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1 Introduction

Investors supposedly tradeoff expected return against the risk of an asset in composing
their portfolios. What constitutes risk can be viewed in different ways. Traditionally,
risk is often captured by the variance of the returns. An alternative view focuses on the
downside risk. In the banking industry and among professional investors, downside risk
has gained popularity through the Value-at-Risk (VaR) concept. In this paper, we study
the properties of downside tail risk of assets selected by safety-first investors. Safety-
first investors care foremost about meeting a minimum risk constraint before maximizing
expected returns.

It is first argued that the tail risk of assets can be represented by a shape and scale
parameter in the case that the return distribution is heavy tailed. Given this, we show
that safety-first investors with a low risk tolerance only invest in the asset with the
largest tail shape parameter, i.e. asset with the thinnest tail. At the same time, assets
can differ regarding the tail scale, as this can be compensated for in the expected return.
The equilibrium priced derived from the scale heterogeneity is as that in the safety-
first analysis of Arzac and Bawa (1977). We are able to achieve more specific results
in comparison to methods utilizing the Chebyshev bound, which incorporates a mean-
variance analysis.

Empirical research has shown that the tail risk of equity is heavier than that tail risk
implied by the normal distribution, see, e.g., Mandelbrot (1963) and Jansen and De Vries
(1991). Heavy-tails refer to the fact that the tail region of the distribution function
exhibits a power law decay, as opposed to the exponential decay of the Gaussian distri-
bution. Mathematically, denote the return of a financial asset by R, with the distribution
function F(x) = Pr(R < z). The distribution function F' is heavy-tailed if its left tail

can be approximated by a power law as

F(—z)=Pr(R< —x) ~ Az™%, asz — o0, (1.1)

where « is the tail shape parameter, commonly referred to as the tail inder, and A



indicates the scale of the distribution.! In contrast to the Gaussian distribution, hetero-
geneity in the downside tail risk of a heavy-tailed distribution is manifest via differences
in the tail shape and scale of the distribution.

We develop an asset pricing model based on the safety-first utility to show that when
investors exhibit a sufficiently low tolerance for tail risk, the tail index, «, of equity returns
traded on the same market are cross-sectionally homogeneous. This is called the tail index
equivalence hypothesis. We prove this result under a first-order tail risk approximation
as in (1.1), then with a further extension under a second-order approximation on the
left tail of the distribution function F'. Under the second-order approximation, we also
show that if investors exhibit a moderate tolerance for tail risk, the shape parameters of
the tail distribution may nevertheless differ across different assets. When the tail index
equivalence hypothesis holds, the heterogeneity in the downside tail risk of asset returns
is then attributed to that in the scale of the tail distribution. In this case, we show that
the equilibrium expected return differences compensate for heterogeneity in the scales.

The tail index equivalence hypothesis has been adopted in some theoretical works on
portfolio diversification with heavy-tails as a starting assumption. For example, Fama
and Miller (1972) consider symmetric stable distributions for modeling the distribution of
asset returns. Assuming that the tail shape is invariant, they consider the scale parameter
as the only heterogeneous risk parameter in the model. Similarly, Hyung and de Vries
(2002) apply the Pareto distribution assuming a constant tail index across assets. More
recent works incorporate dependence across assets by assuming a constant tail index
cross-sectionally, see, e.g. Hyung and de Vries (2005, 2007); Ibragimov and Walden
(2008); Zhou (2010). In all aforementioned studies, there is no theoretical justification
on the assumption of tail index equivalence or non-equivalence for that matter. The
only weak evidences on the tail index equivalence hypothesis are provided in empirical
literature, see, e.g Jansen and De Vries (1991), Loretan and Phillips (1994) and Jondeau
and Rockinger (2003). In this paper, we provide an economic argument behind this

remarkable equivalence.

!The power law approximation belongs to the Fréchet type of domain of attraction as in Extreme
Value Theory, see e.g. Embrechts et al. (1997) and De Haan and Ferreira (2006).



The fundamental setup of our model is based on the safety-first utility, which empha-
sizes the asymmetric preference of investors towards loss aversion over upside potential;
see, e.g. Roy (1952)? Arzac and Bawa (1977). formalize the safety-first utility in a lexico-
graphic form. Safety-first investors initially minimize the probability that their portfolio
return falls below a minimum desired threshold. Only after that is achieved, they seek
to maximize expected return.

