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1. INTRODUCTION

1.1. Definition and examples. A (European) exchange option is a contract that gives
the buyer the right to exchange two (possibly dividend-paying) assets A and B at a fixed
expiration time 7', say to receive A and deliver (pay) B; so, the option payoff is

(AT — BT)+ = maX(AT - BT, O)

(American and Bermudan exchange options are complicated by early optimal exercise and
not discussed here.) An ordinary (European) call or put on an asset struck at K can be
viewed as in [9] as an option to exchange the asset with the T-maturity zero-coupon bond
of principal K. More generally, a call or put on an s-maturity forward contract (s > T') on
a (say) zero-dividend asset is equivalent to an option to exchange the asset at time 7" with
an s-maturity zero-coupon bond. Options to exchange two stocks or commodities provide
good hypothetical examples but are not prevalent in the market place.

Exchange options are related to spread options with time-T" payoffs of the form (X —Y)*,
given two prescribed time-7" observables X and Y. A common structure is a CMS spread
option, with X and Y say the 20-year and 2-year spot swap rates at time 7. A spread
option can be viewed as an exchange option when there exist (or can be replicated) two
zero-dividend assets A and B such that A7 = X and Br = Y. In the CMS case, A and
B can be taken as the time-T" coupons of two CMS bonds or swaps. Exchange options on
dividend-paying assets are in practice reduced to the zero-dividend case in a similar way.

Interest-rate swaptions, including caplets and floorlets as one-period special cases, can
be viewed both as ordinary call or put options struck at par on coupon bonds, or more
directly as options to exchange the fixed and floating cashflow legs of a swap. The latter
is the standard as it imposes the classical assumption of a lognormal ratio Ar/Br on the
forward swap rate (a swap-curve concept) rather than on the forward coupon bond price.

An exchange option is related to its reverse by parity: (Y — X)T = (X -Y)"+YV — X.
(So an American option to exchange two fixed zero-dividend assets is not exercised early.)

1.2. Pricing and hedging approaches. The exchange option is a special case of a path-
independent contingent claim with payoff a homogenous function of the underlying asset
prices at expiration. It is governed by the same general theory. One makes sure that
the underlying assets are arbitrage free which implies there are no free lunches in a strong
sense. If the payoff can be attained by a sufficiently regular self-financing trading strategy
(SFTS) (e.g. bounded number of shares or “deltas”) then the law of one price holds and
the option price at each time is defined as the value of the self-financing portfolio. Otherwise
arbitrage-free pricing is not unique. We will not discuss this case, but only mention that
one approach then chooses a linear pricing kernel (e.g., the minimal measure) among the
many then available, and another is nonlinear based on expected utility maximization.
Payoff replication by a SFTS is a question of predictable representation. As the payoff
in this case is a path-independent function of the underliers, it natural that the option
price and deltas too be functions of time and the underliers at that time. This has been
the traditional Markovian approach, beginning with Black and Scholes [1] and immediate
extension by Merton [9]. Their simple choice of a geometric Brownian motion for the
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underlying asset in [1] and more generally of a deterministic-volatility forward price process
in [9] meant that the underlying stochastic differential equation (SDE) and the associated
partial differential equation (PDE) had constant coefficients (in log-state). Itd’s formula
was applied to construct a riskless hedge, with the deltas (hedge ratios) simply given by
partial derivatives of the option price function, the unique solution to the PDE.

Black and Scholes constructed a SF'TS for a call option struck at K by dynamically
rebalancing long positions on the underlying asset A financed by shorting the riskless
money market asset B* = (e), post an initial investment equal the option price. Merton’s
extension to stochastic interest rate r treated the call option as an option to exchange
the asset A with the T-maturity zero-coupon bond B of principal K. The Black-Scholes
model corresponded to a deterministic bond price B, = e "9 K but now in general B
had infinite variation. The former’s simplicity was nonetheless recaptured by exploiting
the homogenous symmetry of the option payoff to reduce dimensionality by one, in effect
a projective transformation that hedged the forward option contract with trades in the
forward asset A/B. The relevant volatility was accordingly the forward price volatility.

Margrabe [8] extended [9] to an option to exchange any two correlated assets assuming
constant volatilities. Taking the option price to be a function C of (¢, A, B), he observed in
concert with [9] that by It6’s formula the self-financing equation with 0C/0A and 0C/0B as
deltas is equivalent to C(t, A, B) satisfying a PDE with no drift (first order terms in A, B).
With C' chosen as the homogenized Black-Scholes function, it followed by Euler’s formula
for homogenous functions that 0C'/0A and 0C /OB formed in fact a SEFTS replicating the
exchange option payoff. Utilizing the ratio A/ B, Margrabe “let asset two be the numeraire”
([8], p. 179), as [9] had. The result demonstrated that the exchange option is replicated
by dynamically going long in A and short in B, with no trades in any other asset.

Martingale theory leads to a conceptual as well as computationally practical represen-
tation of solutions to the PDEs that describe option prices as a conditional expectation
of terminal payoff. Harrison and Kreps [5] and Harrison and Pliska [6] developed in re-
lated papers an equivalent martingale measure framework that not only made this fruitful
representation of the option price available, but laid a more general and probabilistic for-
mulation of the notion of a dynamic hedge, or its mirror image, a replicating SF'TS. Their
arbitrage-free semimartingale approach does permit path dependency, yet accommodates
Markovian SDE/PDE models even nicer. They took the money market asset B* as a trad-

able entering any hedge, giving it a general stochastic form B; = elomsds for discounting
payoffs before expectation. In concert with Black-Scholes but contradistinction to Merton
and Margrabe, the finite variation asset B* was their exclusive choice of numeraire.

With the advent of the forward measure sometime later it was evident that Merton’s
choice of an infinite variation zero-coupon bond B as the financing hedge instrument fitted
equivalent martingale measure theory perfectly well, leading no less to quicker derivations
of concrete pricing formulae than B*, as discounting is conveniently performed outside the
expectation (see, e.g., [7] and [4]). Another useful numeraire was one by Neuberger [10]
to price interest-rate swaptions. Viewed as an option to exchange the fixed and floating
swap cashflows, the asset’s ratio A/B represents the forward swap rate here. Assumed
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in [10] to have deterministic volatility yielded a model that has since served as industry
standard to quote swaption implied volatilities. It is noteworthy that here the ratio A/B
has deterministic volatility but A and B themselves decidedly do not. In time, El-Karoui
et. al. [4] showed that one can basically change numeraire to any asset B and associate to
it an equivalent measure under which A/B is a martingale for every other asset A.
Today option pricing and hedging theory has advanced farther and in many directions.
Especially relevant to our discussion of exchange options is the principle of numeraire
invariance and arbitrage-free modelling. For in-depth study of these and related topics
we refer to Duffie [3] and Delbaen and Schachermayer [2] among other excellent books.
Our approach is to concentrate the modelling in “projective coordinate” X := A/B, while
minding that imposed conditions should be invariant under the transformation X — 1/X.

