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❙♦❧❞ ❜❡❧♦✇ ✈❛❧✉❡❄ ❲❤② s♦♠❡ t❛r❣❡ts ❛❝❝❡♣t

✈❡r② ❧♦✇ ❛♥❞ ❡✈❡♥ ♥❡❣❛t✐✈❡ t❛❦❡♦✈❡r ♣r❡♠✐✉♠s✳
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❆❜str❛❝t

■♥ ♦✉r s❛♠♣❧❡ ♦❢ ✶✱✾✸✼ ❯❙ ♠❡r❣❡rs ✭✶✾✾✺ t♦ ✷✵✶✶✮✱ ✽✳✹ ♣❡r❝❡♥t ♦❢ ❛❧❧

t❛r❣❡ts r❡❝❡✐✈❡❞ ♦✛❡rs ✇✐t❤ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❜✐❞ ✉♥✲

❞❡r❝✉ts t❤❡ ♣r❡✲❛♥♥♦✉♥❝❡♠❡♥t ♠❛r❦❡t ♣r✐❝❡✳ ❲❡ t❤❡♦r❡t✐❝❛❧❧② s❤♦✇ t❤❛t

t❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥✱ ♠❛r❦❡t ❧✐q✉✐❞✐t② ❛♥❞ ❵❤✐❞❞❡♥ ❡❛r♥♦✉ts✬✱ ✇❤❡r❡ t❛r✲

❣❡t s❤❛r❡❤♦❧❞❡rs ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ❜✐❞❞❡r✬s s❤❛r❡ ♦❢ ❥♦✐♥t s②♥❡r❣✐❡s✱ ❝❛♥

❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❊♠♣✐r✐❝❛❧ t❡sts ♣r♦✈✐❞❡ s✉❜st❛♥t✐❛❧ s✉♣♣♦rt

❢♦r ♦✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ❜✉t ♦♥❧② ✇❡❛❦ s✉♣♣♦rt ❢♦r ♠❛r❦❡t

❧✐q✉✐❞✐t②✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ t❤❡♦r② ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❣❡♥✲

❡r❛❧✐③❡s t♦ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s ❛♥❞ ♣r❡❞✐❝ts ❧♦✇❡r ✈❛❧✉❡s ❢♦r ♠♦st ♣r❡♠✐✉♠s

❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥✳

∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ✭✶✮ ❘❛❞❜♦✉❞ ❯♥✐✈❡rs✐t② ◆✐❥♠❡❣❡♥✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱
❚❤♦♠❛s ✈❛♥ ❆q✉✐♥♦str❛❛t ✺✳✶✳✷✻✱ ✻✺✷✺ ●❉ ◆✐❥♠❡❣❡♥✱ ❚❤❡ ◆❡t❤❡r❧❛♥❞s ✭✉✳✇❡✐t③❡❧❅❢♠✳r✉✳♥❧✮❀
✭✷✮ ❯tr❡❝❤t ❯♥✐✈❡rs✐t②✱ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❚❤❡ ◆❡t❤❡r❧❛♥❞s✳

†❯♥✐✈❡rs✐t② ♦❢ ❙♦✉t❤❛♠♣t♦♥✱ ❍✐❣❤✜❡❧❞✱ ❙❖✶✼ ✶❇❏ ❙♦✉t❤❛♠♣t♦♥✱ ❯❑✱
✭❣✳❦❧✐♥❣❅s♦t♦♥✳❛❝✳✉❦✮✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❙✉♣♣♦s❡ ②♦✉ ♦✇♥ s♦♠❡ s❤❛r❡s ♦❢ ❛ ❝♦♠♣❛♥②✱ ❛♥❞ ❛ ♣♦t❡♥t✐❛❧ ❛❝q✉✐r❡r ❛♥✲

♥♦✉♥❝❡s ❛ t❛❦❡♦✈❡r ❜✐❞ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✳ ❚❤❛t ✐s✱ t❤❡ ❜✐❞❞❡r ♣r♦♣♦s❡s

t♦ ♣✉r❝❤❛s❡ t❤❡ s❤❛r❡s ♦❢ t❤✐s ❝♦♠♣❛♥② ❢♦r ❧❡ss t❤❛♥ t❤❡✐r ♠❛r❦❡t ♣r✐❝❡ ❜❡❢♦r❡

t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t✳ ❲♦✉❧❞ ✐t ❜❡ r❛t✐♦♥❛❧ t♦ s❡❧❧ ②♦✉r s❤❛r❡s❄ ❈♦✉❧❞ ✐t ♠❛❦❡

s❡♥s❡ t♦ ❜✉② ❡✈❡♥ ♠♦r❡ s❤❛r❡s❄ ❆❜♦✈❡ ❛❧❧✿ ✐s t❤✐s s❝❡♥❛r✐♦ r❡❛❧✐st✐❝❄ ❆♥❞ ✐❢ ②❡s✱

✇❤② ✇♦✉❧❞ ❛ t❛r❣❡t ❣✐✈❡ s✉❝❤ ❛ ❜✐❞ ❛♥② s❡r✐♦✉s t❤♦✉❣❤t❄

❉❡s♣✐t❡ t❤❡ ♠❛♥② ♦♣❡♥ q✉❡st✐♦♥s✱ t❤✐s ❤②♣♦t❤❡t✐❝❛❧ s❝❡♥❛r✐♦ ❤❛s ♣❧❛②❡❞ ♦✉t

✐♥ ♥✉♠❡r♦✉s tr❛♥s❛❝t✐♦♥s✳ ■♥ ❢❛❝t✱ ♦✉r ❞❛t❛ s❤♦✇s t❤❛t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✇❡r❡

❛♥♥♦✉♥❝❡❞ ✐♥ ❡✈❡r② s✐♥❣❧❡ ②❡❛r ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✶ ❛♥❞ t❤❛t t❤❡② ❛r❡ ❡❝♦♥♦♠✐❝❛❧❧②

s✐❣♥✐✜❝❛♥t✿ ✽✳✹✪ ♦❢ ❛❧❧ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s ✭▼✫❆s✮✱ ❛♥❞ ✉♣ t♦ ✶✹✳✶✪ ♣❡r

②❡❛r ✭✐♥ ✷✵✵✹✮ ❡①❤✐❜✐t❡❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❇❡s✐❞❡s t❤❡ ❡✈✐❞❡♥❝❡ ♣r❡s❡♥t❡❞ ✐♥

t❤✐s ♣❛♣❡r✱ ♠❛♥② ❡❛r❧✐❡r st✉❞✐❡s ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✲

✉♠s✳✶ ❖✣❝❡r ❬✷✵✵✸✱ ♣✳✹✹✸❪✱ ❢♦r ❡①❛♠♣❧❡✱ r❡♣♦rts t❤❛t ✏✭❛✮❧❧ ♣r❡♠✐✉♠ ♠❡❛s✉r❡s

❛❧s♦ r❡s✉❧t ✐♥ tr♦✉❜❧✐♥❣ ♦✉t❧✐❡rs✱ ✇✐t❤ ❛ s✉❜st❛♥t✐❛❧ ❢r❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❞✐str✐❜✉✲

t✐♦♥ ❧②✐♥❣ ❜❡❧♦✇ ③❡r♦ ✭❛♥ ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ❜♦✉♥❞✮ ❛♥❞ ❛❜♦✈❡ t✇♦ ✭❛♥

❛r❜✐tr❛r② ❜♦✉♥❞✮✳✑ ❬❙❝❤✇❡rt✱ ✶✾✾✻✱ ♣✳✶✽✻✱ ❚❛❜❧❡ ✶✶❪ ✜♥❞s ❛t ❧❡❛st ✻✳✺✪ ♥❡❣❛✲

t✐✈❡ ♠❛r❦✉♣s ❛♥❞ ❛t ❧❡❛st ✶✵✳✶✪ ♥❡❣❛t✐✈❡ ❝♦♥tr♦❧ ♣r❡♠✐✉♠s✳ ❲❤❡♥ ❝❡♥s♦r✐♥❣

♦r tr✉♥❝❛t✐♥❣ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❤❡ ♦❜t❛✐♥s ♠❛r❦❡❞❧② ❞✐✛❡r❡♥t ❛♥❞ ❵❞✐st✉r❜✲

✐♥❣✬ ❡st✐♠❛t✐♦♥ r❡s✉❧ts✳ ■♥ ❢❛❝t✱ ❙❝❤✇❡rt ❬✶✾✾✻✱ ♣✳✶✽✼❪ ❝♦♥❝❧✉❞❡s t❤❛t ✏✭❛✮❧❧ ♦❢

t❤❡s❡ r❡s✉❧ts ❛r❡ ❛♥ ❛rt❡❢❛❝t ♦❢ tr✉♥❝❛t✐♥❣ ♦r ❝❡♥s♦r✐♥❣ t❤❡ s❛♠♣❧❡ t♦ ❡❧✐♠✐♥❛t❡

♥❡❣❛t✐✈❡ r✉♥✉♣s ❛♥❞ ♠❛r❦✉♣s ✭♦r ♥❡❣❛t✐✈❡ r✉♥✉♣s ❛♥❞ ♣r❡♠✐✉♠s✮✳✑

❨❡t✱ ♥♦ t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ❤❛s ❜❡❡♥ ♦✛❡r❡❞ ❢♦r t❤✐s ♣❤❡♥♦♠❡♥♦♥✱ ♥♦r

❞✐❞ ✐t ❛ttr❛❝t ❛♥② ❞❡❞✐❝❛t❡❞ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳ ◗✉✐t❡ t♦ t❤❡ ❝♦♥tr❛r②✱ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s ❛r❡ ♦❢t❡♥ tr✉♥❝❛t❡❞ ♦r ♦♠✐tt❡❞ ✐♥ ▼✫❆ s❛♠♣❧❡s✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡

t❤♦✉❣❤t t♦ ❜❡ ♥♦✐s❡✱ ♦r t❤❡♦r❡t✐❝❛❧❧② ♥♦t ❡①♣❧❛✐♥❛❜❧❡✳✷ ❋♦r t❤❡ ✜rst t✐♠❡✱ ✇❡

♣r♦♣♦s❡ ❛ t❤❡♦r② ❛♥❞ t❡st s❡✈❡r❛❧ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ▼♦r❡✲

♦✈❡r✱ ✇❡ s❤♦✇ t❤❛t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡ ❥✉st t❤❡ t✐♣ ♦❢ t❤❡ ✐❝❡❜❡r❣ ♦❢ ✈❡r② ❧♦✇

♣r❡♠✐✉♠s ✭❱▲Ps✮✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ♥❡❣❛t✐✈❡ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❆❝t✉✲

✶ ❙❡❡✱ ❡✳❣✳✱ ❙❝❤✇❡rt ❬✶✾✾✻✱ ♣✳✶✽✹✲✶✽✼❪✱ ❖✣❝❡r ❬✷✵✵✸✱ ♣✳✹✹✸✲✹✹✹❪✱ ❇❛t❡s ❛♥❞ ▲❡♠♠♦♥ ❬✷✵✵✸✱

♣✳✹✾✷❪✱ ▼♦❡❧❧❡r ❡t ❛❧✳ ❬✷✵✵✹✱ ♣✳✷✷✵❪✱ ❉♦♥❣ ❡t ❛❧✳ ❬✷✵✵✻✱ ♣✳✼✸✶❪✳

✷ ▼♦st st✉❞✐❡s tr✉♥❝❛t❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛t ③❡r♦ ✭❖✣❝❡r ❬✷✵✵✸✱ ♣✳✹✹✸❪✱ ❇❛t❡s ❛♥❞ ▲❡♠✲

♠♦♥ ❬✷✵✵✸✱ ♣✳✹✾✷❪✱ ▼♦❡❧❧❡r ❡t ❛❧✳ ❬✷✵✵✹✱ ♣✳✷✷✵❪✮✱ ♦r ♦♠✐t ❝❛s❡s ✇❤❡r❡ t❤❡ ♣r❡♠✐✉♠ ✐s ♥❡❣❛t✐✈❡

❬❙❝❤✇❡rt✱ ✶✾✾✻✱ ♣✳✶✽✹✲✶✽✼❪✱ ♦r ✉s❡ ❝♦♠❜✐♥❛t✐♦♥s t❤❡r❡♦❢ ✐♥ r♦❜✉st♥❡ss ❝❤❡❝❦s✳ ❉♦♥❣ ❡t ❛❧✳

❬✷✵✵✻✱ ♣✳✼✸✶✱ ❋♦♦t♥♦t❡ ✽❪ ❛♥❞ ❬❖✣❝❡r✱ ✷✵✵✼✱ ♣✳✺✽✺❪ ♦♠✐t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s t❤❛t ❛r❡ s♠❛❧❧❡r

t❤❛♥ ✲✺✵✪✳

✷



❛❧❧②✱ ✇❡ ✜♥❞ t❤❛t t❤❡ t❤❡♦r② ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❣❡♥❡r❛❧✐③❡s t♦ t❤❡ ♠✉❝❤ ❧❛r❣❡r

♣❤❡♥♦♠❡♥♦♥ ♦❢ ❱▲Ps ❛♥❞ ❛ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ t❛❦❡♦✈❡r ♠❛r❦❡t✱ ❛s t❤❡

s❛♠❡ ❞❡t❡r♠✐♥❛♥ts ♣r❡❞✐❝t ❧♦✇❡r ✈❛❧✉❡s ❢♦r ♣r❡♠✐✉♠s ✉♣ t♦ t❤❡ ✹✵t❤ ♣❡r❝❡♥t✐❧❡✳

❚❤❡ ✜rst ❡①♣❧❛♥❛t✐♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s r❡❢❡rs t♦ t❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥✳

■❢ ❛ t❛r❣❡t ✐s ♦✈❡r✈❛❧✉❡❞✱ ✐ts ♠❛r❦❡t ✈❛❧✉❡ ♠❛② ❡①❝❡❡❞ ❛ ❢❛✐r ❜✐❞✱ ✇❤✐❝❤ ❝♦♥✲

st✐t✉t❡s ❛ ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠ ❛t t❤❡ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t✳ ❇✐❞❞❡rs ♦❢t❡♥

❤❛✈❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❝♦♥❞✉❝t s❡✈❡r❛❧ r♦✉♥❞s ♦❢ ❞❡t❛✐❧❡❞ ✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ t❛r✲

❣❡t✱ ✐♥❝❧✉❞✐♥❣ ❛ ❞✉❡ ❞✐❧✐❣❡♥❝❡✱ ♣r✐♦r t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ t❤❡✐r ♦✛❡r ❇♦♦♥❡

❛♥❞ ▼✉❧❤❡r✐♥ ❬✷✵✵✼❪✳ ❚❤✉s✱ ❜♦t❤ ♣❛rt✐❡s ♠❛② r❡❛❝❤ ❛ ❝♦♥s❡♥s✉s ♦♥ t❤❡ t❛r✲

❣❡t✬s ❢❛✐r ✈❛❧✉❡✳ ■❢ t❤❡ t❛r❣❡t ♠❛♥❛❣❡♠❡♥t ❛♥t✐❝✐♣❛t❡s t❤❛t t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥

✇✐❧❧ s♦♦♥ ❜❡❝♦♠❡ ♣✉❜❧✐❝ ❦♥♦✇❧❡❞❣❡✱ t❤❡② ♠❛② ❛❝❝❡♣t t❤❡ ❞✐s❝❧♦s✉r❡ ♦❢ t❤✐s ♦✈❡r✲

✈❛❧✉❛t✐♦♥ ✇✐t❤ t❤❡ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✳ ❊✈❡r②t❤✐♥❣

❡❧s❡ ❡q✉❛❧✱ t❤❡ ♠❛r❦❡t s❤♦✉❧❞ r❡❛❝t t♦ t❤✐s ❛♥♥♦✉♥❝❡♠❡♥t ✇✐t❤ ♥❡❣❛t✐✈❡ ❛❜✲

♥♦r♠❛❧ r❡t✉r♥s t♦ t❤❡ t❛r❣❡t✱ ✇❤✐❝❤ ❝♦rr❡❝t ❢♦r t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥✳ ❚❤❡ ❧♦✇❡r✱

♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t s❤❛r❡ ♣r✐❝❡ t❤❡♥ r❡✢❡❝ts t❤❡ ❛♥♥♦✉♥❝❡❞ ❜✐❞✱ ❝♦♥s✐st✐♥❣ ♦❢

t❤❡ t❛r❣❡t✬s ❢❛✐r st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ ♣❧✉s ❛ ✭♣♦s✐t✐✈❡✮ ♣r❡♠✐✉♠✳ ❆s ❛♥ ❛❧t❡r♥❛✲

t✐✈❡ t♦ ❢✉♥❞❛♠❡♥t❛❧ ♦✈❡r✈❛❧✉❛t✐♦♥✱ ♣r❡✲❜✐❞ r✉♥✉♣s ♠❛② ❝♦♥st✐t✉t❡ s♣❡❝✉❧❛t✐✈❡

♦✈❡r✈❛❧✉❛t✐♦♥ ♦❢ ❛♥t✐❝✐♣❛t❡❞ ♠❡r❣❡r ❣❛✐♥s t♦ t❤❡ t❛r❣❡t✳ ■❢ r✉♥✉♣s r❡✢❡❝t t❤❡

❡①♣❡❝t❛t✐♦♥ ♦❢ ❛ t❛r❣❡t✬s s❤❛r❡ ♦❢ ❢✉t✉r❡ s②♥❡r❣✐❡s✱ t❤❡② ❞♦ ♥♦t ♦♥❧② s✉❜st✐t✉t❡

t❤❡ ♣r❡♠✐✉♠✱ ❜✉t ❛❧s♦ ❧❡❛✈❡ r♦♦♠ ❢♦r ❡rr♦r✳ ❊①❝❡ss✐✈❡ r✉♥✉♣s ♠❛② t❤❡r❡❢♦r❡

♦✈❡rs❤♦♦t t❤❡ ❛❝t✉❛❧❧② ❛♥♥♦✉♥❝❡❞ ♦✛❡r✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ❛♥❞

t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❡❣❛t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ❡①♣❧❛♥❛t✐♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s r❡❢❡rs t♦ t❤❡ ❢❛❝t t❤❛t ❜✐❞✲

❞❡rs ♣❛② ✇✐t❤ ♦✇♥❡rs❤✐♣ ✇❤❡♥ t❤❡② ♦✛❡r ❛ ❝♦♥s✐❞❡r❛t✐♦♥ ✇✐t❤ st♦❝❦✳ ❚❤r♦✉❣❤

t❤✐s ♦✇♥❡rs❤✐♣ ✐♥ t❤❡ ♠❡r❣❡❞ ❡♥t✐t②✱ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ♣r♦✜t t✇✐❝❡ ❢r♦♠ ♠❡r❣❡r

s②♥❡r❣✐❡s✿ ✜rst ❜② ♥❡❣♦t✐❛t✐♥❣ ❛ s❤❛r❡ ♦❢ s②♥❡r❣✐❡s ❢♦r t❤❡ t❛r❣❡t t❤❛t ✐s ✐♥❝❧✉❞❡❞

✐♥ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✭❜② ♠❡❛♥s ♦❢ t❤❡ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t✐♦✮✱ ❛♥❞ s❡❝♦♥❞ ❜② ♣❛r✲

t✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ❜✐❞❞❡r✬s s❤❛r❡ ♦❢ s②♥❡r❣✐❡s t❤❛t ❛❝❝r✉❡ t♦ t❤❡ ♠❡r❣❡❞ ❡♥t✐t② ✭❜②

♠❡❛♥s ♦❢ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✬ ♦✇♥❡rs❤✐♣ ✐♥ t❤❡ ❥♦✐♥t ❡♥t✐t②✮✳ ❲❡ r❡❢❡r t♦ t❤❡

❧❛tt❡r ❛s ❵❤✐❞❞❡♥ ❡❛r♥♦✉ts✬ ❛s t❤❡② ❛r❡ ♥♦t ♦♥❧② ❤✐❞❞❡♥ ✐♥ t❤❡ ❜✐❞❞❡r✬s ♥❡❣♦t✐❛t❡❞

s❤❛r❡✱ ❜✉t ❛❧s♦ ❝♦♥❞✐t✐♦♥❛❧ ✉♣♦♥ s②♥❡r❣② r❡❛❧✐③❛t✐♦♥ ❛❢t❡r t❤❡ ❝♦♥s✉♠♠❛t✐♦♥ ♦❢

t❤❡ ♠❡r❣❡r✳ ❍✐❞❞❡♥ ❡❛r♥♦✉ts ❝❛♥ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s✳ ❚❤✉s✱ ❡✈❡♥ t❤♦✉❣❤ ❛ ❜✐❞❞❡r ♦✛❡rs ❛ t❛r❣❡t ❧❡ss t❤❛♥ ✐ts ♠❛r❦❡t

✈❛❧✉❡✱ ❛ ❢❛✈♦r❛❜❧❡ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t✐♦ ♠❛② ♣r♦✈✐❞❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ✇✐t❤

s✉✣❝✐❡♥t ♦✇♥❡rs❤✐♣ t❤❛t ❤✐❞❞❡♥ ❡❛r♥♦✉ts ♠❛❦❡ t❤❡ ❞❡❛❧ ✇♦rt❤✇❤✐❧❡✳ ■♥ ❢❛❝t✱ ✐❢

t❤❡ t❛r❣❡t ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜✐❞❞❡r✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s ❛♥❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ♠❛② ❜❡ t❤❡ ♦♥❧② ✇❛② ❢♦r t❤❡ ❜✐❞❞❡r t♦ ♣❛② t❤❡

t❛r❣❡t ✐♥ st♦❝❦ ✇✐t❤♦✉t r✐s❦✐♥❣ t♦ ❧♦s❡ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ♠❡r❣❡❞ ❡♥t✐t②✳ ❆s t❛r❣❡t

s❤❛r❡❤♦❧❞❡rs ❡①♣❡❝t t♦ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❢♦r ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠s ✇✐t❤ ❡✈❡♥

❤✐❣❤❡r ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ s✉❝❤ ❛ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t ✐s

✸



♣♦s✐t✐✈❡✳

❚❤❡ t❤✐r❞ ❡①♣❧❛♥❛t✐♦♥ ♣❡rt❛✐♥s t♦ ❧✐q✉✐❞✐t② ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❝♦♥✲

tr♦❧ ❛♥❞✱ ✐♥ ❡①t❡♥s✐♦♥✱ ❧✐q✉✐❞✐t② ♦❢ t❛r❣❡t✬s st♦❝❦✳ ❆❧t❤♦✉❣❤ ✜r♠s ♣r❡❢❡r t♦ s❡❧❧

t❤❡✐r ❝♦r♣♦r❛t❡ ❛ss❡ts ✐♥ ❧✐q✉✐❞ ♠❛r❦❡ts ❬❙❝❤❧✐♥❣❡♠❛♥♥ ❡t ❛❧✳✱ ✷✵✵✷❪✱ t❛r❣❡ts ♠❛②

❛❝❝❡♣t ♣r✐❝❡s ❜❡❧♦✇ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ✭♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✮✱ ✐❢ t❤❡② ❛r❡

✜♥❛♥❝✐❛❧❧② ❞✐str❡ss❡❞ ❛♥❞ ❢♦r❝❡❞ t♦ s❡❧❧✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ ✜r❡✲s❛❧❡s ❬❙❤❧❡✐❢❡r ❛♥❞

❱✐s❤♥②✱ ✶✾✾✷❪✳ ■❢ ❞✐str❡ss❡❞ t❛r❣❡ts ✭♦r s❡❧❧❡rs ♦❢ t❛r❣❡ts✮ ❛♥t✐❝✐♣❛t❡ s✉✣❝✐❡♥t❧②

❧♦✇ st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡s✱ t❤❡② ♠❛② ♣r❡❢❡r ❛ ❣♦✐♥❣✲❝♦♥❝❡r♥ ♠❡r❣❡r✱ ❞❡s♣✐t❡ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s✳

❲❡ ❞❡r✐✈❡ ❞✐s❝r✐♠✐♥❛t♦r② ♣r♦♣♦s✐t✐♦♥s ❢♦r t❤❡ t❤r❡❡ ❡①♣❧❛♥❛t✐♦♥s ❛♥❞ s❤♦✇

t❤❡♦r❡t✐❝❛❧❧② t❤❛t t❤❡ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡ ❛❧s♦ ❛❜❧❡ t♦

❡①♣❧❛✐♥ ♥♦♥✲♥❡❣❛t✐✈❡ ❱▲Ps✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ t❡sts ♣r♦✈✐❞❡ str♦♥❣ s✉♣♣♦rt ❢♦r ♦✈❡r✲

✈❛❧✉❛t✐♦♥ ❛♥❞ ❢♦r ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛s ♠♦st ♣r♦♠✐s✐♥❣ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s✳

❖✈❡r✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t✬s ✈❛❧✉❡ ✭❚♦❜✐♥s✬ ◗ ❛♥❞ t❤❡ ♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲

✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡✮ ❛♥❞ ♦❢ t❤❡ t❛r❣❡t✬s ❡①♣❡❝t❡❞ ♠❡r❣❡r ❣❛✐♥s ✭r✉♥✉♣s✮ ♣r❡❞✐❝t

❛ ❤✐❣❤❡r ❧✐❦❡❧✐❤♦♦❞ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❆ ♥❡❣❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❚♦❜✐♥s✬s

◗ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝ts ♦❢ r✉♥✉♣s ❞♦ ♥♦t ♦♥❧② r❡✢❡❝t ❛ ❤✐❣❤❡r ✈❛❧✉✲

❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t✱ ❜✉t r❡♣r❡s❡♥t ❛ s❡♣❛r❛t❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

❯s✐♥❣ ❛ s❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝ ♠♦❞❡❧✱ ✇❡ ❢✉rt❤❡r ❝♦♥✜r♠ t❤❛t t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❢♦r ♦✈❡r✈❛❧✉❡❞ t❛r❣❡ts tr✐❣❣❡rs ❛ ♥❡❣❛t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥ ❜②

t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✳

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t ❤②♣♦t❤❡s✐s✱ ❛ ♥✉♠❜❡r ♦❢ ♣r♦①✐❡s ✐♥❞✐❝❛t❡

t❤❛t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡ ♠♦r❡ ❧✐❦❡❧② ✐❢ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❝❛♥ ❣❛✐♥ ❢r♦♠ t❤❡

❜✐❞❞❡r✬s s❤❛r❡ ♦❢ s②♥❡r❣✐❡s t❤r♦✉❣❤ ❥♦✐♥t ♦✇♥❡rs❤✐♣✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ t❤❡ ❡q✉✐t②

♣♦rt✐♦♥ ♦❢ t❤❡ ❞❡❛❧✱ ❜✐❞❞❡rs✬ ♥❡✇ ❡q✉✐t② ✐ss✉❡s t♦ ✜♥❛♥❝❡ t❤❡ ❞❡❛❧ ✭✐♥❞✐❝❛t✐♥❣

t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ tr❛♥s❢❡r ♦❢ ♦✇♥❡rs❤✐♣ t♦ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✮✱ ❛♥❞ r❡❧❛t✐✈❡

t❛r❣❡t s✐③❡✳ ❲❡ ❢✉rt❤❡r ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ t❤❡ ❡✛❡❝ts ♦❢ ❤✐❞❞❡♥ ❡❛r♥♦✉ts

❛♥❞ ♦✈❡r✈❛❧✉❛t✐♦♥ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❢♦r t❛r❣❡ts ✇✐t❤ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✐s ♥♦t ♥❡❣❛t✐✈❡ ✭❛s ✐♥ t❤❡

❝❛s❡ ♦❢ t❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥✮✱ ❜✉t ♣♦s✐t✐✈❡✳

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ♠❛r❦❡t ❧✐q✉✐❞✐t② ❤②♣♦t❤❡s✐s ❛♥❞ ✇✐t❤ ❙❝❤❧✐♥❣❡♠❛♥♥ ❡t ❛❧✳

❬✷✵✵✷❪✱ ✇❡ ✜♥❞ t❤❛t ❛ ❧♦✇ ♠♦♥t❤❧② ▼✫❆ tr❛♥s❛❝t✐♦♥ ✈❛❧✉❡ ✐♥ t❤❡ t❛r❣❡t✬s ✐♥✲

❞✉str② ♣r❡❞✐❝ts ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❍♦✇❡✈❡r✱ t❤❡ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ✐s ✇❡❛❦

❛♥❞ ❛ ❝❧♦s❡❧② r❡❧❛t❡❞ ♠❡❛s✉r❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♥t❤② ▼✫❆ ❞❡❛❧s✱ ❧❛❝❦s ❛♥② ♣r❡✲

❞✐❝t✐✈❡ ♣♦✇❡r✳ ❚❤❡ ❧❛tt❡r ❛❧s♦ ❛♣♣❧✐❡s t♦ ♣r♦①✐❡s ❢♦r t❤❡ t❛r❣❡t✬s st♦❝❦ ♠❛r❦❡t

❧✐q✉✐❞✐t②✳

❆s ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ♦♥❧② r❡♣r❡s❡♥t t❤❡ ♠♦st ❡①tr❡♠❡ ❛♥❞ s❛❧✐❡♥t ❢♦r♠ ♦❢

❱▲Ps✱ ✇❡ ✜♥❞✱ ❛s ❡①♣❡❝t❡❞✱ t❤❛t t❤❡ ❛❜♦✈❡ r❡s✉❧ts ❝❛♥ ❜❡ r❡♣❧✐❝❛t❡❞ ❢♦r ❛❧❧

♥❡❣❛t✐✈❡ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐♥ t❤❡ ❧♦✇❡st ❞❡❝✐❧❡✳ ◗✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s

✹



s❤♦✇ t❤❛t ♦✉r r❡s✉❧ts ♦♥ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞ ♠❛r❦❡t ❧✐q✉✐❞✐t②

❛♣♣❧② t♦ ❛❧❧ ♣r❡♠✐✉♠s ✉♣ t♦ t❤❡ ✹✵t❤ ♣❡r❝❡♥t✐❧❡✳ ❚❤✐s ✐s ❛ s✉❜st❛♥t✐❛❧ s❤❛r❡ ♦❢

t❤❡ t❛❦❡♦✈❡r ♠❛r❦❡t ✐♥ ✇❤✐❝❤ t❤❡ t❤❡♦r② ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐s ❛❧s♦ ❛❜❧❡ t♦

❡①♣❧❛✐♥ ❛♥❞ ♣r❡❞✐❝t ❧♦✇❡r ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s✳

❚❤✐s st✉❞② ❛❞❞s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❛r❣❡t ♣r❡♠✐✉♠s✱ ✇❤✐❝❤✱ ❝♦♠♣❛r❡❞ t♦

t❤❡ ❡①t❡♥s✐✈❡ ❛♥❞ ❧♦♥❣ st❛♥❞✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ▼✫❆ ❢r♦♠ t❤❡ ❛❝q✉✐r❡r✬s ♣❡rs♣❡❝✲

t✐✈❡✱ ✐s st✐❧❧ r❡❧❛t✐✈❡❧② ❧✐♠✐t❡❞✳ ❙✐♥❝❡ t❤❡ ✜rst s②st❡♠❛t✐❝ ❛♥❛❧②s✐s ♦♥ ♦✛❡r ♣r✐❝❡s

❜② ❇r❛❞❧❡② ❬✶✾✽✵❪✱ ❧❛r❣❡✲s❛♠♣❧❡ ❡✈✐❞❡♥❝❡ ✐s ♦♥❧② st❛rt✐♥❣ t♦ ❡♠❡r❣❡✳✸ ❚❤❡ ♣❡r✲

t✐♥❡♥t ❧✐t❡r❛t✉r❡ ❝♦♥t❛✐♥s ♣❛♣❡rs t❤❛t ♣r✐♠❛r✐❧② ❢♦❝✉s ♦♥ ❛♥t❡❝❡♥❞❡♥ts ♦❢ ✐♥✐t✐❛❧

♣r❡♠✐✉♠s ❛♥❞ ♣❛♣❡rs t❤❛t ❛♥❛❧②③❡ t❤❡ ✇❤♦❧❡ ❜✐❞❞✐♥❣ ♣r♦❝❡ss ✐♥❝❧✉❞✐♥❣ ♠✉❧t✐♣❧❡

❜✐❞s ✇✐t❤ ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ✜♥❛❧ ♣r❡♠✐✉♠s✳ ❚❤❡ s❡❝♦♥❞ str❛♥❞ ♦❢t❡♥ r❡❢❡rs t♦

❜✐❞❞✐♥❣ str❛t❡❣✐❡s ✐♥ ❛✉❝t✐♦♥ s❡tt✐♥❣s✱ ♦r ♠❡r❣❡r ♥❡❣♦t✐❛t✐♦♥s ✐♥ t❤❡ s❤❛❞♦✇ ♦❢

❛✉❝t✐♦♥s ❛s ♦✉ts✐❞❡ ♦♣t✐♦♥ ❬❆❦t❛s ❡t ❛❧✳✱ ✷✵✶✵✱ ❇♦♦♥❡ ❛♥❞ ▼✉❧❤❡r✐♥✱ ✷✵✵✽❪✱ ✇✐t❤

s♣❡❝✐❛❧ ❡♠♣❤❛s✐s ♦♥ t❛r❣❡t s❤❛r❡❤♦❧❞❡r ❢r❡❡✲r✐❞✐♥❣ ❬●r♦ss♠❛♥ ❛♥❞ ❍❛rt✱ ✶✾✽✵✱

❇r❛❞❧❡②✱ ✶✾✽✵❪✱ ❥✉♠♣s ✐♥ ❝♦♥s❡❝✉t✐✈❡ ❛♥❞✴♦r ❝♦♠♣❡t✐♥❣ ❜✐❞s✱ ♣r❡✲❡♠♣t✐✈❡ ❜✐❞✲

❞✐♥❣ ❛♥❞ t❤❡ r♦❧❡ ♦❢ t♦❡❤♦❧❞s ❬❋✐s❤♠❛♥✱ ✶✾✽✽✱ ❇❡tt♦♥ ❛♥❞ ❊❝❦❜♦✱ ✷✵✵✵✱ ❇❡tt♦♥

❡t ❛❧✳✱ ✷✵✵✾❪✳ ❚❤❡ ✜rst ♦❢ t❤❡ t✇♦ str❛♥❞s ❛♥❛❧②③❡s ♦✛❡r ♣r✐❝❡s ❛♥❞ t❤❡✐r ❞❡t❡r✲

♠✐♥❛♥ts ♠♦r❡ ❞✐r❡❝t❧②✳ ❊❛r❧② st✉❞✐❡s ❜② ❍✉❛♥❣ ❛♥❞ ❲❛❧❦❧✐♥❣ ❬✶✾✽✼❪ ❛♥❞ ❍❛②♥

❬✶✾✽✾❪ s❤♦✇ t❤❛t t❛r❣❡t ♣r❡♠✐✉♠s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❣r❡❛t❡r ✇❤❡♥ ♦✛❡r❡❞ ✐♥ ❝❛s❤

t❤❛♥ ✐♥ ❜✐❞❞❡r✬s st♦❝❦✳ ❊♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❜② ❆②❡rs ❡t ❛❧✳ ❬✷✵✵✸❪ s✉❣❣❡sts t❤❛t✱

❜❡❝❛✉s❡ ❝❛s❤ ♦✛❡rs ✐♥❝❧✉❞❡ ❛ ❝❛♣✐t❛❧ ❣❛✐♥s t❛① ♣❡♥❛❧t②✱ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❞❡✲

♠❛♥❞ ❤✐❣❤❡r ❝❛s❤ ♣r❡♠✐✉♠s ❛s ❝♦♠♣❡♥s❛t✐♦♥✳ ❆♥♦t❤❡r ♣r❡♠✐✉♠ ❞❡t❡r♠✐♥❛♥t ✐s

t❤❡ ♣r✐❝❡✲t♦✲❜♦♦❦ r❛t✐♦ ♦❢ t❤❡ t❛r❣❡t ❛♥❞✴♦r t❤❡ ❜✐❞❞❡r✳ ❲❛❧❦❧✐♥❣ ❛♥❞ ❊❞♠✐st❡r

❬✶✾✽✺❪ ✜♥❞ t❤❛t t❤❡ t❛r❣❡t ♣r✐❝❡✲t♦✲❜♦♦❦ r❛t✐♦ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♦✛❡r ♣r❡♠✐✉♠✳

❉♦♥❣ ❡t ❛❧✳ ❬✷✵✵✻❪ r❡♣♦rt t❤❛t ❤✐❣❤❡r ♣r✐❝❡✲t♦✲❜♦♦❦ r❛t✐♦s ♦❢ ❜✐❞❞❡rs ✭t❛r❣❡ts✮

❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤❡r ✭❧♦✇❡r✮ ❜✐❞ ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t t❛r❣❡ts

❛❝❝❡♣t ❜✐❞❞❡r st♦❝❦ ❛❧t❤♦✉❣❤ ✐t ✐s r❡❧❛t✐✈❡❧② ♦✈❡r✈❛❧✉❡❞✳✹ ❚❤❡ ♣✉❜❧✐❝ st❛t✉s ❛❧s♦

♣❧❛②s ❛ r♦❧❡✳ ❲❤✐❧❡ ♣✉❜❧✐❝ ❜✐❞❞❡rs ♦✛❡r s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ♣r❡♠✐✉♠s ❬❇❛r❣❡r♦♥

❡t ❛❧✳✱ ✷✵✵✽❪✱ ✉♥❧✐st❡❞ t❛r❣❡ts ♦❢t❡♥ ❛❝❝❡♣t ❛ ❞✐s❝♦✉♥t ❬❖✣❝❡r✱ ✷✵✵✼❪✳ Pr❡♠✐✲

✉♠s ❞✐s❝♦✉♥ts ❛r❡ ❛❧s♦ r❡♣♦rt❡❞ ❢♦r ✜♥❛♥❝✐❛❧❧② ❞✐str❡ss❡❞ ♦r ❜❛♥❦r✉♣t t❛r❣❡ts

❬❍♦t❝❤❦✐ss ❡t ❛❧✳✱ ✷✵✵✽❪✳ ❉❡❛❧ ♣r♦t❡❝t✐♦♥ ❞❡✈✐❝❡s s✉❝❤ ❛s t❡r♠✐♥❛t✐♦♥ ❢❡❡s ❛♥❞

❧♦❝❦✉♣ ❝❧❛✉s❡s ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ t♦ ❛✛❡❝t ♣r❡♠✐✉♠s ♣♦s✐t✐✈❡❧② ❬❖✣❝❡r✱ ✷✵✵✸✱

❇❛t❡s ❛♥❞ ▲❡♠♠♦♥✱ ✷✵✵✸✱ ❇✉r❝❤✱ ✷✵✵✶❪✱ ✇❤✐❧❡ s❤❛r❡❤♦❧❞❡r t❡♥❞❡r ❛❣r❡❡♠❡♥ts

s❡❡♠ t♦ ❤❛✈❡ t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t ❬❇❛r❣❡r♦♥✱ ✷✵✶✷❪✳ ❚❤❡ ♠❛❥♦r✐t② ♦❢ t❡♥❞❡r ♦✛❡rs

✐♥❝❧✉❞❡ s✉❝❤ s❤❛r❡❤♦❧❞❡r ❛❣r❡❡♠❡♥ts✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛ r❡❛s♦♥ ✇❤② t❡♥❞❡r ♦✛❡r

♣r❡♠✐✉♠s ❛r❡ ♦❢t❡♥ ❧♦✇❡r ❬❊❝❦❜♦✱ ✷✵✵✾❪✳ ❊✈✐❞❡♥❝❡ ♦♥ t❛❦❡♦✈❡r ❤♦st✐❧✐t② ❛♥❞

❛♥t✐✲t❛❦❡♦✈❡r ♣r♦✈✐s✐♦♥s ✐s ♠✐①❡❞ ❬❙❝❤✇❡rt✱ ✷✵✵✵✱ ❇❛t❡s ❡t ❛❧✳✱ ✷✵✵✽❪✱ ❛❧t❤♦✉❣❤

✸P❧❡❛s❡ r❡❢❡r t♦ ❇❡tt♦♥ ❡t ❛❧✳ ❬✷✵✵✽❛❪ ❛♥❞ ❊❝❦❜♦ ❬✷✵✵✾❪ ❢♦r ❛♥ ❡①❝❡❧❧❡♥t s✉r✈❡② ♦♥ t❤❡
❧✐t❡r❛t✉r❡✳

✹❙❤❧❡✐❢❡r ❛♥❞ ❱✐s❤♥② ❬✷✵✵✸❪ ♣r♦✈✐❞❡ ❛ ❜❡❤❛✈✐♦r❛❧ ❛♥❞ ❘❤♦❞❡s✲❑r♦♣❢ ❛♥❞ ❱✐s✇❛♥❛t❤❛♥ ❬✷✵✵✹❪
❛ r❛t✐♦♥❛❧ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤✐s ✜♥❞✐♥❣✳

✺



t❤❡r❡ ✐s s♦♠❡ ✐♥❞✐❝❛t✐♦♥ ♦♥ ❛♥ ✐♥✈❡rs❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❛r❣❡t ♠❛♥❛❣❡♠❡♥t

❡♥tr❡♥❝❤♠❡♥t ❛♥❞ ♣r❡♠✐✉♠s ❬▼♦❡❧❧❡r✱ ✷✵✵✺✱ ❍❛rt③❡❧❧ ❡t ❛❧✳✱ ✷✵✵✹❪✳ ❋✐♥❛❧❧②✱ ❛♥❞

❛s ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ♣r❡✲❛♥♥♦✉♥❝❡♠❡♥t r✉♥✉♣s ❝❛♥ ♣❛r✲

t✐❛❧❧② s✉❜st✐t✉t❡ ♣r❡♠✐✉♠s ❛❧t❤♦✉❣❤ t❤❡ ♥❡t ❡✛❡❝t ✐s✱ ♦♥ ❛✈❡r❛❣❡✱ ❛❞❞✐t✐✈❡ ❬❏❛rr❡❧❧

❛♥❞ P♦✉❧s❡♥✱ ✶✾✽✾✱ ❙❝❤✇❡rt✱ ✶✾✾✻✱ ❇❡tt♦♥ ❡t ❛❧✳✱ ✷✵✵✽❜❪✳ ❖✉r ♣❛♣❡r ❝♦♥tr✐❜✉t❡s

t♦ t❤✐s ❧✐t❡r❛t✉r❡ ❜② ♣r♦✈✐❞✐♥❣ ❛ t❤❡♦r② ❛♥❞ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡

♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ■♥ ❞♦✐♥❣ s♦✱ ✇❡ ❛❧s♦ ✐❞❡♥t✐❢② ❛♥❞ ❡①♣❧❛✐♥ ❛♥t❡❝❡♥❞❡♥ts

❢♦r ✈❡r② ❧♦✇ ♣r❡♠✐✉♠s✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s ❛ t❤❡✲

♦r❡t✐❝❛❧ ♠♦❞❡❧ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❞❡r✐✈❡s ❢♦r♠❛❧ ♣r♦♣♦s✐t✐♦♥s ❛♥❞ ❡①♣❧❛✐♥s

❤♦✇ t❤✐s r❡s❡❛r❝❤ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳ ❙❡❝t✐♦♥ ✸ ♣r♦✈✐❞❡s ❛

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❛t❛ s♦✉r❝❡s ❛♥❞ ♦✉t❧✐♥❡s t❤❡ ❡st✐♠❛t❡s ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✲

✉♠s ❛♥❞ ❱▲Ps ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧✳ ❙❡❝t✐♦♥ ✹ ♣r♦✈✐❞❡s ✉♥✐✈❛r✐❛t❡ ❛♥❞ ♠✉❧t✐✈❛r✐❛t❡

❛♥❛❧②s❡s ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛♥❞ ♠❛r❦❡t r❡❛❝t✐♦♥s t♦ t❤❡✐r ❛♥♥♦✉♥❝❡♠❡♥t✳

❙❡❝t✐♦♥ ✺ s❤♦✇s t❤❛t t❤❡ ✜♥❞✐♥❣s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❣❡♥❡r❛❧✐③❡ t♦ ❱▲Ps ✉♣

t♦ t❤❡ ✹✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ♣r❡♠✐✉♠ ❞✐str✐❜✉t✐♦♥✳ ❙❡❝t✐♦♥ ✻ ♦✛❡rs r♦❜✉st♥❡ss

❝❤❡❝❦s ❢♦r ❞✐✛❡r❡♥t ♣r❡♠✐✉♠ ♠❡❛s✉r❡s✳ ❙❡❝t✐♦♥ ✼ s✉♠♠❛r✐③❡s t❤❡ ✜♥❞✐♥❣s ❛♥❞

❝♦♥❝❧✉❞❡s✳

✷ ❚❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥s

▼❛♥② r❡s❡❛r❝❤❡rs ❝♦♥s✐❞❡r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛s ♥♦✐s❡ ❛♥❞ ❡①❝❧✉❞❡ t❤❡♠

❢r♦♠ t❤❡✐r ❛♥❛❧②s❡s✳ ■♥❞❡❡❞✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ♠♦st❧② r❡❧❛t❡❞ t♦

❞❛t❛ r❡❝♦r❞✐♥❣ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ✐ss✉❡s✱ t❤❛t ❝❛♥ ♣r♦❞✉❝❡ s✉❝❤ ♥♦✐s❡✳ ■♥ ❙❡❝t✐♦♥

✸✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡s❡ t❡❝❤♥✐❝❛❧ r❡❛s♦♥s ✐♥ ❞❡t❛✐❧ ❛s t❤❡② ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t

r♦❧❡ ✐♥ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛ ❝❧❡❛♥ s❛♠♣❧❡ ✇✐t❤ ✉♥❜✐❛s❡❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡s✳

❆♣❛rt ❢r♦♠ t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ❤♦✇❡✈❡r✱ t❤❡r❡ ❛❧s♦ ❡①✐st ❛ ♥✉♠❜❡r ♦❢ t❤❡✲

♦r❡t✐❝❛❧ r❡❛s♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❇❡❢♦r❡ ✇❡ ❞✐s❝✉ss t❤❡s❡ t❤❡♦r❡t✐❝❛❧

❡①♣❧❛♥❛t✐♦♥s ✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s✳

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ♣❡rt✐♥❡♥t ❧✐t❡r❛t✉r❡ ❬❡✳❣✳✱ ❇❡tt♦♥ ❡t ❛❧✳✱ ✷✵✵✽❛❪ ✇❡ ❝♦♠♣✉t❡

♣r❡♠✐✉♠s ❛t t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ❛ t❛❦❡♦✈❡r ♦✛❡r ❛♥❞ r❡❢❡r t♦ t❤❡♠ ❡✐t❤❡r ❛s

♦✛❡r ♣r❡♠✐✉♠s ♦r s✐♠♣❧② ❛s ♣r❡♠✐✉♠s p ∈ (−1,∞)✱ ✇✐t❤

p =
b

vT
− 1 ✭✶✮

✇❤❡r❡ b > 0 ✐s t❤❡ ✐♥✐t✐❛❧ ♣✉❜❧✐❝ ❜✐❞ ❢♦r ❛ t❛r❣❡t ❛♥❞ vT > 0 ✐s t❤❡ t❛r❣❡t✬s

st❛♥❞✲❛❧♦♥❡ ♠❛r❦❡t ✈❛❧✉❡ ♣r✐♦r t♦ t❤✐s ❜✐❞✳ ❚❤❡ ✐♥✐t✐❛❧ ♣✉❜❧✐❝ ❜✐❞ ✐s t❤❡ ✈❡r②

✜rst✱ ♣✉❜❧✐❝❧② ❛♥♥♦✉♥❝❡❞ ♦✛❡r ❢♦r t❤❡ t❛r❣❡t✱ ❢r❡❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♦♥ s✉❜s❡q✉❡♥t

❡✈❡♥ts s✉❝❤ ❛s ❝♦♠♣❡t✐♥❣ ❜✐❞s✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ t❛r❣❡t ♦♥❧② ❤❛s

♦♥❡ t②♣❡ ♦❢ ✭❝♦♠♠♦♥✮ s❤❛r❡ ❛♥❞ t❤❛t t❤❡ ❜✐❞❞❡r ♦✛❡rs t♦ ❛❝q✉✐r❡ ❛❧❧ ♦✉tst❛♥❞✐♥❣

s❤❛r❡s ♦❢ t❤❡ t❛r❣❡t✳

✻



❚❤❡ ♦✛❡r ♣r❡♠✐✉♠ p ✐s ♥❡❣❛t✐✈❡ ✐❢ b < vT ✳ ❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ ❛ ♥❡❣❛t✐✈❡ ♣r❡✲

♠✐✉♠ ❛t t❤❡ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t✱ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ♠✉st ❜❡ ❝♦♥✈✐♥❝❡❞

t❤❛t t❤❡② ✇✐❧❧ ❣❛✐♥ ❢r♦♠ t❤❡ ❝♦♥s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ♠❡r❣❡r✳ ❆❢t❡r ❛❧❧✱ ❜♦t❤ ♣❛r✲

t✐❡s ♣✉rs✉❡ t❤❡ ♠❡r❣❡r ✈♦❧✉♥t❛r✐❧②✳ ❍❡♥❝❡✱ ❛ t❤❡♦r② t❤❛t ❡①♣❧❛✐♥s ♥❡❣❛t✐✈❡ ♦✛❡r

♣r❡♠✐✉♠s ♠✉st ❞♦ s♦ ✐♥ t❤❡ ❧✐❣❤t ♦❢ s✉✣❝✐❡♥t❧② ❤✐❣❤ ♣♦st✲♠❡r❣❡r s②♥❡r❣✐❡s ❢♦r

t❤❡ t❛r❣❡t✱ s♦ t❤❛t ✐ts s❤❛r❡❤♦❧❞❡rs ❣✐✈❡ ✉♣ t❤❡✐r ❡q✉✐t②✳ ❚♦ s❛t✐s❢② t❤✐s ♣❛rt✐❝✲

✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✱ t❤❡ ♣r❡♠✐✉♠ t❤❛t t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❡①♣❡❝t t♦ r❡❝❡✐✈❡

❛❢t❡r t❤❡ ❝♦♥s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ❞❡❛❧ ♠✉st ❜❡ ♣♦s✐t✐✈❡✳ ❲❡ ❤❡♥❝❡❢♦rt❤ r❡❢❡r t♦

t❤✐s ♣r❡♠✐✉♠ ❛s ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ pm ∈ (0,∞)✳

❆❝❝♦r❞✐♥❣ t♦ ✭✶✮✱ t✇♦ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠s✿ ♦♥❡

t❤❛t ❢♦❝✉s❡s ♦♥ t❛r❣❡t✬s st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❛t✐♦♥s ❛♥❞ ❡①♣❧❛✐♥s ✇❤② vT > b✱ ❛♥❞

♦♥❡ t❤❛t ❢♦❝✉s❡s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❜✐❞ ❛♥❞ ❡①♣❧❛✐♥s ✇❤② b < vT ✳ ❲❡ ♣r❡s❡♥t t❤❡

❡①♣❧❛♥❛t✐♦♥s ✐♥ t❤✐s ♦r❞❡r✳

✷✳✶ ❚❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥

■❢ t❤❡ t❛r❣❡t ✐s ♦✈❡r✈❛❧✉❡❞✱ ✐ts st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ ✐♥ ✭✶✮ ♠❛② ❜❡ ❤✐❣❤❡r t❤❛♥ t❤❡

✐♥✐t✐❛❧ ♣✉❜❧✐❝ ❜✐❞✱ ❧❡❛❞✐♥❣ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛t t❤❡ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t✳

❋♦r t❤✐s t♦ ♦❝❝✉r✱ t✇♦ ❝♦♥❞✐t✐♦♥s ❤❛✈❡ t♦ ❜❡ s❛t✐s✜❡❞✳ ❋✐rst✱ t❤❡ ❜✐❞❞❡r ✐s ❛❜❧❡

t♦ ❡st✐♠❛t❡ t❤❡ ❢❛✐r ✈❛❧✉❡ ♦❢ t❤❡ t❛r❣❡t ❜❡❢♦r❡ ❛♥♥♦✉♥❝✐♥❣ t❤❡ ❜✐❞✳ ❚❤✐s ♠❛②

♣❛rt✐❝✉❧❛r❧② ❜✉t ♥♦t ❡①❝❧✉s✐✈❡❧② ❛♣♣❧② t♦ s♦❧✐❝✐t❡❞ ❜✐❞s✳ ❋♦r ❡①❛♠♣❧❡✱ ❇♦♦♥❡

❛♥❞ ▼✉❧❤❡r✐♥ ❬✷✵✵✼❪ r❡♣♦rt t❤❛t ✐♥✈✐t❡❞ ❜✐❞❞❡rs ♦❢t❡♥ ❤❛✈❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦

❝♦♥❞✉❝t s❡✈❡r❛❧ r♦✉♥❞s ♦❢ ❞❡t❛✐❧❡❞ ✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ t❛r❣❡t✱ ✐♥❝❧✉❞✐♥❣ ❛ ❞✉❡

❞✐❧✐❣❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✐ts ❢❛✐r ✈❛❧✉❡ ❛♥❞ ♣♦ss✐❜❧❡ s②♥❡r❣✐❡s ♣r✐♦r t♦ t❤❡

❛♥♥♦✉♥❝❡♠❡♥t ♦❢ t❤❡✐r ♦✛❡r✳ ❙❡❝♦♥❞✱ ❜❛s❡❞ ♦♥ t❤❡ t❛r❣❡t✬s ❢❛✐r ✈❛❧✉❛t✐♦♥✱ t❤❡

♦✛❡r ♣r❡♠✐✉♠ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥✳

▲❡t t❤❡ t❛r❣❡t✬s st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ vT ❝♦♠♣r✐s❡ ❛ ❢❛✐r ♦r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱

vTf > 0✱ ❛♥❞ ❛ ♣♦ss✐❜❧❡ ♦✈❡r✈❛❧✉❛t✐♦♥✱ δ ≥ 0✱ s✉❝❤ t❤❛t vT = vTf + δ✳ ❚❤❡

❡①♣❡❝t❡❞ ❥♦✐♥t s②♥❡r❣② ❣❛✐♥s ❢r♦♠ t❤❡ t❛❦❡♦✈❡r✱ s > 0, ❛r❡ s❤❛r❡❞ s✉❝❤ t❤❛t

t❤❡ t❛r❣❡t r❡❝❡✐✈❡s λs✱ ✇❤❡r❡ λ ∈ [0, 1] ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ❛♥❞

❜✐❞❞❡r ❝♦♠♣❡t✐t✐♦♥✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜✐❞❞❡r ♦✛❡rs ❛ ❢❛✐r ❜✐❞✿

b = vTf + λs ✭✷✮

❚❤❡♥ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ p✱ ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✮✱ ✐s

p =
vTf + λs

vTf + δ
− 1 =

λs− δ

vTf + δ
✭✸✮

■❢ λs ≥ δ✱ t❤❡ t❛r❣❡t✬s s❤❛r❡ ♦❢ ❥♦✐♥t ♠❡r❣❡r s②♥❡r❣✐❡s ❢✉❧❧② ❝♦♠♣❡♥s❛t❡s ❢♦r

t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✇✐❧❧ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡✳ ❍♦✇❡✈❡r✱ ✐❢ δ >

✼



λs✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✐s ♥❡❣❛t✐✈❡✱ ❛s s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ t❤❡ t❛r❣❡t ✐s s✉✣❝✐❡♥t❧② ♦✈❡r✈❛❧✉❡❞✱ ✇✐t❤ δ > λs✱ ❛ ❢❛✐r ❜✐❞

b = vTf + λs r❡s✉❧ts ✐♥ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ p❁✵✳

❚❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✇✐❧❧ ♥❡✈❡rt❤❡❧❡ss ❜❡ ♣♦s✐t✐✈❡✳ ❘❡♠❡♠❜❡r t❤❛t

t❤❡ ♠❛♥❛❣❡♠❡♥t t❡❛♠s ♦❢ ❜♦t❤ ♠❡r❣❡r ♣❛rt✐❡s ❤❛✈❡ ❛ ❝♦♥s❡♥s✉s ✈✐❡✇ ♦♥ t❤❡

t❛r❣❡t✬s ❢❛✐r ✈❛❧✉❡✳ ❍❡♥❝❡✱ ❜② ❡① ❛♥t❡ ❝♦rr❡❝t✐♥❣ ❢♦r t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥✱ s✉❝❤ t❤❛t

δ = 0 ✐♥ ✭✸✮✱ t❤❡ t✇♦ ♣❛rt✐❡s ❛❧✇❛②s ♥❡❣♦t✐❛t❡ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❢❛✐r ♣♦st✲♠❡r❣❡r

♣r❡♠✐✉♠ pm = λs/vTf ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ t❛r❣❡t ♠❛♥❛❣❡♠❡♥t ❛❝❝❡♣ts t❤❡

❞✐s❝❧♦s✉r❡ ♦❢ t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛t t❤❡ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t✳ ❆ r❡❛s♦♥ ❝♦✉❧❞

❜❡ t❤❛t t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ✇♦✉❧❞ s♦♦♥ ❜❡❝♦♠❡ ♣✉❜❧✐❝ ❦♥♦✇❧❡❞❣❡ ❛♥②✇❛②✳ ❚❛r❣❡t

♠❛♥❛❣❡♠❡♥t ♠❛②✱ ❢♦r ❡①❛♠♣❧❡✱ ❛♥t✐❝✐♣❛t❡ t❤❛t ✐t ❤❛s t♦ ❛♥♥♦✉♥❝❡ ✉♥❡①♣❡❝t❡❞❧②

❧♦✇ ♣r♦✜ts ♦r ♦t❤❡r ❜❛❞ ♥❡✇s t♦ ✐ts s❤❛r❡❤♦❧❞❡rs✳ ■❢ t❤✐s✱ ✇✐❧❧✐♥❣❧② ♦r ✉♥✇✐❧❧✐♥❣❧②✱

❝♦✐♥❝✐❞❡s ✇✐t❤ ♣r❡✲❛♥♥♦✉♥❝❡♠❡♥t ♠❡r❣❡r ♥❡❣♦t✐❛t✐♦♥s✱ t❛r❣❡t ♠❛♥❛❣❡♠❡♥t ♠❛②

❝❤♦♦s❡ t♦ r❛t❤❡r ❛♥♥♦✉♥❝❡ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ t❤❛♥ ❛♥ ❡✈❡♥ ✇♦rs❡ ♦✈❡r✈❛❧✉❛t✐♦♥✳