Instead of fixing a loss level, we use an equivalent downside risk measure, the VaR
by fixing the probability level of an extreme loss. For a given probability level, the VaR
is defined as the threshold value such that losses on a portfolio are only exceeded with
that probability. For a safety-first investor, to control that the probability of portfolio
return falls below a minimum desired threshold, it is equivalent to constrain that the
Value-at-Risk (VaR) of the portfolio is below a threshold level. Since the downside tail
of a heavy-tailed distribution can be approximated as in (1.1), for low p, the VaR at a
probability level p has an explicit approximation as

VaRP(R) ~ (=)a.

S|

From the VaR approximation, we observe that once the tail indices differ, for extremely
low probability level p, the asset with a lower tail index will always have a higher VaR. In
addition, the VaRs corresponding to different tail indices are at incomparable levels when
the probability level p tends to zero. This serves as the general intuition for the tail index
equivalence hypothesis: by considering rather low probability level p, the differences in
VaRs can not be compensated by expected returns. We formalize this intuition into our
theoretical analysis.

The paper is organized as follows. In Section 2, we provide the theoretical model on
tail index equivalence under first-order and second-order tail approximations. In Section

3, we derive the equilibrium prices of assets under the tail index equivalence hypothe-

2The modeling of downside risk aversion was also investigated by Markowitz (1959) where he suggests
the use of semi-variance, as opposed to variance, since it captures only the downside losses. Kahneman
and Tversky (1979) use a behavioral approach arguing that agents weigh gains and losses differently.
More recently, work by Harvey and Siddique (2000) and Ang et al. (2006) explore firm-level downside
risk by using co-skewness in equity returns and downside betas, respectively.

4



sis and show that heterogeneous scale parameters of asset returns are compensated by

expected return. Section 4 concludes the paper.

2 Theory

2.1 Investors with Safety-First Utility

Safety-first preference, first introduced by Roy (1952), assumes that an investor seeks
to maximize the expected return subject to a downside risk constraint. Arzac and Bawa
(1977) formalize this approach by introducing lexicographic safety-first utility as follows.
Suppose an investor has total wealth W; at time ¢. The investor can borrow or lend at
a risk-free rate ry and invest in a set of assets with prices F; at time ¢. Here P, denotes
the vector of asset prices. The investor chooses to construct a portfolio consisting of the
risky assets with portfolio holding indicated by w and the risk-free investment indicated
by b, where b can be either positive (lending) or negative (borrowing). Being safety-first,
the investor considers the probability that the value of his portfolio at time ¢+ 1 is below
a critical level s. Then, the safety-first investor solves the following utility maximization

problem by choosing (w?, b):

max{7, u}, s.t. w' P, +b =W,
where
T=1if ( =Pr(w" Py +bry<s)<p
m=1—(, otherwise,
and

p=Ew" Py + bry).

Here, the lexicographic preference order is captured by max{m, 1} as investors first con-
sider assets such that the probability of having a low wealth at time t+1, ¢, is low. If ( is
below the admissible probability level p, then the preference is towards a high expected

return p.



Note that if W;ry > s, the case m = 1 can always be achieved by investing sufficiently
on the risk-free asset. In that case, the utility maximization problem becomes a maxi-
mization problem on the expected return with the constraint that ¢ < p. The constraint

can be further written as

wiPy  s— brf)
CUTPt - Wt — b

p>Pr(w Py +brp<s) = P

s — Wyry
= Pr(R, < — 1), 2.1
(R < 1+ S = 1) (2.)
where R; = wagl —1 denotes the return of the risky portfolio. The probability constraint

(2.1) is equivalent to a VaR constraint:

s — Wyry
VaRP(R) < — ).
aRP(R) < <rf+ et )

The utility optimization problem consequently turns to be a maximization problem of the
expected return subject to a VaR constraint. Hyung and de Vries (2012) show that the
expected return maximization with a VaR constraint is analogous to the mean-variance
portfolio selection approach of Markowitz (1959): the VaR replaces the variance as the
risk measure.

In the rest of the paper, we consider safety-first investors to be maximizing the ex-
pected return under a VaR constraint. Furthermore, we assume that safety-first investors
cross-sectionally hold homogeneous concerns on the admissible probability level p that

can vary over time.

