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Abstract  
 

This theoret ical paper invest igates internat ional r isk sharing and its im plicat ions for equity 

hom e bias. A general equilibrium  model, featuring two closed econom ies with nont rivial 

product ion sectors, is developed. Moreover, product ivity contains a sm all but  persistent  highly 

correlated long run r isk that  becom es the m ajor determ inant  of the intertem poral m arginal 

rate of subst itut ion ( I MRS)  in a m odel with the recursive preferences. Despite adopt ing the 

m odel of closed econom ies and autarkic asset  holdings—a scenario leading to the lowest  level 

of internat ional r isk sharing under the sam e condit ions—our m odel is st ill able to generate 

internat ional r isk sharing indexes always over 96%  for a broad range of parameter values, 

except ing two cases:  where the elast icity of intertem poral subst itut ion (EI S)  is the reciprocal 

of the relat ive r isk aversion (RRA) ;  and where EI S is around 0.7. I n those cases, the r isk 

sharing index drops sharply to about  30% . This result  sheds light  on why the benchm ark 

model, featuring a power ut ilit y whereby EI S is the reciprocal of RRA, generates internat ional 

r isk sharing as low as 30% . However, when EIS takes these values, our m odel’s results cannot  

be reconciled with asset  m arket  data-m odel yields low volat ility of the logarithms of IMRS, 

even lower than Hansen-Jagannathan lower bound.      

The im plicat ion is that  the low proport ion of foreign assets in a dom est ic agent ’s port folio, 

a phenom enon observed in the data, m ight  not  be a puzzle or a departure from  the agent 's 

opt im ality condit ion. After all,  r isk has already been well shared internat ionally due to the high 

correlat ions across count r ies of the long run product ivity shocks. Hence, there is not  m uch 

incent ive left  for an agent  to hold foreign assets in her port folio to further share the risk 

internat ionally. Therefore, equity home bias m ight  not  be a puzzle as claimed by the 

benchm ark m odel, in the sense that  it  can be adequately reconciled with our theoret ical 

results.
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 1 . I nt roduct ion 

This is a theoret ical paper regarding internat ional r isk sharing and its 

im plicat ions for the equity hom e bias puzzle. Our m odel is a general 

equilibr ium  m odel featur ing two closed econom ies with nont r ivial product ion 

sectors. As a result  of our closed econom y setup, asset  holding is autarkic in 

each count ry. Our m odel also adopts the Epstein-Zin-Weil recursive ut ilit y 

funct ion instead of the power ut ilit y com m only used in the benchm ark m odel.  

Furtherm ore, the product ivity process contains a sm all but  persistent  long 

run r isk and a large short  run r isk. The internat ional correlat ion of long run 

r isk is high -while that  of the short  run r isk is low in order to m atch the 

correlat ion across count r ies of the overall product ivity in the data.  

The sm all but  persistent  long run r isk becom es the m ajor determ inant  of 

the intertem poral m arginal rate of subst itut ion ( I MRS)  in a m odel featuring 

the Epstein-Zin-Weil preferences. Even though the m odel deals with closed 

econom ies and autarkic asset  holding—a scenario leading to the lowest  level 

of internat ional r isk sharing under the sam e condit ion—our m odel is st ill able 

to generate internat ional r isk sharing indexes always over 96%  for a broad 

range of param eter values, except ing two cases:  where the elast icity of 

intertem poral subst itut ion (EI S)  is the reciprocal of the relat ive r isk aversion 

(RRA) ;  and where EI S is around 0.7. I n those cases, the r isk sharing index 

drops sharply to about  30% . This result  explains why the benchm ark m odel,  

with a power ut ilit y whereby EI S is the reciprocal of RRA, generates an 

internat ional r isk sharing index as low as 30% . Our paper shows that  the 
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internat ional r isk sharing generated from  the benchm ark m odel is not  a 

general result .  Rather, it  is a special one arising from  the use of 

EI S= 1/ RRA. Generally, in cases other than that , the m odel generates a m uch 

higher degree of internat ional r isk sharing.   

The im plicat ion of our results for the equity hom e bias puzzle is that  the 

low proport ion of foreign assets held in a dom est ic agent ’s port folio, a 

phenom enon observed in the data, m ight  not  be a puzzle or a departure from  

the agent ’s opt im alit y condit ion. After all,  r isk has already been well shared 

internat ionally due to the high correlat ions across count r ies of the long run 

product ivit y shocks. Hence, there is not  m uch incent ive left  for the agent  to 

hold foreign assets in order to further share her r isk with foreigners. 

Therefore, the phenom enon of equity hom e bias m ight  not  be a puzzle as 

claim ed by the benchm ark m odel, in the sense that  it  can be well reconciled 

with our theoret ical results. 

The m odel featur ing the aforem ent ioned recursive preferences and an 

exogenous stochast ic process with long run r isk has the potent ial to solve 

other puzzles ar ising from  applying the benchm ark m odel in internat ional 

econom ics and financial econom ics. For instance, the benchm ark m odel 

generates uncovered interest  parity (UI P) , while data exhibit  the forward 

prem ium  puzzle [ see Fam a (1984) ;  Backus, Foresi and Telm er (2001) ] .  The 

Backus-Sm ith Puzzle is another exam ple;  the volat ilit y of the exchange rate 

produced in the benchm ark m odel is m uch lower than that  of the data [ see 

Backus, Sm ith (1993) ] . Third, Real Business Cycle (RBC)  m odels have 
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difficulty in explaining asset  pr ices, a phenom enon that  has been dubbed the 

equity prem ium  puzzle. Using reasonable param eter values, the benchm ark 

m odel generates an equity prem ium  that  is m uch sm aller and less volat ile 

than that  found in the actual data from  the asset  m arket  [ see Mehra, 

Prescot t  (1988) ] . Despite it s success in sim ulat ing quant ity var iables such as 

output , consum pt ion, and investm ent , the general equilibr ium  RBC m odel is 

notorious for its unsat isfactory record in explaining asset  pr ices such as 

equity return and exchange rates.  

Since the correlat ions of consum pt ion growth across count r ies are low, 

the benchm ark m odels generate low levels of internat ional r isk sharing after 

applying quant ity data. However, the com plete asset  m arket  calls for perfect  

internat ional r isk sharing, which is achieved when agents across count r ies 

are holding global port folios that  are ident ical in com posit ion.   

We know that  m odels will derive an intertem poral Euler equat ion after 

solving the consum er’s intertem poral choice problem . I n a com plete m arket , 

this first -order condit ion im plies that  I MRS, also known as the stochast ic 

discount  factor (SDF) , should be equalized either across agents in a closed 

econom y or across count r ies in an open econom y. I n the benchm ark m odel,  

the equality of I MRS t ranslates into having the sam e consum pt ion growth 

rates across count r ies, which in turn requires that  agents across count r ies 

are holding global port folios that  are ident ical in com posit ion. I n reality,  

people hold the m ajor ity of their  respect ive port folios in dom est ic assets and 

only a sm all port ion in foreign assets. The problem  in reconciling the above 
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theoret ical results with the real-world data has been dubbed the equity hom e 

bias puzzle.  

Brandt ,  Cochrane, and Santa-Clara (2006)  generated a m uch higher 

degree of internat ional r isk sharing by using asset  pr ice data instead of 

quant ity data (such as consum pt ion data) . They m aintained that  as long as 

m arket  pr ices reflect  the agent ’s I MRS, their  result  of high internat ional r isk 

sharing holds t rue. Our paper is an at tem pt  to reconcile the results of 

internat ional r isk sharing from  both pr ice data and quant ity data;  that  is, we 

aim  to generate high internat ional r isk sharing after applying quant ity data.   

A close look at  the benchm ark m odel reveals two features. One is the 

power ut ilit y, which keeps EI S equal to the reciprocal of RRA. Moreover, the 

benchm ark m odel assum es that  the exogenous stochast ic process—be it  

consum pt ion growth in an endowm ent  econom y or product ivity growth in a 

product ion econom y—is exposed only to i. i.d.  shocks.   

The lim itat ion of benchm ark m odel featur ing those two propert ies points 

to a potent ial unified way of solving the aforem ent ioned puzzles. The two 

aforem ent ioned features m ight  be the culpr its that  cause the benchm ark 

m odel to generate anom alist ic results. Hence, the literature m odifies the 

benchm ark m odel along two lines:  first , replacing the power ut ilit y with the 

Epstein-Zin-Weil recursive preferences;  and, second, by assum ing an 

exogenous stochast ic process containing long run r isk instead of being 

exposed only to i. i.d. shocks. So far,  the m odified m odel has had som e 
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success in solving the equity prem ium  puzzle [ see Bansal, Yaron (2004) ] ,  the 

forward prem ium  puzzle [ see Bansal, Shaliastovich (2006)  Backus, Foresi 

and Telm er (2001) ] , and the Backus-Sm ith puzzle [ see Brandt , Cochrane and 

Santa-Clara (2006) ;  Colacito, Croce (2005) ] .  

Are those two m odificat ions just ified and appropriate, or are they 

arbit rary changes that  have been m ade only to fit  into a theoret ical exercise? 

