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❋✉♥❞❛♠❡♥t♦ ② ▲í♠✐t❡ ❞❡ ❧❛ ❊stát✐❝❛ ❈♦♠♣❛r❛t✐✈❛

❡♥ ❡❧ ❆♥á❧✐s✐s ❊❝♦♥ó♠✐❝♦
∗

❊❧♦② ➪✈❛❧♦s†

❯♥✐✈❡rs✐❞❛❞ ◆❛❝✐♦♥❛❧ ▼❛②♦r ❞❡ ❙❛♥ ▼❛r❝♦s ❡ ■❊❙❘

◆♦✈✐❡♠❜r❡ ✷✶✱ ✷✵✶✸

❘❡s✉♠❡♥

❊❧ ♣r❡s❡♥t❡ ❛rtí❝✉❧♦ ❡①♣♦♥❡ ❡❧ ❢✉♥❞❛♠❡♥t♦ ❧ó❣✐❝♦ ❞❡ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛✱ ♠✉❡str❛
❧❛s r❡❧❛❝✐♦♥❡s q✉❡ s❡ ❡st❛❜❧❡❝❡♥ ❡♥tr❡ ❝♦♥❝❡♣t♦s ✐♠♣♦rt❛♥t❡s✱ ❝♦♠♦ ♣r♦❝❡s♦ ❛❜str❛❝t♦✱ ❧❛s
❤✐♣ót❡s✐s ❝❛✉s❛✲ ❡❢❡❝t♦✱ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦ ② ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛✳ ❆ s✉ ✈❡③✱
♣r❡s❡♥t❛ ❡st❛s ❝❛t❡❣♦rí❛s ❞❡s❞❡ ❧❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ❛❧❢❛✲❜❡t❛✱ ❝♦♥❝❧✉②❡♥❞♦ ❝♦♥
❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❜❡t❛ ② ❧❛ ♠❛tr✐③ ❞❡ t❛s❛s ❞❡ ❝❛♠❜✐♦✳ P♦r ✉❧t✐♠♦✱
♣r❡s❡♥t❛ ❡❧ ❛❧❝❛♥❝❡ ♦ ❧í♠✐t❡ ❞❡ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛✳

P❛❧❛❜r❛s ❝❧❛✈❡s✿ Pr♦❝❡s♦✱ ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛❧✐❞❛❞✱ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦✱ ❡q✉✐❧✐❜r✐♦ ❡st❛❜❧❡✱ t❛s❛ ❞❡

❝❛♠❜✐♦✱ r❡✈❡rs✐❜✐❧✐❞❛❞ ♣❡r❢❡❝t❛✳

❈❧❛s✐✜❝❛❝✐ó♥ ❏❊▲✿ ❇✹✶✱ ❈✻✷✳

∗❆rtí❝✉❧♦ ❤❛ ♣r❡s❡♥t❛rs❡ ❡♥ ❧❛ ✓❈♦♥❢❡r❡♥❝✐❛ ❊♠✐❧✐♦ ❘♦♠❡r♦✔ ❞❡ ❖♠❡❣❛ ❇❡t❛ ●❛♠♠❛✱ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❊❝♦♥♦♠í❛
❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ◆❛❝✐♦♥❛❧ ▼❛②♦r ❞❡ ❙❛♥ ▼❛r❝♦s✳ ❆❣r❛❞❡③❝♦ ❧❛s s✉❣❡r❡♥❝✐❛s ② ♦❜s❡r✈❛❝✐♦♥❡s ❞❡ ❧♦s ♣r♦❢❡s♦r❡s ❏✉❛♥ ▼✳
❈✐s♥❡r♦s✱ ❏♦sé ❆✳ ❈❤✉♠❛❝❡r♦ ② ❍✉❣♦ ❙á♥❝❤❡③✳ P♦r s✉♣✉❡st♦✱ ❧❛ ♣❡rs✐st❡♥❝✐❛ ❞❡ ❧♦s ❡rr♦r❡s ❡s ❞❡ ❡♥t❡r❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞
❞❡❧ ❛✉t♦r✳

†❇✳ ❙❝✳ ❊❝♦♥♦♠í❛✱ ❯♥✐✈❡rs✐❞❛❞ ◆❛❝✐♦♥❛❧ ▼❛②♦r ❞❡ ❙❛♥ ▼❛r❝♦s ② P♦s❣r❛❞♦ ❡♥ ❊❝♦♥♦♠í❛✱ P♦♥t✐✜❝✐❛ ❯♥✐✈❡rs✐❞❛❞
❈❛tó❧✐❝❛ ❞❡❧ P❡rú✳ Pr♦❢❡s♦r ❆✉①✐❧✐❛r ❞❡❧ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❊❝♦♥♦♠í❛ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ◆❛❝✐♦♥❛❧ ▼❛②♦r ❞❡ ❙❛♥ ▼❛r❝♦s✱
❈✐✉❞❛❞ ❯♥✐✈❡rs✐t❛r✐❛✱ ❆✈✳ ❱❡♥❡③✉❡❧❛✱ ❈❞r❛✳ ✸✹✱ ▲✐♠❛ ✵✶✳ ❚❡❧é❢♦♥♦ ✻✶✾✲✼✵✵✵✱ ❛♥❡①♦ ✷✷✶✵❀ ❡ ■♥✈❡st✐❣❛❞♦r ❆s♦❝✐❛❞♦ ❛❧
■♥st✐t✉t♦ ❞❡ ❊st✉❞✐♦s ❙♦❝✐❛❧❡s ❞❡❧ ❘í♠❛❝✱ ▲✐♠❛ ✷✶✱ P❡rú✳ ❈♦♥t❛❝t♦✿ ❡❛✈❛❧♦s❛❅✉♥♠s♠✳❡❞✉✳♣❡✳



✶✳ ■♥tr♦❞✉❝❝✐ó♥

▲♦s ♣r♦❜❧❡♠❛s q✉❡ ❧❛ t❡♦rí❛ ❡❝♦♥ó♠✐❝❛ ♣r❡t❡♥❞❡ ❡①♣❧✐❝❛r❀ ❝♦♠♦ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧♦s ♣r❡❝✐♦s ♦ ❞❡ ❧❛ t❛s❛
❞❡ ❞❡s❡♠♣❧❡♦✱ s❡ ♣✉❡❞❡♥ ❡♥t❡♥❞❡r ❝♦♠♦ s✐ ❢✉❡r❛♥ r❡s✉❧t❛❞♦s ❞❡ ✉♥ ♣r♦❝❡s♦✳ P♦r t❛♥t♦✱ t❛❧❡s ♣r♦❜❧❡✲
♠❛s ♣✉❡❞❡♥ s❡r ❝♦♥❝❡❜✐❞♦s ❝♦♠♦ ♦❜❥❡t♦s ✐♥✈❡st✐❣❛❜❧❡s ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ♣✉❡❞❡♥ s❡r ❛❜♦r❞❛❞♦s ♣♦r ❧❛
❝✐❡♥❝✐❛✳ ❆❧ r❡s♣❡❝t♦ s❡ s❡ñ❛❧❛✿ ✓◆♦ t♦❞♦ ❛s♣❡❝t♦ ❞❡ ❧❛ r❡❛❧✐❞❛❞ s♦❝✐❛❧ ♣✉❡❞❡ s❡r s✉❥❡t♦ ❞❡ ❝♦♥♦❝✐♠✐❡♥t♦
❝✐❡♥tí✜❝♦✱ s✐♥♦ ú♥✐❝❛♠❡♥t❡ ❛q✉é❧❧♦s ❢❡♥ó♠❡♥♦s q✉❡ ♣✉❡❞❡♥ s❡r r❡♣r❡s❡♥t❛❞♦s ❡♥ ❧❛ ❢♦r♠❛ ❞❡ ✉♥ ♣r♦✲
❝❡s♦✳ P❛r❛ s❡r ❝♦♠♣r❡♥❞✐❞❛s✱ ❧❛s r❡❛❧✐❞❛❞❡s ❝♦♠♣❧❡❥❛s ❞❡❜❡♥ s❡r r❡❞✉❝✐❞❛s ❛ ✉♥ ♣r♦❝❡s♦ ❛❜str❛❝t♦✔✳✶

❊♥t♦♥❝❡s✱ ②❛ q✉❡ s♦❧♦ ✉♥ ♣r♦❝❡s♦ ♣r❡s❡♥t❛ r❡❣✉❧❛r✐❞❛❞❡s✱ ❡s ♣♦s✐❜❧❡ ❛ tr❛✈és ❞❡ ❧❛ t❡♦r✐③❛❝✐ó♥ ② ❞❡ ❧❛
♠♦❞❡❧✐③❛❝✐ó♥✱ ❡st❛❜❧❡❝❡r r❡❧❛❝✐♦♥❡s ❞❡ ❝❛✉s❛❧✐❞❛❞ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s ② ❡♥❞ó❣❡♥❛s ❞❡❧ ♣r♦❝❡s♦
q✉❡ ❡stá ❜❛❥♦ ❡st✉❞✐♦✳