2.2 Tail Index Equivalence: First-Order Tail Approximation

In this section, we show that the shape parameter that characterizes the tails of asset
returns must be equal when p is an extremely low admissible probability level. We start
with considering two risky assets only.

Suppose the returns of two assets, Ry and Rs, both follow heavy-tailed distributions

as in (1.1). Denote the tail indices of R; and Ry by a; and «s, with respective scale



parameters A; and A,. In the case of oy # an, we assume 1 < a; < @y without loss of

generality®. Consider a linear portfolio, R, as
R=w R+ (A)QRQ, Wi, Wg > 0,

where w; and wy are the weights assigned to asset 1 and 2, respectively. If R; and R,
are independent, it immediately follows from Embrechts et al. (1997) that if oy < o,
the tail index of R is dominated by the lower tail index, ay. Zhou (2010) shows that this
result also holds in case of tail dependence in most finance models, e.g., the Capital Asset

Pricing Model (CAPM). The tail distribution of R can be approximated as follows
Pr(R < —x) ~ wi*A12*, as = — +oo.

This result holds regardless of the dependence structure between R; and Ry. Thus,

Al 1/
VaRP(R) ~ w; (?) as p — 0. (2.2)

From a tail risk perspective, (2.2) implies that only the asset with the heavier tail
determines the tail risk of the portfolio. We compare this to an alternative investment

strategy of only holding the thinner-tailed asset (asset 2). In this case, the VaR is

w1 (A1/p)!/1

approximated by (%)1/0‘2. As p — 0, (Aa/p) /72

— o0. Hence, the difference in tail
indices leads to a difference in the asymptotic levels of the VaR. At sufficiently low risk
tolerance levels, this will ultimately overshadow the difference in expected returns. In the
following theorem we claim that for sufficiently small p, regardless the expected returns,
a portfolio which invests a positive fraction in the asset with the heavier tail, even a

small fraction, is not sufficiently compensated by the expected return, compared to solely

investing on the thinner tailed asset.

Theorem 2.1 Suppose the distributions of the asset returns Ry, Ry follow the approxi-

mation in (1.1), with respective tail indices 1 < ay < g, scale parameters Ay, Ay, and

3The assumption guarantees that the expected returns are finite.
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expected returns f1, po > r¢ > 0, where ry is the return on a risk-free asset. Then,
as p — 0, a safety-first investor will hold a portfolio consisting of only asset 2 and the

risk-free asset.

Proof. We first show that, for any given portfolio consisting of the two risky assets and
the risk-free asset, with sufficiently low probability level p, there always exists another
portfolio consisting of the thinner-tailed asset (asset 2) and the risk-free asset, such that
this alternative portfolio has the equivalent expected return, but a lower VaR. level.

The fraction of wealth invested in two risky assets are wy, wy, where wy, ws > 0. The
remainder, 1 — w7 — wo, is then invested on the risk-free rate. Thus, the return of the

safety-first investor’s portfolio R is

R(wl,uJQ) - wlRl + CUQRQ + (1 — W — u}g)’f‘f

= ’f‘f +W1(R1 — ’I“f) +WQ(R2 — ’f‘f).

Since the heavy-tail property is location-invariant, the excess returns Ry —ry and Ry — 1y
follow heavy-tailed distributions with tail indices oy, as and scales A, As, respectively.

From (2.2), for low p, the VaR of R is approximately
A 1/0&1
VaRP(R) = rf+w; <—1) :
p

Alternatively, consider a second portfolio, R, which contains only the thinner tailed

risky asset along with the risk-free asset with nevertheless the same expected return:

R'(w1,wy) = (1—w1u1 — —w2> ry+ (wlul — +w2) Rs

H2 — Ty Mo — Ty
—-T
=Ty + (wlm ! +U}2) (Rg —T‘f).
Ho —Tf

It is straightforward to verify that E(R') = E(R). For low p, the VaR of the alternative



portfolio R’ can be approximated as

- Ay 52
VaRP\(R) = r; + (wll“ o +w2) (—2) :
Mo —Tf

From a1 < ay, we get that

a 1/«
lim wl(Al/p)l/ : = lim wlAl/ 1 Vaz—1/o1 _ 4
Y (uqﬁ T W?) (Ag/p)tloz P70 (m et wz) Ay

Thus, for sufficiently low p, we have that VaRP(R') < VaRP(R).