First , we know that  preference is unobservable. There is no clear reason for 

favouring a power ut ilit y against  other reasonable ut ilit y form s. Second, 

Bansal and Yaron (2004)  showed that  when using consum pt ion data only, 

and without  relying on pr ice data, it  is hard to different iate between the two 

hypotheses—first ,  that  consum pt ion is a random  walk process, or, second, 

that  it  contains long run growth r isk. To put  it  another way, the consum pt ion 

data does not  reject  long run r isk hypothesis in favour of a random  walk 

hypothesis.  

Based on the above just ificat ion, in this paper, we will adopt  those two 

m odificat ions to the benchm ark m odel, with the goal being to shed light  on 

internat ional r isk sharing and exam ine the im plicat ions for the equity hom e 

bias puzzle.  

What  is the intuit ion behind the claim  that  the m odified m odel m ight  have 

the potent ial to yield high internat ional r isk sharing after applying quant ity 

data? Sim ilar to the benchm ark m odel, the m odified one derives an 

intertem poral Euler equat ion as consum er’s first -order condit ion, which 
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im plies, in a com plete m arket , an ident ical I MRS across count r ies. However, 

in the m odified m odel the quant ity im plicat ion of the first -order condit ion is 

quite different  from  that  of the benchm ark m odel.  Thanks to the recursive 

preferences, equal I MRS across count r ies does not  necessar ily t ranslate into 

the sam e consum pt ion growth rates. Therefore, the m odified m odel does not  

im ply that  agents across count r ies are holding global port folios of ident ical 

com posit ion—the root  of the hom e bias puzzle.  

I n a m odel with the recursive preferences, I MRS depends on both the 

consum pt ion growth rate and the return on a hypothet ical asset  that  pays a 

count ry’s aggregate consum pt ion as its dividend. After calibrat ing 

param eters with reasonable values, I MRS in the m odel can be m ainly 

determ ined by its second item , the return on total wealth.  

Given that  the product ivit y growth process contains long run r isk—even 

though it  is sm all com pared with t ransitory r isk—when long run r isk is very 

persistent , the return on wealth is quite sensit ive to it .  We know that  asset  

pr ices reflect  not  only present  condit ions but  also the expectat ion of future 

condit ions. An innovat ion in long run r isk changes both condit ions. Therefore, 

asset  pr ices could be quite sensit ive to long run r isk. As a result ,  a m odel 

with sm all but  persistent  long run r isk could generate a high and volat ile 

equity prem ium . I n this sense, long run r isk literature is credited with having 

the potent ial to solve the equity prem ium  puzzle.   
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After extending the long run r isk literature from  closed to open econom ies, 

and further assum ing that  long run r isk has a com m on global or igin, the 

m odel has the abilit y to yield high correlat ion between I MRS across count r ies. 

A highly correlated I MRS across count r ies in turn could deliver a high level of 

internat ional r isk sharing1.    

To restore the RBC m odel’s good record in sim ulat ing quant ity variables, 

we can adjust  the m agnitude of t ransitory r isk to m ake sure the m odel’s 

quant ity im plicat ions, such as the propert ies of product ion and consum pt ion, 

are also in line with the data. The internat ional business cycle data show that  

quant it y variables have low volat ilit ies and poor correlat ions across count r ies, 

which m eans the t ransitory r isk in the m odel needs to be large and less 

correlated across count r ies to m atch the data.   

I n sum m ary, in a m odel featur ing recursive preferences and a stochast ic 

product ivit y process with long run r isk, if such r isk com es from  a com m on 

global or igin, then I MRS can be highly correlated across count r ies, which 

could yield high level of internat ional r isk sharing. Thus, our m odel serves as 

m edium  of reconciliat ion between the results of internat ional r isk sharing 

from  quant ity data and from  price data. Furtherm ore, hom e bias is no longer 

a phenom enon that  cannot  be reconciled with a general equilibr ium  m odel.  

                                                 

1  The degree of internat ional r isk sharing is, however, not  the sam e concept  as I MRS 

correlat ion. See m ore detail and an index of internat ional r isk sharing in Brandt , Cochrane, 

and Santa-Clara (2006) .  
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An agent  can keep m ost  of her port folio in dom est ic assets and only a sm all 

port ion in foreign assets, which is a scenario in line with the data, and the 

m odel can st ill achieve high degree of internat ional r isk sharing. I t  thus 

appears that  port folio decisions are irrelevant  to the first -order condit ion.   

Sect ion two will review the related literature and its relevance to the 

problem  at  hand, while sect ion three will present  the specifics of our m odel 

and it s log- linear approxim at ing solut ion. Sect ion four then serves to display 

our m odel’s results after param eter calibrat ion. Finally, sect ion five will 

conclude our discussion.  

2 . Review  of the Literature 

This paper cont r ibutes to the literature on both internat ional r isk sharing and 

on long run r isk. Our m odel is an extension of long run r isk m odel from  the 

endowm ent  econom y to the product ion econom y. Using a general equilibr ium  

product ion m odel along with long run r isk, our paper aim s to shed light  on 

internat ional r isk sharing. The m ost  related previous work in this area is that  

of Bansal and Yaron (2004) ;  Brandt ,  Cochrane, and Santa-Clara (2006) ;  

Colacito and Croce (2005) ;  and Croce (2006) .  

Bansal and Yaron (2004)  was the pioneering paper in the growing 

literature on the asset  pr icing field that  goes under the nam e of “ r isks for the 

long run” . Their m odel was based on an endowm ent  econom y featur ing 

recursive preferences and stochast ic consum pt ion growth process with long 
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run r isk. The m odel has exhibited som e success in solving the equity 

prem ium  puzzle.    

Brandt ,  Cochrane, and Santa-Clara (2006)  was the first  paper to point  out  

that  internat ional r isk sharing is actually high after applying pr ice data 

instead of applying quant ity data, with the lat ter being a standard pract ice in 

the literature. However, since their  paper lacks a theoret ical m odel, it  

provides no form al explanat ion as to why the two approaches cannot  be 

reconciled, nor does it  explore how one m ight  reconcile them  in a single 

m odel. They concluded that  a “surpr isingly high level of r isk sharing”  holds 

t rue as long as two condit ions are m et . The first  condit ion requires that  asset  

pr ices reflect  I MRS, and the second calls for either a com plete asset  m arket  

or an incom plete one with a reasonably sized uninsurable r isk. Alternat ively, 

if r isks really are poorly shared, Brandt ,  Cochrane, and Santa-Clara (2006)  

m aintained that  exchange rates in the data are m uch too sm ooth as 

com pared to the predict ion of the m odel. 

Colacito and Croce (2005)  at tem pted to provide Brandt , Cochrane, and 

Santa-Clara (2006)  with a r igorous theoret ical foundat ion. Colacito and Croce 

felt  that  the pioneering work regarding long run r isk in Bansal and Yaron 

(2004)  m ight  have the potent ial to fully achieve their  goal of generat ing high 

internat ional r isk sharing from  quant ity data. Trying to fill a gap left  by 

Brandt , Cochrane, and Santa-Clara (2006) , Colacito and Croce (2005)  set  out  

to reconcile the results of internat ional r isk sharing from  quant ity data with 

the results from  asset  pr ice data. After extending Bansal and Yaron’s (2004)  
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closed econom y endowm ent  m odel to a two-count ry endowm ent  m odel, 

Colacito and Croce (2005)  showed that  as long as long run r isks are highly 

corrected across two count r ies, the m odel succeeds in generat ing high 

internat ional r isk sharing from  quant ity data.  

Croce (2006)  further cont r ibuted to the long run r isk literature by 

extending it  from  an endowm ent  econom y to a general equilibr ium  with 

nont r ivial product ion sector. However, he focused on the issue of welfare cost ,  

rather than that  of internat ional r isk sharing. 

Following Croce (2006) , our m odel also features the general equilibr ium  

product ion econom y with long run r isk. Our focus, however, is on studying 

the issue of internat ional r isk sharing. Sim ilar to Colacito and Croce (2005) , 

we at tem pt  to provide a r igorous theoret ical foundat ion to Brandt , Cochrane, 

and Santa-Clara (2006) . Nevertheless, our m odel is a general equilibr ium  

product ion m odel containing long run r isk, whereas Colacito and Croce 

(2005) ’s m odel was based on the endowm ent  econom ies with long run r isk.  

3 . Model 

We const ruct  a general equilibr ium  m odel with nont r ivial product ion sectors. 

There are two count r ies in the m odel, denoted respect ively as hom e count ry 

(h)  and foreign count ry ( f) . We study the degree of internat ional r isk sharing 

generated by the m odel when each count ry runs a closed econom y and 
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agents’ asset  holdings are autarkic—a scenario leading to the lowest  level of 

internat ional r isk sharing under the sam e condit ion.   

We further assum e, in each count ry, hom ogeneity am ong consum ers and 

constant  returns to scale in product ion. As a result , the m odel can be set  up 

with a representat ive consum er and a representat ive firm  in each count ry. To 

keep the m odel sim ple and focus on our cent ral issue, we assum e that  the 

representat ive agent  in each count ry lives infinitely and her labour supply is 

fixed. Moreover, we assum e that  there is a single good in the world econom y. 