❆sí✱ ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ t❡ór✐❝♦ q✉❡ ♣❡r♠✐t❡ s✐♠♣❧✐✜❝❛r ❧❛ r❡❛❧✐❞❛❞ ❝♦♠♣❧❡❥❛ ❡♥ ✉♥ ♣r♦❝❡✲
s♦ ❛❜str❛❝t♦✱ ❧✉❡❣♦ ♣♦❞rí❛♠♦s ❞❡❞✉❝✐r ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ❤✐♣♦tét✐❝❛s ❞❡ ❝❛✉s❛❧✐❞❛❞ q✉❡ ♥♦s ♣❡r♠✐t✐rá♥
❡①♣❧✐❝❛r ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ❧❛ r❡❛❧✐❞❛❞✿ ❛❝t✐✈✐❞❛❞❡s ❛♣❛r❡♥t❡♠❡♥t❡ ❞❡s♦r❞❡♥❛❞❛s ♣❡r♦ q✉❡ ♣✉❡❞❡♥ t❡♥❡r
✉♥ ❝❛rá❝t❡r s❡❝✉❡♥❝✐❛❧✱ s✐♠✉❧tá♥❡♦ ♦ ❝♦♥❝♦♠✐t❛♥t❡✳ ▲✉❡❣♦✱ ❡❧ ♠♦❞❡❧♦ ♥♦ ❡s ♠ás q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡
s✉♣✉❡st♦s ❢✉♥❞❛♠❡♥t❛❧❡s ② ❛✉①✐❧✐❛r❡s ❛❝❡r❝❛ ❞❡❧ ♠❡❝❛♥✐s♠♦ q✉❡ s✉❜②❛❝❡ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❛❝t✐✈✐❞❛❞❡s
❞♦♥❞❡ s❡ ✈✐♥❝✉❧❛♥ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s ② ❡♥❞ó❣❡♥❛s✳ ❊♥ t❛♥t♦ q✉❡✱ ❧❛ r❡❧❛❝✐ó♥ ❤✐♣♦tét✐❝❛ ❞❡ ❝❛✉s❛❧✐✲
❞❛❞ q✉❡ s❡ ❞❡❞✉❝❡ ❞❡ é❧ ❡s ♣✉❡s ✉♥❛ r❡❧❛❝✐ó♥ ❝❛✉s❛✕❡❢❡❝t♦✱ ❡♥tr❡ ❡❧ ❝❛♠❜✐♦ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ ②
❡❧ ❝♦♥s❡❝✉❡♥t❡ ❝❛♠❜✐♦ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛ ❞❡❧ ♠♦❞❡❧♦✳ ❊♥ ❡st❡ s❡♥t✐❞♦✿ ✓✳✳✳ ▲❛ ❝❛✉s❛❧✐❞❛❞ ❡s ✉♥❛
❝✉❡st✐ó♥ ❞❡ ❡①♣❧✐❝❛❝✐ó♥ ✳✳✳ ❬ ❪✳✳✳ ❊♥ ✉♥❛ ❛s❡✈❡r❛❝✐ó♥ ❝❛✉s❛❧✱ s❡ ❡stá ❛♣❧✐❝❛♥❞♦ ✉♥❛ t❡♦rí❛✔✳✷ ❙✐♥ t❡♦rí❛ ♥♦
❡①✐st❡ ❡①♣❧✐❝❛❝✐ó♥ ❛❧❣✉♥❛✳

▲❛ r❡❧❛❝✐ó♥ ❤✐♣♦tét✐❝❛ ❞❡ ❝❛✉s❛❧✐❞❛❞ ❡s ♦❜t❡♥✐❞❛ ❞❡❞✉❝t✐✈❛♠❡♥t❡ ❡♥ ❡❧ ♠♦❞❡❧♦ ② ❡s ❞❡♥♦♠✐♥❛❞❛
❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❡❝♦♥ó♠✐❝❛ ❝♦♠♦ ♣r♦♣♦s✐❝✐ó♥ ❜❡t❛✱ β✳✸ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ❡❝♦♥♦♠í❛✱ ❡♥ t❛♥t♦ ❝✐❡♥❝✐❛
t❡ór✐❝❛ ♦ ❝✉❛s✐✲t❡ór✐❝❛✱ ❞❡❜❡ ♦r❞❡♥❛r s✉s ♣r♦♣♦s✐❝✐♦♥❡s ❧ó❣✐❝❛♠❡♥t❡ ❡st❛❜❧❡❝✐❡♥❞♦ ❝❧❛r❛♠❡♥t❡ ❝✉á❧❡s
♣r♦♣♦s✐❝✐♦♥❡s s♦♥ ❢✉♥❞❛♠❡♥t❛❧❡s ② ❝✉á❧❡s ❛✉①✐❧✐❛r❡s ♣❛r❛ ❧✉❡❣♦ ♠❡❞✐❛♥t❡ ✉♥❛ ✐♥❢❡r❡♥❝✐❛ ❞❡❞✉❝t✐✈❛ ♦❜✲
t❡♥❡r ❧❛s ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛❧✐❞❛❞✳

❆sí✱ ❧❛ t❡♦rí❛ ❡❝♦♥ó♠✐❝❛✱ s❡rá ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ✉♥ s✐st❡♠❛ ❧ó❣✐❝♦✱ ❞♦♥❞❡ ❧❛ ú♥✐❝❛ ❢♦r♠❛ ❞❡ ♦❜t❡♥❡r
❧❛s ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛❧✐❞❛❞ ❡s ♠❡❞✐❛♥t❡ ❡❧ ✉s♦ ❝♦rr❡❝t♦ ❞❡ ❧❛s r❡❣❧❛s ❞❡ ❧❛ ✐♥❢❡r❡♥❝✐❛✳ ❆❧ r❡s♣❡❝t♦✱ ❡♥ ❡❧
❝❛♠♣♦ ❞❡ ❧❛ ❡♣✐st❡♠♦❧♦❣í❛ s❡ s❡ñ❛❧❛✿ ✓❉❛r ✉♥❛ ❡①♣❧✐❝❛❝✐ó♥ ❝❛✉s❛❧ ❞❡ ✉♥ ❛❝♦♥t❡❝✐♠✐❡♥t♦ q✉✐❡r❡ ❞❡❞✉❝✐r
✉♥ ❡♥✉♥❝✐❛❞♦ q✉❡ ❧♦ ❞❡s❝r✐❜❡ ❛ ♣❛rt✐r ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r❡♠✐s❛s ❞❡❞✉❝t✐✈❛s✿ ✉♥❛ ♦ ✈❛r✐❛s ❧❡②❡s ✉♥✐✈❡r✲
s❛❧❡s ② ❝✐❡rt♦s ❡♥✉♥❝✐❛❞♦s s✐♥❣✉❧❛r❡s ✖❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✖✔✳✹ ❨ s✉ ❛♣❧✐❝❛❝✐ó♥ ❡♥ ❧❛ ❡❝♦♥♦♠í❛
s♦st✐❡♥❡ ❧♦ ♠✐s♠♦✿ ✓❉❡ ❛❝✉❡r❞♦ ❝♦♥ ✉♥❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❧ó❣✐❝❛ t♦❞❛s ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s✱ P1, P2, . . . , Pn✱
②❛ ❡st❛❜❧❡❝✐❞❛s ❡♥ ✉♥ ❝❛♠♣♦ ❞❡t❡r♠✐♥❛❞♦ ❞❡ ❝♦♥♦❝✐♠✐❡♥t♦ ♣✉❡❞❡♥ s❡♣❛r❛rs❡ ❡♥ ❞♦s ❝❧❛s❡s (α) ② (β)✱
t❛❧ q✉❡

✭✶✮ ❚♦❞❛ ♣r♦♣♦s✐❝✐ó♥ β s❡ ❞❡r✐✈❡ ❧ó❣✐❝❛♠❡♥t❡ ❞❡ ❛❧❣✉♥❛s ♣r♦♣♦s✐❝✐♦♥❡s α✱ ②
✭✷✮ ◆✐♥❣✉♥❛ ♣r♦♣♦s✐❝✐ó♥ α s❡ ❞❡r✐✈❡ ❞❡ ♦tr❛ ♣r♦♣♦s✐❝✐ó♥ α✔✳✺

P♦r ❧♦ t❛♥t♦✱ ❧❛ ❡str✉❝t✉r❛ ❧ó❣✐❝❛ ❞❡ ✉♥ s✐st❡♠❛ t❡ór✐❝♦ ❛①✐♦♠❛t✐③❛❞♦✱ ❝✉②♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r❡♠✐s❛s ♦
♣♦st✉❧❛❞♦s s♦♥ ❡st❛❜❧❡❝✐❞♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ② ❝♦♥st✐t✉②❡♥ ❧❛ ❝❧❛s❡ ❛❧❢❛✿

Pα = {pi} ; i = 1, 2, . . . , n ✭✶✮

❨ s✐ q ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ q✉❡ r❡♣r❡s❡♥t❛ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ❝❛✉s❛❧✐❞❛❞ ❞❡❞✉❝✐❞❛ ❞❡ ❧❛ ❝❧❛s❡ ❛❧❢❛✱ ❛ ❧❛
q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ♣r♦♣♦s✐❝✐ó♥ ❜❡t❛❀ ❡♥t♦♥❝❡s✱ ❛♣❧✐❝❛♥❞♦ ❧❛ ❧❡② ❝♦♥♠✉t❛t✐✈❛ ❛ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥ ♠♦❞✉s