❇❡s✐❞❡s t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t✬s ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ♣r❡✲❜✐❞ r✉♥✉♣s

♣❧❛② ❛ s♣❡❝✐❛❧ r♦❧❡✱ ❜❡❝❛✉s❡ t❤❡② ♠❛② ❝♦♥st✐t✉t❡ s♣❡❝✉❧❛t✐✈❡ ♦✈❡r✈❛❧✉❛t✐♦♥ t❤❛t

✐s tr✐❣❣❡r❡❞ ❜② t❤❡ ♠❡r❣❡r ✐ts❡❧❢✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✈✐❡✇ ✐s t❤❛t r✉♥✉♣s r❡✢❡❝t

t❛❦❡♦✈❡r ❛♥t✐❝✐♣❛t✐♦♥ ❜❛s❡❞ ♦♥ ❞✐✈❡rs❡ ✐♥❢♦r♠❛t✐♦♥✱ s✉❝❤ ❛s ♦t❤❡r ♠❡r❣❡rs ✐♥

t❤❡ s❛♠❡ ✐♥❞✉str②✱ r✉♠♦rs ❛♥❞ s♣❡❝✉❧❛t✐♦♥s ✐♥ t❤❡ ♠❡❞✐❛✱ str❡❡t t❛❧❦✱ ♦r ❛♥②

❦✐♥❞ ♦❢ ♥❡✇s t❤❛t ♣✉ts t❤❡ t❛r❣❡t ✐♥t♦ ♣❧❛② ❬❏❛rr❡❧❧ ❛♥❞ P♦✉❧s❡♥✱ ✶✾✽✾✱ ❊❝❦❜♦✱

✷✵✵✾❪✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ✈✐❡✇✱ ✇❤✐❝❤ ✐s r❡❢❡rr❡❞ t♦ ❛s s✉❜st✐t✉t✐♦♥ ❤②♣♦t❤❡s✐s✱

t❤❡ r✉♥✉♣ r❡✢❡❝ts s♦♠❡ ♣♦rt✐♦♥ ♦❢ t❤❡ t❛r❣❡t✬s s❤❛r❡ ♦❢ ❢✉t✉r❡ s②♥❡r❣✐❡s ❛♥❞

t❤✉s ♣❛rt✐❛❧❧② s✉❜st✐t✉t❡s t❤❡ ♣r❡♠✐✉♠✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✈✐❡✇ ✐s t❤❛t r✉♥✉♣s ❞♦

♥♦t r❡✢❡❝t ❢✉t✉r❡ ♠❡r❣❡r ❣❛✐♥s✱ ❜✉t ❝♦♥t❛✐♥ ♥❡✇ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ t❛r❣❡t✬s

❢✉♥❞❛♠❡♥t❛❧ st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡✳ ❆ ❞♦❧❧❛r ✐♥❝r❡❛s❡ ✐♥ t❤❡ r✉♥✉♣ t❤❡♥ ❢♦r❝❡s t❤❡

❜✐❞❞❡r t♦ r❡s♣♦♥❞ ❜② ♠❛r❦✐♥❣ ✉♣ t❤❡ ♣❧❛♥♥❡❞ ♦✛❡r ♣r✐❝❡ ❜② ❛ ❞♦❧❧❛r✳ ❆❝❝♦r❞✐♥❣

t♦ t❤✐s ♠❛r❦✉♣ ❤②♣♦t❤❡s✐s✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱ ❜❡❝❛✉s❡ ✐❢ t❤❡

r✉♥✉♣ s✐❣♥❛❧s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛r❣❡t✬s st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ t❤❡ ♠❛r❦✉♣ ♣r✐❝✐♥❣

❢♦❧❧♦✇s ♥❛t✉r❛❧❧②✳ ❊♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❡①❝❧✉s✐✈❡ s✉♣♣♦rt ❢♦r

t❤❡ ♦♥❡ ♦r t❤❡ ♦t❤❡r ✈✐❡✇✳ ❲❤✐❧❡ ❏❛rr❡❧❧ ❛♥❞ P♦✉❧s❡♥ ❬✶✾✽✾❪ r❡♣♦rt r❡s✉❧ts t❤❛t

❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s✉❜st✐t✉t✐♦♥ ❤②♣♦t❤❡s✐s✱ ❙❝❤✇❡rt ❬✶✾✾✻❪ ✜♥❞s s✉♣♣♦rt

❢♦r t❤❡ ♠❛r❦✉♣ ❤②♣♦t❤❡s✐s✳ ❇❡tt♦♥ ❡t ❛❧✳ ❬✷✵✵✽❜❪ ❡st✐♠❛t❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❜✐❞

✐s ♠❛r❦❡❞ ✉♣ ❜② ✼✺✲✽✵ ♣❡r❝❡♥t ♦❢ t❤❡ r✉♥✉♣ ❛♥❞ s✉❜st✐t✉t❡❞ ❜② t❤❡ r❡♠❛✐♥✐♥❣

✷✵✲✷✺ ♣❡r❝❡♥t✳✺

✺◆♦t❡ t❤❛t ❛ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r✉♥✉♣s ❛♥❞ ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ ✐s t❤❡ ♣r❡✈❛❧❡♥t
t❡st ❢♦r t❤❡ ♠❛r❦✉♣✲❤②♣♦t❤❡s✐s ✐♥ t❤❡ ♣❡rt✐♥❡♥t ❧✐t❡r❛t✉r❡✱ ❞♦❡s ♥♦t ❡①❝❧✉❞❡ t❤❡ s✉❜st✐t✉t✐♦♥
❤②♣♦t❤❡s✐s✱ ❜❡❝❛✉s❡ ❛ ❤✐❣❤❡r r✉♥✉♣ ❝♦✉❧❞ ❜❡ ❛♥ ✐♥❞✐❝❛t♦r ❢♦r ❛♥t✐❝✐♣❛t❡❞ ❤✐❣❤❡r t♦t❛❧ s②♥❡r❣✐❡s
❛♥❞ ❤✐❣❤❡r ♣r❡♠✐✉♠s ❬❊❝❦❜♦✱ ✷✵✵✾✱ ❇❡tt♦♥ ❡t ❛❧✳✱ ✷✵✵✽❜❪✳ ❍❡♥❝❡✱ t❤❡ ✬♠❛r❦✉♣✬ ❝♦✉❧❞ ❜❡
❞❡t❡r♠✐♥❡❞ ❜❡❢♦r❡ t❤❡ r✉♥✉♣✱ ✇❤✐❝❤ ✇♦✉❧❞ s✉♣♣♦rt t❤❡ s✉❜st✐t✉t✐♦♥ ❤②♣♦t❤❡s✐s✳ ❈♦♥s✐st❡♥t
✇✐t❤ t❤✐s ✈✐❡✇✱ ❇❡tt♦♥ ❡t ❛❧✳ ❬✷✵✵✽❜❪ r❡♣♦rt t❤❛t ❜✐❞❞❡rs ❛❜♥♦r♠❛❧ ❛♥♥❝♦✉♥❝❡♠❡♥t r❡t✉r♥s

✽



❊✈❡♥ ✐❢ ❛✈❡r❛❣❡ r✉♥✉♣s ❞♦ ♥♦t ❢✉❧❧② s✉❜st✐t✉t❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠s✱ t❤❡✐r

♦✉t❧✐❡rs ♠❛② ♥❡✈❡rt❤❡❧❡ss ❜❡ ❡①tr❡♠❡ ❡♥♦✉❣❤ t♦ ♣r♦❞✉❝❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s❀

✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❛t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡ ❛❧s♦ ❡①❝❡♣t✐♦♥s t♦

t❤❡ r✉❧❡✳✻ ❚♦ s❡❡ t❤✐s✱ s✉❜st✐t✉t❡ δ ✐♥ ✭✸✮ ❜② E (λs)✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❛r❣❡t✬s

❡①♣❡❝t❡❞ ♠❡r❣❡r ❣❛✐♥s t❤❛t ❛r❡ ❛♥t✐❝✐♣❛t❡❞ ✐♥ ❛ ❞✐r❡❝t❧② s✉❜st✐t✉t✐♥❣ r✉♥✉♣✳✼

❍❡♥❝❡✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ❞❡❝r❡❛s❡s ✐♥ E (λs)✳ ❆t E (λs) = λs t❤❡ r✉♥✉♣ ♣❡r✲

❢❡❝t❧② ❛♥t✐❝✐♣❛t❡s t❤❡ ♣r❡♠✐✉♠✱ r❡s✉❧t✐♥❣ ✐♥ p = 0✳ ❚❤❡ ❦❡② ❢♦r ♥❡❣❛t✐✈❡ ♣r❡✲

♠✐✉♠s ✐s t❤❛t s✉❜st✐t✉t✐♥❣ r✉♥✉♣s r❡✢❡❝t ❡①♣❡❝t❛t✐♦♥s✳ ❚❤✉s✱ t❤❡r❡ ✐s r♦♦♠ ❢♦r

❡rr♦r✳ ❆♥❛❧♦❣♦✉s t♦ Pr♦♣♦s✐t✐♦♥ ✭✶✮✱ ✇❤❡r❡ ✐♥✈❡st♦rs ❝❛♥ ♦✈❡r❡st✐♠❛t❡ ❛ t❛r❣❡t✬s

❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ❤❡r❡ ✐♥✈❡st♦rs ❝❛♥ ♦✈❡r❡st✐♠❛t❡ ❛ t❛r❣❡t✬s ❛❝t✉❛❧ ❣❛✐♥ ❢r♦♠

t❤❡ ♠❡r❣❡r✱ s♦ t❤❛t E (λs) > λs✳ ❍❡♥❝❡✱ ✐❢ t❤❡ ❛♥t✐❝✐♣❛t✐♦♥ ♦❢ ♠❡r❣❡r ❣❛✐♥s ✐s

♦✈❡r❧② ♦♣t✐♠✐st✐❝✱ ❛♥ ❡①❝❡ss✐✈❡ r✉♥✉♣ ✐♥❝r❡❛s❡s t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐♥ ✭✸✮ ❛❜♦✈❡ t❤❡

❢❛✐r ❜✐❞ ✭vTf +E (λs) > vTf +λs✮✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠✳ ❲❡

s✉♠♠❛r✐③❡ t❤✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ ❛ r✉♥✉♣ ✭✐✮ s✉❜st✐t✉t❡s ❛♥❞ ✭✐✐✮ ♦✈❡r❡st✐♠❛t❡s t❤❡ t❛r❣❡t✬s

s❤❛r❡ ♦❢ ❢✉t✉r❡ s②♥❡r❣✐❡s✱ s♦ t❤❛t E (λs) > λs✱ t❤❡♥ ❛ ❢❛✐r ❜✐❞ b = vTf + λs

r❡s✉❧ts ✐♥ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ p❁✵✳

■❢ ❛ t❛r❣❡t ✐s s✉✣❝✐❡♥t❧② ♦✈❡r✈❛❧✉❡❞✱ ❡✐t❤❡r ✐♥ ✐ts st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ ♦r ✐♥

✐ts ♠❡r❣❡r ❣❛✐♥s ✭r✉♥✉♣✮✱ Pr♦♣♦s✐t✐♦♥ ✭✶✮ ❛♥❞ ✭✷✮ s❤♦✇ t❤❛t ✐t ❝❛♥♥♦t ❛✈♦✐❞ ❛

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ✐♥ ❛ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t✳ ■♥ ❛r❣✉♠❡♥t✉♠ ❡ ❝♦♥tr❛r✐♦✱ ✐❢

❛ t❛r❣❡t ❛♥♥♦✉♥❝❡s ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ❞✉❡ t♦ ♦✈❡r✈❛❧✉❛t✐♦♥✱ t❤❡ s❤❛r❡❤♦❧❞❡rs

✇✐❧❧ ❝♦rr❡❝t t❤✐s ♦✈❡r✈❛❧✉❛t✐♦♥ ✇✐t❤ ♥❡❣❛t✐✈❡ ❛❜♥♦r♠❛❧ ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥s✱

❛s s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳✽

Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ ❛ t❛r❣❡t✬s ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ vTf ✱ ♦r ✐ts ♠❡r❣❡r ❣❛✐♥s λs✱ ♦r

❜♦t❤✱ ❛r❡ s✉✣❝✐❡♥t❧② ♦✈❡r❡st✐♠❛t❡❞✱ s✉❝❤ t❤❛t δ > λs ♦r E(λs) > λs ✐♥ ✭✸✮✱ t❤❡

t❛r❣❡t✬s ❛❜♥♦r♠❛❧ ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐s ♥❡❣❛t✐✈❡✳

❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❛r❣❡t r✉♥✉♣s✱ ✇❤✐❝❤ s✉♣♣♦rts t❤❡ ♥♦t✐♦♥ t❤❛t r✉♥✉♣s ❛r❡ ❛♥
❡♠♣✐r✐❝❛❧ ♣r♦①② ❢♦r t♦t❛❧ t❛❦❡♦✈❡r s②♥❡r❣✐❡s ✐♥ t❤❡ ❝r♦ss✲s❡❝t✐♦♥✳

✻❊❞♠❛♥s ❡t ❛❧✳ ❬✷✵✶✷❪ s❤♦✇ t❤❛t ♠❡r❣❡r ❡①♣❡❝t❛t✐♦♥ ❝❛♥ ♣r♦❞✉❝❡ s✉❜st✐t✉t✐♥❣ r✉♥✉♣s t❤❛t
❛r❡ ❤✐❣❤ ❡♥♦✉❣❤ t♦ ❞❡t❡r t❤❡ ❛♥t✐❝✐♣❛t❡❞ ❜✐❞✳

✼E(λs) r❡✢❡❝ts t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ♠❡r❣❡ ✭Prob(M)✮ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧❧② ❡①♣❡❝t❡❞ ♣r❡✲
♠✐✉♠ E(λs|M).

✽❋♦r s✐♠♣❧✐❝✐t② ✐♥ ♦✉r ♠♦❞❡❧✱ ❞❡✜♥❡ ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥s ❛s vTt+1
/vTt−1

− 1✱ ✇✐t❤ vTt−1
=

vT
f

+ δ✱ ♦r vTt−1
= vT

f
+ E(λs)✱ ❛♥❞ vTt+1

= vT
f

+ λs✱ ✇❤❡r❡ t − 1 ❛♥❞ t + 1 ❝♦rr❡s♣♦♥❞ t♦
♣r❡✲ ❛♥❞ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ❞❛t❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❛❧s♦ ❤♦❧❞s✱ ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ ❢♦r ❛❜♥♦r♠❛❧ ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥s✳

✾



✷✳✷ ❍✐❞❞❡♥ ❡❛r♥♦✉t

❲❤❡♥ t❤❡ st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ ♦❢ t❤❡ t❛r❣❡t ♣r✐♦r t♦ t❤❡ ✐♥✐t✐❛❧ ♠❡r❣❡r ❛♥♥♦✉♥❝❡✲

♠❡♥t ✐s ❢❛✐r✱ t❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✮✱ ♦♥❧② ❛ ❜✐❞ t❤❛t ✐s ❧♦✇❡r t❤❛♥ t❤❡ ❢❛✐r

st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ ❝❛♥ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❖♥❡ ♦❢ t❤❡ ✉s✉❛❧ s✉s♣❡❝ts

❢♦r ❧♦✇❡r✲t❤❛♥✲❢❛✐r ✈❛❧✉❛t✐♦♥s ✐s ❛❣❡♥❝② ❝♦sts✱ ❜✉t✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱

❛❣❡♥❝② t❤❡♦r② ✐s ♥♦t ❛❜❧❡ t♦ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❆ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤

t♦ ❡①♣❧❛✐♥ ❜✐❞s t❤❛t ❛r❡ ❧♦✇❡r t❤❛♥ ❛ t❛r❣❡t✬s ❢❛✐r st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡✱ ✐s t♦ ❧♦♦❦ ❛t

t❤❡✐r ❢♦r♠ ♦❢ ♣❛②♠❡♥t✳ ❍❡r❡✱ ❛ ❞✐st✐♥❝t✐♦♥ ♠✉st ❜❡ ♠❛❞❡ ❜❡t✇❡❡♥ st♦❝❦✲s✇❛♣s

❛♥❞ ♦t❤❡r ❢♦r♠s ♦❢ ♣❛②♠❡♥t✱ s✉❝❤ ❛s ❝❛s❤ ♦r ❞❡❜t ✐ss✉❡❞ ❜② t❤❡ ❛❝q✉✐r❡r t♦

t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✳ ■♥ st♦❝❦✲s✇❛♣s t❤❡ ❛❝q✉✐r❡r ♣❛rt✐❛❧❧② tr❛♥s❢❡rs ♦✇♥❡rs❤✐♣

❛♥❞✱ ✐♥ ❞♦✐♥❣ s♦✱ ❡✛❡❝t✐✈❡❧② ♣❛②s ♠♦r❡ t❤❛♥ t❤❡ ❛♥♥♦✉♥❝❡❞ ♣r❡♠✐✉♠ ❢♦r t❤❡

t❛r❣❡t✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❝♦♠♠♦♥❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❵❝♦st ♦❢ st♦❝❦ ♠❡r❣❡rs✬

❬❇r❡❛❧❡② ❡t ❛❧✳✱ ✷✵✶✶✱ ♣✳✽✸✷❪ ❛♥❞ ✐s ❜❡st ❡①♣❧❛✐♥❡❞ ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✿

❆ss✉♠❡ ❛♥ ❛❝q✉✐r❡r ❆ ❛♥❞ ❛ t❛r❣❡t ❚ ✇✐t❤ ❢❛✐r st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡s

♦❢ ✷✵✵ ❛♥❞ ✶✵✵ ♠✐❧ ❯✩✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✉♣♣♦s❡ ❆ ❜✉②s ❚ ❢♦r ❛ t♦t❛❧

❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ✶✶✵ ♠✐❧ ❯✩✱ ♣❛②❛❜❧❡ ✐♥ ❆✬s s❤❛r❡s✱ ❛♥❞ t❤❛t t❤❡

t♦t❛❧ s②♥❡r❣✐❡s ♦❢ t❤❡ ❞❡❛❧ ❛r❡ ✺✵ ♠✐❧ ❯✩✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❛ss✉♠❡

t❤❛t ❡❛❝❤ ❯✩ ✐♥ ✈❛❧✉❛t✐♦♥ ❡q✉❛❧s ♦♥❡ ❝♦♠♠♦♥ s❤❛r❡ ♦✉tst❛♥❞✐♥❣✳

❍❡♥❝❡✱ ❆ ✐ss✉❡s ✶✶✵ ♠✐❧ ♥❡✇ s❤❛r❡s✱ ❛❝q✉✐r❡s ❚ ✐♥ ❛ st♦❝❦ s✇❛♣ ✇✐t❤

❛♥ ❛♥♥♦✉♥❝❡❞ ♣r❡♠✐✉♠ ♦❢ ✶✵✪ ❛♥❞ ❡①♣❡❝ts t♦ ❣❛✐♥ ✹✵ ♠✐❧ ❯✩ ✭✺✵✲

✶✵✮✳ ❆❢t❡r t❤❡ ❝♦♥s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ❞❡❛❧✱ t❤❡ ♠❡r❣❡❞ ❡♥t✐t② ✐s ✇♦rt❤

✸✺✵ ♠✐❧ ❯✩✱ ❤❛s ✸✶✵ ♠✐❧ s❤❛r❡s ♦✉tst❛♥❞✐♥❣ ❛♥❞ ❛ s❤❛r❡ ♣r✐❝❡ ✶✳✶✷✾

❯✩✳ ◆♦✇✱ t❤❡ ✶✶✵ ♠✐❧ s❤❛r❡s ♦❢ ❚✬s s❤❛r❡❤♦❧❞❡rs ❛r❡ ✇♦rt❤ ✶✷✹✳✷

♠✐❧ ❯✩✱ ❜✉t t❤❡ ❣❛✐♥s ❢♦r ❆✬s s❤❛r❡❤♦❧❞❡rs ❞r♦♣♣❡❞ t♦ ✷✺✳✽ ♠✐❧ ❯✩

✭✸✺✵✲✷✵✵✲✶✷✹✳✷✮✱ ❞♦✇♥ ❢r♦♠ ❛♥♥♦✉♥❝❡❞ ❣❛✐♥s ♦❢ ✹✵ ♠✐❧ ❯✩✳ ❚❤✉s✱

t❤❡ ❝♦st ♦❢ st♦❝❦ ♠❡r❣❡rs ❢♦r ❆ ✐s ✶✹✳✷ ♠✐❧ ❯✩ ✭✹✵✲✷✺✳✽✮✳

❚❤❡ ❝r✉❝✐❛❧ ✐♥s✐❣❤t ❢♦r ♦✉r ♣✉r♣♦s❡s ✐s t❤❛t ❛ ❝♦st t♦ t❤❡ ❛❝q✉✐r❡r ✐s ❛ ❣❛✐♥

❢♦r t❤❡ t❛r❣❡t✳ ■♥ t❤❡ ❡①❛♠♣❧❡✱ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs r❡❝❡✐✈❡❞ ♦✇♥❡rs❤✐♣ ♦❢ ✸✺✳✺

♣❡r❝❡♥t ✭✶✶✵✴✸✶✵✮ ♦❢ t❤❡ ♠❡r❣❡❞ ❡♥t✐t② ❛♥❞ t❤❡r❡❢♦r❡ ❣❛✐♥✱ ❛❢t❡r t❤❡ ♠❡r❣❡r✱ ❛♥

❛❞❞✐t✐♦♥❛❧ ✸✺✳✺ ♣❡r❝❡♥t ♦❢ t❤❡ ❛❝q✉✐r❡r✬s s❤❛r❡ ♦❢ ♠❡r❣❡r s②♥❡r❣✐❡s✱ ❛♠♦✉♥t✐♥❣ t♦

✶✹✳✷ ♠✐❧ ❯✩ ✭.355 · 40✮✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛♥ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ♦❢ ✷✹✳✷ ♣❡r❝❡♥t✱

✇❤✐❧❡ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✐s ♦♥❧② ✶✵ ♣❡r❝❡♥t✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡

❝♦st ♦❢ st♦❝❦ ♠❡r❣❡rs ❝❛♥ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

❲❤❡♥ t❤❡ ❜✐❞❞❡r ♣❛②s t❤❡ t❛r❣❡t ✇✐t❤ st♦❝❦✱ t❤❡ ♠❡r❣❡r ❛❣r❡❡♠❡♥t s♣❡❝✐✜❡s

❛♥ ❡①❝❤❛♥❣❡ r❛t✐♦ X✳ ❚❤✐s r❛t✐♦ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜✐❞❞❡r s❤❛r❡s t♦ ❜❡ ❡①❝❤❛♥❣❡❞

❢♦r ❡❛❝❤ t❛r❣❡t s❤❛r❡✱ ❛ss✉♠✐♥❣ ❛ ❢❛✐r ❜✐❞ ♣r✐❝❡ b✱ ❛s ✐♥ ✭✷✮✱ ❢♦r ❡❛❝❤ t❛r❣❡t✬s

✶✵



s❤❛r❡ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❢❛✐r st❛♥❞✲❛❧♦♥❡ s❤❛r❡ ♣r✐❝❡ ♦❢ t❤❡ ❜✐❞❞❡r✱ s✉❝❤ t❤❛t

X =
b

NT

KB
=

b

NT
·
NB

vBf
✭✹✮

✇✐t❤ KB = vBf /NB ❞❡♥♦t✐♥❣ t❤❡ ❜✐❞❞❡r✬s ♣r❡✲❜✐❞ s❤❛r❡ ♣r✐❝❡✱ NT ❛♥❞ NB

t❤❡ ♥✉♠❜❡r ♦❢ s❤❛r❡s ♦✉tst❛♥❞✐♥❣ ♦❢ t❤❡ t❛r❣❡t ❛♥❞ ❛❝q✉✐r❡r✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞

vBf t❤❡ st❛♥❞✲❛❧♦♥❡ ♠❛r❦❡t ✈❛❧✉❡ ♦❢ t❤❡ ❜✐❞❞❡r✳✾ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✜rst ❛ss✉♠❡

t❤❛t ❜♦t❤ ♣❛rt✐❡s ❤❛✈❡ ♦♥❧② ❝♦♠♠♦♥ st♦❝❦ ♦✉tst❛♥❞✐♥❣ ❛♥❞ t❤❛t X r❡❢❡rs t♦

♣❛②♠❡♥ts t❤❛t ♦♥❧② ❝♦♥t❛✐♥ st♦❝❦✳✶✵

❙♦❧✈✐♥❣ ✭✹✮ ❢♦r b ❞❡✜♥❡s t❤❡ t♦t❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣✉❜❧✐❝ ❜✐❞ ❛t t❤❡ ❛♥✲

♥♦✉♥❝❡♠❡♥t ♦❢ ❛ ♣✉r❡ st♦❝❦✲❢♦r✲st♦❝❦ ♠❡r❣❡r

b = X ·NT ·KB ✭✺✮

❙✉❜st✐t✉t✐♥❣ ✭✺✮ ✐♥ ✭✶✮✱ ❞❡t❡r♠✐♥❡s t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠

p =
X ·NT ·KB

vTf
− 1 =

X ·NT · vBf
NB · vTf

− 1 ✭✻✮

❆❢t❡r t❤❡ ❝♦♥s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ♠❡r❣❡r✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s❤❛r❡s t❤❛t t❤❡ t❛r❣❡t✬s

♦✇♥❡rs r❡❝❡✐✈❡❞ ❛s ♣❛②♠❡♥t ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❤❛r❡ ♣r✐❝❡ KM ♦❢ t❤❡ ♠❡r❣❡❞

❡♥t✐t② ❛♥❞ ♥♦t ❜② t❤❡ ♣r❡✲❜✐❞ s❤❛r❡ ♣r✐❝❡ KB ♦❢ t❤❡ ❜✐❞❞❡r✳ ❚❤❡ ♣♦st✲♠❡r❣❡r

s❤❛r❡ ♣r✐❝❡

KM =
vBf + vTf + s

NB +X ·NT
✭✼✮

r❡✢❡❝ts ♥♦t ♦♥❧② t❤❡ ♣r❡✲♠❡r❣❡r ✈❛❧✉❡s ♦❢ t❤❡ ❜✐❞❞❡r ❛♥❞ t❤❡ t❛r❣❡t✱ vBf + vTf ✱

❜✉t ❛❧s♦ t❤❡ ♣♦st✲♠❡r❣❡r ✈❛❧✉❡ ♦❢ t❤❡ s②♥❡r❣✐❡s s✱ ❞✐✈✐❞❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r

♦❢ ♣♦st✲♠❡r❣❡r st♦❝❦ ♦✉tst❛♥❞✐♥❣✳ ❆s t❤❡ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t✐♦ X ✐s ✜①❡❞✱ ✐t

r❡✢❡❝ts t❤❡ ♥✉♠❜❡r ♦❢ ♣♦st✲♠❡r❣❡r s❤❛r❡s ✐♥ t❤❡ ❝♦♠❜✐♥❡❞ ✜r♠ t❤❛t t❤❡ t❛r❣❡t✬s

♦✇♥❡rs ❤♦❧❞ ♣❡r ♣r❡✲♠❡r❣❡r s❤❛r❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♣♦st✲♠❡r❣❡r ✈❛❧✉❡ ♣❡r

♦r✐❣✐♥❛❧ t❛r❣❡t s❤❛r❡ ✐s X ·KM ✱ ❛♥❞ t❤❡ t♦t❛❧ ♣♦st✲♠❡r❣❡r ✈❛❧✉❡ ♦❢ t❤❡ ❜✐❞ ✐s

bm = X ·NT ·KM ✭✽✮

✾❚❤✐s ✐s ❛ st❛♥❞❛r❞ t❡①t❜♦♦❦ ❛♣♣r♦❛❝❤✳ ❙❡❡✱ ❡✳❣✳✱ ❉❡P❛♠♣❤✐❧✐s ❬✷✵✵✽✱ ♣✳✸✼✹✲✸✼✼❪✳
✶✵❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ♦✛❡r ♣r✐❝❡ ✐s ✩✹✵ ♣❡r t❛r❣❡t s❤❛r❡✱ ❛♥❞ t❤❡ ❜✐❞❞❡r✬s st❛♥❞✲❛❧♦♥❡ s❤❛r❡

♣r✐❝❡ ✐s ✩✽✵✱ t❤❡ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t✐♦ ✐♥ ❛ ♣✉r❡ st♦❝❦✲s✇❛♣ ♠❡r❣❡r ✐s X = 40/80 = .5✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ ❛❝q✉✐r❡r ✇✐❧❧ ❣✐✈❡ .5 s❤❛r❡s ♦❢ ✐ts ♦✇♥ st♦❝❦ ❢♦r ❡❛❝❤ t❛r❣❡t s❤❛r❡✳ ■❢ t❤❡
st♦❝❦ ♣♦rt✐♦♥ e ♦❢ t❤❡ ❜✐❞ ✐s ❧❡ss t❤❛♥ ✶✵✵✪✱ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ X ✐s ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡
st♦❝❦ ♣♦rt✐♦♥ e✳ ■❢ e = .75✱ t❤❡ t❛r❣❡t r❡❝❡✐✈❡s ✩✶✵ ♣❡r s❤❛r❡ ❛s ❛ ❧✉♠♣✲s✉♠ ♣❛②♠❡♥t ♣❧✉s
X · e = .5 · .75 = .375 ❜✐❞❞❡r s❤❛r❡s ♣❡r t❛r❣❡t s❤❛r❡✳
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❆♥❛❧♦❣♦✉s❧② t♦ ✭✻✮✱ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ ✭✼✮ ❛♥❞

✭✽✮✳

pm =
X ·NT ·KM

vTf
− 1 =

X ·NT

NB +X ·NT
·
vBf + vTf + s

vTf
− 1 ✭✾✮

■❢ t❤❡ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t✐♦ X ✐s ♥♦t r❡✈✐s❡❞ ❛♥❞ ✐❢ t❤❡ ✉♥❞❡r❧②✐♥❣ st❛♥❞✲❛❧♦♥❡

✈❛❧✉❡s vBf + vTf ❛r❡ ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ♠❡r❣❡r✱ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ s♦❧❡❧②

❞❡♣❡♥❞s ♦♥ t❤❡ ❛❝t✉❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡❝t❡❞ s②♥❡r❣✐❡s s✳✶✶ ◆♦t❡ t❤❛t t❤❡

r✐❣❤t ❤❛♥❞ s✐❞❡ ✭❘❍❙✮ ♦❢ ✭✾✮ ❝♦♥t❛✐♥s t❤❡ t❛r❣❡t✬s ❢r❛❝t✐♦♥ ♦❢ ♣♦st✲♠❡r❣❡r ❡q✉✐t②

♦✇♥❡rs❤✐♣ ✐♥ t❤❡ ❝♦♠❜✐♥❡❞ ✜r♠

ξ =
X ·NT

NB +X ·NT
✭✶✵✮

❍❡♥❝❡✱ t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✐s ❝♦♥t✐♥❣❡♥t ♦♥ t❤❡

r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡❝t❡❞ s②♥❡r❣✐❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❛❝t✐♦♥ ξ ♦❢ t♦t❛❧ st♦❝❦

t❤❛t t❤❡ ❢♦r♠❡r ♦✇♥❡rs ♦❢ t❤❡ t❛r❣❡t ❤♦❧❞ ✐♥ t❤❡ ♠❡r❣❡❞ ❝♦♠♣❛♥②✳ ❚❤✐s ❧♦❣✐❝ ✐s

✐❧❧✉str❛t❡❞ ✐♥ ❛ t❛❦❡♦✈❡r ♣r♦♣♦s❛❧ ❢♦r t❤❡ ❉✉t❝❤ ❜❛♥❦ ❆❇◆ ❆♠r♦✳ ■♥ ❛ ❧❡tt❡r

t♦ t❤❡ ❈❤❛✐r♠❛♥ ♦❢ ❆❇◆ ❆♠r♦✱ ❛ ❜✐❞❞❡r ❝♦♥s♦rt✐✉♠ ♦❢ t❤r❡❡ ❜❛♥❦s✱ t❤❡ ❘♦②❛❧

❇❛♥❦ ♦❢ ❙❝♦t❧❛♥❞ ✭❘❇❙✮✱ ❋♦rt✐s✱ ❛♥❞ ❙❛♥t❛♥❞❡r✱ ❛r❣✉❡❞ ❛s ❢♦❧❧♦✇s✿

✏❆s ♦✉r ❖✛❡r ❬✳✳✳❪ ✇✐❧❧ ❝♦♠♣r✐s❡ ❛♣♣r♦①✐♠❛t❡❧② ✼✵ ♣❡r ❝❡♥t ✐♥

❝❛s❤✱ t❤❡ ❡❧❡♠❡♥t ♦❢ ♣♦t❡♥t✐❛❧ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ ✈❛❧✉❡ r❡❧❛t❡s

♦♥❧② t♦ ✸✵ ♣❡r ❝❡♥t ♦❢ ♦✉r ❖✛❡r ❬✳✳✳❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❤❛r❡s t♦

❜❡ ✐ss✉❡❞ ❜② ❘❇❙ ✇♦✉❧❞ ❝♦♥st✐t✉t❡ ❜r♦❛❞❧② ✷✵ ♣❡r ❝❡♥t ♦❢ ❘❇❙✬s

❝✉rr❡♥t ✐ss✉❡❞ s❤❛r❡ ❝❛♣✐t❛❧ ❬✳✳✳❪✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❛ss✉♠❡❞ t❤❛t ❆❇◆

❆▼❘❖ ❤❛s ❛♥ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡ ❜❡❢♦r❡ s②♥❡r❣✐❡s ❬♦❢❪ ❬✳✳✳❪ ❛♣♣r♦①✐✲

♠❛t❡❧② ✼✵ ♣❡r ❝❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ ♦✉r ♣r✐❝❡ ✐♥❞✐❝❛t✐♦♥✳ ❚❤✉s✱

t❤❡♦r❡t✐❝❛❧❧② ❛t ♠♦st ✸✵ ♣❡r ❝❡♥t ♦❢ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ✇♦✉❧❞ ❜❡

❞❡♣❡♥❞❡♥t ♦♥ s②♥❡r❣② r❡❛❧✐③❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✐t ❝♦✉❧❞ ❜❡ ❛r❣✉❡❞ t❤❛t

❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❛♥ ❆❇◆ ❆▼❘❖ s❤❛r❡❤♦❧❞❡r✱ t❤❡ ♣r♦♣♦rt✐♦♥

♦❢ t❤❡ ✈❛❧✉❡ ♦❢ ♦✉r ♣♦ss✐❜❧❡ ♦✛❡r t❤❛t r❡❧❛t❡s t♦ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢

s②♥❡r❣✐❡s ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡s❡ t❤r❡❡ ♣❡r❝❡♥t❛❣❡s ✭✐✳❡✳ ✸✵✪ ① ✷✵✪

① ✸✵✪✮✳✑✶✷

✶✶❆❧t❤♦✉❣❤ ❛ r❡✈✐s✐♦♥ ♦❢ t❤❡ ❡①❝❤❛♥❣❡ r❛t✐♦ ❜❡❢♦r❡ ❝♦♥s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ❞❡❛❧ ✐s ♣♦ss✐❜❧❡✱ ✐t
✇♦✉❧❞ s✐♠♣❧② ❝♦♥st✐t✉t❡ ❛ ♥❡✇ ❜✐❞ b✳

✶✷▲❡tt❡r ♦❢ ▼❛✉r✐❝❡ ▲✐♣♣❡♥s ✭❋♦rt✐s✮✱ ❙✐r ❋r❡❞ ●♦♦❞✇✐♥ ✭❘❇❙✮✱ ❊♠✐❧✐♦ ❇♦t✐♥ ✭❙❛♥✲
t❛♥❞❡r✮✱ ❛♥❞ ❏❡❛♥✲P❛✉❧ ❱♦tr♦♥ ✭❋♦rt✐s✮ t♦ ▼r ❘✐❥❦♠❛♥ ●r♦❡♥✐♥❦ ✭❆❇◆ ❆▼❘❖✮✱
❞❛t❡❞ ▼❛② ✸✱ ✷✵✵✼ ✭❙❊❈ ✜❧✐♥❣ ❋♦r♠ ✻✲❑ ♦❢ ▼❛② ✶✺✱ ✷✵✵✼✱ ❞♦✇♥❧♦❛❞❛❜❧❡ ❛t
❤tt♣✿✴✴✇✇✇✳s❡❝✳❣♦✈✴❆r❝❤✐✈❡s✴❡❞❣❛r✴❞❛t❛✴✽✹✹✶✺✵✴✵✵✵✶✶✾✸✶✷✺✵✼✶✶✹✹✽✺✴❞✻❦✳❤t♠✮

✶✷



❚❤❡ ❧❡tt❡r ❡✛❡❝t✐✈❡❧② ❛♥♥♦✉♥❝❡s ❛♥ ❡q✉✐t②✲❜❛s❡❞ ❡❛r♥♦✉t✳ ■t ❡①♣❧❛✐♥s ✇❤✐❝❤

♣♦rt✐♦♥ ♦❢ t❤❡ ♦✛❡r ✐s ❝♦♥t✐♥❣❡♥t ♦♥ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t✬s s❤❛r❡ ♦❢

♠❡r❣❡r s②♥❡r❣✐❡s✳ ❚❤✐s ♣♦rt✐♦♥ ✐s ❤❡♥❝❡❢♦rt❤ r❡❢❡rr❡❞ t♦ ❛s ❛♥♥♦✉♥❝❡❞ ❡❛r♥♦✉t✱

❞❡✜♥❡❞ ❛s πa = e · ξ · (λs/b) ✇✐t❤ e ❞❡♥♦t✐♥❣ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ t❤❡ ❜✐❞ b✳✶✸ ❚❤❡

❧❡tt❡r ✐♠♣❧✐❡s t❤❛t✱ ❜② ✐♥❝❧✉❞✐♥❣ t❤❡ ❛♥♥♦✉♥❝❡❞ ❡❛r♥♦✉t πa✱ t❤❡ ♣♦st✲♠❡r❣❡r

♣r❡♠✐✉♠ ✐s ❡q✉❛❧ t♦ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ♦❢ ✹✷✳✾ ♣❡r❝❡♥t ✭λs/vTf = .3/.7✮✳ ❚❤✐s

❧♦❣✐❝ ❜✉✐❧❞s ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❆❇◆ ❆♠r♦ r❡❝❡✐✈❡s ❛❧❧ s②♥❡r❣✐❡s ❢r♦♠ t❤❡

♠❡r❣❡r✱ s♦ t❤❛t λ = 1✳✶✹

❘❇❙✱ ❤♦✇❡✈❡r✱ ✐♥t❡♥❞s t♦ ❣❛✐♥ ❢r♦♠ t❤❡ ♠❡r❣❡r✱ s♦ t❤❛t λ < 1✳ ■t ✇✐❧❧ t❤❡r❡✲

❢♦r❡ ❡①♣❡❝t ❛❞❞✐t✐♦♥❛❧ s②♥❡r❣✐❡s ✭(1− λ) s > 0✮✱ ✇❤✐❝❤✱ ✐❢ r❡❛❧✐③❡❞ ❛s ❡①♣❡❝t❡❞✱

✐♥❝r❡❛s❡ t❤❡ ♣♦st✲♠❡r❣❡r s❤❛r❡ ♣r✐❝❡✳ ❆s ❆❇◆ ❆♠r♦✬s s❤❛r❡❤♦❧❞❡rs ❛r❡ ♣❛✐❞

✐♥ st♦❝❦✱ t❤❡② ✇✐❧❧ ❛❧s♦ ❜❡♥❡✜t ❢r♦♠ ❘❇❙✬s s❤❛r❡ ♦❢ s②♥❡r❣✐❡s✳ ❚❤✐s ❡✛❡❝t✐✈❡❧②

r❛✐s❡s t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠s ❛❜♦✈❡ t❤❡ ♦✛❡r ♣r❡♠✐✉♠✳✶✺

❍❡♥❝❡✱ ✐❢ λ < 1✱ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs r❡❝❡✐✈❡ t✇♦ t②♣❡s ♦❢ ❡q✉✐t②✲❜❛s❡❞

❡❛r♥♦✉t✿ ♦♥❡ t❤❛t ✐s ❛♥♥♦✉♥❝❡❞ ❛♥❞ ♦♥❡ t❤❛t ✐s ❤✐❞❞❡♥✳ ❚❤❡ ❧❛tt❡r✱ ❤❡♥❝❡❢♦rt❤

r❡❢❡rr❡❞ t♦ ❛s ❤✐❞❞❡♥ ❡❛r♥♦✉t πh✱ ✐s ♥♦t ❞✐r❡❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♦✛❡r ♣r❡♠✐✉♠✱

❛s t❤❡ ❛♥♥♦✉♥❝❡❞ ❡❛r♥♦✉t πa✱ ❜✉t ❤✐❞❞❡♥ ✐♥ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠✱ ✇❤✐❝❤

✐♥❝❧✉❞❡s t❤❡ ❜✐❞❞❡r✬s s❤❛r❡ ♦❢ s②♥❡r❣✐❡s✳✶✻ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t✇♦

♣r❡♠✐✉♠s t❤❡r❡❢♦r❡ ✐s

pm = p+ πh ✭✶✶✮

◆♦t❡ t❤❛t t❤❡ ❛♠♦✉♥t ♦✛❡r❡❞ ✐♥ ❝❛s❤ ✐s ✐❞❡♥t✐❝❛❧ ❢♦r ❜♦t❤ ♣r❡♠✐✉♠s✳ ❇②

✐♥s❡rt✐♥❣ ✭✻✮ ❛♥❞ ✭✾✮ ✐♥ ✭✶✶✮ t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t ♦❢ t❤❡ ✐♥✐t✐❛❧ ❜✐❞✬s ❡q✉✐t② ♣♦rt✐♦♥

✶✸◆♦t❡ t❤❛t ξ r❡❢❡rs t♦ t❤❡ t❛r❣❡t✬s ❢r❛❝t✐♦♥ ♦❢ ♣♦st✲♠❡r❣❡r ❡q✉✐t② ♦✇♥❡rs❤✐♣ ✐♥ ❛ ✶✵✵ ♣❡r❝❡♥t
st♦❝❦ ♠❡r❣❡r✳ ❚❤❡ ❧❡tt❡r ❡rr♦♥❡♦✉s❧② ✉s❡s t❤❡ ♣r❡✲♠❡r❣❡r ❢r❛❝t✐♦♥ ♦❢ ❡q✉✐t② t❤❛t ❘❇❙ ✇♦✉❧❞
♥❡❡❞ t♦ ✜♥❛♥❝❡ ♦♥❧② ✸✵ ♣❡r❝❡♥t ♦❢ t❛r❣❡t st♦❝❦✳ ❚❤✐s ♥❡❣❧❡❝ts ✭✐✮ t❤❡ ♣♦st✲♠❡r❣❡r ❞✐❧✉t✐♦♥ ♦❢
t❤❡ ♥❡✇❧② ✐ss✉❡❞ s❤❛r❡s ❛♥❞ ✭✐✐✮ ❛♥❞ ✐♥❝❧✉❞❡s t❤❡ st♦❝❦ ♣♦rt✐♦♥ ♦❢ t❤❡ ❞❡❛❧ t✇✐❝❡✿ ♦♥❝❡ ✐♥ t❤❡
✷✵ ♣❡r❝❡♥t ♦❢ ✐ss✉❡❞ ❡q✉✐t② ❛♥❞ ♦♥❝❡ ❛s ❛ s❡♣❛r❛t❡❧② ♠❡♥t✐♦♥❡❞ ✈❛r✐❛❜❧❡✳ ❋♦r ❛ ♣✉r❡ st♦❝❦
♠❡r❣❡r ❘❇❙ ✇♦✉❧❞ ❤❛✈❡ t♦ ✐ss✉❡ 66.6̄ ♣❡r❝❡♥t ✭1/.3 · .2✮ ♦❢ ✐ts ❡q✉✐t②✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦
✹✵ ♣❡r❝❡♥t ✭.6/1.6✮ ♦❢ ♣♦st✲♠❡r❣❡r ❡q✉✐t② ♦✇♥❡rs❤✐♣ ✇✐t❤♦✉t ❝❛s❤ ♣♦rt✐♦♥✳ ❍❡♥❝❡✱ ❣✐✈❡♥ ❛
✸✵ ♣❡r❝❡♥t st♦❝❦ ♣♦rt✐♦♥✱ ✸✳✻ ♣❡r❝❡♥t ✭.3 · .4 · .3✮ ❛♥❞ ♥♦t ✶✳✽ ♣❡r❝❡♥t ✭.3 · .2 · .3✮ ♦❢ t❤❡ ❜✐❞
❝♦♥st✐t✉t❡ t❤❡ ❛♥♥♦✉♥❝❡❞ ❡❛r♥♦✉t✳

✶✹❚♦ s❡❡ t❤✐s✱ ❧❡t p = pm ✭✉s✐♥❣ ✭✻✮ ❛♥❞ ✭✾✮✮ ❛♥❞ s♦❧✈❡ ❢♦r X ✇❤✐❝❤ ②✐❡❧❞s X =
((

vT
f

+ s
)

·NB
)

/NT ·vB
f
✳ ■❢ t❤❡ ❛♥♥♦✉♥❝❡❞ ❜✐❞ ✐s b = vT

f
+λs✱ t❤❡ ♥❡❣♦t✐❛t❡❞ s❤❛r❡ ❡①❝❤❛♥❣❡

r❛t❡ X ✐♥ ✭✹✮ ♦♥❧② ✐♥❝❧✉❞❡s t❤❡ t❛r❣❡t✬s s❤❛r❡ ♦❢ s②♥❡r❣✐❡s λs✳ ❙✉❜st✐t✉t✐♥❣ b = vT
f

+ λs ✐♥ ✹

②✐❡❧❞s X =
((

vT
f

+ λs
)

·NB
)

/NT · vB
f
✳ ❚❤✉s✱ p = pm ♦♥❧② ❤♦❧❞s ✐❢ λ = 1✳

✶✺❋♦r ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ t❤❛t t❤❡ t♦t❛❧ s②♥❡r❣✐❡s s ✐♥ t❤❡ t❛❦❡♦✈❡r q✉♦t❡❞ ✐♥ t❤❡ ❧❡tt❡r ❛r❡
❡q✉❛❧❧② s❤❛r❡❞ ❜❡t✇❡❡♥ ❘❇❙ ❛♥❞ ❆❇◆ ❆♠r♦ ✭λ = .5✮ ❛♥❞ t❤❛t t❤❡② ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ t✇✐❝❡
❛s ❤✐❣❤ ❛s ❆❇◆ ❆♠r♦✬s s❤❛r❡ ✭s = 2λs✮✳ ❚❤❡♥✱ ❆❇◆ ❆♠r♦✬s ❛❞❞✐t✐♦♥❛❧ ❣❛✐♥ ❢r♦♠ ❘❇❙✬s
s❤❛r❡ ♦❢ s②♥❡r❣✐❡s ✭(1− λ) s = .5s✮ ✐s ❡q✉❛❧ t♦ t❤❡ ❛♥♥♦✉♥❝❡❞ ❡❛r♥♦✉t ✭✸✳✻ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts✮✳
❚❤✉s✱ ✇❤✐❧❡ t❤❡ ♦✛❡r ♣r❡♠✐✉♠✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❛♥♥♦✉♥❝❡❞ ❡❛r♥♦✉t✱ r❡♠❛✐♥s ❛t ✹✷✳✾ ♣❡r❝❡♥t
✭.3/.7✮✱ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✐♥❝r❡❛s❡s t♦ ✹✽ ♣❡r❝❡♥t ✭(.3 + .036) /.7✮✳

✶✻❍✐❞❞❡♥ ❡❛r♥♦✉ts ❛r❡ ❛❧s♦ t❤❡ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡q✉✐t②✲❜❛s❡❞ ❡❛r♥♦✉ts ❛♥❞ ❝❛s❤
❡❛r♥♦✉ts✱ ✇❤✐❝❤ ❛r❡ ❢✉t✉r❡ ❝❛s❤ ♣❛②♠❡♥ts t❤❛t ❛r❡ ❝♦♥t✐♥❣❡♥t ✉♣♦♥ s♦♠❡ ♦❜s❡r✈❛❜❧❡ ♠❡❛s✉r❡
♦❢ ♣❡r❢♦r♠❛♥❝❡✳ ❆s ❝❛s❤ ❡❛r♥♦✉ts ❤❛✈❡ ♥♦ ❤✐❞❞❡♥ ❝♦♠♣♦♥❡♥t✱ t❤❡② ❝❛♥ ❜❡ ❢✉❧❧② ✐♥t❡❣r❛t❡❞
✐♥t♦ t❤❡ ♦✛❡r ♣r❡♠✐✉♠✱ ❡✐t❤❡r ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ❛♠♦✉♥t ✭❡✳❣✳✱ ✐♥ ❙❉❈ ❜✐❞ ❞❛t❛✮ ♦r ✇✐t❤ ❛♥
❡①♣❡❝t❡❞ ✈❛❧✉❡✳
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e ∈ [0, 1] ✐s ❞❡✜♥❡❞ ❛s

πh = e · (pm − p) = e ·
ξ ·

(

vBf + vTf + s
)

− b

vTf
✭✶✷✮

❯s✐♥❣ ✭✶✮ ❛♥❞ ✭✶✷✮✱ ✭✶✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✳

pm =
b

vTf
− 1 + e ·

ξ ·
(

vBf + vTf + s
)

− b

vTf

=
b

vTf
(1− e)− 1 + e ·

ξ ·
(

vBf + vTf + s
)

vTf
✭✶✸✮

❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ✉♣♣❡r ❘❍❙ ✐♥ ✭✶✸✮✱ r❡♣r❡s❡♥ts t❤❡ ♦✛❡r ♣r❡♠✐✉♠ p✱ ✇❤✐❧❡

t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ✉♣♣❡r ❘❍❙ r❡♣r❡s❡♥ts t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r❡♠✐✉♠ ❞✉❡ t♦ t❤❡

❤✐❞❞❡♥ ❡❛r♥♦✉t✳ ❚❤❡ ✜rst ✭s❡❝♦♥❞✮ ♣❛rt ♦❢ t❤❡ ❧♦✇❡r ❘❍❙ ✐♥ ✭✶✸✮✱ r❡♣r❡s❡♥ts

t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ♦❢ t❤❡ ❝❛s❤ ✭st♦❝❦✮ ♣♦rt✐♦♥ ♦❢ t❤❡ ❞❡❛❧✳ ❲❡ ❝❛♥ ♥♦✇

s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭s❡❡ ❛♣♣❡♥❞✐① ❢♦r t❤❡ ❢♦r♠❛❧ ♣r♦♦❢✮✿

▲❡♠♠❛ ✶✳ ■❢ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ♦✛❡r ♣r❡♠✐✉♠s ❝❛♥ ❜❡ ♥❡❣✲

❛t✐✈❡ ✭p < 0✮✱ ✇❤✐❧❡ ✭✐✮ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠s ❛r❡ ♣♦s✐t✐✈❡ ✭pm ≥ 0✮ ❛♥❞ ✭✐✐✮ t❤❡

❛❝q✉✐r❡r ❣❛✐♥s ❝♦♥tr♦❧ ♦✈❡r t❤❡ t❛r❣❡t ✭ξ < .5✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❍✐❞❞❡♥ ❡❛r♥♦✉ts✱ ❛♥❞ t❤❡✐r ♣♦ss✐❜✐❧✐t② t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ♥❡❣❛✲

t✐✈❡ ♣r❡♠✐✉♠s✱ ✐♥❝r❡❛s❡ ✐♥ t❤❡ st♦❝❦ ♣♦rt✐♦♥ e ♦❢ t❤❡ ♣❛②♠❡♥t✱ ❛♥❞ ✐♥ t❤❡ t❛r❣❡t✬s

❢r❛❝t✐♦♥ ♦❢ ♣♦st✲♠❡r❣❡r ❡q✉✐t② ♦✇♥❡rs❤✐♣ ξ✳

❍❡♥❝❡✱ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❝❛♥ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭▲❡♠♠❛✮✱ ❛♥❞✱ ❛s

❤✐❞❞❡♥ ❡❛r♥♦✉ts ✐♥❝r❡❛s❡ ✐♥ t❤❡ t❛r❣❡t✬s ❡①♣♦s✉r❡ t♦ t❤❡ ❜✐❞❞❡r✬s s❤❛r❡ ♦❢ s②♥✲

❡r❣✐❡s ✭Pr♦♣♦s✐t✐♦♥ ✹✮✱ s♦ ❞♦❡s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

❚❤❡ q✉❡st✐♦♥ r❡♠❛✐♥s ✇❤② ❛ t❛r❣❡t ✇♦✉❧❞ ❛❝❝❡♣t ❛♥ ♦✛❡r ✇✐t❤ s✉❝❤ ❛ ❤✐❣❤

♣♦rt✐♦♥ ♦❢ ❤✐❞❞❡♥ ❡❛r♥♦✉ts t❤❛t t❤❡ ♣r❡♠✐✉♠ t✉r♥s ♥❡❣❛t✐✈❡✳ ❲❡ ✜♥❞ t❤❛t t❤❡

r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t❛r❣❡t ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✭s❡❡ ❛♣♣❡♥❞✐① ❢♦r t❤❡ ❢♦r♠❛❧ ♣r♦♦❢✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❇✐❞❞❡rs ❝❛♥ ♠❛①✐♠✐③❡ t❤❡✐r ♣❛②♠❡♥t ✐♥ st♦❝❦ ✇✐t❤♦✉t ❧♦s✐♥❣

♠❛❥♦r✐t② ❝♦♥tr♦❧ t♦ t❤❡ t❛r❣❡t ✭ξ < .5✮✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠

❃ ✵✱ ✐❢ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t❛r❣❡t s❛t✐s✜❡s vTf /v
B
f ≤

(

vBf − λs
)

/vBf ✳ ■❢ t❤❡

r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t❛r❣❡t ✐♥❝r❡❛s❡s✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ♠✉st ❜❡ s♠❛❧❧❡r ♦r ❡✈❡♥

♥❡❣❛t✐✈❡✱ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ♠❛❥♦r✐t② ❝♦♥tr♦❧✳

❚❤❡ ♠♦st ✐♥t✉✐t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✭✺✮ r❡❢❡rs t♦ t❤❡ ❡①tr❡♠❡ ❝❛s❡

✇❤❡r❡ ❛ t❛r❣❡t✬s ❢❛✐r ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ ❡①❝❡❡❞s t❤❡ ❜✐❞❞❡r✬s ✈❛❧✉❡✳ ❍❡r❡✱

✶✹



t❤❡ ♦♥❧② s♦❧✉t✐♦♥ t♦ ♣❛② ✇✐t❤ ❜✐❞❞❡r s❤❛r❡s ✇✐t❤♦✉t ❧♦s✐♥❣ ♠❛❥♦r✐t② ❝♦♥tr♦❧

✭ξ ≥ .5✮ ✐s ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✳ ❚❤❡ ❧❛r❣❡r t❤❡ t❛r❣❡t✱ t❤❡ s♠❛❧❧❡r t❤❡ ✭♥❡❣❛t✐✈❡✮

♣r❡♠✐✉♠ t❤❛t ✐s ♥❡❡❞❡❞ t♦ st❛② ✐♥ ❝♦♥tr♦❧✱ ❛♥❞ t❤❡ ❤✐❣❤❡r t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t

t❤❛t t❤❡ ❜✐❞❞❡r ♥❡❡❞s t♦ ♦✛❡r t❤❡ t❛r❣❡t ❛s ❝♦♠♣❡♥s❛t✐♦♥✳

❚♦ ❞❡✈❡❧♦♣ ❛ ♣r♦♣♦s✐t✐♦♥ ♦♥ t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✇✐t❤

❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ✜rst ♥♦t❡ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ❛ ❜✐❞ ✇✐t❤♦✉t ❛ ❤✐❞✲

❞❡♥ ❡❛r♥♦✉t ✐❢ t❤❡ ❜✐❞❞❡r ✇❛♥ts t♦ ❣❛✐♥ ❢r♦♠ ❛ ♠❡r❣❡r ✭λ ≪ 1✮ ❛♥❞ ♣❛② ✇✐t❤

♦✇♥❡rs❤✐♣ ✭e ≫ 0✮✳ ❆♥② ❛tt❡♠♣t t♦ ❡♥❣✐♥❡❡r ❛ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐♥ ✭✹✮

t❤❛t ❢✉❧❧② ✐♥❝❧✉❞❡s ❛♥ ❛♥t✐❝✐♣❛t❡❞ ❤✐❞❞❡♥ ❡❛r♥♦✉t ✇♦✉❧❞ ❢❛✐❧✱ ❜❡❝❛✉s❡ ✐t ❝♦✉❧❞

♥♦t ❝♦♠♣❧❡t❡❧② ❡①❝❧✉❞❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❢r♦♠ ❡♥❥♦②✐♥❣ t❤❡ ❥♦✐♥t ♣♦st✲♠❡r❣❡r

s②♥❡r❣✐❡s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ♣♦rt✐♦♥ 1− λ t❤❛t ✇❛s ❛❧❧♦❝❛t❡❞ t♦ t❤❡ ❜✐❞❞❡r✳ ❆s

t❤❡ ❧❛tt❡r ❡♥t❡rs t❤❡ ❜✐❞ b ✐♥ ✭✷✮✱ ❛♥② ❛tt❡♠♣t t♦ ❢✉❧❧② ✐♥t❡❣r❛t❡ ❤✐❞❞❡♥ ❡❛r♥♦✉ts

❡① ❛♥t❡ ✐♥t♦ t❤❡ s❤❛r❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐♥ ✭✹✮ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ ❛ s♦❧✉t✐♦♥✳