To summarize, for any portfolio based on a linear combination of both heavy-tailed
assets and the risk-free asset, R(w,ws), if the admissible probability p is sufficiently low,
there exists an alternative portfolio containing only the thinner tailed asset and the risk-
free asset, R’, which has equal expected return and lower downside tail risk. Thus the
VaR of portfolio R’ is strictly below the threshold in the VaR constrain. Since the VaR
of R is a continuous function with respect to the weight on asset 2, we can increase the
weight on asset 2 with a small marginal increment to construct a third portfolio R*, such
that R* still satisfies the VaR constraint. Meanwhile, since pp > ¢, the portfolio R* has
a strictly higher expected return than R’, i.e. E(R*) > E(R') = E(R). Based on the
safety-first utility function, the investor will strictly prefer R* to R. This completes the
proof of the theorem. m

Theorem 2.1 shows that in a market with two risky assets and a risk-free asset, as
the admissible probability level in the safety-first utility tends to zero, the asset with a
lower tail index will not be traded in any optimal portfolio. Thus, only the one with a
higher tail index will be traded. This can be extended to a market with multiple assets:
the assets that share the maximum tail index will be traded, whereas other assets with
lower tail indices will not be traded. Hence, we conclude that, in an economy populated
by safety-first investors exhibiting a low risk tolerance, all assets that are traded must

share the same tail index. We call this the “tail index equivalence hypothesis”.



2.3 Tail Index Equivalence: Second-Order Tail Approximation

Above, we have established the “tail index equivalence hypothesis” under the assump-
tion that investors’ admissible probability tends to zero, i.e. p — 0. This assumption may
not reflect the utility of an actual safety-first investor, because investors have downside
tail risk concerns with a small, but nevertheless positive, admissible probability. Said
otherwise, the risk tolerance may not be so low as to drive all assets with a lower tail
index out of the market. To analyze the preferences of investors with a low, but not tend-
ing to zero, admissible probability, we need to quantify the accuracy of the first-order
approximations. This is achieved by considering the second-order approximation of the
left tail of the asset return distribution.

Similar to the proof in Subsection 2.2, we start by considering a market consisting of
two risky assets and a risk-free asset. We assume that the left tail region of the distribution
functions on the two asset returns follow heavy-tailed distributions as before, but now

with a second-order approximation: for ¢ = 1,2,

Pr(R; < —xz) ~ Aja”“[1 + Bz, as = — +o0. (2.3)

This approximation applies to most of the standard distribution with heavy tails, e.g., the
Student-t distribution. Here +; and B; are called the second-order index and the second-
order scale. To simplify the second-order approximation on the tail of the distribution
function of the portfolio, we first assume that R; and R, are independent.

The following theorem shows that if the admissible probability p is sufficiently low,
the asset with a lower tail index, i.e. the heavier tail, will not be traded in the market,
whereas for a sufficiently high probability level, both asset may be included in the optimal

portfolio.

Theorem 2.2 Suppose distributions of the two asset returns Ry, Ry follow second-order
approximation as in (2.3). Denote the expected returns of Ry and Ry as pu, e > 1y.
Suppose the tail indices satisfy 1 < a1 < ag. Then, there exists a positive probability

p* > 0, such that for p < p*, a safety-first investor with admissible probability level p

10



only invests in the asset 2 and the risk-free asset; for p > p*, a safety-first investor with

admissible probability level p may invest in both assets.

Proof. We start with a portfolio R that assigns weights wy, wy and 1 — w; — wy to the

three assets. The portfolio return can be written as

R = w1R1 + UJQRQ + (1 — W — U.)Q)Tf
Rl—Tf RQ—T’f
=7+ W —Ts)+w —Tr w———+ (1 —w)——
f A lwilp —ry) 2(p2 — 7)) i — 1y ( )M2_7"f

=1y + [wi(pn —rp) + walpe — rp)] [wXy + (1 — w) Xy

where w = wl(mfiy;jr;{;_rf) € [0,1]. Since X; = fi::; and X, = ffj—::}{ share the
same expectation 1, varying the parameter w will not change the expected return of the
portfolio R. Hence, to obtain the optimal portfolio, the safety-first investor can first
minimize the VaR of X = wX; + (1 —w)X, with the optimal solution w*. The investor
can then scale up the VaR of the portfolio by choosing [wi (i1 — 7f) + wa(pe — 7¢)], such
that it achieves the boundary of the VaR constraint. This gives the optimal portfolio for
maximizing the safety-first utility. Hence, to prove the theorem, it is only necessary to
show that there exists a p* such that for p < p*, w* = 0, while for p > p*, w* > 0 may
occur.