The good is produced in each count ry by its firm  in a com pet it ive 

environm ent . Since each count ry runs closed econom y without  exchanging 

good with another, the agent  in each count ry derives ut ilit y solely from  

consum ing the good produced in her count ry.  

3.1. Preferences 

Although the use of the power ut ilit y is standard pract ice in benchm ark 

m odels, we abandon the use of the power ut ilit y as preference. I nstead, we 

adopt  the recursive preferences nam ed after Epstein and Zin (1989, 1991)  

and Weil (1989) . The m ain feature of those Epstein-Zin-Weil preferences is 

their  disentangling of the elast icity of intertem poral subst itut ion (EI S) , 

denoted ψ ,  from  the coefficient  of the relat ive r isk aversion (RRA) , denoted 

γ .  However, with a power ut ilit y, EI S always equals the reciprocal of RRA;  

that  is, 1
γψ = .  Yet , it  is not  clear that  these two concepts should be linked 

so t ight ly.  As Cam pbell (2003)  stated:  “ [ R]  isk aversion describes the 
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consum er's reluctance to subst itute consum pt ion across states of the world 

and is m eaningful even in an atem poral set t ing, whereas the elast icity of 

intertem poral subst itut ion describes the consum er's willingness to subst itute 

consum pt ion over t im e and is m eaningful even in a determ inist ic set t ing”  

(page 828) .  

The representat ive agents m axim ize the object ive funct ion, which takes 

the Epstein-Zin-Weil preferences as its ut ilit y form :  

 ( ) ( )
1 1 1
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⎝ ⎠

 

1θ γ
ψ

 im plicit ly defines EI S (ψ ) . When 1/=γ ψ ,  we have 

that  1= θ  and Equat ion (1)  reduces to a power ut ilit y. 
i
tU  denotes the ut ilit y 

of the agent  of the ith  count ry at  t im e t ,  
i
tC  is her consum pt ion at  t im e t , 

and  β denotes the subject ive discount  factor, also known as the t im e-

preference factor. 

Using dynam ic program m ing, Epstein and Zin (1989)  showed that  after 

solving the consum er’s opt im al consum pt ion problem , the opt im ality 

condit ion—the intertem poral Euler equat ion—takes the form  
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where , 1
i
c tR +  is the gross return on a hypothet ical asset  between t im e t  and 

1t +  which pays the ith  count ry’s aggregate consumpt ion as its dividends in 

each period. , 1j tR +  is the gross return on the jth  asset  between t im e t  and 

1t + .   

Equat ion (2)  contains an im portant  concept  in asset  pr icing literature—

I MRS, also known as SDF or the pr icing kernel. We display it  separately 

below:   
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I n a benchm ark m odel featur ing the power ut ilit y,  the pr icing kernel M  

takes the form  

1
i

i t
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M

C

−
+⎛ ⎞
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⎝ ⎠

γ

β            (4)  

I n a com plete m arket , the pricing kernel M  is unique across count r ies, 

which im plies that  the following equat ion holds in a benchm ark m odel:  
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Equat ion (5)  im plicit ly assum es that  agents in hom e and foreign count ry 

have an ident ical RRA (γ )  and an ident ical t im e preference factor (β ) . I n the 

benchm ark m odel, a unique pr icing kernel requires that  hom e and foreign 

count ry achieve equal consum pt ion growth rates, which in turn necessitates 

that  agents across count r ies are holding global port folios that  are ident ical in 

com posit ion. This result  from  the benchm ark theoret ical m odel is in dram at ic 

cont rast  to the actual data. The data shows that  investors hold a m ajority of 

their  port folios in dom est ic assets and only a sm all port ion in foreign assets;  

thus, in pract ice, the com posit ions of the global equity port folios held by 

dom est ic and foreign investors are far from  ident ical. As a result , the equity 

hom e bias puzzle ar ises. 

Equat ion (3)  is the pr icing kernel M  from  the Epstein-Zin-Weil 

preferences. I n a com plete m arket ,  the presence of a unique pricing kernel 

im plies that  the following equat ion (6)  holds t rue. Again, we assum e that  

agents across count r ies share the sam e param eters, γ ,  β ,  and ψ .   
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Equat ion (6)  shows that  with the recursive preferences, a unique pricing 

kernel does not  necessarily im ply equal consum pt ion growth rates across 
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count r ies, and, in turn, does not  necessarily t ranslate to ident ically com posed 

global equity port folios held by agents in the two count r ies. As a result , it  

appears that  equity hom e bias m ight  not  necessarily be a phenom enon that  

stands against  the first -order condit ion derived from  theoret ical m odels.  

3.2. Product ion 

I n this sect ion, we work on the stochast ic product ivit y growth process to 

int roduce another line of m odificat ion to the benchm ark m odels. I n the 

benchm ark m odels, the law of m ot ion of product ivit y growth is often 

assum ed being a stochast ic process exposed to i. i.d. shocks alone. I n this 

paper, the product ivity growth process is exposed to i. i.d. shocks as well as 

long run shocks. We specify the law of m ot ion of product ivit y growth 

containing long run r isk as follows:  

{ }

1 1

1 ,

, ,

i i i
t t t

i i i
t t x t

z x w

x x

i h f

+ +

−

∆ = µ + +

= +

∀ ∈

ρ ε         (7)  

where 1 1logi i
t tz Z+ +=  and 1

i
tZ +  denote the ith  count ry’s total factor product ivit y 

at  t im e t ,  and µ  is the logarithm  of the steady state product ivity level. 1tw + ,  

which denotes the short - run com ponent  of product ivity growth r isk, is an i. i.d.  

random  variable. tx  is the long- run com ponent  of product ivity growth r isk, 

with ρ m easuring its persistence and ,x t ε  it s contem poraneous i. i.d.  shock.  
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We specify the variance-covariance m at rix of product ivit y growth shocks 

as follows:  

( )1 , 11 , 1, , , , 0;

0

0

1

1

1
,

1

f fh h
t x tt x t

w

x

w

x

w w Nε ε+ ++ +
⎡ ⎤
⎣ ⎦

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠
⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

∼

2

w

2

x

hf

w

hf

w

hf

x

hf

x

Σ

σ Γ
Σ

σ Γ

ρ
Γ

ρ

ρ
Γ

ρ

                  (8)  

where 
2

xσ  denotes the variance of the long run product ivity growth shocks in 

each count ry while 
2

wσ  denotes the short - run variance. 
hf

xρ  is the correlat ion 

of the long run shocks across count r ies, whereas 
hf

wρ  is the corresponding 

correlat ion of the short  run r isks. We assum e the cross correlat ions between 

short  run and long run r isks, either within a count ry or across count r ies, are 

both zero.  

A high 
hf

xρ  and a high ρ are two cr it ical factors that  allow our m odel to 

generate high degree of internat ional r isk sharing. The reason for this is that , 

in a m odel incorporat ing the Epstein-Zin-Weil preferences, if long run r isk is 

very persistent , it  becom es the m ajor determ inant  of I MRS. Furtherm ore, if 

long run r isk is highly correlated across count r ies, I MRS will also be highly 

correlated across count r ies. The high correlat ion between I MRS across 
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count r ies could further t ranslate to a claim  that  internat ional r isk sharing is 

high.  

The rest  of our m odel is set  up as follows. I n a general equilibr ium  

product ion m odel, the firm  in each count ry m axim izes its present  value to 

owners, 2  subject  to the capital stock law of m ot ion and the stochast ic 

product ivit y growth process. The firm  pays its worker the com pet it ive wage 

rate, which is equal to the m arginal product  of labour. The firm  then pays its 

shareholder dividends. We assum e a Cobb-Douglas product ion funct ion 

( ) ( ) ( ) ( )1 1
,i i i i i i

t t t t t tY Z N K Z K
−α α −α α

= =         (9)  

where 
i

tY  denotes the ith  count ry’s output  at  t im e t ,  and 
i
tN  denotes its 

firm ’s labor dem and for period t .  At  equilibr ium , the firm ’s labour dem and 

equals the worker’s labour supply, which we norm alized to unity. 
i
tK  is the 

capital stock owned by the firm  of the ith  count ry at  the beginning of period 

t ,  α  denotes capital’s share, and 1−α  denotes labour’s share. Capital stock is 

chosen one period before it  becom es product ive, and labour can be adjusted 

instantaneously.  

Adding product ion to a m odel m akes its asset  pr ice im plicat ions even 

worse, since the agent  can now sm ooth her consum pt ion even bet ter with 

                                                 

2 The firm ’s present  value to owners is the sum  total of all it s current  and future expected 

dividends discounted by a m arket  SDF deem ed valid for every owner.  
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product ion technology than in an endowm ent  econom y. To deal with this 

problem , a standard pract ice in the product ion-based asset  pr icing literature 

is to im pose the adjustm ent  cost  in firm ’s investm ent . Following the literature, 

we adopt  the adjustm ent  cost  in our m odel. Hence, the firm ’s capital stock 

evolves according to the following law of m ot ion:  

( )1 1 ,
i

i i it
t t ti

t

I
K K K

K
δ+

⎛ ⎞
= Ψ + −⎜ ⎟⎜ ⎟

⎝ ⎠
            (10)  

where 1
i
tK +  denotes the capital stock of the firm  of the ith  count ry at  the 

beginning of period 1t + ,  
i
tI  is the investm ent  m ade by the firm  during period 

t ,  δ  denotes the depreciat ion rate, and Ψ  is a funct ion form  of adjustm ent  

cost , which is increasing and concave in investm ent  I  ( )′ ′′Ψ > 0, Ψ > 0, Ψ < 0 . 