❍❡♥❝❡✱ ✐❢ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❡①✐st✱ t❤❡② ❝❛♥♥♦t ❜❡ ❡①♣❧✐❝✐t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡

♦✛❡r ♣r❡♠✐✉♠✳ ❚❤✐s tr✐❣❣❡rs t❛r❣❡t s❤❛r❡❤♦❧❞❡rs t♦ ❝♦rr❡❝t ♦✛❡r ♣r❡♠✐✉♠s ✇✐t❤

♣♦s✐t✐✈❡ ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥s ✐♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t✳✶✼ ❍♦✇✲

❡✈❡r✱ t❤❡ ❢❛❝t t❤❛t ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛r❡ ♣r❡s❡♥t ✐♥ ❛❧❧ st♦❝❦ ♠❡r❣❡rs ✇✐t❤ λ < 1

✐♥❝r❡❛s❡s t❤❡ ❝❤❛♥❝❡ t❤❛t t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ ❛ ❤✐❞❞❡♥ ❡❛r♥♦✉t ✐s ❝♦♥❢♦✉♥❞❡❞

✇✐t❤ ♦✈❡r✈❛❧✉❛t✐♦♥✳✶✽ ■♥ ❢❛❝t✱ ✇❤✐❧❡ ♦✈❡r✈❛❧✉❡❞ ♠❡r❣❡rs ✇✐t❤ e ≫ 0 ❛♥❞ λ ≪ 1

❛❧✇❛②s ❤❛✈❡ ❛ ❤✐❞❞❡♥ ❡❛r♥♦✉t ✭❛s s❤♦✇♥ ❛❜♦✈❡✮✱ ✐t ✐s ♥♦t ❛ ❣✐✈❡♥ t❤❛t ♠❡r❣❡rs

✇✐t❤ ❛ ❤✐❞❞❡♥ ❡❛r♥♦✉t✱ e ≫ 0✱ ❛♥❞ λ ≪ 1 ❛r❡ ❛❧✇❛②s ♦✈❡r✈❛❧✉❡❞✳ ❚❤✐s s✉❣❣❡sts

t❤❛t t❤❡ ♣♦s✐t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✐s ❜✐❛s❡❞ t♦✇❛r❞s t❤❡ ♥❡❣✲

❛t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ ♦✈❡r✈❛❧✉❛t✐♦♥✳ ❚❤✉s✱ ❛❧t❤♦✉❣❤ ♥❡❣❛t✐✈❡ ❛♥♥♦✉♥❝❡♠❡♥t

r❡t✉r♥s ✐❞❡♥t✐❢② ♦✈❡r✈❛❧✉❛t✐♦♥ ✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❛s s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥

✭✸✮✱ t❤❡② ❞♦ ♥♦t r❡❧✐❛❜❧② ✐❞❡♥t✐❢② ❤✐❞❞❡♥ ❡❛r♥♦✉ts✳

❍♦✇❡✈❡r✱ r❡❢❡rr✐♥❣ ❜❛❝❦ t♦ ✭✶✮✱ ✇❡ ❝❛♥ ❞✐s❝r✐♠✐♥❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ❤✐❞❞❡♥

❡❛r♥♦✉ts ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✭✸✮ ❜② ❜❡♥❝❤♠❛r❦✐♥❣ t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ t❤❡ ❜✐❞

b = vTf + λs ✐♥st❡❛❞ ♦❢ t❤❡ t❛r❣❡t✬s ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ vT ✳ ❇❡♥❝❤♠❛r❦✐♥❣

❛❣❛✐♥st b ❞✐s❝r✐♠✐♥❛t❡s ❜❡t✇❡❡♥ ❝❛s❡s ✇❤❡r❡ t❤❡ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ✈❛❧✉❡ ♦❢

t❤❡ t❛r❣❡t vTt+1 = b + πh · vTf ✭✐✮ ❡①❝❡❡❞s ❜✐❞ b✱ ❜❡❝❛✉s❡ ♦❢ ❡①♣❡❝t❡❞ ❤✐❞❞❡♥

❡❛r♥♦✉ts ✭πh > 0✮❀ ♦r ✭✐✐✮ ❞♦❡s ♥♦t ❡①❝❡❡❞ ❜✐❞ b✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❜s❡♥❝❡ ♦❢

❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭πh = 0✮✳✶✾ ❲❡ s✉♠♠❛r✐③❡ t❤✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

✶✼❙✉♣♣♦s❡ ❛ t❛r❣❡t ✇✐t❤ ❛ ❢❛✐r ✈❛❧✉❡ ♦❢ ✶✵✵ ❛❝❝❡♣ts ❛ st♦❝❦✲❢♦r✲st♦❝❦ ❜✐❞ ♦❢ ✾✵ ✇✐t❤ ❛ ❤✐❞❞❡♥
❡❛r♥♦✉t ♦❢ ✷✵✳ ❚❤❡♥✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✐s ♥❡❣❛t✐✈❡ ✭90/100−1✮✱ ❜✉t t❤❡ t❛r❣❡t✬s ❛♥♥♦✉♥❝❡♠❡♥t
r❡t✉r♥ ✐s ♣♦s✐t✐✈❡✱ ❛s t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✐s ♣♦s✐t✐✈❡ ✭(90 + 20) /100− 1✮✳

✶✽❙✉♣♣♦s❡ ❛♥ ♦✈❡r✈❛❧✉❡❞ t❛r❣❡t ✇✐t❤ ❛ ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ ♦❢ ✶✵✵ ❛♥❞ ❛ ❢❛✐r ✈❛❧✉❡ ♦❢ ✽✵
❛❝❝❡♣ts ❛ st♦❝❦✲❢♦r✲st♦❝❦ ❜✐❞ ♦❢ ✾✵ ✇✐t❤ ❛ ❤✐❞❞❡♥ ❡❛r♥♦✉t ♦❢ ✺✳ ❚❤❡♥ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✐s
♥❡❣❛t✐✈❡ ✭90/ (80 + 20)− 1✮✱ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✐s ♣♦s✐t✐✈❡ ✭(90 + 5) /80− 1✮✱ ❜✉t t❤❡
t❛r❣❡t✬s ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥ ✐s ♥❡❣❛t✐✈❡✱ ❛s t❤❡ ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ ❢❛❧❧s ❢r♦♠ ✶✵✵ t♦ ✾✺✳

✶✾❲✐t❤ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ t❤❡ t❛r❣❡t✬s ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ❝❛♣✐t❛❧✐③❛t✐♦♥ ✐♥ ❋♦♦t♥♦t❡ ✶✽ ✐s
vTt+1

= 95✱ ✇❤✐❝❤ ❡①❝❡❡❞s t❤❡ ❜✐❞ b = 90✳ ❲✐t❤♦✉t ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥

✇♦✉❧❞ r❡❞✉❝❡ t❤❡ t❛r❣❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ t♦ vTt+1
= b = 90✱ ❛♥❞✱ ✇❤❡♥ ✐♥❝❧✉❞✐♥❣ ❛ ❞✐s❝♦✉♥t ❢♦r

♠❡r❣❡r ❝♦♠♣❧❡t✐♦♥ r✐s❦✱ t♦ vTt+1
< b = 90✳

✶✺



Pr♦♣♦s✐t✐♦♥ ✻✳ ■❢ ❛ ❜✐❞ b = vTf + λs ✐s ❛♥♥♦✉♥❝❡❞ ✇✐t❤ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭πh >

0✮✱ t❤❡ t❛r❣❡t✬s ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ✈❛❧✉❡ vTt+1 = b+ πh · vTf ❡①❝❡❡❞s b✱ s✉❝❤ t❤❛t

t❤❡ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠ b/vTt+1 − 1 ✐s ♥❡❣❛t✐✈❡✳ ❚❤✐s ♠❛r❦❡t r❡❛❝t✐♦♥

❛❧s♦ ❛♣♣❧✐❡s t♦ ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠s ✭b < vTf ⇒ p < 0✮ ✇✐t❤ πh > 0✳

❖✉r ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ❜❡t✇❡❡♥ t❛r❣❡t ❛♥❞ ❜✐❞❞❡r s❤❛r❡s

✐s ✜①❡❞✳ ■❢ ❡①❝❤❛♥❣❡ r❛t❡s ❛r❡ ✢❡①✐❜❧❡✱ t❤❡ ❜✐❞❞❡r ❛♥♥♦✉♥❝❡s ❛♥ ❛♠♦✉♥t ♣❡r

t❛r❣❡t s❤❛r❡✱ ❡✳❣✳✱ ✶✵ ❯✩✱ ♣❛②❛❜❧❡ ✐♥ ❜✐❞❞❡r s❤❛r❡s✳ ❚❤❡ ❡①❝❤❛♥❣❡ r❛t✐♦ ✐♥ ✭✹✮

✐s t❤❡♥ ❛♥ ♦✉t❝♦♠❡ ♦❢ t❤✐s ❛♠♦✉♥t ❛♥❞ ✐s s♣❡❝✐✜❡❞ ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❡

❡✛❡❝t✐✈❡ ❞❛t❡ ♦❢ t❤❡ ♠❡r❣❡r✳ ❚❤✐s ✐♥s✉❧❛t❡s t❛r❣❡t st♦❝❦❤♦❧❞❡rs ❢r♦♠ ✈♦❧❛t✐❧✐t②

✐♥ t❤❡ ❜✐❞❞❡r✬s st♦❝❦ ♣r✐❝❡✳ ❆❧t❤♦✉❣❤ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ ✐s ♥♦t ❜❛s❡❞ ♦♥ t❤❡

❡①❝❤❛♥❣❡ r❛t✐♦ ✐♥ ✭✹✮✱ t❤❡ ❢♦r♠ ♦❢ ♣❛②♠❡♥t✱ ❤♦✇❡✈❡r✱ ✐s st✐❧❧ ✐♥ st♦❝❦s✳ ❍❡♥❝❡✱

t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ✇✐❧❧ st✐❧❧ r❡❝❡✐✈❡ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ✇❤✐❝❤✱ ✐❢ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

❡♥❛❜❧❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳✷✵

✷✳✸ ▼❛r❦❡t ❧✐q✉✐❞✐t②

■♥ ❛ ❧✐q✉✐❞ ♠❛r❦❡t ✐♥✈❡st♦rs ❝❛♥ s❡❧❧ t❤❡✐r ❛ss❡ts ✇✐t❤♦✉t ❛ s✐❣♥✐✜❝❛♥t ❧♦ss

✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡✐r ✐♥✈❡st♠❡♥t✳ ■❢ t❤❡r❡ ✐s ❧✐♠✐t❡❞ ✐♥t❡r❡st✱ ❤♦✇❡✈❡r✱ t❤❡② ♠❛②

✜♥❞ ✐t ❞✐✣❝✉❧t t♦ s❡❧❧ ✇✐t❤♦✉t ♦✛❡r✐♥❣ ❛ ❧✐q✉✐❞✐t② ♦r ♠❛r❦❡t❛❜✐❧✐t② ❞✐s❝♦✉♥t✳ ❚❤❡

♣❡rt✐♥❡♥t ❧✐t❡r❛t✉r❡ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ ❧✐q✉✐❞✐t② ✐♥ t❤❡ st♦❝❦ ♠❛r❦❡t ❛♥❞ ✐♥

t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✳

❊♠♣✐r✐❝❛❧ st✉❞✐❡s t❤❛t s♣❡❝✐✜❝❛❧❧② ❢♦❝✉s ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ st♦❝❦

❧✐q✉✐❞✐t② ❛♥❞ t❛❦❡♦✈❡r ♣r❡♠✐✉♠s r❡♣♦rt ♠✐①❡❞ r❡s✉❧ts✳ ▼❛ss❛ ❛♥❞ ❳✉ ❬✷✵✶✶❪

❛r❣✉❡ t❤❛t ♣✉❜❧✐❝ ❛❝q✉✐r❡rs ♣r❡❢❡r ❛ ❤✐❣❤ ❧✐q✉✐❞✐t② ♦❢ t❛r❣❡t✬s s❤❛r❡s ❛♥❞ r❡✢❡❝t

t❤✐s ✐♥ ❤✐❣❤❡r ♣r❡♠✐✉♠s✳ ❨❡t✱ ❈❤✉♥❣ ❛♥❞ ▲❡❡ ❬✷✵✶✶❪ s❤♦✇ t❤❛t ♣♦♦r ❧✐q✉✐❞✐t② ♦❢

t❛r❣❡t st♦❝❦ ✐s ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ t♦ ❛❜♥♦r♠❛❧ r❡t✉r♥s t♦ t❤❡ t❛r❣❡t ✭✇❤✐❝❤ ❝❛♥

❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣r♦①② ❢♦r ♣r❡♠✐✉♠s✮✱ ❛s ♣♦st✲♠❡r❣❡r ❧✐q✉✐❞✐t② ✐♠♣r♦✈❡♠❡♥t

✐s ♣r✐❝❡❞ ✐♥✳

❋♦r t❤❡ ♠❛r❦❡t ♦❢ ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✱ ❙❝❤❧✐♥❣❡♠❛♥♥ ❡t ❛❧✳ ❬✷✵✵✷❪ s❤♦✇ t❤❛t

✜r♠s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❞✐✈❡st s✉❜s✐❞✐❛r✐❡s ✐♥ ✐♥❞✉str✐❡s ✇✐t❤ ❛ ❤✐❣❤ ♠❡r❣❡r

❛♥❞ ❛❝q✉✐s✐t✐♦♥ ❛❝t✐✈✐t② ✐♥ t❤❡ r❡❝❡♥t ♣❛st✳ ❆❧t❤♦✉❣❤ ✜r♠s ♣r❡❢❡r t♦ s❡❧❧ t❤❡

♠♦st ❧✐q✉✐❞ ❝♦r♣♦r❛t❡ ❛ss❡ts✱ ❧✐q✉✐❞✐t② ❞✐s❝♦✉♥ts ❛♥❞ ❡✈❡♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡

✷✵ ❚❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ ❝♦❧❧❛r ♣r♦✈✐s✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❛ ♠✐①t✉r❡ ♦❢ ✜①❡❞ ❛♥❞ ✈❛r✐❛❜❧❡ ❡①❝❤❛♥❣❡

r❛t❡s✳ ▲✐❦❡ ✢❡①✐❜❧❡ ❡①❝❤❛♥❣❡ r❛t❡s ✱ t❤❡② ❛❧s♦ ♠❛❦❡ t❤❡ ❜✐❞ ♠♦r❡ ❝❛s❤✲❧✐❦❡ ❛♥❞ ❧❡ss ❝♦♥t✐♥❣❡♥t

❢♦r t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❬❖✣❝❡r✱ ✷✵✵✹✱ ✷✵✵✻❪✳ ❈♦❧❧❛rs ❞❡✜♥❡ ✢♦♦rs ❛♥❞✴♦r ❝❛♣s ❢♦r ❜✐❞❞❡r st♦❝❦

♣r✐❝❡s ✇✐t❤✐♥ ✇❤✐❝❤ t❤❡ ❡①❝❤❛♥❣❡ r❛t✐♦ ✐s ✜①❡❞✳ ❖✉ts✐❞❡ ♦❢ t❤✐s r❛♥❣❡ t❤❡ ❡①❝❤❛♥❣❡ r❛t✐♦ ✐s

❛❞❥✉st❡❞ ✉♣ ♦r ❞♦✇♥✳ ■♥ t❤❡ ❝♦✉rs❡ ♦❢ s✉❝❤ ❛♥ ❛❞❥✉st♠❡♥t✱ ❛♥ ♦r✐❣✐♥❛❧❧② ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠

♠❛② ❜❡❝♦♠❡ ♣♦s✐t✐✈❡✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ♠♦❞❡❧✱ ❛s ❛ ❝♦❧❧❛r ❜r❡❛❝❤ ✇♦✉❧❞ ❝♦♥st✐t✉t❡

❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ ❜✐❞ ✇✐t❤✱ ✐♥ t❤✐s ❝❛s❡✱ ❛ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠✳

✶✻



♣♦ss✐❜❧❡ ✐❢ s❤❛r❡❤♦❧❞❡rs ❛r❡ ❢♦r❝❡❞ t♦ s❡❧❧✱ ❛s ✐♥ ✜r❡✲s❛❧❡s ❬❙❤❧❡✐❢❡r ❛♥❞ ❱✐s❤♥②✱

✶✾✾✷❪✳ ❋✐r❡✲s❛❧❡ ❞✐s❝♦✉♥ts r❡s✉❧t ✇❤❡♥ t❤❡ ♦❜s❡r✈❡❞ s❡❧❧✐♥❣ ♣r✐❝❡ ♦❢ ❞✐str❡ss❡❞

♦r ❜❛♥❦r✉♣t ❛ss❡ts ✐s ❜❡❧♦✇ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ✭t❤❡ ✈❛❧✉❡ ✐♥ ❜❡st ❛❧t❡r♥❛✲

t✐✈❡ ✉s❡✮✳ ❙❡✈❡r❛❧ st✉❞✐❡s ♣r❡s❡♥t ❡✈✐❞❡♥❝❡ ♦♥ ✜r❡✲s❛❧❡ ❞✐s❝♦✉♥ts ❬❡✳❣✳✱ P✉❧✈✐♥♦✱

✶✾✾✽✱ ✶✾✾✾✱ ❘❛♠❡② ❛♥❞ ❙❤❛♣✐r♦✱ ✷✵✵✶✱ ❆❝❤❛r②❛ ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❚❤❡✐r ❛♥t❡❝❡❞❡♥ts

❝♦♠♣r✐s❡ ❛ ♥✉♠❜❡r ♦❢ t❡♠♣♦r❛r② ❞❡♠❛♥❞✲s✐❞❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❝❛♥ ❛tt❡♥✉❛t❡ ✐♥✲

❞✉str② r✐✈❛❧s✬ ✇✐❧❧✐♥❣♥❡ss ♦r ❛❜✐❧✐t② t♦ ❜✐❞ ❢♦r ❛ ❜❛♥❦r✉♣t t❛r❣❡t✳ ❚❤❡s❡ ✐♥❝❧✉❞❡

✐♥❞✉str② ❞❡❜t ♦✈❡r❤❛♥❣ ❬❈❧❛②t♦♥ ❛♥❞ ❘❛✈✐❞✱ ✷✵✵✷❪ ❛♥❞ ✇✐❞❡r ✜♥❛♥❝✐❛❧ ❞✐str❡ss✱

✇❤✐❝❤ t❡♥❞s t♦ ❜❡ ❝♦♥t❛❣✐♦✉s ✇✐t❤✐♥ ❛♥ ✐♥❞✉str② ❬▲❛♥❣ ❛♥❞ ❙t✉❧③✱ ✶✾✾✷❪✳

❆ ❝❡♥tr❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ ♦✉r ♠♦❞❡❧ ✐s t❤❛t t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ❤❛s t♦ ❜❡

♣♦s✐t✐✈❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❞❡s♣✐t❡ ❜❡✐♥❣ ❢♦r❝❡❞ t♦ s❡❧❧ ❜❡❧♦✇ ❛ ❢❛✐r ♠❛r❦❡t ✈❛❧✉❡✱

❡✳❣✳✱ ❞✉❡ t♦ ✭✐♠♠✐♥❡♥t✮ ❜❛♥❦r✉♣t❝② ♦r ✜♥❛♥❝✐❛❧ ❞✐str❡ss✱ t❤❡ ♦✇♥❡rs ♦❢ t❤❡ t❛r❣❡t

st✐❧❧ ❤❛✈❡ t♦ ❣❛✐♥ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛❧❧ ♦t❤❡r ♦♣t✐♦♥s✳ ❍❡r❡ t✇♦ ❛ss✉♠♣t✐♦♥s

❝♦♠❡ ✐♥t♦ ♣❧❛②✳ ❋✐rst✱ ✐❢ t❤❡ t❛r❣❡t✱ ❛s ❛ ❣♦✐♥❣✲❝♦♥❝❡r♥ ❡♥t✐t②✱ ✐s ♥♦t t❛❦❡♥ ♦✈❡r

✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ t✐♠❡ ❢r❛♠❡✱ ✐ts ✉❧t✐♠❛t❡ ✈❛❧✉❡ ❢♦r t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ✐s ❡✈❡♥

❧♦✇❡r✳ ❊❝❦❜♦ ❛♥❞ ❚❤♦r❜✉r♥ ❬✷✵✵✽❪✱ ❢♦r ❡①❛♠♣❧❡✱ ♦♥❧② ✜♥❞ ❡✈✐❞❡♥❝❡ ♦❢ ✜r❡✲s❛❧❡

❞✐s❝♦✉♥ts ✐♥ ✭❙✇❡❞✐s❤✮ ❜❛♥❦r✉♣t❝② ❛✉❝t✐♦♥s t❤❛t ❧❡❛❞ t♦ ♣✐❡❝❡♠❡❛❧ ❧✐q✉✐❞❛t✐♦♥✱

❜✉t ♥♦t ✐♥ ❣♦✐♥❣✲❝♦♥❝❡r♥ s❛❧❡s ♦❢ t❛r❣❡ts✳✷✶ ❙❡❝♦♥❞✱ ❞✉❡ t♦ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥

✜r♠s ♦r ♠❛r❦❡t ✐♠♣❡r❢❡❝t✐♦♥s✱ t❤❡ ❜✐❞❞❡r ✐s ❛❜❧❡ t♦ ❡♠♣❧♦② t❤❡ s❛♠❡ ❝♦r♣♦r❛t❡

❛ss❡ts ♠♦r❡ ❡✣❝✐❡♥t❧② t❤❛♥ t❤❡ ✭s❡❧❧❡r ♦❢ t❤❡✮ t❛r❣❡t✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ◗✲t❤❡♦r②

♦❢ ♠❡r❣❡rs✱ ❝♦r♣♦r❛t❡ ❛ss❡ts ❛r❡ r❡✲❛❧❧♦❝❛t❡❞ ❢r♦♠ ❧♦✇✲◗ s❡❧❧❡rs t♦ ❤✐❣❤✲◗ ❜✉②❡rs

❬❏♦✈❛♥♦✈✐❝ ❛♥❞ ❘♦✉ss❡❛✉✱ ✷✵✵✷❪✳ ❏❡♥s❡♥ ❬✶✾✾✶❪ ❛r❣✉❡s t❤❛t ❜❛♥❦r✉♣t❝② s❛❧❡s ❛r❡

❛♥ ✐♠♣♦rt❛♥t ♠❡❝❤❛♥✐s♠ ❢♦r t❤❡ ❡✣❝✐❡♥t r❡❞❡♣❧♦②♠❡♥t ♦❢ ❛ss❡ts✳

■♥ ❧✐q✉✐❞ ♠❛r❦❡ts✱ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❤❡t❡r♦❣❡♥❡♦✉s ❜✐❞❞❡rs ✐s ❧✐❦❡❧② t♦

❜✐❞ ✉♣ t❤❡ ♣r❡♠✐✉♠ ✐♥t♦ ♣♦s✐t✐✈❡ t❡rr✐t♦r②✳ ❊❝❦❜♦ ❛♥❞ ❚❤♦r❜✉r♥ ❬✷✵✵✽❪ r❡♣♦rt

t❤❛t ❥✉st ✜✈❡ ✐♥t❡r❡st❡❞ ❜✐❞❞❡rs ❛♥❞ t❤r❡❡ ❛❝t✉❛❧ ❜✐❞s ✐♥ ❛ t②♣✐❝❛❧ ❣♦✐♥❣✲❝♦♥❝❡r♥

❜❛♥❦r✉♣t❝② ❛✉❝t✐♦♥ ❛♣♣❡❛r t♦ ❜❡ s✉✣❝✐❡♥t t♦ ❝♦✉♥t❡r ♣♦t❡♥t✐❛❧ ✜r❡✲s❛❧❡ t❡♥❞❡♥✲

❝✐❡s✳ ■♥ ❧❡ss ❧✐q✉✐❞ ♠❛r❦❡ts✱ ❤♦✇❡✈❡r✱ ❛ t❛r❣❡t ♠❛② ❜❡ ❢♦r❝❡❞ t♦ ❜❛r❣❛✐♥ ✇✐t❤ ♦♥❧②

♦♥❡ ❜✐❞❞❡r✳ ❊✈❡♥ ✐❢ t❤✐s ❜✐❞❞❡r ✐s ❛❜❧❡ t♦ ♣❛② ♠♦r❡✱ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ♠❛②

❜❡ t❤❡ ❜❡st ♦✉t❝♦♠❡ ❢♦r ❛ t❛r❣❡t✱ ♣❛rt✐❝✉❧❛r❧② ✐❢ ❧✐q✉✐❞❛t✐♦♥ ✐s ✐ts ♦♥❧② ♦✉ts✐❞❡

♦♣t✐♦♥✳✷✷

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♦✉r ♠♦❞❡❧✱ ❛ ❜✐❞❞❡r ✇♦✉❧❞ ❜❡ ❛❜❧❡ ❛♥❞✱ ✐♥ ❛ ❧✐q✉✐❞

♠❛r❦❡t✱ ❛❧s♦ ✇✐❧❧✐♥❣ t♦ ❜✐❞ b = vTf +λs✱ ✇❤✐❧❡ t❤❡ t❛r❣❡t✬s s❤❛r❡❤♦❧❞❡rs ❛♥t✐❝✐♣❛t❡

❛ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡ ♦❢ 0 ≤ vTl < vTf ❛s t❤❡ t❛r❣❡t✬s ✉❧t✐♠❛t❡ ✈❛❧✉❡ ✇✐t❤♦✉t

✷✶▼❡r❣❡r t❛❧❦s ❛r❡ t❤❡r❡❢♦r❡ ♦❢t❡♥ ✐♥✐t✐❛t❡❞ ❜② ❞✐str❡ss❡❞ t❛r❣❡ts ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❜❛♥❦r✉♣t❝②
♦r ♣r❡❡♠♣t ❧✐q✉✐❞❛t✐♦♥✳ ❚❤♦r❜✉r♥ ❬✷✵✵✵❪ ❛♥❞ ❊❝❦❜♦ ❛♥❞ ❚❤♦r❜✉r♥ ❬✷✵✵✽❪ ♣r❡s❡♥t ❡✈✐❞❡♥❝❡
t❤❛t ♠❛♥② t❛r❣❡ts ♣r✐✈❛t❡❧② ✇♦r❦ ♦✉t ❛♥ ❛❝q✉✐s✐t✐♦♥ ❛❣r❡❡♠❡♥t ❥✉st ♣r✐♦r t♦ ❜❛♥❦r✉♣t❝② ✜❧✐♥❣s✱
s♦✲❝❛❧❧❡❞ ✬♣r❡♣❛❝❦s✬✳

✷✷❇♦♦♥❡ ❛♥❞ ▼✉❧❤❡r✐♥ ❬✷✵✵✼❪ s❤♦✇ t❤❛t ❛❜♦✉t ❤❛❧❢ ♦❢ ❛❧❧ t❛r❣❡ts ♥❡❣♦t✐❛t❡ ✇✐t❤ ❛ s✐♥❣❧❡
❜✐❞❞❡r✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡② ❛❧s♦ ✜♥❞ t❤❛t ❛❜♥♦r♠❛❧ r❡t✉r♥s ❢♦r t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❛s ✇❡❧❧ ❛s
♣r❡♠✐✉♠s ❛r❡ ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ ❛✉❝t✐♦♥s t♦ ♠✉❧t✐♣❧❡ ❜✐❞❞❡rs✳ ❍♦✇❡✈❡r✱ t❤❡② ❞♦ ♥♦t s♣❡❝✐✜❝❛❧❧②
❢♦❝✉s ♦♥ ❞✐str❡ss❡❞ t❛r❣❡ts ❛♥❞✴♦r ❧♦✇ ♠❛r❦❡t ❧✐q✉✐❞✐t②✳

✶✼



t❛❦❡♦✈❡r✳✷✸ ■♥ ❛♥ ✐❧❧✐q✉✐❞ ♠❛r❦❡t✱ ❛ ❧✐q✉✐❞✐t② ❞✐s❝♦✉♥t l ∈ [0, 1] ❝❛♥ r❡❞✉❝❡ t❤❡

❜✐❞ b = vTf + λs ❡✐t❤❡r ✭✐✮ ❜② ❛♥ ❛♠♦✉♥t ❡q✉❛❧ ♦r ❧❡ss t❤❛♥ t❤❡ t❛r❣❡t✬s s❤❛r❡

♦❢ ♠❡r❣❡r s②♥❡r❣✐❡s 0 < lb ≤ λs✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❧♦✇❡r✱ ❜✉t ♥♦♥✲♥❡❣❛t✐✈❡ ♦✛❡r

♣r❡♠✐✉♠ p = (b− lb) /vTf − 1 > 0✱ ♦r ✭✐✐✮ ❜② ♠♦r❡ t❤❛♥ t❤❡ t❛r❣❡t✬s ❣❛✐♥s✱

lb > λs✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠✱ p = (b− lb) /vTf − 1 < 0✳

❚❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ t❤❛t r❡❢❡rs t♦ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡ vTl ✐s pm = lb/vTl ✱

✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❛s t❤❡ t❛r❣❡t✬s s❤❛r❡❤♦❧❞❡rs r❡❧❛t❡ t❤❡ ❜✐❞ lb > vTl t♦ t❤❡

❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡ ❛s t❤❡ ♦♥❧② ♦t❤❡r ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡✳ ❲❡ s✉♠♠❛r✐③❡ t❤✐s ❛s

❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✼✳ ■❢ ✭✐✮ ❧✐q✉✐❞✐t② ❞✐s❝♦✉♥ts ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤ ✭l > λs/b✮✱ ✭✐✐✮

❞✐str❡ss❡❞ t❛r❣❡ts ❛♥t✐❝✐♣❛t❡ s✉✣❝✐❡♥t❧② ❧♦✇ ♥♦♥✲t❛❦❡♦✈❡r ✈❛❧✉❡s ❢♦r t❤❡ t❛r❣❡t

✭0 ≤ vTl < vTf ✮✱ ❛♥❞ ✭✐✐✐✮ ❜✐❞❞❡rs ❛ss✉♠❡ ❛ t❛r❣❡t ✈❛❧✉❡ ♦❢ vTf ✱ t❤❡♥ ♦✛❡r ♣r❡♠✐✲

✉♠s p = (b− lb) /vTf − 1 ❛r❡ ♥❡❣❛t✐✈❡✱ ✇❤✐❧❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠s pm = lb/vTl
❛r❡ ♣♦s✐t✐✈❡✳

❆❧t❤♦✉❣❤ Pr♦♣♦s✐t✐♦♥ ✭✼✮ ✐s ❢r❛♠❡❞ ❢♦r t❤❡ ♠❛r❦❡t ♦❢ ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✱ ✐t

❛♣♣❧✐❡s ✐♥ ❡①t❡♥s✐♦♥✱ ❜✉t ❛r❣✉❛❜❧② t♦ ❛ ❧❡ss❡r ❡①t❡♥t✱ t♦ st♦❝❦ ♠❛r❦❡t ❧✐q✉✐❞✐t②✳

❚❤❡ ❡♠♣✐r✐❝❛❧ t❡sts t❤❡r❡❢♦r❡ ✐♥❝❧✉❞❡ ❧✐q✉✐❞✐t② ♠❡❛s✉r❡s ❢♦r t❤❡ st♦❝❦ ♠❛r❦❡t

❛♥❞ t❤❡ ♠❛r❦❡t ♦❢ ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✳

✷✳✹ ❆❣❡♥❝②

■❢ t❤❡ t❛r❣❡t✬s ♠❛♥❛❣❡rs ♣r✐✈❛t❡❧② ❜❡♥❡✜t ❢r♦♠ s❡❧❧✐♥❣ t❤❡ t❛r❣❡t ❜❡❧♦✇ ✐ts

❢❛✐r ✈❛❧✉❡✱ ❛❣❡♥❝② t❤❡♦r② s✉❣❣❡sts t❤❛t t❤❡② ♣r♦♣♦s❡ ♦r ❛t ❧❡❛st s✉♣♣♦rt s✉❝❤ ❛

❞❡❛❧✳ ❆t t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ s✉❝❤ ❛ ♠❡r❣❡r✱ ✇❡ ✇♦✉❧❞ ♦❜s❡r✈❡ ❛ ♥❡❣❛t✐✈❡ ♦✛❡r

♣r❡♠✐✉♠✱ ❜✉t✱ ❜② ❞❡s✐❣♥✱ t❤❡ r❡❛❧✐③❡❞ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✇♦✉❧❞ ❛❧s♦ ❤❛✈❡ t♦

❜❡ ♥❡❣❛t✐✈❡✳ ❍❡♥❝❡✱ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ✇✐❧❧ ♥♦t s✉♣♣♦rt t❤❡ ♠❡r❣❡r✱ ❜❡❝❛✉s❡

t❤❡✐r ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❛s ♣r✐♥❝✐♣❛❧s ✐s ♥♦t s❛t✐s✜❡❞✳ ❆♥t✐❝✐♣❛t✐♥❣ t❤✐s✱ ✐t

♠❛❦❡s ♥♦ s❡♥s❡ ❢♦r t❛r❣❡t ♠❛♥❛❣❡rs t♦ ❛♥♥♦✉♥❝❡ ❛ ♠❡r❣❡r ❜❡❧♦✇ ❢❛✐r ♠❛r❦❡t

✈❛❧✉❡ ✐❢ t❤❡ ❞❡❛❧ ✐s ♣✉r❡❧② ♠♦t✐✈❛t❡❞ ❜② s❡❧❢✲✐♥t❡r❡st✳

❚❤✐s ✐s ❞✐✛❡r❡♥t ❢♦r ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s✱ ❛❢t❡r ❝♦rr❡❝t✐♥❣ ❢♦r ❛❣❡♥❝② ❝♦sts✳

❊✈❡♥ ✐❢ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s ✇✐t❤ ❛❣❡♥❝② ❝♦sts ❛r❡ ❧♦✇❡r t❤❛♥ ✇✐t❤♦✉t✱ s❤❛r❡✲

❤♦❧❞❡rs ♠❛② ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ♠❡r❣❡r ❛s t❤❡② st✐❧❧ ❡①♣❡❝t ❛ ❣❛✐♥✳ ❚❤❡ ❡♠✲

♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦♥ ♣♦s✐t✐✈❡ t❛r❣❡t ♣r❡♠✐✉♠s ❛♥❞ ❛❣❡♥❝② ❝♦sts ✐s ♠✐①❡❞ ❛♥❞

t②♣❡✲❞❡♣❡♥❞❡♥t✳ ❲❤✐❧❡ ❇❛r❣❡r♦♥ ❡t ❛❧✳ ❬✷✵✵✾❪ ✜♥❞ ♥♦ r❡❧❛t✐♦♥ ✇✐t❤ t❛r❣❡t ❈❊❖

r❡t❡♥t✐♦♥✱ ❍❛rt③❡❧❧ ❡t ❛❧✳ ❬✷✵✵✹❪ r❡♣♦rt ❛ ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ ❝❛s❤ ♣❛②✲

♠❡♥ts ❢♦r t❛r❣❡t ❈❊❖s✱ ❛♥❞ ▼♦❡❧❧❡r ❬✷✵✵✺❪ ❛ ♥❡❣❛t✐✈❡ ❛♥❞ ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥

✇✐t❤ t❛r❣❡t s❤❛r❡❤♦❧❞❡r ❝♦♥tr♦❧ ✐♥ t❤❡ ✶✾✽✵s ❛♥❞ ✶✾✾✵s✱ r❡s♣❡❝t✐✈❡❧②✳

✷✸❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❛ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡✱ ❜✉t✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❝❛♥
❛♥t✐❝✐♣❛t❡ ❛♥② ❢✉t✉r❡ st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡ t❤❛t ✐s ❧♦✇❡r t❤❛♥ vT

f
✳

✶✽



■❢ t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ ✇✐t❤ ❛❣❡♥❝② ❝♦sts ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠

✐s ❛❧s♦ ♣♦s✐t✐✈❡✳ ❚❤✉s✱ ❛❣❡♥❝② t❤❡♦r② ❛❧♦♥❡ ❝❛♥♥♦t ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱

❜✉t ✐t ♠❛② ♣❧❛② ❛ r♦❧❡ ✐♥ ❡①♣❧❛✐♥✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡ ❱▲Ps✳ ●✐✈❡♥ t❤❡ ♠✐①❡❞ ❡✛❡❝ts

♦❢ ❛❣❡♥❝② ♦♥ ♥❡❣❛t✐✈❡ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ❱▲Ps✱ ✇❡ ✇✐❧❧ ❡♠♣✐r✐❝❛❧❧② t❡st ❢♦r ❛❣❡♥❝②

❝♦sts✱ ❜✉t r❡❢r❛✐♥ ❢r♦♠ ❞❡r✐✈✐♥❣ s❡♣❛r❛t❡ ♣r♦♣♦s✐t✐♦♥s✳

✷✳✺ ●❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❱▲Ps

◆❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡ t❤❡ ♠♦st ❡①tr❡♠❡ ❛♥❞ ❞✐st✐♥❝t✐✈❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ♠✉❝❤

❧❛r❣❡r ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❱▲Ps✱ ✇❤✐❝❤ ❛❧s♦ ✐♥❝❧✉❞❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚❤❡

✈❡r② s❛♠❡ t❤❡♦r② t❤❛t ❡①♣❧❛✐♥s ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛❧s♦ ❛♣♣❧✐❡s t♦ ❱▲Ps✳ ❆❝✲

❝♦r❞✐♥❣❧②✱ ❛❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥s ❣❡♥❡r❛❧✐③❡ t♦ ❱▲Ps✳ Pr♦♣♦s✐t✐♦♥s ✭✹✮

t♦ ✭✻✮ ♦♥ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❞✐r❡❝t❧② ❛♣♣❧② t♦ ❱▲Ps✳ ❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦♣♦s✐✲

t✐♦♥s✱ s✉❜st✐t✉t❡ δ > λs ❜② 0 < δ ✐♥ Pr♦♣♦s✐t✐♦♥s ✭✶✮ ❛♥❞ ✭✸✮✱ E (λs) > λs ❜②

0 < E (λs) ✐♥ Pr♦♣♦s✐t✐♦♥s ✭✷✮ ❛♥❞ ✭✸✮✱ l > λs/b ❜② 0 < l ✐♥ Pr♦♣♦s✐t✐♦♥ ✭✼✮✱

❛♥❞ ❡①❝❤❛♥❣❡ t❤❡ t❡r♠ ✬♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✬ ✇✐t❤ ✬❱▲P✬✳ Pr♦♣♦s✐t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮

t❤❡♥ ♣r❡❞✐❝t ❧♦✇❡r ♣r❡♠✐✉♠s ✭♥❡❣❛t✐✈❡✱ ③❡r♦✱ ♦r ♣♦s✐t✐✈❡✮✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✭✸✮

❧♦✇❡r ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥s✱ t❤❛♥ ✇✐t❤♦✉t ♦✈❡r✈❛❧✉❛t✐♦♥ ♦r ❧✐q✉✐❞✐t② ❞✐s❝♦✉♥ts✳

✸ ❉❛t❛ ❛♥❞ ❞❡✜♥✐t✐♦♥s

✸✳✶ ❙❛♠♣❧❡ ❞❡s✐❣♥

❚❤❡ s❛♠♣❧❡ ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ❙❡❝✉r✐t✐❡s ❉❛t❛ ❈♦r♣♦r❛t✐♦♥ ■♥t❡r♥❛t✐♦♥❛❧ ▼❡r❣❡r

❛♥❞ ❆❝q✉✐s✐t✐♦♥ ❉❛t❛❜❛s❡ ✭❙❉❈✮ ❛♥❞ ❝♦♥t❛✐♥s ♦✛❡rs t❤❛t ❛r❡ ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡

②❡❛rs ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✶✳ ❲❡ ✐♥❝❧✉❞❡ ❜♦t❤ ❝♦♠♣❧❡t❡❞ ❛♥❞ ✇✐t❤❞r❛✇♥ ♦✛❡rs

s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛✳✷✹ ❚❤❡ tr❛♥s❛❝t✐♦♥ ❤❛s ❛♥ ❡❝♦♥♦♠✐✲

❝❛❧❧② s✐❣♥✐✜❝❛♥t ✈❛❧✉❡ ♦❢ ✶✵ ♠✐❧ ❯✩ ♦r ♠♦r❡✳ ❚❛r❣❡ts ❛♥❞ ❜✐❞❞❡rs ❤❛✈❡ ❙t❛♥❞❛r❞

■♥❞✉str✐❛❧ ❈❧❛ss✐✜❝❛t✐♦♥ ✭❙■❈✮ ❝♦❞❡s ♦✉ts✐❞❡ t❤❡ r❛♥❣❡s ✻✵✵✵✕✻✾✾✾ ✭✜♥❛♥❝✐❛❧s✮

❛♥❞ ✹✾✵✵✕✹✾✾✾ ✭r❡❣✉❧❛t❡❞ ✉t✐❧✐t✐❡s✮ t♦ ❡♥s✉r❡ t❤❛t r❡❣✉❧❛t♦r② ❝♦♥str❛✐♥ts ❞♦ ♥♦t

❛✛❡❝t t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❇✐❞❞❡rs s❡❡❦ t♦ ❛❝q✉✐r❡ ❢✉❧❧ ❝♦♥tr♦❧

♦✈❡r t❤❡ t❛r❣❡t✱ ❜♦t❤ ✜r♠s ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ ❯❙ ❛♥❞ ❤❛✈❡ ❝♦♠♠♦♥ s❤❛r❡s

❧✐st❡❞ ❢♦r ✇❤✐❝❤ ♣r✐❝❡ ❛♥❞ r❡t✉r♥ ❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❉❛t❛str❡❛♠✳✷✺

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ ✐ss✉❡s ❛♥❞ s♣❡❝✐❛❧ ❝❛s❡s t❤❛t ❝❛♥ ♣r♦❞✉❝❡ ♥❡❣❛✲

t✐✈❡ ♣r❡♠✐✉♠s ✐♥ t❤❡ ❞❛t❛✳ ◆❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❝❛♥ ❜❡ ❝❛✉s❡❞ ❜② ❛ r❡✈❡rs❡ st♦❝❦

s♣❧✐t ♦r ❛ ❞✐✈✐❞❡♥❞ ♣❛②♦✉t t❤❛t t❤❡ t❛r❣❡t ❛♥♥♦✉♥❝❡s t♦❣❡t❤❡r ✇✐t❤ ❛ ♥❡❣♦t✐❛t❡❞

♠❡r❣❡r ❜✐❞✳ ❍❡♥❝❡✱ ✇❡ ✉s❡ st♦❝❦ ♣r✐❝❡s t❤❛t ❛r❡ ❛❞❥✉st❡❞ ❢♦r ❞✐✈✐❞❡♥❞s ❛♥❞ st♦❝❦

✷✹❋♦r st✉❞✐❡s ✇✐t❤ s✐♠✐❧❛r ❝r✐t❡r✐❛ s❡❡✱ ❡✳❣✳✱ ❙❝❤❧✐♥❣❡♠❛♥♥ ❬✷✵✵✹❪✱ ❉♦♥❣ ❡t ❛❧✳ ❬✷✵✵✻❪✱ ❍❡❧✇❡❣❡
❡t ❛❧✳ ❬✷✵✵✼❪✳

✷✺❆❝q✉✐r❡rs ❛♥❞ t❛r❣❡ts ✐♥ ❙❉❈ ❛r❡ ♠❛t❝❤❡❞ ✇✐t❤ ❉❛t❛str❡❛♠ ✉s✐♥❣ ❙❊❉❖▲s ❛♥❞ ❈❯❙■Ps✳
❚❤❡ ❙❉❈ ❈❯❙■Ps ❛r❡ r❡❝♦❞❡❞ ✐♥t♦ ❉❛t❛str❡❛♠ ❧♦❝❛❧ ❝♦❞❡s ❬▲❖❈❪ ❜② ❛❞❞✐♥❣ ❛ ❝♦✉♥tr② ♣r❡✜①✳

✶✾



s♣❧✐ts✳ ■❢ ❛ t❛r❣❡t r❡❝❡✐✈❡s s❡✈❡r❛❧ ❜✐❞s ❜② t❤❡ s❛♠❡ ♦r ❝♦♠♣❡t✐♥❣ ❜✐❞❞❡rs✱ ✇❡

❡①❝❧✉❞❡ ❛❧❧ ❜✉t t❤❡ ✈❡r② ✜rst ♦✛❡r t♦ ♠✐♥✐♠✐③❡ ❛♥② ❝♦♥❢♦✉♥❞✐♥❣ ❡✈❡♥ts✳✷✻ ❆❧❧

❛❝q✉✐s✐t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ✐♠♠❡❞✐❛t❡ ♦r ✉❧t✐♠❛t❡ ♣❛r❡♥t ❛r❡ ❡❧✐♠✐♥❛t❡❞ ❢r♦♠

t❤❡ s❛♠♣❧❡ t♦ ❡①❝❧✉❞❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s t❤❛t ❛r✐s❡ t❤r♦✉❣❤ ✐♥t❡r♥❛❧ r❡♦r❣❛♥✐✲

③❛t✐♦♥ ♦r t❤r♦✉❣❤ ✜♥❛♥❝✐❛❧ r❡str✉❝t✉r✐♥❣ ✇✐t❤ r❡♣✉r❝❤❛s❡s ♦r s❡❧❢✲t❡♥❞❡rs✳ ❲❡

❛❧s♦ ❡①❝❧✉❞❡ ❛❧❧ ♣❛rt✐❛❧ ❛❝q✉✐s✐t✐♦♥s✱ ❛ss❡t s❛❧❡s ♦r ♠✉❧t✐♣❧❡ ❛❝q✉✐s✐t✐♦♥s ♦♥ t❤❡

s❛♠❡ ❞❛② ✇✐t❤ t❤❡ s❛♠❡ ❜✐❞❞❡r ♦r s❡❧❧❡r✳✷✼ ◆❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛r❡ ❛❧s♦ ❝♦♠♠♦♥

✐♥ r❡✈❡rs❡ ♠❡r❣❡rs t❤❛t ❛❧❧♦✇ ♣r✐✈❛t❡❧② ❤❡❧❞ ❝♦♠♣❛♥✐❡s t♦ ♦❜t❛✐♥ ❛ ❧✐st✐♥❣ ♦♥ ❛

♣✉❜❧✐❝ ❡①❝❤❛♥❣❡ ✇✐t❤♦✉t ❛♥ ■P❖✳✷✽ ❋♦r t❤✐s r❡❛s♦♥✱ ❛♥❞ ❢♦r r❡❛s♦♥s ♦❢ ❧✐♠✐t❡❞

❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t②✱ ✇❡ ❡①❝❧✉❞❡ ♣r✐✈❛t❡ t❛r❣❡ts ❢r♦♠ ♦✉r s❛♠♣❧❡✳ ❆♥♦t❤❡r t❡❝❤♥✐✲

❝❛❧ r❡❛s♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❝❛♥ ❜❡ ♠❛♥❞❛t♦r② ♦✛❡rs✱ ✇❤❡r❡ ❛ ❜✐❞❞❡r ✐s

r❡q✉✐r❡❞ ❜② ❧❛✇ t♦ ♠❛❦❡ ❛♥ ♦✛❡r ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ s❤❛r❡s ♦❢ t❤❡ t❛r❣❡t✳✷✾ ❚♦

❦❡❡♣ ♦✉r s❛♠♣❧❡ ❛s ❝❧❡❛♥ ❛s ♣♦ss✐❜❧❡ ✇❡ t❤❡r❡❢♦r❡ r❡q✉✐r❡ t❤❛t ❜✐❞❞❡rs ❤❛✈❡ ♥♦

t♦❡❤♦❧❞s ❛♥❞ ♠❛❦❡ ❛♥ ♦✛❡r ❢♦r ✶✵✵ ♣❡r❝❡♥t ♦❢ t❛r❣❡t s❤❛r❡s✳ ❲❡ ❛❧s♦ ❢♦❝✉s ♦♥

❞❡❛❧s ✐♥ t❤❡ ❯❙✱ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ ♠❛♥❞❛t♦r② ❜✐❞ r❡q✉✐r❡♠❡♥t✳✸✵ ❋✐✲

♥❛❧❧②✱ ✇❡ ❡①❝❧✉❞❡ ❛❧❧ s♣✐♥♦✛s✱ r❡❝❛♣✐t❛❧✐③❛t✐♦♥s✱ s❡❧❢✲t❡♥❞❡rs✱ r❡♣✉r❝❤❛s❡s✱ ❞❡❛❧s

✇✐t❤ ❛ ❣♦✈❡r♥♠❡♥t ❝♦♥tr♦❧❧❡❞ ❡♥t✐t②✱ ❛♥❞ ❞❡❛❧s ✇❤❡r❡ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ❞❛t❡ ✐s

❡st✐♠❛t❡❞✳ ❆❢t❡r t❤✐s s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ ♠❛♥✉❛❧❧② ❝❤❡❝❦❡❞ t❤❡ st♦❝❦ ♣r✐❝❡s✱

❛♥♥♦✉♥❝❡♠❡♥t ❞❛t❡s ❛♥❞ ♠❡r❣❡r ✜❧✐♥❣s ✭♣✉❜❧✐s❤❡❞ ❜② t❤❡ ❙❊❈✮ ♦❢ ❛❧❧ t❛r❣❡ts

✇✐t❤ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❜✉t ❞✐❞ ♥♦t ✜♥❞ ❛♥② ♦t❤❡r t❡❝❤♥✐❝❛❧✱ ❧❡❣❛❧ ♦r t❛① r❡✲

❧❛t❡❞ ❡①♣❧❛♥❛t✐♦♥s✳ ❚❤❡ ✜♥❛❧ s❛♠♣❧❡ ❝♦♥s✐sts ♦❢ ✶✾✸✼ ❞❡❛❧s ✇✐t❤ ♥♦♥✲♠✐ss✐♥❣

♦✛❡r ♣r❡♠✐✉♠s ✐♥ ❙❉❈ ❛♥❞✱ ❛❢t❡r ❛ ♠❛t❝❤ ✇✐t❤ ❉❛t❛str❡❛♠✱ ✶✼✼✻ ❞❡❛❧s ✇✐t❤♦✉t

♠✐ss✐♥❣ ✈❛❧✉❡s ❢♦r ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳

✷✻❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ❜✐❞s ✐♥ ❙❉❈ r❡✈❡❛❧s t❤❛t r♦✉❣❤❧② ❤❛❧❢ ♦❢ ❛❧❧ ❢♦❧❧♦✇✲✉♣
❜✐❞s ❛r❡ ❞♦✇♥✇❛r❞ ❛❞❥✉st♠❡♥ts✳

✷✼❋♦r ❡①❛♠♣❧❡✱ ♣❛r❛❧❧❡❧ ❛ss❡t s❛❧❡s ❝❛♥ ❤♦❧❧♦✇ ♦✉t ❛ t❛r❣❡t ❛♥❞ r❡s✉❧t ✐♥ ❛ ❧♦✇ ❜✐❞ ❢♦r
✐ts s❤❛r❡s✳ ■❢ s❡✈❡r❛❧ s✉❜s✐❞✐❛r✐❡s ❛r❡ ❜♦✉❣❤t t♦❣❡t❤❡r ✭❡✳❣✳✱ ✐♥❞✐✈✐❞✉❛❧ ❤♦t❡❧s ❢r♦♠ t❤❡ s❛♠❡
s❡❧❧❡r✮ t❛① r❡❛s♦♥s ❝❛♥ ♠❛❦❡ ✐t ✇♦rt❤✇❤✐❧❡ t♦ ♥❡❣♦t✐❛t❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❢♦r s♦♠❡ ✇✐t❤ ❤✐❣❤
♣r❡♠✐✉♠s ❢♦r ♦t❤❡rs ❛s ❛ ❝♦♠♣❡♥s❛t✐♦♥✳

✷✽ ❚❤❡ ♣✉❜❧✐❝ ❛❝q✉✐r✐♥❣ ✈❡❤✐❝❧❡ ✭♦❢t❡♥ s❤❡❧❧ ❝♦r♣♦r❛t✐♦♥s✮ ✐s ♠❡r❣❡❞ ✐♥t♦ t❤❡ ♣r✐✈❛t❡ t❛r❣❡t

✐♥ ❛ s❤❛r❡ ❡①❝❤❛♥❣❡ ❞❡❛❧ t❤❛t ❛❧❧♦✇s t❤❡ t❛r❣❡t t♦ ❣❛✐♥ ❝♦♥tr♦❧❧✐♥❣ ♦✇♥❡rs❤✐♣ ♦❢ t❤❡ s✉r✈✐✈✐♥❣

❡♥t✐t② ❬●❧❡❛s♦♥ ❡t ❛❧✳✱ ✷✵✵✺❪✳

✷✾ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ▼❛r❝❤ ✷✵✵✼✱ P♦rs❝❤❡ tr✐❣❣❡r❡❞ ❛ ♠❛♥❞❛t♦r② t❛❦♦✈❡r ❜✐❞ ❜② r❛✐s✐♥❣

✐ts st❛❦❡ ✐♥ ❱♦❧❦s✇❛❣❡♥ ✭❱❲✮ t♦ ♦✈❡r ✸✵ ♣❡r❝❡♥t✳ ❆s P♦rs❝❤❡ ❞✐❞ ♥♦t ✐♥t❡♥❞ t♦ ♣✉r❝❤❛s❡

t❤❡ r❡♠❛✐♥✐♥❣ s❤❛r❡s ♦❢ ❱❲✱ t❤❡② ♦✛❡r❡❞ ❛ ♣r✐❝❡ ❜❡❧♦✇ t❤❡ ❝✉rr❡♥t ♠❛r❦❡t ♣r✐❝❡ ♦❢ ❱❲✳

❈♦♥s❡q✉❡♥t❧②✱ ✐♥ ❙❉❈✱ t❤❡ ❞❡❛❧ ✭★✶✽✺✷✵✻✵✵✹✵✮ ✐s r❡❝♦r❞❡❞ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ♦❢ ✲✶✹✳✹

♣❡r❝❡♥t✳

✸✵ ❍♦✇❡✈❡r✱ ✐♥ ❝❡rt❛✐♥ st❛t❡s✱ ✐❢ ❛ ❜✐❞❞❡r ❛❝q✉✐r❡s ❛ ❝❡rt❛✐♥ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ t❛r❣❡t ✭✷✵✪

✐♥ P❡♥♥s②❧✈❛♥✐❛✱ ✷✺✪ ✐♥ ▼❛✐♥❡✱ ✺✵✪ ✐♥ ❙♦✉t❤ ❉❛❦♦t❛✮✱ ♦t❤❡r s❤❛r❡❤♦❧❞❡rs ❝❛♥ ❞❡♠❛♥❞ t❤❛t

t❤❡ ❜✐❞❞❡r ♣✉r❝❤❛s❡ t❤❡✐r s❤❛r❡s ❛t ❛ ❢❛✐r ♣r✐❝❡ ✭❵❝♦♥tr♦❧ s❤❛r❡ ❝❛s❤✲♦✉t✬ ♣r♦✈✐s✐♦♥✮✳

✷✵



✸✳✷ Pr❡♠✐✉♠ ♠❡❛s✉r❡s

■♥ ❞❡✜♥✐♥❣ t❤❡ ♣r❡♠✐✉♠✱ ✇❡ t❛❦❡ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ t❤❡ t❛r❣❡t✬s s❤❛r❡❤♦❧❞❡r

♦♥ t❤❡ ♦♣❡♥ ♠❛r❦❡t ❛♥❞ ✉s❡ t❤❡ ♦✛❡r ♣r✐❝❡ t❤❛t t❤❡ ❜✐❞❞❡r ❛♥♥♦✉♥❝❡s t♦ ♣❛②

♣❡r ♦✉tst❛♥❞✐♥❣ t❛r❣❡t ❝♦♠♠♦♥ s❤❛r❡✱ ❛s r❡♣♦rt❡❞ ✐♥ ❙❉❈✳ ■❢ t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡

❜✐❞s✱ ✇❡ ✉s❡ t❤❡ ✐♥✐t✐❛❧ ♦✛❡r✳ ✏❲✐t❤ ♦✛❡r ♣r✐❝❡s✱ ♣r❡♠✐✉♠ ❡st✐♠❛t✐♦♥ ✐s r❡❞✉❝❡❞

t♦ ✜♥❞✐♥❣ t❤❡ ❜❡st ❵❜❛s❡✬ ♣r✐❝❡ ✇✐t❤ ✇❤✐❝❤ t♦ s❝❛❧❡ t❤❡ ❦♥♦✇♥ ♦✛❡r ♣r✐❝❡✳✑

❬❊❝❦❜♦✱ ✷✵✵✾✱ ♣✳✶✺✹❪ ❆s t❤❡ ❝♦rr❡❝t ❜❛s❡ ♣r✐❝❡ ✐s ♣r✐♥❝✐♣❛❧❧② ✉♥❦♥♦✇♥✱ ✇❡ ❛♣♣❧②

t✇♦ ♠❡t❤♦❞s t♦ ❞❡✜♥❡ t❤❡ ❜❛s❡ ♣r✐❝❡ ❛♥❞✱ ✐♥ ❡①t❡♥s✐♦♥✱ ♥❡❣❛t✐✈❡ ❛♥♥♦✉♥❝❡♠❡♥t

♣r❡♠✐✉♠s✳

❋✐rst✱ ✇❡ ✉s❡ t❤❡ t❛r❣❡t✬s ♣r❡✲❜✐❞ s❡❝♦♥❞❛r② ♠❛r❦❡t ♣r✐❝❡ ✇❤✐❝❤ t❤❡ ❜✐❞❞❡r

r❡❧✐❡s ♦♥ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✐t✐❛❧ ♦✛❡r ♣r❡♠✐✉♠s✳ ❚♦ ❡♥s✉r❡ t❤❛t t❤✐s

