value = -3.435) reject the
null hypothesis of a unit root on the difference series s;, at the 1 % level (but again there
seems to exist conditional heterocedasticity in the residuals of the regressions used by
these tests).

We now compare the forecasts made by the CCA models and by Johansen’s models.
We start the system-identification process using the first 1,000 observations. As the time
index advances, both models are re-calculated (i.e. specified and estimated) with all the
past data, and the one-step-ahead density forecasts are computed according to the
updated models. For almost every ¢ the selected VAR (AIC criterion) resulted of order 1
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and the selected CCA model resulted of order 2. It can be seen in Table 22 that the
MSE and MAE of the one-step-ahead predictions is almost the same for both models,
but it is also almost the same (even less) for the random walk model Y1 = yr.1.

MSPE (1.0 e-7 *) MAPE(1.0 e-4 *)
Vi Y2 Vi V2
CCA 6589 3361 177 129
VAR 6565 3360 176 128
Random Walk 6591 3355 176 128

Table 22. Mean Square Prediction Error and Mean Absolute Prediction Error for the different models and
series.

The null hypothesis of “equal forecast accuracy” E (MSPEcca) = E (MSPEyar) was
tested using the Diebold-Mariano and the Morgan-Granger-Newbold tests. Note that
these tests are not the same as those used in the simulation study, because when
simulating we can obtain as many time series as desired from the same DGP, but now
we only have one single (bivariate) time series. The results can be seen in Table 23: the
data strongly supports the “equal forecast accuracy” hypothesis.

Diebold-Mariano Morgan-Granger-Newbold
Vi V2 Vi V2
Statistic 222 e-4 795 e-6 180 e-3 620 e-5
p-value 0.982 0.999 0.857 0.995

Table 23. Results of the Diebold-Mariano and Morgan-Granger-Newbold tests for “equal forecast
accuracy”.

The series of one-step-ahead prediction errors (see Figure 14 for some of these series)
do not show autocorrelation, but conditional heterocedasticity seems to be visible in the
graphs, as well as in the autocorrelation of the squared centred residuals. A CUSUM test
(Brown, Durbin and Evans 1975) for the VAR prediction errors for each series (see
Figure 15) would not reject the hypothesis of structural stability (significance level
0.05). However, neither the VAR nor the CCA models allow for conditional
heterocedasticity, so we may expect “bad” density forecasts in both cases.
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Figure 14. One-step-ahead prediction errors for the Jog(spot) series using the VAR and CCA models. The
middle graph shows the sample autocorrelations of the CCA errors (similar graphs for the VAR errors)
and the bottom graph shows the sample autocorrelations of the squared centred errors.
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Figure 15. Cumulative sum of standardised VAR prediction errors for log(spot) and log(future), together
with the 95 % and 99 % confidence bands for a CUSUM test for the individual series.
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Density forecasting

We may be interested not only in point estimates of future values, (e.g. forecasts of yy.
1), but also in estimates of the probability distribution of those future values (e.g. density
forecasts of yy.1). There is a growing literature on density forecasting (Tay and Wallis
2000). Statistical evaluation of density forecasts is usually based on the probability
integral transform:

Let fi.1(y) be the probability density function of y; conditional on past information up to
time #-1. Then, the probability integral transforms of y; with respect to f.i(y), defined by

2= [" f(x)dx,
are independent uniform UJ[0, 1] variates (Diebold, Gunther and Tay 1998).

So, given the sample ()1, ..., y1) and the one-step-ahead density forecasts fH (x), the

idea in order to asses the quality of the density forecasts is to calculate z; = J.y' /},_l(x)dx

(t=1, ..., T) and check whether the z are independent U[0,1].

The independence of z; can be checked through the autocorrelograms of the centred
moments. Uniformity is usually checked using graphs and analytical tests: plotting the
cumulative distribution function and (assuming independence) using a test such as
Kolmogorov-Smirnov’s (Clements and Smith 2000), or plotting a histogram and using a
binomial test for the number of data in a bin (Diebold, Gunther and Tay 1998). The
latter authors discuss extensions to multivariate forecasts (see also Diebold, Hahn and
Tay 1999) and to multi-step-ahead forecasts, as well as causes of departure from i.i.d.
U[0,1]. The approach in the multivariate case consists in decomposing the multivariate
density into the product of marginal and conditional univariate densities, based on the
relation

Je1 W1t Y2t o YNOD) = Je1N Vit Y2ts -+ s IN-10) 5 Sr1(02d V1) fe1(D1e)-

We now try to assess the quality of the one-step-ahead density forecasts made by the
different estimated models in our bivariate case. We follow mainly Clements and Smith
(2000), who provide a multivariable and multi-step-ahead study in which density
forecasts are used to discriminate between competing models. For model m (m = CCA,
Johansen) we consider the density forecasts yy.1 ~ /" t1(V1t, Y20) = NG 41, =), Where

mo_ 2y X
> ‘[zﬂ zzj

is the covariance matrix of the innovations (y; - 1) according to model m. We factor
the joint density into the product of the conditional and marginal:
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JO016 y20) =i y20) f20) =2l y1o) fn).