2. THE DETERMINISTIC-VOLATILITY AND EXPONENTIAL-POISSON MODELS

The option to exchange two assets with a deterministic volatility o(t) of the asset price
ratio X = A/B is celebrated as the simplest nontrivial example in option pricing theory.
Its classical Black-Scholes/Merton option price function and explicit representation of the
“deltas” (“hedge ratios”) illustrate the principles that underline options in many assets
with arbitrary homogenous payoffs and more general dynamics. There is another concrete
albeit little known example with simple jumps in X involving the Poisson rather than the
normal distribution. The pattern is similar, the main difference being that the deltas are
the partial differences rather than the partial derivatives of the option price function.

We fix throughout a stochastic basis (€2, (F;), F,P) with time horizon ¢ € [0,7], T > 0.
In this section we fix two zero-dividend assets with price processes A = (A4;) and B = (By).

2.1. The exchange option price process. When A and B are semimartingales, we call
a pair (64, 7) of (locally) bounded predictable processes a (locally) bounded self-financing
trading strategy (SFTS) (see more generally Sec. 3.1) if C = Cy+ [ d4dA+ [ §8dB, where

(2.1) C =d6"A+6°B.

Clearly C is then a semimartingale, AC = §*AA + §8AB, hence C_ = §4A_ + 6°B_.
The differential form of the self-financing equation is often handy:

(2.2) dC = §*dA + §%dB.
SFTSs form a linear space. If there exists a unique bounded SFTS (64, 67) such that
(2.3) Cr = (Ar — Bp)*,

then one is justified to call C the exchange option price process and 6 and §% the deltas.
Assume now the semimartingales A and B are positive and have positive left limits. The

numeraire invariance principle (see Sec 2.3 and more comprehensively Sec 3.2) states that
if (64,8%7) is a locally bounded SFTS then C = 64 A + 68 B satisfies

A5 = 5a().



EXCHANGE OPTIONS 5

(Ditto by symmetry with A as numeraire.) This is useful for uniqueness. Numeraire
invariance also states the converse: if C' is a semimartingale and 4 a locally bounded
predictable process such that d($) = §4d(4), then (6, 6%) is a SFTS and (2.1) and (2.2)

hold, where 6% = % — 6Ag—:. This reduces existence to finding an Fy and §4 such that

T
Ay _ Ry / SAd(),
0 By

The exchange option price process is then the semimartingale C = B(F, + [ 64d(4)).
Numeraire invariance in effect reduces general option pricing and hedging to a market

where one of the asset price processes equals 1 identically. The remaining task is to find the

above “projective” predictable representation of the ratio payoff against the ratio process.

2.2. Deterministic-volatility exchange option model. Let o(t) > 0 be a continuous
positive function. Define the Black-Scholes/Merton projective option price function

(2.4) ft,x) :=xd4(t,x) + 0p(t, x)
ont <T, x>0, where 4(T,x) := 1,51, 0p(T,x) := —1,~1, and for t < T,

logz /v, logz /v,

v, 2 v, 2

where vy 1= ftT o2ds and N(-) is the normal distribution function. The function f(¢,z) is
continuous, and on ¢t < T is C! in t and analytic in . Also, —1 <65 <0< 4 <1, and

f(T,x)=(z—1)*, %(t,x) = 4(t, ).

As is well known and seen in Sec. 2.9 or 3.6, the function f(¢,z) is the unique C*? (on
t < T') solution with bounded partial %(t, x) subject to f(T,x) = (x — 1)* of the PDE

of 1 2 0°f

(2.5) da(t,z) := N(

), Op(t,z):=—N(

(2.6) E(t,x) + 502(15)90 @(t,x) = 0.

Assume now A = BX for some positive continuous semimartingale X > 0 satisfying
(2.7) dllog X|; = o*(t)dt. (A= BX)
Under this assumption, one traditionally defines the exchange option price process C by
(2.8) C:=BF, F=(F), F:=f(tX).
Clearly, Cr = (A7 — Br)". The definition is justified using the continuous semimartingales
(2.9) 6t =04t X)) = %(t,Xt), 68 = 0p(t, X,) = F, — 61 X,.

Clearly, C' = §4 A+ 6B B, and the deltas are bounded: 0 < 64 < 1 and —1 < §% < 0. Since
f(t,z) satisfies the PDE (2.6) (as directly verified) and %(t,Xt) = 6, by Ito’s formula
the continuous semimartingale F' := (f(t, X;)) satisfies the predictable representation

(2.10) dF = §4dX.
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If at this stage we assume B is a semimartingale, then A and C' are semimartingales too,
and by the invariance principle next, dC' = §4dA + §2dB and (64, 67) is a bounded SFTS.

2.3. Numeraire invariance. Let X and F and be two semimartingales and §4 be a
locally bounded predicable process such that dF = §4dX. Set 6% = F — §2X. Clearly
0B = F_ — 4X_ since AF = 64AX. Let B be any semimartingale. Set A = BX,
C = BF. Clearly C = §4A + 6%B. We claim dC = §4dA + 6BdB, so (64,6P) is a SFTS.

Indeed, this follows by applying It6’s product rule to BF, then substituting dF = §4dX
and F_ = 0% + §4X_, followed by Itd’s product rule on BX:

dC = d(BF) = B_dF + F_dB + d|B, F]
= B_6*dX + (6% + 6*X_)dB + §4d[B, X]
= 04d(BX) + 6%dB = §*dA + s%dB.

Conversely and similarly, if A and B are semimartingales with B, B_ > 0 and (64, 7)

is a SFTS, then dF = §4dX, where X = A/B, F = C/B, and C = §A + §°B.

2.4. Exponential Poisson exchange option model. Assume that the two zero-dividend
asset price processes A and B satisfy A = BX, where X is a semimartingale satisfying

(2.11) X, = XoePP (-0

for some constants § # 0, A > 0 and semimartingale P such that [P] = P and Py = 0 (so,
Py =), 1arz0). Define the projective option price function f(t,z), x > 0 by

- n—(ef— — A" n, — —
(2.12) f(t,x):= Z(meﬁ (€ =DNT—t) _ 1)+H<T e M),
n=0

and exchange option price process by

(213) C = BF, F = (Ft)7 Ft = f(t7Xt)
Clearly f(T,z) = (x —1)* and C7 = (Ar — Br)™. One has the predictable representation
(2.14) dF = 6%dX

as shown shortly, where

f(t7 eﬁx) — f(tv I)

2.15 61 =040t X,),  dalt,x) =

( ) t A(? t )7 A(?'r) (65—1>CI3

Thus by numeraire invariance (64, 6%) is a SFTS if A and B are semimartingales, where
(2.16) B =F-6X=F —§X_.

Moreover, it is bounded. Indeed, since |(e’y — 1)* — (y — 1)*| < | — 1]y for any y > 0,

0< (5,4(15,33) < Zeﬂn—(eﬁ—l)/\(T—t))‘_'(T _ 25)716—/\(T—t) —1
n.
n=0

Hence, 0 < §4 < 1. Similarly, —1 < 6% < 0.
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We note that f(t,x) is not C' in x (though convex, absolutely continuous and piecewise
analytic in z). We also caution that this model is arbitrage free only when P{P;, = n} >0
for all t > 0 and n € N, e.g., when P is a Poisson process under an equivalent measure.