♣♦♥❡♥❞♦ ♣♦♥❡♥s✱ ❡❧ s✐st❡♠❛ t❡ór✐❝♦ s❡ ❡①♣r❡s❛rá ❝♦♠♦✿

[{pi} ∧ ({pi} ⇒ q)] ⇒ q ✭✷✮

▲♦ q✉❡ ♣♦r ♥✉❡str❛ ♥♦t❛❝✐ó♥ ❝♦♥✈❡♥❝✐♦♥❛❧✱ s✐❣✉✐❡♥❞♦ ❛ ●❡♦r❣❡s❝✉✲❘♦❡❣❡♥✱ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ❝❧❛s❡s

✶❱❡r ❬✹✱ ♣✳ ✸✶❪✳
✷❱é❛s❡ ❬✼✱ ♣✳ ✸✵ ② ✸✶❪✳
✸❆❧ r❡s♣❡❝t♦❀ ❬✻✱ ♣✳ ✼✸❪✱ ❬✶✶✱ ♣✳ ✻❪ ② ❬✷✱ ♣✳ ✷✵❪✳
✹❱❡r ❬✽✱ ♣✳ ✺✼❪✳
✺❱❡r ❬✻✱ ♣✳ ✼✸❪✳

✶



❛❧❢❛ ② ❜❡t❛✱ s❡rá ❡①♣r❡s❛❞♦ ❝♦♠♦✿

[Pα ∧ (Pα ⇒ βj)] ⇒ βj ; j = 1, 2, . . . ,m ✭✸✮

❆❧ r❡s♣❡❝t♦✱ P♦♣♣❡r s❡ñ❛❧❛✿ ✓❯♥ s✐st❡♠❛ t❡ór✐❝♦ ❛①✐♦♠❛t✐③❛❞♦ ❝♦♥s✐st❡ ❡♥ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ✉♥
❝♦♥❥✉♥t♦ ❞❡ ❡♥✉♥❝✐❛❞♦s ✖❧♦s ❛①✐♦♠❛s✖ q✉❡ s❛t✐s❢❛❝❡ ❧♦s ❝✉❛tr♦ s✐❣✉✐❡♥t❡s r❡q✉✐s✐t♦s✿

✶✳ ❊stá ❡①❡♥t♦ ❞❡ ❝♦♥tr❛❞✐❝❝✐ó♥✳ ◆♦ ❡s ❞❡❞✉❝t✐❜❧❡ ❞❡❧ s✐st❡♠❛ ✉♥ ❡♥✉♥❝✐❛❞♦ ❛r❜✐tr❛r✐♦ ❝✉❛❧q✉✐❡r❛✳
✷✳ ❊s ✐♥❞❡♣❡♥❞✐❡♥t❡✳ ❙❡ ❧❧❛♠❛rá ❛①✐♦♠❛ ❛ ✉♥ ❡♥✉♥❝✐❛❞♦ s✐ ♥♦ ❡s ♣♦s✐❜❧❡ ❞❡❞✉❝✐r❧❡ ❞❡❧ r❡st♦ ❞❡❧

s✐st❡♠❛✳
✸✳ ▲♦s ❛①✐♦♠❛s ❤❛♥ ❞❡ s❡r s✉✜❝✐❡♥t❡s✳
✹✳ ▲♦s ❛①✐♦♠❛s ❤❛♥ ❞❡ s❡r ♥❡❝❡s❛r✐♦s✔✳✻

❊♥ ❝♦♥❝❧✉s✐ó♥✱ t❡♥❡♠♦s ❡♥ ❡❧ ♠♦❞❡❧♦ t❡ór✐❝♦ ❧❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❛①✐♦♠❛s ❡ ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛✲❡❢❡❝t♦✱
❞♦♥❞❡ ❡❧ ✉s♦ ❝♦rr❡❝t♦ ❞❡ ❧❛s r❡❣❧❛s ❞❡ ✐♥❢❡r❡♥❝✐❛ ❧ó❣✐❝❛ ❣❛r❛♥t✐③❛♥ ❧❛ ❝♦❤❡r❡♥❝✐❛ ❞❡ t❛❧ ❝♦♥❡①✐ó♥✳

✷✳ ❊❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦

✷✳✶✳ ❚✐❡♠♣♦ ② ❡q✉✐❧✐❜r✐♦ ❡♥ ❧❛ t❡♦rí❛ ❡❝♦♥ó♠✐❝❛

▲❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ❡❝♦♥ó♠✐❝♦s ❝♦♠♦ s✐ ❢✉❡r❛♥ r❡s✉❧t❛❞♦ ❞❡ ✉♥ ♣r♦❝❡s♦ ❛❜str❛❝t♦ ❞❡❜❡
❝♦♥t❡♠♣❧❛r ❧❛ ❞✐♠❡♥s✐ó♥ t❡♠♣♦r❛❧ ❞❡ ést❡✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡❧ ♣❛♣❡❧ ❞❡❧ t✐❡♠♣♦ ❡♥ ❧❛ t❡♦r✐③❛❝✐ó♥ ❞❡❜❡
s❡r t♦♠❛❞♦ ❡♥ ❝✉❡♥t❛✳ ❊♥ t❡♦rí❛ ❡❝♦♥ó♠✐❝❛✱ ❡❧ tr❛t❛♠✐❡♥t♦ q✉❡ s❡ ❧❡ ❞❛ ❡s ❝♦♠♦ ❡❧ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡
♠ás✱ ❝♦♠♦ ❧❛ ♥✉♠❡r❛❝✐ó♥ ❞❡ ✉♥❛ ♠❛❣♥✐t✉❞✳

▲✉❡❣♦✱ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❝❛✉s❛❧✐❞❛❞ ❞❡❜❡ ❞❡ ❝♦♥s✐❞❡r❛r ❡st❡ ❛s♣❡❝t♦✳ ▲é❛s❡✿ ✓P♦❞❡♠♦s ❞❡❝✐r q✉❡ A ❡s
❛❧❣ú♥ ❛❝♦♥t❡❝✐♠✐❡♥t♦ q✉❡ ♦❝✉rr✐ó ❡♥ ❛❧❣ú♥ ♠♦♠❡♥t♦ ❞❡❧ ♣❛s❛❞♦✱ ② q✉❡ B ❡s ❛❧❣ú♥ ❛❝♦♥t❡❝✐♠✐❡♥t♦ q✉❡
♣♦r ❛❤♦r❛ ❞✐r❡♠♦s q✉❡ ❞❡❜❡ ❤❛❜❡r ♦❝✉rr✐❞♦ ❡♥ ❛❧❣ú♥ t✐❡♠♣♦ ♣♦st❡r✐♦r✔✳✼

❆sí✱ ❡❧ tr❛t❛♠✐❡♥t♦ q✉❡ s❡ ❧❡ ❞❛ ❛❧ t✐❡♠♣♦ ✐♠♣❧✐❝❛ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ ❞❡t❡r♠✐♥❛r ❧❛ ❞✐♠❡♥s✐ó♥ t❡♠♣♦r❛❧
❞❡❧ ♣r♦❝❡s♦ ❛❜str❛❝t♦✳ ❖ ❡st❡ ❡s ✐♥st❛♥tá♥❡♦ ♦ t✐❡♥❡ ✉♥❛ ❞✐♠❡♥s✐ó♥ ♣♦s✐t✐✈❛✳ ❙❡❣ú♥ ❡❧ tr❛t❛♠✐❡♥t♦ q✉❡
s❡ ❧❡ ❞é ❛❧ t✐❡♠♣♦✱ ❡❧ ❛♥á❧✐s✐s ❡❝♦♥ó♠✐❝♦ ♣✉❡❞❡ s❡r ✉♥ ❛♥á❧✐s✐s ❡stát✐❝♦ ♦ ✉♥ ❛♥á❧✐s✐s ❞✐♥á♠✐❝♦✳ ❊❧
❡st✉❞✐♦ ❞❡ ✉♥ ❢❡♥ó♠❡♥♦ ❝♦♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ✉♥♦ ♦ ❞❡❧ ♦tr♦ ❛♥á❧✐s✐s r❡q✉✐❡r❡ ♣r❡✈✐❛♠❡♥t❡ ❞❡❧ ❝♦♥❝❡♣t♦
❞❡ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦✱ ♣✉❡s t♦❞♦ ♣r♦❝❡s♦ ❛❜str❛❝t♦✱ ❞❛❞♦ q✉❡ t✐❡♥❡ ✉♥❛ ❢r♦♥t❡r❛ t❡♠♣♦r❛❧✱ ❞❡❜❡ ❞❡
❝✉❧♠✐♥❛r ❝♦♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s✳ ❊s ❞❡❝✐r✱ ❧❛ t❡♦r✐③❛❝✐ó♥ ❞❡ ✉♥❛ r❡❛❧✐❞❛❞
só❧♦ s❡rá ♣r♦❞✉❝t✐✈❛ ❡♥ t❛♥t♦ s❡ ♣✉❡❞❛♥ ❡st❛❜❧❡❝❡r ♣r♦♣♦s✐❝✐♦♥❡s ❜❡t❛ ② ❡❧❧♦ r❡q✉✐❡r❡ s✉♣♦♥❡r q✉❡ t❛❧
r❡❛❧✐❞❛❞ ❛❝tú❛ ❝♦♠♦ s✐ ❣❡♥❡r❛r❛ r❡s✉❧t❛❞♦s t❛❧ q✉❡ ❡♥ ❛✉s❡♥❝✐❛ ❞❡ ❝❛♠❜✐♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s
♥♦ s❡ ♣r♦❞✉❝✐rá ❝❛♠❜✐♦ ❛❧❣✉♥♦ ❡♥ ❧♦s r❡s✉❧t❛❞♦s ❡♥❞ó❣❡♥♦s ✭✈❛❧♦r❡s s♦❧✉❝✐ó♥✮✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡❧
❡q✉✐❧✐❜r✐♦ ❡s ✐♥❤❡r❡♥t❡ ❛ ✉♥ ♣r♦❝❡s♦ ❡❝♦♥ó♠✐❝♦✳