The second-order approximation in (2.3) on R; leads to a similar approximation on
the left tail part of the distribution function of X; = ff_:]’: The (first-order) tail index
remains as «;, while the second-order index is min(~;, 1) and the first-order and second-
order scales A; and B; may differ. Without loss of generality, we still use the notations
A;, v and B; as the first-order scale, the second-order index and scale for X;.

We use the second-order approximation of the VaR of X = wX; + (1 —w) X, provided
in Hyung and de Vries (2007). The approximation depends on the comparison between

ag —aq and min{~, 1}. Here we analyze the case as — a3 < min{~;, 1}. The other cases

are similar, but simpler. If 1 < oy < ay and ay — a3 < min{yy, 1}, then for a sufficiently

11



small probability p > 0, the VaR of X at a probability level p is given as

(%)1/042[1 + 5_;(%)*72/042] fw=0
VaRr(w) ~ § w(@)Uel 4 (el pelet] ity e (0,1)
(%)1/041[1_}_5_11(%)*71/041] ifw=1.

Hyung and de Vries (2007) prove that VaRP(w) is a continuous and convex function of w

on (0,1). Hence, there exists a unique interior solution @ which minimizes VaRP(w) on

VaRP(0)
VaRr(1)

the set (0,1). Since ay < ag, we have that — 0 as p — 0, which implies that there
exists a threshold p, such that for p < p, VaRP(0) < VaRP(1). Thus, to check whether
@ minimizes VaRP(w) on w € [0,1], we only need to compare VaRP(w) with VaRP(0).
We show that there exists a p* < p such that for p < p*, VaRP(®) > VaRP(0), and for
p > p*, the relation VaRP(®) < VaRP(0) may hold. This will complete the proof of the
theorem.

We first show the second half of the statement. Note that VaRP(17) :=
WIH{L VaRP(w) = (%)1/ @1, Since the parameters determining VaRP(0) and VaRP(17)

are unrelated, with a proper combination of the parameters, VaRP(17) < VaRP(0) may

hold for some p, which implies by convexity that VaRP(0) > VaRP(17) > VaRP(©).

VaRP(0)
VaRP(17)

Since is an increasing function of p, we conclude that if VaRP(0) > VaRP(®)
holds for some p, it holds for any p > p.

Next, we prove the first half of the statement by finding the threshold p* such that
for p < p*, VaRP(©) > VaRP(0). We start by studying some properties of the function

w = @(p). Since w is the optimal solution for the minimization of VaRP(w) on (0,1), it

satisfies that av%;?(w)‘w:@ = 0. Write

VaRP(w) = w (%) " [1+ f(w,p)],

where f(w,p) is defined as follows

1—w 1 A2

_ oy~ ozz/al—l‘
f(u.)ap) ( W ) ay A?Q/alp

12



Then, the first-order condition is equivalent to

1 +f((:},p) +w = |w:o§ = 07

which can be further simplified to

F(@,p) { a2 1} —1. (2.4)

1—w

We first show that as p — 0, @(p) — 0. This is proved by contradiction. Suppose

limsupw(p) = ¢ > 0. It implies that there is a sequence p,, — 0, ©(p,) — ¢, as
p—0

m — oo. From the definition of f and given 1 < a1 < ag, we get that as m — oo,
f(@(Pm),pm) — 0 and 5 p )f( &(pm)s Pm) — 0. This is in contradiction with (2.4).
Hence, as p — 0, necessarily w(p) — 0.