To make notation simpler, let ()", y™,) be the components of $™.;. The conditional /™.
1()/1t| yzt) is

. z . )
N(F™+ 22 (- 9™, 211 (1 —p%) ), where p = ——2L
222 (211222)

and the marginal /() is N (™2, Z2).

Now, with the actual data y; we obtain, for every model, the probability integral
transforms z;, from the conditionals 11 y2r), and z; from the marginals /™1 (y2). If
the multivariate density forecasts are correct, both series should be iid U[0,1],
individually and also when taken as a whole (Diebold, Hahn and Tay 1999). Similarly,
we can obtain zy; and zi, as well as the stacked [zy)1 , z1], and check whether they are iid
UJ[0,1].

Using our series of oil prices, the probability integral transforms provide, for the CCA
and Johansen’s models, the series zp, z2, zo1 and z;, whose independence and
uniformity (as well as that of the stacked pairs zip U z; and z;;; U z;) can be assessed
through graphs and tests. Figure 16 shows histograms for the marginals, with 90%
confidence limits for the number of observations in a bin. Figure 17 shows the
cumulative distribution functions for the stacked pairs, with Kolmogorov-Smirnov 90%
confidence limits for the U[0,1] hypothesis (assuming independence). Figure 18 and
Figure 19 show autocorrelation plots for the two first centred moments of some of the
variables.

According to the obtained results, independence and uniformity of the z transforms
would be rejected for both the CCA and VAR models but, again, their density

forecasting performance seems to be very similar.
z1 CCA z2 CCA
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0 0.2 0.4 0.6 0.8 1

Figure 16. Histograms for z1 and z2, according to the CCA and VAR models, with 90% confidence
limits for a binomial test on the number of observations in a bin.
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z1|2 & z2 CCA z2|1 & z1 CCA

Figure 17. Empirical cumulative distribution functions for the stacked [z, z, ] and [z, , 21 ], according
to the CCA and VAR models, with Kolmogorov-Smirnov 90% confidence limits for uniformity.
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Figure 18 Autocorrelograms for z,,, z, and [z), , 2, ] according to the CCA and VAR models, with 90%
confidence limits.
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Figure 19 Autocorrelograms for the square values of zy,, z, and [z, , 2, ] according to the CCA and

VAR models, with 90% confidence limits.

We should turn to other models (e.g. GARCH) that allow for conditional
heterocedasticity. However, if we just modify our estimate of the error covariance
matrix at time ¢ by taking the sample error covariance of the last two weeks (other
window sizes were tested, with this one giving good results), then the density forecasts
of the CCA and Johansen’s models improve considerably, as seen in Figure 20 to Figure
23 (though the models would not be using the variance information for efficient

parameter estimation).
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Figure 20. Histograms for z1 and z2, according to the CCA and VAR models with dynamic error
variance, with 90% confidence limits for a binomial test on the number of observations in a bin.
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Figure 21. Empirical cumulative distribution functions for the the stacked [z12, 2> ] and [zy1 , 21 ],
according to the CCA and VAR models with dynamic error variance, with Kolmogorov-Smirnov 90%
confidence limits for uniformity.
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Figure 22. Autocorrelograms for zj, 2z, and [z);p, z; ] according to the CCA and VAR models with
dynamic error variance, with 90% confidence limits.
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Figure 23. Autocorrelograms for the square values of zj,, z, and [z12, 2, ] according to the CCA and
VAR models with dynamic error variance, with 90% confidence limits.

Summary of results for the practical case

In short, the CCA models and Johansen’s VAR (VEC) models provide basically the
same forecasting performance in our real case. As we showed in section 3, experiments
with known VARMA DGPs can detect significant differences in forecasting
performance under certain conditions (system parameters, sample sizes) that are
associated to the MA components of the model, and it is possible to check for those
conditions in real systems. However, it may also be difficult to find real series whose
behaviour is in accordance with our desired laboratory conditions, specially when, as it
happens in our practical case, even linear models with (conditional) constant parameters
may only be able to provide “reasonable” approximations to the real process. Anyway,
there is also no a priori reason why in a real case the VARMA representation of (or
approximation to) the true generating process should not have large MA components.

5. Conclusions

VAR models present some advantages over VARMA modelling that make them an
attractive option: the system specification is easier to conduct (fewer hyperparameters to
estimate) and the maximum likelihood parameter estimates can be obtained by least
squares (LS) quickly in a single step (non-iterative estimation, no need for a numerical
optimization). For state space (SS) modelling, subspace algorithms also provide quick
and non-iterative estimates, and an even simpler specification procedure.