❊♥ t❛❧ s❡♥t✐❞♦✱ r❡❝♦❣❡♠♦s ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❛❞♦ ♣♦r P❛✉❧ ❙❛♠✉❡❧s♦♥✿ ✓❊♥ t♦❞♦ ♣r♦❜❧❡♠❛
❞❡ ❧❛ t❡♦rí❛ ❡❝♦♥ó♠✐❝❛✱ ❝✐❡rt❛s ✈❛r✐❛❜❧❡s s❡ ❧❧❛♠❛♥ ✐♥❝ó❣♥✐t❛s✱ ❝✉②❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ♥♦s ✐♥t❡r❡s❛✳ ❙✉s
✈❛❧♦r❡s r❡s✉❧t❛♥ ❝♦♠♦ s♦❧✉❝✐ó♥ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❡s♣❡❝í✜❝♦ ❞❡ r❡❧❛❝✐♦♥❡s ✐♠♣✉❡st❛s ❛ ❞✐❝❤❛s ✐♥❝ó❣♥✐t❛s
♠❡❞✐❛♥t❡ s✉♣✉❡st♦s ♦ ❤✐♣ót❡s✐s✔✳✽

❊♥ ❝♦♥❝❧✉s✐ó♥✱ ❡♥ t❛♥t♦ t♦❞♦ ♣r♦❝❡s♦ ❝♦♠♣r❡♥❞❛ ❡❧ ❡q✉✐❧✐❜r✐♦ ❣❛r❛♥t✐③❛ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ✈❛❧♦r❡s
s♦❧✉❝✐ó♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s q✉❡ ❞❡s❡❛♠♦s ❡①♣❧✐❝❛r✳ ❨ ❡❧ ❝♦rr❡❝t♦ tr❛t❛♠✐❡♥t♦ ❞❡❧ t✐❡♠♣♦✱ ♣❡r♠✐t✐rá ♣r❡❝✐s❛r
❧❛ t❡♠♣♦r❛❧✐❞❛❞ ❡♥tr❡ ❡st♦s r❡s✉❧t❛❞♦s ② ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ♠❡❝❛♥✐s♠♦ s✉❜②❛❝❡♥t❡ ❞❡❧ ♣r♦❝❡s♦✱ ❣❡♥❡r❛❞♦r
❞❡ ❧♦s ✈❛❧♦r❡s s♦❧✉❝✐ó♥✳

✷✳✷✳ ❊q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦

❉❡ ❛❝✉❡r❞♦ ❛ ❧♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ só❧♦ ❡s ♣♦s✐❜❧❡ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦ ❡♥ t❛♥t♦
❡❧ s✐st❡♠❛ t❡ór✐❝♦ s❡❛ ❡stát✐❝♦✳ P❡r♦✱ ➽q✉é ❡s ✉♥ s✐st❡♠❛ t❡ór✐❝♦ ❡stát✐❝♦❄ ❊s ❛q✉❡❧ s✐st❡♠❛ ❞♦♥❞❡ ❧❛s
r❡❧❛❝✐♦♥❡s q✉❡ s❡ ❡st❛❜❧❡❝❡♥ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s s♦♥ ❝♦♥t❡♠♣♦rá♥❡❛s✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡ ❡st❡

✻❬✽✱ ♣✳ ✻✾❪✳
✼❱é❛s❡ ❬✼✱ ♣✳ ✸✶❪✳
✽❬✾✱ ♣✳ ✼❪✳

✷



s✐st❡♠❛ ❡s ❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦✳✾ ❙✐♠♣❧✐✜❝❛♥❞♦✱ ❡♥ ❡st❡ ❡q✉✐❧✐❜r✐♦ ❡❧ ✈❛❧♦r ❞❡ s♦❧✉❝✐ó♥ ❞❡ ❧❛
✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛ (y∗1) s❡ r❡♣❡t✐rá ♣❡r✐♦❞♦ tr❛s ♣❡r✐♦❞♦ ❡♥ t❛♥t♦ ② ❡♥ ❝✉❛♥t♦ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s
❡①ó❣❡♥❛s (x0

1, x
0
2) ♣❡r♠❛♥❡❝❡♥ s✐♥ ❝❛♠❜✐♦ ❛❧❣✉♥♦✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠❝✐♦ ❡stát✐❝♦ ❡s

✉♥ ✓❡st❛❞♦✔✱ ❞♦♥❞❡ ♥♦ s❡ ❞✐st✐♥❣✉❡ ❡♥tr❡ ♣❛s❛❞♦✱ ♣r❡s❡♥t❡ ② ❢✉t✉r♦✳✶✵ ❱❡❛♠♦s ❧❛ ✜❣✉r❛ ✶✳

❋✐❣✉r❛ ✶✿ ❊q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦✳

✷✳✸✳ ❊st❛❜✐❧✐❞❛❞ ❞✐♥á♠✐❝❛ ❞❡❧ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦

▲❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❛♥á❧✐s✐s ❡stát✐❝♦ r❡q✉✐❡r❡ ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡ q✉❡ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦ ❡s
❡st❛❜❧❡✳ ❙❡❣ú♥ ❋✐❣✉❡r♦❛✿ ✓❉❛❞♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s ❞✐st✐♥t♦ ❛❧ ❞❡❧
❡q✉✐❧✐❜r✐♦✱ ést❡ s❡ r❡st❛✉r❛rá ❛✉t♦♠át✐❝❛♠❡♥t❡✔✳✶✶ ❆ ❡st❡ ♠❡❝❛♥✐s♠♦ ❞❡ r❡st❛✉r❛❝✐ó♥ ❞❡❧ ❡q✉✐❧✐❜r✐♦
❡stát✐❝♦ ❙❛♠✉❡❧s♦♥ ❧❡ ❞❡♥♦♠✐♥ó ❡st❛❜✐❧✐❞❛❞ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛ ❡stát✐❝♦✱ ❞❡✜♥✐é♥❞♦❧♦ ❢♦r♠❛❧♠❡♥t❡
❝♦♠♦✿

ĺım
t→∞

y1(t) = ye1 ✭✹✮

▲♦ q✉❡ s❡ ❧❡❡✿ ✓✳✳✳ ❛ ♣❛rt✐r ❞❡ ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❝✉❛❧❡sq✉✐❡r❛✱ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s s❡ ❛❝❡r❝❛♥ ❡♥ ❡❧
❧í♠✐t❡ ❛ s✉s ✈❛❧♦r❡s ❞❡ ❡q✉✐❧✐❜r✐♦✱ ❝✉❛♥❞♦ ❡❧ t✐❡♠♣♦ s❡ t♦r♥❛ ✐♥✜♥✐t♦✔✳✶✷

✾❱❡r ❬✸✱ ♣✳ ✶✵❪✳
✶✵❊st❛ ❝❛r❛❝t❡ríst✐❝❛ ❡s ❧♦ q✉❡ ❝♦♥❞✉❝❡ ❡q✉✐✈♦❝❛❞❛♠❡♥t❡ ❛ q✉❡ ❛❧❣✉♥♦s s♦st❡♥❣❛♥ q✉❡ ❡♥ ✉♥ s✐st❡♠❛ ❡stát✐❝♦ ♥♦ ❡①✐st❡

t✐❡♠♣♦✳
✶✶❱❡r ❬✸✱ ♣✳ ✶✶❪✳
✶✷❱❡r ❬✾✱ ♣♣✳ ✷✻✻ ② ✷✼✵❪✳
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❊st❡ ♣r✐♥❝✐♣✐♦ ❡s ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡ ❞❡ é❧ ❞❡♣❡♥❞❡ q✉❡ ♣♦❞❛♠♦s ❞❡r✐✈❛r ❞❡❧ ♠♦❞❡❧♦ ❧❛s ❤✐♣ót❡s✐s ❞❡
❝❛✉s❛❧✐❞❛❞ ✭♣r♦♣♦s✐❝✐♦♥❡s ❜❡t❛✮✱ ❝❛s♦ ❝♦♥tr❛r✐♦ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s t♦♠❛rí❛♥ ✈❛❧♦r❡s
❡①♣❧♦s✐✈♦s✳ ▲❛ ❡①♣r❡s✐ó♥ ❢♦r♠❛❧ ❞❡ ❡st❡ ♣r✐♥❝✐♣✐♦ q✉❡❞❛rá r❡♣r❡s❡♥t❛❞❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳

❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡st❛ ❞❡✜♥✐❝✐ó♥ ❡①✐st❡ ✉♥ ❡rr♦r ❧ó❣✐❝♦✳ ❙✐ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s x0
1 ② x0

2

❡stá♥ ❞❛❞♦s✱ ♥♦ ❡s ❛❞♠✐s✐❜❧❡ q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛ s❡ ❞✐❢❡r❡♥❝✐❡ ❞❡ s✉ ✈❛❧♦r ❞❡ ❡q✉✐❧✐❜r✐♦
y∗1 ❡♥ (y∗1 − y′1) ❛ ❧❛ ✈❡③ q✉❡ ❡❧ t✐❡♠♣♦ t✐❡♥❞❛ ❛❧ ✐♥✜♥✐t♦✳ ❊s ♠ás✱ s✐ ♣♦r ❞❡✜♥✐❝✐ó♥ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦
✐♠♣❧✐❝❛ ❝♦♥t❡♠♣♦r❛♥❡✐❞❛❞ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s✱ ❡❧ ♣r♦❝❡s♦ t✐❡♥❡ ✉♥ ♠❡❝❛♥✐s♠♦ ✐♥st❛♥tá♥❡♦
❡♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧♦s ✈❛❧♦r❡s s♦❧✉❝✐ó♥✱ ♣♦r ❧♦ q✉❡ ♥♦ ♣✉❡❞❡ ❡①✐st✐r ✉♥❛ tr❛②❡❝t♦r✐❛ t❡♠♣♦r❛❧ ❞❡ ❧❛
✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛✳

❋✐❣✉r❛ ✷✿ ❊q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦ ❡st❛❜❧❡ s❡❣ú♥ P❛✉❧ ❙❛♠✉❡❧s♦♥✳

❊♥t♦♥❝❡s✱ ❧❛ r❡st❛✉r❛❝✐ó♥ ❞❡❧ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦ ❡s ✐♥st❛♥tá♥❡❛✳ ❋♦r♠❛❧♠❡♥t❡✿

ĺım
t→t0, t0<t

y1(t) = y∗1 ✭✺✮

❊s ❞❡❝✐r✱ ♥♦ ❡s ♣♦s✐❜❧❡ q✉❡ ❡♥ t0 + 1 ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛ s❡❛ ♦tr♦ s✐♥♦ s✉ ✈❛❧♦r ❞❡
❡q✉✐❧✐❜r✐♦✳ ❈❧❛r❛♠❡♥t❡ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ✜❣✉r❛ ✸ q✉❡ ❡①✐st❡ ❝♦❤❡r❡♥❝✐❛ ❡♥tr❡ ❡❧ ✈❛❧♦r y∗1 ② ❡❧ ♣❛r (x0

1 ✱
x0
2)✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛ r❡st❛✉r❛❝✐ó♥ ❞❡❧ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦ s❡ r❡❛❧✐③❛ ❡♥

♣♦❝♦s ♣❡r✐♦❞♦s✱ ❡①♣r❡s❛❞❛ ❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦ ĺım
t→t1, t1>t

y1(t) = y∗1 ✱ ést❛ t❛♠♣♦❝♦ s❡ ❧✐❜r❛ ❞❡ ❧❛ ♠✐s♠❛

❝♦♥tr❛❞✐❝❝✐ó♥ ❧ó❣✐❝❛❀ ②❛ q✉❡✱ s✐ ❡❧ ♣❡r✐♦❞♦ ❞❡ ❛❥✉st❡ ❡s ✜♥✐t♦ ❝♦♠♦ (t1 − t0)✱ ❡①✐st✐rí❛ ❝♦♥tr❛❞✐❝❝✐ó♥
❡♥tr❡ ❡❧ ✈❛❧♦r y∗1 ② ❡❧ ♣❛r (x0

1, x
0
2)✱ ❡♥ ❡s❡ ✐♥t❡r✈❛❧♦ ❞❡ ❛❥✉st❡✳ ❊st❛ t❡r❝❡r❛ ❞❡✜♥✐❝✐ó♥ t❡♥❞rí❛ ❡❧ ♠✐s♠♦

♣r♦❜❧❡♠❛ q✉❡ ❧❛ ♣r✐♠❡r❛ ❞❡✜♥✐❝✐ó♥ ❞❛❞❛ ♣♦r ❙❛♠✉❡❧s♦♥✳

✹



✷✳✹✳ ❊stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛

❯♥❛ ✈❡③ ❡st❛❜❧❡❝✐❞♦ ❡❧ s✉♣✉❡st♦ ❞❡ ❡st❛❜✐❧✐❞❛❞ ✐♥st❛♥tá♥❡❛ ❞❡❧ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦ ❡st❛r❡♠♦s ❡♥ ❝♦♥✲
❞✐❝✐♦♥❡s ❞❡ ❝♦♠♣❛r❛r ❞✐❢❡r❡♥t❡s ❡st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦ ❡stát✐❝♦ q✉❡ s❡ ♦r✐❣✐♥❛♥ ♣♦r ❧❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡❧
✈❛❧♦r ❞❡ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s✳

P❛r❛ ❡❢❡❝t♦ ❞❡ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❞♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦ ✉t✐❧✐③❛r❡♠♦s ❧❛ té❝♥✐❝❛ ❞❡ ❧❛ ❡stát✐❝❛
❝♦♠♣❛r❛t✐✈❛✳ ❆ ♣r♦♣✉❡st❛ ❞❡ ❙❛♠✉❡❧s♦♥ ❡st❛ té❝♥✐❝❛ ❝♦♥s✐st❡ ❡♥✿ ✓✳✳✳ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡ ❧♦s ❞❡s♣❧❛✲
③❛♠✐❡♥t♦s✱ ❡♥ ✉♥ s✐st❡♠❛✱ ❞❡ ✉♥❛ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ❛ ♦tr❛✱ s✐♥ r❡♣❛r❛r ❡♥ ❡❧ ♣r♦❝❡s♦ tr❛♥s✐t♦r✐♦
✐♥✈♦❧✉❝r❛❞♦ ❡♥ ❡❧ ❛❥✉st❡✔✳✶✸ ❖ ❝♦♠♦ s♦st✐❡♥❡ ❋✐❣✉❡r♦❛✿ ✓❬❊❧ ♠ét♦❞♦ ❞❡ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛❪ ♥♦s
♣❡r♠✐t❡ ❝♦♠♣❛r❛r ❞♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡ ✉♥ s✐st❡♠❛ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦✔✳✶✹

❋✐❣✉r❛ ✸✿ ❊q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦ ❡st❛❜❧❡ s❡❣ú♥ ❆❞♦❧❢♦ ❋✐❣✉❡r♦❛✳

▲❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❡st❡ ♠ét♦❞♦ ♥♦ ❡s ❛❥❡♥❛ ❛ ❧❛ ❧ó❣✐❝❛ ❞❡❞✉❝t✐✈❛✳ ❏✉st❛♠❡♥t❡✱ ❛ tr❛✈és ❞❡ é❧ ♣r❡t❡♥✲
❞❡♠♦s ♦❜t❡♥❡r ❧❛s r❡❧❛❝✐♦♥❡s ❤✐♣♦tét✐❝❛s ❞❡ ❝❛✉s❛❧✐❞❛❞✳ ❆❧ r❡s♣❡❝t♦ ❙❛♠✉❡❧s♦♥ s♦st✐❡♥❡✿ ✓❊st❡ ♠ét♦❞♦
❞❡ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ ♥♦ ❝♦♥st✐t✉②❡ s✐♥♦ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ♣❛rt✐❝✉❧❛r ❞❡ ✉♥♦ ♠ás ❣❡♥❡r❛❧✿ ❧❛ ❞❡ ❧❛ ❞❡✲
❞✉❝❝✐ó♥ ❝✐❡♥tí✜❝❛✱ ❡♥ ❡❧ ❝✉❛❧ s❡ ❞❡✜♥❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ✭♣r♦❜❛❜❧❡♠❡♥t❡ ❛ tr❛✈és ❞❡❧
t✐❡♠♣♦✮ ❡♥ tér♠✐♥♦s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❛❞♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❢✉♥❝✐♦♥❛❧❡s ② ❞❡ ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s✔✳✶✺

▲❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ ♣❡r♠✐t❡ ❤❛❧❧❛r ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ ✈❛❧♦r ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛
❛♥t❡ ✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡❧ ✈❛❧♦r ❞❡ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s ♠❛♥t❡♥✐❡♥❞♦ ❡❧ r❡st♦ ❞❡ ✈❛r✐❛❜❧❡s

✶✸❱❡r ❬✾✱ ♣✳ ✽❪✳
✶✹❱é❛s❡ ❬✸✱ ♣✳ ✶✷❪✳
✶✺❆❧ r❡s♣❡❝t♦ ❬✾✱ ♣✳ ✽❪✳

✺



❝♦♥st❛♥t❡s✳ ▲❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ r❡q✉✐❡r❡ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡❧ s✉♣✉❡st♦ ❛✉①✐❧✐❛r ❞❡❧ ❝❡t❡r✐s ♣❛r✐❜✉s✳✶✻