Next, we compare VaRP(@) with VaRP(0) as

VaRi(@) _ _(A/p)™ 1+ f(&,p)
VaRP(O (Ag/ Va2 4 %(%)—’Yz/a27
1/042 w Al/p>l/al 1+ f(&)7p>
1 —@ (Ag/p)tez ) 14 5—;(%)—%/@2’

1+ f(@,p)
Ba [ Ao\ —vo o
T+ B (&)

O(p) :==

l/ag

1—w

= o (f(@,p)) e
a

Together with equation (2.4), we get that

O(p) = -1
<p) ai/az (1_@ ) 1+§_§<%) Y2 /a2’

By taking p — 0, together with @(p) — 0, we get that

1 1 1/as—1
lim O(p) = @ = <a2 ) 2.

p—0 (g — 1)t Vee ai/” aq aq

Therefore, there exists a p* such that for p < p*, © > 1, which implies that w* = 0. This
corresponds to the conclusion that the optimal portfolio for a safety-first consists of the

risky asset 2 and the risk-free rate only. m

13



Theorem 2.2 shows that there is threshold p* such that if safety-first investors consider
an admissible probability p < p*, they only invest on the risky asset with the higher tail
index. Conversely, for p > p*, the optimal portfolio may consist of both risky assets.
By extending Theorem 2.2 to a multiple-asset market, with the same reasoning as in
Subsection 2.2, we conclude that with a sufficiently low admissible probability level,
all assets traded in the market must share the same tail index, i.e. the “tail index
equivalence hypothesis” remains valid. However, if the admissible probability level is at
a more moderate level, the “tail index equivalence hypothesis” may not apply. In such a
case, the investment universe may comprise assets with different tail indices. This would
allow for different asset classes such as stocks and bonds.

We compare the two theorems obtained under the first-order and second-order tail
approximation. The general conclusions are similar. However, the main difference is that
the theorem under the second-order approximation is proved for a range of low p rather
than requiring p — 0. This leads to different economic interpretations. The result in
Theorem 2.1 shows that under the first-order approximation, any portfolio based on two
risky assets is dominated, in the case of safety-first utility, by another portfolio consisting
of the asset with the higher tail index and the risk-free rate only for sufficiently low p.
Note that the admissible probability level p ensures such a statement varies according
to the initial portfolio based on the two risky assets. Hence, based on this theorem, we
conclude the “tail index equivalence hypothesis” only by taking p — 0. Per contrast, in
Theorem 2.2, we prove that by first fixing a low admissible probability level p as p < p*,
any portfolio based on the two risky assets will be dominated by the “corner solution”.
In other words, the “corner solution” dominates other portfolios uniformly as opposed
to the point-wise dominance in Theorem 2.1. Therefore, although we also require the
admissible probability level to be low, we do not have to consider the limit case in order
to establish the “tail index equivalence” hypothesis. The second theorem is thus more

appealing in characterizing the real situation in the market.

14



3 Heterogeneity in the scale parameter

In Section 2, we show that if safety-first investors have a low admissible probability,
they only invest in assets that share the highest value of tail index in their optimal
portfolio. In other words, the “tail index equivalence” hypothesis holds: assets traded
in the same market must share the same tail index. Suppose the tail index equivalence
hypothesis holds. The next step in studying the cross-section of downside tail risk then
regards the scale parameters. Is there a “scale equivalence hypothesis” as well? In this
section, we show that even if the safety-first investors have a low admissible probability, it
is still possible to have heterogeneity in the scales. Such heterogeneity can be compensated
by differences in expected returns. We further derive the equilibrium prices of asset
returns with heterogeneous scale parameters. The result is in accordance with that in
Arzac and Bawa (1977).

Suppose all assets share the same tail index, any portfolio constructed from these
assets will then have the same tail index, regardless the dependence structure among the
asset returns, see Zhou (2010). We first show that when safety-first investors construct
their optimal portfolios the relative proportion of risky assets is invariant with respect
to investors’ wealth and downside risk concerns. The relative proportion only depends
on the characteristics of asset returns, more specifically, the scales and the dependence
structure among them. This is the first step to derive the equilibrium prices as in Arzac
and Bawa (1977).

Consider an investor who constructs a weighted portfolio from N assets. Let R; de-
note the return of the asset ¢ with expected return p,;. Suppose R; follows a heavy-tailed
distribution as in (1.1) with tail index « and scale A;, i = 1,..., N. As discussed in Sub-
section 2.1, a safety-first investor seeks to maximize the expected portfolio returns with

a downside risk constraint. Given an admissible probability of failure p, the optimization

15



problem can be stated as

N N
max wj i + 1-— w;)r
na> ; pi + ( ; )Ty
s.t.
VaRP(P) <T,

w; >0, for 1=1,..., N,

where VaRP(P) is the VaR of the portfolio P = évj wiR;+ (1— % w;)ry. To calculate the
VaR, we apply the theory on aggregating heav;ftlaﬂed distriblu:tlions with the same tail
index.