Finite VAR models can only approximate VARMA processes (with MA components),
whereas finite state space models can provide exact representations. Based on this
feature, we expected that subspace-based SS models of VARMA processes could
provide better forecasts than VAR models of the same processes.

Our simulation results suggest that, for univariate ARMA(1,1) processes with a
considerable weight of the MA component (a value close to 1), state space CCA models
are indeed likely to provide forecasts with less Mean Squared Prediction Error (MSPE)
than AR-LS models. In our univariate cases this comparatively better performance of
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CCA models was only achieved for sample sizes not too small (from 100 observations).

It is frequently remarked that subspace estimates can or should be refined through a
prediction-error method PEM (if speed is not a critical factor), and we provide some
examples of the gains in forecasting performance obtained in this way. Note that by
selecting an iterative PEM, part of the speed advantages of subspace methods would be
lost, but they would still provide a quick specification for a state space model, as well as
good initial estimates for the iterative PEM search.

For several simulated ARMA processes we have quantified the forecasting accuracy of
ARMA ML, VAR LS, SS CCA and SS_ML estimated models, providing some
references on the magnitude of the possible gains/losses in predictive power among
these methods. Quantified comparisons are often difficult to find in the literature and
can provide a guidance as to the convenience (cost/ possible benefit) of obtaining
different models for a given time series. In our simulations, ARMA ML and SS_ML
provided the best (and basically the same) forecasting performance but,
computationally, these are the most involved methods, and they require numerical
iterative techniques.

For multivariate time series, state-space-based system-identification methods present
some additional advantages over VARMA modelling, especially for the specification
step: there is only one hyperparameter to estimate, namely the order n of the state-space
model. In our comparison between SS and VAR models we focused in cointegrated
systems because these processes are usually analysed using VAR models. For VARMA
cointegrated processes we presented some simulation results comparing the predictive
performance of Johansen’s VAR models with the predictive performance of subspace-
based state space models. Our results for some simple bivariate cases indicate small
predictive differences, but in several cases subspace models showed significant
advantages over VAR models when the VARMA processes were simulated using high
(close to 1) values for the MA components.

In brief, our results supported our initial hypothesis about SS-CCA models providing
better forecasts than VAR-LS models for VARMA processes with “large” MA
components. After having detected these forecasting differences between SS and VAR
models, an interesting question for future research is what data features (statistics) can a
priori indicate which modelling method is more appropriate for a given series of data.
Meanwhile, when dealing with a particular problem, it is advisable to try different
modelling approaches, and subspace methods, as well as VAR LS, provide “cheap”
alternatives.

In our practical case both the subspace models and Johansen’s VAR (VEC) models
provided basically the same (density) forecasting performance, but since subspace
models can be obtained quickly and easily, and given that, as we show in this paper,
there can be statistically significant differences in their forecasting performance with the
alternative VAR models, we consider that it can be good practice to complement VAR
models with subspace-based state space models when forecasting real processes.
Besides, from a structural point of view, state space models could be open to economic
analysis and interpretations of the system dynamics through suitable rotations of the
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state vector (thus exposing and composing/decomposing the dynamic components in
convenient ways).
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Appendix I Johansen’s method

Let y; be a cointegrated vector made up by m individually I(1) series which follows a
VAR of order p:

NW=at®y+t Oyt .+t @y te

where e; is a (m x 1) white noise vector N(0, Q2). Then y; can equivalently be written in
vector error correction (VEC) form as

Ayt = Cl Ayt-1+ Cz Ayt-z t.t Cp-l Ayt-p+1 + ot Coyt-l t e

and the cointegrating relations can be obtained from ,, whose rank is the number of
cointegrating relations.

Johansen (1988) derived the maximum likelihood (assuming Gaussian innovations)
estimates of the system parameters (Q, i, Cs,..., §p-1, a, &, ) subject to different rank
restrictions for ,, which allows for likelihood ratio tests on the number of cointegrating
relations.
The method proceeds in three stages: calculate auxiliary regressions, calculate canonical
correlations of the residuals of the auxiliary regressions and calculate maximum
likelihood estimates of parameters. The algorithm we implemented for Johansen’s
method, for a system with constant terms in the cointegrating relations and without
deterministic terms, follows Hamilton (1994, p. 643):
Step 1: Calculate Auxiliary Regressions:
1) A regression of Ay on (Apc.1, Apia,..., Apep+1) With no constant term,
Ay =11 Ayt IL Ay + ..o+ 1y Apeprr + g
2) A regression of a constant term on (Apr.1, Apia,..., Apep+i),
1 =0’ Ayt @2 Ay + .+ @71 Aprpr + i
3) A regression of yi.; on (Ayw.i, Apia,..., Apepr1) With no constant term,
Y1 = N1 Ayt Ry Ay + .+ Ry Apepe +

Step 2: Calculate Canonical Correlations

With the residuals u, w; and v; from the previous step build the vector w; = [wy, v’]” and
calculate the sample covariance matrices

T
Zww=(UT)Y. wew’,
t=1
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T
Zw=/DD, ww
t=1

T
o= (UD)Y ww,
t=1

Calculate the (n+1) x (n+1) matrix Tow | Zwu Sun Zuw and its eigenvalues: 4, > A, > ...