This set t ing reflects the idea that  changing the capital stock rapidly is m ore 

cost ly than changing it  slowly.  

The firm  m axim izes its value to shareholder subject  to the product ion 

funct ion  (9) , the law of m ot ion of the capital stock (10) ,  and the stochast ic 

process of product ivity growth with long run r isk  (7) .  The first -order 

condit ions for m axim izing the firm ’s value are:  
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⎡ ⎤⎛ ⎞
− + Ψ⎢ ⎥⎜ ⎟ ⎛ ⎞⎝ ⎠⎢ ⎥ ′= + − Ψ ⎜ ⎟⎢ ⎥⎛ ⎞ ⎝ ⎠′Ψ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦

          (11)    

3.3. Log- linear Approxim at ing Solut ion 

After log- linearizing the system  around its steady state, which contains a 

constant  growth rate g ,  we get  the following approxim at ing solut ion, 

including a solut ion to consum pt ion growth and I MRS (See Appendix 1 for 

details) :   
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ε

 (12)  
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(13)  

Here ,
x

m εη  is the exposure of I MRS to innovat ion in the long run 

product ivit y shock, , 1x t+ ε ,  and ,m wη  is the exposure of I MRS to innovat ion in 

the short  run shock, 1tw + .   

3.4. I ndex of I nternat ional Risk sharing 

Brandt ,  Cochrane, and Santa-Clara (2006)  const ructed the following index to 

gauge the degree of internat ional r isk sharing:  
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σ −
= −

σ + σ
          (14)  

where I I RS denotes the index of internat ional r isk sharing, m  is the 

logarithm  of I MRS, and 
2σ  denotes uncondit ional variances. The use of 

uncondit ional var iances is just ified by two considerat ions. First , since we are 

using a discrete- t im e m odel, start ing with ( )1 1 1t t tE m R+ + = ,  we can condit ion 

down to ( ) 1E mR = ; 3 second, after calibrat ion, the results of our m odel can be 

com pared with the uncondit ional m om ents obtained from  the data.  

Brandt , Cochrane, and Santa-Clara (2006)  em phasized the difference 

between the index and the correlat ion between m  across count r ies. They 

argued that  “ [ r ]  isk sharing requires that  dom est ic and foreign m arginal 

ut ilit y growth are equal,  not  j ust  perfect ly correlated, and our index detects 

violat ions of scale as well as of correlat ion”  (page 672) . They also provided 

an exam ple to show the difference:  “ [ F] or exam ple, if ln 2 lnf d
m m= × ,  r isks 

are not  perfect ly shared despite perfect  correlat ion. I n this case, our index is 

0.8”  (page 672) .  

4 . The Model’s Results After  Param eterizat ion 

4.1. Param eterizat ion  

                                                 

3 See Brandt , Cochrane, and Santa-Clara (2006)  footnote 5 for m ore detail.   
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I n the literature on calibrat ion, param eter values are chosen “ [ F]  or purposes 

of ‘calibrat ion’ in a quarter ly m odel”  (Cam pbell (1994)  p467) . Following this 

pract ice, we choose the param eter values as follows. g ,  the logarithm  of 

growth rate at  steady state, is chosen to be 0.005 (2%  at  an annual rate) . r , 

logarithm  of steady state return on r isky asset ,  is set  at  0.015 (6%  at  an 

annual rate) . β ,  subject ive discount  factor,  is set  at  0.99923 (0.997 at  an 

annual rate) ;  depreciate rate δ  is set  at  0.025 (10%  at  an annual rate) ; 4 

capital’s share, denoted as α ,  is set  to be 0.36, a standard value in literature. 

ζ ,  a param eter related to investm ent  adjustm ent  cost , with 1
ζ  being the 

elast icity of investm ent -capital rat io with respect  to m arginal q, is set  at  

0.8306.5 ρ ,  the persistence of long run product ivit y r isk, is set  at  0.987.6 1n , 

the param eter of linearizat ion of the return to consum pt ion equity defined by 

1

P
n

P C
=

+
,  is set  at  0.9965, an average num ber between 0.996 from  

Cam pbell (2003)  and 0.997 from  Bansal and Yaron (2004) . 
K

C
,  steady state 

level of capital- consum pt ion rat io, is chosen to be 12.5544, an average level 

between 11.3755 in Cam pbell (1994)  and 13.7333 in Uhlig (1999) ;  

                                                 

4 These four param eter values are in line with Kydland and Prescot t  (1982) .  

5  Eberly (1997)  est imated the elast icity for the U.S., denoted 1
ζ , at  a 95%  confidence 

interval of [ 1.08, 1.36] .  

6 Croce (2006)  set  this num ber at  0.98.  
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Analogously, 
Y

C
,  steady state level of output -consum pt ion rat io, is set  at  

1.3387, an average between 1.3423 and 1.3350, from  Cam pbell (1994)  and 

Uhlig (1999)  respect ively. To cover the whole range of possibilit y, we set  EI S, 

{ }ψ ∈ 20,10,5, 2,1.7,1.5,1.1,1,0.9,0.71,0.5,0.2,0.1,1/15 and RRA, { }γ ∈ 15,10,5 .  This 

range covers the cases of both 
1

ψ ≠
γ

 and 
1

ψ =
γ

.  This range also includes 

ψ =1 .  Table 1 sum m arizes the key param eter values chosen for our m odel.  

Table 1 

Parameter Values 

 Parameter Quarterly Value Equivalent  

Annual 

Rate 

1 Steady state growth rate g 0.005 2%  

2 Steady state return on r isky asset  r  0.015 6%  

3 Subject ive discount  factor β  0.99923 0.997 

4 Depreciat ion δ  0.025 10%  

5 Capital’s share α  0.36  

6 Param eter related to Adjustm ent  cost   0.8306  

7 Persistence of long run product ivity shock 0.987  

8  n1 0.9965  

9 Steady state capital-consum pt ion rat io 12.5544  

10 Steady state output -consum pt ion rat io 
1.3387   
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11 EI S 20,10,5,2,⎧ ⎫
⎪ ⎪1.7,1.5,1.1,1,⎪ ⎪
⎨ ⎬0.9,0.71,0.5,⎪ ⎪
⎪ ⎪0.2,0.1,1/15⎩ ⎭

 

 

12 RRA { }15,10,5   

 

We calibrate the var iance-covar iance m at r ix of product ivit y growth shocks 

to m atch the data. Boldr in, Christ iano, and Fisher (2001)  param eter ized the 

quarter ly volat ilit y of the log product ivit y growth, z∆σ ,  to be 0.018. Since 

Equat ion (7)  shows that  a product ivit y process is const ituted by an AR (1)  

long run r isk and an i. i.d. short  run r isk, the overall product ivit y’s 

uncondit ional variance is:  

2 2 2 2 2

2

1
0.018

1
z x w w

2
∆ εσ = σ + σ = σ + σ =

− ρ
    (15)  

Backus, Kehoe, and Kydland (1995)  sum m arized product ivity’s 

internat ional correlat ions based on internat ional business cycles data. For 

exam ple, ( , ) 0.56eu uscorr z z =  and ( , ) 0.58japan uscorr z z = .  We take the average 

of the two, 0.57, as our param eter value for the internat ional correlat ion of 

the log product ivity growth. Then, we get  the following equat ion:  
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     (16)  

where 
2
wn 2
ε

σ
=

σ
,  the rat io between the variance of the short  run shock to the 

variance of the long run shock. Recalling that  our m odel assum es a sm all but  

persistent  long run shock, along with a large short  run shock, n  needs to be 

a large num ber. We set  64n = .  Equat ions (15)  and (16)  im ply that  

1.42%wσ =  and , ( , ) 0.31h f
corr w w = .  Consequent ly,  the variance of the long 

run shock, 
2
εσ ,  explains about  0.97%  of the variance of the product ivity 

growth. We assum e that  the sm all but  persistent  long run product ivity 

growth shocks have a com m on global or igin, and that , as a result ,  the 

correlat ion across the two count r ies of long run product ivit y growth shocks is 

set  to be 1, i.e., ( , ) 1h f
corr ε ε = .  Table 2 displays a sum m ary of our choices of 

param eters for the product ivity process. 