Given that all assets share the same tail index, Zhou (2010) shows the portfolio re-
turn P follows a heavy-tailed distribution with tail index a and scale Ap =: A(wy, ..., wn),
where A(wy, ...,wy) is a function of the weights w; > 0, @ = 1,..., N, the scales of asset

returns and the dependence structure among the asset returns. Moreover, it is a homo-

geneous function with degree «, i.e. for any constant c,
Alcwy, ..., cwy) = ¢ A(wy, ..., wn).

Then the VaR of the portfolio P can be approximated as

VaR?(P) = (&)5‘ _ <w)

b

We solve the optimal portfolio problem in two steps as in Subsection 2.3. First, we
solve a scale minimization problem for portfolios with a fixed expected return. We show
that the solution exists and is unique. Then we prove that the optimal portfolio for a
safety-first investor can be obtained by scaling up the weights of the optimal portfolio
solved from the scale minimization problem.

Without loss of generality we consider portfolios with a fixed expected return C| i.e.
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N N
dowipti + (1= > w;)ry = C, and try to solve the following optimization problem:
i=1 i=1

min A(wy, ..., wn)

wi

s.t.

N N
Zwiui +(1—- Zwi)rf =C.
i=1 i=1

Zhou (2010) shows that the function A(wy,--- ,wy) is strictly convex in [0, 1]V, i =

1,...,N. By choosing a low level of C, for example C' < minj<;<n {g; — ¢}, we get that

N N

the area Y w;u; + (1 — > w;)ry = C is a convex subset of [0,1]Y. From the convex
i=1 i=1

optimization theory, there exists a unique interior solution, (wj,--- ,wy), which solves

the scale minimization problem. More specifically, the solution (w?,--- ,wy) satisfies the

first-order conditions as follows:

9 N N
” <A(w1, e WN) — A <;wim + (1 - ;wi)rf - C’)) =0,

fori=1,2,---, N, where X\ is the Lagrange multiplier. Denote the partial derivatives as
a;(wy, ..., wy) = %A(wl, w,wy), for i =1,2,---  N. The first-order condition, for any

1 <i < N, is then written as

ai(wikv"' 7w}k\l> :)‘(Mi_rf>‘ (31)

It implies that for any ¢ and 7,

Gl h) sty 52)
aj(wla"' va) Hj —Tf
which is independent of A. Because the function A(wy,...,wy) is homogeneous of degree

«, its partial derivatives, a;, are thus homogeneous functions with degree o — 1. Hence
the relation (3.2) determines the relative proportion among w;.
Next, we go back to the original optimization problem for safety-first investors. To

construct the optimal portfolio, a safety-first investor will assign weights (&1, ,@n)
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to the risky assets, while borrowing or lending 1 — ZZZ\; w; in the risk-free asset. Then

(@1, ,on) must satisfy the following first-order conditions:
N N 1/
0 Alwy, ..., wn)
o (e () )
Wi \'=1 i=1 p
fori=1,---, N, where n is the Lagrange multiplier. Together with the VaR constraint,

we simplify the first-order conditions to get that

a;(@r, -+, WN) o)
= — = — i — T .
A(@n,---,on) T (i =rf)

which is independent of  and T'. Because

. . (O e —
Hence, for any ¢ and 7, ZE?EN)) = £L
g \W1,,WN Mg f

these conditions are identical to (3.2), we conclude that the relative proportion among

w} is equivalent to that of w;, i.e.

(wlu"' ,CUN> = l((,df, 7w}kV)

AWy, wiy) ) —1/a T

The constant [ is determined by the VaR constraint as [ = ( -

To summarize, we have shown that the optimal portfolio for a safety-first investor
can be obtained by scaling up the weights of the optimal portfolio solved from a scale
minimization problem. Notice that (wy,---,w}) only depends on the characteristics of
the assets. Hence, the relative proportion of assets held in any portfolio of safety-first
investor are homogeneous, even if the admissible probabilities and VaR constraints are
heterogeneous. In other words, denote R,,, = ZlN}i—i"f as a market portfolio. Any optimal
portfolio for a safety-first investor is obtained by scaling the market portfolio with proper
borrowing and lending. This is in accordance with the asset pricing theory in Arzac and
Bawa (1977).