2.5. Derivation of the predictable representation (2.14). To show dF = §4dX, we

first note that [P]° = 0 since [P] = P; hence (AP)*> = AP and P, = [P], = >, AP,. If

v(p), p € R, is any function, then clearly V' = (v(F;)) is a semimartingale and we have
A‘/t = U(pt) — 'U(Pt,) = (’U(Pt) - ’U(Pt,))APt = (’U(Ptf —+ 1) — /U(Pt,>>APt.

Hence, as V' is clearly the sum of its jumps,

Vi—o(0) = S AV, = S (0(Po + 1) — u(P, ))AP, = /0 (P, + 1) — (P, ))dP,.

s<t s<t
Likewise, (u(t, P;)) is a semimartingale for any C'! in ¢ function u(t,p), p € R, and one has

au

(2.17) du(t, P;) = T

(t, P_)dt + (u(t, P_ + 1) —u(t, P,_))dP,.

Now, define the function

(2.18) x(t,p) == Xoelr= (=D, (p e R)

Clearly X; = z(t, P;). Applying (2.17) to the function z(t,p) and using that
ox

o7 tp) = —ztp)(e’ = 1A, a(t,p+1) —a(t.p) = z(t,p)(” — 1),

(or alternatively applying 1t6’s formula to (¢, P;) and simplifying) yields
(2.19) dX; = X, (e’ —1)d(P, — \t).
Next, define the function of t < T and p € R,
e e} An
(2.20) u(t,p) == f(t,z(t,p)) = Z(Xoeﬂ(ern)*(eﬁ,l)/\T — )T - t)nefA(Tft).

n!
n=0

Clearly, u(t, P;) = F;. One readily verifies that u(t, p) satisfies the partial difference equation

(2.21) %(t,p) + AMu(t,p+1) —u(t,p)) = 0.
Hence by (2.17) we have,
(2.22) dF, = (u(t, P + 1) —u(t, P,_))d(P, — At).

Combining this with (2.19) and the fact that clearly
u(t,p+1) = u(t,p) = f(t,e"x(t,p)) — f(t,2(t, p)),

we conclude that, as desired,

ft P X ) = ft, X))
(e? —1)X,_

(2.23) dF, = dXx,.
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2.6. The homogenous option price function. There is an alternative derivation of the
self-financing equation dC = §4dA + §%dB much along the original lines in [9] and [8] that
does not employ numeraire invariance. It is related to a curious family of two-dimensional
PDEs satisfied by the homogeneous Merton/Margrabe option price function c(t, a,b) below.

Let f(t,x), z > 0, be any C'"? function, e.g., as in (2.4). Define the homogenized function

(2.24) c(t,a,b) == bf(t, %). (a,b > 0)
Then ¢(t, a,b) is homogenous of degree 1 in (a,b), and hence by Euler’s formula

Oc Oc
o —(t,a b)a+ab(

A laborious repeated application of the chain rule on (2.24) gives
9 82 d%c K, O f
2 ._
(2.26) a @(t,a,b) 8()2 —(t,a,b) = aaab(t a,b) = ba? W(t x), =
Let o(t), oa(t,a,b), op(t,a,b), cap(t,a,b) be any functions (z,a,b > 0) such that
(2.27) o?(t) = 0% (t,a,b) + op(t,a,b) — 2045(t,a,b).
Using (2.26), (2.27), and %5(t,a,b) = b%(t, %), we see that c(t,a, b) satisfies the PDE

de 1 , 0% 1 , 0% D¢
i UA(t a,b)a’ 9 + OB(t a,b)b? e +oap(t,a, b)“baaab

if and only if f(¢, ) satisfies the PDE (2.6): g—{ + 302(t)x 23;; = 0.

The PDE (2.28) appeared in [8] and [9] with the o coefficients independent of (a,b). It
was further observed that if d[log A]; = 0% (¢)dt, d[log B]; = o%(t)dt and d[log A, log B]; =
o ap(t)dt, then 1to’ formula and the PDE (2.28) imply at once dc(t, A;, B;) = 6{*dA;+62dB;,
with §4 and 6% as in (2.29) below, and therefore (64,6%) is a SFTS with price process
c(t, A, B) by Euler’s formula (2.25). We now expand on this in a more general setting.

Let f(t,z) henceforth denote the Black-Scholes/Merton projective option function (2.4),

and c(t,a,b) := bf(t,a/b) be the homogeneous Merton/Margrabe option function. Clearly,
oc of a

(2.25) c(t,a,b) = t,a,b)b.

a
b .

=0

(2.28)

Ctab) = (1,2 = 6a(t, ).
This combined with the Euler’s formula (2.25) and the definition (2.4) f := d 2z + 0p give
dc

a
t,a,b) =0p(t,—).
i) = bp(t, )
Assume A and B are positive semimartingales with positive left limits and X := A/B has
deterministic volatility: d[X]; = X?0?(t)dt for some continuous function o () > 0. Whence,
the deltas are conveniently the sensitivities of the homogenous option price function:

Oc dc

(229) (524 == %(t, At; Bt)7 5tB ab (t At7 Bt)
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Since X is continuous, we also have §#* = %(t, Ai, By, ditto 6P, Sec. 2.2 yields dC =
64dA + §8dB with C; = B f(t, X;) = c(t, Ay, By). Therefore, by (2.29) and Ito’s formula,
dc 1 0% 10% 0%

(2.30) adlt + 5@61[/1]? + E@d[B]g + md[A, BJ{ =0,

where the partials are evaluated at (¢, A;_, B;_) and [-]° is the bracket continuous part.

(The jump term in 1t6’s formula vanishes as it equals >, ,(ACs — 02AA, — 0P AB,) = 0.)
Coming to the main point, assume now d[log A]; = o (¢, A;, B;)dt for some function o4

and similarly d[log B] = 0%dt and d[log A,log B] = oapdt. Then Eq. (2.27) holds using

log X = log A — log B. Since f(t,x) satisfies the PDE (2.6), the PDE (2.28) follows as

before by the chain rule. But, (2.28) implies (2.30), which by It6’s formula in turn implies

the self-financing equation dC = §4dA + 6%dB with 64 and §” given by (2.29).

2.7. Change of numeraire. The solution ¢(t, a, b) to the PDE (2.28) subject to ¢(7', a, b) =
(a — b)* can be expressed in a form E (X — Y)" for some random variables X and Y > 0
with means a and b. Expectations of this form often become more tractable by a change
of measure as in [4]. Define the equivalent probability measure Q by ‘Cll% = %. Clearly,

aQ Y

(2.31) E@(é) = IIEE;(; (7p = E(y))

Replacing X by (X —Y)* in (2.31) and using the homogeneity to factor out Y, we get

(2.32) EX-Y)t= ]E(Y)EQ(;—( — 1)t

If X/Y is Q-lognormally distributed then (2.32) with the aid of (2.31) readily yields,

log(]i)%EY) N \/27@ | BN <log(%EY) B \/;T@ )

where 19 := var®[log(X/Y)]. When X and Y are bivariately lognormally distributed, it is
not difficult to show that X/Y is lognormally distributed in both P and Q with the same
log-variance 2 = v := var[log(X/Y)]. Then v can be replaced with v in (2.33). This
occurs when the functions 04, o and o4 in (2.28) are independent of a and b, as in [8,9].