❜❛s❡ ♣r✐❝❡ ✐s ❧❛r❣❡❧② ❢r❡❡ ♦❢ ❧❡❛❦❛❣❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ♠❛r❦❡t ❛♥t✐❝✐♣❛t✐♦♥ ♦❢

t❤❡ ♣❡♥❞✐♥❣ ♦✛❡r✱ ✇❡ s❡❧❡❝t ❛ t❛r❣❡t s❤❛r❡ ♣r✐❝❡ ❢♦✉r ✇❡❡❦s ✭✷✵ tr❛❞✐♥❣ ❞❛②s✮

♣r✐♦r t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ❞❛② t✱ ❤❡♥❝❡❢♦rt❤ t = −20✳ ❙❡❧❡❝t✐♥❣ ❛♥ ❡❛r❧✐❡r ❞❛t❡

❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t ✐t ♠✐♥✐♠✐③❡s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ r✉♥✉♣s✱ ❜✉t ✐t ❛❧s♦ ♦♣❡♥s

t❤❡ ✇✐♥❞♦✇ ❢♦r ♠♦r❡ ❝♦♥❢♦✉♥❞✐♥❣ ❡✈❡♥ts ❜❡t✇❡❡♥ t❤❡ ❞❛t❡ ♦❢ t❤❡ ❜❛s❡ ♣r✐❝❡ ❛♥❞

t❤❡ ♦✛❡r✳ ❋♦r r♦❜✉st♥❡ss ❝❤❡❝❦s✱ ✇❡ ❛❧s♦ ✉s❡ ❜❛s❡ ♣r✐❝❡s ❡✐❣❤t ✇❡❡❦s ✭t = −40✮✱

♦♥❡ ✇❡❡❦ ✭t = −5✮ ❛♥❞ ♦♥❡ ❞❛② ✭t = −1✮ ♣r✐♦r t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t✳

❙❡❝♦♥❞✱ ✇❡ ❛❞❥✉st t❤❡ ❜❛s❡ ♣r✐❝❡ ✭❛♥❞ t❤✉s t❤❡ ♣r❡♠✐✉♠✮ ✇✐t❤ t❤❡ ♠❛r❦❡t

r❡t✉r♥ ❜❡t✇❡❡♥ t❤❡ ❞❛t❡ ♦❢ t❤❡ ❜❛s❡ ♣r✐❝❡ ❛♥❞ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ t❤❡ ♦✛❡r

❬❑r✐s❤♥❛♥ ❡t ❛❧✳✱ ✷✵✵✼❪✳ ❲✐t❤ t❤✐s ♠❡t❤♦❞ ✇❡ ❝♦♥tr♦❧ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

t❤❛t ❛r❡ ❞✉❡ t♦ ❛❞✈❡rs❡ ♠❛r❦❡t ♠♦✈❡♠❡♥ts ✇❤❡r❡ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡

♠❛r❦❡t ❛♥❞ ♥♦t ♦♥❧② ♦❢ t❤❡ t❛r❣❡t ❞r♦♣s✳✸✶ ❊♠♣✐r✐❝❛❧❧②✱ ❤♦✇❡✈❡r✱ t❤❡ ❞✐✛❡r❡♥❝❡s

❜❡t✇❡❡♥ ❛♥ ✉♥❛❞❥✉st❡❞ ❛♥❞ ♠❛r❦❡t✲❛❞❥✉st❡❞ ♣r❡♠✐✉♠ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ✭❛❧s♦ s❡❡

❙❡❝t✐♦♥ ✹✳✶✮✳ ❇❛s❡❞ ♦♥ t❤❡ ❢♦✉r ✇❡❡❦ ♠❡❛s✉r❡ ✭t = −20✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s ❛❝t✉❛❧❧② ✐♥❝r❡❛s❡s ❢r♦♠ ✶✺✹ t♦ ✶✻✷ ❛❢t❡r ❛❞❥✉st✐♥❣ ❢♦r st♦❝❦ ♠❛r❦❡t

♠♦✈❡♠❡♥ts✳ ▼♦st ♦❢ ♦✉r ♠♦❞❡❧s r❡❢❡r t♦ t❤❡ ❢♦✉r ✇❡❡❦ ♣r❡♠✐✉♠ ✭t = −20✮✱ ✐♥

♣❡r❝❡♥t ❛♥❞ ❛❞❥✉st❡❞ ❢♦r ❝❤❛♥❣❡s ✐♥ t❤❡ ❙✫P ✺✵✵✱ ❛s t❤❡ st❛♥❞❛r❞ ♠❡❛s✉r❡✳✸✷

■❢ ♥♦t r❡♣♦rt❡❞ ♦t❤❡r✇✐s❡✱ ✇❡ r❡❢❡r t♦ t❤❡ ❧♦✇❡st ❞❡❝✐❧❡ ♦❢ t❤❡ st❛♥❞❛r❞ ♣r❡♠✐✉♠

♠❡❛s✉r❡ ❛s ❱▲Ps✳ ❚❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ r♦❜✉st t♦ t❤❡ ♦t❤❡r

♣r❡♠✐✉♠ ♠❡❛s✉r❡s ❛♥❞ ❛❧s♦ ♦t❤❡r ❝✉t♦✛ ♣♦✐♥ts ❢♦r ❱▲Ps ✭s❡❡ ❙❡❝t✐♦♥ ✻✮✳

❚❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♣❛✐❞ ❜② t❤❡ ❛❝q✉✐r❡r ♦❢t❡♥ ❞✐✛❡rs ❢r♦♠ t❤❡ ♣r✐❝❡ r❡❝❡✐✈❡❞

✸✶ ❙✉♣♣♦s❡✱ t❤❡ t❛r❣❡t✬s ❜❛s❡ ♣r✐❝❡ ✐s ✶✵ ❛t ❛ ♠❛r❦❡t ✐♥❞❡① ♦❢ ✶✵✵✳ ❆ ♠♦♥t❤ ❧❛t❡r t❤❡ ✐♥❞❡①

❝r❛s❤❡❞ t♦ ✺✵ ❛♥❞ ❛ ❜✐❞ ✐s ❛♥♥♦✉♥❝❡❞ t♦ ❜✉② t❤❡ t❛r❣❡t ❢♦r ✽✳ ❆t ❢❛❝❡ ✈❛❧✉❡✱ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t

♣r❡♠✐✉♠ ✐s ♥❡❣❛t✐✈❡ ✭✽✴✶✵✲✶✮✱ ❜✉t ♥♦t ✐❢ ✇❡ ❛❞❥✉st t❤❡ ❜❛s❡ ♣r✐❝❡ ❜② t❤❡ ✲✺✵ ♣❡r❝❡♥t ♠❛r❦❡t

r❡t✉r♥ ✭✽✴✺✲✶✮✳

✸✷ ❲❡ ❝♦♠♣✉t❡ t❤❡ ♣r❡♠✐✉♠ ❛s ❢♦❧❧♦✇s✿ ✭❜✐❞ ♣❡r t❛r❣❡t s❤❛r❡ ✴ t❛r❣❡t s❤❛r❡ ❛t t = −20✮ ✲

✭❙✫P✺✵✵ ❛t t = 0 ✴ ❙✫P✺✵✵ ❛t t = −20✮✱ ♠✉❧t✐♣❧✐❡❞ ❜② ✶✵✵ ❢♦r ❛ ♣❡r❝❡♥t❛❣❡ ♠❡❛s✉r❡✳

✷✶



❜② t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✳ ❚❤✐s ♠❛② s✉❣❣❡st t♦ ✉s❡ t❤❡ t❛❦❡♦✈❡r ❝♦♥s✐❞❡r❛✲

t✐♦♥ ❢♦r ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r❡♠✐✉♠ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡r❡ ❛r❡✱ ❤♦✇❡✈❡r✱ s❡✈❡r❛❧ ❞❛t❛

✐ss✉❡s ✇✐t❤ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ r❡♣♦rt❡❞ ✐♥ ❙❉❈✳ ❋✐rst✱ ♥❡①t t♦ ❝❛♣✐t❛❧ ✐♥❢✉✲

s✐♦♥s ❛♥❞ ❧✐❛❜✐❧✐t✐❡s ❛ss✉♠❡❞✱ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ♣✉r❝❤❛s❡

♦❢ ♦♣t✐♦♥s✱ ♣r❡❢❡rr❡❞ s❤❛r❡s✱ ❛ss❡ts✱ ✇❛rr❛♥ts✱ ❛♥❞ ❝♦♠♠♦♥ ❧✐❦❡ s❤❛r❡s✳ ❆❧❧ t❤❡s❡

✐t❡♠s ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞❛t❛ ♦♥ t❤❡ t❛r❣❡t✬s ♠❛r❦❡t ✈❛❧✉❡ ♣r✐♦r t♦ t❤❡ ❛♥✲

♥♦✉♥❝❡♠❡♥t✱ ✇❤✐❝❤ r❡❢❡rs t♦ ❝♦♠♠♦♥ s❤❛r❡s ♦✉tst❛♥❞✐♥❣✳ ❍❡♥❝❡✱ t♦ ❛❧✐❣♥ t❤❡

❜✐❞ ✇✐t❤ t❤❡ t❛r❣❡t✬s ❜❛s❡ ♣r✐❝❡✱ ❛❧❧ t❤❡ ❛❜♦✈❡ ✐t❡♠s ❤❛✈❡ t♦ ❜❡ s✉❜tr❛❝t❡❞ ✐♥❞✐✲

✈✐❞✉❛❧❧② ❢r♦♠ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤✐s ❧❡❛❞s t♦ ❧❛r❣❡ ♦✉t❧✐❡rs ❛♥❞ r❡q✉✐r❡s

q✉✐t❡ ❛r❜✐tr❛r② tr✉♥❝❛t✐♦♥ ♠❡t❤♦❞s ❬❖✣❝❡r✱ ✷✵✵✸❪✳ ❙❡❝♦♥❞✱ ❛♥② st♦❝❦ ♣♦rt✐♦♥

✐♥ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ✭✐♥❝❧✳ ❝♦♠♠♦♥ st♦❝❦✮ ✐s ✈❛❧✉❡❞ ❛t t❤❡ ❧❛st ❞❛② ❜❡❢♦r❡

t❤❡ ✜♥❛❧ ❜✐❞ ✐s ❛♥♥♦✉♥❝❡❞✳ ❚❤✉s✱ ✐❢ ❜✐❞s ❛r❡ r❡✈✐s❡❞ ♦r r✐✈❛❧❡❞✱ ❛♥② ♣r❡♠✐✉♠

t❤❛t ✐s ❜❛s❡❞ ♦♥ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ✭✐✮ ❝♦♥❢♦✉♥❞❡❞ ❜② t❤❡ ✇❤♦❧❡ ❜✐❞❞✐♥❣

♣r♦❝❡ss❀ ❛♥❞ ✭✐✐✮ ❞♦❡s ♥♦t r❡❢❡r t♦ t❤❡ ♦✛❡r ✈❛❧✉❡ ❛t t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ❞❛t❡✱

❜✉t t♦ ❛♥ ✉♥❦♥♦✇♥ ♣♦✐♥t ✐♥ t✐♠❡ s❡✈❡r❛❧ ♠♦♥t❤s ♦r ❡✈❡♥ ②❡❛rs ❧❛t❡r✳ ❚❤✐r❞✱ t❤❡

❝♦♥s✐❞❡r❛t✐♦♥ ♣❛✐❞ ✐♥❝❧✉❞❡s ❛❧❧ t❛r❣❡t st♦❝❦ ♣✉r❝❤❛s❡s ♠❛❞❡ ✇✐t❤✐♥ s✐① ♠♦♥t❤s ♦❢

t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ❞❛t❡✳ ❆❣❛✐♥✱ ❛s ❛❜♦✈❡✱ ❝r✐t✐q✉❡ ✭✐✮ ❛♥❞ ✭✐✐✮ ❛♣♣❧②✳ ▼♦r❡♦✈❡r✱

✐❢ t❤❡ t❛❦❡♦✈❡r ♣r♦❝❡ss ❡①❝❡❡❞s s✐① ♠♦♥t❤s✱ ❛♥② ♣✉r❝❤❛s❡s ♦❢ t❛r❣❡t st♦❝❦ ❛❢t❡r

t❤✐s ♣❡r✐♦❞ ✉♥❞❡r❡st✐♠❛t❡ t❤❡ ♣r❡♠✐✉♠✳ ■♥ s✉♠✱ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ✐s t♦♦

❝♦♥❢♦✉♥❞❡❞ t♦ r❡❧✐❛❜❧② ✐❞❡♥t✐❢② ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ▼♦r❡♦✈❡r✱ ✇❡ r❡❢r❛✐♥ ❢r♦♠

✉s✐♥❣ t❤❡ t♦t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ t♦ ♣r❡✈❡♥t ♠✐①❡❞ ♣❡rs♣❡❝t✐✈❡s ✐♥ ♦✉r ❛♥❛❧②s✐s✳ ■♥

t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ♣r✐♠❛r✐❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✬ ♣❡rs♣❡❝t✐✈❡

❛♥❞ ✇❤② t❤❡② ❛❝❝❡♣t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❧❡ss s♦ ✇❤② ❛❝q✉✐r❡rs ♠❛② ❛❝❝❡♣t ❛

❤✐❣❤❡r ❝♦♥s✐❞❡r❛t✐♦♥ t❤❛♥ t❤❡ ♣r✐❝❡ r❡❝❡✐✈❡❞ ❜② t❤❡ t❛r❣❡t✳

✸✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s

✸✳✸✳✶ ❖✈❡r✈❛❧✉❛t✐♦♥

❚❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧❧② ❛❝❝❡♣t❡❞ ♠❡❛s✉r❡ ♦❢ ♦✈❡r✈❛❧✉❛t✐♦♥❀ ❤❡♥❝❡✱ ✇❡ ✉s❡ s❡✈❡r❛❧

♣r♦①✐❡s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐s t❤❛t ❛ ❤✐❣❤ ♠❡❛s✉r❡ ♠✐❣❤t

s✉❣❣❡st ♦✈❡r✈❛❧✉❛t✐♦♥ ♦r ❤✐❣❤ ❡①♣❡❝t❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ ❢✉t✉r❡ ❣r♦✇t❤ ❛♥❞ ♣r♦❢✲

✐t❛❜✐❧✐t②✱ ❛s s✉❣❣❡st❡❞ ❜② ◗✲t❤❡♦r② ❬❏♦✈❛♥♦✈✐❝ ❛♥❞ ❘♦✉ss❡❛✉✱ ✷✵✵✷❪✳ ❚♦❜✐♥✬s ◗

✐s ♥❡✈❡rt❤❡❧❡ss ❛ ✇✐❞❡❧② ✉s❡❞ ♠❡❛s✉r❡ ♦❢ ♦✈❡r✈❛❧✉❛t✐♦♥✳ ❲❡ ❝♦♠♣✉t❡ ❚♦❜✐♥✬s ◗

❢♦r t❤❡ t❛r❣❡t ✭❚◗❴t✮ ❛♥❞ t❤❡ ❜✐❞❞❡r ✭❚◗❴❜✮ ❛s t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❛r❦❡t ✈❛❧✉❡

♦❢ ❛ss❡ts ♦✈❡r t❤❡ ❜♦♦❦ ✈❛❧✉❡ ♦❢ ❛ss❡ts ❛t t = −20✳ ❆s ✐♥ ▼❛s✉❧✐s ❡t ❛❧✳ ❬✷✵✵✼❪✱

t❤❡ ♠❛r❦❡t ✈❛❧✉❡ ♦❢ ❛ss❡ts ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❜♦♦❦ ✈❛❧✉❡ ♦❢ ❛ss❡ts ♠✐♥✉s t❤❡ ❜♦♦❦

✈❛❧✉❡ ♦❢ ❝♦♠♠♦♥ ❡q✉✐t② ♣❧✉s t❤❡ ♠❛r❦❡t ✈❛❧✉❡ ♦❢ ❝♦♠♠♦♥ ❡q✉✐t②✳ ❉♦♥❣ ❡t ❛❧✳

❬✷✵✵✻❪ ✉s❡ t❤❡ ♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡ ✭P❘■▼❱✮ t♦ ❝❛♣t✉r❡ ♦✈❡r✲

✈❛❧✉❛t✐♦♥✳ ❚❤❡ P❘■▼❱ r❡❢❡rs t♦ t❤❡ ❖❤❧s♦♥ ♠♦❞❡❧ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ ❡❛r♥✐♥❣s

✷✷



❢♦r❡❝❛sts ❬❖❤❧s♦♥✱ ✶✾✾✺❪✳✸✸ ❉♦♥❣ ❡t ❛❧✳ ❬✷✵✵✻❪ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦st ♦❢ ❡q✉✐t② ✉s✐♥❣

❛ ♠❛r❦❡t ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ ❜❡t❛✳ ❨❡t✱ t❤❡② ❛❞♠✐t s✉❜st❛♥t✐❛❧ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡✐r

❡st✐♠❛t❡s✱ ✇❤✐❝❤ t❤❡② r❡s♦❧✈❡ ✇✐t❤ ✇✐♥s♦r✐③❛t✐♦♥✳ ❊✈❡♥ ❛❢t❡r ✇✐♥s♦r✐③❛t✐♦♥✱ t❤❡

❝♦st ♦❢ ❡q✉✐t② ❡st✐♠❛t❡s ❧❡❛❞ t♦ ❡①tr❡♠❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s✱ ❛s ❡st✐♠❛t❡s ✈❛r②

❜❡t✇❡❡♥ ✸✪ ❛♥❞ ✸✵✪✳ ❚♦ ❛✈♦✐❞ ♦✉t❧✐❡rs✱ ✇❡ ❢♦❧❧♦✇ ❉▼❡❧❧♦ ❛♥❞ ❙❤r♦✛ ❬✷✵✵✵❪ ❛♥❞

✉s❡ ❛ ❝♦♥st❛♥t ❞✐s❝♦✉♥t r❛t❡ ♦❢ ✶✷✳✺✪✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ❧✐♥❡ ✇✐t❤ ❉♦♥❣ ❡t ❛❧✳

❬✷✵✵✻❪✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ r❡❢❡rs t♦ ❛ t❤r❡❡ ②❡❛r ✇✐♥❞♦✇✳

❇❛s❡❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✜①❛t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✜r♠s ✇✐t❤ ❤✐❣❤ ❛❝❝r✉❛❧s ❛♥❞

♥❡t ♦♣❡r❛t✐♥❣ ❛ss❡ts t❡♥❞ t♦ ❜❡ ♦✈❡r✈❛❧✉❡❞✱ ❜❡❝❛✉s❡ ✐♥✈❡st♦rs ♦✈❡rst❛t❡ ❛❝❝♦✉♥t✲

✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❬❍✐rs❤❧❡✐❢❡r ❡t ❛❧✳✱ ✷✵✵✹✱ ❙❧♦❛♥✱ ✶✾✾✻❪✳ ❚❤✉s✱ ❢♦r r♦❜✉st♥❡ss✱

✇❡ ❛❧s♦ ❝♦♠♣✉t❡ ♦♣❡r❛t✐♥❣ ❛❝❝r✉❛❧s ✭❆❈❈❘✮ ❛♥❞ ♥❡t ♦♣❡r❛t✐♥❣ ❛ss❡ts ✭◆❖❆✮

❛s ❞✐s❝✉ss❡❞ ✐♥ ❍✐rs❤❧❡✐❢❡r ❡t ❛❧✳ ❬✷✵✵✹✱ ♣✳✸✵✻✲✸✵✼❪✳ ❯♥❢♦rt✉♥❛t❡❧②✱ q✉❛rt❡r❧②

❛❝❝♦✉♥t✐♥❣ ❞❛t❛ ❞♦ ♥♦t ❝♦✈❡r t❤❡ ✇❤♦❧❡ ✐♥✈❡st✐❣❛t✐♦♥ ♣❡r✐♦❞✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧

❛❝❝♦✉♥t✐♥❣✲r❡❧❛t❡❞ ♠❡❛s✉r❡s✱ ✐♥❝❧✉❞✐♥❣ ❆❈❈❘ ❛♥❞ ◆❖❆✱ ✉s❡ t❤❡ ❧❛t❡st ❛✈❛✐❧✲

❛❜❧❡ ❛♥♥✉❛❧ ❞❛t❛ ♣r✐♦r t♦ t❤❡ ❜✐❞ ❛♥♥♦✉♥❝❡♠❡♥t✳

■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ♠❛r❦❡t r❡s♣♦♥s❡ t♦ ♦✈❡r✈❛❧✉❛t✐♦♥✱ ✇❡ ❢♦❧❧♦✇ ❇r♦✇♥

❛♥❞ ❲❛r♥❡r✬s ❬✶✾✽✺❪ st❛♥❞❛r❞ ❡✈❡♥t st✉❞② ♠❡t❤♦❞♦❧♦❣② t♦ ❝♦♠♣✉t❡ ❝✉♠✉❧❛t✐✈❡

❛❜♥♦r♠❛❧ r❡t✉r♥s t♦ t❤❡ ❜✐❞❞❡r ✭❈❆❘❴❜✮ ❛♥❞ t❤❡ t❛r❣❡t ✭❈❆❘❴t✮ ❢♦r t❤❡ t✇♦✲

❞❛② ❡✈❡♥t ✇✐♥❞♦✇ ✭✲✶✱ ✶✮ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❝❧♦s✐♥❣ ♣r✐❝❡ ♦♥❡ ❞❛② ❜❡❢♦r❡ t❤❡

❛♥♥♦✉♥❝❡♠❡♥t✳ ❲❡ ❡st✐♠❛t❡ t❤❡ ♠❛r❦❡t✲❛❞❥✉st❡❞ ♠♦❞❡❧ ARi = ri − rm✱ ✇❤❡r❡

ARi ✐s t❤❡ ❛❝q✉✐r❡r ✐✬s ❛❜♥♦r♠❛❧ r❡t✉r♥✱ ri ✐s t❤❡ st♦❝❦ r❡t✉r♥ ♦♥ ❛❝q✉✐r❡r ✐ ❛♥❞

rm ✐s t❤❡ r❡t✉r♥ ♦❢ t❤❡ ❙✫P ✺✵✵ ✐♥❞❡①✳ ❋♦❧❧♦✇✐♥❣ ❋✉❧❧❡r ❡t ❛❧✳ ❬✷✵✵✷❪ ❛♥❞ ❉♦♥❣

❡t ❛❧✳ ❬✷✵✵✻❪✱ ✇❡ ❞♦ ♥♦t ❡st✐♠❛t❡ ♠❛r❦❡t ♣❛r❛♠❡t❡rs ❜❛s❡❞ ♦♥ ❛ t✐♠❡ ♣❡r✐♦❞ ❜❡❢♦r❡

❡❛❝❤ ❜✐❞✱ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② t❤❛t ♣r❡✈✐♦✉s t❛❦❡♦✈❡r ❛tt❡♠♣ts

✇♦✉❧❞ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♣❡r✐♦❞✳ ❚❤✐s ✇♦✉❧❞ ♠❛❦❡ ❜❡t❛ ❡st✐♠❛t✐♦♥s

❧❡ss ♠❡❛♥✐♥❣❢✉❧✳

❙❝❤✇❡rt ❬✶✾✾✻❪ ❛♥❞ ❇❡tt♦♥ ❡t ❛❧✳ ❬✷✵✵✾❪ r❡♣♦rt t❤❛t t❤❡ ♠❛✐♥ ❛❜♥♦r♠❛❧ ♣r✐❝❡

❝❤❛♥❣❡ ♣r❡❝❡❞✐♥❣ ❛ ♠❡r❣❡r ♦❝❝✉rs ❛❜♦✉t ✶✵ t♦ ✶✺ ❞❛②s ♣r✐♦r t♦ t❤❡ ❛♥♥♦✉♥❝❡✲

♠❡♥t✳ ❚♦ ♠❡❛s✉r❡ r✉♥✉♣s ✭❘❯◆❯P✮ ✇❡ t❤❡r❡❢♦r❡ ✉s❡ ❛ ✇✐♥❞♦✇ ❢r♦♠ t = −20

t♦ t = −1 ❢♦r ✇❤✐❝❤ ✇❡ ❝♦♠♣✉t❡ ❙✫P ✺✵✵ ❛❞❥✉st❡❞ ❜✉② ❛♥❞ ❤♦❧❞ r❡t✉r♥s t♦ t❤❡

t❛r❣❡t✳

✸✳✸✳✷ ❍✐❞❞❡♥ ❡❛r♥♦✉t

■♥ ❧✐♥❡ ✇✐t❤ ❙❡❝t✐♦♥ ✷✳✷✱ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛r❡ ♠♦r❡ ❧✐❦❡❧② ✐❢ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢

❝♦♥s✐❞❡r❛t✐♦♥ ♣❛✐❞ ✐♥ st♦❝❦ ✭❊◗✮ ✐s ❧❛r❣❡ ❛♥❞ ✐❢ t❤❡ ❛❝q✉✐r❡r ❤❛s t♦ ✐ss✉❡ ❛ s✉❜✲

st❛♥t✐❛❧ ♣♦rt✐♦♥ ♦❢ ♥❡✇ ❡q✉✐t② ✭◆❊❲❴❊◗✮✳ ◆❊❲❴❊◗ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠✲

✸✸❉♦♥❣ ❡t ❛❧✳ ❬✷✵✵✻❪ ✉s❡ ■✴❇✴❊✴❙ ❞❛t❛ t♦ ♦❜t❛✐♥ ❛♥❛❧②sts✬ ❝♦♥s❡♥s✉s ❡❛r♥✐♥❣s ❢♦r❡❝❛sts✳
❆♥❛❧②sts✬ ❢♦r❡❝❛sts ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ❢♦r ♠♦st t❛r❣❡ts✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r❡❝❛sts ✐s ❛ ❝r✉❝✐❛❧
❢❛❝t♦r r❡❣❛r❞✐♥❣ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡✳ ❍❡♥❝❡✱ ✇❡ ✉s❡ ❛❝t✉❛❧ ❡❛r♥✐♥❣s ❛♥❞ ♥♦t ❢♦r❡❝❛st
❡❛r♥✐♥❣s t♦ ❝♦♥str✉❝t t❤❡ ♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡✳

✷✸



♠♦♥ s❤❛r❡s ✐ss✉❡❞ ✐♥ t❤❡ tr❛♥s❛❝t✐♦♥ ❞✐✈✐❞❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛❝q✉✐r❡r✬s

♦✉tst❛♥❞✐♥❣ s❤❛r❡s ✭❛❢t❡r ✐ss✉❛♥❝❡✮✳ ❇♦t❤ ✈❛r✐❛❜❧❡s ❛r❡ ❢r♦♠ ❙❉❈✳ ▼♦r❡♦✈❡r✱

t❤❡ r❡❧❛t✐✈❡ s✐③❡ ✭❘❙■❩❊✮ ♦❢ t❤❡ t❛r❣❡t ♠❛tt❡rs✱ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ ❛s t❤❡ r❛t✐♦ ♦❢

t❛r❣❡t ♦✈❡r ❜✐❞❞❡r ♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ ❛t t = −20✳ ❖✉r ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t

❤✐❞❞❡♥ ❡❛r♥♦✉ts ❞❡♣❡♥❞ ♦♥ ♠❡r❣❡r ❣❛✐♥s✳ ●✐✈❡♥ ❛♥ ❛❝q✉✐r❡r✬s s❤❛r❡ ♦❢ ❥♦✐♥t

s②♥❡r❣✐❡s (1 − λ) t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❛ ❤✐❞❞❡♥ ❡❛r♥♦✉t ✐♥❝r❡❛s❡s ✐♥ t♦t❛❧ ♠❡r❣❡r

s②♥❡r❣✐❡s✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ♣r❡❝✐s❡ ♠❡❛s✉r❡ ❢♦r s②♥❡r❣✐❡s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡

t❛r❣❡t✬s ♦♣❡r❛t✐♦♥❛❧ ♣r♦✜t❛❜✐❧✐t② ✭❘❖■❈✮✱ ❝♦st✲✐♥❝♦♠❡ r❛t✐♦ ✭❈■ ✮ ❛♥❞ ❝❛♣✐t❛❧

t✉r♥♦✈❡r ✭❚❯❘◆❖❱❊❘✮ ❛s ✐♠♣❡r❢❡❝t ♣r♦①✐❡s ❢♦r s②♥❡r❣② ♣♦t❡♥t✐❛❧✳ ❘❖■❈ ✐s

❡❛r♥✐♥❣s ❜❡❢♦r❡ ✐♥t❡r❡st ❛♥❞ t❛①❡s ♦✈❡r ✜①❡❞ ❛ss❡ts✱ ❈■ r❡❢❡rs t♦ ♦♣❡r❛t✐♥❣ ❝♦sts

♦✈❡r r❡✈❡♥✉❡s✱ ❛♥❞ ❚❯❘◆❖❱❊❘ ✐s r❡✈❡♥✉❡s ♦✈❡r ✜①❡❞ ❛ss❡ts✳

❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ t❤❡ ♠❛r❦❡t r❡s♣♦♥s❡ t♦ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❝❛♥

❜❡ ♠❡❛s✉r❡❞ ✇✐t❤ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ r❡❧❛t❡ t❤❡ ❜✐❞ t♦ t❤❡

t❛r❣❡t✬s ♣♦st✲❜✐❞ st♦❝❦ ♣r✐❝❡✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ t❤❡ st❛♥❞❛r❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡

❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ❜✉t ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = 5✳✸✹ ❲❡ ❝❤♦s❡ ❛ ♣♦st✲❜✐❞

✇✐♥❞♦✇ ♦❢ ✜✈❡ tr❛❞✐♥❣ ❞❛②s s♦ t❤❛t✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ♠❛r❦❡t ❤❛s t✐♠❡ t♦

❝♦♠♣♦✉♥❞ ♣♦t❡♥t✐❛❧ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✐♥t♦ t❤❡ t❛r❣❡t✬s st♦❝❦ ♣r✐❝❡✱ ✇❤✐❧❡✱ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ ❝❤❛♥❝❡s ❢♦r ❝♦♥❢♦✉♥❞✐♥❣ ❡✈❡♥ts ❛r❡ ❧✐♠✐t❡❞✳

✸✳✸✳✸ ▲✐q✉✐❞✐t②

❚✐❝❦ ❞❛t❛ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡ ❢♦r ♠❛♥② t❛r❣❡ts ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✶❀ ❤❡♥❝❡✱ ✇❡ ❝♦♥✲

str✉❝t ♠❡❛s✉r❡s ❜❛s❡❞ ♦♥ ❞❛✐❧② ❝❧♦s✐♥❣ ♣r✐❝❡s ❢r♦♠ t = −250 t♦ t = 10✳ ❲❡

❡st✐♠❛t❡ t❤❡ ❡✛❡❝t✐✈❡ ❜✐❞✲❛s❦ s♣r❡❛❞ ❜❛s❡❞ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ s✉❜s❡q✉❡♥t

❝❤❛♥❣❡s ✐♥ ❝❧♦s✐♥❣ ♣r✐❝❡s ✭❙P❘❊❆❉✮ ❛♥❞ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❞❛②s ♣❡r ♠♦♥t❤ ✇✐t❤

③❡r♦ r❡t✉r♥s ✭❩❊❘❖✮ ❛s ❞❡✜♥❡❞ ✐♥ ❘♦❧❧ ❬✶✾✽✹❪ ❛♥❞ ✐♥ ▲❡s♠♦♥❞ ❡t ❛❧✳ ❬✶✾✾✾❪✱

r❡s♣❡❝t✐✈❡❧②✳✸✺ ❚♦ ❛ss❡ss t❤❡ ❧✐q✉✐❞✐t② ♦❢ t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✱ ✇❡

❢♦❧❧♦✇ ❙❤❧❡✐❢❡r ❛♥❞ ❱✐s❤♥② ❬✶✾✾✷❪✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ♠♦♥t❤❧②

▼✫❆ ✈♦❧✉♠❡ ✐♥ ❛♥ ✐♥❞✉str② ✭▼❑❚❴❱❖▲✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥✉♠✲

❜❡r ♦❢ tr❛♥s❛❝t✐♦♥s ♣❡r ♠♦♥t❤ ❛♥❞ ✐♥❞✉str② ✭▼❑❚❴❇■❉❙ ✮✳ ■♥❞✉str✐❡s r❡❢❡r t♦

✷✲❞✐❣✐t ❙■❈ ❝♦❞❡s ♦❢ t❛r❣❡t ✜r♠s✱ ✇❤✐❝❤ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ❙❝❤❧✐♥❣❡♠❛♥♥ ❡t ❛❧✳ ❬✷✵✵✷❪✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s t❤❛t ❝❛♣t✉r❡ ❛ t❛r❣❡t✬s ❞✐str❡ss ❛♥❞ ♥❡✲

❣♦t✐❛t✐♦♥ ♣♦✇❡r✱ ✇❤✐❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t ✇❤❡♥ ❧✐q✉✐❞✐t② ✐s ❧♦✇✳ ■♥ t❤✐s

✸✹ ❍❡♥❝❡✱ ✇❡ ❝♦♠♣✉t❡✿ ✭❜✐❞ ♣❡r t❛r❣❡t s❤❛r❡ ✴ t❛r❣❡t s❤❛r❡ ❛t t = 5✮ ✲ ✭❙✫P✺✵✵ ❛t t = 0 ✴

❙✫P✺✵✵ ❛t t = 5✮ ·100✳

✸✺ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐♠♣❛❝t ♠❡❛s✉r❡s ✐♥❢❡r st♦❝❦ ❧✐q✉✐❞✐t② ❢r♦♠ t❤❡ ♣r✐❝❡ ✐♠♣❛❝t ♦❢ tr❛❞✐♥❣

✈♦❧✉♠❡ ❬❆♠✐❤✉❞✱ ✷✵✵✷✱ ❑②❧❡✱ ✶✾✽✺❪✳ ❚❤❡ ♠❛✐♥ s❤♦rt❝♦♠✐♥❣ ♦❢ ✐♠♣❛❝t ♠❡❛s✉r❡s ✐s✱ ❤♦✇❡✈❡r✱

t❤❛t t❤❡② ❛r❡ ❜❛❝❦✇❛r❞ ❧♦♦❦✐♥❣✱ ✇❤✐❝❤ ❧✐♠✐ts t❤❡✐r ✉s❡ ✐♥ ❛ss❡ss✐♥❣ ❧✐q✉✐❞✐t②✳
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❧✐♥❡ ♦❢ ❛r❣✉♠❡♥t✱ t❛r❣❡ts ✇✐t❤ ❤✐❣❤ ❧❡✈❡r❛❣❡✱ ❤✐❣❤ ❞❡♣❡♥❞❡♥❝② ♦♥ s❤♦rt✲t❡r♠

✜♥❛♥❝❡✱ ❧♦✇ ❝❛s❤ ❤♦❧❞✐♥❣ ❛♥❞ ❤✐❣❤ s❤♦rt✲t❡r♠ ❧✐q✉✐❞✐t② ♥❡❡❞s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦

❛❝❝❡♣t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ♦r ❱▲Ps✳ ❚♦ ♠❡❛s✉r❡ t❤❡ t❛r❣❡t✬s ✜♥❛♥❝✐❛❧ ❤❡❛❧t❤✱

✇❡ ❝♦♠♣✉t❡ t♦t❛❧ ❞❡❜t t♦ ❡q✉✐t② ✭▲❊❱❊❘❆●❊✮✱ t❤❡ r❛t✐♦ ♦❢ s❤♦rt✲t❡r♠ ❞❡❜t t♦

❧♦♥❣✲t❡r♠ ❞❡❜t ✭❙❍❖❘❚❴❉❊❇❚✮✱ ❝❛s❤ ❤♦❧❞✐♥❣ ❞❡✜♥❡❞ ❛s ❝❛s❤ ❛♥❞ ❝❛s❤ ❡q✉✐✈✲

❛❧❡♥ts t♦ t♦t❛❧ ❛ss❡ts ✭❈❆❙❍❴❚❆✮✱ ❛♥❞ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ r❡❧❛t✐✈❡ t♦ t♦t❛❧ ❛ss❡ts

✭❲❈❴❚❆✮✳ ❋✉rt❤❡r♠♦r❡✱ ❙❉❈ ♣r♦✈✐❞❡s ✉s ✇✐t❤ t❤❡ t❛r❣❡t ❧✐❛❜✐❧✐t✐❡s ❛ss✉♠❡❞

❜② t❤❡ ❛❝q✉✐r❡r ✭▲■❆❇✮ ✐♥ t❤❡ tr❛♥s❛❝t✐♦♥✱ ✇❤✐❝❤ ✇❡ ♥♦r♠❛❧✐③❡ ✇✐t❤ t❤❡ t❛r❣❡t✬s

♠❛r❦❡t ✈❛❧✉❡ ❛t t = −20✳ ❚❤❡ ✈❛r✐❛❜❧❡ ❛❧s♦ ✐♥❞✐❝❛t❡s ❛ ♥❡❡❞ ❢♦r ❝❛s❤✱ ❛r❣✉❛❜❧②

❞✉❡ t♦ ✜♥❛♥❝✐❛❧ ❞✐str❡ss✳

✸✳✸✳✹ ❆❣❡♥❝②

❉✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ♣r♦①② ❢♦r ♠❛♥❛❣❡r✐❛❧ ❞✐s❝r❡t✐♦♥✱

✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ ❛❣❡♥❝② t❤❡♦r② ❬❙❛✇✐❝❦✐ ❛♥❞ ❙❤r❡st❤❛✱ ✷✵✵✽✱ ❙❛✇✐❝❦✐✱ ✷✵✶✶❪✳

❲❡ ❞❡❝♦♠♣♦s❡ ❛❝❝r✉❛❧s ✐♥t♦ ♥♦♥✲❞✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s ✭◆❉❆✮ ❛♥❞ ❞✐s❝r❡t✐♦♥❛r②

❛❝❝r✉❛❧s ✭❉❆✮ ❜② ❡st✐♠❛t✐♥❣ ❛ ♠♦❞✐✜❡❞ ❏♦♥❡s ♠♦❞❡❧ ❬❑♦t❤❛r✐ ❡t ❛❧✳✱ ✷✵✵✺❪✳ ❲❡

r✉♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜①❡❞✲❡✛❡❝ts ♠♦❞❡❧ t♦ ❞❡t❡r♠✐♥❡ ♥♦♥✲❞✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s✳

accrualsit = αi + β
1

TAit

+ γ
∆Revit −∆NRit

TAit

+ εit ✭✶✹✮

❚❤❡ r❡s✐❞✉❛❧s ♦❢ r❡❣r❡ss✐♦♥ ✭✶✹✮ ❛r❡ ❞✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s✱ ✇❤❡r❡❛s t❤❡ ✜tt❡❞

✈❛❧✉❡s r❡❢❡r t♦ ♥♦♥✲❞✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ❧✐♥❡ ✇✐t❤ ❏❡♥s❡♥s✬s

❬✶✾✽✻❪ ❋r❡❡ ❈❛s❤ ❋❧♦✇ ❍②♣♦t❤❡s✐s✱ ❈❆❙❍❴❚❆✱ ❘❖■❈✱ ❛♥❞ ❈■ ✭❛s ❞❡✜♥❡❞

❛❜♦✈❡✮ ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ✐♥❞✐❝❛t♦rs ❢♦r ❛❣❡♥❝② ❝♦sts✳

✸✳✸✳✺ ❉❡❛❧✲s♣❡❝✐✜❝ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶ ✇❡ ❛❝❝♦✉♥t ❢♦r s❡✈❡r❛❧ ❞❡❛❧✲

s♣❡❝✐✜❝ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s ❢r♦♠ ❙❉❈✱ ✇❤✐❝❤ ♠❛② ❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❛❦❡♦✈❡r

♣r❡♠✐✉♠s✳ ❊❝❦❜♦ ❬✷✵✵✾❪ r❡♣♦rts t❤❛t t❡♥❞❡r ♦✛❡rs ✭❚❊◆❉❊❘✮ ❛r❡ r❡❧❛t❡❞ ✇✐t❤

❧♦✇❡r ♣r❡♠✐✉♠s✳ ❆s t❤❡ ✜rst ❜✐❞ ♠❛② ♣✉t ❛ t❛r❣❡t ✐♥t♦ ♣❧❛②✱ ✇❡ ❝♦♥tr♦❧ ❢♦r

♣r❡✲❡♠♣t✐✈❡ ❜✐❞❞✐♥❣ ✇✐t❤ ❤✐❣❤ ✐♥✐t✐❛❧ ♣r❡♠✐✉♠s ❬❋✐s❤♠❛♥✱ ✶✾✽✽❪ ❜② ✐♥❝❧✉❞✐♥❣

t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❜✐❞❞❡rs ✭◆❯▼❇■❉✮ ✐♥ t❤❡ t❛❦❡♦✈❡r ♣r♦❝❡ss✳ ❆♥❛❧♦❣♦✉s❧②✱

❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥✈❡rs❡ ❛r❣✉♠❡♥t✱ ✇❡ ❝♦♥tr♦❧ ❢♦r ✇✐t❤❞r❛✇♥ ❜✐❞s✱ ✇❤✐❝❤ ♠❛②

❜❡ ❞✉❡ t♦ ✐♥s✉✣❝✐❡♥t❧② ❤✐❣❤ ♣r❡♠✐✉♠s✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛✲

t✐♦♥s ❢♦r ❱▲Ps ✇♦r❦ ❜❡st ❢♦r ❢r✐❡♥❞❧② ❜✐❞s✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥tr♦❧ ❢♦r ❤♦st✐❧❡ ❜✐❞s

✭❍❖❙❚■▲❊ ✮✳ ❆❧t❤♦✉❣❤ ✇❡ ❡①❝❧✉❞❡ r❡✈❡rs❡ ♠❡r❣❡rs ✭❙❡❝t✐♦♥ ✸✳✶✮✱ s♦♠❡ ✭♣✉❜❧✐❝✮

❜✐❞❞❡rs ✐ss✉❡ ♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ t❤❡✐r ❡q✉✐t② ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ t❛❦❡♦✈❡r✳ ❆s

✷✺



❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♣❛✐❞ ❜② t❤❡ ❛❝q✉✐r❡r ✐s ♦❢t❡♥ s✐❣♥✐✜✲

❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r✐❝❡ r❡❝❡✐✈❡❞ ❜② t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✳ ❚❤❡ ❛❝q✉✐r❡r ♠❛②

✐ss✉❡ ❛❞❞✐t✐♦♥❛❧ ❡q✉✐t② ❢♦r t❛r❣❡t ❝❛♣✐t❛❧ ✐♥❢✉s✐♦♥s✱ t❛r❣❡t ❧✐❛❜✐❧✐t✐❡s ❛ss✉♠❡❞✱ ♦r

✐♥✈❡st♠❡♥ts ✐♥t♦ t❤❡ ♦✇♥ ♦r ❥♦✐♥t ❡♥t✐t② ✐♥ s✉♣♣♦rt ♦❢ t❤❡ ♠❡r❣❡r✳ ❍❡♥❝❡✱ ❡✈❡♥

✇❤❡♥ ❛❝q✉✐r❡rs ✐ss✉❡ ♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ t❤❡✐r ♣♦st✲✐ss✉❛♥❝❡ ❡q✉✐t②✱ ✐t ✐s ♥♦t ❛

❣✐✈❡♥ t❤❛t t❤❡② tr❛♥s❢❡r ❝♦♥tr♦❧ t♦ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✳ ❚❤❡ ❧❛tt❡r✱ ❤♦✇❡✈❡r✱

❜❡♥❡✜t ❢r♦♠ t❤❡s❡ ❝❛s❤ ✐♥❥❡❝t✐♦♥s ✈✐❛ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✳ ❲❡ t❤❡r❡❢♦r❡ ✐♥❝❧✉❞❡

❛ ❞✉♠♠② ❢♦r t❤❡s❡ ♠❡r❣❡rs ✭◆❊❲❴❊◗✺✵ ✮✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❙❉❈✳ ❍♦r✐③♦♥t❛❧

♠❡r❣❡rs ♠❛② ❞✐✛❡r ✐♥ t❡r♠s ♦❢ ♣♦t❡♥t✐❛❧ s②♥❡r❣✐❡s✱ ❜✉t ❛❧s♦ ❜❡❝❛✉s❡ ❜♦t❤ ♣❛r✲

t✐❡s ♠❛② ❜❡ ❥♦✐♥t❧② ❛✛❡❝t❡❞ ❜② ✐♥❞✉str②✲s♣❡❝✐✜❝ ❢❛❝t♦rs✱ s✉❝❤ ❛s ✐♥❞✉str② ❞❡❜t

♦✈❡r❤❛♥❣ ♦r ❛ ❧♦✇ ❧✐q✉✐❞✐t② ❢♦r ❝♦r♣♦r❛t❡ ❛ss❡ts✳ ■❢ t❤❡ t❛r❣❡t ❛♥❞ t❤❡ ❛❝q✉✐r❡r

❛r❡ r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ s❛♠❡ ✹✲❞✐❣✐t ❙■❈ ❝♦❞❡✱ t❤❡ ♠❡r❣❡r ✐s ❝❧❛ss✐✜❡❞ ❛s ❤♦r✐③♦♥t❛❧

✭❍❖❘■❩❖◆❚❆▲✮✳✸✻

✹ ❊♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s

✹✳✶ ❉❡s❝r✐♣t✐✈❡ ✜♥❞✐♥❣s

❯s✐♥❣ ♦✉r st❛♥❞❛r❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡ ✭s❡❡ s❡❝t✐♦♥ ✸✳✷✮✱ ✇❡ ❝♦♥✜r♠ t❤❛t ♥❡❣❛✲

t✐✈❡ ♣r❡♠✐✉♠s ❡①✐st✳ ❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ ❛♥♥✉❛❧ ❢r❡q✉❡♥❝✐❡s ♦❢ ❛❧❧ ♥♦♥✲♠✐ss✐♥❣

♣r❡♠✐✉♠s✱ ❱▲Ps✱ ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐♥ ♦✉r s❛♠♣❧❡✳

✭■♥s❡rt ❚❛❜❧❡ ✶ ❛❜♦✉t ❤❡r❡✮

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ②❡❛r✱ ✉♣ t♦ ✶✹✳✶✪ ♦❢ ❛❧❧ ▼✫❆s ✐♥ t❤❡ s❛♠♣❧❡ ❡①❤✐❜✐t❡❞ ❛

♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠✳ ■♥ t❤❡ ✇❤♦❧❡ s❛♠♣❧❡ ♣❡r✐♦❞ ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✶✱ ✽✳✹✪ ♦❢

t❤❡ tr❛♥s❛❝t✐♦♥s ❤❛❞ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛ ❧♦t ♦❢ ✈❛r✐❛t✐♦♥

❛❝r♦ss ②❡❛rs ✭❢r♦♠ ✶✴✺✺❂✶✳✽✪ ✐♥ ✷✵✵✾ t♦ ✶✶✴✼✽❂✶✹✳✶✪ ✐♥ ✷✵✵✹✮ t❤❡r❡ ✐s ♥♦t

❛ s✐♥❣❧❡ ②❡❛r ✐♥ t❤❡ s❛♠♣❧❡ ✇✐t❤♦✉t ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✳ ◆❡❛r❧② t❤r❡❡ q✉❛r✲

t❡rs ♦❢ ❛❧❧ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭✼✷✳✽✪✮ ❛r❡ r❡♣♦rt❡❞ ❜❡❢♦r❡ ✷✵✵✷✳ ❚❤✐s ♣❛tt❡r♥

❡①t❡♥❞s t♦ ❱▲Ps✱ ✇❤❡r❡ ✻✾✳✻✪ ❛r❡ ♦❜s❡r✈❡❞ ❜❡❢♦r❡ ✷✵✵✷✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t

t❤❡ ✜❢t❤ ♠❡r❣❡r ✇❛✈❡ ✇❛s ❣❡♥❡r❛❧❧② r✐❝❤ ✐♥ ❧♦✇ ♣r❡♠✐✉♠s✱ ❜♦t❤ ♥❡❣❛t✐✈❡ ❛♥❞

♥♦♥✲♥❡❣❛t✐✈❡✳ ●✐✈❡♥ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ♥❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠s✱ ❚❛❜❧❡ ✶

❛❧s♦ r❡♣♦rts ❤♦✇ ♠❛♥② ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠s ✭P❆Ps✱ ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡

❛t t = 5✮ ❛♥❞ ❤♦✇ ♠❛♥② ❝✉♠✉❧❛t✐✈❡ ❛❜♥♦r♠❛❧ r❡t✉r♥s ✭❈❆❘s✮ t♦ t❤❡ t❛r❣❡t

✇❡r❡ ♥❡❣❛t✐✈❡ ♦r ♥♦♥✲♥❡❣❛t✐✈❡✳ ❖✈❡r t❤❡ t♦t❛❧ s❛♠♣❧❡ ♣❡r✐♦❞✱ ♥❡❣❛t✐✈❡ ❛♥❞ ♥♦♥✲

♥❡❣❛t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥s ❛r❡ r❛t❤❡r ❜❛❧❛♥❝❡❞ ✇✐t❤ ✽✺ ✭✼✼✮ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞

✸✻■♥ ✉♥r❡♣♦rt❡❞ r♦❜✉st♥❡ss ❝❤❡❝❦s ✇❡ ❛❧s♦ t❡st❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s ❢r♦♠ ❙❉❈✿
❝❛s❤ ✐♥❢✉s✐♦♥ ✐♥t♦ t❤❡ t❛r❣❡t✱ ❜❛♥❦r✉♣t❝② ♦❢ t❤❡ t❛r❣❡t✱ ❝❛s❤ ❡❛r♥♦✉ts ✐♥ ♣❡r❝❡♥t ♦❢ t❤❡ ❜✐❞
♣r✐❝❡✱ ❛ ❞✉♠♠② ❢♦r s❤❛r❡❤♦❧❞❡r ❧✐t✐❣❛t✐♦♥✱ t❡r♠✐♥❛t✐♦♥ ❢❡❡s✱ ❧♦❝❦✉♣ ♦♣t✐♦♥s✱ ❛♥❞ ❢♦r ❝♦❧❧❛rs✳
❚❤❡ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ t❤✐s ♣❛♣❡r r❡♠❛✐♥ q✉❛❧✐t❛t✐✈❡❧② ✉♥❝❤❛♥❣❡❞✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥
✹✳✶✱ s♦♠❡ ♦❢ t❤❡s❡ ❝♦♥tr♦❧s ❧❛❝❦❡❞ t❤❡ ♥❡❝❡ss❛r② ✈❛r✐❛t✐♦♥ ❢♦r ✐♥❝❧✉s✐♦♥ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳

✷✻



✼✸ ✭✽✺✮ ♥❡❣❛t✐✈❡ P❆Ps ✭❈❆❘s✮✳ ❆❝r♦ss ②❡❛rs✱ ❤♦✇❡✈❡r✱ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥

♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❝❛s❡s ✇✐t❤✐♥ P❆Ps ❛♥❞ ❢♦r ❈❆❘s ❝❤❛♥❣❡s ❢r❡q✉❡♥t❧②

❛♥❞ t❛❦❡s ♦♥ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ✶✾✾✼ ✭✷✵✵✵✮✱ t❤❡r❡

❛r❡ ♠♦r❡ ♥❡❣❛t✐✈❡ ✭♥♦♥✲♥❡❣❛t✐✈❡✮ ❝❛s❡s ❜♦t❤ ❢♦r P❆Ps ❛♥❞ ❈❆❘s✱ ❜✉t ✐♥ ✶✾✾✽

✭✷✵✵✸✱ ✷✵✵✹✮✱ ✇❡ ♦❜s❡r✈❡ ♠♦r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✭♥❡❣❛t✐✈❡✮ P❆Ps ❛♥❞ ♠♦r❡ ♥❡❣❛t✐✈❡

✭♥♦♥✲♥❡❣❛t✐✈❡✮ ❈❆❘s✳ ❚❤✐s s✉♣♣♦rts ♦✉r t❤❡♦r❡t✐❝❛❧ ❛r❣✉♠❡♥t❛t✐♦♥ t❤❛t t❤❡

t✇♦ ♠❛r❦❡t r❡❛❝t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❝❛♣t✉r❡ ❞✐✛❡r❡♥t ✉♥❞❡r❧②✐♥❣ ❡✛❡❝ts✳

❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ♠❡❞✐❛♥ ♣r❡♠✐✉♠ ❢♦r ❛❧❧ t❛r❣❡ts ✉s✐♥❣ ❛❞❥✉st❡❞ ❛♥❞ ✉♥❛❞✲

❥✉st❡❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡s❀ ❛♣♣❛r❡♥t❧② t❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ▼♦r❡♦✈❡r✱

❋✐❣✉r❡✶ ♣❧♦ts t❤❡ ♠❡❞✐❛♥ ♣r❡♠✐✉♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛♥❞ ♦❢ t❤❡

❧♦✇❡st ✶✵✪ ❛♥❞ ✷✺✪ ♦❢ ♣r❡♠✐✉♠s ✭❱▲Ps✮ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ②❡❛r✳ ❚❤❡ ♠❡❞✐❛♥

♣r❡♠✐✉♠ ♦❢ t❤❡ ❧♦✇❡st ❞❡❝✐❧❡ ✭❱▲P✱ ♣✶✵✮ ✐s ♠♦st❧② ♥❡❣❛t✐✈❡✳ ❚❤❡ ♠❡❞✐❛♥ ♣r❡✲

♠✐✉♠ ♦❢ t❤❡ ❧♦✇❡st q✉❛rt✐❧❡ ✭❱▲P✱ ♣✷✺✮ ✐s ♠♦st❧② ♥♦♥✲♥❡❣❛t✐✈❡✱ ❜✉t ♦❢t❡♥ ❝❧♦s❡

t♦ ③❡r♦ ❛♥❞ ✐♥ ✷✵✵✷ ❡✈❡♥ ♥❡❣❛t✐✈❡✳

✭■♥s❡rt ❋✐❣✉r❡ ✶ ❛❜♦✉t ❤❡r❡✮

❚❛❜❧❡ ✷ ♣r♦✈✐❞❡s ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ❢♦r ❛❧❧ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s✳ ■♥ ❧✐♥❡

✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ ❬❡✳❣✳✱ ❉♦♥❣ ❡t ❛❧✳✱ ✷✵✵✻❪✱ ✇❡ ✇✐♥s♦r✐③❡❞ ❛❧❧ ✈❛r✐❛❜❧❡s ❛t t❤❡ ✶st

❛♥❞ ✾✾t❤ ♣❡r❝❡♥t✐❧❡✱ ✇❤✐❝❤ ❛r❡ r❡♣♦rt❡❞ ❛s ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s✳✸✼

◆♦t❡ t❤❛t t❤✐s ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❛s t❤❡ ❧♦✇❡st

♣❡r❝❡♥t✐❧❡ ✐s ♥❡❣❛t✐✈❡✳

✭■♥s❡rt ❚❛❜❧❡✷ ❛❜♦✉t ❤❡r❡✮

❚❛❜❧❡ ✸ r❡♣♦rts ♠❡❞✐❛♥s ♦❢ ❝♦♥t✐♥✉♦✉s ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❢♦r t❤❡ ✇❤♦❧❡

s❛♠♣❧❡ ❛♥❞ ❢♦r t❤❡ t✇♦ s✉❜✲s❛♠♣❧❡s ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❈♦❧✲

✉♠♥ ❢♦✉r s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♠❡❞✐❛♥s ❜❡t✇❡❡♥ t❤❡ t✇♦ s✉❜✲❣r♦✉♣s✱ ❛♥❞

t❤❡ ❧❛st ❝♦❧✉♠♥ r❡♣♦rts ♣✲✈❛❧✉❡s ❜❛s❡❞ ♦♥ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ❑✲s❛♠♣❧❡ t❡st✳ ❋♦r

❞✉♠♠② ✈❛r✐❛❜❧❡s✱ ♠❡❞✐❛♥s ❛r❡ ♥♦t ✉s❡❢✉❧❀ t❤✉s✱ t❤❡ t❛❜❧❡ ♣r♦✈✐❞❡s ♠❡❛♥s ❛♥❞

t✲t❡sts ❢♦r t❤❡ ✈❛r✐❛❜❧❡s ◆❯▼❇■❉✱ ❚❊◆❉❊❘✱ ❍❖❘■❩❖◆❚❆▲✱ ❲■❚❍❉❘❆❲◆✱

◆❊❲❴❊◗✺✵ ❛♥❞ ❍❖❙❚■▲❊✳

✸✼ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ✈❛r✐❛❜❧❡s ❢r♦♠ ❙❉❈ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ ❚❛❜❧❡ ✷ ✭❛♥❞ ❛❧s♦ ♥♦t ✐♥ ♦✉r

❡❝♦♥♦♠❡tr✐❝ s♣❡❝✐✜❝❛t✐♦♥s✮✳ ✭✐✮ ❚❤❡r❡ ✐s ♥♦ ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤❡ s❛♠♣❧❡ ✇✐t❤ ❝❛s❤ ✐♥❢✉s✐♦♥s ❜②

t❤❡ ❛❝q✉✐r❡r ✐♥t♦ t❤❡ t❛r❣❡t✳ ✭✐✐✮ ❚❤❡r❡ ♦♥❧② ❡①✐st ❛ ❢❡✇ ♦✉t❧✐❡r ❝❛s❡s ♦❢ ❝❛s❤ ❡❛r♥♦✉ts t❤❛t

❛r❡ ♥♦t ③❡r♦✳ ❆s t❤❡② ❧✐❡ ❛❜♦✈❡ t❤❡ ✾✾t❤ ♣❡r❝❡♥t✐❧❡ t❤❡② ❛r❡ ❛❧❧ s❡t t♦ ③❡r♦ ❛❢t❡r ✇✐♥s♦r✐③✐♥❣✳

✭✐✐✐✮ ❚❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡ t❤❛t ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r t❤❡ t❛r❣❡t ✐s ❜❛♥❦r✉♣t ♦r

❣♦❡s ❜❛♥❦r✉♣t ❞✉r✐♥❣ t❤❡ tr❛♥s❛❝t✐♦♥✳ ❲❤❡♥ ❝❤❡❝❦✐♥❣ t❤❡ ♦✉t❧✐❡rs ♦❢ ❝❛s❤ ❡❛r♥♦✉ts ❛♥❞ ♦❢

t❤❡ ❧❡ss t❤❛♥ ♦♥❡ ♣❡r❝❡♥t ❜❛♥❦r✉♣t❝② ❝❛s❡s ✇❡ ✜♥❞ t❤❛t t❤❡② ♣❡r❢❡❝t❧② ♣r❡❞✐❝t ♥♦♥✲♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s✳