Table 2 

Param eter Values for the Product ivity Process 
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 Parameter Quarterly Value 

1 Uncondit ional standard deviat ion of product ivity 

growth 
0.018 

2 
I nternat ional correlat ion of product ivity growth 0.57 

3 
N, the rat io between the variance of the short  run 

shock to the variance of the long run shock 
64 

4 I nternat ional correlat ion of long run product ivity 

growth shocks 
1 

 Parameter Value Generated in 

the Model 

5 Standard deviat ion of short  run product ivity growth 

shocks 
1.42%  

6 I nternat ional correlat ion of short  run product ivity 

growth shocks 
0.31 

 

4.2. Results 

Table 3 reports our m odel’s results for ,
x

m εη and ,m wη  after param eterizat ion, 

where ,
x

m εη captures I MRS’s exposure to innovat ion in the long- run 

com ponent , , 1x t+ ε ,  and ,m wη  is I MRS’s exposure to innovat ion in the short -

run com ponent , 1tw + .  Put  it  another way, ,
x

m εη is the innovat ion in 1tm +  dr iven 
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by the innovat ion in , 1x t+ ε ,  and ,m wη  is the innovat ion in 1tm +  dr iven by the 

innovat ion in 1tw + .   

Table 3 

Model results for ,
x

m εη  and ,m wη   

EI S RRA ,
x

m εη  ,m wη  

20 15 -612.07 -12.85 

20 10 -407.37 -8.57 

20 5 -202.66 -4.28 

10 15 -550.07 -12.85 

10 10 -365.49 -8.57 

10 5 -180.90 -4.28 

5 15 -466.87 -12.85 

5 10 -309.15 -8.57 

5 5 -151.43 -4.28 

2 15 -306.84 -12.85 

2 10 -201.06 -8.57 

2 5 -95.28 -4.28 

1.7 15 -269.74 -12.85 

1.7 10 -176.19 -8.57 

1.7 5 -82.64 -4.28 

1.5 15 -238.79 -12.85 

1.5 10 -155.54 -8.57 

1.5 5 -72.28 -4.28 

1.1 15 -151.77 -12.85 

1.1 10 -97.99 -8.57 

1.1 5 -44.22 -4.28 

1 15 -121.66 -12.85 

1 10 -78.30 -8.57 

1 5 -34.95 -4.28 

0.9 15 -86.30 -12.85 
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0.9 10 -55.35 -8.57 

0.9 5 -24.40 -4.28 

0.71 15 1.97 -12.85 

0.71 10 1.05 -8.57 

0.71 5 0.14 -4.28 

0.5 15 157.27 -12.85 

0.5 10 96.40 -8.57 

0.5 5 35.53 -4.28 

0.2 15 681.82 -12.85 

0.2 10 338.05 -8.57 

0.203 5 -0.59 -4.28 

0.1 15 778.05 -12.85 

0.10113 10 -3.88 -8.57 

0.1 5 -822.08 -4.28 

0.0675 15 -1.78 -12.85 

1/ 15 10 -1301.78 -8.57 

1/ 15 5 -2554.82 -4.28 

 

Table 3 shows that  ,
x

m εη  is m uch larger than ,m wη .  According to our 

results, on average, ,
x

m εη  is m ore than 33 t im es greater than ,m wη .  This is 

pivotal for our m odel to be able to generate high internat ional r isk sharing. 

I n a m odel featur ing recursive preferences and a stochast ic product ivity 

process with long run r isk, if ,
x

m εη  is m uch larger than ,m wη ,  a sm all but  

persistent  long run r isk dom inates a large short  run r isk to becom e a m ajor 

determ inant  of I MRS 1tm + .  Furtherm ore, if long run r isk is highly correlated 

across count r ies, so is I MRS. As a result , the m odel generates a high degree 
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of internat ional r isk sharing, even though the two count r ies run closed 

econom ies and agents’ asset  holding are autarkic.   

Finally, Table 4 presents our m odel’s results for I I RS, index of 

internat ional r isk sharing.  

Table 4 

Model results for I ndex of I nternat ional Risk sharing ( I I RS)  

EI S RRA I I RS 

20 15 99.9497%  

20 10 99.9496%  

20 5 99.9491%  

10 15 99.9378%  

10 10 99.9374%  

10 5 99.9361%  

5 15 99.9137%  

5 10 99.9125%  

5 5 99.9088%  

2 15 99.8005%  

2 10 99.7935%  

2 5 99.7701%  

1.7 15 99.7420%  

1.7 10 99.7313%  

1.7 5 99.6948%  

1.5 15 99.6711%  

1.5 10 99.6556%  

1.5 5 99.6016%  

1.1 15 99.1915%  

1.1 10 99.1388%  

1.1 5 98.9457%  

1 15 98.7499%  
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1 10 98.6607%  

1 5 98.3277%  

0.9 15 97.5597%  

0.9 10 97.3709%  

0.9 5 96.6545%  

0.71 15 31.9534%  

0.71 10 31.6154%  

0.71 5 31.0348%  

0.5 15 99.2465%  

0.5 10 99.1104%  

0.5 5 98.3801%  

0.2 15 99.9595%  

0.2 10 99.9268%  

0.203 5 31.7722%  

0.1 15 99.9689%  

0.10113 10 38.6128%  

0.1 5 99.9969%  

0.0675 15 31.7849%  

1/ 15 10 99.9951%  

1/ 15 5 99.9997%  

 

Our m odel produces internat ional r isk sharing levels above 96%  for m ost  

param eter values of EI S and RRA. Only when EI S is around either 1/ RRA or 

0.7 does I I RS drop sharply, falling to levels as low as approxim ately 30% .  

Using exchange rate and equity data, Brandt , Cochrane, and Santa-Clara 

(2006)  reported internat ional r isk sharing levels above 98% :  0.986 (US vs. 

UK) ;  0.985 (US vs. Germ any) ;  0.980 (US vs. Japan) .  
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Adopt ing an endowm ent  econom y m odel with long run consum pt ion r isk, 

Colacito and Croce (2005)  produced an internat ional correlat ion of discount  

factor growth as high as 92% .     

4.3. The I ntuit ion Behind ,m wη  ( I MRS’s Exposure to Short - run Shock)  

Recall I MRS from  Equat ion (3) :  

( )( )1
1

, 1

i
i it
t c ti

t

C
M R

C

−
−+

+
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

θ
ψ θθβ  

To exam ine the contem poraneous effect  of 1tw +  on the system  while 

elim inat ing the intertem poral channel, we m ay equivalent ly consider a case 

in which ψ = 0 ,  which m eans that  a change in interest  rates has no im pact  on 

future consum pt ion, that  is, there is no intertem poral effect . I f ψ = 0 ,  then it  

follows that  0θ → ,  1θ −1 → − ,  and 1 0
θ

− → − γ <
ψ

.  A posit ive 1tw +  causes both 

1tc +  and , 1c tR +  to r ise, and, as a result , 1tm +  falls;  it  then follows that  ,m wη  is 

negat ive. The larger γ  is, the m ore 1tm +  decreases, and the m ore negat ive 

,m wη  becom es. Therefore, we can say that  ,m wη  is decreasing in γ .  Chart  1 

depicts the relat ionship between ,m wη  and param eters EI S and RRA.  
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Chart 1  Relationship between the Exposure of m to Short-run Risk 

and Parameters EIS and RRA
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4.4. The I ntuit ion behind ,
x

m εη  ( I MRS’s Exposure to Long- run Shock)  

Table 2 reveals that  for 
1

ψ >
γ

 (or 
1

< γ
ψ

) , ,
x

m εη  is negat ive for large ψ  and 

posit ive for sm all ψ ;  for 
1

ψ ≤
γ

,  a case im plying a very sm all ψ ,  

,
x

m εη becom es negat ive again. Chart  2 depicts this result .   



 36

Chart 2  Relationship between the Exposure of m to Long-run Risk 

and Parameters EIS and RRA
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The result  is intuit ive. I n m ost  situat ions, a posit ive long- run product ivit y 

shock , 1x t+ε  dr ives the return on consum pt ion equity , 1c tR +  upwards. I n regard 

to long- run shock’s im pact  on consum pt ion, on one hand, a posit ive , 1x t+ ε  

raises consum pt ion, because of the incom e effect ;  on the other hand, a 

posit ive , 1x t+ ε  increases the agent ’s desire to borrow, since future output  will 

be higher due to the persistence of the posit ive product ivity shock. This 

causes interest  rates to r ise, thus creat ing a negat ive subst itut ion effect  on 

consum pt ion that  becom es st ronger as the param eter ψ  becom es greater. 
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When ψ  takes a large value, the subst itut ion effect  could be greater than the 

incom e effect , and consum pt ion could then fall.  For the values of ψ  under 

considerat ion in this paper, the incom e effect  always dom inates over the 

subst itut ion effect , and consum pt ion r ises after a posit ive long- run 

product ivity growth shock , 1x t+ ε .    

Recalling Equat ion (3) , with recursive preferences, I MRS depends on both 

, 1c tR +  and 1tc + :  

( )( )

( )

1
1

, 1

, , ,
x x c x

i
i it
t c ti

t

m c R

C
M R

C

−
−+

+

ε ε ε

⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
θ

η = − η + θ −1 η
ψ

θ
ψ θθβ

 

Considering the case in which 
1

ψ >
γ

,  if ψ  is larger than one ( ψ >1) , we 

find that  θ < 0 ;  if ψ  is sm aller than one ( ψ <1 ) , then θ >1.  I n the case of 

ψ >1 ,  a posit ive , 1x t+ ε  causes , 1c tR +  to r ise and 1tc +  to either fall or  r ise. θ < 0  

im plies that  θ −1 < 0  and 0
θ

− >
ψ

.  Therefore, a r ise in , 1c tR +  leads to a fall in 

1tm + ,  and a fall or  r ise in 1tc +  results in a respect ive fall or r ise in 1tm + .  Since 

the im pact  of , 1x t+ ε  on , 1c tR + ,  denoted ,
c x

R εη ,  always dom inates 7  over its 

                                                 

7 When 1ψ = ,  it  is a weak dom inat ion.  
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im pact  on 1tc + ,  denoted ,
x

c εη ,  the overall result  is that  a posit ive , 1x t+ ε  

causes 1tm +  to fall,  which im plies a negat ive ,
x

m εη .   