▲❛ ♠♦❞✐✜❝❛❝✐ó♥ ✐♥✐❝✐❛❧ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ ❡s ♣♦s✐❜❧❡ ❡♥ t❛♥t♦ ést❛s s❡ ❡①♣r❡s❛♥ ❝♦♠♦ ❢✉♥❝✐ó♥
❞❡❧ t✐❡♠♣♦ ❝♦♥t✐♥✉❛ ♣♦r ❧❛ ❞❡r❡❝❤❛✳ ❊s ❞❡❝✐r✿

ĺım
t→t0, t0<t

xi(t) = x1
i ✭✻✮

❈♦♥s✐❞❡r❛♥❞♦ q✉❡✱

xi(t) =

{

x0
i , t < t0

x1
i , t ≥ t0

✭✼✮

❙ó❧♦ ❛sí ❡s ♣♦s✐❜❧❡ s✉♣♦♥❡r q✉❡ ❧❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ xi ❞❛ ✉♥ s❛❧t♦ ❡♥ t0✱ ②❛ q✉❡ ❡s ❞✐s❝♦♥t✐♥✉❛ ❡♥
❞✐❝❤♦ ♣✉♥t♦✳✶✼ ❊♥t♦♥❝❡s✱ ❛❤♦r❛ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡st❛❜❧❡❝❡r ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ❜❡t❛ ❞❡❧ s✐st❡♠❛
❡stát✐❝♦✱ ②❛ q✉❡ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ ❞❛ ❡❧ s❡♥t✐❞♦ ✭② ❧❛ ♠❛❣♥✐t✉❞✮ ❡♥ q✉❡ ✈❛rí❛ ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛
❝✉❛♥❞♦ ❝❛♠❜✐❛ ❡♥ ❝✐❡rt♦ s❡♥t✐❞♦ ✭② ♠❛❣♥✐t✉❞✮ ✉♥❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛✱ ❝❡t❡r✐s ♣❛r✐❜✉s✳ ❱é❛s❡ ❧❛ ✜❣✉r❛ ✹✳

❋✐❣✉r❛ ✹✿ ❊stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛✳

❖❜s❡r✈❛♠♦s✱ q✉❡ ❡❧ ❝❛♠❜✐♦ ❞❡❧ ✈❛❧♦r ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ ✭♣♦r ❡❥❡♠♣❧♦ x1✮ ❞❡ x0
1 ❛ x1

1✱ ♠❛♥t❡✲
♥✐é♥❞♦s❡ ❝♦♥st❛♥t❡ ❧❛ ♦tr❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ ❡♥ x2(t) = x0

2 ✭❝❡t❡r✐s ♣❛r✐❜✉s✮✱ ❤❛ ❣❡♥❡r❛❞♦ ✉♥ ❝❛♠❜✐♦ ❡♥
❡❧ ✈❛❧♦r ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛✱ t♦♠❛♥❞♦ ést❛ ✉♥ ♥✉❡✈♦ ✈❛❧♦r ❞❡ ❡q✉✐❧✐❜r✐♦ y∗1 ✱ y

∗

1 > y∗∗1 ✳

✶✻P♦r s✉♣✉❡st♦✱ ❡s ♣♦s✐❜❧❡ ❡♥❝♦♥tr❛r ❝♦♥ ❡st❡ ♠ét♦❞♦✱ ❡❧ ❡❢❡❝t♦ s♦❜r❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛ ❛♥t❡ ❡❧ ❝❛♠❜✐♦ s✐♠✉❧tá♥❡♦
❡♥ ♠ás ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛✳

✶✼❱❡r ❬✶✵✱ ♣♣✳ ✷ ② ✸❪✳

✻



❊s ❝❧❛r♦✱ q✉❡ ❡st❛ té❝♥✐❝❛ só❧♦ ❡s ❛♣❧✐❝❛❜❧❡ ❡♥ t❛♥t♦ ❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡s ❡st❛❜❧❡✳ ❊s ❞❡❝✐r✱ ❧❛s
♣r♦♣♦s✐❝✐♦♥❡s ❜❡t❛ s❡ ❡st❛❜❧❡❝❡♥ ❜❛❥♦ ❡❧ s✉♣✉❡st♦ ❞❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❝♦rr❡s♣♦♥❞❡♥❝✐❛✳✶✽ ❚❛♠❜✐é♥ ❡s ♥♦t♦✲
r✐♦✱ q✉❡ ❡st❡ ♠ét♦❞♦ ♥♦ ♣✉❡❞❡ ❞❡❝✐r♥♦s ♥❛❞❛ ❛❝❡r❝❛ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛ q✉❡ t❡♥❞rí❛ ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛
❡♥ ❡❧ ❛❥✉st❡ ❞❡ ✉♥ ✈❛❧♦r ❞❡ ❡q✉✐❧✐❜r✐♦ ❛ ♦tr♦✱ ②❛ q✉❡ ❝♦♠♦ ❤❡♠♦s ❞✐s❝✉t✐❞♦✱ ❡♥ ❡❧ s✐st❡♠❛ ❡stát✐❝♦ s❡
s✉♣♦♥❡ q✉❡ ❡❧ ❛❥✉st❡ ❡s ✐♥st❛♥tá♥❡♦✳

❈♦♥ ❡st❡ ♠ét♦❞♦✱ ❞❡❧ ♠♦❞❡❧♦ q✉❡ tr❛t❛ ❞❡ ✉♥ ♣r♦❝❡s♦ ❛❜str❛❝t♦✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ✉♥❛ ♠❛tr✐③ ❞❡
❝❛✉s❛❧✐❞❛❞❡s✱ q✉❡ ❝♦♠♣r❡♥❞❡rá t♦❞❛s ❧❛s ♣♦s✐❜❧❡s ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛❧✐❞❛❞ q✉❡ s❡ ♣✉❡❞❛♥ ❞❡r✐✈❛r ❞❡ é❧✳
❆sí✱ ❞❛❞♦ ✉♥ ♥ú♠❡r♦ M ❞❡ ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s ② N ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s✱ t❡♥❞r❡♠♦s ❡❧ ❝✉❛❞r♦ ✶✳ ❊♥
é❧✱ ❝❛❞❛ ♣r♦♣♦s✐❝✐ó♥ β ❡s ✉♥❛ ♣r♦♣♦s✐❝✐ó♥ ❧ó❣✐❝❛ ❞❡r✐✈❛❞❛ s❡❣ú♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥ ♠♦❞✉s

♣♦♥❡♥❞♦ ♣♦♥❡♥s✱ ♠❡♥❝✐♦♥❛❞❛ ❧í♥❡❛s ❛rr✐❜❛✳

❍✐♣ót❡s✐s ❞❡ ❱❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s
❈❛✉s❛✲❊❢❡❝t♦ y1 y2 . . . yn . . . yN

✈❛
r✐
❛❜

❧❡
s
❡①
ó❣
❡♥
❛s x1 β11 β12 . . . β1n . . . β1N

✳✳✳
✳✳✳

✳✳✳
✳✳✳
✳✳✳
✳✳✳

✳✳✳
✳✳✳
✳✳✳
✳✳✳

✳✳✳

xm βm1 βm2 . . . βmn . . . βmN

✳✳✳
✳✳✳

✳✳✳
✳✳✳
✳✳✳
✳✳✳

✳✳✳
✳✳✳
✳✳✳
✳✳✳

✳✳✳

xM βM1 βM2 . . . βMn . . . βMN

❈✉❛❞r♦ ✶✿ ▲❛ ♠❛tr✐③ ❞❡ ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛✲❡❢❡❝t♦

✸✳ ❆♥á❧✐s✐s ❢♦r♠❛❧

❙✐ ❜✐❡♥ ❡s ❝✐❡rt♦✱ ✓✳ ✳ ✳ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ t❛❧❡s s✐st❡♠❛s ♥♦ ❞❡♣❡♥❞❡ ❡♥ ♠❛♥❡r❛ ❛❧❣✉♥❛ ❞❡❧ ❡♠♣❧❡♦ ❞❡
♠ét♦❞♦s s✐♠❜ó❧✐❝♦s ♦ ♠❛t❡♠át✐❝♦s✔✱✶✾ ❧❛ t❡♦rí❛ ❞❡❧ ❛♥á❧✐s✐s ❡stát✐❝♦ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ♠❡❞✐❛♥t❡ ❡❧ ✉s♦
❞❡❧ ✐♥str✉♠❡♥t❛❧ ♠❛t❡♠át✐❝♦✳✷✵

❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❢♦r♠❛❧✱ ✉♥ s✐st❡♠❛ t❡ór✐❝♦ ❡stát✐❝♦ ❝♦♠♣r❡♥❞❡✿