Next, we derive the equilibrium price for each risky asset R;. Firstly, for the market

portfolio, we have that

i=

>
E(Ry) = = — = + 7.
() sz\il wy Zz]\il w; sz\il wy !

N . N
o Wil C—(1=> 1 wry C—ry
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For each individual asset, the expected return is derived from (3.1). Because the function

A is homogeneous with degree o, we have that

N
g wia; = aA.
i=1

Combining with the first-order conditions in (3.1), we get that

N

)‘sz*(:ul - rf) = OCA(U.)T, e 7w}kV)>
i=1
where (wj, -+ ,w}) is the solution of the scale minimization problem. Together with the

aA(wi, - Wi)

oy Together with (3.1), we relate

expected return constraint, we get that A =

the expected returns of each asset with the optimal portfolio weights as

This gives the equilibrium price of R; as

RS- CM(“’T"“,W?V)
e ! aA(wf,~~ 7(“')7\/)

(C —rp) =B (E(Rn) — 1)

a;

aA

where 8] = 24|, - D1 Wy

We show that the equilibrium price is in accordance with the result in Arzac and

Bawa (1977). Under the safety-first utility, Arzac and Bawa (1977) show that

E(R;) =1y + Bi(E(Rm) = 77),

OV aRP(Rm)

. ‘w:w . . .
where 5, = %;Rp(Rl) — ¢ =1,---,N. and w,,; are the weights for the market
portfolio. In our case w,; = e

i=1%

We prove that, 5 = ;. From the VaR formula, we get that log VaRP(R) = i(log A—
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X,J? -~ we get that

log p). By taking partial derivative on both sides and let w; = L
i=1%;

JVaRP
Wi=Wm, i a;

ﬁ‘ _ Ow; _
" VaRe(R,) aA

Wi =Wm,i*

Because the functions A and a; are both homogeneous function, but with different degree

a and a — 1, we finally get that

Q;

—(a—1)
N

a; | | (Zi:l w:)

"N lwimwms T T 4 lwi=w] N
ad ad Z <Zf\;1 W:)

To conclude, we have shown that under the tail index equivalence hypothesis, scale

B =

heterogeneity is possible across assets traded in the same market. The heterogeneity in
scales is priced by the expected return. Although expected returns may not compensate

for the differences in the tail index, these can be compensated for differences in the scales.

4 Conclusion

This paper addresses the question of how the downside tail risk of stock returns are
differentiated cross-sectionally. For stock returns with a heavy-tailed distribution, the
downside tail risk is determined by two parameters: the tail index and scale. We provide a
theoretical model to show that if safety-first investors consider sufficiently large downside
losses, then the distributions of asset returns share a homogeneous shape parameter.
We call this the “tail index equivalence” hypothesis. When the tail index equivalence
hypothesis holds, the equilibrium price of assets is related to the cross-section of tail
risks indicated by the scales. In other words, there is no “scale equivalence hypothesis”.
Conversely, we show that tail index equivalence hypothesis may fail, if investors consider
moderate downside losses only.

A direct consequence of our results is on portfolio diversification with heavy-tailed
assets. Once the tail index equivalence hypothesis holds, investors are able to diversify

their downside tail risk based on the scale of the distributions of stock returns. Compared
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with the asset pricing theory based on the mean-variance utility, our theory gives a similar
result: investors optimally choose a diversified portfolio to minimize the downside tail
risk measured by the portfolio scale. On the other hand, when the tail index equivalence
hypothesis fails, investors are not able to diversify away the tail risks in assets with heavier
tails. This differs from the classic asset pricing theory under the Gaussian framework.
Based on our theoretical result, there remains an empirical exercise to test the tail
index equivalence hypothesis. In addition, when the tail index equivalence does hold,
one may test whether the scale equivalence hypothesis fails as predicted by the theory.
Further, if the scales are heterogeneous, what are the firm-level determinants that can

differentiate such heterogeneity? These questions are left for future research.
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