> An+.

The maximum value achieved for the log likelihood function subject to the constraint
that there are 4 cointegrating relations (rank(C,) = /) and no deterministic time trends is

Ly = —(Tn/2) log(2m) — (Tn/2) — (172) log|Z| — (T72) i log (1- 4;)

i=1
Step 3. Calculate Maximum Likelihood Estimates of Parameters

Let ay, ay,..., ay+1 denote the eigenvectors of Tow | Zon S Zuw corresponding to the
eigenvalues 4, > A, > ... > A+ normalized by the condition a@’; Z,,w @i= 1. Let A be the
matrix [a,, a,..., ay]. Then, the maximum likelihood estimates of o and , are

The maximum likelihood estimate of each ; is
C=TL- o - &N fori=1,2, ...,p-1,

and the maximum likelihood estimate of Q is

Q=Y Lw-a we- v @ d we- £ym)]

Appendix II Implementation of the CCA algorithm

The original data is a (m x 1) vector time series yy with =1, 2, ..., T. The objective is
to obtain estimates of the state space system matrices A, C and K, and the covariance
matrix R. CCA is based on a Canonical Correlation Analysis (Takane, Yanai and
Hwang 2006) between Yrand Y, (see section 2).

Parameters p and f of the orthogonal projection y," / y..;* were selected as p = f=2 x p,
where p is the order selected for a VAR representation of the data according to the
Akaike information criterion (see Bauer and Wagner 2002 for a justification of these
values). Both p and f'were not allowed to be greater than 773 in the univariate cases or
greater than 775 in the bivariate cases, where 7 is the total number of observations (this
is in order to prevent possible invertibility problems in some of the matrices).
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Fort=1,2, ..., T-p-f+1, the (m:f x T-p-f+1) matrix Yr was created from y; so that the M
column of Yris yp+tf = [yp+t’, Yptt+1 s Yp+ttfel 1.

Fort=1,2, ..., T-p+1, the (m'p x T-p+1) matrix Y, was created from y so that the ¢
column of Yy, iS Yeip-1” = [Perp-1”s Yeep2's s Y17 The (m-p x T-p-f+1) matrix Y, was
created by taking the first 7-p-f+1 columns of Y,

Following the estimation approach of Bauer and Wagner (2002), the conditioned
(weighted) matrix W corresponding to the CCA algorithm was calculated as

W= (YfY’f)fl/2 (YfY’pp) (Ypp Y,pp) . (Ypp Y’pp) "
where X% denotes the Cholesky factor of the positive definite matrix X such that X"
(X2 =X,

A singular value decomposition of W was performed: W =U S V, where S is a
diagonal matrix which contains the singular values of W in its diagonal in decreasing
order.

The order of the state space model was estimated by the BA(n) criterion of Bauer and
Wagner (2003)*: we choose the order » that minimises

BA(n)=-log (1- 6.,,) + 2nm log(T) / T
where m is the number of time series (row dimension of y), T is the sample size and &7
is the i largest singular value of the conditioned matrix of the CCA algorithm.

A matrix of estimated estates Z = [zp+1)p, Zp+2jp+1... Zr+1jr] Was calculated as Z = Snl/ 2 Vi
(Ypp Y’pp) 12 Y, , where S, is a (n X n) diagonal matrix which contains the first (highest)
n singular values of W, (i.e., S, contains the first » columns and rows of S) and V,, is a
(n x mp) matrix which contains the first n columns of V.

Based on the relation y; = Cz; + e, the matrix C and the residuals [ey+1, €p+2, ..., er]
were estimated by regressing [Vp+1, Yp+2, -, ¥1] O [Zp+1p, Zp+2p+1.. Zryr-1]- The
covariance matrix R was estimated by the covariance matrix of the estimated residuals.

Based on the relation zi1; = Az + K e; , the matrices A and K were estimated by
regressing [Zp+2pp+1, Zp+3jp+2s «--» ZT+1T] ON [Zp+1pp> Zp2p+1s ---» Z77-1] and on the estimated
[epr1, epia, .., e1].

* Another interesting option to select the order would be the corrected variant of AIC proposed by
Bengtsson and Cavanaugh (2006) for state space models.
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