❯♥ ❝♦♥❥✉♥t♦ ❞❡ M ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ❡❧ ✈❡❝t♦r✿

x = (x1, x2, . . . , xm, . . . , xM ) ✭✽✮

❯♥ ❝♦♥❥✉♥t♦ ❞❡ N ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ❡❧ ✈❡❝t♦r✿

y = (y1, y2, . . . , xn, . . . , yN ) ✭✾✮

❯♥ ❝♦♥❥✉♥t♦ ❞❡ N ❡❝✉❛❝✐♦♥❡s✱ ❞♦♥❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s
❡♥❞ó❣❡♥❛s ② ❡①ó❣❡♥❛s✿

(F 1, F 2, . . . , Fn, . . . , FN ) ✭✶✵✮

② ❞♦♥❞❡ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡❜❡ t❡♥❡r ✉♥❛ s♦❧✉❝✐ó♥ ú♥✐❝❛✳

✶✽❊st❡ ♣r✐♥❝✐♣✐♦ s❡ r❡✜❡r❡ ❛ q✉❡ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛ ❡stát✐❝♦ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❡❧ ❡❥❡r❝✐❝✐♦
❞❡ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ ② q✉❡ ❛ s✉ ✈❡③✱ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ ♣✉❡❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ❡st✉❞✐❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡
❧❛ ❡st❛❜✐❧✐❞❛❞ ❞✐♥á♠✐❝❛ ❞❡❧ ❡q✉✐❧✐❜r✐♦ ❡❝♦♥ó♠✐❝♦ ❡stát✐❝♦✳

✶✾❱❡r ❬✾✱ ♣✳ ✾❪✳
✷✵❱❡r ❬✶✱ ♣♣✳ ✷✾✲✷✶✽❪✳

✼



▲✉❡❣♦✱ ❞❡ ❛❝✉❡r❞♦ ❧♦s s✉♣✉❡st♦s ❞❡❧ ♠♦❞❡❧♦ t❡ór✐❝♦✱ ❧♦s ❝✉❛❧❡s s❡ ❡①♣r❡s❛♥ ❝♦♠♦ r❡❧❛❝✐♦♥❡s ❞❡
❝♦♠♣♦rt❛♠✐❡♥t♦✱ r❛❝✐♦♥❛❧✐❞❛❞❡s ❞❡ ❛❣❡♥t❡s ❡❝♦♥ó♠✐❝♦s✱ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡q✉✐❧✐❜r✐♦ ♦ ✐❞❡♥t✐❞❛❞❡s ❝♦♥t❛✲
❜❧❡s ✭❞❡✜♥✐❝✐♦♥❡s✮❀ ♣♦❞❡♠♦s ❞❡r✐✈❛r r❡❧❛❝✐♦♥❡s ❝❛✉s❛❧❡s ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s ② ❡♥❞ó❣❡♥❛s✳ ❆sí✱
♣♦❞❡♠♦s ❢♦r♠✉❧❛r ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❡str✉❝t✉r❛❧❡s ❞❡❧ ♠♦❞❡❧♦✿

F 1[x1(t), . . . , xm(t), . . . , xM (t); y1(t), . . . , yn(t), . . . , yN (t)] = 0
F 2[x1(t), . . . , xm(t), . . . , xM (t); y1(t), . . . , yn(t), . . . , yN (t)] = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fn[x1(t), . . . , xm(t), . . . , xM (t); y1(t), . . . , yn(t), . . . , yN (t)] = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FN [x1(t), . . . , xm(t), . . . , xM (t); y1(t), . . . , yn(t), . . . , yN (t)] = 0

✭✶✶✮

❉❡ ❡st❛s ❡❝✉❛❝✐♦♥❡s s❡ ♣✉❡❞❡ ❞❡r✐✈❛r ❧❛ ❢♦r♠❛ r❡❞✉❝✐❞❛ ❞❡❧ ♠♦❞❡❧♦✳ ▲❛ ❢♦r♠❛ r❡❞✉❝✐❞❛ ❞❡❧ ♠♦❞❡❧♦
❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s ❞♦♥❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s só❧♦ ❡stá♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó✲
❣❡♥❛s ② ❞❡ ♦tr♦s ♣❛rá♠❡tr♦s q✉❡ ❡stá♥ ❞❡t❡r♠✐♥❛❞♦s ♣♦r ❢✉❡r❛ ❞❡❧ ♠♦❞❡❧♦✳ P❛r❛ ❡st♦✱ ✉t✐❧✐③❛r❡♠♦s ❡❧
✓t❡♦r❡♠❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ✐♠♣❧í❝✐t❛✔✳ ❈♦♥ ❡st❡ t❡♦r❡♠❛ ❞❡s♣❡❥❛r❡♠♦s ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s ❡♥ tér♠✐♥♦s
❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ✐♠♣❧í❝✐t❛ ❡①✐❣❡ q✉❡ s❡ ✈❡r✐✜q✉❡♥ ❧❛s
s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✿✷✶

▲❛ ❢✉♥❝✐ó♥ Fn(x,y) t✐❡♥❡ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❝♦♥t✐♥✉❛s ❝♦♥ r❡s♣❡❝t♦ ❛ x1, . . . , xM ✱
y1, . . . , yN ✱ ♣❛r❛ t♦❞♦ n = 1, 2, . . . , N ✳

❊①✐st❡ ✉♥ (x0,y∗) ✐♥t❡r✐♦r✱ t❛❧ q✉❡ Fn(x0,y∗) = 0✱ ♣❛r❛ t♦❞♦ n = 1, 2, . . . , N ✳ ❊s ❞❡❝✐r✱ ❡❧ s✐st❡♠❛
❞❡ ❡❝✉❛❝✐♦♥❡s ❡str✉❝t✉r❛❧❡s t✐❡♥❡ s♦❧✉❝✐ó♥ ú♥✐❝❛ ❡♥ t♦r♥♦ ❛ s✉ ❡q✉✐❧✐❜r✐♦✳

❊❧ ❞❡t❡r♠✐♥❛♥t❡ ∆ ❡✈❛❧✉❛❞♦ ❡♥ (x0,y∗) ❡s ❞✐st✐♥t♦ ❞❡ ❝❡r♦✳ ❊s ❞❡❝✐r✱ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s
❝✉♠♣❧❡ ❝♦♥ q✉❡ ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❥❛❝♦❜✐❛♥♦ s❡❛ ❞✐❢❡r❡♥t❡ ❞❡ ❝❡r♦✿ |J| = ∆ 6= 0✱ ❧♦ q✉❡ ❛s❡❣✉r❛ q✉❡
❧❛s ❡❝✉❛❝✐♦♥❡s s❡❛♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❊❧ ❞❡t❡r♠✐♥❛♥t❡ ∆ ❡stá ❞❛❞♦ ♣♦r✿

∆ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

F 1
y1

F 1
y2

. . . F 1
yn

. . . F 1
yN

F 2
y1

F 2
y2

. . . F 2
yn

. . . F 2
yN

. . . . . . . . . . . . . . . . . .

Fn
y1

Fn
y2

. . . Fn
yn

. . . Fn
yN

. . . . . . . . . . . . . . . . . .

FN
y1

FN
y2

. . . FN
yn

. . . FN
yN

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0 ✭✶✷✮

❞♦♥❞❡ Fn
yn

= ∂Fn(x0,y∗)
∂yn

✱ ∀n = 1, . . . , N.

▲✉❡❣♦✱ ❞❡ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s ♣❧❛♥t❡❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦✱ s❡ ❞❡❞✉❝❡ q✉❡ ❡①✐st❡ ✉♥ ♥ú♠❡r♦ ❞❡ N ❢✉♥❝✐♦♥❡s
f1✱ f2✱ ✳ ✳ ✳ ✱ fn✱ ✳ ✳ ✳ ✱ fN ❀ t❛❧❡s q✉❡ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ x0 s❡ ❝✉♠♣❧❡✿

y1 = f1(x), y2 = f2(x), . . . , yn = fn(x), . . . , yN = fN (x)✳ ❊s ❞❡❝✐r✱ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r ❢✉♥❝✐♦✲

♥❡s ✐♠♣❧í❝✐t❛s✱ ❞♦♥❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s ❡stá♥ ❡♥ ❢✉♥❝✐ó♥ só❧♦ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s ②
♣❛rá♠❡tr♦s ♣r❡❞❡t❡r♠✐♥❛❞♦s✳

▲✉❡❣♦✱ ∀n = 1, . . . , N ❀Fn = [x, f1(x), . . . , fn(x), . . . , fN (x)] = 0✳ ❊s ❞❡❝✐r✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❡str✉❝✲
t✉r❛❧❡s s❡ s❛t✐s❢❛❝❡♥ ❡♥ ❡❧ ❡q✉✐❧✐❜r✐♦✳

∀n = 1, 2, . . . , N ❀ fn ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡✳ ▲♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡st❛❜❧❡❝❡r r✐❣✉r♦s❛♠❡♥t❡ ❡❧ s❡♥t✐❞♦ ❞❡
❧❛s r❡❧❛❝✐♦♥❡s ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦✳

✷✶❱❡r ❬✶✱ ♣♣✳ ✶✾✾✲✷✵✷❪✳

✽



▲❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ fn ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ x0 ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r fn
m = ∂yn

∂xm

= ∆nm

∆ ✱
❧❛s q✉❡ ❛❞❡♠ás ❝♦♥st✐t✉②❡♥ ❧❛s t❛s❛s ❞❡ ❝❛♠❜✐♦ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛ ❛♥t❡ ❡❧ ❝❛♠❜✐♦ ❞❡ ✉♥❛
❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s✳