I f ψ <1  but  is st ill larger than 
1
γ

,  we have θ >1,  which im plies θ −1 > 0  and 

0
θ

− <
ψ

.  Hence, a r ise in , 1c tR +  due to a posit ive shock , 1x t+ ε  leads to a r ise in 

1tm + ,  while a r ise in 1tc +  causes a fall in 1tm + .  The overall effect  of , 1x t+ ε  on 

1tm +  is posit ive and, therefore, ,
x

m εη  is posit ive.  

I f ψ =1 ,  , 1x t+ ε  equally affects both , 1c tR +  and 1tc + ,  and we have 

, ,
c x x

R cε εη = η .  I n that  case, ,
x

m εη  becom es 

( ), , , ,

, 0

x x c x c x

c x

m c R R

R

ε ε ε ε

ε

⎛ ⎞θ θ
η = − η + θ −1 η = − + θ −1 η⎜ ⎟ψ ψ⎝ ⎠
= −γη <

 

I n addit ion, our sim ulat ion shows that  , 1c t
r +  falls when [ )*,1ψ ∈ ,  where 

1
* 1< <

γ
.  Our sim ulat ion reports *  is around [ 0.7,0.9] . When EI S falls into 

this range, 2A ,  the exposure to long- run shock of the logarithm  of pr ice-

consum pt ion rat io 8  becom es negat ive. This m eans that  the pr ice-

consum pt ion rat io ,c t
p  falls after a posit ive long- run shock , 1x t+ε .  Recall that  

                                                 

8 , 0 1 2 3c t t t t
p A A k A x A w= + + +  
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, 1 0 1 , 1 , 1c t c t c t t t
r n n p p c c+ + += + − + − ;  a lower pr ice-consum pt ion rat io thus 

cont r ibutes to a fall in , 1c t
r + .    

I f ψ  is very sm all and sat isfies 
1

ψ <
γ

,  we get  0 < θ <1 ,  which in turn 

implies θ −1 < 0  and 0
θ

− <
ψ

.  As a result , a r ise in , 1c tR +  causes 1tm +  to fall,  

and a r ise in 1tc +  also causes 1tm +  to fall.  Therefore, a posit ive , 1x t+ ε  causes 

1tm +  to fall,  when ψ  takes very sm all values. I n that  case, ,
x

m εη  is negat ive. 

Table 5 sum m arizes the intuit ion behind ,
x

m εη .   

Table 5 

I ntuit ion behind ,
x

m εη  

 param eter θ  θ
−

ψ
 

1tc +  θ −1  
, 1c tR +

 

Expos

ure of 

m  to 

1tc +  

Exposure of 

m  to , 1c tR +   

Innovati

on in m ,
x

m εη

 

EI S> 1 < 0 > 0 Fall/

r ise 

< 0 r ise Fall/

r ise 

fall fall -  

EI S= 1   r ise  r ise   fall -  

* < EI S< 1 > 1 < 0 r ise > 0 fall fall fall fall -  

EI S> 1/

RRA 

1/ RRA< EI S

< *  

> 1 < 0 r ise > 0 r ise fall r ise r ise +  

EI S< = 1/ RRA (0,1]  < 0 r ise < 0 r ise fall fall fall _ 
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4.5. Results for Consum pt ion Propert ies 

Business cycle data for indust r ialized count r ies show a quarter ly volat ilit y of 

log consum pt ion growth of approxim ately 1.4% 9.  I n addit ion, the quarter ly 

correlat ions across count r ies of the log consum pt ion growth are:  0.43 (U.S. 

vs. U.K.) ;  0.39 (U.S. vs. Germ any) ;  and 0.30 (U.S. vs. Japan) .10 Our m odel 

produces results that  are in line with these data. Table 6 sum m arizes our 

m odel’s results for the volat ilit y and internat ional correlat ion of consum pt ion 

growth rates. 

One of the st r ik ing facts shown by internat ional business cycle data is that  

the internat ional correlat ions of consum pt ion growth are surprisingly sm aller  

than the correlat ions of output  growth or product ivity growth across 

count r ies, whereas the standard m odels predict  the opposite. Fortunately, 

our m odel has no difficulty in generat ing results consistent  with the data. 

After set t ing the correlat ions across count r ies of product ivity growths to be 

0.57 to m atch the data, our m odel delivers internat ional correlat ions of 

consum pt ion growth around 30% –40% , which is lower than the correlat ion of 

product ivity growth, as the data depicts.  

 

                                                 

9 See Croce (2006)  for m ore detail.   

10 The data is from  Table 2 of Backus, Kehoe, and Kydland (1992) .   
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Table 6 

Our Model’s Results for Propert ies of Consum pt ion Growth 

EI S RRA 

Standard deviat ion of consum pt ion 

growth 

I nternat ional 

correlat ion of 

consumpt ion 

growth 

20 15 1.2175%  0.3101 

20 10 1.2175%  0.3101 

20 5 1.2175%  0.3101 

10 15 1.2179%  0.3106 

10 10 1.2179%  0.3106 

10 5 1.2179%  0.3106 

5 15 1.2195%  0.3123 

5 10 1.2195%  
0.3123 

5 5 1.2195%  0.3123 

2 15 1.2282%  0.3220 

2 10 1.2282%  0.3220 

2 5 1.2282%  0.3220 

1.7 15 1.2317%  0.3259 

1.7 10 1.2317%  0.3259 

1.7 5 1.2317%  0.3259 

1.5 15 1.2352%  0.3297 

1.5 10 1.2352%  0.3297 

1.5 5 1.2352%  0.3297 

1.1 15 1.2480%  0.3434 

1.1 10 1.2480%  0.3434 

1.1 5 1.2480%  0.3434 

1 15 1.2535%  0.3491 

1 10 1.2535%  0.3491 

1 5 1.2535%  0.3491 

0.9 15 1.2607%  0.3565 

0.9 10 1.2607%  0.3565 

0.9 5 1.2607%  0.3565 
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0.71 15 1.2826%  0.3783 

0.71 10 1.2826%  0.3783 

0.71 5 1.2826%  0.3783 

0.5 15 1.3363%  0.4273 

0.5 10 1.3363%  0.4273 

0.5 5 1.3363%  0.4273 

0.2 15 1.7569%  0.6687 

0.2 10 1.7569%  0.6687 

0.2 5 1.7569%  0.6687 

0.1 15 2.7202%  0.8618 

0.1 10 2.7202%  0.8618 

0.1 5 2.7202%  0.8618 

1/ 15 15 3.7921%  0.9289 

1/ 15 10 3.7921%  0.9289 

1/ 15 5 3.7921%  0.9289 

 

Table 6 shows that  changing the value of RRA has vir tually no im pact  on 

the second m om ents of aggregate var iables such as consum pt ion growth. 

This result  is consistent  with the findings in Tallar ini (2000) :  “ [ R]  isk aversion 

seem s to affect  asset  m arket  im plicat ions and the elast icity of intertem poral 

subst itut ion affects quant ity dynam ics”  (page 509) . He thus points to a way 

to im prove the RBC m odel’s perform ance in regard to asset  pr ices. Since the 

m odel’s perform ance with respect  to quant ity variables m ainly depends on 

EI S, while its perform ance in asset  pr ices depends on RRA, by fix ing EI S but  

increasing RRA, RBC m odels achieve bet ter results in sim ulat ing asset  pr ices 

while retaining their sat isfactory records in sim ulat ing quant ity variables.  
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Table 6 reveals that  both the volat ilit y and internat ional correlat ion of 

consum pt ion growth are decreasing in EI S ( ψ ) . This result  is intuit ive. EI S is 

a param eter cont rolling the m agnitude of the intertem poral effect . Equat ion 

(12)  shows that  EI S affects the exposure to long- run r isk of consum pt ion 

growth, but  will not  affect  exposure to short - run r isk. Moreover, the greater 

the value of EI S, the m ore an agent  has incent ive to sm ooth her 

consum pt ion over t im e, which results in less volat ilit y of consum pt ion growth.  

Our sim ulat ion results dem onst rate a decrease in the exposure to long-

run r isk of consum pt ion growth in EI S. This is again because of the incent ive 

towards consum pt ion sm oothing. Given that  the internat ional correlat ion of 

long- run r isk is assum ed to be m uch larger than the correlat ion of short - run 

r isk, the greater the value of EI S, the less long- run com ponent  will dom inate 

the short - run in the innovat ion to consum pt ion growth, and, consequent ly, 

the lower the internat ional correlat ion of consum pt ion growth will be.    