✷✼



✭■♥s❡rt ❚❛❜❧❡ ✸ ❛❜♦✉t ❤❡r❡✮

❆❧t❤♦✉❣❤ ✐t ✐s t♦♦ ❡❛r❧② t♦ ❞r❛✇ ❛♥② ❝♦♥❝❧✉s✐♦♥s✱ ✇❡ ✜♥❞ t❤❛t ♣r♦①✐❡s ❢♦r

t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t ❤②♣♦t❤❡s✐s ❡①❤✐❜✐t ❤✐❣❤❧② s✐❣♥✐✜❝❛♥t ❣r♦✉♣✲✇✐s❡ ❞✐✛❡r❡♥❝❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ✭❊◗✮ ♦❢ t❤❡ ❜✐❞✱ t❤❡ ♣♦rt✐♦♥ ♦❢ ♥❡✇ ❡q✉✐t②

✭◆❊❲❴❊◗✮✱ ❛♥❞ r❡❧❛t✐✈❡ s✐③❡ ✭❘❙■❩❊✮ ❛r❡ ❝♦♥s✐❞❡r❛❜❧② ❤✐❣❤❡r ✐♥ t❤❡ ❝❛s❡ ♦❢

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❛r❣❡ts

✇✐t❤ ❧♦✇ ❛ss❡t t✉r♥♦✈❡r ✭❚❯❘◆❖❱❊❘✮ s❡❡♠ t♦ ❛❝❝❡♣t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ♠♦r❡

❢r❡q✉❡♥t❧②✳ ❇❛s❡❞ ♦♥ ❛ s✐♠♣❧❡ t✇♦✲s❛♠♣❧❡ ❝♦♠♣❛r✐s♦♥✱ ♠♦st ♣r♦①✐❡s ❢♦r t❤❡ ♦✈❡r✲

✈❛❧✉❛t✐♦♥ ❤②♣♦t❤❡s✐s ❧❛❝❦ ❞✐s❝r✐♠✐♥❛t♦r② ♣♦✇❡r✱ ❛❧t❤♦✉❣❤ t❛❦❡♦✈❡rs ✇✐t❤ ♥❡❣❛✲

t✐✈❡ ♣r❡♠✐✉♠s ❤❛✈❡ ❛ ❤✐❣❤❡r ❘❯◆❯P ❝♦♠♣❛r❡❞ t♦ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s✱ ✇❤✐❝❤

♠❛② ♣♦✐♥t t♦✇❛r❞s ❡①❝❡ss✐✈❡ r✉♥✉♣s ❛s ❛ ♣♦ss✐❜❧❡ r❡❛s♦♥ ❢♦r ✭s♣❡❝✉❧❛t✐✈❡✮ ♦✈❡r✲

✈❛❧✉❛t✐♦♥✳ ❚❤❡ ♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ❢♦r

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❜✉t ♦♥❧② ❢♦r ❜✐❞❞❡rs ✭P❘■▼❱❴❜✮ ❛♥❞ ♥♦t ❢♦r t❛r❣❡ts✳ ▼♦st

♠❡❛s✉r❡s ❢♦r ♠❛r❦❡t ❧✐q✉✐❞✐t② ❛♥❞ ❢♦r ✜♥❛♥❝✐❛❧ ❞✐str❡ss s❤♦✇ ♥♦✇ s✐❣♥✐✜❝❛♥t ❞✐❢✲

❢❡r❡♥❝❡s✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❛ s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r ▼✫❆ ✈♦❧✉♠❡ ✭▼❑❚❴❱❖▲✮

✐♥ t❤❡ ❝❛s❡ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ■♥ ❧✐♥❡ ✇✐t❤ ❡①♣❡❝t❛t✐♦♥s✱ ✐❢ ❛ ❜✐❞❞❡r ✐ss✉❡s

♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ ✐ts ❡q✉✐t② ✐♥ t❤❡ tr❛♥s❛❝t✐♦♥ ✭◆❊❲❴❊◗✺✵✮✱ ✐❢ ❛ ❜✐❞ ✐s ✇✐t❤✲

❞r❛✇♥ ✭❲■❚❍❉❘❆❲◆✮✱ ❛♥❞ ✐❢ ❛ ❜✐❞ ✐s ♥♦t ❛ t❡♥❞❡r ♦✛❡r ✭❚❊◆❉❊❘✮✱ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s ❛r❡ ♠♦r❡ ♣r❡✈❛❧❡♥t✳

✹✳✷ ❉❡t❡r♠✐♥❛♥ts ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

❲❡ ✉s❡ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s t♦ ❡①♣❧❛✐♥ t❤❡ ❜✐♥❛r② ♦✉t❝♦♠❡ ♦❢ ❛ ♥❡❣✲

❛t✐✈❡ ♦r ♣♦s✐t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠✳✸✽ ◆❡❣❛t✐✈❡ ♣r❡♠✐✉♠s r❡❢❡r t♦ t❤❡ st❛♥❞❛r❞

♠❛r❦❡t✲❛❞❥✉st❡❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡ ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = −20 ✭s❡❡ ❙❡❝t✐♦♥

✸✳✷✮✱ ✉♥❧❡ss ❡①♣❧✐❝✐t❧② ♠❡♥t✐♦♥❡❞ ♦t❤❡r✇✐s❡✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①♣❧❛♥❛t♦r②

♠♦❞❡❧s r❡q✉✐r❡s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡

✭✐ts ❞✐s❝r✐♠✐♥❛t♦r② ♣♦✇❡r✮ ❛♥❞ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ♦❜s❡r✈❛t✐♦♥s✳ ■♥❝❧✉❞✐♥❣ ❛❧❧

✈❛r✐❛❜❧❡s ✇♦✉❧❞ r❡s✉❧t ✐♥ s✉❝❤ ❛ ❞r♦♣ ♦❢ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❛♥ ✐♥ ❞❡♣t❤ ❛♥❛❧②✲

s✐s ❜❡❝♦♠❡s ✐♠♣♦ss✐❜❧❡✳ ❲❡ ❝♦✉❧❞ s❡❧❡❝t ✈❛r✐❛❜❧❡s t❤❛t ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥

♥❡❣❛t✐✈❡ ❛♥❞ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s ❜❛s❡❞ ♦♥ t✇♦✲s❛♠♣❧❡ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ✭s❡❡

❚❛❜❧❡ ✸✮✳ ❆ ♠♦r❡ ♣r❡❝✐s❡ ❛♣♣r♦❛❝❤✱ ❤♦✇❡✈❡r✱ ✐s t♦ ❡st✐♠❛t❡ ❧♦❣✐t ♠♦❞❡❧s ✉s✐♥❣

❡❛❝❤ ✈❛r✐❛❜❧❡ ❛s s♦❧❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ❧♦❣✐t ♠♦❞❡❧s✱ r❡❝❡✐✈❡r

♦♣❡r❛t✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ✭❘❖❈✮ ❝✉r✈❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❲❡ ❢♦❧❧♦✇ t❤✐s ❛♣♣r♦❛❝❤

❛♥❞ ✉s❡ t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡ ❝✉r✈❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s t♦❣❡t❤❡r ✇✐t❤

t❤❡ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s t♦ s❡❧❡❝t t❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❢♦r

♦✉r r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳ ◆♦t❡✇♦rt❤②✱ ❘❯◆❯P ✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ♦❢ t❤❡ ❜✐❞ ✭❊◗✮✱

t❤❡ ✐ss✉❡ ♦❢ ♥❡✇ ❡q✉✐t② ✭◆❊❲❴❊◗✮✱ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t❛r❣❡t ✭❘❙■❩❊ ✮✱ ❛♥❞

✸✽Pr♦❜✐t s♣❡❝✐✜❛t✐♦♥s ♣r♦✈✐❞❡ s✐♠✐❧❛r r❡s✉❧ts ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐♥✢✉❡♥❝❡ ❛♥❞ t❤❡
s✐❣♥✐✜❝❛♥❝❡ ♦❢ ❝♦❡✣❝✐❡♥ts✳

✷✽



❚♦❜✐♥✬s ◗ ♦❢ t❤❡ t❛r❣❡t ✭❚◗❴t✮ ❡①❤✐❜✐t t❤❡ ❧❛r❣❡st ❛r❡❛ ✉♥❞❡r t❤❡ ❘❖❈ ❝✉r✈❡

❛♥❞ ❤❛✈❡ ❛t ❧❡❛st ✶✼✼✹ ♦❜s❡r✈❛t✐♦♥s✳ ❖t❤❡r ✈❛r✐❛❜❧❡s ❧✐❦❡ t❤❡ ♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲

✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡ ♦❢ t❤❡ ❜✐❞❞❡r ✭P❘■▼❱❴❜✮ ❤❛✈❡ ❛ ❤✐❣❤ ❞✐s❝r✐♠✐♥❛t♦r② ♣♦✇❡r

✲ ❜✉t ❧❛❝❦ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✭✾✹✶✮ t♦ ❥✉st✐❢② ✐♥❝❧✉s✐♦♥ ✐♥t♦ t❤❡ r❡❢❡r❡♥❝❡

♠♦❞❡❧✳✸✾ ❆❧❧ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥s ❛❝❝♦✉♥t ❢♦r ✭✐✮ ✐♥❞✉str②✲s♣❡❝✐✜❝ ❡✛❡❝ts ❜② ✐♥✲

❝❧✉❞✐♥❣ ❞✉♠♠✐❡s ❜♦t❤ ✭❛✮ ❢♦r t❤❡ t❛r❣❡t✬s ❛♥❞ ✭❜✮ ❢♦r t❤❡ ❜✐❞❞❡r✬s ❙■❈ ❝♦❞❡✱

❛♥❞ ✭✐✐✮ ♣♦ss✐❜❧❡ t✐♠❡ r❡❧❛t❡❞ ❡✛❡❝ts ✇✐t❤ ②❡❛r ❞✉♠♠✐❡s✳ ❆❧❧ r❡♣♦rt❡❞ st❛♥✲

❞❛r❞ ❡rr♦rs ❛r❡ ❛❞❥✉st❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t② ✉s✐♥❣ t❤❡ ❍✉❜❡r✲❲❤✐t❡ s❛♥❞✇✐❝❤

❡st✐♠❛t♦r✳

✹✳✷✳✶ ❖✈❡r✈❛❧✉❛t✐♦♥

❚❛❜❧❡ ✹ ❢♦❝✉s❡s ♦♥ Pr♦♣♦s✐t✐♦♥ ✭✶✮ ❛♥❞ ✭✷✮✳ ▼♦❞❡❧ ❬❆❪ s❤♦✇s t❤❡ r❡❢❡r❡♥❝❡ ♦r

❜❛s❡ ♠♦❞❡❧ ❝♦♥t❛✐♥✐♥❣ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ ❤✐❣❤❡st ❞✐s❝r✐♠✐♥❛t♦r②

♣♦✇❡r ❛♥❞ s✉✣❝✐❡♥t ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ❡✛❡❝ts ♦❢ ❚♦❜✐♥✬s ◗ ✭❚◗❴t ❛♥❞ ❚◗❴❜✮

❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✭✶✮✳ ❍✐❣❤✲◗ t❛r❣❡ts ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ r❡❝❡✐✈❡ ♦❢✲

❢❡rs ✇✐t❤ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t t❤❡② ❛r❡ ♦✈❡r✈❛❧✉❡❞✳ ❇✐❞❞❡rs✬

✈❛❧✉❛t✐♦♥ ❧❡✈❡❧s ✭❚◗❴❜✮ ❛❧s♦ s✉♣♣♦rt ❛♥ ♦✈❡r✈❛❧✉❛t✐♦♥ ❡✛❡❝t ❛s r❡❧❛t✐✈❡❧② ♦✈❡r✲

✈❛❧✉❡❞ t❛r❣❡ts ❡①❤✐❜✐t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ❬❆❪ ❝♦♥t❛✐♥s

t❤❡ ♣♦rt✐♦♥ ♦❢ ❡q✉✐t② ✭❊◗✮ ❛♥❞ t❤❡ t❛r❣❡t✬s r❡❧❛t✐✈❡ s✐③❡ ✭❘❙■❩❊✮ ❛s ❛❞❞✐t✐♦♥❛❧

❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s ❞✉❡ t♦ t❤❡✐r ❤✐❣❤ ❡①♣❧❛♥❛t♦r② ♣♦✇❡r✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡

❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❜♦t❤ ♦❢ t❤❡♠ ♣r♦✈✐❞❡ s✉♣♣♦rt ❢♦r ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛s

❛♥♦t❤❡r✱ ♠✉t✉❛❧❧② ♥♦t ❡①❝❧✉s✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❆❧❧ ♦t❤❡r

❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s s❤♦✇ ♥♦ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❡✛❡❝ts✳

❙♣❡❝✐✜❝❛t✐♦♥s ❬❇❪ ❛♥❞ ❬❈❪ ✐♥tr♦❞✉❝❡ ❛❧t❡r♥❛t✐✈❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts

❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✳ ❆❧t❤♦✉❣❤ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❞❡❝❧✐♥❡s t♦

❧❡ss t❤❛♥ ❤❛❧❢ t❤❡ s❛♠♣❧❡ ❞✉❡ t♦ ♠✐ss✐♥❣ ❞❛t❛✱ ▼♦❞❡❧ ❬❇❪ s❤♦✇s t❤❛t ♦✈❡r✈❛❧✉❡❞

t❛r❣❡ts ✇✐t❤ ❛ ❤✐❣❤ ♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡ ✭P❘■▼❱❴t✮ ❛r❡ ♠♦r❡

❧✐❦❡❧② t♦ ❡①❤✐❜✐t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ■t t❤✉s r❡❝♦♥✜r♠s t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡

♦✈❡r✈❛❧✉❛t✐♦♥ ❤②♣♦t❤❡s✐s ❛s st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✭✶✮✳

▼♦❞❡❧ ❬❉❪ ❛♥❞ ❬❊❪ ✐♥❝❧✉❞❡ t❛r❣❡t r✉♥✉♣s t♦ t❡st Pr♦♣♦s✐t✐♦♥ ✭✷✮✳ ❍❡r❡✱ ✇❡

✉s❡ ❛ ❞✐✛❡r❡♥t ♠❡❛s✉r❡ ♦❢ ♣r❡♠✐✉♠s✱ r❡❢❡rr✐♥❣ t♦ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = −1✱ ❛♥❞ ♥♦t

t = −20✱ ❛s ✐♥ ♦✉r st❛♥❞❛r❞ ♠♦❞❡❧s✳ ❚❤✐s ❡♥s✉r❡s t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥t ♣❡r✐♦❞s

❢♦r r✉♥✉♣s ✭t = −20 t♦ t = −1✮ ❛♥❞ ❢♦r ♣r❡♠✐✉♠s ❞♦ ♥♦t ♦✈❡r❧❛♣✳ ■♥ s✉♣♣♦rt ♦❢

Pr♦♣♦s✐t✐♦♥ ✭✷✮✱ ▼♦❞❡❧ ❬❉❪ s❤♦✇s t❤❛t r✉♥✉♣s ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ♣❛rt✐❛❧ ❡✛❡❝t ♦♥ t❤❡

❧✐❦❡❧✐❤♦♦❞ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ■t ✐s ♥♦t ❝❧❡❛r✱ ❤♦✇❡✈❡r✱ ✇❤❡t❤❡r r✉♥✉♣s r❡✢❡❝t

❛♥ ♦✈❡r✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t✬s ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ♦r ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢

❡①♣❡❝t❡❞ ♠❡r❣❡r ❣❛✐♥s ❢♦r t❤❡ t❛r❣❡t✳ ❚♦ ❛♥❛❧②③❡ t❤✐s ✇❡ ✐♥❝❧✉❞❡ t❤❡ ✐♥t❡r❛❝t✐♦♥

t❡r♠ ❜❡t✇❡❡♥ t❛r❣❡t r✉♥✉♣s ❛♥❞ ❚♦❜✐♥✬s ◗ ✭❘❯◆❯P①❚◗❴t✮ ✐♥ ▼♦❞❡❧ ❬❊❪✳✹✵ ■❢

✸✾❖❢ ❝♦✉rs❡✱ ✇❡ ✐♥❝❧✉❞❡ ✈❛r✐❛❜❧❡s ✇✐t❤ ❛ ❧♦✇ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧
s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ r♦❜✉st♥❡ss ❝❤❡❝❦s✳

✹✵◆♦t❡ t❤❛t✱ ❜♦t❤✱ ❢✉♥❞❛♠❡♥t❛❧ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❡①❝❡ss✐✈❡ r✉♥✉♣s tr✐❣❣❡r ❛ ♠❛r❦❡t

✷✾



r✉♥✉♣s ♠❡r❡❧② r❡✢❡❝t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❚♦❜✐♥✬s ◗ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ✇♦✉❧❞ ❜❡

♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r✱ ✐♥ s✉♣♣♦rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✭✷✮✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t ❡①❝❡ss✐✈❡

r✉♥✉♣s ❝❛♥ ❛❧s♦ s❡r✈❡ ❛s ❛ s❡♣❛r❛t❡ r❡❛s♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ t❤❡ ✐♥t❡r❛❝t✐♦♥

t❡r♠ ✐s ♥❡❣❛t✐✈❡ ❛♥❞ s✐❣♥✐✜❝❛♥t✳

❚❤❡ ❡①♣❧❛♥❛t♦r② ♣♦✇❡r ♦❢ ❛❧❧ s♣❡❝✐✜❝❛t✐♦♥s ❬❆❪ t♦ ❬❊❪ ✐s ♠❡❛♥✐♥❣❢✉❧ ❛♥❞

♣s❡✉❞♦ ❘✲sq✉❛r❡s r❛♥❣❡ ❢r♦♠ ✵✳✶✷ t♦ ✵✳✷✸✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❝❛♥ s✉♠♠❛r✐③❡ t❤❛t

✇❡ ✜♥❞ ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt ❢♦r Pr♦♣♦s✐t✐♦♥ ✭✶✮ ❛♥❞ ✭✷✮✳

✭■♥s❡rt ❚❛❜❧❡ ✹ ❛❜♦✉t ❤❡r❡✮

✹✳✷✳✷ ❍✐❞❞❡♥ ❡❛r♥♦✉t

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❚❛❜❧❡ ✹ ❛❧r❡❛❞② r❡♣♦rt❡❞ ♣♦s✐t✐✈❡ ❡✛❡❝ts ♦❢ t❤❡ ❡q✉✐t②

♣♦rt✐♦♥ ♦❢ t❤❡ ❜✐❞ ✭❊◗✮ ❛♥❞ t❛r❣❡t✬s r❡❧❛t✐✈❡ s✐③❡ ✭❘❙■❩❊ ✮✱ ♥♦t ♦♥❧② ✐♥ t❤❡

r❡❢❡r❡♥❝❡ ▼♦❞❡❧ ❬❆❪✱ ❜✉t ❛❧s♦ ✐♥ ❛❧❧ ♦t❤❡r s♣❡❝✐✜❝❛t✐♦♥s ❬❇❪ t♦ ❬❊❪✳ ■♥ ❚❛❜❧❡ ✺✱

✇❡ ♣r♦✈✐❞❡ ♠♦r❡ ❞❡t❛✐❧❡❞ t❡sts ♦❢ Pr♦♣♦s✐t✐♦♥ ✭✹✮ ❛♥❞ ✭✺✮✳ ❋✐rst✱ ▼♦❞❡❧ ❬❋❪ ❛♥❞

❬●❪ ❝♦rr♦❜♦r❛t❡ t❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✹ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♣❛rt✐❛❧ ❡✛❡❝ts ♦❢ ❊◗

❛♥❞ ❘❙■❩❊ st❛② ♣♦s✐t✐✈❡ ❛♥❞ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ✐♥ ✐s♦❧❛t✐♦♥✳ ❉❡s♣✐t❡ t❤❡

♣♦s✐t✐✈❡ ❡✛❡❝ts ♦❢ ❘❙■❩❊ t❤❡ r❡s✉❧ts ✐♥ ❬●❪ ❝♦✉❧❞ ❜❡ ❞r✐✈❡♥ ❜② ❛ ❣r♦✉♣ ♦❢ ✈❡r②

s♠❛❧❧ t❛r❣❡ts✱ ✇❤✐❧❡ ♦✉r ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t r❡❧❛t✐✈❡❧② ❧❛r❣❡ t❛r❣❡ts s❤♦✉❧❞ ❜❡

❛ss♦❝✐❛t❡❞ ✇✐t❤ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚♦ ❝❤❡❝❦ t❤✐s ✇❡ ❝r❡❛t❡ ❛ ✈❛r✐❛❜❧❡ ❇■●❴t

t❤❛t ❞✉♠♠✐❡s t❤❡ ✉♣♣❡r q✉✐♥t✐❧❡ ♦❢ ❘❙■❩❊ ✳ ▼♦❞❡❧ ❬❍❪ ❝♦♥✜r♠s t❤❛t r❡❧❛t✐✈❡❧②

❧❛r❣❡ t❛r❣❡ts ♣r❡❞✐❝t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ✐♥ ❧✐♥❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✭✺✮✳ ✹✶

❇❛s❡❞ ♦♥ ♦✉r t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ ▼♦❞❡❧ ❬■❪ ✐♥tr♦❞✉❝❡s

t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡✇ ❡q✉✐t② ✐ss✉❡s ✭◆❊❲❴❊◗✮✱ ✇❤✐❝❤ ✇❡ ✜♥❞ t♦ ❜❡ ♣♦s✐✲

t✐✈❡❧② r❡❧❛t❡❞ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛s ♣r❡❞✐❝t❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✭✹✮✳ ◆♦t❡ t❤❛t

◆❊❲❴❊◗ r❡❢❡rs t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠♦♥ s❤❛r❡s ✐ss✉❡❞ ✐♥ t❤❡ tr❛♥s❛❝t✐♦♥

❞✐✈✐❞❡❞ ❜② t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛❝q✉✐r❡r✬s ♦✉tst❛♥❞✐♥❣ s❤❛r❡s✳ ❍❡♥❝❡✱ ◆❊❲❴❊◗

❞♦❡s ♥♦t ✐♥❝❧✉❞❡ s❤❛r❡ r❡♣✉r❝❤❛s❡s ❜② t❤❡ ❜✐❞❞❡r ♦r ♥♦♥✲✢♦❛t✐♥❣ s❤❛r❡s t❤❛t ❛r❡

❛✉t❤♦r✐③❡❞ ❜❡❢♦r❡ t❤❡ tr❛♥s❛❝t✐♦♥✳ ❙❝❤❧✐♥❣❡♠❛♥♥ ❬✷✵✵✹❪ s❤♦✇s t❤❛t s❤❛r❡ ✐ss✉❡s

❛♥❞ r❡♣✉r❝❤❛s❡s ✐♥ t❤❡ ②❡❛r ♣r✐♦r t♦ t❤❡ t❛❦❡♦✈❡r ❛r❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❜✐❞❞❡r ❛♥✲

♥♦✉♥❝❡♠❡♥t r❡t✉r♥s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❡① ❛♥t❡ ✜♥❛♥❝✐♥❣ ♠❛② ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t

r♦❧❡ t❤❛t ❝❛♥♥♦t ❜❡ ❢✉❧❧② ❝❛♣t✉r❡❞ ✇✐t❤ ◆❊❲❴❊◗ ✳ ❚❤❡r❡❢♦r❡✱ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡

♣r♦①② ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ♦✇♥❡rs❤✐♣ ♦❢ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ✐♥ t❤❡ ♠❡r❣❡❞ ❡♥✲

t✐t②✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t❛r❣❡t ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ st♦❝❦ ♣♦rt✐♦♥

❝♦rr❡❝t✐♦♥ ♦♥❝❡ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ✐s ❛♥♥♦✉♥❝❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡r✬s ♠❛r❦❡t
r❡❛❝t✐♦♥ ✭❈❆❘❴t✮ ❝❛♥♥♦t ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ t②♣❡s ♦❢ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛s ✉♥❞❡r❧②✐♥❣
r❡❛s♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

✹✶❚❤✐s ❡✛❡❝t ✐s r♦❜✉st ✇❤❡♥ ✇❡ ✐♥❝❧✉❞❡ ❇■●❴t t♦❣❡t❤❡r ✇✐t❤ ❘❙■❩❊ ✭✉♥r❡♣♦rt❡❞✮✳

✸✵



♦❢ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥✳ ▼♦❞❡❧ ❬❏❪ ✐♥❝❧✉❞❡s t❤✐s ✈❛r✐❛❜❧❡ ✭❊◗❴❘❙■❩❊✮✱ ✇❤✐❝❤ ❡✛❡❝✲

t✐✈❡❧② ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ❜❡t✇❡❡♥ ❊◗ ❛♥❞ ❘❙■❩❊ ✱ ❛♥❞ ❝♦♥✜r♠s t❤❡ r❡s✉❧ts

✐♥ ❬■❪ ❛s ✇❡❧❧ ❛s Pr♦♣♦s✐t✐♦♥ ✭✹✮✳

❖♥ ❛ ♠♦r❡ ❡①♣❧♦r❛t♦r② ♥♦t❡ ❛♥❞ ✇✐t❤♦✉t ❛♥ ❡①♣❧✐❝✐t ♣r♦♣♦s✐t✐♦♥ t♦ t❡st✱

▼♦❞❡❧ ❬❑❪ ✐♥tr♦❞✉❝❡s ♣r♦①✐❡s ❢♦r ❡①♣❡❝t❡❞ s②♥❡r❣✐❡s t❤❡ t❛r❣❡t✬s ♣r♦✜t❛❜✐❧✐t②

✭❘❖■❈ ❛♥❞ ❈■✮ ❛♥❞ ❛ss❡t ✉t✐❧✐③❛t✐♦♥ ✭❚❯❘◆❖❱❊❘✮✳ ❲❡ r❡❛❞✐❧② ❛❝❦♥♦✇❧❡❞❣❡

t❤❛t t❤❡s❡ ♣r♦①✐❡s ❛r❡ ✐♠♣r❡❝✐s❡✳ ▼♦r❡♦✈❡r✱ ❞✉❡ t♦ ♠✐ss✐♥❣ ✈❛❧✉❡s✱ t❤❡ ♥✉♠❜❡r

♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ s♣❡❝✐✜❝❛t✐♦♥ ❬❑❪ ❞r♦♣s t♦ ✶✶✶✼ ♦❜s❡r✈❛t✐♦♥s✳ ■t ✐s t❤❡r❡❢♦r❡

♥♦t s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ❞♦ ♥♦t ✜♥❞ ❛♥② s✐❣♥✐✜❝❛♥t ❡✛❡❝ts✳

❖✈❡r❛❧❧✱ ❜❛s❡❞ ♦♥ ❚❛❜❧❡ ✺✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ♦❢ t❤❡ ❜✐❞✱ ♥❡✇ ❡q✉✐t② ✐ss✉❡s

❛♥❞ t❤❡ t❛r❣❡t✬s r❡❧❛t✐✈❡ s✐③❡ ❝❛♥ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❝♦♥✜r♠✐♥❣ t❤❡

❤✐❞❞❡♥ ❡❛r♥♦✉t ❤②♣♦t❤❡s✐s✱ ❛s st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✭✹✮ ❛♥❞ ✭✺✮✳

✭■♥s❡rt ❚❛❜❧❡ ✺ ❛❜♦✉t ❤❡r❡✮

✹✳✷✳✸ ▲✐q✉✐❞✐t② ❛♥❞ ❛❣❡♥❝②

❚❛❜❧❡ ✻ r❡♣♦rts t❡sts ♦❢ Pr♦♣♦s✐t✐♦♥ ✭✼✮ ♦♥ t❤❡ ❡✛❡❝ts ♦❢ ❧✐q✉✐❞✐t② ❛♥❞ ❡①♣❧♦r❡s

t❤❡ r♦❧❡ ♦❢ ❛❣❡♥❝②✳ ❆s ✐♥ ♣r❡✈✐♦✉s s♣❡❝✐✜❝❛t✐♦♥s✱ ❛♥❞ ✐♥ s♣✐t❡ ♦❢ ❞✐✛❡r❡♥t s❛♠♣❧❡

s✐③❡s✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ✭❊◗✮ ❛♥❞ r❡❧❛t✐✈❡ s✐③❡ ✭❘❙■❩❊ ✮ ❛r❡ s✐❣♥✐✜❝❛♥t ✐♥ ❛❧❧

s♣❡❝✐✜❝❛t✐♦♥s✱ r❡❝♦♥✜r♠✐♥❣ t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t ❤②♣♦t❤❡s❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❚♦❜✐♥✬s

◗ ✭❚◗❴t ❛♥❞ ❚◗❴❜✮ ❤❛s ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r ✐♥ ♠♦❞❡❧s ❬▲❪ t♦ ❬P❪✱ ✐♥ s✉♣♣♦rt ♦❢

t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ❤②♣♦t❤❡s✐s✳ ▼♦❞❡❧ ❬▲❪ ✐♥tr♦❞✉❝❡s ♠❡❛s✉r❡s ❢♦r st♦❝❦ ❧✐q✉✐❞✐t②

✭❙P❘❊❆❉ ❛♥❞ ❩❊❘❖✮✱ ✇❤✐❝❤ ❞♦ ♥♦t ❤❛✈❡ ❛♥② s✐❣♥✐✜❝❛♥t ❡✛❡❝t✳ ▼♦❞❡❧ ❬▼❪

✐♥❝❧✉❞❡s ♣r♦①✐❡s ❢♦r ❧✐q✉✐❞✐t② ✐♥ t❤❡ ♠❛r❦❡t ♦❢ ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✿ t❤❡ ♥✉♠❜❡r

✭▼❑❚❴❇■❉❙✮ ❛♥❞ ✈♦❧✉♠❡ ✭▼❑❚❴❱❖▲✮ ♦❢ ♠♦♥t❤❧② ▼✫❆ ❜✐❞s✳ ❚❤❡ ♥✉♠❜❡r ♦❢

❜✐❞s ❞♦ ♥♦t s❡❡♠ t♦ ♣❧❛② ❛ r♦❧❡✱ ❜✉t t❛r❣❡ts ✐♥ ✐♥❞✉str✐❡s ✇✐t❤ ❛ ❧♦✇ ▼✫❆ ✈♦❧✉♠❡

❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❢❛❝❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚❤✐s ♣r♦✈✐❞❡s ❧✐♠✐t❡❞ s✉♣♣♦rt ❢♦r

Pr♦♣♦s✐t✐♦♥ ✭✼✮✱ ✇❤✐❝❤ ❛❧s♦ st❛t❡s t❤❛t t❛r❣❡t s❤❛r❡❤♦❧❞❡rs ❛♥t✐❝✐♣❛t❡ s✉✣❝✐❡♥t❧②

❧♦✇ ♥♦♥✲t❛❦❡♦✈❡r ✈❛❧✉❡s ❢♦r t❤❡ t❛r❣❡t✱ ❛s ✐♥ s✐t✉❛t✐♦♥s ♦❢ ✜♥❛♥❝✐❛❧ ❞✐str❡ss✳ ❨❡t✱

t❤❡ ❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s ✐♥ ❬◆❪ ❛♥❞ ❬❖❪ ❞♦ ♥♦t s✉♣♣♦rt t❤✐s ✈✐❡✇✱ ❢♦r ✜r♠s ✇✐t❤ ❧♦✇

❧❡✈❡r❛❣❡ ✭▲❊❱❊❘❆●❊✮✱ ❤✐❣❤ ❝❛s❤ ❤♦❧❞✐♥❣ ✭❈❆❙❍❴❚❆✮ ❛♥❞✱ ✐♥ ❬◆❪✱ ❧♦✇ ♥❡t

✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ✭❲❈❴❚❆✮ ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❡①❤✐❜✐t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳✹✷

✹✷❙❉❈ ❛❧s♦ ♣r♦✈✐❞❡s ❛ ❞✉♠♠② t❤❛t ✐♥❞✐❝❛t❡s ✇❤❡♥ t❤❡ t❛r❣❡t ❝♦♠♣❛♥② ✐s ❜❛♥❦r✉♣t ♦r ❣♦❡s
❜❛♥❦r✉♣t ❞✉r✐♥❣ t❤❡ tr❛♥s❛❝t✐♦♥ ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ❝❛♣✐t❛❧ ✐♥❢✉s✐♦♥ ✐♥t♦ t❤❡ t❛r❣❡t ❞✉r✐♥❣
t❤❡ tr❛♥s❛❝t✐♦♥ ✭♥♦r♠❛❧✐③❡❞ ♦✈❡r t❤❡ t❛r❣❡t✬s ♠❛r❦❡t ✈❛❧✉❡ ❛t t = −20✮✳ ❇♦t❤ ✈❛r✐❛❜❧❡s
❛r❡ ❞r♦♣♣❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡② ♣❡r❢❡❝t❧② ♣r❡❞✐❝t ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ ✐s
✐♥ ❝♦♥✢✐❝t ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✭✼✮✳ ❲❡ ❛❧s♦ ❝♦♠♣✉t❡❞ ❆❧t♠❛♥✬s ❩ ❬❆❧t♠❛♥ ❡t ❛❧✳✱ ✶✾✼✼❪ ❛♥❞
❖❤❧s♦♥✬s ❖ ❬❖❤❧s♦♥✱ ✶✾✽✵❪ ❛s ❛❞❞✐t✐♦♥❛❧ ♠❡❛s✉r❡s ❢♦r ✜♥❛♥❝✐❛❧ ❞✐str❡ss✳ ❉✉❡ t♦ t❤❡ ❤✐❣❤ ❞❛t❛
r❡q✉✐r❡♠❡♥ts ❜♦t❤ ♠❡❛s✉r❡s r❡❞✉❝❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❝♦♥s✐❞❡r❛❜❧②✳ ❆s ✇✐t❤ t❤❡ ❛❧❧
♦t❤❡r ♣r♦①✐❡s ❢♦r ❞✐str❡ss✱ ✇❡ ✜♥❞ ♥♦ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡✐t❤❡r ❆❧t♠❛♥✬s
❩ ♦r ❖❤❧s♦♥✬s ❖ ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ♦r ❱▲Ps✳

✸✶



▼♦❞❡❧s ❬P❪ ❛♥❞ ❬◗❪ ❝♦♥s✐❞❡r ❛❣❡♥❝② ♣r♦①✐❡s✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱ ♠❛♥✲

❛❣❡rs ✇♦✉❧❞ ✈✐♦❧❛t❡ t❛r❣❡t s❤❛r❡❤♦❧❞❡rs✬ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✐❢ t❤❡② s✉♣♣♦rt

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ♣✉r❡❧② ❜❛s❡❞ ♦♥ s❡❧❢✲s❡r✈✐♥❣ ♠♦t✐✈❡s✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐♥ ❬P❪✱ ✇❡

❞♦ ♥♦ ✜♥❞ ❛♥② ❡✛❡❝t ♦♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ♣♦s✐t✐✈❡

♣r❡♠✐✉♠s ❛❣❡♥❝② ❝♦sts ♠❛② ❜❡ ❛ ♠♦t✐✈❡ ❢♦r ❱▲Ps✳ ■♥ ▼♦❞❡❧ ❬◗❪✱ ✇❡ t❤❡r❡❢♦r❡

✉s❡ ❛ ❞✉♠♠② ❢♦r ♣♦s✐t✐✈❡ ❱▲Ps ❛♥❞ ❡①❝❧✉❞❡ ❛❧❧ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❢r♦♠ t❤❡

❡st✐♠❛t✐♦♥✳ ❚❤❡ ❛❣❡♥❝② ♣r♦①✐❡s✱ ❤♦✇❡✈❡r✱ st✐❧❧ ❧❛❝❦ ❛♥② ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r✳✹✸

❖✈❡r❛❧❧✱ ❧✐q✉✐❞✐t② s❡❡♠s t♦ ♣❧❛② ❛ ♠✐♥♦r r♦❧❡ ✐♥ ❡①♣❧❛✐♥✐♥❣ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

✇✐t❤ ♦♥❧② ♠❛r❦❡t tr❛♥s❛❝t✐♦♥ ✈♦❧✉♠❡ s❤♦✇✐♥❣ ❛ s✐❣♥✐✜❝❛♥t r❡s✉❧t✳ ❈♦✉♣❧❡❞ ✇✐t❤

t❤❡ ❢❛❝t t❤❛t ✜♥❛♥❝✐❛❧ ❞✐str❡ss ❤❛s ♥♦ ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r✱ Pr♦♣♦s✐t✐♦♥ ✭✼✮ ❝❛♥♥♦t

❜❡ ❝♦♥✜r♠❡❞✳ ❚❤✐s ❛❧s♦ ❛♣♣❧✐❡s t♦ ❛❣❡♥❝② ❝♦sts✱ ✇❤✐❝❤ ✜♥❞ ♥♦ s✉♣♣♦rt ❛s ❛♥

❛❧t❡r♥❛t✐✈❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

✭■♥s❡rt ❚❛❜❧❡ ✻ ❛❜♦✉t ❤❡r❡✮

✹✳✸ ▼❛r❦❡t r❡❛❝t✐♦♥ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

■❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ❝♦♥s✐st❡♥t✱ ✇❡ s❤♦✉❧❞ ♦❜s❡r✈❡ ❝❡rt❛✐♥✱

❞✐s❝r✐♠✐♥❛t✐♥❣ ♠❛r❦❡t r❡❛❝t✐♦♥s ❛❢t❡r ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠ ✐s ❛♥♥♦✉♥❝❡❞✳ ❚❤❡

s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❜✐❞ ❛♥❞ s✉❜s❡q✉❡♥t ♠❛r❦❡t r❡s♣♦♥s❡ ❧❡❛❞s t♦ ❛ s❡q✉❡♥t✐❛❧

❧♦❣✐st✐❝ ❛♥❛❧②s✐s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞✐s❝✉ss❡❞ ❜② ❆♠❡♠✐②❛ ❬✶✾✽✺❪ ❛♥❞

▲✐❛♦ ❬✶✾✾✹❪✱ ✇❡ s♣❡❝✐❢② ❛ s❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝ ♠♦❞❡❧ t❤❛t ❛ss❡ss❡s t✇♦ st❡♣s✿ ✜rst✱

✇❤❡t❤❡r ❛ ♣r❡♠✐✉♠ ✐s ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡❀ s❡❝♦♥❞✱ ❣✐✈❡♥ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❤♦✇ ❛ ♠❛r❦❡t ✐♥❝♦r♣♦r❛t❡s t❤✐s ❡✈❡♥t ✐♥ t❛r❣❡t ♣r✐❝❡s✳✹✹ ❚❤❡

❧♦❣✐st✐❝ ♠♦❞❡❧s ♣r❡s❡♥t❡❞ t❤✉s ❢❛r ❛❞❞r❡ss❡❞ t❤❡ ✜rst st❡♣✱ ✐s♦❧❛t✐♥❣ ♦✈❡r✈❛❧✉❛t✐♦♥

❛♥❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

❋♦r t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ t❤❡r❡❢♦r❡ ❢♦❝✉s ♦♥ t❤❡s❡ t✇♦ ❡①♣❧❛♥❛t✐♦♥s ❛s t❤❡② ❛❧s♦

♣r♦✈✐❞❡ ✉s ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ♦♥ ❞✐s❝r✐♠✐♥❛t✐♥❣ st♦❝❦ ♠❛r❦❡t r❡❛❝t✐♦♥s

t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

❚❤❡ s❡❝♦♥❞ st❛❣❡ ✐s ♥♦t ♦♥❧② ❛ ❞✐r❡❝t t❡st ♦❢ Pr♦♣♦s✐t✐♦♥ ✭✸✮ ❛♥❞ ✭✻✮ ♦♥

♠❛r❦❡t r❡❛❝t✐♦♥s✱ ❜✉t ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ❢✉rt❤❡r ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ t❤❡ t✇♦

✹✸❚❤✐s ❛❧s♦ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐❢ ✇❡ ❞✉♠♠② t❤❡ ❧♦✇❡st q✉❛rt✐❧❡ ♦❢ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s ♦r r✉♥
❖▲❙ r❡❣r❡ss✐♦♥s ✭s♣❡❝✐✜❡❞ ❛s ✐♥ ❬◗❪✮ ♦♥ ❛❧❧ ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s ❛s ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ✭✉♥r❡✲
♣♦rt❡❞✮✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ❞✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s ♦❢ t❤❡ ❜✐❞❞❡r ✭❉❆❴❜✮ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡
❛♥❞ s✐❣♥✐✜❝❛♥t ✭β =✶✼✳✼✷✹✱ p =✵✳✵✹✺✮ ❡✛❡❝t ♦♥ ♣r❡♠✐✉♠s✳ ❚❤✐s ♠❛② ♣♦✐♥t t♦ ❛❣❡♥❝② ❝♦sts ❢♦r
❜✐❞❞❡r s❤❛r❡❤♦❧❞❡rs✱ ❜✉t ❢❛✐❧s t♦ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ♦r ❱▲Ps✳

✹✹ ❇❡s✐❞❡s ❛ s❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝ ♠♦❞❡❧✱ ♦♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r ❛ ♥❡st❡❞ ❧♦❣✐st✐❝ ✭♦r ♠✉❧t✐♥♦♠✐♥❛❧✮

♠♦❞❡❧ ❬◆❛❣❛❦✉r❛ ❛♥❞ ❑♦❜❛②❛s❤✐✱ ✷✵✵✼❪✳ ❆ ♥❡st❡❞ ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ ✇♦✉❧❞ ❛ss✉♠❡ t❤❛t ❛❧❧

❝❤♦✐❝❡s ✭♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❛s ✇❡❧❧ ❛s ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥s✮

❛r❡ s❡❧❡❝t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■♥ ❢❛❝t✱ ✇❡ ♥❡❡❞ t♦ ❛❝❦♥♦✇❧❡❞❣❡ ❛ t✐♠❡ ❣❛♣

t♦ ❝❛♣t✉r❡ t❤❡ ♠❛r❦❡t r❡s♣♦♥s❡ ❛❢t❡r t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ❛ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠✳

✸✷



t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤❡s✱ ✇❤✐❝❤ ✐s ❞✐✣❝✉❧t ✐♥ t❤❡ ✜rst st❛❣❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ❜❡❝❛✉s❡

s♦♠❡ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣r♦①✐❡s ❢♦r ❜♦t❤ t❤❡♦r✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

✈❛❧✉❛t✐♦♥ ❧❡✈❡❧ ♦❢ t❤❡ ❛❝q✉✐r❡r ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ t❡st t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t ❤②♣♦t❤❡✲

s✐s✱ ❛s ❛ ❤✐❣❤ ✈❛❧✉❛t✐♦♥ ❧❡✈❡❧ ❝♦✉❧❞ s✐❣♥❛❧ s✉❜st❛♥t✐❛❧ ❢✉t✉r❡ ❣r♦✇t❤ ❡①♣❡❝t❛t✐♦♥s

❛♥❞ t❤✉s ❝♦♥s✐❞❡r❛❜❧❡ s②♥❡r❣✐❡s✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ ❧❡✈❡❧ ♦❢ t❤❡ ❛❝q✉✐r❡r ❝♦✉❧❞✱ ❤♦✇✲

❡✈❡r✱ ❛❧s♦ s❡r✈❡ ❛s ❛ t❡st ❢♦r t❤❡ ♦✈❡r✈❛❧✉❛t✐♦♥ ❤②♣♦t❤❡s✐s✱ ❛s s❤❛r❡❤♦❧❞❡rs ♦❢ ❛♥

♦✈❡r✈❛❧✉❡❞ t❛r❣❡t ♠❛② ❜❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❛❝❝❡♣t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐❢ t❤❡② ❛r❡

❝♦♠♣❡♥s❛t❡❞ ✐♥ ✈❛❧✉❡ st♦❝❦s ❛s ♦♣♣♦s❡❞ t♦ ❡✈❡♥ ♠♦r❡ ♦✈❡r✈❛❧✉❡❞ ❜✐❞❞❡r st♦❝❦✳

❚❤❡ s❡❝♦♥❞ st❛❣❡ ♠♦❞❡❧ ❛❧❧♦✇s ✉s t♦ ❞✐✛❡r❡♥t✐❛t❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❛r❣✉♠❡♥ts✳

✹✳✸✳✶ ❖✈❡r✈❛❧✉❛t✐♦♥

❆s st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✭✻✮✱ ✇❡ ❡①♣❡❝t ♥❡❣❛t✐✈❡ t❛r❣❡t ❛❜♥♦r♠❛❧ ❛♥♥♦✉♥❝❡♠❡♥t

r❡t✉r♥s t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐❢ t❤❡② ❛r❡ ❞✉❡ t♦ ♦✈❡r✈❛❧✉❛t✐♦♥✳ ❆s ♦♥❧② t❤❡ s✐❣♥

❜✉t ♥♦t t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤✐s r❡❛❝t✐♦♥ ♠❛tt❡rs t♦ ✐❞❡♥t✐❢② ♦✈❡r✈❛❧✉❛t✐♦♥✱ ✇❡

❝♦♠♣✉t❡ ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡ t❤❛t ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ ❛ ♥❡❣❛t✐✈❡ ❛❜♥♦r♠❛❧

r❡t✉r♥ ✭✶ ✐❢ ❈❆❘❴t< 0✮ ❛♥❞ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡t✉r♥ ✭✵ ✐❢ ❈❆❘❴t≥ 0✮✳ ❲✐t❤

t❤✐s ✈❛r✐❛❜❧❡ ❛s t❤❡ ❞❡♣❡♥❞❡♥t✱ ✇❡ ❡st✐♠❛t❡ ❧♦❣✐st✐❝ ♠♦❞❡❧s ✇✐t❤ t❤❡ s❛♠♣❧❡ ♦❢

❞❡❛❧s t❤❛t ❤❛✈❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❍❡♥❝❡✱ ❛ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥t ✐♥❞✐❝❛t❡s t❤❛t

❛ ♥❡❣❛t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥ ♦♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐s ♠♦r❡ ❧✐❦❡❧②✳

❚❛❜❧❡ ✼ r❡♣♦rts t❤❡ r❡s✉❧ts ♦❢ t❤✐s s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ s❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝ ♠♦❞❡❧✱

❝♦♠♣❧❡♠❡♥t✐♥❣ ♦✉r ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✐♥ t❤❡

✜rst st❡♣✳ ❙♣❡❝✐✜❝❛t✐♦♥ ❬❘❪ r❡♣❧✐❝❛t❡s t❤❡ r❡❢❡r❡♥❝❡ ▼♦❞❡❧ ❬❆❪ ✐♥ ❚❛❜❧❡ ✹✳ ❆s

✐♥ ▼♦❞❡❧ ❬❆❪✱ ❛♥❞ ✐♥ ❧✐♥❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✭✸✮✱ ❚◗❴t ✐♥ ❬❘❪ ♣♦s✐t✐✈❡❧② ♣r❡❞✐❝ts

♥❡❣❛t✐✈❡ ♠❛r❦❡t ❝♦rr❡❝t✐♦♥s t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ ♣♦✐♥ts t♦✇❛r❞s t❛r❣❡t

♦✈❡r✈❛❧✉❛t✐♦♥ ❛s ✉♥❞❡r❧②✐♥❣ r❡❛s♦♥✳ ❆❧s♦✱ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❬❆❪✱ t❤❡ s✐❣♥

♦❢ ❚◗❴❜ ✐s ❛s ❡①♣❡❝t❡❞ ✐♥ ❛❧❧ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ❚❛❜❧❡ ✼ ❛♥❞ s✐❣♥✐✜❝❛♥t ✐♥ ❬❚❪

❛♥❞ ❬❱❪✳✹✺ ■♥ ❝♦♥tr❛st t♦ ▼♦❞❡❧ ❬❆❪ ♦❢ t❤❡ ✜rst st❡♣✱ ♥♦♥❡ ♦❢ t❤❡ ♣r♦①✐❡s ❢♦r

❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭❊◗ ✱ ❘❙■❩❊ ✮ ❛r❡ s✐❣♥✐✜❝❛♥t ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✳ ❆s ❡①♣❧❛✐♥❡❞

✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ t❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ♦✉r ❡①♣❡❝t❛t✐♦♥s✱ ❜❡❝❛✉s❡ ♦❢ ❛ ❜✐❛s ❛❣❛✐♥st

♣♦s✐t✐✈❡ ❛❜♥♦r♠❛❧ r❡t✉r♥s t♦ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✇❤❡♥ t❛r❣❡ts ❛r❡ ♦✈❡r✈❛❧✉❡❞✳ ■♥

❢❛❝t✱ t❤❡ ✐♥s✐❣♥✐✜❝❛♥❝❡ ♦❢ ♣r♦①✐❡s ❢♦r ❤✐❞❞❡♥ ❡❛r♥♦✉ts s✉♣♣♦rts ♦✉r ♥♦t✐♦♥ t❤❛t

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ❛❜♥♦r♠❛❧ r❡t✉r♥ ❛r❡ ❞✉❡ t♦ ♦✈❡r✈❛❧✉❛t✐♦♥✳

▼♦❞❡❧s ❬❙❪ ❛♥❞ ❬❚❪ ❛♥❛❧②③❡ t❛r❣❡t r✉♥✉♣s✱ ✇❤✐❝❤ ❝❧❡❛r❧② ❝♦♥✜r♠ Pr♦♣♦s✐t✐♦♥

✭✸✮✱ ❜✉t ❛❧s♦ t❤❡ ❡✛❡❝ts ❢♦✉♥❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t✐♦♥s ❬❉❪ ❛♥❞ ❬❊❪✳

❘✉♥✉♣s ♥♦t ♦♥❧② ♣r❡❞✐❝t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭❚❛❜❧❡ ✹✮✱ ❜✉t ❛❧s♦ ❛ ❞♦✇♥✇❛r❞

♠❛r❦❡t ❝♦rr❡❝t✐♦♥ ✭❚❛❜❧❡ ✼✮✳ ■♥ ❝♦♠❜✐♥❛t✐♦♥✱ ✇❡ ❝❛♥ ✐♥❢❡r ❢r♦♠ ❬❉❪ ❛♥❞ ❬❊❪ ✐♥

t❤❡ ✜rst st❡♣✱ ❛♥❞ ❢r♦♠ ❬❙❪ ❛♥❞ ❬❚❪ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ t❤❛t r✉♥✉♣s ❛r❡ ♥❡✐t❤❡r ❛

♠❡r❡ s②♠♣t♦♠ ♦❢ ❡①♣❡❝t❡❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭❬❉❪✱❬❙❪✮ ♥♦r ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ♦✈❡r✲

✈❛❧✉❛t✐♦♥ ✭❬❊❪✱❬❚❪✮✱ ❜✉t t❤❛t ❡①❝❡ss✐✈❡ r✉♥✉♣s t❤❡♠s❡❧✈❡s ❝♦♥st✐t✉t❡ ♦♥❡ ♦❢ t❤❡

✹✺❉✉❡ t♦ t❤❡ ❧♦✇ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ❛❧s♦ r❡♣♦rt ❛♥❞ ✐♥t❡r♣r❡t ❛
st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ❛t ♣❁✳✶✳

✸✸



r❡❛s♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ▼♦❞❡❧ ❬❯❪ s❤♦✇s t❤❛t t❤❡ ❡✛❡❝t ♦❢ r✉♥✉♣s ✐s ❛❧s♦

r♦❜✉st t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ t❤❡ ❜✐❞❞❡r✳ ❆ ❤✐❣❤❡r ❧✐❦❡❧✐❤♦♦❞

❢♦r ❛ ♥❡❣❛t✐✈❡ ❈❆❘❴t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❧♦✇❡r ❈❆❘❴❜✱ ✇❤✐❝❤ s❤♦✇s t❤❛t

❜✐❞❞❡r s❤❛r❡❤♦❧❞❡rs ❛r❡ s❦❡♣t✐❝ ❛❜♦✉t ❞❡❛❧s ✇❤❡r❡ t❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥ ♠❛② ❜❡

t❤❡ r❡❛s♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ▼♦❞❡❧ ❬❱❪ t❡sts ❧✐q✉✐❞✐t② ❛s ❛ ❝♦♠♣❡t✐♥❣

❡①♣❧❛♥❛t✐♦♥✱ ❜✉t ✇✐t❤♦✉t s✉♣♣♦rt✳

❖✈❡r❛❧❧✱ ✇❡ ❝❛♥ ❝♦♥✜r♠ Pr♦♣♦s✐t✐♦♥ ✭✸✮ ♥♦t ♦♥❧② ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ♦✈❡r✲

✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ t❛r❣❡t✬s ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ✭❚◗❴t✮✱ ❜✉t ❛❧s♦ ✇✐t❤ r❡❣❛r❞ t♦

❡①❝❡ss✐✈❡ r✉♥✉♣s ✭❘❯◆❯P✮✳

✭■♥s❡rt ❚❛❜❧❡ ✼ ❛❜♦✉t ❤❡r❡✮

✹✳✸✳✷ ❍✐❞❞❡♥ ❡❛r♥♦✉t

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ t❤❡ ♠❛r❦❡t r❡s♣♦♥s❡ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✇✐t❤

❤✐❞❞❡♥ ❡❛r♥♦✉ts ✐s ♠❡❛s✉r❡❞ ❜❡st ✇✐t❤ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠s ✭P❆Ps✮✳

◆❡❣❛t✐✈❡ ♣r❡♠✐✉♠s r❡♠❛✐♥ ♥❡❣❛t✐✈❡ ❛❢t❡r t❤❡✐r ❛♥♥♦✉♥❝❡♠❡♥t ✭✇✐t❤ ❛ P❆P ❜❛s❡

♣r✐❝❡ ❛t t = 5✮✱ ✐❢ t❤❡ ❛♥t✐❝✐♣❛t✐♦♥ ♦❢ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ♣r❡✈❡♥ts t❤❛t t❛r❣❡t ♣r✐❝❡

❛❞❥✉st♠❡♥ts ❤✐t ♦r ✉♥❞❡r❝✉t t❤❡ ❜✐❞ ♣r✐❝❡✳✹✻ ❚♦ ❛♥❛❧②③❡ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢

t❤❡ s❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝ ♠♦❞❡❧ ❢♦r ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ❛♥❞ t♦ t❡st Pr♦♣♦s✐t✐♦♥ ✭✻✮✱

✇❡ ✉s❡ ❛ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ t❤❛t t❛❦❡s t❤❡ ✈❛❧✉❡ ♦♥❡ ❢♦r ♥❡❣❛t✐✈❡ P❆Ps ❛♥❞

③❡r♦ ♦t❤❡r✇✐s❡✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

▼♦❞❡❧ ❬❲❪ ✐♥ ❚❛❜❧❡ ✽ ✐s t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳ ❚❤❡ ♦t❤❡r ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥s

♣r♦❜❡ ✐♥t♦ ❛❧t❡r♥❛t✐✈❡ ♣r♦①✐❡s ❢♦r ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭❬❳❪ t♦ ❬❩❪✮ ♣❧✉s r✉♥✉♣s ❛♥❞

♠❛r❦❡t ❧✐q✉✐❞✐t② ❛s ❝♦♠♣❡t✐♥❣ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♥❡❣❛t✐✈❡ P❆Ps ✭❬❩❆❪❬❩❇❪✮✳

❲✐t❤ r❡❣❛r❞ t♦ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ✇❡ ✜♥❞ t❤❛t r❡❧❛t✐✈❡ s✐③❡ ✭❘❙■❩❊ ✮✱ ❜✐❣

t❛r❣❡ts ✐♥ t❤❡ ✉♣♣❡r q✉✐♥t✐❧❡ ♦❢ ❘❙■❩❊ ✭❇■●❴t✮✱ ❛♥❞ t❤❡ ♣r♦❞✉❝t ♦❢ ❊◗ ❛♥❞

❘❙■❩❊ ✭❊◗❴❘❙■❩❊ ✮ ❛s ❛ ♣r♦①② ❢♦r ♦✇♥❡rs❤✐♣ tr❛♥s❢❡r✱ ❛r❡ ❛❧❧ ♣♦s✐t✐✈❡❧② ❝♦r✲

r❡❧❛t❡❞ ✇✐t❤ ♥❡❣❛t✐✈❡ P❆Ps ✭❬❲❪ t♦ ❬❨❪✮✳ ▼♦❞❡❧ ❬❩❪ ♣r♦✈✐❞❡s r♦❜✉st♥❡ss t♦ t❤❡

✐♥❝❧✉s✐♦♥ ♦❢ ❛❜♥♦r♠❛❧ r❡t✉r♥s ✭❈❆❘❴t ✱ ❈❆❘❴❜✮ ❛♥❞ s❤♦✇s t❤❛t t❤❡ s❤❛r❡❤♦❧❞✲

❡rs ♦❢ ❜♦t❤ t❛r❣❡t ❛♥❞ ❜✐❞❞❡r r❡❛❝t ♣♦s✐t✐✈❡❧② t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s ✇❤❡♥ t❤❡② ❡①♣❡❝t ❤✐❞❞❡♥ ❡❛r♥♦✉ts✳ ❚❤✐s ❝♦♥✜r♠s Pr♦♣♦s✐t✐♦♥ ✭✻✮ ❛♥❞

❝♦rr❡s♣♦♥❞s t♦ ♦✉r ✜♥❞✐♥❣s ✐♥ t❤❡ ✜rst st❛❣❡ ✭❚❛❜❧❡ ✺✮✳ ❚❤❡r❡ ✐s✱ ❤♦✇❡✈❡r✱ ♦♥❡

str✐❦✐♥❣ ❡①❝❡♣t✐♦♥✳ ❆❧t❤♦✉❣❤ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ♦❢ t❤❡ ❜✐❞ ✭❊◗✮ ✐s ❛ str♦♥❣ ❛♥❞

❝♦♥s✐st❡♥t ♣r❡❞✐❝t♦r ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭❚❛❜❧❡s ✹✱ ✺ ❛♥❞ ✻✮✱ ✐t ❢❛✐❧s t♦ ❞✐s❝r✐♠✲

✐♥❛t❡ ❜❡t✇❡❡♥ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛♥❞ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛s ✉♥❞❡r❧②✐♥❣ ❡✛❡❝ts ✭❚❛❜❧❡s