(2.33) E(X —Y)* = E(X)N(

2.8. Uniqueness. Assume A and B are positive semimartingales with positive left limits
such that X := A/B is square-integrable martingale under an equivalent probability mea-
sure Q and d(X)? = X2 gZdt for some nowhere zero continuous process o, where (X)¥ is
the Q-compensator of [X]. (Of course, (X)? = [X] if X is continuous.) Let (64,67) be a
SFTS and set C' := §4A + §%B. We claim that 64 = 6% = 0 if C7 = 0 and 64 is bounded.
Indeed, set F' := C'/B. By numeraire invariance dFF = §4dX. Hence F is a Q-square-
integrable martingale since X is and 84 is bounded. Thus, F = 0 since Fp = Cp /Br = 0.
Hence, 0 = d(F)? = (§4)2X202dt. But, X_o # 0. Thus, §4 =0 and 6% = F — §1X = 0.
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2.9. Deterministic-volatility model uniqueness. Assume that A and B are positive
semimartingales with positive left limits and X := A/B is an It6 process following
dX, A

(234) —_ = ,utdt + O'tdZt, (X = —)
Xi

where Z is a Brownian motion and g and ¢ > 0 are continuous adapted processes with

o bounded and E[e%jg(%)zdt] < oo. Let (64,6P) be a SFTS with 64 bounded. Set C' :=
04 A + 6% B. We claim that 64 = % = 0 if Cp = 0. Indeed, the process

M= 5(—/3612) S TR
g

is then a positive martingale with My = 1. Define the equivalent probability measure Q
by dQ = MpdP. The process W := Z + [ £dt is a Q-Brownian motion because [W], =t
and W is Q-local martingale as MW is a local martingale using It6’s product rule:

A(MW) — WdM = MdW + d[W, M] = M(dZ + “at) — M"d[z] = Mdz.
g g

Moreover, dX = XodW by (2.34). Therefore X is a Q-square integrable martingale (in
fact in HP(Q) for all p > 0) since o is bounded. The claim thus follows by Sec. 2.8.
As a corollary of the proof, F := C'/B is Q-square-integrable martingale because 6 is
bounded and by numeraire invariance dF = §*dX . In particular, C;, = B,E?[Cr/Br | F).
Assume now oy is deterministic. The results of Sec. 2.2 hold since d[log X| = o?dt.
But we can now derive them more conceptually. Indeed, both conditioned on F; and

unconditionally, Xr/X; is Q-lognormally distributed with mean 1 and log-variance ftT o2ds
since X1 = XteftT osdWs=3 J, o3ds Hence

X
(2.35) f(t.X0) = E¥[(Xr — D¥| Al where f(t.2) = E% 2 — 1Y,
t
which function readily equals the Black-Scholes/Merton option price function (2.4). Thus,
F := (f(t,X})) is a Q-martingale. Therefore It6’s formula implies that f(t,z) satisfies
the PDE (2.6) and dF = §4dX where §4 := %(t,Xt). Numeraire invariance now yields

(64,68 :== F — 6X) is a SFTS. Clearly Cr = (Ay — By)* where C := 6*A + 6B = BF.

2.10. Exponential Poisson model uniqueness. Let § # 0 be a constant and x and A
T Ay P

be positive continuous adapted processes such that A is bounded and E elo Gi=Pmadt o

Let P be semimartingale satisfying [P] = P with Py = 0 and compensator [ xdt. Assume

that A and B are positive semimartingales with positive left limits and X := % satisfies

(2.36) dX; = X,_(e? — 1)(dP, — \dt).
Using deff = (e — 1)ePP-dP or as in Sec. 2.5, this is equivalent to the integrated form

(2.37) X, = X, PP ("= g Aeds.
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Let (64,07) be a SFTS with §4 bounded. Set C :=5"A+68B. We claim 6 = 68 = 0 if

Cr = 0. Indeed, E et/ (R-D(@P—rdD)r — _ Rl Gi-Dmedt 00, so the positive local martingale

A A
M:=&([(Z=1)(dP —kdt) = e JOPETT(1 4+ (= - 1)AP,
(J G- 0p —wan = T4 (G - DaR)
is a martingale. Define the equivalent probability measure Q by dQ = MypdP. Then
N := P — [ Adt is a Q-local martingale as M N is a local martingale by Itd’s product rule:

d(MN) = N_dM = M_dN + d[M, N]

A A
= M_(dP = \dt) + M_ (" = 1)dP = M_"(dP — rt).

Therefore by (2.36) X is a Q-square- mtegrable martingale (in fact in H?(Q) all p > 0)
since A is bounded. Thus, by Sec. (2.8), 64 = 6% = 0 if Cp = 0, as claimed.

As a corollary to the proof, F' := C'/B is Q-square-integrable martingale because §4 is
bounded and by numeraire invariance dF = §*dX . In particular, C;, = B,E?[Cr/Br | F).

Assume now A is a positive constant. By (2.37) we are in a special case of the exponential
Poisson model. Further, P is a Q-Poisson process with intensity A since [P] = P. We now
have uniqueness, but additionally, the previous results follow more conceptually as follows.

Conditioned on F;, Pr— P, is Q-Poisson distributed with mean A(7'—t). Its unconditional
Q-distribution is identical. Thus the F;- conditional and the unconditional Q-distribution
of Xr/X, are identical and are exponentially Poisson distributed with mean 1. Hence

(2.38) ft,X,) =EY(Xy —1)" | F], where f(t,z):= E@(x% — 1T,

t
which function readily equals that defined in (2.12). Thus, F' := (f(¢,X;)) is a Q-
martingale. Using this and (2.17) one shows that F' satisfies (2.23) and with it that the
pair (64, 6%) as defined in (2.15), (2.16) is a bounded SFTS for the exchange option.

2.11. Extension to dividends. Consider two assets with positive price processes A and
B and continuous dividend yields y/* and yZ. When there exist traded or replicable zero-
dividend assets A and B such that Ay = /AlT and By = ET (if not there is little hope
of replication), it is natural to define the price process of the option to exchange A and

B to be that of the option to exchange A and B. If y* and y® are deterministic, then
consistently with the treatment of dividends in [9], A (and similarly B) is simply given by

At = (I/it =e ftT y?dSAt, At = €fot y?dsAt, a:=e ‘/‘OT y{‘dt'
Note A/B is a semimartingale if and only if A/B is, in which case [log A/B] = [log A/B]
In general, A; is the price of the zero-dividend asset that initially buys one share of A
and thereon continually reinvests all dividends in A itself. What is required is that the

four zero-dividend assets A, A, B and B be arbitrage-free among each other (see Sec. 3.3).