4.6. Propert ies of the Model’s I I RS Results 

Table 4 shows the following propert ies of our m odel’s I I RS results.  Given 

fixed values for RRA, we find a W-shaped relat ion between I I RS and EI S, 

with I I RS twice reaching its local m inim um  at  either around EI S= 1/ RRA or 

around EI S= 0.7. On the other hand, given fixed values of EI S, the 

relat ionship between I I RS and RRA appears to be V-shaped, with I I RS hit t ing 

bot tom  at  around EI S= 1/ RRA. Our results confirm  that  when EI S= 1/ RRA, 

I I RS drops sharply and internat ional r isk sharing is low, a finding consistent  
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with that  of the benchm ark m odel featuring a power ut ilit y whereby EI S 

always equals the reciprocal of RRA.   

Charts 3, 4, and 5, presented below, dem onst rate the W-shaped relat ion 

between I I RS and EI S, with RRA fixed at  5, 10, and 15, respect ively.   

Chart 3  Relationship between IIRS and EIS
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Chart 4  Relationship between IIRS and EIS

(RRA=10)
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Chart 5  Relationship between IIRS and EIS

(RRA=15)
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Colacito and Croce (2005)  reported a V-shaped relat ion between EI S and 

the internat ional correlat ion of I MRS11 ,  with correlat ion reaching its lowest  

level at  around EI S= 1/ RRA. 12  However, we reported a W-shaped relat ion 

between EI S and I I RS, with two stat ionary points found around EI S= 1/ RRA 

and EI S= 0.7.  

From  the point  of view of em pir ical research, whether the est im ator of EI S 

( ψ )  is larger or sm aller than unity is st ill an open quest ion. Hansen and 

Singleton (1983) , At tanasio and Weber (1989) , At tanasio and Vissing-

Jorgensen (2003) , Guvenen (2006) , and Vissing-Jorgensen (2002)  all 

est im ated EI S to be greater than unity.  I n cont rast , others, such as Hall 

(1988) , Cam pbell (1999) , Lust ig and Van Nieuwerburgh (2005)  and Favero 

(2005)  est im ated it s value to be sm aller than unity. However, Bansal and 

Yaron (2004)  pointed out  that  est im ates like those done by Hall (1988)  

depend on the assum pt ion that  econom ic volat ilit y is hom oskedast ic.  The 

presence of t im e-varying second m om ents (heteroskedasity)  leads to a 

serious downward bias in est im ates for EI S when using a regression 

approach such as that  used in Hall (1988) . This bias m ight  help explain the 

large est im ates for EI S found in the long- run literature.  

                                                 

11 I nternat ional correlat ion of I MRS is related to I I RS. However they are not  the sam e concept .   

12 See Fig.2 in Colacito and Croce (2005)  for more detail.   
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I n the benchm ark m odel, EI S -  being t reated as the reciprocal of RRA -  is 

sm aller than 1. Most  of the studies in the long- run r isk literature consider 

cases where EI S is greater than unity. Bansal and Yaron (2004) , for exam ple, 

studied a case where { }ψ =1.5, γ ∈ 7.5,10 ,  and Colacito and Croce (2005)  

considered a case where ψ = 2, γ = 4.25 .  Sim ilar ly,  Croce (2006)  focused on a 

case where { }0.8,1,1.5 , 16ψ ∈ γ = .  

Our results dem onst rate that  the m agnitude of I I RS is sensit ive to the 

value of EI S. When report ing the relat ionship between I I RS and RRA with EI S 

fixed, we considered the value of EI S as being confined to a broad range 

from  1/ 15 to 20, covering all cases where EI S< 1, EI S= 1, and EI S> 1. Charts 

6, 7, 8, and 9 report  the relat ionship between I I RS and RRA, when EI S is 

fixed at  0.7, 1, 1.5 and 2, respect ively. I t  appears that  the relat ionship is V-

shaped, with I I RS reaching its lowest  level at  around RRA= 1/ EI S.  
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Chart 6  Relationship between IIRS and RRA
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Chart 7  Relationship between IIRS and RRA

(EIS=1)
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Chart 8  Relationship between IIRS and RRA

(EIS=1.5)

0

10

20

30

40

50

60

70

80

90

100

0.1 0.2

0.5
 (

2)

0.6
667 (

EIS
=

1/ R
R
A
)

1 (
1)

1.4
286 (

0.7
) 5 10 15 20 30

RRA

In
d

e
x

 o
f 

In
te

rn
a

ti
o

n
a

l 
R

is
k

 S
h

a
ri

n
g

 (
%

)

I I RS(EI S= 1.5)

 

Chart 10  Relationship between IIRS and RRA
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4.7. The I ntuit ion Behind the W-shaped Relat ion between I I RS and EI S 

The quest ion quickly ar ises:  Why does our m odel produce a W-shaped 

relat ion between I I RS and EI S, rather than a V-shaped relat ion such as that  

in Colacito and Croce (2005)? The answer is to be found in carrying out  an 

analysis of ,
x

m εη ,  I MRS’s exposure to long- run shock. Chart  2 shows ,
x

m εη  

changing sign twice, once around EI S= 1/ RRA and again around EI S= 0.7. 

Around each sign change, ,
x

m εη  is quite sm all so that  , ,|| | |
x

m m wεη < η ,  that  is,  

I MRS’s exposure to long run shocks is sm aller than that  to short - run shock. 

Recall that  we assum ed the internat ional correlat ion for short - run shock is 

m uch sm aller than for long- run shock. Hence, the m odel produces two 

stat ionary points in the graph of the relat ionship between I I RS and EI S. To 

put  it  another ay, our m odel delivered low levels of internat ional r isk sharing 

when I MRS’s exposure to short - run shock dom inates that  to long- run shock.  

4.8. Regarding the Possibilit y that  EI S and I I RS Match the Predict ions 

of the Benchm ark Model 

I s it  possible that  EI S is indeed around 1/ RRA or around 0.7 and that  I I RS is 

as low as 30% , a predict ion supported by the benchm ark m odel? To answer 

this quest ion, we looked at  the m odel’s results for the standard deviat ion of 

the logarithm s of I MRS ( ( )mσ ) . Even though there is no data for ( )mσ ,  since 

I MRS is unobservable, Hensen-Jagannathan (1991) , by using asset  m arket  

data, developed the following lower bound for ( )mσ :   
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 ( )
2

, 1 , 1 2
i

t i t f t

i

E r r
m

+ +
σ⎡ ⎤− +⎣ ⎦σ ≥

σ
 

Recall that  our m odel deals with closed econom ies and autarkic asset  

holdings. I f the agent  is allowed to hold foreign assets, ( )mσ  will becom e 

sm aller due to the diversifying away of som e idiosyncrat ic r isks. This im plies 

that  ( )mσ  will probably decrease in data drawn from  open econom ies and 

our results for ( )mσ  have upward bias. Using a quarter ly data set ,  Cam pbell 

(2003)  reported an est im ate of the lower bound for ( )mσ  above 30%  for  

m ost  indust r ialized count r ies. Thus, the value of ( )mσ  produced by our 

m odel, in order to be reasonable, m ust  be above 30% ;  those below 30%  

cannot  be reconciled with asset  m arket  data.  

Table 7 

Model’s result  on the volat ilit y of the logarithm s of I MRS 

EI S RRA 

Standard deviat ion of consum pt ion 

growth 

20 15 6.77 

20 10 4.50 

20 5 2.24 

10 15 6.08 

10 10 4.04 

10 5 2.00 

5 15 5.16 

5 10 3.42 

5 5 1.67 
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2 15 3.40 

2 10 2.23 

2 5 1.05 

1.7 15 2.99 

1.7 10 1.95 

1.7 5 0.92 

1.5 15 2.65 

1.5 10 1.72 

1.5 5 0.80 

1.1 15 1.69 

1.1 10 1.09 

1.1 5 0.49 

1 15 1.36 

1 10 0.87 

1 5 0.39 

0.9 15 0.97 

0.9 10 0.62 

0.9 5 0.28 

0.71 15 0.18 

0.71 10 0.12 

0.71 5 0.06 

0.5 15 1.75 

0.5 10 1.07 

0.5 5 0.40 

0.2 15 7.54 

0.2 10 3.74 

0.2 5 0.06 

0.1 15 8.60 

0.1 10 0.13 

0.1 5 9.08 

1/ 15 15 0.18 

1/ 15 10 14.39 

1/ 15 5 28.23 
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Table 7 shows that  ( )mσ  is below 30% , part icular ly when EI S is around 

either 1/ RRA or 0.7. Param eter izing EI S with values around these two levels, 

the m odel produces low I I RS as well as low ( )mσ ,  with the lat ter being even 

lower than the Hansen-Jagannathan lower bound. Therefore, with EI S around 

either 1/ RRA or 0.7, the m odel produced results that  cannot  be reconciled 

with asset  pr ices data. I n order for our m odel to produce sat isfactory results 

on both quant ity variables and asset  pr ices, we instead param eterized EI S 

with values neither around 1/ RRA nor around 0.7. With these new EI S values, 

our m odel produces levels of internat ional r isk sharing that  reaches levels 

always over 96% . So far, our results dem onst rate that  a theoret ical m odel 

that  is able to successfully reconcile both quant ity data and asset  pr ice data 

also produces very high levels of internat ional r isk sharing, a result  cont rary 

to that  of the benchm ark m odel.    