✼ ❛♥❞ ✽✮✳ Pr❡✈✐♦✉s st✉❞✐❡s s❤♦✇ t❤❛t ❤✐❣❤❡r t❛r❣❡t ✈❛❧✉❛t✐♦♥s ❛r❡ ❛ss♦❝✐❛t❡❞

✹✻ ■♥ ❢❛❝t✱ ❛s s❤♦✇♥ ❢✉rt❤❡r ❜❡❧♦✇✱ t❤❡ ❛✈❡r❛❣❡ t❛r❣❡t r❡t✉r♥ ✭❈❆❘❴t✮ ✐s ♣♦s✐t✐✈❡✱ ✇❤❡♥

♣r❡♠✐✉♠s st❛② ♥❡❣❛t✐✈❡ ❛❢t❡r t❤❡✐r ❛♥♥♦✉♥❝❡♠❡♥t✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t P❆Ps s✉❝❝❡ss❢✉❧❧②

✐❞❡♥t✐❢② ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛s ❞✐s❝r❡t❡ ❡✛❡❝ts ❛♥❞ s❡♣❛r❛t❡ ❢r♦♠ ♦✈❡r✈❛❧✉t✐♦♥✳
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✇✐t❤ ❛ ❤✐❣❤❡r ❧✐❦❡❧✐❤♦♦❞ ❢♦r ❛❧❧✲❡q✉✐t② ❜✐❞s ❛♥❞ ✇✐t❤ ❧♦✇❡r ❜✐❞ ♣r❡♠✐✉♠s ❬❉♦♥❣

❡t ❛❧✳✱ ✷✵✵✻✱ ❇❡tt♦♥ ❡t ❛❧✳✱ ✷✵✵✽❛❪✳ ❖✉r r❡s✉❧ts ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡s❡ ✜♥❞✐♥❣s✳

■❢ ❡q✉✐t② ❜✐❞s ❛r❡ ♠♦r❡ ❧✐❦❡❧② ❢♦r ❞❡❛❧s ✇✐t❤ ❤✐❣❤ t❛r❣❡t ✭♠✐s✮✈❛❧✉❛t✐♦♥s ❛s ✇❡❧❧

❛s ❤✐❣❤ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ t✇♦

✉♥❞❡r❧②✐♥❣ r❡❛s♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ♣r♦①✐❡s ❢♦r ♦✈❡r✈❛❧✉❛t✐♦♥✱ ♥❡✐t❤❡r ❤✐❣❤❡r t❛r❣❡t ✈❛❧✉❛t✐♦♥s

✭❚◗❴t✮ ♥♦r ❡①❝❡ss✐✈❡ r✉♥✉♣s ✭❘❯◆❯P✮ ♣r❡❞✐❝t ♥❡❣❛t✐✈❡ P❆Ps ✐♥ ❚❛❜❧❡ ✽✳ ■♥

❢❛❝t✱ ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❚❛❜❧❡ ✼ s❤♦✇s t❤❛t ❛❧❧ ❝♦❡✣❝✐❡♥ts ♦❢ ❚◗❴t ✱

❚◗❴❜ ❛♥❞ ❈❆❘❴❜ ♣♦✐♥t ✐♥t♦ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝ts ♦❢

❚◗❴❜✱ ❈❆❘❴❜✱ ❈❆❘❴t ✱ ❛♥❞ ❍❖❘■❩❖◆❚❆▲ s✉❣❣❡st t❤❛t ❤✐❣❤✲◗ ❜✐❞❞❡rs ❛♥❞

❤♦r✐③♦♥t❛❧ ♠❡r❣❡rs ❤❛✈❡ ❛ ❤✐❣❤❡r s②♥❡r❣✐❡s ♣♦t❡♥t✐❛❧✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ ♣r♦❜❡ ✐♥t♦

♠❛r❦❡t ❧✐q✉✐❞✐t② ❛s ❛ ♣♦ss✐❜❧❡ r❡❛s♦♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❲❡ ✜♥❞ t❤❛t st♦❝❦

♠❛r❦❡t ❧✐q✉✐❞✐t② ❤❛s ♥♦ ❡✛❡❝ts ✭✉♥r❡♣♦rt❡❞✮✱ ❜✉t t❤❛t t❛r❣❡ts ✐♥ ✐♥❞✉str✐❡s ✇✐t❤

❤✐❣❤ ♠♦♥t❤❧② tr❛♥s❛❝t✐♦♥ ✈♦❧✉♠❡s ❛r❡ ❧❡ss ❧✐❦❡❧② t♦ ❡①♣❡r✐❡♥❝❡ ♠❛r❦❡t r❡❛❝t✐♦♥s

t❤❛t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭♥❡❣❛t✐✈❡ P❆Ps✮✳

❖✈❡r❛❧❧ ✇❡ ❝❛♥ ❝♦♥✜r♠ Pr♦♣♦s✐t✐♦♥ ✭✻✮ ❛♥❞ ✐♥❞✐r❡❝t❧② r❡❝♦♥✜r♠ Pr♦♣♦s✐t✐♦♥

✭✸✮ ✐❢ ✇❡ ❡①❝❧✉❞❡ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ♦❢ t❤❡ ❜✐❞ ❛s ❛ ❞✐s❝r✐♠✐♥❛t✐♥❣ ♣r♦①②✳

✭■♥s❡rt ❚❛❜❧❡ ✽ ❛❜♦✉t ❤❡r❡✮

✺ ❱▲Ps

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱ t❤❡ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❡①✲

♣❧❛✐♥ ❱▲Ps ✐♥ ❣❡♥❡r❛❧✱ ✐♥❝❧✉❞✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚♦ t❡st t❤✐s✱ ✇❡ r❡r✉♥

t❤❡ ❡st✐♠❛t✐♦♥s ✐♥ ❚❛❜❧❡s ✹✱ ✺✱ ❛♥❞ ✻ ✇✐t❤ ❞✉♠♠✐❡s ❢♦r ❱▲Ps✱ ❞❡✜♥❡❞ ❛s t❤❡ ❧♦✇✲

❡st ❞❡❝✐❧❡ ♦❢ ❛❧❧ ♣r❡♠✐✉♠s✱ ❛s ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✭s❡❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❚❛❜❧❡s ✶✷✱ ✶✸

❛♥❞ ✶✹ ✐♥ ❛♣♣❡♥❞✐①✮✳ ❚❛❜❧❡ ✾ r❡♣♦rts t❤❡ ♠♦st ✐♠♣♦rt❛♥t r❡s✉❧ts✱ ✇❤✐❝❤ ❝♦♥✜r♠

t❤❛t ♦✉r ♣r❡✈✐♦✉s ✜♥❞✐♥❣s ♦♥ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛❧s♦ ❛♣✲

♣❧② t♦ ❱▲Ps✳ ■♥ ❢❛❝t✱ t❤❡ ♣r♦①✐❡s ❢♦r ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭❘❙■❩❊ ✱ ❊◗ ✱ ◆❊❲❴❊◗ ✱

❊◗❴❘❙■❩❊ ✮✱ ♦✈❡r✈❛❧✉❛t✐♦♥ ✭❚◗❴t ✱ P❘■▼❱❴t ✱ ❘❯◆❯P ✱ ❘❯◆❯P①❚◗❴t✮ ❛♥❞

❢♦r ❧✐q✉✐❞✐t② ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧ ✭▼❑❚❴❱❖▲✮ ❛r❡ ❡q✉❛❧❧② ♦r ❡✈❡♥

♠♦r❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❢♦r ❱▲Ps t❤❛♥ ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❲❡ ❛❧s♦ ✜♥❞✱

✐♥ ❧✐♥❡ ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts✱ t❤❛t ❛❧❧ ♣r♦①✐❡s ❢♦r ❛❧t❡r♥❛t✐✈❡ ❡①♣❧❛♥❛t✐♦♥s ♦❢

❱▲Ps ❛r❡ ❡✐t❤❡r st❛t✐st✐❝❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t ♦r ♣r♦✈✐❞❡ ❝♦♥✢✐❝t✐♥❣ ❡✈✐❞❡♥❝❡ ✭s❡❡

❛♣♣❡♥❞✐①✮✳

✭■♥s❡rt ❚❛❜❧❡ ✾ ❛❜♦✉t ❤❡r❡✮

●❡♥❡r❛❧❧②✱ ❛ s✐♥❣❧❡ ❝✉t✲♦✛ ♣♦✐♥t t❤❛t ❞❡✜♥❡s ❱▲Ps ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ♠❡❛✲

s✉r❡♠❡♥t ♣r♦❜❧❡♠s t❤❛♥ t❤❡ ✇❤♦❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❛❦❡♦✈❡r ♣r❡♠✐✉♠s✳ ❲❡ t❤❡r❡✲

✸✺



❢♦r❡ ❛❧s♦ ❛♥❛❧②③❡ t❤❡ ✇❤♦❧❡ s♣❡❝tr✉♠ ♦❢ ♣r❡♠✐✉♠s✱ ❛♥❞ ♦❢ ♣♦ss✐❜❧❡ ❱▲P ❞❡✜✲

♥✐t✐♦♥s✱ ✇✐t❤ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s ✭❧❡❛st✲❛❜s♦❧✉t❡ ✈❛❧✉❡ ♠♦❞❡❧s✮✳ ❈♦♠♣❛r❡❞ t♦

st❛♥❞❛r❞ ❖▲❙ r❡❣r❡ss✐♦♥s✱ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s ❛r❡ ♠♦r❡ r♦❜✉st ✐♥ t❤❡ ♣r❡s❡♥❝❡

♦❢ ♦✉t❧✐❡rs✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ❛s t❛❦❡♦✈❡r ♣r❡♠✐✉♠s ❡①❤✐❜✐t ♠❛♥②

♦✉t❧✐❡rs ❛♥❞ ❛r❡ ♥♦t ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✿ t❤❡ ❧♦✇❡st q✉❛rt✐❧❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

♣r❡♠✐✉♠s ❝❧♦s❡ t♦ ③❡r♦ ✭❋✐❣✉r❡ ✶✮✱ ✇❤❡r❡❛s t❤❡ ✾✵t❤✱ ✾✺t❤ ❛♥❞ ✾✾t❤ ♣❡r❝❡♥t✐❧❡s

s❤♦✇ ♣r❡♠✐✉♠s ♦❢ ♦✈❡r ✾✸✱ ✶✶✽✱ ❛♥❞ ✷✶✸ ♣❡r❝❡♥t✱ r❡s♣❡❝t✐✈❡❧②✳✹✼ ❍❡♥❝❡✱ ❢♦❝✉s✐♥❣

♦♥ ❞✐✛❡r❡♥t q✉❛♥t✐❧❡s ✐s ♠♦r❡ ✐♥s✐❣❤t❢✉❧ t❤❛♥ ❛♥❛❧②③✐♥❣ t❤❡ ♠❡❛♥✳

❲❡ r✉♥ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧s ❬❆❪✱❬❊❪✱❬❍❪✱❬■❪✱❬❏❪✱ ❛♥❞ ❬▼❪ ❢♦r ❡✈❡r②

❞❡❝✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r❡♠✐✉♠s ❛♥❞ ❡①tr❛❝t t❤❡ ♣❛rt✐❛❧ ❡✛❡❝ts ♦❢ s❡❧❡❝t❡❞

❝♦✈❛r✐❛t❡s✳ ❚❛❜❧❡ ✶✵ r❡♣♦rts t❤❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❜♦♦tstr❛♣♣❡❞ st❛♥❞❛r❞ ❡rr♦rs

♦❢ t❤❡ ♠❛✐♥ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s✳ ❆❧❧ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s s✐❣♥✐✜❝❛♥t❧② ❛✛❡❝t

♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ✺✵t❤ ♣❡r❝❡♥t✐❧❡✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s s✉❜st❛♥t✐❛❧ ❡✈✐❞❡♥❝❡ t❤❛t

t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭✐♥ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s✮ tr❛♥s❧❛t❡ t♦ ❛

s✉❜st❛♥t✐❛❧ ♣♦rt✐♦♥ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥ ✭✐♥ q✉❛♥t✐❧❡

r❡❣r❡ss✐♦♥s✮✳✹✽

✭■♥s❡rt ❚❛❜❧❡ ✶✵ ❛❜♦✉t ❤❡r❡✮

❆❧t❤♦✉❣❤ s♦♠❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s s✐❣♥❛❧✐♥❣ ♦✈❡r✈❛❧✉❛t✐♦♥ ✭❚◗❴t ✱ ❘❯◆❯P✮

❛♥❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭❘❙■❩❊ ✱ ❇■●❴t✮ ♣r❡❞✐❝t ❧♦✇❡r ♣r❡♠✐✉♠s ❛❝r♦ss ❛❧♠♦st

❛❧❧ ♣❡r❝❡♥t✐❧❡s✱ t❤❡② ♠❛✐♥❧② ❛✛❡❝t t❤❡ ❧♦✇❡r ❤❛❧❢ ♦❢ ♣r❡♠✐✉♠s✳ ❋✐❣✉r❡ ✷ s❤♦✇s

t❤❡ ♠❡❞✐❛♥ ♦❢ ❚◗❴t ❛♥❞ ❘❙■❩❊ ❢♦r ❞✐✛❡r❡♥t ♣r❡♠✐✉♠ ❞❡❝✐❧❡s✳ ■t ✐s ❛♣♣❛r❡♥t

t❤❛t t❤❡ ✈❛❧✉❛t✐♦♥ ❧❡✈❡❧ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t❛r❣❡t ❞❡❝❧✐♥❡ ❢r♦♠ ❧♦✇❡r t♦

❤✐❣❤❡r ♣r❡♠✐✉♠s✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t ❜♦t❤ ✈❛r✐❛❜❧❡s ❛r❡ ♠♦r❡ r❡❧❡✈❛♥t ❢♦r ❧♦✇❡r

♣r❡♠✐✉♠s✳ ❚❤❡ ♠✐ss✐♥❣ s✐❣♥✐✜❝❛♥❝❡ ♦❢ ❘❯◆❯P①❚◗❴t ❛❜♦✈❡ ◗✺✵ ✐♥ ❚❛❜❧❡ ✶✵

✐♥❞✐❝❛t❡s t❤❛t r✉♥✉♣s ❝♦✐♥❝✐❞❡ ✇✐t❤ ❛♥❞ r❡✢❡❝t ❤✐❣❤ t❛r❣❡t ✈❛❧✉❛t✐♦♥s ✐♥ t❤❡

✉♣♣❡r ❤❛❧❢ ♦r ♣r❡♠✐✉♠s✳ ❍❡♥❝❡✱ ❡①❝❡ss✐✈❡ r✉♥✉♣s✱ ❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❢❛❝t♦r✱

♦♥❧② ♣r❡❞✐❝t ❧♦✇❡r ✈❛❧✉❡s ❢♦r ♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥ ✭≤◗✺✵✮✳ ❍✐❞❞❡♥

❡❛r♥♦✉ts ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞ ♦♥ ♣❛②♠❡♥t ✐♥ ❜✐❞❞❡r✬s st♦❝❦ ✭❊◗✮ ❛♥❞ t❤❡ ♣❛rt✐❛❧

tr❛♥s❢❡r ♦❢ ♦✇♥❡rs❤✐♣ t♦ t❤❡ t❛r❣❡t ✭◆❊❲❴❊◗ ✱ ❊◗❴❘❙■❩❊ ✮✳ ■♥ ❚❛❜❧❡ ✶✵✱ ❛❧❧

♦❢ t❤❡s❡ ♣r♦①✐❡s ♦♥❧② ❛✛❡❝t ♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥✳ ❚❤❡ ❧❛tt❡r ❛❧s♦ ❛♣♣❧✐❡s

t♦ ▼❑❚❴❱❖▲✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ✭✇❡❛❦❧②✮ s✐❣♥✐✜❝❛♥t ♠❛r❦❡t ❧✐q✉✐❞✐t② ✈❛r✐❛❜❧❡✳

❖✈❡r❛❧❧✱ t❤❡ r❡s✉❧ts ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ ♥❡❣❛t✐✈❡

♣r❡♠✐✉♠s ♥♦t ♦♥❧② ❛♣♣❧② t♦ ❱▲Ps✱ ❜✉t t♦ ♠♦st ♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥✳

✹✼❆❧❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡sts r❡❥❡❝t t❤❡ ◆✉❧❧ t❤❛t ♣r❡♠✐✉♠s ❛r❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✭❛t
❛ ✾✾✳✾✾✾✪ ❧❡✈❡❧ ♦❢ ❝♦♥✜❞❡♥❝❡✮✿ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ❢♦r ❡q✉❛❧✐t② t♦ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s✱
❙❦❡✇♥❡ss ❛♥❞ ❦✉rt♦s✐s t❡st ❢♦r ♥♦r♠❛❧✐t②✱ ❙❤❛♣✐r♦✲❲✐❧❦ t❡st ❢♦r ♥♦r♠❛❧✐t②✱ ❛♥❞ ❙❤❛♣✐r♦✲❋r❛♥❝✐❛
t❡sts ❢♦r ♥♦r♠❛❧✐t②✳

✹✽◆♦t❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ t❤❡ ♦♣♣♦s✐t❡ s✐❣♥ t♦ t❤❡ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ❛❜♦✈❡✱ ❜❡❝❛✉s❡
t❤❡ ❞❡♣❡♥❞❡♥t ❞♦❡s ♥♦t ❞✉♠♠② ✈❡r② ❧♦✇ ✭♦r ♥❡❣❛t✐✈❡✮ ♣r❡♠✐✉♠s✱ ❜✉t r❡✢❡❝ts t❤❡ ✭❝♦♥t✐♥✉♦✉s✮
♣❡r❝❡♥t✐❧❡ ✐♥ t❤❡ ♣r❡♠✐✉♠ ❞✐str✐❜✉t✐♦♥✳ ❆❧s♦ ♥♦t❡ t❤❛t ▼❑❚❴❱❖▲ ✐s t❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ ✇❤❡r❡
✇❡ ❡①♣❡❝t ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥ ✭♠♦r❡ ♠❛r❦❡t ❧✐q✉✐❞✐t②✱ ❤✐❣❤❡r ♣r❡♠✐✉♠s✮✳

✸✻



✭■♥s❡rt ❋✐❣✉r❡ ✷ ❛❜♦✉t ❤❡r❡✮

✻ ❆❧t❡r♥❛t✐✈❡ ♠❡❛s✉r❡s ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ✇❛②s t♦ ♠❡❛s✉r❡ ♣r❡♠✐✉♠s

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❜❛s❡ ♣r✐❝❡ ❛♥❞ ♠❛r❦❡t ❛❞❥✉st♠❡♥ts✳ ❚♦ ❝❤❡❝❦ ✇❤❡t❤❡r ♦✉r

♠❛✐♥ r❡s✉❧ts ❤♦❧❞ ❢♦r ❞✐✛❡r❡♥t ♣r❡♠✐✉♠ ♠❡❛s✉r❡s✱ ❚❛❜❧❡ ✶✶ r❡♣♦rts t❤❡ r❡❢❡r❡♥❝❡

♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ▼♦❞❡❧ ❬❆❪ ✉s✐♥❣ s✐① ❛❧t❡r♥❛t✐✈❡ ♣r❡♠✐✉♠ ♠❡❛s✉r❡s✳✹✾ ▼♦❞❡❧

❬❘✶❪ r❡❢❡rs t♦ ♦✉r st❛♥❞❛r❞ ♠❡❛s✉r❡✱ ❜✉t ❡①❝❧✉❞❡s s❧✐❣❤t❧② ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱

✇❤✐❝❤ ♠❛② ❜❡ ♥♦✐s❡✱ ❜② ❝♦❞✐♥❣ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s t❤❛t ❛r❡ s♠❛❧❧❡r t❤❛♥ ✲✺✪ ✇✐t❤

❛ ❞✉♠♠② ❡q✉❛❧ t♦ ♦♥❡✱ ❡❧s❡ ③❡r♦✳ ▼♦❞❡❧ ❬❘✷❪ r❡❢❡rs t♦ ♦✉r st❛♥❞❛r❞ ♠❡❛s✉r❡✱

❜✉t ✇✐t❤♦✉t ❛❞❥✉st✐♥❣ ❢♦r ❝❤❛♥❣❡s ✐♥ t❤❡ ❙✫P ✺✵✵ ✐♥❞❡①✳ ▼♦❞❡❧ ❬❘✸❪ ❛♥❞ ❬❘✹❪

❝♦♠♣✉t❡ ✐♥❞❡①✲❛❞❥✉st❡❞ ♣r❡♠✐✉♠s ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = −5 ❛♥❞ t = −1✱

r❡s♣❡❝t✐✈❡❧②✳✺✵ ❙♣❡❝✐✜❝❛t✐♦♥ ❬❘✺❪ r❡❢❡rs t♦ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✐♥❞❡①✲❛❞❥✉st❡❞

t❛r❣❡t s❤❛r❡ ♣r✐❝❡s ❛t t = −20✱ t = −5✱ ❛♥❞ t = −1✳ ❋✐♥❛❧❧②✱ ▼♦❞❡❧ ❬❘✻❪

s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ✇✐t❤ ❛♥ ✐♥❞❡①✲❛❞❥✉st❡❞ ❜❛s❡ ♣r✐❝❡ ❛t

t = −40✳ ❘❡❣❛r❞❧❡ss ✇❤✐❝❤ ♣r❡♠✐✉♠ ♠❡❛s✉r❡ ✐s ✉s❡❞ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ♦❢ t❤❡

❜✐❞ ✭❊◗✮ ❛♥❞ ❚♦❜✐♥✬s ◗ ♦❢ t❤❡ t❛r❣❡t ✭❚◗❴t✮ ❡①❤✐❜✐t ❝♦♥s✐st❡♥t r❡s✉❧ts✳ ❚◗❴❜

❛♥❞ ❘❙■❩❊ ❛r❡ ❛❧s♦ ❝♦♥s✐st❡♥t ❡①❝❡♣t ✐♥ ▼♦❞❡❧ ❬❘✻❪✱ ✇❤❡r❡ ❘❙■❩❊ ❥✉st ♠✐ss❡s

t❤❡ ✾✺✪ ❧❡✈❡❧ ♦❢ ❝♦♥✜❞❡♥❝❡ ✭p < 0.062✮✳

❍❡♥❝❡✱ ♦✈❡r❛❧❧✱ ❛♥❞ ❛❧s♦ ✐♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s ♦❢ ♦✉r st❛♥✲

❞❛r❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡ ✭❙❡❝t✐♦♥ ✺✮✱ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ✇✐t❤ r❡❣❛r❞

t♦ ♦✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛r❡ r♦❜✉st t♦ ♠♦st ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠

♠❡❛s✉r❡s ❛♥❞ ❝✉t✲♦✛ ♣♦✐♥ts ❢♦r ❱▲Ps✳

✭■♥s❡rt ❚❛❜❧❡ ✶✶ ❛❜♦✉t ❤❡r❡✮

✼ ❈♦♥❝❧✉s✐♦♥

Pr✐♦r ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤ t❡♥❞s t♦ tr✉♥❝❛t❡ ♦r r❡♠♦✈❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛♥❞

r❡❣❛r❞s t❤❡♠ ❛s ♥♦✐s❡ ✐♥ t❤❡ ❞❛t❛✳ ❲❡ s❤♦✇ t❤❛t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❡①✐st ✐♥ t❤❡

♣❡r✐♦❞ ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✶✱ ❛♥❞ t❤❛t t❤❡② ❛❝❝♦✉♥t ❢♦r ✽✳✹✪ ♦❢ ❛❧❧ ♣r❡♠✐✉♠s✳ ❖✉r

✹✾ ❖✉r st❛♥❞❛r❞ ♣r❡♠✐✉♠ ♠❡❛s✉r❡ ✉s❡s ❛ t❛r❣❡t s❤❛r❡ ♣r✐❝❡ ✷✵ tr❛❞✐♥❣ ❞❛②s ♣r✐♦r t♦ t❤❡

❛♥♥♦✉♥❝❡♠❡♥t ✭t = −20✮✱ ❝♦rr❡❝t❡❞ ❢♦r st♦❝❦ ♠❛r❦❡t ♠♦✈❡♠❡♥ts ✉s✐♥❣ t❤❡ ❙✫P ✺✵✵ ✐♥❞❡①

✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✳

✺✵ ❚❤❡ ♠❡❛s✉r❡ ✐♥ ❬❘✸❪ ✐s ❛❧s♦ ❛♣♣❧✐❡❞ t♦ t❡st Pr♦♣♦s✐t✐♦♥ ✭✷✮ ✐♥ ▼♦❞❡❧ ❬❉❪ ❛♥❞ ❬❊❪✱ ❛s ✐t

❞♦❡s ♥♦t ♦✈❡r❧❛♣ ✇✐t❤ t❤❡ r✉♥✉♣ ♣❡r✐♦❞ r❛♥❣✐♥❣ ❢r♦♠ t = −20 t♦ t = −1✳

✸✼



♣❛♣❡r ❞❡✈❡❧♦♣s t❤r❡❡ t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✿ ♦✈❡r✈❛❧✉❛✲

t✐♦♥✱ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❛♥❞ ♠❛r❦❡t ❧✐q✉✐❞✐t②✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s✱ ❢♦r♠❛❧

♣r♦♣♦s✐t✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ❛♥❞ ❡♠♣✐r✐❝❛❧❧② t❡st❡❞✳ ◆❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❤♦✇❡✈❡r✱

❛r❡ ❥✉st t❤❡ ♠♦st ❡①tr❡♠❡ ❛♥❞ s❛❧✐❡♥t t✐♣ ♦❢ t❤❡ ✐❝❡❜❡r❣ ♦❢ ❧♦✇ ♣r❡♠✐✉♠s✳ ■♥

❢❛❝t✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡①♣❧❛♥❛t✐♦♥s ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛❧s♦ ❛♣♣❧② t♦ t❤❡

♠❛❥♦r✐t② ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥✳

Pr♦♣♦s✐t✐♦♥ ✭✶✮ ❢♦❝✉s❡s ♦♥ st❛♥❞✲❛❧♦♥❡ ♦✈❡r✈❛❧✉❛t✐♦♥✱ ❛♥❞ ❧♦❣✐st✐❝ ♠♦❞❡❧s

❝♦♥✜r♠ t❤❛t t❛r❣❡ts ✇✐t❤ ❛ ❤✐❣❤ ❚♦❜✐♥✬s ◗ ❛♥❞ ✭t♦ ❛ ❧❡ss❡r ❡①t❡♥t✮ ❛ ❤✐❣❤ ♣r✐❝❡✲

t♦✲r❡s✐❞✉❛❧✲✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡ ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭❚❛❜❧❡ ✹✮ ❛♥❞ ❱▲Ps

✭❚❛❜❧❡ ✾✮✳ ❆❧t❡r♥❛t✐✈❡ ♣r♦①✐❡s ❢♦r ♦✈❡r✈❛❧✉❛t✐♦♥ ♣♦ss❡ss ❧❡ss ❡①♣❧❛♥❛t♦r② ♣♦✇❡r✱

❛r❣✉❛❜❧② ❞✉❡ t♦ t❤❡ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✭❚❛❜❧❡ ✹✮✳ ◗✉❛♥t✐❧❡ r❡❣r❡s✲

s✐♦♥s s❤♦✇ t❤❛t t❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥ ♥❡❣❛t✐✈❡❧② ❛✛❡❝ts ♣r❡♠✐✉♠s ❛❝r♦ss ♠♦st

♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✉♣ t♦ t❤❡ ✾✵t❤ ♣❡r❝❡♥t✐❧❡ ✭❚❛❜❧❡ ✶✵✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❡①t❡♥t

♦❢ t❛r❣❡t ♦✈❡r✈❛❧✉❛t✐♦♥ ✐s ❤✐❣❤❡st ❢♦r ❧♦✇❡r ♣❡r❝❡♥t✐❧❡s ✭❋✐❣✉r❡ ✷✮✳ Pr♦♣♦s✐t✐♦♥

✭✷✮ st❛t❡s t❤❛t ❡①❝❡ss✐✈❡ r✉♥✉♣s ❝♦♥st✐t✉t❡ ❛ ❢♦r♠ ♦❢ s♣❡❝✉❧❛t✐✈❡ ♦✈❡r✈❛❧✉❛t✐♦♥

t❤❛t ❝❛♥ ❧❡❛❞ t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ✐♥❞❡❡❞ s❤♦✇ t❤❛t

t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭❚❛❜❧❡ ✹✮ ❛♥❞ ❱▲Ps ✭❚❛❜❧❡ ✾✮ ✐♥❝r❡❛s❡s ✐♥

t❤❡ r✉♥✉♣✳ ❆❧t❤♦✉❣❤ ✇❡ ✜♥❞ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ s✉❜st✐t✉t✐♦♥ ❤②♣♦t❤❡s✐s ❛❝r♦ss

❛❧❧ ♣r❡♠✐✉♠ ♣❡r❝❡♥t✐❧❡s ✭❚❛❜❧❡ ✶✵✮✱ ❡①❝❡ss✐✈❡ r✉♥✉♣s✱ ❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❢❛❝t♦r✱

♦♥❧② ♣r❡❞✐❝t ❧♦✇❡r ✈❛❧✉❡s ❢♦r ♣r❡♠✐✉♠s ❜❡❧♦✇ t❤❡ ♠❡❞✐❛♥✳ ■♥ s❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝

♠♦❞❡❧s✱ ✇❡ ❝♦♥✜r♠ t❤❛t t❤❡ ♠❛r❦❡t r❡❛❝ts t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❢♦r ♦✈❡r✈❛❧✉❡❞

t❛r❣❡ts ✇✐t❤ ♥❡❣❛t✐✈❡ ❛❜♥♦r♠❛❧ ❛♥♥♦✉♥❝❡♠❡♥t r❡t✉r♥s ✭Pr♦♣♦s✐t✐♦♥ ✭✸✮✱ ❚❛❜❧❡

✼✮✳

Pr♦♣♦s✐t✐♦♥ ✭✹✮ ❛♥❞ ✭✺✮ ❝♦♥t❡♥❞ t❤❛t ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❡①♣❧❛✐♥ ♥❡❣❛t✐✈❡ ♣r❡♠✐✲

✉♠s✳ ❖✉r ❡♠♣✐r✐❝❛❧ t❡sts ♣r♦✈✐❞❡ str♦♥❣ ❡✈✐❞❡♥❝❡ ✐♥ ❢❛✈♦r ♦❢ t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t

❤②♣♦t❤❡s✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ r❡❧❛t✐✈❡ s✐③❡✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ♦❢ t❤❡ ❜✐❞✱ ❛♥❞ ♣r♦①✐❡s

❢♦r ♥❡✇ ❡q✉✐t② ✐ss✉❡s ♣r❡❞✐❝t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭❚❛❜❧❡ ✺✮ ❛♥❞ ❱▲Ps ✭❚❛❜❧❡ ✾✮✳

◗✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s ✭❚❛❜❧❡ ✶✵ ❛♥❞ ❋✐❣✉r❡ ✷✮ ✉♥❞❡r❧✐♥❡ t❤❛t t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t

❤②♣♦t❤❡s✐s ❛❧s♦ ❛♣♣❧✐❡s t♦ ❧♦✇❡r✱ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭✹✵t❤ ♣❡r❝❡♥t✐❧❡ ❛♥❞

❜❡❧♦✇✮✳ ❙❡q✉❡♥t✐❛❧ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ❝♦♥✜r♠ ❛ ♣♦s✐t✐✈❡ ♠❛r❦❡t r❡❛❝t✐♦♥ t♦ t❤❡

❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✇✐t❤ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛

♥❡❣❛t✐✈❡ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠ ✭Pr♦♣♦s✐t✐♦♥ ✭✻✮✱ ❚❛❜❧❡ ✽✮✳

Pr♦♣♦s✐t✐♦♥ ✭✼✮ ❡①♣❧♦r❡s t❤❡ r♦❧❡ ♦❢ ❧✐q✉✐❞✐t② ✐♥ t❤❡ st♦❝❦ ♠❛r❦❡t ❛♥❞ t❤❡

♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✳ ❲❡ ✜♥❞ ♥♦ s✉♣♣♦rt ❢♦r st♦❝❦ ♠❛r❦❡t ❧✐q✉✐❞✐t②

❛♥❞ ♦♥❧② st❛t✐st✐❝❛❧❧② ✇❡❛❦ s✉♣♣♦rt ❢♦r t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ tr❛♥s❛❝t✐♦♥ ✈♦❧✉♠❡s ❢♦r

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ✭❚❛❜❧❡ ✻✮✱ ❱▲Ps ✭❚❛❜❧❡ ✾✮ ❛♥❞ ❤✐❣❤❡r ♣r❡♠✐✉♠ ♣❡r❝❡♥t✐❧❡s

✭❚❛❜❧❡ ✶✵✮✳ ❘❡❧❛t❡❞ ❢❛❝t♦rs ♣❡rt❛✐♥✐♥❣ t♦ ✜r❡ s❛❧❡s ❛♥❞ ❛ t❛r❣❡t✬s ✜♥❛♥❝✐❛❧ ❤❡❛❧t❤

❧❛❝❦ ❡①♣❧❛♥❛t♦r② ♣♦✇❡r✳ ❲❡ ❛❧s♦ r✉❧❡ ♦✉t ❛❣❡♥❝② ❝♦sts ❛s ❛ ♣♦ss✐❜❧❡ r❡❛s♦♥ ❢♦r

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ♣❛♣❡r ♣r♦✈✐❞❡s ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

✸✽



❞♦ ❡①✐st ❛♥❞ ♣r♦♣♦s❡s t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ t❡st❡❞ ❛♥❞ ❧❛r❣❡❧②

❝♦♥✜r♠❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥s ❛r❡ ♥♦t ♦♥❧②

r❡❧❡✈❛♥t ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✱ ❜✉t ❛❧s♦ ❛♣♣❧② t♦ t❤❡ ❧♦✇❡st ❢♦✉r ❞❡❝✐❧❡s ♦❢ ❛❧❧

♣r❡♠✐✉♠s ❛♥❞ t❤✉s t♦ ❛ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ t❛❦❡♦✈❡r ♠❛r❦❡t✳

❘❡❢❡r❡♥❝❡s

❱✐r❛❧ ❱✳ ❆❝❤❛r②❛✱ ❙r❡❡❞❤❛r ❚✳ ❇❤❛r❛t❤✱ ❛♥❞ ❆♥❛♥❞ ❙r✐♥✐✈❛s❛♥✳ ❉♦❡s ✐♥❞✉str②✲

✇✐❞❡ ❞✐str❡ss ❛✛❡❝t ❞❡❢❛✉❧t❡❞ ✜r♠s❄ ❡✈✐❞❡♥❝❡ ❢r♦♠ ❝r❡❞✐t♦r r❡❝♦✈❡r✐❡s✳ ❏♦✉r♥❛❧

♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✽✺✭✸✮✿✼✽✼ ✕ ✽✷✶✱ ✷✵✵✼✳

◆✐❤❛t ❆❦t❛s✱ ❊r✐❝ ❞❡ ❇♦❞t✱ ❛♥❞ ❘✐❝❤❛r❞ ❘♦❧❧✳ ◆❡❣♦t✐❛t✐♦♥s ✉♥❞❡r t❤❡ t❤r❡❛t ♦❢

❛♥ ❛✉❝t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✾✽✭✷✮✿✷✹✶✕✷✺✺✱ ◆♦✈❡♠❜❡r ✷✵✶✵✳

❊❞✇❛r❞ ■✳ ❆❧t♠❛♥✱ ❘♦❜❡rt ●✳ ❍❛❧❞❡♠❛♥✱ ❛♥❞ P✳ ◆❛r❛②❛♥❛♥✳ ❩❡t❛ ❛♥❛❧②s✐s✿ ❆

♥❡✇ ♠♦❞❡❧ t♦ ✐❞❡♥t✐❢② ❜❛♥❦r✉♣t❝② r✐s❦ ♦❢ ❝♦r♣♦r❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❇❛♥❦✐♥❣

✫❛♠♣❀ ❋✐♥❛♥❝❡✱ ✶✭✶✮✿✷✾✕✺✹✱ ✶✾✼✼✳

❚✳ ❆♠❡♠✐②❛✳ ❆❞✈❛♥❝❡❞ ❡❝♦♥♦♠❡tr✐❝s✳ ❈❛♠❜r✐❞❣❡✿ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱

✶✾✽✺✳

❨✳ ❆♠✐❤✉❞✳ ■❧❧✐q✉✐❞✐t② ❛♥❞ st♦❝❦ r❡t✉r♥s✿ ❝r♦ss✲s❡❝t✐♦♥ ❛♥❞ t✐♠❡✲s❡r✐❡s ❡✛❡❝ts✳

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ▼❛r❦❡ts✱ ✺✿✸✶✕✺✻✱ ✷✵✵✷✳

❇❡♥❥❛♠✐♥ ❈✳ ❆②❡rs✱ ❈r❛✐❣ ❊✳ ▲❡❢❛♥♦✇✐❝③✱ ❛♥❞ ❏♦❤♥ ❘✳ ❘♦❜✐♥s♦♥✳ ❙❤❛r❡❤♦❧❞❡r

t❛①❡s ✐♥ ❛❝q✉✐s✐t✐♦♥ ♣r❡♠✐✉♠s✿ ❚❤❡ ❡✛❡❝t ♦❢ ❝❛♣✐t❛❧ ❣❛✐♥s t❛①❛t✐♦♥✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✺✽✭✻✮✿✷✼✽✸✕✷✽✵✶✱ ✷✵✵✸✳

▲❡♦♥❝❡ ▲✳ ❇❛r❣❡r♦♥✳ ❉♦ s❤❛r❡❤♦❧❞❡r t❡♥❞❡r ❛❣r❡❡♠❡♥ts ✐♥❢♦r♠ ♦r ❡①♣r♦♣r✐❛t❡

s❤❛r❡❤♦❧❞❡rs❄ ❏♦✉r♥❛❧ ♦❢ ❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✱ ✶✽✭✷✮✿✸✼✸ ✕ ✸✽✽✱ ✷✵✶✷✳

▲❡♦♥❝❡ ▲✳ ❇❛r❣❡r♦♥✱ ❋r❡❞❡r✐❦ P✳ ❙❝❤❧✐♥❣❡♠❛♥♥✱ ❘❡♥❡ ▼✳ ❙t✉❧③✱ ❛♥❞ ❈❤❛❞ ❏✳

❩✉tt❡r✳ ❲❤② ❞♦ ♣r✐✈❛t❡ ❛❝q✉✐r❡rs ♣❛② s♦ ❧✐tt❧❡ ❝♦♠♣❛r❡❞ t♦ ♣✉❜❧✐❝ ❛❝q✉✐r❡rs❄

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✽✾✭✸✮✿✸✼✺✕✸✾✵✱ ❙❡♣t❡♠❜❡r ✷✵✵✽✳

▲❡♦♥❝❡ ▲✳ ❇❛r❣❡r♦♥✱ ❋r❡❞❡r✐❦ P✳ ❙❝❤❧✐♥❣❡♠❛♥♥✱ ❘❡♥❡ ▼✳ ❙t✉❧③✱ ❛♥❞ ❈❤❛❞ ❏✳

❩✉tt❡r✳ ❉♦ t❛r❣❡t ❝❡♦s s❡❧❧ ♦✉t t❤❡✐r s❤❛r❡❤♦❧❞❡rs t♦ ❦❡❡♣ t❤❡✐r ❥♦❜ ✐♥ ❛ ♠❡r❣❡r❄

❲♦r❦✐♥❣ P❛♣❡r ✶✹✼✷✹✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱ ❋❡❜r✉❛r② ✷✵✵✾✳

❚✳ ❲✳ ❇❛t❡s ❛♥❞ ▼✳ ▲✳ ▲❡♠♠♦♥✳ ❇r❡❛❦✐♥❣ ✉♣ ✐s ❤❛r❞ t♦ ❞♦❄ ❛♥ ❛♥❛❧②s✐s

♦❢ t❡r♠✐♥❛t✐♦♥ ❢❡❡ ♣r♦✈✐s✐♦♥s ❛♥❞ ♠❡r❣❡r ♦✉t❝♦♠❡s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧

❊❝♦♥♦♠✐❝s✱ ✻✾✿✹✻✾✕✺✵✹✱ ✷✵✵✸✳

✸✾



❚❤♦♠❛s ❲✳ ❇❛t❡s✱ ❉❛✈✐❞ ❆✳ ❇❡❝❤❡r✱ ❛♥❞ ▼✐❝❤❛❡❧ ▲✳ ▲❡♠♠♦♥✳ ❇♦❛r❞ ❝❧❛ss✐✜❝❛✲

t✐♦♥ ❛♥❞ ♠❛♥❛❣❡r✐❛❧ ❡♥tr❡♥❝❤♠❡♥t✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡

❝♦♥tr♦❧✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✽✼✭✸✮✿✻✺✻✕✻✼✼✱ ✷✵✵✽✳

❙✳ ❇❡tt♦♥ ❛♥❞ ❇✳❊✳ ❊❝❦❜♦✳ ❚♦❡❤♦❧❞s✱ ❜✐❞✲❥✉♠♣s ❛♥❞ ❡①♣❡❝t❡❞ ♣❛②✲♦✛s ✐♥

t❛❦❡♦✈❡rs✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s✱ ✶✸✿✽✹✶✕✽✽✷✱ ✷✵✵✵✳

❙✳ ❇❡tt♦♥✱ ❇✳❊✳ ❊❝❦❜♦✱ ❛♥❞ ❑✳❙✳ ❚❤♦r❜✉r♥✳ ❈♦r♣♦r❛t❡ t❛❦❡♦✈❡rs✳ ■♥ ❇✳ ❊✳

❊❝❦❜♦✱ ❡❞✐t♦r✱ ❍❛♥❞❜♦♦❦ ♦❢ ❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✿ ❊♠♣✐r✐❝❛❧ ❈♦r♣♦r❛t❡ ❋✐✲

♥❛♥❝❡✱ ✈♦❧✉♠❡ ✷ ♦❢ ❍❛♥❞❜♦♦❦ ♦❢ ❋✐♥❛♥❝❡ ❙❡r✐❡s✱ ❝❤❛♣t❡r ✶✺✱ ♣❛❣❡s ✷✾✶✕✹✸✵✳

❊❧s❡✈✐❡r✴◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✷✵✵✽❛✳

❙✳ ❇❡tt♦♥✱ ❇✳❊✳ ❊❝❦❜♦✱ ❛♥❞ ❑✳❙✳ ❚❤♦r❜✉r♥✳ ▼❛r❦✉♣ ♣r✐❝✐♥❣ r❡✈✐s✐t❡❞✱ ✷✵✵✽❜✳

❙❛♥❞r❛ ❇❡tt♦♥✱ ❇✳ ❊s♣❡♥ ❊❝❦❜♦✱ ❛♥❞ ❑❛r✐♥ ❙✳ ❚❤♦r❜✉r♥✳ ▼❡r❣❡r ♥❡❣♦t✐❛t✐♦♥s

❛♥❞ t❤❡ t♦❡❤♦❧❞ ♣✉③③❧❡✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✾✶✭✷✮✿✶✺✽ ✕ ✶✼✽✱

✷✵✵✾✳

❆✉❞r❛ ▲✳ ❇♦♦♥❡ ❛♥❞ ❏✳ ❍❛r♦❧❞ ▼✉❧❤❡r✐♥✳ ❍♦✇ ❛r❡ ✜r♠s s♦❧❞❄ ❚❤❡ ❏♦✉r♥❛❧ ♦❢

❋✐♥❛♥❝❡✱ ✻✷✭✷✮✿✽✹✼✕✽✼✺✱ ✷✵✵✼✳

❆✉❞r❛ ▲✳ ❇♦♦♥❡ ❛♥❞ ❏✳ ❍❛r♦❧❞ ▼✉❧❤❡r✐♥✳ ❉♦ ❛✉❝t✐♦♥s ✐♥❞✉❝❡ ❛ ✇✐♥♥❡r✬s ❝✉rs❡❄

♥❡✇ ❡✈✐❞❡♥❝❡ ❢r♦♠ t❤❡ ❝♦r♣♦r❛t❡ t❛❦❡♦✈❡r ♠❛r❦❡t✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦✲

♥♦♠✐❝s✱ ✽✾✭✶✮✿✶ ✕ ✶✾✱ ✷✵✵✽✳

▼✐❝❤❛❡❧ ❇r❛❞❧❡②✳ ■♥t❡r✜r♠ t❡♥❞❡r ♦✛❡rs ❛♥❞ t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✳

❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss✱ ✺✸✭✹✮✿✸✹✺✕✸✼✻✱ ✶✾✽✵✳

❘✐❝❤❛r❞ ❆✳ ❇r❡❛❧❡②✱ ❙t❡✇❛rt ❈✳ ▼②❡rs✱ ❛♥❞ ❋✳ ❆❧❧❡♥✳ Pr✐♥❝✐♣❧❡s ♦❢ ❈♦r♣♦r❛t❡

❋✐♥❛♥❝❡✳ ▼❝●r❛✇✲❍✐❧❧✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✶✵ ❡❞✐t✐♦♥✱ ✷✵✶✶✳

❙✳ ❏✳ ❇r♦✇♥ ❛♥❞ ❏✳ ❇✳ ❲❛r♥❡r✳ ❯s✐♥❣ ❞❛✐❧② st♦❝❦ r❡t✉r♥s✿ ❚❤❡ ❝❛s❡ ♦❢ ❡✈❡♥t

st✉❞✐❡s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✹✿✸✕✸✶✱ ✶✾✽✺✳

❚✳ ❘✳ ❇✉r❝❤✳ ▲♦❝❦✐♥❣ ♦✉t r✐✈❛❧ ❜✐❞❞❡rs✿ ❚❤❡ ✉s❡ ♦❢ ❧♦❝❦✉♣ ♦♣t✐♦♥s ✐♥ ❝♦r♣♦r❛t❡

♠❡r❣❡rs✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✻✵✿✶✵✸✕✶✹✶✱ ✷✵✵✶✳

❑✳❍✳ ❈❤✉♥❣ ❛♥❞ ❑✳❨✳ ▲❡❡✳ ▲✐q✉✐❞✐t② ❛♥❞ s❤❛r❡❤♦❧❞❡r r❡t✉r♥ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r

❝♦r♣♦r❛t❡ ❝♦♥tr♦❧✳ ✷✵✶✶✳

▼❛tt❤❡✇ ❏✳ ❈❧❛②t♦♥ ❛♥❞ ❙✳ ❆❜r❛❤❛♠ ❘❛✈✐❞✳ ❚❤❡ ❡✛❡❝t ♦❢ ❧❡✈❡r❛❣❡ ♦♥ ❜✐❞❞✐♥❣

❜❡❤❛✈✐♦r✿ ❚❤❡♦r② ❛♥❞ ❡✈✐❞❡♥❝❡ ❢r♦♠ t❤❡ ❢❝❝ ❛✉❝t✐♦♥s✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧

❙t✉❞✐❡s✱ ✶✺✭✸✮✿✼✷✸✕✼✺✵✱ ✷✵✵✷✳

❉✳ ▼✳ ❉❡P❛♠♣❤✐❧✐s✳ ▼❡r❣❡rs✱ ❆❝q✉✐s✐t✐♦♥s✱ ❛♥❞ ❖t❤❡r ❘❡str✉❝t✉r✐♥❣ ❆❝t✐✈✐t✐❡s✳

❊❧s❡✈✐❡r ❆❝❛❞❡♠✐❝ Pr❡ss✱ ❇✉r❧✐♥❣t♦♥✱ ▼❆✱ ❯❙❆✱ ✹ ❡❞✐t✐♦♥✱ ✷✵✵✽✳

✹✵



❘✳ ❉▼❡❧❧♦ ❛♥❞ P✳❑✳ ❙❤r♦✛✳ ❊q✉✐t② ✉♥❞❡r✈❛❧✉❛t✐♦♥ ❛♥❞ ❞❡❝✐s✐♦♥s r❡❧❛t❡❞ t♦

r❡♣✉r❝❤❛s❡ t❡♥❞❡r ♦✛❡rs✿ ❆♥ ❡♠♣✐r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✺✺✿

✷✸✾✾✕✷✹✷✹✱ ✷✵✵✵✳

▼✳ ❉♦♥❣✱ ❉✳ ❍✐rs❝❤❧❡✐❢❡r✱ ❙✳ ❘✐❝❤❛r❞s♦♥✱ ❛♥❞ ❙✳ ❍✳ ❚❡♦❤✳ ❉♦❡s ✐♥✈❡st♦r ♠✐s✲

❡✈❛❧✉❛t✐♦♥ ❞r✐✈❡ t❤❡ t❛❦❡♦✈❡r ♠❛r❦❡t❄ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✻✶✭✷✮✿✼✷✺✕✼✻✷✱

✷✵✵✻✳

❇✳ ❊s♣❡♥ ❊❝❦❜♦✳ ❇✐❞❞✐♥❣ str❛t❡❣✐❡s ❛♥❞ t❛❦❡♦✈❡r ♣r❡♠✐✉♠s✿ ❆ r❡✈✐❡✇✳ ❏♦✉r♥❛❧

♦❢ ❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✱ ✶✺✭✶✮✿✶✹✾ ✕ ✶✼✽✱ ✷✵✵✾✳

❊s♣❡♥ ❇✳ ❊❝❦❜♦ ❛♥❞ ❙✳ ❑❛r✐♥ ❚❤♦r❜✉r♥✳ ❆✉t♦♠❛t✐❝ ❜❛♥❦r✉♣t❝② ❛✉❝t✐♦♥s ❛♥❞

✜r❡✲s❛❧❡s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✽✾✭✸✮✿✹✵✹✕✹✷✷✱ ❙❡♣t❡♠❜❡r ✷✵✵✽✳

❆❧❡① ❊❞♠❛♥s✱ ■t❛② ●♦❧❞st❡✐♥✱ ❛♥❞ ❲❡✐ ❏✐❛♥❣✳ ❚❤❡ r❡❛❧ ❡✛❡❝ts ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r✲

❦❡ts✿ ❚❤❡ ✐♠♣❛❝t ♦❢ ♣r✐❝❡s ♦♥ t❛❦❡♦✈❡rs✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✻✼✭✸✮✿

✾✸✸✕✾✼✶✱ ✷✵✶✷✳

▼✳ ❏✳ ❋✐s❤♠❛♥✳ ❆ t❤❡♦r② ♦❢ ♣r❡❡♠♣t✐✈❡ t❛❦❡♦✈❡r ❜✐❞❞✐♥❣✳ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s✱ ✶✾✿✽✽✕✶✵✶✱ ✶✾✽✽✳

❑✳ ❋✉❧❧❡r✱ ❏✳ ◆❡tt❡r✱ ❛♥❞ ▼✳ ❙t❡❣❡♠♦❧❧❡r✳ ❲❤❛t ❞♦ r❡t✉r♥s t♦ ❛❝q✉✐r✐♥❣ ✜r♠s t❡❧❧

✉s❄ ❡✈✐❞❡♥❝❡ ❢r♦♠ ✜r♠s t❤❛t ♠❛❦❡ ♠❛♥② ❛❝q✉✐s✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱

✺✼✭✹✮✿✶✼✻✸✕✶✼✾✸✱ ✷✵✵✷✳

❑✐♠❜❡r❧② ❈✳ ●❧❡❛s♦♥✱ ▲❡♦♥❛r❞ ❘♦s❡♥t❤❛❧✱ ❛♥❞ ❘♦② ❆✳ ■■■ ❲✐❣❣✐♥s✳ ❇❛❝❦✐♥❣

✐♥t♦ ❜❡✐♥❣ ♣✉❜❧✐❝✿ ❛♥ ❡①♣❧♦r❛t♦r② ❛♥❛❧②s✐s ♦❢ r❡✈❡rs❡ t❛❦❡♦✈❡rs✳ ❏♦✉r♥❛❧ ♦❢

❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✱ ✶✷✭✶✮✿✺✹✕✼✾✱ ✷✵✵✺✳

❙❛♥❢♦r❞ ❏✳ ●r♦ss♠❛♥ ❛♥❞ ❖❧✐✈❡r ❉✳ ❍❛rt✳ ❚❛❦❡♦✈❡r ❜✐❞s✱ t❤❡ ❢r❡❡✲r✐❞❡r ♣r♦❜❧❡♠✱

❛♥❞ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❝♦r♣♦r❛t✐♦♥✳ ❚❤❡ ❇❡❧❧ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✶✭✶✮✿

✹✷✕✻✹✱ ❙♣r✐♥❣ ✶✾✽✵✳

❏✳ ❍❛rt③❡❧❧✱ ❊✳ ❖❢❡❦✱ ❛♥❞ ❉✳ ❨❡r♠❛❝❦✳ ❲❤❛t✬s ✐♥ ✐t ❢♦r ♠❡❄ ♣❡rs♦♥❛❧ ❜❡♥❡✜ts

♦❜t❛✐♥❡❞ ❜② ❈❊❖s ✇❤♦s❡ ✜r♠s ❛r❡ ❛❝q✉✐r❡❞✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s✱ ✶✼✿

✸✼✕✻✶✱ ✷✵✵✹✳

❈❛r❧❛ ❍❛②♥✳ ❚❛① ❛ttr✐❜✉t❡s ❛s ❞❡t❡r♠✐♥❛♥ts ♦❢ s❤❛r❡❤♦❧❞❡r ❣❛✐♥s ✐♥ ❝♦r♣♦r❛t❡

❛❝q✉✐s✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✷✸✭✶✮✿✶✷✶✕✶✺✸✱ ❏✉♥❡ ✶✾✽✾✳

❏❡❛♥ ❍❡❧✇❡❣❡✱ ❈❤r✐st♦ P✐r✐♥s❦②✱ ❛♥❞ ❘❡♥❡ ▼✳ ❙t✉❧③✳ ❲❤② ❞♦ ✜r♠s ❜❡❝♦♠❡

✇✐❞❡❧② ❤❡❧❞❄ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦r♣♦r❛t❡ ♦✇♥❡rs❤✐♣✳ ❚❤❡ ❏♦✉r♥❛❧

♦❢ ❋✐♥❛♥❝❡✱ ✻✷✭✸✮✿✾✾✺✕✶✵✷✽✱ ✷✵✵✼✳

❉✳ ❍✐rs❤❧❡✐❢❡r✱ ❑✳ ❍♦✉✱ ❙✳❍✳ ❚❡♦❤✱ ❛♥❞ ❨✳ ❩❤❛♥❣✳ ❉♦ ✐♥✈❡st♦rs ♦✈❡r✈❛❧✉❡ ✜r♠s

✇✐t❤ ❜❧♦❛t❡❞ ❜❛❧❛♥❝❡ s❤❡❡ts❄ ❏♦✉r♥❛❧ ♦❢ ❆❝❝♦✉♥t✐♥❣ ❛♥❞ ❊❝♦♥♦♠✐❝s✱ ✸✽✿

✷✾✼✕✸✸✶✱ ✷✵✵✹✳

✹✶



❊✳ ❙✳ ❍♦t❝❤❦✐ss✱ ❑✳ ❏♦❤♥✱ ❘✳ ▼♦♦r❛❞✐❛♥✱ ❛♥❞ ❑✳ ❙✳ ❚❤♦r❜✉r♥✳ ❇❛♥❦r✉♣t❝②

❛♥❞ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧ ❞✐str❡ss✳ ■♥ ❇✳ ❊✳ ❊❝❦❜♦✱ ❡❞✐t♦r✱ ❍❛♥❞❜♦♦❦ ♦❢

❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✿ ❊♠♣✐r✐❝❛❧ ❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✱ ✈♦❧✉♠❡ ✷ ♦❢ ❍❛♥❞❜♦♦❦ ♦❢

❋✐♥❛♥❝❡ ❙❡r✐❡s✱ ❝❤❛♣t❡r ✶✹✳ ❊❧s❡✈✐❡r✴◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✷✵✵✽✳

❨❡♥✲❙❤❡♥❣ ❍✉❛♥❣ ❛♥❞ ❘❛❧♣❤ ❆✳ ❲❛❧❦❧✐♥❣✳ ❚❛r❣❡t ❛❜♥♦r♠❛❧ r❡t✉r♥s ❛ss♦❝✐❛t❡❞

✇✐t❤ ❛❝q✉✐s✐t✐♦♥ ❛♥♥♦✉♥❝❡♠❡♥ts✿ P❛②♠❡♥t✱ ❛❝q✉✐s✐t✐♦♥ ❢♦r♠✱ ❛♥❞ ♠❛♥❛❣❡r✐❛❧

r❡s✐st❛♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✶✾✭✷✮✿✸✷✾✕✸✹✾✱ ❉❡❝❡♠❜❡r ✶✾✽✼✳

●r❡❣❣ ❆✳ ❏❛rr❡❧❧ ❛♥❞ ❆♥♥❡tt❡ ❇✳ P♦✉❧s❡♥✳ ❙t♦❝❦ tr❛❞✐♥❣ ❜❡❢♦r❡ t❤❡ ❛♥♥♦✉♥❝❡✲

♠❡♥t ♦❢ t❡♥❞❡r ♦✛❡rs✿ ■♥s✐❞❡r tr❛❞✐♥❣ ♦r ♠❛r❦❡t ❛♥t✐❝✐♣❛t✐♦♥❄ ❏♦✉r♥❛❧ ♦❢

▲❛✇✱ ❊❝♦♥♦♠✐❝s✱ ✫ ❖r❣❛♥✐③❛t✐♦♥✱ ✺✭✷✮✿✷✷✺✕✷✹✽✱ ❖❝t♦❜❡r ✶✾✽✾✳

▼✳ ❈✳ ❏❡♥s❡♥✳ ❆❣❡♥❝② ❝♦sts ♦❢ ❢r❡❡ ❝❛s❤ ✢♦✇✱ ❝♦r♣♦r❛t❡ ✜♥❛♥❝❡✱ ❛♥❞ t❛❦❡♦✈❡rs✳

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✼✻✭✷✮✿✸✷✸✕✸✷✾✱ ✶✾✽✻✳

▼✐❝❤❛❡❧ ❈✳ ❏❡♥s❡♥✳ ❈♦r♣♦r❛t❡ ❝♦♥tr♦❧ ❛♥❞ t❤❡ ♣♦❧✐t✐❝s ♦❢ ✜♥❛♥❝❡✳ ❏♦✉r♥❛❧ ♦❢

❆♣♣❧✐❡❞ ❈♦r♣♦r❛t❡ ❋✐♥❛♥❝❡✱ ✹✭✷✮✿✶✸✕✸✹✱ ✶✾✾✶✳

❇♦②❛♥ ❏♦✈❛♥♦✈✐❝ ❛♥❞ P❡t❡r ▲✳ ❘♦✉ss❡❛✉✳ ❚❤❡ q✲t❤❡♦r② ♦❢ ♠❡r❣❡rs✳ ❆♠❡r✐❝❛♥

❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✷✭✷✮✿✶✾✽✕✷✵✹✱ ✷✵✵✷✳

❙✳ ❑♦t❤❛r✐✱ ❏✳ ❙❛❜✐♥♦✱ ❛♥❞ ❩✳ ❩❛❝❤✳ ■♠♣❧✐❝❛t✐♦♥s ♦❢ ❞❛t❛ r❡str✐❝t✐♦♥s ♦♥ ♣❡r❢♦r✲

♠❛♥❝❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞ t❡sts ♦❢ r❛t✐♦♥❛❧ ♣r✐❝✐♥❣✳ ❏♦✉r♥❛❧ ♦❢ ❆❝❝♦✉♥t✐♥❣ ❛♥❞