For instance, say A and B are the yen/dollar and yen/Euro exchange rates viewed as
yen-denominated dividend assets. Then A is the yen-value of the U.S. T-maturity zero-
coupon bond and A is the yen-value of the U.S. money market asset. This exchange option
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is equivalent to a Euro-denominated call struck at 1 on the Euro/dollar exchange rate A / B.
The ratio A/B is the forward Euro/dollar exchange rate. If it has deterministic volatility,
we are as in a setting of [7] which yields the same pricing formula as that from Sec 2.2.

3. PRICING AND HEDGING OPTIONS WITH HOMOGENOUS PAYOFFS

We took some shortcuts above to quickly presents the main results for two of the simplest
and among the most interesting examples. But, a better understanding of the principles
at work requires generalization to contingent claims C' on many assets with price processes
A= (A'--. JA™) > 0 and a path-independent payoff Cr = h(Ar) given as a homogenous
function h(a), a € R7, of the asset prices Ay at expiration time 7. Combined with an
underlying SDE and the resulting PDE, such Markovian setting utilizes the invariance
principle and equivalent martingale measures to derive unique pricing and construct a
SFTS that replicates the given payoff A(Ar) in general. The construction is explicit in the
multivariate extensions of the deterministic-volatility and exponential Poisson models.

The homogeneity of the payoff function h(a) implies h(Ar) = AT g(Xr) where g(z) :=
h(z,1), z € R}, n:=m —1, and X := (AA—;, e ,ﬁ—;). Once a predictable representation
F=F,+¢§- X, Fr = g(Xr) is found, then by numeraire invariance ¢ := (¢’, ™) will be
a SFTS with payoff h(Az), where 6™ := F_ — > "  0'X_=F — 3 " §X. Uniqueness of
pricing requires boundedness of partial derivatives (or differences) of h(a) (or g(z)) and that
A be arbitrage free, meaning X is a martingale under an equivalent measure. Arbitrage
freedom holds “generically” when the matrix ((X*, X7)) is nonsingular, basically a “no
redundant asset” condition. Then the SFTS itself is unique, namely the constructed one.

Libor and swap derivatives are among contingent claims with homogenous payoffs.

3.1. Self-financing trading strategies. By a SFTS we mean a pair (§, A) of an m-
dimensional semimartingale A = (A, ..., A™) and an A-integrable predictable vector pro-

cess § = (81, -++,8™) such that (with § - A denoting the m-dimensional stochastic integral)
(3.1) D SA=) 5 AL +6- A
i=1 i=1

We then say 6 is a SFTS for A. This is equivalent to saying that the SFTS price process
(3.2) C = Em: §LA!
i=1
satisfies C = Cy + ¢ - A. Clearly C is then a semimartingale, AC' = ", §*AA;, and hence
S
i=1

If 6° are bounded (say by b) and A' are martingales then the SFTS price process C' is a
martingale because C' is then a local martingale that is dominated by a martingale M:

Gl <037 1A = b3 [EAL | Rl < b EAL] | F] = M.
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As suggested by when ¢ is locally bounded, we often use the differential form

(3.3) dC => " §'dA’
i=1

of the equation C' = Cy + 6 - A as a convenient symbolic equivalent in calculations. One
interprets the A’ as prices of m zero-dividend assets and the ¢! as the number of shares
invested in them at time ¢. Then C} indicates the resultant self-financing portfolio price by
(3.2), and (3.3) is the self-financing equation, saying that the change dC' in the portfolio
price is due only to the changes dA? in the asset prices with no financing from outside.

Assume for the remainder of this subsection as a way of motivation that A is continuous
and Cy = c(t, A;) for some C'? function c(t,a). Then by (3.3) and It6’s formula we have,

34) L aydr+ f: %(t A d[AT, A1), = i(&;‘ - a-?(t,At))dA;‘.

— Oa;
In particular if §; = g—;(t,At) for all 7 then c(t,A4;) =), g—;(t,At)Ai by (3.2) and
(3.5) oc —(t, Ap)dt + = i O (t, A)d[A", A7), = 0.
ot = 8@1(9@]
In general, 37, (6"~ )(59 )d[A’ AJ] = 0 since the (left so) right hand side of (3.4) has

finite variation. Thus 1f d[AZ] are absolutely continuous and the m x m matrix (4 [A’, A7])
is nonsingular then 4! = aa_;(t> At), so (3.5) holds and c(t, A;) = ), aa—(fi(t, A;) AL If further
the support of A, is a cone, it follows ¢(¢, a) is homogenous of degree 1 in a on that cone.

Assume M := e~ /7 Al are local martingales under an equivalent measure for some
locally bounded predictable process r. Then dA? = rAldt + el "®dM?; so by (3.4) and (3.3)

) 1S & )
(1, A)dt + 5 Zl %(t A)d[AL, A7), = 1,(Cy — ac (t, A, Al)dt.

=1

Hence, if ¢(t,a) is taken homogenous of degree 1 in a as in [8] and [9], then by Euler’s
formula (3.5) holds. Given a homogenous payoff function h(a), Sec. 3.7 below constructs
under suitable assumptions such a function ¢(t, a) with ¢(T,a) = h(a) and §; = g—;(t, Ay).

3.2. The invariance principle. Let (6, A) be a SFTS and S a (scalar) semimartingale
such that § is SA := (SA',--- | SA™)-integrable. Then (5, SA) is a SFTS. Consequently,

(3.6) d(SC) = i §id(S A,

IClearly then the restriction of (any such) ¢(t,a) to the support of A is unique, and if é(t,a) is any
function that equals ¢(¢,a) on the support of A, then C; = é(t, A;) too. If the support of A; is a proper
surface, e.g., if m = 2 and A? is deterministic as in the Black-Scholes model or A? = as(t, A}) as in
Markovian short-rate models, then obviously there exist infinitely many nonhomogeneous functions ¢é(¢, a)
such that Cy = é(t, A¢). (A homogenous such function also exists under some assumptions as in Sec. 3.7.)
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where C := 3", 0'"A" = Cy + 6 - A, that is, SC = SyCyo + ¢ - (SA). Indeed, by Itd’s product
rule, then substituting for dC' and C_ and regrouping, followed by It6’s product rule again,

d(SC) = S_dC + C_dS + d[S, C]

SED RUTES ML SRR

—ZéZSdA’+AZdS+dSA’ 25’ SAY.
=1
Interpreting S as an exchange rate, this result, referred to as numeraire invariance,
means that the self-financing property is independent of the choice of base currency.
If S, S_ > 0, then applied to the semimartingale 1/S we see that ¢ is a SFTS for A if
and only if it is one for SA. Thus, if (5.2) holds then (3.3) and (3.6) are equivalent.
Assume now A™, A™ > 0 and m > 2. Define the n := m — 1 dimensional semimartingale

Al A
(Am7 ) Am)7
Taking S = 1/A™, it follows that ¢ is a SFTS for A if and only if it is a SF'TS for AJA™ =
(X,1), i.e., if and only if F := C/B satisfies F = Fy + &' - X where §' := (6',---,6"). In
this case clearly F'=>"" 0'X'+ 6™ and F_ =" | §'X" 4+ 6™ as AF = ¢ - AX. Thus,

5M=F—i5ixi=F—Zn:6iXi- (F = A—%

When m = 1 a similar argument shows that J must be a constant, as intuitively obvious.