   5 . Conclusion 

This is a theoret ical paper on the study of internat ional r isk sharing and it s 

im plicat ions for equity hom e bias. Despite adopt ing the m odel of closed 

econom ies and autarkic asset  holdings—a scenario leading to the lowest  level 

of internat ional r isk sharing under the sam e condit ions—our m odel is st ill 

able to generate internat ional r isk sharing indexes always over 96%  for a 

broad range of param eter values. However, there are two except ions:  the 

case in which the value of EI S is around the reciprocal of RRA and the case in 

which it  is around 0.7. I n those cases, the r isk sharing index drops sharply to 
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about  30% . This result  sheds light  on why the benchm ark m odel featur ing a 

power ut ilit y whereby EI S is the reciprocal of RRA generates an internat ional 

r isk shar ing value as low as 30% . Using asset  m arket  data to build the 

Hansen-Jagannathan lower bound for the volat ilit y of the logarithm s of I MRS, 

we can exclude EI S at  values around either 1/ RRA or 0.7, since it  is at  those 

values that  the m odel produced the volat ilit y even sm aller than the lower 

bound. I n addit ion, our m odel’s consum pt ion results fit  well with the actual 

consum pt ion data.    

The im plicat ion of the high internat ional r isk shar ing generated in closed 

econom y m odel with long run r isk is that  the low proport ion of foreign assets 

in a dom est ic agent ’s port folio, a phenom enon observed in the data, m ight  

not  be a puzzle or a departure from  the agent 's first -order condit ion. After all,  

r isk has already been well shared internat ionally due to the high correlat ions 

across count r ies of long- run product ivity shocks. Hence, there is not  m uch 

incent ive left  for  an agent  to hold foreign assets in her port folio in order to 

further share r isk internat ionally. Therefore, equity hom e bias m ight  not  be a 

puzzle as claim ed by the benchm ark m odel, in the sense that  it  can be well 

reconciled with the theoret ical result  of our m odel. 

Following the pract ices found in the long- run literature, our m odel could 

be extended by int roducing t im e-varying product ivit y volat ilit y. We can then 

determ ine whether our results for internat ional r isk sharing will be robust  

under the int roduct ion of stochast ic volat ilit y.  
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Appendix 

1. Consum er’s problem :  

Consum er’s FOC:   ( )( )1
1

, 1 , 1 1,
i

it
t c t j ti

t

C
E R R

C

−
−+

+ +

⎡ ⎤
⎛ ⎞⎢ ⎥

=⎜ ⎟⎢ ⎥⎜ ⎟
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⎣ ⎦

θ
ψ θθβ  

2. Firm ’s problem  (with adjustm ent  cost )  

Firm ’s FOC:  

1
s

s

s

q
I

K

=
⎛ ⎞

′Ψ ⎜ ⎟
⎝ ⎠

 

( ) 11s s sW Z Kα αα −= −  

 

( ) 1
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α α
δ

α

+

+− − +
+ + +

++

+

⎡ ⎤⎛ ⎞
− + Ψ⎢ ⎥⎜ ⎟ ⎛ ⎞⎝ ⎠⎢ ⎥ ′= + − Ψ ⎜ ⎟⎢ ⎥⎛ ⎞ ⎝ ⎠′Ψ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦

   (B1) 

 

The log product ivity growth evolut ion process:  

{ }1 1 1 ,, , , ,i i i i i i
t t t t t x tz x w x x i h f+ + −∆ = µ + + = + ∀ ∈ρ ε  

3. Market  clearing condit ions:  

( )1
1, 1t

t t t t t t t t
t

I
Y C I Z K K K K

K
δ−α α

+
⎛ ⎞

= + = = Ψ + −⎜ ⎟
⎝ ⎠
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4. Log- linear approxim at ion of FOC around the steady state 

( )1 1t t t t t t

C I C C
z k c i c i

Y Y Y Y
α

⎛ ⎞
− α = + −⎜ ⎟

⎝ ⎠
+ + =  

( )
1

1 1 1
t t t t t

G g
k i k i k

G G g g
+

− − δ − δ + δ − δ
=

1+ 1+
= + +  

( )

( )

2

1 1 2

2

1

1 (1 ) (1 )
(1

( )(1 ) ( )(1 )

1 (1 ) (1 )
(1

( )(1 ) ( )(1 )

t t t t

t

Y g Y g
r z k k

r K g r K g r

Y g Y g
k

r K g r K g r

ζ ζ ζ

ζ ζ ζ

+ + +

+

α − α ⎡ ⎤+ +
+ + α + − δ)⎢ ⎥1+ + δ + + δ +⎣ ⎦

⎧ ⎫α − α ⎡ ⎤+ +
− + + α + − δ)⎨ ⎬⎢ ⎥1+ + δ + + δ +⎣ ⎦⎩ ⎭

=
 

1 1 1 ,,i i i i i i
t t t t t x tz x w x x+ + −∆ = µ + + = +ρ ε  

5. The m ethod of undeterm ined coefficients (state variables are tk ,  tx  and 

( )t tw z∆ .)   

( ) 1

1

1
1 1 1

1

t t t t t t t

t t t

C C C C g
z k c i c k k

Y Y Y Y g g

g
k i k

g g

α +

+
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+ δ − δ
1+ 1+

+ =

= +
 

( )
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⎧ ⎫1− δ + 1− ρ +⎡ ⎤1+⎪ ⎪+ − α + + −⎨ ⎬⎢ ⎥+ δ + δ⎪ ⎪⎣ ⎦⎩ ⎭

⎡ ⎤2 + − δ 1+
+ + −⎢ ⎥+ δ + δ⎣ ⎦

⎡ ⎤1− δ 2 + − δ 1+
+ + + + −⎢ ⎥+ δ + δ + δ⎣ ⎦

ε
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⎧ ⎫
⎨ ⎬
⎩ ⎭

        (B2) 

6. The return on the consum pt ion asset :  , 1c t
r +  
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, 1 0 1 , 1 , 1

,
, log ,

c t c t c t t t

c t
c t
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r n n p p c c

P
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C

+ + += + − + −

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

 

where ,c tP  is the pr ice of the asset  which pays the aggregate consum pt ion as 

its dividend for each period;  1n  is the param eter of linearizat ion defined by 

( )1

1

1 exp

P
n

c p P C
= =

+ − +
.  

, 0 1 2 3c t t t t
p A A k A x A w= + + +  
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  (B3) 

7. Solut ion to 1t
m +   

Since consum pt ion asset  is one kind of assets, it  should sat isfy the following 

FOC condit ion:  1 , 1 0t t c tE m r+ +⎡ ⎤+ =⎣ ⎦ . with recursive preferences, 

( ) ( )1 1 , 1t t t c tm c c r+ + +
θ

= − − + θ −1
ψ

  (B4) .    

Hence:  

( ) ( ) ( )1 , 1 , 1 1 , 10, 0
t t t c t c t t t t c t

E c c r r E c c r+ + + + +

⎡ ⎤ ⎡ ⎤θ θ
− − + θ −1 + = − − + θ =⎢ ⎥ ⎢ ⎥ψ ψ⎣ ⎦ ⎣ ⎦

 

 

I f we assum e hom oskedasity, the following equat ion holds t rue:  



 58

[ ]1 , 1 0t t t t c tE c c E r+ +
θ

⎡ ⎤− − + θ =⎣ ⎦ψ
     (B5) 

Then we get :  
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Subst itut ing 1A ,  2A  and 3A  into Equat ion (B3) , we get :  
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          (B7) 

Subst itut ing Equat ions (B2)  and (B7)  into (B4) , we get :  
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8. Solut ions to 
kk

v ,  
kx

v ,  and 
kw

v  

We are half done. Equat ions (B2)  and (B8)  express 1t tc c+ −  and 1tm +  as 

funct ions of both param eters and kkv ,  kxv , kwv .  Next , we solve kkv ,  kxv , kwv  as 

funct ions of param eters.  

 

From  Equat ion (B1) , we express the investm ent  return 1tr +  as follows:  
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The investm ent  return also sat isfies the FOC condit ion:  [ ]1 1 0
t t t

E m r+ ++ = . I n 

the case of hom oskedacity, we get :  1 1 0t t t tE m E r+ ++ =  

The coefficient  of tx  in [ ]1 1t t t
E m r+ ++  is:  
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  (B10) 

 

The coefficient  of tw  in [ ]1 1t t t
E m r+ ++  is:  0kwv =  (B11)  

The coefficient  of tk  in [ ]1 1t t t
E m r+ ++  is:  
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From  Equat ion (B12) , we get  solut ion to kkv  as a funct ion of m odel’s 

param eters.  
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Solut ion to kxv  is delivered by subst itut ing kkv  into Equat ion (B10) . 

9. Solut ions to 1t
m +  and 1t t

c c+ −  as funct ions of m odel’s param eters:   

Finally, subst itut ing kkv ,  kxv , kwv  into Equat ions (B8)  and (B2) , we can 

express 1t tc c+ −  and 1tm +  as funct ions of m odel’s param eters. 
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