❊❝♦♥♦♠✐❝s✱ ✸✾✿✶✷✾✕✶✻✶✱ ✷✵✵✺✳

❍✳ ❆✳ ❑r✐s❤♥❛♥✱ ▼✳ ❆✳ ❍✐tt✱ ❛♥❞ ❉✳ P❛r❦✳ ❆❝q✉✐s✐t✐♦♥ ♣r❡♠✐✉♠s✱ s✉❜s❡q✉❡♥t

✇♦r❦❢♦r❝❡ r❡❞✉❝t✐♦♥s ❛♥❞ ♣♦st✲❛❝q✉✐s✐t✐♦♥ ♣❡r❢♦r♠❛♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ▼❛♥❛❣❡✲

♠❡♥t ❙t✉❞✐❡s✱ ✹✹✭✺✮✿✼✵✾✕✼✸✷✱ ✷✵✵✼✳

❆✳ ❑②❧❡✳ ❈♦♥t✐♥✉♦✉s ❛✉❝t✐♦♥s ❛♥❞ ✐♥s✐❞❡r tr❛❞✐♥❣✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✺✸✿✶✸✶✹✕✶✸✸✺✱

✶✾✽✺✳

▲❛rr② ❍✳P✳ ▲❛♥❣ ❛♥❞ ❘❡♥❡ ▼✳ ❙t✉❧③✳ ❈♦♥t❛❣✐♦♥ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡ ✐♥tr❛✲✐♥❞✉str②

❡✛❡❝ts ♦❢ ❜❛♥❦r✉♣t❝② ❛♥♥♦✉♥❝❡♠❡♥ts✿ ❆♥ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐✲

♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✸✷✭✶✮✿✹✺✕✻✵✱ ✶✾✾✷✳

❉✳ ▲❡s♠♦♥❞✱ ❏✳ ❖❣❞❡♥✱ ❛♥❞ ❈✳ ❚r③❝✐♥❦❛✳ ❆ ♥❡✇ ❡st✐♠❛t❡ ♦❢ tr❛♥s❛❝t✐♦♥ ❝♦sts✳

❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s✱ ✶✷✿✶✶✶✸✕✶✶✹✶✱ ✶✾✾✾✳

❚✳ ❋✳ ▲✐❛♦✳ ■♥t❡r♣r❡t✐♥❣ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s✿ ▲♦❣✐t✱ ♣r♦❜✐t✱ ❛♥❞ ♦t❤❡r ❣❡♥❡r❛❧✐③❡❞

❧✐♥❡❛r ♠♦❞❡❧s✳ ❚❤♦✉s❛♥❞ ❖❛❦s✱ ❈❆✿ ❙❛❣❡✱ ✶✾✾✹✳

▼✳ ▼❛ss❛ ❛♥❞ ▼✳ ❳✉✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ✭st♦❝❦✮ ❧✐q✉✐❞✐t② ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ♠❡r❣❡rs

❛♥❞ ❛❝q✉✐s✐t✐♦♥s✳ ✷✵✶✶✳

✹✷



❘♦♥❛❧❞ ❲✳ ▼❛s✉❧✐s✱ ❈♦♥❣ ❲❛♥❣✱ ❛♥❞ ❋❡✐ ❳✐❡✳ ❈♦r♣♦r❛t❡ ❣♦✈❡r♥❛♥❝❡ ❛♥❞ ❛❝✲

q✉✐r❡r r❡t✉r♥s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✻✷✭✹✮✿✶✽✺✶✕✶✽✽✾✱ ✷✵✵✼✳

❙❛r❛❤ ❇✳ ▼♦❡❧❧❡r✱ ❋r❡❞❡r✐❦ P✳ ❙❝❤❧✐♥❣❡♠❛♥♥✱ ❛♥❞ ❘❡♥❡ ▼✳ ❙t✉❧③✳ ❋✐r♠ s✐③❡ ❛♥❞

t❤❡ ❣❛✐♥s ❢r♦♠ ❛❝q✉✐s✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✼✸✭✷✵✶✮✿✷✷✽✕✱

✷✵✵✹✳

❚✳ ▼♦❡❧❧❡r✳ ▲❡t✬s ♠❛❦❡ ❛ ❞❡❛❧✦ ❤♦✇ s❤❛r❡❤♦❧❞❡r ❝♦♥tr♦❧ ✐♠♣❛❝ts ♠❡r❣❡r ♣❛②♦✛s✳

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✼✻✿✶✻✼✕✶✾✵✱ ✷✵✵✺✳

❉✳ ◆❛❣❛❦✉r❛ ❛♥❞ ▼✳ ❑♦❜❛②❛s❤✐✳ ❚❡st✐♥❣ t❤❡ s❡q✉❡♥t✐❛❧ ❧♦❣✐t ♠♦❞❡❧ ❛❣❛✐♥st t❤❡

♥❡st❡❞ ❧♦❣✐t ♠♦❞❡❧✳ ✷✵✵✼✳

▼✐❝❛❤ ❙✳ ❖✣❝❡r✳ ❚❡r♠✐♥❛t✐♦♥ ❢❡❡s ✐♥ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢

❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✻✾✿✹✸✶✕✹✻✼✱ ✷✵✵✸✳

▼✐❝❛❤ ❙✳ ❖✣❝❡r✳ ❈♦❧❧❛rs ❛♥❞ r❡♥❡❣♦t✐❛t✐♦♥ ✐♥ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✺✾✭✻✮✿✷✼✶✾✕✷✼✹✸✱ ✷✵✵✹✳

▼✐❝❛❤ ❙✳ ❖✣❝❡r✳ ❚❤❡ ♠❛r❦❡t ♣r✐❝✐♥❣ ♦❢ ✐♠♣❧✐❝✐t ♦♣t✐♦♥s ✐♥ ♠❡r❣❡r ❝♦❧❧❛rs✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss✱ ✼✾✭✶✮✿✶✶✺✕✶✸✻✱ ❏❛♥✉❛r② ✷✵✵✻✳

▼✐❝❛❤ ❙✳ ❖✣❝❡r✳ ❚❤❡ ♣r✐❝❡ ♦❢ ❝♦r♣♦r❛t❡ ❧✐q✉✐❞✐t②✿ ❆❝q✉✐s✐t✐♦♥ ❞✐s❝♦✉♥ts ❢♦r

✉♥❧✐st❡❞ t❛r❣❡ts✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✽✸✿✺✼✶✕✺✾✽✱ ✷✵✵✼✳

❏✳❆✳ ❖❤❧s♦♥✳ ❊❛r♥✐♥❣s✱ ❜♦♦❦ ✈❛❧✉❡s✱ ❛♥❞ ❞✐✈✐❞❡♥❞s ✐♥ ❡q✉✐t② ✈❛❧✉❛t✐♦♥✳ ❈♦♥✲

t❡♠♣♦r❛r② ❆❝❝♦✉♥t✐♥❣ ❘❡s❡❛r❝❤✱ ✶✶✿✻✻✶✕✻✽✼✱ ✶✾✾✺✳

❏❛♠❡s ❆✳ ❖❤❧s♦♥✳ ❋✐♥❛♥❝✐❛❧ r❛t✐♦s ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♣r❡❞✐❝t✐♦♥ ♦❢

❜❛♥❦r✉♣t❝②✳ ❏♦✉r♥❛❧ ♦❢ ❆❝❝♦✉♥t✐♥❣ ❘❡s❡❛r❝❤✱ ✶✽✭✶✮✿✶✵✾✕✶✸✶✱ ✶✾✽✵✳

❚♦❞❞ ❈✳ P✉❧✈✐♥♦✳ ❉♦ ❛ss❡t ✜r❡ s❛❧❡s ❡①✐st❄ ❛♥ ❡♠♣✐r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❝♦♠✲

♠❡r❝✐❛❧ ❛✐r❝r❛❢t tr❛♥s❛❝t✐♦♥s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✺✸✭✸✮✿✾✸✾✕✾✼✽✱ ✶✾✾✽✳

❚♦❞❞ ❈✳ P✉❧✈✐♥♦✳ ❊✛❡❝ts ♦❢ ❜❛♥❦r✉♣t❝② ❝♦✉rt ♣r♦t❡❝t✐♦♥ ♦♥ ❛ss❡t s❛❧❡s✳ ❏♦✉r♥❛❧

♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✺✷✭✷✮✿✶✺✶ ✕ ✶✽✻✱ ✶✾✾✾✳

❱✳❆✳ ❘❛♠❡② ❛♥❞ ▼✳❉✳ ❙❤❛♣✐r♦✳ ❉✐s♣❧❛❝❡❞ ❝❛♣✐t❛❧✿ ❆ st✉❞② ♦❢ ❛❡r♦s♣❛❝❡ ♣❧❛♥t

❝❧♦s✐♥❣s✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✵✾✭✺✮✿✾✺✽✕✾✾✷✱ ✷✵✵✶✳

▼❛tt❤❡✇ ❘❤♦❞❡s✲❑r♦♣❢ ❛♥❞ ❙✳ ❱✐s✇❛♥❛t❤❛♥✳ ▼❛r❦❡t ✈❛❧✉❛t✐♦♥ ❛♥❞ ♠❡r❣❡r

✇❛✈❡s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ▲■❳✿✷✻✽✺✕✷✼✶✽✱ ❉❡❝❡♠❜❡r ✷✵✵✹✳

❘✳ ❘♦❧❧✳ ❆ s✐♠♣❧❡ ✐♠♣❧✐❝✐t ♠❡❛s✉r❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❜✐❞ ❛s❦ s♣r❡❛❞ ✐♥ ❛♥ ❡✣❝✐❡♥t

♠❛r❦❡t✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✸✾✿✶✶✷✼✕✶✶✸✾✱ ✶✾✽✹✳

❏✳ ❙❛✇✐❝❦✐✳ ❖✈❡r✈❛❧✉❡❞ ❡q✉✐t② ❛♥❞ t❤❡ ❛❝❝r✉❛❧s ❛♥♦♠❛❧②✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ✐♥s✐❞❡r

tr❛❞❡s✳ ✷✵✶✶✳

✹✸



❏✉❧✐❛ ❙❛✇✐❝❦✐ ❛♥❞ ❑❡s❤❛❜ ❙❤r❡st❤❛✳ ■♥s✐❞❡r tr❛❞✐♥❣ ❛♥❞ ❡❛r♥✐♥❣s ♠❛♥❛❣❡♠❡♥t✳

❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❋✐♥❛♥❝❡ ✫ ❆❝❝♦✉♥t✐♥❣✱ ✸✺✭✸✲✹✮✿✸✸✶✕✸✹✻✱ ✷✵✵✽✳

❋✳P✳ ❙❝❤❧✐♥❣❡♠❛♥♥✱ ❘✳▼✳ ❙t✉❧③✱ ❛♥❞ ❘✳❆✳ ❲❛❧❦❧✐♥❣✳ ❉✐✈❡st✐t✉r❡s ❛♥❞ t❤❡ ❧✐q✲

✉✐❞✐t② ♦❢ t❤❡ ♠❛r❦❡t ❢♦r ❝♦r♣♦r❛t❡ ❛ss❡ts✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱

✻✹✿✶✶✼✕✶✹✹✱ ✷✵✵✷✳

❋r❡❞❡r✐❦ ❙❝❤❧✐♥❣❡♠❛♥♥✳ ❋✐♥❛♥❝✐♥❣ ❞❡❝✐s✐♦♥s ❛♥❞ ❜✐❞❞❡r ❣❛✐♥s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦r✲

♣♦r❛t❡ ❋✐♥❛♥❝❡✱ ✶✵✿✻✽✸✕✼✵✶✱ ✷✵✵✹✳

●✳ ❲✳ ❙❝❤✇❡rt✳ ▼❛r❦✉♣ ♣r✐❝✐♥❣ ✐♥ ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥✲

❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✹✶✭✷✮✿✶✺✸✕✶✻✷✱ ✶✾✾✻✳

●✳ ❲✳ ❙❝❤✇❡rt✳ ❍♦st✐❧✐t② ✐♥ t❛❦❡♦✈❡rs✿ ■♥ t❤❡ ❡②❡s ♦❢ t❤❡ ❜❡❤♦❧❞❡r❄ ❚❤❡ ❏♦✉r♥❛❧

♦❢ ❋✐♥❛♥❝❡✱ ✺✺✭✻✮✿✷✺✾✾✕✷✻✹✵✱ ✷✵✵✵✳

❆✳ ❙❤❧❡✐❢❡r ❛♥❞ ❘✳ ❲✳ ❱✐s❤♥②✳ ▲✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡s ❛♥❞ ❞❡❜t ❝❛♣❛❝✐t②✿ ❆ ♠❛r❦❡t

❡q✉✐❧✐❜r✐✉♠ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱ ✹✼✭✹✮✿✶✸✹✸✕✶✸✻✻✱ ✶✾✾✷✳

❆♥❞r❡✐ ❙❤❧❡✐❢❡r ❛♥❞ ❘♦❜❡rt ❲✳ ❱✐s❤♥②✳ ❙t♦❝❦ ♠❛r❦❡t ❞r✐✈❡♥ ❛❝q✉✐s✐t✐♦♥s✳ ❏♦✉r✲

♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✼✵✿✷✾✺✕✸✶✶✱ ✷✵✵✸✳

❘✳●✳ ❙❧♦❛♥✳ ❉♦ st♦❝❦ ♣r✐❝❡s ❢✉❧❧② r❡✢❡❝t ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛❝❝r✉❛❧s ❛♥❞ ❝❛s❤ ✢♦✇s

❛❜♦✉t ❢✉t✉r❡ ❡❛r♥✐♥❣s❄ ❚❤❡ ❆❝❝♦✉♥t✐♥❣ ❘❡✈✐❡✇✱ ✼✶✿✷✽✾✕✸✶✺✱ ✶✾✾✻✳

❑❛r✐♥ ❙✳ ❚❤♦r❜✉r♥✳ ❇❛♥❦r✉♣t❝② ❛✉❝t✐♦♥s✿ ❝♦sts✱ ❞❡❜t r❡❝♦✈❡r②✱ ❛♥❞ ✜r♠ s✉r✲

✈✐✈❛❧✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✺✽✭✸✮✿✸✸✼ ✕ ✸✻✽✱ ✷✵✵✵✳

❘❛❧♣❤ ❆✳ ❲❛❧❦❧✐♥❣ ❛♥❞ ❘♦❜❡rt ❖✳ ❊❞♠✐st❡r✳ ❉❡t❡r♠✐♥❛♥ts ♦❢ t❡♥❞❡r ♦✛❡r ♣r❡✲

♠✐✉♠s✳ ❋✐♥❛♥❝✐❛❧ ❆♥❛❧②sts ❏♦✉r♥❛❧✱ ✹✶✭✶✮✿✷✼✕✸✼✱ ❏❛♥✉❛r② ✶✾✽✺✳

✹✹



❚❛❜❧❡s ❛♥❞ ❋✐❣✉r❡s

❚❛❜❧❡ ✶✿ ❋r❡q✉❡♥❝② ♦❢ ❱▲Ps ❛♥❞ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

❨❡❛r ❚♦t❛❧ ❱▲P
◆❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠

◆❊● P❆P ♣♦s P❆P ♥❡❣ ❈❆❘ ♣♦s ❈❆❘ ♥❡❣
✶✾✾✺ ✶✶✺ ✶✵ ✽ ✷ ✻ ✷ ✻
✶✾✾✻ ✶✹✸ ✶✻ ✶✺ ✶✵ ✺ ✼ ✽
✶✾✾✼ ✶✾✶ ✷✺ ✷✷ ✶✵ ✶✷ ✼ ✶✺
✶✾✾✽ ✷✶✼ ✷✹ ✷✶ ✶✹ ✼ ✾ ✶✷
✶✾✾✾ ✷✷✹ ✷✵ ✶✹ ✽ ✺ ✼ ✼
✷✵✵✵ ✷✵✾ ✷✷ ✷✶ ✶✷ ✽ ✶✹ ✼
✷✵✵✶ ✶✸✶ ✶✽ ✶✼ ✽ ✽ ✶✵ ✼
✷✵✵✷ ✻✹ ✶✶ ✾ ✼ ✶ ✹ ✺
✷✵✵✸ ✽✶ ✽ ✺ ✶ ✹ ✸ ✷
✷✵✵✹ ✼✽ ✶✷ ✶✶ ✺ ✻ ✺ ✻
✷✵✵✺ ✽✸ ✽ ✺ ✷ ✸ ✶ ✹
✷✵✵✻ ✽✻ ✹ ✷ ✶ ✶ ✷ ✵
✷✵✵✼ ✾✽ ✺ ✹ ✷ ✷ ✷ ✷
✷✵✵✽ ✼✸ ✹ ✹ ✷ ✷ ✷ ✷
✷✵✵✾ ✺✺ ✷ ✶ ✶ ✵ ✵ ✶
✷✵✶✵ ✻✻ ✷ ✷ ✵ ✷ ✶ ✶
✷✵✶✶ ✷✸ ✸ ✶ ✵ ✶ ✶ ✵
❚♦t❛❧ ✶✾✸✼ ✶✾✹ ✶✻✷ ✽✺ ✼✸ ✼✼ ✽✺

◆♦t❡✿ ❚♦t❛❧ ❝♦♥t❛✐♥s ❛❧❧ ♥♦♥✲♠✐ss✐♥❣ ♦✛❡r ♣r❡♠✐✉♠s ✐♥ ❙❉❈ ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = −20✳

❱▲P r❡❢❡rs t♦ t❤❡ ❧♦✇❡st ❞❡❝✐❧❡ ♦❢ ❛❧❧ ♣r❡♠✐✉♠s✳ ◆❊● r❡♣♦rts ❛❧❧ ◆❡❣❛t✐✈❡ ♦✛❡r ♣r❡♠✐✉♠s

❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥ ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = −20✳ P❆P ♣♦s ✭P❆P ♥❡❣✮ r❡❢❡rs

t♦ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠ ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t t = 5✱ ❣✐✈❡♥

◆❊●✳ ✭❋♦✉r ❞❡❛❧s ❤❛✈❡ ♠✐ss✐♥❣ ❜❛s❡ ♣r✐❝❡s ❛t t = 5✱ r❡s✉❧t✐♥❣ ✐♥ ✽✺✰✼✸❂✶✺✽

♣♦st✲❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠s✳✮ ❈❆❘ ♣♦s ✭❈❆❘ ♥❡❣✮ r❡❢❡rs t♦ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✭♥❡❣❛t✐✈❡✮

❝✉♠✉❧❛t✐✈❡ ❛❜♥♦r♠❛❧ r❡t✉r♥ t♦ t❤❡ t❛r❣❡t ❢r♦♠ t = −1 t♦ t = 1✱ ❣✐✈❡♥ ◆❊●✳
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◆♦t❡✿ ❚❤❡ s♦✉r❝❡ ♦❢ t❤❡ ❞❛t❛ ✐s ❙❉❈ ❛♥❞ ❉❛t❛str❡❛♠✳ ❱❛r✐❛❜❧❡ ♥❛♠❡s ✇✐t❤ t❤❡ ❡♥❞✐♥❣ ❴t

✭❴❜✮ r❡❢❡r t♦ t❤❡ t❛r❣❡t ✭❜✐❞❞❡r✮✳ ❚❤❡ ♠❡r❣❡r ❛♥♥♦✉♥❝❡♠❡♥t ❞❛t❡ ✐s t = 0✳ P❘❊▼■❯▼ ✐s

✭❜✐❞ ♣❡r s❤❛r❡ ✴ t❛r❣❡t s❤❛r❡ ♣r✐❝❡ ❛t t = −20✮ ✲ ✭❙✫P✺✵✵ ❛t t = 0 ✴ ❙✫P✺✵✵ ❛t t = −20✮

·100✳ ❘❯◆❯P ✐s t❤❡ ♠❛r❦❡t ❛❞❥✉st❡❞ ❜✉② ❛♥❞ ❤♦❧❞ r❡t✉r♥ t♦ t❤❡ t❛r❣❡t ❢r♦♠ t = −20 t♦

t = −1✳ ❈❆❘❴t ✭❈❆❘❴❜✮ ✐s t❤❡ ♠❛r❦❡t ❛❞❥✉st❡❞ ❝✉♠✉❧❛t✐✈❡ ❛❜♥♦r♠❛❧ r❡t✉r♥ ❢r♦♠ t = −1

t♦ t = 1✳ ❚◗❴t ✭❚◗❴❜✮ ✐s ❚♦❜✐♥✬s ◗ ❞❡✜♥❡❞ ❛s ♠❛r❦❡t ✈❛❧✉❡ ♦✈❡r ❜♦♦❦ ✈❛❧✉❡ ♦❢ ❛ss❡ts ❛t

t = −20 ✭❛s ✐♥ ▼❛s✉❧✐s ❡t ❛❧✳ ❬✷✵✵✼❪✮✳ P❘■▼❱❴t ✭P❘■▼❱❴❜✮ ✐s t❤❡

♣r✐❝❡✲t♦✲r❡s✐❞✉❛❧✲✐♥❝♦♠❡✲♠♦❞❡❧✲✈❛❧✉❡ ❛s ✐♥ ❉♦♥❣ ❡t ❛❧✳ ❬✷✵✵✻❪ ❛♥❞ ❖❤❧s♦♥ ❬✶✾✾✺❪✳ ❆❈❈❘❴t

✭❆❈❈❘❴❜✮ ❛♥❞ ◆❖❆❴t ✭◆❖❆❴❜✮ ✐s ♦♣❡r❛t✐♥❣ ❛❝❝r✉❛❧s ❛♥❞ ♥❡t ♦♣❡r❛t✐♥❣ ❛ss❡ts✱

r❡s♣❡❝t✐✈❡❧②✱ ❛s ❞❡✜♥❡❞ ✐♥ ❍✐rs❤❧❡✐❢❡r ❡t ❛❧✳ ❬✷✵✵✹✱ ♣✳✸✵✻✲✸✵✼❪✳ ◆❉❆❴t ✭◆❉❆❴❜✮ ❛♥❞ ❉❆❴t

✭❉❆❴❜✮ ✐s ♥♦♥✲❞✐s❝r❡t✐♦♥❛r② ❛♥❞ ❞✐s❝r❡t✐♦♥❛r② ❛❝❝r✉❛❧s✱ r❡s♣❡❝t✐✈❡❧②✱ ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡

♠♦❞✐✜❡❞ ❏♦♥❡s ♠♦❞❡❧✳ ❊◗ ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❡q✉✐t② ✐♥ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥✳ ◆❊❲❴❊◗ ✐s

t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠♦♥ s❤❛r❡s ✐ss✉❡❞ ✐♥ t❤❡ tr❛♥s❛❝t✐♦♥ ❞✐✈✐❞❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢

❛❝q✉✐r❡r✬s ♦✉tst❛♥❞✐♥❣ s❤❛r❡s ✭❛❢t❡r ✐ss✉❛♥❝❡✮✳ ❘❙■❩❊ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ t❛r❣❡t ♦✈❡r ❜✐❞❞❡r

♠❛r❦❡t ❝❛♣✐t❛❧✐③❛t✐♦♥ ❛t t = −20✳ ❩❊❘❖ ✐s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❞❛②s ✇✐t❤ ③❡r♦ r❡t✉r♥s ♣❡r

♠♦♥t❤ ❛s ✐♥ ▲❡s♠♦♥❞ ❡t ❛❧✳ ❬✶✾✾✾❪✳ ❙P❘❊❆❉ ✐s t❤❡ ❡st✐♠❛t❡❞ ❜✐❞✲❛s❦✲s♣r❡❛❞ ❜❛s❡❞ ♦♥ t❤❡

❝♦✈❛r✐❛♥❝❡ ♦❢ s✉❜s❡q✉❡♥t ❝❤❛♥❣❡s ✐♥ ❝❧♦s✐♥❣ ♣r✐❝❡s ❛s ✐♥ ❘♦❧❧ ❬✶✾✽✹❪✳ ▼❑❚❴❇■❉❙ ❛♥❞

▼❑❚❴❱❖▲ ✐s t❤❡ ♠♦♥t❤❧② ❢r❡q✉❡♥❝② ❛♥❞ ❯❙✩ ✈♦❧✉♠❡✱ r❡s♣❡❝t✐✈❡❧②✱ ♦❢ ❛❧❧ ❞♦♠❡st✐❝ ❯❙

▼✫❆s ✐♥ t❤❡ ✷✲❞✐❣✐t ❙■❈ t❛r❣❡t ✐♥❞✉str②✳ ▲❊❱❊❘❆●❊ ✐s t♦t❛❧ ❞❡❜t t♦ ❡q✉✐t②✱

❙❍❖❘❚❴❉❊❇❚ ✐s s❤♦rt✲t❡r♠ ♦✈❡r ❧♦♥❣✲t❡r♠ ❞❡❜t✱ ❈❆❙❍❴❚❆ ✐s ❝❛s❤ ❛♥❞ ❝❛s❤ ❡q✉✐✈❛❧❡♥ts

♦✈❡r t♦t❛❧ ❛ss❡ts✱ ❛♥❞ ❲❈❴❚❆ ✐s ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ❞✐✈✐❞❡❞ ❜② t♦t❛❧ ❛ss❡ts✳ ❘❖■❈ ✐s ❡❛r♥✐♥❣s

❜❡❢♦r❡ ✐♥t❡r❡st ❛♥❞ t❛①❡s ♦✈❡r ✜①❡❞ ❛ss❡ts✱ ❚❯❘◆❖❱❊❘ ✐s r❡✈❡♥✉❡s ♦✈❡r ✜①❡❞ ❛ss❡ts✱ ❛♥❞

❈■ ✐s ♦♣❡r❛t✐♥❣ ❝♦sts ♦✈❡r r❡✈❡♥✉❡s✳ ▲■❆❇ ✐s t❤❡ ❛♠♦✉♥t ♦❢ t❛r❣❡t ❧✐❛❜✐❧✐t✐❡s ❛ss✉♠❡❞ ❜✉②

t❤❡ ❛❝q✉✐r❡r ✐♥ t❤❡ tr❛♥s❛❝t✐♦♥✳ ◆❯▼❇■❉ ✐s ❛ ❞✉♠♠② ❢♦r ♠♦r❡ t❤❛♥ ♦♥❡ ❜✐❞❞❡r ✐♥ t❤❡

t❛❦❡♦✈❡r✳ ❚❊◆❉❊❘ ✐s ❛ ❞✉♠♠② ❢♦r t❡♥❞❡r ♦✛❡rs✳ ❍❖❘■❩❖◆❚❆▲ ✐s ❛ ❞✉♠♠② ❢♦r ♠❡r❣❡rs

✐♥ t❤❡ s❛♠❡ ✹✲❞✐❣✐t ❙■❈ ✐♥❞✉str②✳ ❲■❚❍❉❘❆❲◆ ✐s ❛ ❞✉♠♠② ❢♦r ✇✐t❤❞r❛✇♥ ♦✛❡rs✳

◆❊❲❴❊◗✺✵ ✐s ❛ ❞✉♠♠② ❢♦r ❛❝q✉✐r❡rs t❤❛t ✐ss✉❡ ♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ t❤❡ ♣♦st✲✐ss✉❛♥❝❡ ❡q✉✐t②✳

❍❖❙❚■▲❊ ✐s ❛ ❞✉♠♠② ❢♦r ♠❡r❣❡rs t❤❛t ❙❉❈ ❝❧❛ss✐✜❡s ❛s ❤♦st✐❧❡✳

✹✼



❚❛❜❧❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ s✉❜✲❣r♦✉♣s ✇✐t❤ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s
❆❧❧ P♦s✐t✐✈❡ ◆❡❣❛t✐✈❡ ❉✐✛❡r❡♥❝❡ P✲✈❛❧✉❡

P❘❊▼■❯▼ ✸✻✳✶✵✻ ✸✾✳✺✼✾ ✲✽✳✺✻✷ ✹✽✳✶✹✶ ✵✳✵✵✵
❘❯◆❯P ✵✳✵✺✷ ✵✳✵✺✵ ✵✳✵✽✵ ✵✳✵✸✵ ✵✳✵✽✻
❈❆❘❴t ✵✳✶✽✵ ✵✳✶✾✹ ✲✵✳✵✵✾ ✵✳✷✵✸ ✵✳✵✵✵
❈❆❘❴❜ ✲✵✳✵✶✵ ✲✵✳✵✶✵ ✲✵✳✵✶✽ ✵✳✵✵✽ ✵✳✶✸✵
❚◗❴t ✶✳✻✺✷ ✶✳✻✹✽ ✶✳✼✻✹ ✲✵✳✶✶✻ ✵✳✷✾✶
❚◗❴❜ ✷✳✵✻✺ ✷✳✵✼✼ ✶✳✽✼✹ ✵✳✷✵✸ ✵✳✶✺✾
P❘■▼❱❴t ✵✳✷✹✶ ✵✳✷✸✶ ✵✳✺✸✽ ✲✵✳✸✵✼ ✵✳✶✺✸
P❘■▼❱❴❜ ✵✳✷✽✽ ✵✳✷✸✸ ✶✳✼✷✽ ✲✶✳✹✾✹ ✵✳✵✵✵
❆❈❈❘❴t ✲✵✳✶✵✸ ✲✵✳✶✵✹ ✲✵✳✵✾✶ ✲✵✳✵✶✷ ✵✳✼✹✷
❆❈❈❘❴❜ ✲✵✳✵✽✾ ✲✵✳✵✽✽ ✲✵✳✶✵✶ ✵✳✵✶✸ ✵✳✸✵✵
◆❖❆❴t ✵✳✻✾✷ ✵✳✻✾✵ ✵✳✼✶✸ ✲✵✳✵✷✸ ✵✳✷✻✸
◆❖❆❴❜ ✵✳✻✽✶ ✵✳✻✽✷ ✵✳✻✺✽ ✵✳✵✷✹ ✵✳✷✺✷
◆❉❆❴t ✲✵✳✸✹✸ ✲✵✳✸✹✸ ✲✵✳✸✹✽ ✵✳✵✵✺ ✵✳✸✹✶
◆❉❆❴❜ ✲✵✳✸✹✷ ✲✵✳✸✹✷ ✲✵✳✸✹✶ ✲✵✳✵✵✶ ✵✳✸✺✺
❉❆❴t ✵✳✷✹✷ ✵✳✷✹✷ ✵✳✷✺✽ ✲✵✳✵✶✻ ✵✳✹✺✹
❉❆❴❜ ✵✳✷✺✷ ✵✳✷✺✸ ✵✳✷✹✽ ✵✳✵✵✺ ✵✳✼✸✺
❊◗ ✼✸✳✻✵✼ ✻✵✳✻✼✵ ✾✾✳✾✾✶ ✲✸✾✳✸✷✷ ✵✳✵✵✵
◆❊❲❴❊◗ ✺✳✷✺✾ ✹✳✵✵✷ ✷✶✳✹✺✵ ✲✶✼✳✹✹✽ ✵✳✵✵✵
❘❙■❩❊ ✵✳✶✸✸ ✵✳✶✶✾ ✵✳✸✺✺ ✲✵✳✷✸✺ ✵✳✵✵✵
❩❊❘❖ ✵✳✶✵✽ ✵✳✶✵✽ ✵✳✶✶✺ ✲✵✳✵✵✽ ✵✳✷✶✹
❙P❘❊❆❉ ✵✳✽✹✺ ✵✳✽✺✸ ✵✳✼✽✷ ✵✳✵✼✷ ✵✳✼✻✺
▼❑❚❴❇■❉❙ ✶✺✳✵✵✵ ✶✻✳✵✵✵ ✶✺✳✵✵✵ ✶✳✵✵✵ ✵✳✸✵✵
▼❑❚❴❱❖▲ ✶✳✸✹✸ ✶✳✸✾✺ ✵✳✾✷✺ ✵✳✹✼✵ ✵✳✵✸✺
▲❊❱❊❘❆●❊ ✵✳✷✹✼ ✵✳✷✹✾ ✵✳✷✵✾ ✵✳✵✹✶ ✵✳✹✸✶
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❚❊◆❉❊❘ ✵✳✷✵✾ ✵✳✷✷✶ ✵✳✵✼✾ ✵✳✶✹✷ ✵✳✵✵✵
❍❖❘■❩❖◆❚❆▲ ✵✳✸✽✵ ✵✳✸✼✼ ✵✳✹✶✹ ✲✵✳✵✸✽ ✵✳✸✼✼
❲■❚❍❉❘❆❲◆ ✵✳✶✷✽ ✵✳✶✷✷ ✵✳✷✵✵ ✲✵✳✵✼✽ ✵✳✵✵✽
◆❊❲❴❊◗✺✵ ✵✳✵✷✺ ✵✳✵✷✵ ✵✳✵✽✻ ✲✵✳✵✻✻ ✵✳✵✵✵
❍❖❙❚■▲❊ ✵✳✵✷✷ ✵✳✵✷✸ ✵✳✵✶✹ ✵✳✵✵✽ ✵✳✺✶✾

◆♦t❡✿ ❚❤❡ ✜rst t❤r❡❡ ❝♦❧✉♠♥s r❡♣♦rt ♠❡❞✐❛♥s ❢♦r ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ❛♥❞ ♠❡❛♥s ❢♦r

❞✉♠♠✐❡s ✭◆❯▼❇■❉✱ ❚❊◆❉❊❘✱ ❍❖❘■❩❖◆❚❆▲✱ ❲■❚❍❉❘❆❲◆✱ ◆❊❲❴❊◗✺✵✱

❍❖❙❚■▲❊✮ ❢♦r t❤❡ t♦t❛❧ s❛♠♣❧❡✱ ❛♥❞ ❢♦r t✇♦ s✉❜✲❣r♦✉♣s ✇✐t❤ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ♦r ♥❡❣❛t✐✈❡

P❘❊▼■❯▼ ✭t = −20✮✳ ❋♦r ❘❯◆❯P ✭t = −20 t♦ t = −1✮✱ P❘❊▼■❯▼ ✇✐t❤ ❛ ❜❛s❡ ♣r✐❝❡ ❛t

t = −1 ✐s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ t✇♦ s✉❜✲❣r♦✉♣s t♦ ♣r❡✈❡♥t ♠❡❛s✉r❡♠❡♥t ♦✈❡r❧❛♣s✳ P✲✈❛❧✉❡ r❡❢❡rs

t♦ t❤❡ ♣✲✈❛❧✉❡ ✭P❡❛rs♦♥✬s ❝❤✐✲sq✉❛r❡❞✮ ♦❢ ❛ t✇♦✲s✐❞❡❞ ❙t✉❞❡♥t✬s t✲t❡st ✭♥♦♥♣❛r❛♠❡tr✐❝

❑✲s❛♠♣❧❡ t❡st✮ ❢♦r t❤❡ ❡q✉❛❧✐t② ♦❢ ♠❡❛♥s ✭♠❡❞✐❛♥s✮ ♦❢ ❞✉♠♠② ✭❝♦♥t✐♥✉♦✉s✮ ✈❛r✐❛❜❧❡s✳ ❙❡❡

♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✳
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❚❛❜❧❡ ✹✿ ❖✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞ r✉♥✉♣s ✭Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷✮
❬❆❪ ❬❇❪ ❬❈❪ ❬❉❪ ❬❊❪

❚◗❴t ✵✳✶✸✷∗∗∗ ✵✳✶✶✸∗∗∗ ✵✳✶✺✺∗∗∗

✭✵✳✵✸✵✮ ✭✵✳✵✸✷✮ ✭✵✳✵✸✺✮
❚◗❴❜ ✲✵✳✶✷✷∗∗ ✲✵✳✵✼✺∗ ✲✵✳✵✻✽∗

✭✵✳✵✸✼✮ ✭✵✳✵✸✺✮ ✭✵✳✵✸✹✮
P❘■▼❱❴t ✵✳✵✶✼∗

✭✵✳✵✵✼✮
P❘■▼❱❴❜ ✵✳✵✵✵

✭✵✳✵✵✷✮
❆❈❈❘❴t ✵✳✼✶✾

✭✵✳✻✷✼✮
❆❈❈❘❴❜ ✵✳✶✽✶

✭✶✳✶✻✹✮
◆❖❆❴t ✲✵✳✹✻✹

✭✵✳✽✽✵✮
◆❖❆❴❜ ✲✵✳✹✶✻

✭✵✳✾✺✵✮
❘❯◆❯P ✶✳✻✾✶∗∗∗ ✷✳✽✸✵∗∗∗

✭✵✳✹✼✻✮ ✭✵✳✺✾✸✮
❘❯◆❯P①❚◗❴t ✲✵✳✸✸✸∗∗

✭✵✳✶✵✸✮
❊◗ ✵✳✵✶✵∗∗∗ ✵✳✵✶✸∗ ✵✳✵✶✹∗∗ ✵✳✵✵✽∗∗ ✵✳✵✵✽∗∗

✭✵✳✵✵✸✮ ✭✵✳✵✵✺✮ ✭✵✳✵✵✺✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮
❘❙■❩❊ ✵✳✻✷✾∗∗∗ ✶✳✵✵✵∗∗ ✵✳✾✷✾∗∗ ✵✳✺✽✾∗∗ ✵✳✻✵✶∗∗

✭✵✳✶✼✵✮ ✭✵✳✸✼✻✮ ✭✵✳✸✷✸✮ ✭✵✳✶✽✼✮ ✭✵✳✶✾✷✮
◆❯▼❇■❉ ✵✳✹✹✸ ✲✵✳✽✹✵ ✲✵✳✽✸✷ ✵✳✹✵✶ ✵✳✹✷✻

✭✵✳✹✸✾✮ ✭✵✳✾✼✸✮ ✭✶✳✷✸✾✮ ✭✵✳✺✶✼✮ ✭✵✳✺✷✸✮
❚❊◆❉❊❘ ✲✵✳✸✾✶ ✲✵✳✽✻✸ ✲✵✳✷✸✸ ✲✵✳✹✺✹ ✲✵✳✺✵✻

✭✵✳✸✻✸✮ ✭✵✳✼✼✶✮ ✭✵✳✻✶✶✮ ✭✵✳✸✷✸✮ ✭✵✳✸✷✹✮
❍❖❘■❩❖◆❚❆▲ ✵✳✶✶✸ ✲✵✳✶✺✸ ✲✵✳✶✵✷ ✲✵✳✵✸✾ ✲✵✳✵✷✻

✭✵✳✶✾✻✮ ✭✵✳✸✺✼✮ ✭✵✳✸✻✼✮ ✭✵✳✶✽✾✮ ✭✵✳✶✾✵✮
❲■❚❍❉❘❆❲◆ ✵✳✷✼✺ ✵✳✸✹✸ ✵✳✵✾✶ ✲✵✳✶✾✸ ✲✵✳✷✶✼

✭✵✳✷✺✽✮ ✭✵✳✹✺✸✮ ✭✵✳✹✶✻✮ ✭✵✳✸✵✹✮ ✭✵✳✸✵✾✮
◆❊❲❴❊◗✺✵ ✵✳✻✸✸ ✵✳✺✹✺ ✵✳✾✸✺ ✵✳✸✹✷ ✵✳✸✹✻

✭✵✳✹✺✹✮ ✭✵✳✼✺✼✮ ✭✵✳✼✵✽✮ ✭✵✳✹✽✾✮ ✭✵✳✺✵✵✮
❍❖❙❚■▲❊ ✲✵✳✷✷✻ ✲✵✳✼✽✾ ✲✵✳✼✶✹

✭✵✳✽✹✾✮ ✭✶✳✶✵✻✮ ✭✶✳✶✵✾✮
♣s❡✉❞♦ R2 ✵✳✶✸ ✵✳✷✸ ✵✳✷✵ ✵✳✶✷ ✵✳✶✸
❧❧ ✲✹✷✺✳✽✽✶ ✲✶✸✽✳✹✵✹ ✲✶✺✻✳✾✾✺ ✲✹✹✽✳✾✹✷ ✲✹✹✸✳✹✻✽
❛✐❝ ✾✷✾✳✼✻✷ ✸✹✻✳✽✵✽ ✸✽✼✳✾✾✶ ✾✼✼✳✽✽✹ ✾✻✽✳✾✸✼
❜✐❝ ✶✶✹✸✳✺✻✺ ✹✾✽✳✹✶✵ ✺✺✵✳✶✶✽ ✶✶✾✼✳✶✷✹ ✶✶✾✸✳✻✺✼
N ✶✼✼✻ ✺✻✷ ✺✾✶ ✶✼✼✹ ✶✼✼✹
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❆❧❧ ♠♦❞❡❧s r❡❢❡r t♦ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛s ❞❡♣❡♥❞❡♥t✳

❚❤❡ ❜❛s❡ ❞❛t❡ ❢♦r t❤❡ ♣r❡♠✐✉♠s ✐♥ ❬❉❪✲❬❊❪ ✐s t = −1 t♦ ♣r❡✈❡♥t ♦✈❡r❧❛♣ ✇✐t❤ r✉♥✉♣s ✭t = −20

t♦ t = −1✮✳ ❬❆❪✲❬❈❪ t❡st Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ❬❉❪✲❬❊❪ Pr♦♣♦s✐t✐♦♥ ✷✳ ■♥ ❬❇❪ ❛♥❞ ❬❈❪ ❍❖❙❚■▲❊ ✐s

❞r♦♣♣❡❞ ❛s ✐t ♣r❡❞✐❝ts ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s ♣❡r❢❡❝t❧②✳ ❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t

❙■❈ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❘❡♣♦rt❡❞ st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r

❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❘❯◆❯P①❚◗❴t ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❘❯◆❯P ❛♥❞ ❚◗❴t ✳ ❙❡❡ ♥♦t❡s ♦❢

❚❛❜❧❡ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✹✾



❚❛❜❧❡ ✺✿ ❍✐❞❞❡♥ ❡❛r♥♦✉ts ✭Pr♦♣♦s✐t✐♦♥s ✹ ❛♥❞ ✺✮
❬❋❪ ❬●❪ ❬❍❪ ❬■❪ ❬❏❪ ❬❑❪

❚◗❴t ✵✳✶✸✺∗∗∗ ✵✳✶✹✺∗∗∗ ✵✳✶✹✽∗∗∗ ✵✳✶✹✻∗∗∗ ✵✳✶✸✶∗∗∗ ✵✳✵✼✵
✭✵✳✵✸✵✮ ✭✵✳✵✷✾✮ ✭✵✳✵✷✾✮ ✭✵✳✵✸✵✮ ✭✵✳✵✸✵✮ ✭✵✳✵✹✷✮

❚◗❴❜ ✲✵✳✶✸✼∗∗∗ ✲✵✳✶✶✶∗∗ ✲✵✳✶✵✽∗∗ ✲✵✳✶✷✵∗∗ ✲✵✳✶✷✵∗∗ ✲✵✳✶✹✸∗

✭✵✳✵✹✶✮ ✭✵✳✵✸✺✮ ✭✵✳✵✸✹✮ ✭✵✳✵✸✼✮ ✭✵✳✵✸✼✮ ✭✵✳✵✺✼✮
❊◗ ✵✳✵✶✶∗∗∗ ✵✳✵✵✼∗ ✵✳✵✵✽∗

✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✹✮
❘❙■❩❊ ✵✳✻✻✷∗∗∗ ✲✵✳✶✸✶ ✵✳✷✹✺

✭✵✳✶✼✸✮ ✭✵✳✹✸✾✮ ✭✵✳✷✾✼✮
❇■●❴t ✵✳✽✷✵∗∗∗

✭✵✳✷✶✶✮
◆❊❲❴❊◗ ✵✳✵✶✸∗

✭✵✳✵✵✺✮
❊◗❴❘❙■❩❊ ✵✳✵✶✵∗

✭✵✳✵✵✺✮
❘❖■❈ ✲✵✳✵✶✼

✭✵✳✵✷✶✮
❚❯❘◆❖❱❊❘ ✲✵✳✵✽✷

✭✵✳✷✷✽✮
❈■ ✵✳✵✷✽

✭✵✳✵✽✽✮
◆❯▼❇■❉ ✵✳✹✶✻ ✵✳✹✾✶ ✵✳✹✷✻ ✵✳✹✶✼ ✵✳✹✷✵ ✵✳✶✼✷

✭✵✳✹✹✽✮ ✭✵✳✹✸✸✮ ✭✵✳✹✷✷✮ ✭✵✳✹✸✹✮ ✭✵✳✹✹✶✮ ✭✵✳✺✾✼✮
❚❊◆❉❊❘ ✲✵✳✹✸✵ ✲✶✳✵✹✻∗∗ ✲✵✳✾✼✹∗∗ ✲✵✳✽✽✶∗∗ ✲✵✳✹✸✹ ✲✵✳✹✶✼

✭✵✳✸✺✽✮ ✭✵✳✸✷✾✮ ✭✵✳✸✷✽✮ ✭✵✳✸✹✵✮ ✭✵✳✸✺✽✮ ✭✵✳✹✸✶✮
❍❖❘■❩❖◆❚❆▲ ✵✳✵✾✵ ✵✳✶✶✵ ✵✳✵✻✷ ✵✳✵✼✹ ✵✳✶✷✹ ✵✳✸✹✺

✭✵✳✶✾✺✮ ✭✵✳✶✾✺✮ ✭✵✳✶✾✹✮ ✭✵✳✶✾✹✮ ✭✵✳✶✾✽✮ ✭✵✳✷✼✸✮
❲■❚❍❉❘❆❲◆ ✵✳✹✽✷ ✵✳✷✻✽ ✵✳✸✷✺ ✵✳✸✾✾ ✵✳✷✼✹ ✵✳✸✾✹

✭✵✳✷✹✻✮ ✭✵✳✷✻✷✮ ✭✵✳✷✹✺✮ ✭✵✳✷✹✾✮ ✭✵✳✷✻✸✮ ✭✵✳✸✺✹✮
◆❊❲❴❊◗✺✵ ✶✳✷✾✹∗∗∗ ✵✳✼✺✾ ✵✳✾✽✷∗ ✶✳✵✸✼∗ ✵✳✹✼✷ ✵✳✾✸✻

✭✵✳✸✽✺✮ ✭✵✳✹✼✸✮ ✭✵✳✸✾✾✮ ✭✵✳✹✸✶✮ ✭✵✳✹✽✷✮ ✭✵✳✼✸✵✮
❍❖❙❚■▲❊ ✲✵✳✷✶✾ ✲✵✳✸✹✺ ✲✵✳✹✾✹ ✲✵✳✸✶✹ ✲✵✳✶✹✷ ✵✳✶✼✶

✭✵✳✽✹✾✮ ✭✵✳✽✸✹✮ ✭✵✳✽✶✼✮ ✭✵✳✽✸✹✮ ✭✵✳✽✻✺✮ ✭✵✳✽✽✷✮
♣s❡✉❞♦ R2 ✵✳✶✷ ✵✳✶✷ ✵✳✶✷ ✵✳✶✶ ✵✳✶✸ ✵✳✶✸
❧❧ ✲✹✸✵✳✺✽✷ ✲✹✸✷✳✻✵✽ ✲✹✸✶✳✷✹✷ ✲✹✸✺✳✷✶✻ ✲✹✷✸✳✾✷✾ ✲✷✺✶✳✷✺✽
❛✐❝ ✾✸✼✳✶✻✹ ✾✹✶✳✷✶✺ ✾✸✽✳✹✽✸ ✾✹✻✳✹✸✸ ✾✷✼✳✽✺✽ ✺✹✷✳✺✶✻
❜✐❝ ✶✶✹✺✳✹✽✹ ✶✶✹✾✳✺✸✻ ✶✶✹✻✳✽✵✹ ✶✶✺✹✳✼✺✸ ✶✶✹✼✳✶✹✷ ✻✹✷✳✽✽✹
N ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✶✶✼
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❆❧❧ ♠♦❞❡❧s r❡❢❡r t♦ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛s ❞❡♣❡♥❞❡♥t✳

❬❋❪❬■❪❬❏❪ t❡st Pr♦♣♦s✐t✐♦♥ ✹ ❛♥❞ ❬●❪✲❬❍❪ Pr♦♣♦s✐t✐♦♥ ✺✳ ❬❑❪ ❡①♣❧♦r❡s t❤❡ r♦❧❡ ♦❢ ❡①♣❡❝t❡❞ s②♥❡r❣✐❡s✳

❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❘❡♣♦rt❡❞

st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❇■●❴t ✐s ❛ ❞✉♠♠② ❢♦r t❤❡

✉♣♣❡r q✉✐♥t✐❧❡ ♦❢ ❘❙■❩❊ ✳ ❊◗❴❘❙■❩❊ ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❊◗ ❛♥❞ ❘❙■❩❊ ✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷

❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✺✵



❚❛❜❧❡ ✻✿ ▲✐q✉✐❞✐t② ✭Pr♦♣♦s✐t✐♦♥ ✼✮ ❛♥❞ ❛❣❡♥❝②

❬▲❪ ❬▼❪ ❬◆❪ ❬❖❪ ❬P❪ ❬◗❪

❚◗❴t ✵✳✶✷✹∗∗∗ ✵✳✶✹✹∗∗∗ ✵✳✵✽✺∗ ✵✳✵✽✸∗ ✵✳✶✸✵∗ ✵✳✶✵✻

✭✵✳✵✸✻✮ ✭✵✳✵✸✶✮ ✭✵✳✵✸✻✮ ✭✵✳✵✸✺✮ ✭✵✳✵✺✸✮ ✭✵✳✵✻✸✮

❚◗❴❜ ✲✵✳✶✷✺∗∗ ✲✵✳✵✾✹∗ ✲✵✳✶✵✸∗∗ ✲✵✳✶✵✽∗∗ ✲✵✳✶✶✾∗ ✲✵✳✵✺✷

✭✵✳✵✹✶✮ ✭✵✳✵✸✾✮ ✭✵✳✵✸✺✮ ✭✵✳✵✸✻✮ ✭✵✳✵✺✵✮ ✭✵✳✵✻✹✮

❊◗ ✵✳✵✶✵∗∗ ✵✳✵✶✵∗∗∗ ✵✳✵✶✵∗ ✵✳✵✶✶∗∗ ✵✳✵✶✹∗∗ ✵✳✵✶✶∗

✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✹✮ ✭✵✳✵✵✹✮ ✭✵✳✵✵✺✮ ✭✵✳✵✵✺✮

❘❙■❩❊ ✵✳✻✷✵∗∗ ✵✳✼✼✷∗∗∗ ✵✳✻✷✼∗ ✵✳✻✵✾∗∗ ✵✳✽✹✽∗ ✵✳✾✽✵∗

✭✵✳✷✸✸✮ ✭✵✳✶✼✽✮ ✭✵✳✷✺✶✮ ✭✵✳✷✸✺✮ ✭✵✳✸✸✶✮ ✭✵✳✹✷✷✮

❩❊❘❖ ✵✳✾✹✹

✭✶✳✶✸✷✮

❙P❘❊❆❉ ✵✳✵✼✾

✭✵✳✵✺✼✮

▼❑❚❴❇■❉❙ ✲✵✳✵✵✹

✭✵✳✵✵✺✮

▼❑❚❴❱❖▲ ✲✵✳✵✼✵∗

✭✵✳✵✸✶✮

▲❊❱❊❘❆●❊ ✲✵✳✷✾✼∗ ✲✵✳✷✾✵∗

✭✵✳✶✹✻✮ ✭✵✳✶✸✼✮

❙❍❖❘❚❴❉❊❇❚ ✵✳✸✵✹

✭✵✳✸✾✽✮

❈❆❙❍❴❚❆ ✶✳✺✷✻∗ ✶✳✺✷✹∗

✭✵✳✼✼✺✮ ✭✵✳✼✷✶✮

❲❈❴❚❆ ✲✶✳✸✷✹∗ ✲✶✳✷✶✾

✭✵✳✻✼✷✮ ✭✵✳✻✺✽✮

▲■❆❇ ✲✵✳✵✵✷ ✲✵✳✵✸✹

✭✵✳✹✶✷✮ ✭✵✳✸✼✶✮

◆❉❆❴t ✲✶✳✻✶✺ ✶✳✶✻✺

✭✷✳✶✷✾✮ ✭✶✳✻✶✹✮

◆❉❆❴❜ ✲✶✳✸✸✺ ✷✳✺✼✸

✭✸✳✽✺✼✮ ✭✸✳✽✷✾✮

❉❆❴t ✶✳✵✵✾ ✲✵✳✷✸✵

✭✵✳✻✶✽✮ ✭✵✳✹✸✽✮

❉❆❴❜ ✵✳✼✻✺ ✵✳✹✹✺

✭✶✳✷✹✵✮ ✭✵✳✽✾✼✮

◆❯▼❇■❉ ✵✳✶✽✹ ✵✳✺✶✶ ✵✳✹✼✸ ✵✳✹✸✸ ✲✵✳✽✸✹ ✲✵✳✽✽✹

✭✵✳✺✻✸✮ ✭✵✳✹✹✵✮ ✭✵✳✺✾✼✮ ✭✵✳✺✽✺✮ ✭✶✳✶✺✶✮ ✭✵✳✽✽✽✮

❚❊◆❉❊❘ ✲✵✳✹✵✵ ✲✵✳✹✷✻ ✲✵✳✹✵✽ ✲✵✳✹✼✽ ✲✵✳✷✹✽ ✲✵✳✻✸✶

✭✵✳✹✵✻✮ ✭✵✳✸✼✸✮ ✭✵✳✺✶✻✮ ✭✵✳✺✵✾✮ ✭✵✳✻✶✷✮ ✭✵✳✻✵✶✮

❍❖❘■❩❖◆❚❆▲ ✵✳✶✷✶ ✵✳✶✸✺ ✵✳✶✼✶ ✵✳✵✸✻ ✲✵✳✷✶✷ ✵✳✹✼✸

✭✵✳✷✸✹✮ ✭✵✳✶✾✻✮ ✭✵✳✷✼✼✮ ✭✵✳✷✻✻✮ ✭✵✳✸✺✽✮ ✭✵✳✸✺✹✮
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❬▲❪ ❬▼❪ ❬◆❪ ❬❖❪ ❬P❪ ❬◗❪

❲■❚❍❉❘❆❲◆ ✵✳✸✸✺ ✵✳✷✸✵ ✵✳✷✼✽ ✵✳✷✷✺ ✵✳✶✷✺ ✶✳✶✸✶∗∗

✭✵✳✸✵✽✮ ✭✵✳✷✻✷✮ ✭✵✳✸✻✸✮ ✭✵✳✸✷✻✮ ✭✵✳✹✹✶✮ ✭✵✳✹✷✽✮
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❍❖❙❚■▲❊ ✲✵✳✽✵✹ ✲✵✳✸✶✵ ✲✵✳✸✾✺ ✲✵✳✹✽✶ ✵✳✶✼✶

✭✶✳✶✷✺✮ ✭✵✳✽✼✵✮ ✭✶✳✶✻✵✮ ✭✶✳✶✷✸✮ ✭✵✳✼✷✽✮

♣s❡✉❞♦ R2 ✵✳✶✸ ✵✳✶✺ ✵✳✶✹ ✵✳✶✹ ✵✳✷✸ ✵✳✶✽

❧❧ ✲✸✷✻✳✷✷✺ ✲✹✶✻✳✹✼✷ ✲✷✸✹✳✼✹✷ ✲✷✻✾✳✸✵✻ ✲✶✺✶✳✸✻✾ ✲✶✺✺✳✹✵✻

❛✐❝ ✼✸✷✳✹✺✵ ✾✶✹✳✾✹✹ ✺✺✺✳✹✽✺ ✻✷✹✳✻✶✸ ✸✽✵✳✼✸✼ ✸✾✷✳✽✶✷

❜✐❝ ✾✹✹✳✻✺✼ ✶✶✸✾✳✺✵✸ ✼✻✼✳✾✶✹ ✽✹✷✳✾✽✶ ✺✺✶✳✻✷✽ ✺✻✾✳✺✾✸

N ✶✹✽✽ ✶✼✻✼ ✶✵✸✸ ✶✶✽✻ ✺✾✶ ✺✺✶

∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ▼♦❞❡❧s ❬▲❪✲❬◗❪ r❡♣♦rt ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s

❛s ❞❡♣❡♥❞❡♥t✳ ❚❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐♥ ❬◗❪ ✐s ❛ ❞✉♠♠② ❢♦r ♣♦s✐t✐✈❡ ❱▲Ps ✭❧♦✇❡st ❞❡❝✐❧❡✮✳

▼♦❞❡❧s ❬▲❪✲❬P❪ t❡st Pr♦♣♦s✐t✐♦♥ ✼✳ ❬P❪❬◗❪ ❡①♣❧♦r❡ t❤❡ r♦❧❡ ♦❢ ❛❣❡♥❝② ❝♦sts✳ ❍❖❙❚■▲❊ ✐s ❞r♦♣♣❡❞