Conversely, suppose ¢’ is an X-integrable process and F' is a process such that F' =
Fy + 9" - X. Define 0™ by either of the above formula - the other then holds as before.
Obviously then 6 = (§',6™) is a SFTS for (X, 1) with price process F'. Hence by numeraire
invariance ¢ is a SF'TS for A with price process C' = BF, provided ¢ is A-integrable.

Numeraire invariance thus shows that in order to find a SFTS with a given time-T payoff
Cr it is sufficient to find processes &' and F such that F'= Fy+ ¢ - X and Fr = Cp/A}.

We often use the differential form dF = " | §'dX" of the equation F' = Fy + ¢ - X
Since 0™ = F =" | §'X", 6™ is determined by ¢’ and Fp. As such, one interprets the m-th
asset as the “numeraire asset” chosen to finance an otherwise arbitrary trading strategy ¢’
in the other assets, post an initial investment of Cy = A Fp.

X =

n:=m— 1.

3.3. Arbitrage-free semimartingales and uniqueness. We call a semimartingale A =
(Al ... A™), m > 2, arbitrage free if there exists a positive (scalar) semimartingale
S with S_ > 0 such that SA® are martingales for all i. Such a process S is called a
state price density or deflator for A. The law of one price justifies the terminology:

If A is arbitrage free and ¢ is a bounded SFTS for A then SC is a martingale where
C:=>" 8"A'; consequently C' = 0 if Cp = 0.

Indeed, by numeraire invariance ¢ is then a SF'TS for SA with price process SC. Hence
by Sec. 3.1, SC'is a martingale, implying SC' = 0 if Cp = 0, and with it C' = 0, as claimed.
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A simple and well-known argument yields that if A™, A™ > 0 then A is arbitrage free if
and only if there exists an equivalent probability measure Q such that X is a Q-martingale,
where X := (Am, e ‘Af‘m) n:=m—1.2 A corollary is that C'//A™ is then a Q-martingale for
the price process C :=>_. 5" A" of any bounded SFTS §, and hence C; = ATER[Cr /AT | Fi).

Indeed, by numeraire invariance, 0 is then a SFTS for A/A™ with price process F :=
C'/A™. Hence, F is a Q-martingale by Sec 3.1 applied in measure Q since A/A™ is.

Assume now that X is a Q-square-integrable martingale. Then F' := C'/A™ is a Q-square-
integrable provided only that 4" are bounded for ¢ < n as dFF = Y "' | §'dX". Further,
d(F)® = Y0, 6'07d(X", X7)@. Therefore if d(X")? are absolutely continuous and the
n x n matrix (£(X’, X7)@) is nonsingular, then given any random variable R, there exists
at most one SFTS § for A such that ", 6% A% = R and 6" are bounded for i < n.

3.4. Projective continuous Markovian SFTS. Let X = (X!,---, X") be a continuous
vector martingale. In what follows x € R" if X > 0 (the main case of interest), otherwise
x € R". Let g(z) be a Borel function of linear growth (so E|g(X7)| < 00), and f(t,z) be
a function, CY? on t < T. Set m :=n + 1 and define the C* functions

6f(t,$),i§n, Om(t,x) == f(t,z) — Z(Stxxl,

and the continuous vector process

(3.8) 6= (04 ,0m), 6L = 0i(t, Xy).
First suppose that
(3.9) f(t, Xi) = Elg(X7) | F].
Then the process F' := (f(t,X;)) is a martingale, and since X are too, Ito’s formula yields,
(3.10) dF, = gf (t, X,)dX,
and
(3.11) af(t X,)d Z -(t, Xp)d[X*, X7], = 0.
' ot (X0 aa; oz,

7‘77

Clearly Fr = g(Xr) and (3.10) implies § is a SF'TS for (X, 1) with price process F.
Conversely, suppose that f(t, ) satisfies (3.11) or by Itd’s formula equivalently (3.10).
By (3.10) ¢ is a SFTS for (X, 1) with price process F' := f(t,X;). Thus by Sec. 3.1, if

2Indeed first assume A is arbitrage-free and let S be a state price density. The martingale M := E[gT,m]
clearly satisfies E M7y = 1. Hence the equivalent measure Q defined by dQ = MpdP is a probability

measure. Since MX* = ] is a martingale, X° is a Q-martingale by the Bayes’ rule. Conversely,

assume X° are Q-martingales for some Q. Define M; := E[“2 | 7;] > 0. Then (the right continuous version
of) M = (M,) is a martingale (so M_ > 0). By the Bayes’ rule M X* are martingales since X' are Q-
martingales . Set S := M/A™. Then S,S_ >0 and SA* = M X*. Thus S is deflator, as desired. Further,

since SC' is a martingale for any bounded SFTS §, by the Bayes’ rule SC/M = C/A™ is a Q-martingale.



16 FARSHID JAMSHIDIAN

;(t,x) are bounded then F is a martingale and if further f(7,z) = g(z) then (3.9) holds.
Moreover, as in Sec 3.3, ¢ given by (3.8) is then the unigue bounded SFTS for (X, 1) with

payoft g(Xr), provided d[X?, X7] = X?XJ5"dt for some nonsingular matrix process (o}).
3.5. Example: projective deterministic volatility. Let X = (X! .- X") > 0 be a
continuous n-dimensional martingale such that

(3.12) d[X*, X7], = XiX]oy;(t)dt

for some n? deterministic continuous functions o;;(t). So, d[log X*,log X7], = 0;;(t)dt. Con-
ditioned on F; and unconditionally, X1 /X, is then multivariately lognormally distributed,

with mean (1,---,1) and log-covariance matrix (ftT oij(s)ds). Let P(t,T,z), denote its

distribution function. Let g(z) be a Borel function of linear growth. Define the function
X1 X7

(3.13) f(t,2) = Elg(a ok i

1X—tla T ,an—?)]
Obviously f(T,x) = g(x). Clearly f(t,z) can also be represented in two other ways as

e X7
ft) = [ glorzi, o maz) P T d2) = Blg(oi 35 a3 | 7
- X; X;
Eq. (3.9) holds by the second equality, and f(¢,z) is C' in ¢ and smooth (even analytic)
in x on t < T as seen by changing variable in the integral to y* = 2%z and differentiating
under the integral sign in the first equality. Therefore by (3.11), f(t, z) satisfies the PDE

(3.14) of |1 S o) F

;T
J aﬂl’laﬂf]

on the support of X, (3.10) holds, and ¢ is a SFTS for (X, 1) with price process F :=
(f(t, X)), a martingale by (3.9). If g(z) is dz-absolutely continuous with bounded partials

—gfi (as Llloc functions) then g(z) has linear growth, E|g(Xr)|P < oo for p > 0, and
of Xr} dg X% X7
tox) = 2 2 (2L g T
o 6 ) [Xg aximxg’ - Xt”)]
Thus 6;(t, z) = %(t,x) are bounded. If g(x) — %xi is bounded then so is d,,(t, ) as
Xr " 99, Xrp X&
5t ) = Elg(z L) - X X
(.0) = Blole ) = 3 5 3D 3