✐♥ ❬P❪✱ ❜❡❝❛✉s❡ ✐t ♣❡r❢❡❝t❧② ♣r❡❞✐❝ts ♣♦s✐t✐✈❡ ♣r❡♠✐✉♠s✳ ❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r

②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❘❡♣♦rt❡❞ st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❛r❡

❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✳

✺✷



❚❛❜❧❡ ✼✿ ▼❛r❦❡t r❡❛❝t✐♦♥ ❛♥❞ ♦✈❡r✈❛❧✉❛t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✸✮
❬❘❪ ❬❙❪ ❬❚❪ ❬❯❪ ❬❱❪

❚◗❴t ✵✳✶✾✺✯✯ ✵✳✶✻✽✰ ✵✳✶✷✽✰ ✵✳✷✵✸✯ ✵✳✶✻✾✰
✭✵✳✵✼✸✮ ✭✵✳✵✽✼✮ ✭✵✳✵✻✽✮ ✭✵✳✶✵✸✮ ✭✵✳✶✵✸✮

❚◗❴❜ ✲✵✳✶✵✵ ✲✵✳✶✹✹ ✲✵✳✷✵✶✰ ✲✵✳✷✷✻ ✲✵✳✷✼✻✯
✭✵✳✵✾✺✮ ✭✵✳✶✷✶✮ ✭✵✳✶✶✽✮ ✭✵✳✶✹✶✮ ✭✵✳✶✸✻✮

❊◗ ✲✵✳✵✵✶ ✲✵✳✵✵✼ ✲✵✳✵✵✽ ✲✵✳✵✵✽ ✲✵✳✵✵✼
✭✵✳✵✵✾✮ ✭✵✳✵✵✽✮ ✭✵✳✵✵✾✮ ✭✵✳✵✶✵✮ ✭✵✳✵✵✾✮

❘❙■❩❊ ✵✳✹✻✶ ✵✳✺✺✵ ✵✳✺✶✶ ✵✳✻✻✻ ✵✳✸✼✽
✭✵✳✺✺✵✮ ✭✵✳✻✹✾✮ ✭✵✳✻✺✵✮ ✭✵✳✼✶✺✮ ✭✵✳✻✻✵✮

❘❯◆❯P ✼✳✾✶✽✯✯✯ ✶✶✳✶✻✻✯✯✯ ✶✵✳✹✹✽✯✯✯ ✶✶✳✷✽✵✯✯✯
✭✶✳✽✷✽✮ ✭✷✳✸✻✹✮ ✭✷✳✷✶✶✮ ✭✷✳✸✻✽✮

❘❯◆❯P①❚◗❴t ✲✶✳✵✹✾✯✯
✭✵✳✸✽✾✮

❈❆❘❴❜ ✲✼✳✵✽✶✯ ✲✼✳✸✾✵✯
✭✸✳✵✽✵✮ ✭✸✳✷✸✵✮

▼❑❚❴❇■❉❙ ✵✳✵✷✷
✭✵✳✵✷✶✮

▼❑❚❴❱❖▲ ✵✳✵✺✸
✭✵✳✵✺✾✮

◆❯▼❇■❉ ✷✳✸✹✾✰ ✶✳✻✺✵ ✷✳✵✷✵ ✷✳✷✺✾ ✶✳✼✽✼
✭✶✳✷✶✸✮ ✭✶✳✷✸✹✮ ✭✶✳✷✻✵✮ ✭✶✳✻✶✷✮ ✭✶✳✼✸✼✮

❚❊◆❉❊❘ ✶✳✻✻✷ ✵✳✻✽✷ ✵✳✽✵✺ ✵✳✾✾✻ ✵✳✾✶✵
✭✶✳✹✶✸✮ ✭✶✳✵✵✷✮ ✭✶✳✵✶✷✮ ✭✶✳✵✽✶✮ ✭✶✳✵✻✺✮
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✭✵✳✹✼✹✮ ✭✵✳✹✽✷✮ ✭✵✳✺✶✷✮ ✭✵✳✺✽✺✮ ✭✵✳✺✻✻✮
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✭✵✳✾✶✽✮ ✭✶✳✵✾✼✮ ✭✶✳✶✵✾✮ ✭✶✳✸✾✻✮ ✭✶✳✺✻✻✮

♣s❡✉❞♦ R2 ✵✳✷✵ ✵✳✸✷ ✵✳✸✺ ✵✳✸✽ ✵✳✹✵
❧❧ ✲✼✸✳✼✹✹ ✲✻✷✳✾✶✽ ✲✺✾✳✽✸✸ ✲✺✹✳✸✸✹ ✲✺✷✳✺✾✺
❛✐❝ ✷✶✼✳✹✽✼ ✶✾✼✳✽✸✻ ✶✾✸✳✻✻✻ ✶✽✵✳✻✻✾ ✶✽✶✳✶✾✵
❜✐❝ ✸✶✽✳✾✶✷ ✸✵✷✳✶✺✾ ✸✵✵✳✽✽✻ ✷✽✸✳✵✺✾ ✷✽✾✳✷✻✾
N ✶✸✹ ✶✸✹ ✶✸✹ ✶✷✼ ✶✷✼
✰ p < 0.10 ✱ ✯ p < 0.05 ✱ ✯✯ p < 0.01 ✱ ✯✯✯ p < 0.001

◆♦t❡✿ ❚❤❡ t❛❜❧❡ r❡♣♦rts t❤❡ s❡❝♦♥❞ st❛❣❡ ♦❢ ❛ s❡q✉❡♥t✐❛❧ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ s❛♠♣❧❡ ❝♦♥s✐sts ♦❢

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❬❘❪✲❬❱❪ r❡♣♦rt ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ❛ ♥❡❣❛t✐✈❡ ❈❆❘❴t ❛s

❞❡♣❡♥❞❡♥t ✭✶ ✐❢ ❈❆❘❴t ❁✵❀ ❈❆❘❴t ❢r♦♠ t❂✲✶ t♦ t❂✰✶✮✳ ▼♦❞❡❧s ❬❘❪✲❬❯❪ t❡st Pr♦♣♦s✐t✐♦♥ ✸

❞✐r❡❝t❧②✳ ❬❱❪ t❡sts ❧✐q✉✐❞✐t② ❛s ❛ ❝♦♠♣❡t✐♥❣ ❡①♣❧❛♥❛t✐♦♥✳ ■♥ ❛❧❧ ♠♦❞❡❧s✱ ❍❖❙❚■▲❊ ✭❞r♦♣♣❡❞✮

♣❡r❢❡❝t❧② ♣r❡❞✐❝ts ❛ ♣♦s✐t✐✈❡ ❈❆❘❴t ✳ ❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱

❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❘❡♣♦rt❡❞ st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r

❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❘❯◆❯P①❚◗❴t ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❘❯◆❯P ❛♥❞ ❚◗❴t ✳ ❙❡❡

♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✺✸



❚❛❜❧❡ ✽✿ ▼❛r❦❡t r❡❛❝t✐♦♥ ❛♥❞ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ✭Pr♦♣♦s✐t✐♦♥ ✻✮
❬❲❪ ❬❳❪ ❬❨❪ ❬❩❪ ❬❩❆❪ ❬❩❇❪

❚◗❴t ✲✵✳✶✽✶✯ ✲✵✳✶✺✸✯ ✲✵✳✶✾✷✯ ✲✵✳✶✺✶ ✲✵✳✷✵✷✯ ✲✵✳✶✵✺
✭✵✳✵✽✵✮ ✭✵✳✵✼✻✮ ✭✵✳✵✽✵✮ ✭✵✳✵✾✼✮ ✭✵✳✵✽✻✮ ✭✵✳✶✵✻✮

❚◗❴❜ ✵✳✷✻✶✯ ✵✳✷✸✻✯ ✵✳✷✼✼✯ ✵✳✸✵✼✯ ✵✳✷✺✼✰ ✵✳✸✹✾✯
✭✵✳✶✷✽✮ ✭✵✳✶✶✸✮ ✭✵✳✶✸✶✮ ✭✵✳✶✸✻✮ ✭✵✳✶✸✶✮ ✭✵✳✶✹✺✮

❊◗ ✵✳✵✵✺ ✵✳✵✵✻ ✲✵✳✵✵✺ ✵✳✵✵✽ ✵✳✵✵✹ ✵✳✵✵✻
✭✵✳✵✶✵✮ ✭✵✳✵✶✵✮ ✭✵✳✵✶✵✮ ✭✵✳✵✶✷✮ ✭✵✳✵✶✵✮ ✭✵✳✵✶✹✮

❘❙■❩❊ ✶✳✺✾✵✯ ✲✸✳✶✹✼ ✷✳✶✵✻✯ ✶✳✻✷✹✯ ✷✳✼✾✼✯✯
✭✵✳✻✽✻✮ ✭✷✳✼✷✷✮ ✭✵✳✽✾✽✮ ✭✵✳✻✼✻✮ ✭✵✳✾✻✾✮

❇■●❴t ✶✳✼✷✾✯✯
✭✵✳✻✹✺✮

❊◗❴❘❙■❩❊ ✵✳✵✺✵✰
✭✵✳✵✷✾✮

❈❆❘❴❜ ✶✵✳✾✵✾✯ ✼✳✾✺✷✰
✭✹✳✺✺✸✮ ✭✹✳✺✵✵✮

❈❆❘❴t ✸✳✶✼✽✯ ✺✳✸✵✼✯
✭✶✳✺✼✻✮ ✭✷✳✸✶✸✮

❘❯◆❯P ✷✳✹✾✶ ✹✳✷✶✷
✭✶✳✼✸✸✮ ✭✷✳✺✾✼✮

▼❑❚❴❇■❉❙ ✲✵✳✵✵✷
✭✵✳✵✶✹✮

▼❑❚❴❱❖▲ ✲✵✳✷✾✹✯
✭✵✳✶✹✽✮

◆❯▼❇■❉ ✲✶✳✽✵✽ ✲✷✳✶✼✼ ✲✶✳✽✵✽ ✲✵✳✵✸✽ ✲✶✳✽✼✻ ✵✳✸✾✺
✭✶✳✽✼✶✮ ✭✶✳✽✽✺✮ ✭✷✳✶✵✻✮ ✭✷✳✶✽✾✮ ✭✶✳✾✺✶✮ ✭✶✳✾✸✵✮

❚❊◆❉❊❘ ✵✳✵✾✷ ✵✳✸✹✽ ✲✵✳✺✷✶ ✵✳✻✵✻ ✲✵✳✶✵✷ ✵✳✾✼✷
✭✶✳✶✽✷✮ ✭✶✳✶✻✾✮ ✭✶✳✶✺✶✮ ✭✶✳✷✷✹✮ ✭✶✳✶✾✻✮ ✭✶✳✹✻✷✮

❍❖❘■❩❖◆❚❆▲ ✶✳✸✽✾✯✯ ✶✳✸✹✵✯ ✶✳✺✶✸✯✯ ✶✳✻✹✵✯ ✶✳✹✻✶✯✯ ✶✳✷✼✻✰
✭✵✳✺✶✺✮ ✭✵✳✺✹✸✮ ✭✵✳✺✺✽✮ ✭✵✳✻✻✹✮ ✭✵✳✺✸✺✮ ✭✵✳✻✻✸✮

❲■❚❍❉❘❆❲◆ ✲✵✳✻✻✹ ✲✵✳✺✶✹ ✲✵✳✹✼✷ ✲✵✳✽✹✻ ✲✵✳✼✵✷ ✲✶✳✹✼✻✰
✭✵✳✻✹✽✮ ✭✵✳✻✼✾✮ ✭✵✳✻✽✾✮ ✭✵✳✼✽✾✮ ✭✵✳✻✼✷✮ ✭✵✳✽✻✸✮

◆❊❲❴❊◗✺✵ ✲✷✳✶✵✹ ✲✶✳✽✹✶ ✲✷✳✹✺✷ ✲✷✳✸✼✽✰ ✲✷✳✶✺✸ ✲✷✳✼✷✷✰
✭✶✳✹✽✹✮ ✭✶✳✶✽✶✮ ✭✶✳✻✸✸✮ ✭✶✳✸✻✺✮ ✭✶✳✸✹✽✮ ✭✶✳✸✾✹✮

❍❖❙❚■▲❊ ✲✵✳✶✹✽ ✲✵✳✺✵✵ ✵✳✼✹✺ ✲✵✳✷✼✼ ✲✵✳✶✶✾ ✵✳✾✾✷
✭✶✳✹✾✶✮ ✭✶✳✺✼✼✮ ✭✶✳✺✾✹✮ ✭✶✳✼✶✽✮ ✭✶✳✺✶✹✮ ✭✷✳✷✵✵✮

♣s❡✉❞♦ R2 ✵✳✷✾ ✵✳✸✵ ✵✳✸✵ ✵✳✸✾ ✵✳✸✵ ✵✳✹✸
❧❧ ✲✻✺✳✷✻✼ ✲✻✹✳✸✷✺ ✲✻✹✳✶✾✹ ✲✺✹✳✼✵✶ ✲✻✹✳✶✶✺ ✲✺✶✳✵✻✹
❛✐❝ ✷✵✵✳✺✸✸ ✶✾✽✳✻✺✵ ✷✵✵✳✸✽✽ ✶✽✸✳✹✵✷ ✷✵✵✳✷✸✶ ✶✽✷✳✶✷✽
❜✐❝ ✸✵✶✳✻✾✺ ✷✾✾✳✽✶✷ ✸✵✹✳✹✹✶ ✷✽✾✳✺✵✶ ✸✵✹✳✷✽✸ ✷✾✻✳✽✷✾
N ✶✸✸ ✶✸✸ ✶✸✸ ✶✸✵ ✶✸✸ ✶✸✵
✰ p < 0.10 ✱ ✯ p < 0.05 ✱ ✯✯ p < 0.01 ✱ ✯✯✯ p < 0.001

◆♦t❡✿ ❚❤❡ t❛❜❧❡ r❡♣♦rts t❤❡ s❡❝♦♥❞ st❛❣❡ ♦❢ ❛ s❡q✉❡♥t✐❛❧ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ s❛♠♣❧❡ ❝♦♥s✐sts ♦❢

♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s✳ ❬❲❪✲❬❩❇❪ r❡♣♦rt ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ✭❂✶✮ ❢♦r ♥❡❣❛t✐✈❡ ♣♦st✲

❛♥♥♦✉♥❝❡♠❡♥t ♣r❡♠✐✉♠s ✭❜❛s❡ ♣r✐❝❡ ❛t t❂✺✮ ❛s ❞❡♣❡♥❞❡♥t✳ ▼♦❞❡❧s ❬❲❪✲❬❩❪ t❡st Pr♦♣♦s✐t✐♦♥ ✻

❞✐r❡❝t❧②✳ ❬❩❆❪❬❩❇❪ t❡st Pr♦♣♦s✐t✐♦♥ ✻ ✐♥❞✐r❡❝t❧② ❜② ❛♥❛❧②③✐♥❣ ❝♦♠♣❡t✐♥❣ ❡①♣❧❛♥❛t✐♦♥s✳ ❆❧❧

♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❘❡♣♦rt❡❞

st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❇■●❴t ✐s ❛ ❞✉♠♠② ❢♦r t❤❡

✉♣♣❡r q✉✐♥t✐❧❡ ♦❢ ❘❙■❩❊ ✳ ❊◗❴❘❙■❩❊ ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❊◗ ❛♥❞ ❘❙■❩❊ ✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷

❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✺✹



❚❛❜❧❡ ✾✿ ❱▲Ps ✭❧♦✇❡st ❞❡❝✐❧❡ ♦❢ ❛❧❧ ♣r❡♠✐✉♠s✮
❬❆✶❪ ❬❇✶❪ ❬❊✶❪ ❬❍✶❪ ❬■✶❪ ❬❏✶❪ ❬▼✶❪

❚◗❴t ✵✳✶✹∗∗∗ ✵✳✶✺∗∗∗ ✵✳✶✺∗∗∗ ✵✳✶✺∗∗∗ ✵✳✶✸∗∗∗ ✵✳✶✹∗∗∗

❚◗❴❜ ✲✵✳✶✸∗∗∗ ✲✵✳✵✽∗ ✲✵✳✶✶∗∗∗ ✲✵✳✶✸∗∗∗ ✲✵✳✶✸∗∗∗ ✲✵✳✶✶∗∗

P❘■▼❱❴t ✵✳✵✶∗

P❘■▼❱❴❜ ✲✵✳✵✵
❘❯◆❯P ✷✳✼✶∗∗∗

❘❯◆❯P①❚◗❴t ✲✵✳✷✻∗∗

❇■●❴t ✶✳✵✾∗∗∗

◆❊❲❴❊◗ ✵✳✵✷∗∗∗

❊◗❴❘❙■❩❊ ✵✳✵✶∗∗

❊◗ ✵✳✵✶∗∗∗ ✵✳✵✶∗ ✵✳✵✶∗∗∗ ✵✳✵✶∗ ✵✳✵✶∗∗∗

❘❙■❩❊ ✵✳✼✹∗∗∗ ✶✳✹✼∗∗∗ ✵✳✺✾∗∗∗ ✲✵✳✵✸ ✵✳✽✸∗∗∗

▼❑❚❴❇■❉❙ ✲✵✳✵✵
▼❑❚❴❱❖▲ ✲✵✳✵✺∗

◆❯▼❇■❉ ✲✵✳✵✸ ✲✶✳✸✺ ✵✳✷✺ ✲✵✳✵✺ ✲✵✳✵✽ ✲✵✳✵✼ ✵✳✵✷
❚❊◆❉❊❘ ✲✵✳✷✶ ✲✶✳✸✾ ✲✵✳✹✽ ✲✵✳✼✻∗∗ ✲✵✳✻✵∗ ✲✵✳✷✺ ✲✵✳✷✹
❍❖❘■❩❖◆❚❆▲ ✲✵✳✵✸ ✲✵✳✶✹ ✲✵✳✶✵ ✲✵✳✵✽ ✲✵✳✵✻ ✲✵✳✵✷ ✲✵✳✵✶
❲■❚❍❉❘❆❲◆ ✵✳✸✷ ✵✳✸✺ ✲✵✳✵✵ ✵✳✸✼ ✵✳✹✺∗ ✵✳✸✵ ✵✳✸✷
◆❊❲❴❊◗✺✵ ✵✳✹✶ ✵✳✷✽ ✵✳✵✽ ✵✳✼✶ ✵✳✼✷ ✵✳✶✹ ✵✳✹✹
❍❖❙❚■▲❊ ✲✵✳✵✾ ✵✳✶✾ ✲✵✳✷✻ ✲✵✳✹✸ ✲✵✳✶✻ ✵✳✵✶ ✲✵✳✶✻
♣s❡✉❞♦ R2 ✵✳✶✸ ✵✳✷✸ ✵✳✶✷ ✵✳✶✷ ✵✳✶✶ ✵✳✶✸ ✵✳✶✹
❧❧ ✲✺✵✺✳✹✷ ✲✶✺✻✳✼✷ ✲✺✵✽✳✾✷ ✲✺✵✽✳✹✶ ✲✺✶✻✳✹✵ ✲✺✵✶✳✼✵ ✲✹✾✼✳✸✾
❛✐❝ ✶✵✽✽✳✽✸ ✸✽✺✳✹✸ ✶✵✾✾✳✽✺ ✶✵✾✷✳✽✷ ✶✶✵✽✳✽✵ ✶✵✽✸✳✹✵ ✶✵✼✻✳✼✾
❜✐❝ ✶✸✵✷✳✻✹ ✺✹✷✳✶✸ ✶✸✷✹✳✺✼ ✶✸✵✶✳✶✹ ✶✸✶✼✳✶✷ ✶✸✵✷✳✻✽ ✶✸✵✶✳✸✺
N ✶✼✼✻ ✺✼✹ ✶✼✼✹ ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✼✻✼
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❆❧❧ ♠♦❞❡❧s r❡❢❡r t♦ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ❱▲Ps ✭❁♣✶✵✮ ❛s ❞❡♣❡♥❞❡♥t✳

❚❤❡ ❜❛s❡ ❞❛t❡ ❢♦r t❤❡ ❱▲Ps ✐♥ ❬❊✶❪ ✐s t✲✶ t♦ ♣r❡✈❡♥t ♦✈❡r❧❛♣ ✇✐t❤ r✉♥✉♣s ✭t✲✷✵ t♦ t✲✶✮✳

❬❆✶❪❬❇✶❪ t❡st Pr♦♣♦s✐t✐♦♥ ✶ ❢♦r ❱▲Ps ❛♥❞ ❬❊✶❪ Pr♦♣♦s✐t✐♦♥ ✷ ❢♦r ❱▲Ps✳ ❬■✶❪❬❏✶❪ t❡st

Pr♦♣♦s✐t✐♦♥ ✹ ❢♦r ❱▲Ps ❛♥❞ ❬❍✶❪ Pr♦♣♦s✐t✐♦♥ ✺ ❢♦r ❱▲Ps✳ ▼♦❞❡❧ ❬▼✶❪ t❡sts Pr♦♣♦s✐t✐♦♥ ✼

❢♦r ❱▲Ps✳ ❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈

✭✉♥r❡♣♦rt❡❞✮✳ ❙t❛♥❞❛r❞ ❡rr♦rs ✭✉♥r❡♣♦rt❡❞✮ ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳

❘❯◆❯P①❚◗❴t ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❘❯◆❯P ❛♥❞ ❚◗❴t✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✺✺



❚❛❜❧❡ ✶✵✿ Pr❡♠✐✉♠ ♣❡r❝❡♥t✐❧❡s ❛♥❞ ♣❛rt✐❛❧ ❡✛❡❝ts
❬◗✶✵❪ ❬◗✷✵❪ ❬◗✸✵❪ ❬◗✹✵❪ ❬◗✺✵❪ ❬◗✻✵❪ ❬◗✼✵❪ ❬◗✽✵❪ ❬◗✾✵❪

❚◗❴t ❬❆❪ ✲✶✳✸✵✼∗∗ ✲✶✳✼✺✽∗∗∗ ✲✷✳✵✹✶∗∗∗ ✲✶✳✽✼✹∗∗∗ ✲✷✳✵✾✵∗∗∗ ✲✷✳✵✽✹∗∗∗ ✲✶✳✽✽✷∗∗ ✲✶✳✾✸✷∗ ✲✷✳✵✼✶
✭✵✳✹✼✵✮ ✭✵✳✸✹✹✮ ✭✵✳✷✼✾✮ ✭✵✳✸✷✶✮ ✭✵✳✸✽✽✮ ✭✵✳✸✻✹✮ ✭✵✳✺✽✷✮ ✭✵✳✽✸✺✮ ✭✶✳✹✹✵✮

❊◗ ❬❆❪ ✲✵✳✵✾✵∗∗ ✲✵✳✵✼✹∗∗ ✲✵✳✵✻✸∗∗∗ ✲✵✳✵✻✼∗∗ ✲✵✳✵✸✼ ✲✵✳✵✵✻ ✲✵✳✵✵✷ ✲✵✳✵✸✹ ✵✳✵✵✼
✭✵✳✵✷✾✮ ✭✵✳✵✷✹✮ ✭✵✳✵✶✾✮ ✭✵✳✵✷✷✮ ✭✵✳✵✷✻✮ ✭✵✳✵✷✹✮ ✭✵✳✵✸✼✮ ✭✵✳✵✺✵✮ ✭✵✳✵✽✸✮

❘❙■❩❊ ❬❆❪ ✲✶✹✳✹✻✷∗∗∗ ✲✶✸✳✻✾✻∗∗∗ ✲✶✶✳✻✼✸∗∗∗ ✲✶✵✳✾✹✺∗∗∗ ✲✶✸✳✶✻✺∗∗∗ ✲✶✹✳✼✵✻∗∗∗ ✲✶✻✳✹✹✹∗∗∗ ✲✶✽✳✶✺✻∗∗∗ ✲✷✷✳✵✻✷∗

✭✷✳✺✽✹✮ ✭✷✳✵✸✸✮ ✭✶✳✺✾✷✮ ✭✶✳✾✷✽✮ ✭✷✳✹✺✾✮ ✭✷✳✸✽✾✮ ✭✸✳✾✺✹✮ ✭✺✳✹✾✼✮ ✭✾✳✾✻✺✮
❘❯◆❯P ❬❊❪ ✲✸✵✳✺✹✸∗∗∗ ✲✸✻✳✹✹✾∗∗∗ ✲✸✸✳✷✼✸∗∗∗ ✲✸✺✳✻✸✽∗∗∗ ✲✸✼✳✻✻✶∗∗∗ ✲✸✼✳✼✹✽∗∗∗ ✲✹✷✳✾✸✾∗∗∗ ✲✹✻✳✺✶✻∗∗∗ ✲✻✵✳✽✸✶∗∗∗

✭✺✳✶✻✸✮ ✭✹✳✵✾✹✮ ✭✹✳✼✻✷✮ ✭✸✳✼✹✶✮ ✭✹✳✵✼✾✮ ✭✸✳✸✵✷✮ ✭✻✳✾✺✾✮ ✭✼✳✼✻✹✮ ✭✶✻✳✹✷✷✮
❘❯◆❯P①❚◗❴t ❬❊❪ ✸✳✼✵✺∗∗ ✸✳✼✶✶∗∗∗ ✷✳✽✷✷∗∗ ✷✳✷✾✻∗∗ ✷✳✺✵✹∗∗ ✶✳✸✻✹ ✶✳✶✹✸ ✶✳✶✹✺ ✷✳✹✺✶

✭✶✳✸✶✼✮ ✭✵✳✽✵✽✮ ✭✵✳✾✹✹✮ ✭✵✳✼✽✼✮ ✭✵✳✽✹✷✮ ✭✵✳✼✶✾✮ ✭✶✳✻✶✽✮ ✭✶✳✼✼✵✮ ✭✸✳✷✵✺✮
❇■●❴t ❬❍❪ ✲✶✵✳✶✷✺∗∗∗ ✲✶✸✳✶✾✸∗∗∗ ✲✶✶✳✼✹✸∗∗∗ ✲✶✷✳✸✼✷∗∗∗ ✲✶✹✳✸✺✵∗∗∗ ✲✶✻✳✼✹✹∗∗∗ ✲✶✼✳✵✸✵∗∗∗ ✲✷✵✳✶✻✺∗∗∗ ✲✷✼✳✾✸✼∗∗∗

✭✷✳✸✼✺✮ ✭✷✳✸✹✻✮ ✭✶✳✾✺✺✮ ✭✷✳✺✷✾✮ ✭✷✳✸✷✼✮ ✭✷✳✵✺✹✮ ✭✷✳✽✵✺✮ ✭✸✳✼✼✼✮ ✭✻✳✽✹✷✮
◆❊❲❴❊◗ ❬■❪ ✲✵✳✶✼✹∗ ✲✵✳✷✶✾∗∗∗ ✲✵✳✶✹✻∗∗∗ ✲✵✳✶✹✽∗∗ ✲✵✳✶✹✸ ✲✵✳✶✷✻∗ ✲✵✳✵✼✺ ✲✵✳✶✸✼ ✲✵✳✷✶✵

✭✵✳✵✼✼✮ ✭✵✳✵✺✻✮ ✭✵✳✵✹✵✮ ✭✵✳✵✺✸✮ ✭✵✳✵✽✺✮ ✭✵✳✵✺✹✮ ✭✵✳✵✽✹✮ ✭✵✳✵✾✽✮ ✭✵✳✶✾✹✮
❊◗❴❘❙■❩❊ ❬❏❪ ✲✵✳✶✽✾∗∗∗ ✲✵✳✶✽✾∗∗∗ ✲✵✳✶✼✹∗∗∗ ✲✵✳✶✶✹∗∗ ✲✵✳✵✹✾ ✲✵✳✵✹✸ ✲✵✳✵✼✷ ✲✵✳✵✹✼ ✲✵✳✶✶✻

✭✵✳✵✸✼✮ ✭✵✳✵✹✶✮ ✭✵✳✵✸✺✮ ✭✵✳✵✸✾✮ ✭✵✳✵✺✽✮ ✭✵✳✵✺✺✮ ✭✵✳✵✼✷✮ ✭✵✳✵✼✾✮ ✭✵✳✶✻✼✮
▼❑❚❴❱❖▲ ❬▼❪ ✵✳✹✶✷∗ ✵✳✷✾✶∗ ✵✳✷✾✻∗ ✵✳✸✺✺∗ ✵✳✷✷✾ ✵✳✷✷✾ ✵✳✶✾✵ ✵✳✹✷✻ ✵✳✻✼✽

✭✵✳✶✼✼✮ ✭✵✳✶✷✶✮ ✭✵✳✶✹✽✮ ✭✵✳✶✹✸✮ ✭✵✳✶✻✻✮ ✭✵✳✶✶✼✮ ✭✵✳✶✾✷✮ ✭✵✳✷✺✻✮ ✭✵✳✹✺✾✮
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❚❛❜❧❡ r❡♣♦rts ❝♦❡✣❝✐❡♥ts ❛♥❞ st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ♦❢ s❡❧❡❝t❡❞ ❝♦✈❛r✐❛t❡s✱ ❡st✐♠❛t❡❞ ✇✐t❤ s❡♣❛r❛t❡ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s ✭❧❡❛st✲❛❜s♦❧✉t❡ ✈❛❧✉❡

♠♦❞❡❧s✮ ❢♦r t❤❡ ♣❡r❝❡♥t✐❧❡s ◗✶✵✱◗✷✵✱✳✳✳✱◗✾✵ ♦❢ P❘❊▼■❯▼ ✭❜❛s❡ ❞❛t❡ t❂✲✷✵✮ ❛s ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳ ■♥ ♠♦❞❡❧s ✇✐t❤ ❘❯◆❯P ✭t❂✲✷✵ t♦ t❂✲✶✮ ✇❡ ✉s❡ t❤❡ st❛♥❞❛r❞

♣r❡♠✐✉♠ ♠❡❛s✉r❡ ✇✐t❤ ❛ ❜❛s❡ ❞❛t❡ ❛t t❂✲✶ ❛s ❞❡♣❡♥❞❡♥t t♦ ♣r❡✈❡♥t ♦✈❡r❧❛♣s✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠♦❞❡❧ ✐♥❞✐❝❛t❡❞

✐♥ ❜r❛❝❦❡ts ❜❡❤✐♥❞ t❤❡ ✈❛r✐❛❜❧❡ ♥❛♠❡✳ ❇■●❴t ✐s ❛ ❞✉♠♠② ❢♦r t❤❡ ✉♣♣❡r q✉✐♥t✐❧❡ ♦❢ ❘❙■❩❊ ✳ ❊◗❴❘❙■❩❊ ✭❘❯◆❯P①❚◗❴t✮ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❊◗ ❛♥❞ ❘❙■❩❊

✭❘❯◆❯P ❛♥❞ ❚◗❴t✮✳ ❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❱❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❡st✐♠❛t♦rs ✐s

♦❜t❛✐♥❡❞ ✈✐❛ ❜♦♦tstr❛♣♣✐♥❣✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✺✻



❚❛❜❧❡ ✶✶✿ ❘♦❜✉st♥❡ss ❝❤❡❝❦s ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ ♣r❡♠✐✉♠s
❬❘✶❪ ❬❘✷❪ ❬❘✸❪ ❬❘✹❪ ❬❘✺❪ ❬❘✻❪

❚◗❴t ✵✳✶✸✹∗∗∗ ✵✳✶✷✽∗∗∗ ✵✳✵✾✽∗∗∗ ✵✳✶✶✻∗∗∗ ✵✳✶✸✸∗∗∗ ✵✳✵✻✸∗

✭✵✳✵✸✶✮ ✭✵✳✵✸✵✮ ✭✵✳✵✸✵✮ ✭✵✳✵✸✵✮ ✭✵✳✵✸✷✮ ✭✵✳✵✸✵✮
❚◗❴❜ ✲✵✳✶✹✷∗∗ ✲✵✳✵✽✷∗∗ ✲✵✳✵✻✺∗ ✲✵✳✵✻✺∗ ✲✵✳✵✾✺∗ ✲✵✳✵✶✾

✭✵✳✵✺✶✮ ✭✵✳✵✸✶✮ ✭✵✳✵✸✷✮ ✭✵✳✵✸✸✮ ✭✵✳✵✹✵✮ ✭✵✳✵✷✼✮
❊◗ ✵✳✵✶✶∗∗ ✵✳✵✶✸∗∗∗ ✵✳✵✶✶∗∗∗ ✵✳✵✵✽∗∗ ✵✳✵✶✵∗∗∗ ✵✳✵✶✶∗∗∗

✭✵✳✵✵✹✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮ ✭✵✳✵✵✸✮
❘❙■❩❊ ✵✳✻✽✼∗∗∗ ✵✳✻✺✾∗∗∗ ✵✳✺✾✸∗∗ ✵✳✹✼✶∗ ✵✳✻✼✷∗∗∗ ✵✳✸✻✾

✭✵✳✷✵✹✮ ✭✵✳✶✽✶✮ ✭✵✳✶✾✶✮ ✭✵✳✶✽✸✮ ✭✵✳✶✾✵✮ ✭✵✳✶✾✽✮
◆❯▼❇■❉ ✵✳✻✶✼ ✵✳✶✻✷ ✵✳✷✽✷ ✵✳✹✸✵ ✲✵✳✵✺✼ ✲✵✳✹✷✶

✭✵✳✹✼✶✮ ✭✵✳✹✺✻✮ ✭✵✳✺✸✷✮ ✭✵✳✺✷✵✮ ✭✵✳✺✹✹✮ ✭✵✳✺✻✶✮
❚❊◆❉❊❘ ✲✵✳✷✼✹ ✲✵✳✸✼✼ ✲✵✳✸✺✼ ✲✵✳✹✵✺ ✲✵✳✷✷✶ ✲✵✳✶✶✵

✭✵✳✹✶✶✮ ✭✵✳✸✻✽✮ ✭✵✳✸✼✻✮ ✭✵✳✸✸✷✮ ✭✵✳✸✼✷✮ ✭✵✳✸✹✾✮
❍❖❘■❩❖◆❚❆▲ ✵✳✵✺✷ ✵✳✶✻✹ ✵✳✵✺✹ ✲✵✳✵✻✵ ✲✵✳✵✽✺ ✲✵✳✵✾✵

✭✵✳✷✸✹✮ ✭✵✳✶✾✻✮ ✭✵✳✷✶✷✮ ✭✵✳✶✽✾✮ ✭✵✳✷✷✹✮ ✭✵✳✷✵✼✮
❲■❚❍❉❘❆❲◆ ✵✳✸✽✶ ✵✳✹✸✽ ✵✳✶✻✸ ✲✵✳✷✷✻ ✵✳✵✺✺ ✵✳✹✹✺

✭✵✳✷✽✻✮ ✭✵✳✷✻✵✮ ✭✵✳✷✾✸✮ ✭✵✳✸✵✶✮ ✭✵✳✸✶✶✮ ✭✵✳✷✼✷✮
◆❊❲❴❊◗✺✵ ✵✳✸✷✺ ✵✳✸✸✶ ✵✳✹✸✸ ✵✳✸✺✻ ✵✳✺✶✵ ✲✵✳✵✻✵

✭✵✳✹✽✹✮ ✭✵✳✹✼✾✮ ✭✵✳✹✼✶✮ ✭✵✳✹✼✵✮ ✭✵✳✹✾✻✮ ✭✵✳✺✻✸✮
❍❖❙❚■▲❊ ✲✵✳✺✼✶ ✲✵✳✵✵✵ ✲✵✳✼✵✾ ✲✵✳✾✹✺ ✲✵✳✺✾✻ ✵✳✾✽✺

✭✶✳✶✻✽✮ ✭✵✳✽✻✼✮ ✭✶✳✶✷✾✮ ✭✶✳✵✾✾✮ ✭✶✳✶✹✻✮ ✭✵✳✻✵✸✮
♣s❡✉❞♦ R2 ✵✳✶✹ ✵✳✶✺ ✵✳✶✵ ✵✳✶✵ ✵✳✶✷ ✵✳✵✾
❧❧ ✲✸✷✶✳✷✺✽ ✲✹✵✾✳✺✺✺ ✲✸✼✾✳✼✵✹ ✲✹✺✻✳✸✼✷ ✲✸✺✾✳✽✽✶ ✲✹✵✻✳✸✵✹
❛✐❝ ✼✷✵✳✺✶✺ ✽✾✼✳✶✵✾ ✽✸✺✳✹✵✾ ✾✾✵✳✼✹✹ ✼✾✺✳✼✻✷ ✽✽✽✳✻✵✽
❜✐❝ ✾✸✹✳✸✶✽ ✶✶✶✵✳✾✶✷ ✶✵✹✶✳✽✻✺ ✶✷✵✹✳✺✵✸ ✶✵✵✷✳✶✼✹ ✶✵✾✻✳✹✺✺
N ✶✼✼✻ ✶✼✼✻ ✶✻✾✶ ✶✼✼✹ ✶✻✽✾ ✶✼✺✹
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❬❘✶❪✲❬❘✻❪ r❡♣♦rt ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ✈❛r✐♦✉s ❞❡✜♥✐t✐♦♥s ♦❢ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❛s

❞❡♣❡♥❞❡♥t✳ ❬❘✶❪ r❡❢❡rs t♦ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s s♠❛❧❧❡r ✲✺ ♣❡r❝❡♥t ✭✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ♠❡❛s✉r❡✮✳

❬❘✷❪ r❡❢❡rs t♦ t❤❡ st❛♥❞❛r❞ ♠❡❛s✉r❡ ✭t❂✲✷✵✮ ❜✉t ✇✐t❤♦✉t st♦❝❦ ✐♥❞❡① ❛❞❥✉st♠❡♥t✳ ❬❘✸❪ r❡❢❡rs

t♦ ❛♥ ✐♥❞❡① ❛❞❥✉st❡❞ ❜❛s❡ ♣r✐❝❡ ❛t t❂✲✺ ❛♥❞ ❬❘✹❪ ❛t t❂✲✶✳ ❬❘✺❪ r❡❢❡rs t♦ t❤❡ ❛✈❡r❛❣❡ ♣r❡♠✐✉♠

❜❛s❡❞ ♦♥ t❂✲✷✵✱ t❂✲✺ ❛♥❞ t❂✲✶✳ ❬❘✻❪ r❡❢❡rs t♦ ❛♥ ✐♥❞❡① ❛❞❥✉st❡❞ ❜❛s❡ ♣r✐❝❡ ❛t t❂✲✹✵ ✭✽ ✇❡❡❦s✮✳

❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❘❡♣♦rt❡❞

st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✳

✺✼
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❆♣♣❡♥❞✐① ❆ ✭Pr♦♦❢s✮

▲❡♠♠❛ ✶

Pr♦♦❢✳ ❋r♦♠ ✭✶✸✮ ❢♦❧❧♦✇s t❤❛t t❤❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠ pm ✐s ♣♦s✐t✐✈❡ ✇❤❡♥❡✈❡r

p − e
ξ(vB

f +vT
f +s)−b

vT
f

> 0. ❙✉❜st✐t✉t✐♥❣ ✭✹✮ ✐♥t♦ ✭✶✵✮ ❧❡❛❞s t♦ ξ =
vT
f +λs

vB
f
+vT

f
+λs

.

❙✉❜st✐t✉t✐♥❣ ξ✱ t❤❡ ♦✛❡r ♣r❡♠✐✉♠ p = b
vT
f

−1✱ ❛s ✇❡❧❧ ❛s t❤❡ ❜✐❞ b = vTf +λs ✐♥t♦

✭✶✸✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❤✐❞❞❡♥ ❡❛r♥♦✉t πh t❤❛t

❣✉❛r❛♥t❡❡s ❛ ♣♦s✐t✐✈❡ ♣♦st✲♠❡r❣❡r ♣r❡♠✐✉♠

πh = e

vT
f +λs

vB
f
+vT

f
+λs

(vBf + vTf + s)− (vTf + λs)

vTf
>

∣

∣

∣

∣

∣

vTf + λs

vTf
− 1

∣

∣

∣

∣

∣

,

✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦

e (λ− 1)
(

vTf + sλ
)

s

−
(

vBf + vTf + λs
) > |λs|

●✐✈❡♥ t❤❛t ❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱ t❤❡ ♦✛❡r

♣r❡♠✐✉♠ p = b
vT
f

− 1 ❝❛♥ ♦♥❧② ❜❡ ♥❡❣❛t✐✈❡ ✐❢ λ < 0✳ ❚❤❛t ✐s✱ t❤❡ ❜✐❞ ✐♥ t❤❡ ♦✛❡r

♣r❡♠✐✉♠ ❝♦♥t❛✐♥s ♥♦ ♠❡r❣❡r s②♥❡r❣✐❡s ❛♥❞ ✐s ❧♦✇❡r t❤❛♥ t❤❡ t❛r❣❡t✬s ❢❛✐r ✈❛❧✉❡✳

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② s✐♠♣❧✐✜❡s t♦✿

e (λ− 1)
(

vTf + sλ
)

−
(

vBf + vTf + λs
) > −λ ⇔ e >

(

vBf + vTf + λs
)

(

vTf + sλ
)

−(−λ)

(λ− 1)
.

❚♦ ❡♥s✉r❡ ♥❡❣❛t✐✈❡ ♣r❡♠✐✉♠s ❞✉❡ t♦ ❤✐❞❞❡♥ ❡❛r♥♦✉ts✱ t❤❡ ❡q✉✐t② ♣♦rt✐♦♥ ❤❛s

t♦ ❡①❝❡❡❞ e∗ ❞❡✜♥❡❞ ❛s e∗ ≡ −λ
1−λ

vB
f +vT

f +λs

vT
f
+λs

✳ ❲❡ ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t e∗ ∈ [0, 1]❀

t❤✉s✱ ✇❡ ❞❡r✐✈❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t 0 ≤ e∗ ≤ 1✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t e∗ ≥ 0✱ ❛s

p < 0 ⇔ λ < 0✱ ✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s 1−λ > 0✳ ❚♦ ❡♥s✉r❡ t❤❛t e∗ ≤ 1✱ t❤❡ t❛r❣❡t✬s

s✐③❡ ❤❛s t♦ ❜❡ ❜❡❧♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡s❤♦❧❞✿

−λ

1− λ

vBf + vTf + λs

vTf + λs
≤ 1

⇔ vTf ≤ −λ
(

vBf + s
)

✭✶✺✮

❚❤❡ ❛❝q✉✐r❡r✬s s❤❛r❡❤♦❧❞❡rs ❣❛✐♥ ❝♦♥tr♦❧ ♦❢ t❤❡ ♠❡r❣❡❞ ❡♥t✐t② ✐❢ ξ ✐s ❜❡❧♦✇

✳✺✳ ❚❤✐s ✐♠♣❧✐❡s ❢♦r t❤❡ t❛r❣❡t✬s s✐③❡✿

✺✾



vTf + λs

vBf + vTf + λs
≤

1

2

⇔ vTf ≤ vBf − λs ✭✶✻✮

❲❤❡t❤❡r ✭✶✺✮ ♦r ✭✶✻✮ ❛r❡ ❜✐♥❞✐♥❣ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ λ✳ ■❢ λ ∈ [−1, 0)

✐♥❡q✉❛❧✐t② ✭✶✺✮ ✐s ❜✐♥❞✐♥❣❀ ❤❡♥❝❡✱ ✐❢ ❤✐❞❞❡♥ ❡❛r♥♦✉ts ❡①✐st ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s

❞❡r✐✈❡❞ ✭e > e∗ ❛♥❞ vTf ❢✉❧✜❧❧s ✐♥❡q✉❛❧✐t② ✭✶✺✮✮✱ t❤❡ ❛❝q✉✐r❡r ❞♦❡s ♥♦t ❧♦s❡ ❝♦♥tr♦❧

♦✈❡r t❤❡ ♠❡r❣❡❞ ❡♥t✐t②✳ ❨❡t✱ ✐❢ λ < −1✱ ✐♥❡q✉❛❧✐t② ✭✶✻✮ ❡♥s✉r❡s t❤❛t t❤❡ ❛❝q✉✐r❡r

❞♦❡s ♥♦t ❧♦s❡ ❝♦♥tr♦❧✳ ❍❡♥❝❡✱ ❢♦r s✉✣❝✐❡♥t❧② ❧♦✇ vTf ✱ e > e∗ ❛♥❞ λ < 0✱ ✇❡

♦❜s❡r✈❡ ❛ ♣♦s✐t✐✈❡ pm ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ p✳

Pr♦♣♦s✐t✐♦♥ ✹

❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡s ♦❢ ✭✶✷✮ ✇✐t❤ r❡s♣❡❝t

t♦ e ❛♥❞ ξ.

Pr♦♣♦s✐t✐♦♥ ✺

❈♦♥s✐❞❡r ξ =
vT
f +λs

vB
f
+vT

f
+λs

. ■❢ ξ ≤ 1
2 ⇒ vBf ≥ vTf + λs ♦r 1− λs

vB
f

≥
vT
f

vB
f

. ◆♦t❡ t❤❛t ✐❢

t❤❡ ❛❝q✉✐r❡r ❞♦❡s ♥♦t ✇❛♥t t♦ ❧♦s❡ ❝♦♥tr♦❧ t♦ t❤❡ t❛r❣❡t✱ ♦♥❧② ❛ ♥❡❣❛t✐✈❡ λ ❛❧❧♦✇s

❤✐♠ t♦ ❛❝q✉✐r❡ ❛ ❧❛r❣❡r t❛r❣❡t✱ ✇❤✐❧❡ ❛ ♣♦s✐t✐✈❡ λ ✐s ♦♥❧② ❢❡❛s✐❜❧❡ ❢♦r s♠❛❧❧❡r

t❛r❣❡ts✳

❆t t❤❡ s❛♠❡ t✐♠❡ e ❛♥❞ λ ♥❡❡❞ t♦ ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t pm ≥ 0. ❚❤✐s ❧❡❛❞s t♦

t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ s✉❜st✐t✉t✐♥❣

vBf = vTf + λs✱ ✐✳❡✳ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r vBf ✮✿

e (λ− 1)
(

vTf + sλ
)

s

−
(

vBf + vTf + sλ
) > |λs| =⇒

2 |λ|

(1− λ)
< e.

❚❤❡ ❣r❛♣❤ ❜❡❧♦✇ s❤♦✇s t❤❡ t❤r❡s❤♦❧❞ ✭✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ❛♥❞ r❡♣r❡s❡♥t❡❞

❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡✮ ✇❤✐❝❤ e ♥❡❡❞s t♦ ❡①❝❡❡❞ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ pm ≥ 0✳

❖❜✈✐♦✉s❧②✱ ❤✐❣❤ ✈❛❧✉❡s ♦❢ e → 1 ❛r❡ ♦♥❧② ❢❡❛s✐❜❧❡ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ λ ∈

[−1, 1/3] .

✻✵



❆ss✉♠✐♥❣ e = 1, s✉❜st✐t✉t✐♥❣ t❤❡s❡ ❢❡❛s✐❜❧❡ ✈❛❧✉❡s ♦❢ λ ✐♥t♦ 1 − λs
vB
f

≥
vT
f

vB
f

s❤♦✇s t❤❛t ✐❢ λ = −1 ⇒ 1 + s
vB
f

≥
vT
f

vB
f

, ❛♥❞ ❤❡♥❝❡ t❤❡ r❡❧❛t✐✈❡ t❛r❣❡t s✐③❡
vT
f

vB
f

❝❛♥ ❜❡ ❧❛r❣❡r t❤❛♥ 1, ✇❤✐❧❡ ❢♦r λ = 1/3 ⇒ 1 − 1
3

s
vB
f

≥
vT
f

vB
f

, t❤❡ r❛t✐♦ s❤♦✉❧❞ ❜❡

s♠❛❧❧❡r t❤❛♥ 1.

✻✶



❆♣♣❡♥❞✐① ❇ ✭❱▲Ps✮

❚❛❜❧❡ ✶✷✿ ❱▲P ✭❧♦✇❡st ❞❡❝✐❧❡✮ ✲ ❖✈❡r✈❛❧✉❛t✐♦♥ ❛♥❞ r✉♥✉♣s
❬❆✶❪ ❬❇✶❪ ❬❈✶❪ ❬❉✶❪ ❬❊✶❪

❚◗❴t ✵✳✶✹∗∗∗ ✵✳✶✷∗∗∗ ✵✳✶✺∗∗∗

❚◗❴❜ ✲✵✳✶✸∗∗∗ ✲✵✳✵✽∗ ✲✵✳✵✽∗

P❘■▼❱❴t ✵✳✵✶∗

P❘■▼❱❴❜ ✲✵✳✵✵
❆❈❈❘❴t ✵✳✷✼
❆❈❈❘❴❜ ✲✵✳✷✾
◆❖❆❴t ✵✳✵✵
◆❖❆❴❜ ✲✵✳✵✾
❘❯◆❯P ✶✳✽✸∗∗∗ ✷✳✼✶∗∗∗

❘❯◆❯P①❚◗❴t ✲✵✳✷✻∗∗

❊◗ ✵✳✵✶∗∗∗ ✵✳✵✶∗ ✵✳✵✶∗ ✵✳✵✶∗∗∗ ✵✳✵✶∗∗∗

❘❙■❩❊ ✵✳✼✹∗∗∗ ✶✳✹✼∗∗∗ ✶✳✸✸∗∗∗ ✵✳✺✽∗∗∗ ✵✳✺✾∗∗∗

◆❯▼❇■❉ ✲✵✳✵✸ ✲✶✳✸✺ ✲✶✳✷✾ ✵✳✷✷ ✵✳✷✺
❚❊◆❉❊❘ ✲✵✳✷✶ ✲✶✳✸✾ ✲✵✳✽✽ ✲✵✳✹✹ ✲✵✳✹✽
❍❖❘■❩❖◆❚❆▲ ✲✵✳✵✸ ✲✵✳✶✹ ✲✵✳✵✾ ✲✵✳✶✷ ✲✵✳✶✵
❲■❚❍❉❘❆❲◆ ✵✳✸✷ ✵✳✸✺ ✵✳✶✾ ✵✳✵✶ ✲✵✳✵✵
◆❊❲❴❊◗✺✵ ✵✳✹✶ ✵✳✷✽ ✵✳✻✾ ✵✳✵✽ ✵✳✵✽
❍❖❙❚■▲❊ ✲✵✳✵✾ ✵✳✶✾ ✲✵✳✶✼ ✲✵✳✸✷ ✲✵✳✷✻
♣s❡✉❞♦ R2 ✵✳✶✸ ✵✳✷✸ ✵✳✷✵ ✵✳✶✶ ✵✳✶✷
❧❧ ✲✺✵✺✳✹✷ ✲✶✺✻✳✼✷ ✲✶✼✼✳✵✶ ✲✺✶✷✳✽✸ ✲✺✵✽✳✾✷
❛✐❝ ✶✵✽✽✳✽✸ ✸✽✺✳✹✸ ✹✸✵✳✵✶ ✶✶✵✺✳✻✻ ✶✵✾✾✳✽✺
❜✐❝ ✶✸✵✷✳✻✹ ✺✹✷✳✶✸ ✺✾✼✳✷✷ ✶✸✷✹✳✾✵ ✶✸✷✹✳✺✼
N ✶✼✼✻ ✺✼✹ ✻✵✷ ✶✼✼✹ ✶✼✼✹
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❆❧❧ ♠♦❞❡❧s r❡❢❡r t♦ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ❱▲Ps ✭❁♣✶✵✮ ❛s ❞❡♣❡♥❞❡♥t✳

❚❤❡ ❜❛s❡ ❞❛t❡ ❢♦r t❤❡ ❱▲Ps ✐♥ ❬❉✶❪✲❬❊✶❪ ✐s t✲✶ t♦ ♣r❡✈❡♥t ♦✈❡r❧❛♣ ✇✐t❤ r✉♥✉♣s ✭t✲✷✵ t♦ t✲✶✮✳

❬❆✶❪✲❬❈✶❪ t❡st Pr♦♣♦s✐t✐♦♥ ✶ ❢♦r ❱▲Ps ❛♥❞ ❬❉✶❪✲❬❊✶❪ Pr♦♣♦s✐t✐♦♥ ✷ ❢♦r ❱▲Ps✳

❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱ t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳

❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❘❯◆❯P①❚◗❴t ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ ❘❯◆❯P ❛♥❞ ❚◗❴t ✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦t❤❡r ✈❛r✐❛❜❧❡s✳

✻✷



❚❛❜❧❡ ✶✸✿ ❱▲P ✭❧♦✇❡st ❞❡❝✐❧❡✮ ✲ ❍✐❞❞❡♥ ❡❛r♥♦✉ts
❬❋✶❪ ❬●✶❪ ❬❍✶❪ ❬■✶❪ ❬❏✶❪ ❬❑✶❪

❚◗❴t ✵✳✶✹∗∗∗ ✵✳✶✺∗∗∗ ✵✳✶✺∗∗∗ ✵✳✶✺∗∗∗ ✵✳✶✸∗∗∗ ✵✳✶✶∗∗

❚◗❴❜ ✲✵✳✶✺∗∗∗ ✲✵✳✶✷∗∗∗ ✲✵✳✶✶∗∗∗ ✲✵✳✶✸∗∗∗ ✲✵✳✶✸∗∗∗ ✲✵✳✶✻∗∗

❊◗ ✵✳✵✶∗∗∗ ✵✳✵✶∗ ✵✳✵✶
❘❙■❩❊ ✵✳✼✼∗∗∗ ✲✵✳✵✸ ✵✳✻✵∗

❇■●❴t ✶✳✵✾∗∗∗

◆❊❲❴❊◗ ✵✳✵✷∗∗∗

❊◗❴❘❙■❩❊ ✵✳✵✶∗∗

❘❖■❈ ✲✵✳✵✵
❚❯❘◆❖❱❊❘ ✲✵✳✶✵
❈■ ✲✵✳✵✶
◆❯▼❇■❉ ✲✵✳✵✻ ✵✳✵✷ ✲✵✳✵✺ ✲✵✳✵✽ ✲✵✳✵✼ ✲✵✳✷✶
❚❊◆❉❊❘ ✲✵✳✷✺ ✲✵✳✽✻∗∗ ✲✵✳✼✻∗∗ ✲✵✳✻✵∗ ✲✵✳✷✺ ✲✵✳✸✶
❍❖❘■❩❖◆❚❆▲ ✲✵✳✵✹ ✲✵✳✵✷ ✲✵✳✵✽ ✲✵✳✵✻ ✲✵✳✵✷ ✵✳✷✷
❲■❚❍❉❘❆❲◆ ✵✳✺✼∗ ✵✳✸✸ ✵✳✸✼ ✵✳✹✺∗ ✵✳✸✵ ✵✳✹✸
◆❊❲❴❊◗✺✵ ✶✳✶✻∗∗ ✵✳✺✹ ✵✳✼✶ ✵✳✼✷ ✵✳✶✹ ✵✳✸✵
❍❖❙❚■▲❊ ✲✵✳✵✾ ✲✵✳✷✵ ✲✵✳✹✸ ✲✵✳✶✻ ✵✳✵✶ ✵✳✶✵
♣s❡✉❞♦ R2 ✵✳✶✶ ✵✳✶✶ ✵✳✶✷ ✵✳✶✶ ✵✳✶✸ ✵✳✶✵
❧❧ ✲✺✶✸✳✾✼ ✲✺✶✹✳✶✾ ✲✺✵✽✳✹✶ ✲✺✶✻✳✹✵ ✲✺✵✶✳✼✵ ✲✸✵✷✳✼✺
❛✐❝ ✶✶✵✸✳✾✸ ✶✶✵✹✳✸✼ ✶✵✾✷✳✽✷ ✶✶✵✽✳✽✵ ✶✵✽✸✳✹✵ ✻✺✾✳✺✵
❜✐❝ ✶✸✶✷✳✷✺ ✶✸✶✷✳✻✾ ✶✸✵✶✳✶✹ ✶✸✶✼✳✶✷ ✶✸✵✷✳✻✽ ✼✾✺✳✵✵
N ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✼✼✻ ✶✶✶✼
∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001

◆♦t❡✿ ❆❧❧ ♠♦❞❡❧s r❡❢❡r t♦ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥s ✇✐t❤ ❛ ❞✉♠♠② ❢♦r ❱▲Ps ✭❁♣✶✵✮ ❛s ❞❡♣❡♥❞❡♥t✳

❬❋✶❪❬■✶❪❬❏✶❪ t❡st Pr♦♣♦s✐t✐♦♥ ✹ ❢♦r ❱▲Ps ❛♥❞ ❬●✶❪✲❬❍✶❪ Pr♦♣♦s✐t✐♦♥ ✺ ❢♦r ❱▲Ps✳

❬❑✶❪ ❡①♣❧♦r❡s t❤❡ r♦❧❡ ♦❢ ❡①♣❡❝t❡❞ s②♥❡r❣✐❡s✳ ❆❧❧ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ✜①❡❞ ❡✛❡❝ts ❢♦r ②❡❛r✱

t❛r❣❡t ❙■❈✱ ❛♥❞ ❜✐❞❞❡r ❙■❈ ✭✉♥r❡♣♦rt❡❞✮✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡ ❝♦rr❡❝t❡❞ ❢♦r ❤❡t❡r♦✲

s❦❡❞❛st✐❝✐t②✳ ❇■●❴t ✐s ❛ ❞✉♠♠② ❢♦r t❤❡ ✉♣♣❡r q✉✐♥t✐❧❡ ♦❢ ❘❙■❩❊ ✳ ❊◗❴❘❙■❩❊ ✐s t❤❡ ✐♥t❡r✲

❛❝t✐♦♥ ♦❢ ❊◗ ❛♥❞ ❘❙■❩❊ ✳ ❙❡❡ ♥♦t❡s ♦❢ ❚❛❜❧❡ ✷ ❢♦r t❤❡
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∗ p < 0.05 ✱ ∗∗ p < 0.01 ✱ ∗∗∗ p < 0.001
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