It further follows that if f(¢,z) is any C™? function with bounded paritals g—gﬁ:(t,x)
satisfying f(7,z) = 0 for all x and the PDE (3.14), then F' := (f(¢,X;)) = 0. Indeed,
(3.10) then holds by PDE (3.14) and It6’s formula, implying F' is a square-integrable
martingale since X is; thus F' = 0 since Fr = 0. As such, f(¢,2) = 0 identically if the
support of X, equals R} for every ¢t. This is so if the matrix (o;;(¢)) is nonsingular at least

near 0, and it is “generically” so even when the matrix has rank 1 but is time dependent.
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3.6. Projective continuous SDE SFTS. Continuous Markovian positive martingales

X = (X',---, X") often arise as solutions to an SDE system of the form
k .
(3.15) dX] = XY it X,)dWY,
j=1
where W1, ... W* are independent Brownian motions and ;;(¢, ), z € R, are continu-

ous bounded functions. As is well known, for each s < T and = € R, there is a unique
continuous semimartingale X** = (X,"*) on [s,T] with X>* = = satisfying this SDE;
moreover X*% is a positive square-integrable martingale (in fact in all H?) since ¢;;(t, z)
are bounded. Fixing an X, € R, the solution on [0, T'] starting at X, at time 0 is denoted
X = X%Xo The Markov property holds: for any Borel function g(x) of linear growth,

(3.16) Elg(Xr) | F] = f(t,X,), where f(t,x):=Eg(Xz").

Clearly f(T,x) = g(x). (Intuitively, f(¢,z) = Elg(X7)|X; = z].)

Thus if we assume ¢;;(t,z) are such that f(¢,z) is C** on ¢t < T for every bounded
(hence of linear growth) Borel function g(z), then the assumptions of Sec. 2.3 are satisfied
and the conclusions hold. In particular (3.10) then holds, and since

k
d[X', X7 = X'XIg3;(t, X)dt, where oy(t,x) =Y palt,z)p;(t,),
=1

it follows from (3.11) that, at least on the support of X, f(¢,x) satisfies the PDE

of 1 — 0 f B
(3.17) E(t,x) + 5 Z x;x;04(t, x) Bnidr, (t,x) =0.

3,7=1

In the deterministic volatility case the functions ¢;; and hence o;; are independent of z and
simply X" = £ X7 /X,, explaining why in this special case f(t,z) is also given by (3.13).
In general, if g(x) is absolutely continuous with bounded derivatives and the probability
transition function of X is sufficiently regular, one shows as in the deterministic volatility
case that the z-partials of f (the deltas) are bounded and thereby concludes uniqueness.
If 0,;(t, ) are homogenous of degree 0 in x, then assumed uniqueness and symmetry of
PDE (3.17) under dilation in z imply that f(¢,z) is homogenous of degree 1 in x if g(z) is
so. By Euler’s formula then 6,,(¢,z) = 0 in (3.7), implying (6*,--- ") is a SFTS for X.

3.7. Homogenous continuous Markovian SFTS. Let A = (A',--- | A™) be a semi-
martingale with A, A_ > 0 such that X*:= A"/A™ are Itd processes following

k
(3.18) dX] = X} o (dZ] + ¢dt),  (i=1,--- ,n:=m—1)

j=1
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where Z7 are independent Brownian motions and ¢’, ¢* are locally bounded predictable
.. T j
processes with ¢ bounded and Eez2ilo (#D%# — oo Define the martingale

k
(3.19) M :=&(— Z/¢jdzj) — e i #dzi+5 [(6)%d)

and the measure Q by dQ = MpdP. Then W' := Z' + [ ¢'dt are Q-Brownian motions
and are Q-independent since [W* W!] = 0 for k # I. Hence X' are Q-square-integrable
martingales as d X' = X" Z ©7dW7 and ¢% are bounded. Thus A is arbitrage-free.

Now let h(a), a € R > O be a homogenous function of linear growth. Define g(z) :=
h(z,1), € RY. Assume further that ¢, = ¢;;(t, X;) for some continuous bounded
functions (¢, m) Then (3.15) holds, hence Sec. 3.6 applied under measure Q shows that
X is Q-Markovian in that EQ[g(X7) | F] = f(¢, X;) where f(t,z) = EQg(X%"), as in Eq.
(3.16). Thus by Sec 3.6, equations (3.10) and (3.11) of Sec. 3.4 hold and ¢ as defined in
(3.8) is a SFTS for (X, 1). Therefore by numeraire invariance ¢ is a SF'TS for A with price
process C' = A™F. The homogeneity of h(a) further implies Cr = AT g(X7) = h(Ar).

We have thus constructed a SE'TS with the given payoff h(Ar). As in Sec. 3.5 or 3.6 we
ensure its boundedness by requiring the x-partials of g(x) or equivalently a-partials of h(a)
(as Li . functions) be bounded, and thereby get unique pricing. For (very) low dimensions
n, the PDE (3.17) is suitable for numerical valuation in absence of a closed-form solution.

We can further define the homogenous option price function

1 a’

a

ta) = amf(t,—, -, —).

clt,0) = a1, o )

Then C; = c(t, A;). Agreeably, 0 = g—;(t, A;) by (3.7). (For i = m use Euler’s formula for
c(t,a)). By the continuity of X and (3.7), 6 = g—;(t, A; ) too. Therefore by 1t6’s formula,

Oc 1 <~ 9%
= - § = 1 ]

(The sum of jumps term in Ité s formula drops out since AC' = 37 §"AA”.) This yields the
PDE &% 41 Z” a;a;o(t, a)=2 Fepa; = 0 for the special case d[A’, A7), = AjAloi(t, A;)dt for
some functlons 0;3(t,a). The quotient-space PDE (3.17) is more fundamental as it holds

in general (even when A is discontinuous), has one lower dimension, and under the change
of variable L' = X — 1 (L™ = X" — 1) transforms to the Libor market model PDE.

3.8. Multivariate Poisson predictable representation. Let P = (P',--- , P¥) be a
vector of independent Poisson processes P! with intensities A; > 0. For any C'! in ¢ function
u(t,p), p € R* the process u(t, P) = (u(t, P})) is a finite activity semimartingale, and using
[P, PI] = 0, one has Au(t, P) = >, Awu(t, P-)AP?, where

(3.21) Aju(t,p) == u(t,pr, - ,pi + 1, pn) — ult,p)
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denotes the i-th forward partial difference of u(¢,p) in p. This in turn readily implies

Ou

(3.22) dut, P) = =

k
(t, P)dt + > Au(t, P_)dP".
i=1
Let v(p), p € R*, be a function of exponential linear growth. Define the function

(3.23) u(t,p) == Z v(p+q) H 22' (T —t)%ie NT=D  (peRF)

q1,,q,=0 =1

Clearly, u(T,p) = v(p). Since the unconditional distribution of Pr_; is Poisson and is the
same as the distribution of Pr — P, conditioned on F;, we have

u(t,p) = Elv(p + Pr — P)] = Elv(p + Pr — B) | 7],
Hence, u(t, P,) = Elv(Pr) | F]. (Intuitively, u(t, p) = E[v(Pr) | P, = p|.) Thus the process

(3.24) F=(F), F, =utP)=E[v(Pr)|F]

is a martingale. But so are P/ — \;t. Therefore in view of (3.22) it follows that
k

(3.25) dF =" Au(t, P_)d(P' — \t).
i=1

and u(t, p) satisfies the partial difference equation

ou i
(3.26) o (6 P) + Zl NiAu(t, P, ) = 0.
Since Fp = v(Pr) and Fy = u(0,0), combining (3.23) and (3.25) yields the representation
0 k A% k T ‘
(3.27)  v(Pr) = Z v(q, -, qk) H ﬁTqie_AiT + Z/ Awu(t, Po)d(Pf — A\it).
a1, ,q=0 i=1 v i=1 70

3.9. Projective exponential-Poisson SFTS. Let P = (P!,--- , P*) be a vector of in-
dependent Poisson processes P/ with intensities A\; > 0. Let Xy € R, n > k, and 3 = (5;;)
be an n x k matrix such that the n x k matrix (% — 1) has full rank. Then the processes

X' := (z4(t, B)),i=1,--- ,n, are square-integrable martingales (in fact in all H?), where
k
(3.28) zi(t, p) == X} eXp(Z(ﬁijpj — (P —1)\t)).  (p € RY)
j=1
Since
(9aci

E(@p) = —zi(t,p) Y (" = 1)y, Ajai(t,p) = wi(t,p) (e — 1),

j=1
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it follows from (3.22) (or easily also from Ito’s formula) that
k
(3.29) dX' = X' (P —1)d(P? - Ajt). (X = x(t, P,))
j=1
Let a = (aj) be any n x k matrix such that Y_.(e%t — 1)a;; = &, all 1 < j,1 < k. Then

: —~  dX
Now let g(x), x € R, be a function of linear growth, define the function

v(p) = g(ar(T,p), -+ ,an(T,p)), (P ER")
and the function u(t,p) by (3.23). By Sec. 3.8, F := (u(t,F;)) is a martingale with
Fr =v(Pr) = g(Xr) and is represented as (3.25). Substituting (3.30) into (3.25) yields

(3.31) dF = §'dX",
=1
where
1 k
(3.32) 0 =5 D oudult, Pio).
t— =1

Thus, § = (6%, -+ ,0™) is a SFTS for (X,1) where m:=n+1and §™:=F - "'  § X"
It is more desirable to express d in term of X. One has u(t,p) = f(t,z(t,p)), where

(3.33) flt,z) = E[g(xz)] = E[g(ﬂﬁz) | F) =
0 qi
S glaeSiaBun- N T 7wnez?:lwmqr(eﬁnffmj(Tft)))H A )
Qz
1, =0

The equalities follows from the definition of v(p) above and of wu(t,p) in (3.23) together
with the two formulae following it. We clearly have f(T',z) = g(x) and

(3.34) Fo=u(t, B) = f(t, Xy) = Elg(Xr) | 7.
Since u(t,p) = f(t,z(t,p)), the deltas in (3.32) are given by partial differences of f(¢,x) as

(3.35) & =6;i(t, X,_), where &;(t,z) Zam ft,ePizy, - ePrix,) — f(t,z)).
T p

We have unique pricing since (X, 1) is arbitrage-free (as X* are martingales). Specifically,
if & is another SFTS for (X,1) with payoff Fr = g(Xr), then F = Yoy §Xi4om=F
provided that either all ', i < n are bounded or all 6" — &', i < n are bounded.

Indeed, then F = F, + §-Xisa martingale since X is a square-integrable integrable
(in the second case, use also that F' is a martingale). Hence F=Fas Fr = Fy.
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Moreover, if kK = n we have unique hedgmg, i.€., ) for any bounded SFTS ) for
(X,1) with payoff Fr = g(X7). Indeed, F = F, as before thus, setting 6% := 6% — &', we

have
n

0=d(F —F)=> 00d(X" X7) =Y 00" X" X7 Y (e —1)(e" — 1)\dt,
ij=1 ij=1 =1
the last equality following by (3.29). But the n x n matrix (3., (eﬁﬂ — 1) (et — 1))\1)
is nonsingular. Therefore 6 = 0, i.e., 6" = §' for i < n, implying 6™ = ™ too as F = F.
One shows as in Sec. 2.4 that the processes ¢' are bounded if 7;(z) are bounded, where

7,7=1

(3'36) % . Z aw ﬁljmlﬁ T 766nj$ﬂ) - g(fl))), ’Vm = Z%

3.10. Homogenous exponential Poisson SFTS. Let A > 0 be an m-dimensional semi-
martingale with A_ > 0 and set X := (A"/A™)"_ |, n:=m — 1 as before. Assume that

k
(3.37) dX] = X] > (" —1)(dP] - Ndt),
j=1
where 1 < k < n, 3;; are constants with the n x k matrix (e?s — 1) of full rank, A > 0 are
bounded predictable processes, and P/ are semimartingales with [P7, P!] = 0 for j # [ such

that [P7] = P7, Pg =0, and P/ — [ k’dt are local martingales for some locally bounded
predictable processes x/ > 0. Assume further that E exp(z:f:1 fOT(’\—g- —1)2kldt) < o0

J
K

Due to the above growth condition, the positive local martingale

M = &( Z/ (5 = 1)(dP? — widt)) = e~ Zom /W=D T 1+Z ——1 JAPY)
s<- j=1 5
is a martingale. Define the measure Q by dQ = MpdP. As in Sec. 2.10, [ Mdt are the
Q-compensator of P7. This, (3.37), and boundedness of M/ imply that X* are Q-square
integrable martingales. Thus A is arbitrage free. As before, the SDE (3.37) integrates to

(3.38) X! = X862?21 Bij P} —(e% —1) [§ Mds

Now assume ) are constant. Then P’ are Q-Poisson processes with intensities A/ and
are independent since [P7, P!] = 0, j # . Sec. 3.9 applied under Q implies that J given by
(3.35) (with 0™ = F — 3"  0'X") is a SFTS for (X, 1) with price process F' = (f(t, X;))
satisfying Fr = g(Xr), where f(t,x) is defined explicitly by the long equation in (3.33), or
equivalently, f(t,2) = EC g(xX7/X,;). Therefore, by numeraire invariance  is a SFTS for
A with price process C := A™F satisfying Cr = A™g(Xr) = h(Ar) by homogeneity.

Assume finally that the payoff function h(a) is such that the functions v;(z) defined in
(3.36) are bounded (e.g., h(a) = max(a',---,a™)). By Sec. 3.9, if k = n then ¢ is the
unique bounded SFTS for A with payoﬁ Cr =h(Ar). In general, since A is arbitrage free,

C = C for any other bounded SFTS § for A with payoff C; = h(Ag), where C := 3, ' A'.
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