❙❡❣ú♥ ❡st❛s ❞❡❞✉❝❝✐♦♥❡s✱ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ✶✶ ♣✉❡❞❡ r❡❡s❝r✐❜✐rs❡ ❝♦♠♦✿

F 1[x1, . . . , xN ; f1(x1, . . . , xN ), . . . , fN (x1, . . . , xN )] = 0
F 2[x1, . . . , xN ; f1(x1, . . . , xN ), . . . , fN (x1, . . . , xN )] = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fn[x1, . . . , xN ; f1(x1, . . . , xN ), . . . , fN (x1, . . . , xN )] = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FN [x1, . . . , xN ; f1(x1, . . . , xN ), . . . , fN (x1, . . . , xN )] = 0

✭✶✸✮

▲✉❡❣♦✱ s✐ s✉♣♦♥❡♠♦s q✉❡ ✈❛rí❛ ❧❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ x1✱ ♠✐❡♥tr❛s ❡❧ r❡st♦ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s
♣❡r♠❛♥❡❝❡♥ ❝♦♥st❛♥t❡s✱ ❛♣❧✐❝á♥❞♦❧❡ ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❛ t♦❞❛s ❧❛s ❡❝✉❛❝✐♦♥❡s ❝♦♥ r❡s♣❡❝t♦ ❛ x1✱ ❧✉❡❣♦
❞✐✈✐❞✐❡♥❞♦ ❡♥tr❡ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ x1 ♣❛r❛ ❛sí tr❛♥s❢♦r♠❛r❧♦ ❡♥ ✉♥❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ♣❛r❝✐❛❧ ② ✜♥❛❧♠❡♥✲
t❡ ❞❡s♣❡❥❛r ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ x1 ❛❧ s❡❣✉♥❞♦ ♠✐❡♠❜r♦ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞✱
♦❜t❡♥❞r❡♠♦s ❡❧ s✐st❡♠❛ s✐❣✉✐❡♥t❡✱

F 1
y1

∂y1

∂x1

+ . . .+ F 1
ym

∂ym

∂x1

+ . . .+ F 1
yM

∂yM

∂x1

= −F 1
x1

F 2
y1

∂y1

∂x1

+ . . .+ F 2
ym

∂ym

∂x1

+ . . .+ F 2
yM

∂yM

∂x1

= −F 2
x1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fn
y1

∂y1

∂x1

+ . . .+ Fn
ym

∂ym

∂x1

+ . . .+ Fn
yM

∂yM

∂x1

= −Fn
x1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FN
y1

∂y1

∂x1

+ . . .+ FN
ym

∂ym

∂x1

+ . . .+ FN
yM

∂yM

∂x1

= −FN
x1

✭✶✹✮

❊❧ s✐st❡♠❛ ✶✹ ❝♦♥st✐t✉②❡ ✉♥ s✐st❡♠❛ ❧✐♥❡❛❧✱ ♣✉❞✐é♥❞♦s❡ ❡①♣r❡s❛r ♠❛tr✐❝✐❛❧♠❡♥t❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡
❢♦r♠❛✿
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▲✉❡❣♦✱ ♠❡❞✐❛♥t❡ ❧❛ r❡❣❧❛ ❞❡ ❈r❛♠❡r s❡ ♣✉❡❞❡ ❝♦♥♦❝❡r ❡❧ s❡♥t✐❞♦✱ ② ❧❛ ♠❛❣♥✐t✉❞ ❞❡❧ ❝❛♠❜✐♦ q✉❡
❡①♣❡r✐♠❡♥t❛rá ❧❛ ✈❛r✐❛❜❧❡ ❡♥❞ó❣❡♥❛✱ y1✱ ❛♥t❡ ✉♥ ❝❛♠❜✐♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡①ó❣❡♥❛ x1✳

✷✷ ❊❧ r❡t♦r♥♦ ❛ s✉

✷✷❊♥ ❙❛♠✉❡❧s♦♥ s❡ ✉t✐❧✐③❛ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣♦r ❝♦❢❛❝t♦r❡s✱ ✈❡r ❬✾✱ ♣♣✳ ✹ ② ✷✻✼❪✳

✾



♥✉❡✈♦ ✈❛❧♦r ❞❡ ❡q✉✐❧✐❜r✐♦ ❡s ❞❡ ❢♦r♠❛ ✐♥st❛♥tá♥❡❛✳ ❊♥t♦♥❝❡s✱ s❡❣ú♥ ❧❛ r❡❣❧❛ ❞❡ ❈r❛♠❡r s❡ t✐❡♥❡✿
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=
∆11

∆
✭✶✻✮

P♦r ❧♦ t❛♥t♦✱ f1
1 ❡s ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♥✉❡str♦ ♣r♦❜❧❡♠❛✿ ❧❛ ❞❡r✐✈❛❞❛ ❡stát✐❝♦ ❝♦♠♣❛r❛t✐✈❛ y1 r❡s♣❡❝t♦ ❛

x1✳ ❋♦r♠❛❧♠❡♥t❡ ❡s ✉♥ ❧í♠✐t❡ ♣♦r ❧❛ ❞❡r❡❝❤❛✳✷✸ ❊❧ ♣❧❛♥t❡❛♠✐❡♥t♦ ❛♥❛❧ít✐❝♦ ♣✉r♦ ❞❡ ❡st❛ ❞❡r✐✈❛❞❛ ❡s ❧❛
❡①♣r❡s✐ó♥ ❢♦r♠❛❧ ❞❡ ✉♥❛ ♣r♦♣♦s✐❝✐ó♥ ❜❡t❛✳✷✹ ❆sí✱ s✐ ❞❡s❛rr♦❧❧❛♠♦s ♣❛r❛ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s
r❡s♣❡❝t♦ ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s M ❡①ó❣❡♥❛s✱ ♥✉❡str❛ t❛❜❧❛ ❞❡ ❤✐♣ót❡s✐s ❞❡ ❝❛✉s❛❧✐❞❛❞ q✉❡❞❛rí❛ ❡①♣r❡s❛❞❛
❝♦♠♦ ✉♥❛ ♠❛tr✐③ ❞❡ t❛s❛s ❞❡ ❝❛♠❜✐♦✳ ❱❡❛♠♦s✿

❍✐♣ót❡s✐s ❞❡ ❱❛r✐❛❜❧❡s ❡♥❞ó❣❡♥❛s
❈❛✉s❛✲❊❢❡❝t♦ y1 y2 . . . yn . . . yN
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✳✳✳
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xM f1
M f2

M . . . fn
M . . . fN

M

❈✉❛❞r♦ ✷✿ ▲❛ ♠❛tr✐③ ❞❡ t❛s❛s ❞❡ ❝❛♠❜✐♦

❉❡ ❛❝✉❡r❞♦ ❛ ❡st❛ ♠❛tr✐③✱ ❡s ♣♦s✐❜❧❡ ❡st❛❜❧❡❝❡r ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❧❛s ♣r♦♣♦s✐❝✐♦✲
♥❡s ❜❡t❛ ② ❧❛s r❡s♣❡❝t✐✈❛s t❛s❛s ❞❡ ❝❛♠❜✐♦✱ t❛❧ q✉❡✿

βij ⇔ f
j
i ; i = 1, 2, . . . ,M ② j = 1, 2, . . . , N. ✭✶✼✮

❆✉♥q✉❡ ❞❡❜❡♠♦s ❛❝❧❛r❛r✱ q✉❡ ❧❛ ♥❛t✉r❛❧❡③❛ ❧✐t❡r❛❧ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❜❡t❛✱ ❡♥ t❛♥t♦ ② ❡♥ ❝✉❛♥t♦
❤❛ s✐❞♦ ❞❡r✐✈❛❞❛ ❝♦❤❡r❡♥t❡♠❡♥t❡✱ ❡①♣♦♥❡ ❝♦♥ ❝❧❛r✐❞❛❞ ❡❧ ♠❡❝❛♥✐s♠♦ ❝❛✉s❛❧ q✉❡ s✉❜②❛❝❡ ❡♥ ❡❧ ♣r♦❝❡s♦
❛❜str❛❝t♦ ② q✉❡ ♦♣❡r❛ ❛♥t❡ ✉♥ ❝❛♠❜✐♦ ❡♥ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡①ó❣❡♥❛s✳ ❊♥ ❝❛♠❜✐♦✱ f j

i ✱ ♥♦ t✐❡♥❡
s❡♥t✐❞♦ ♣♦r sí s♦❧❛ ♣✉❡st♦ q✉❡ ❝❛❞❛ ❝♦❡✜❝✐❡♥t❡ q✉❡ ❢♦r♠❛ ♣❛rt❡ ❞❡ é❧ ❞❡❜❡ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♥❛ ♣❛rt❡ ❞❡
❧❛ ❡①♣❧✐❝❛❝✐ó♥✱ s✐♥ ❡♠❜❛r❣♦ ❣❛r❛♥t✐③❛ ❧❛ ❝♦❤❡r❡♥❝✐❛ ❧ó❣✐❝❛ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❜❡t❛✳

✷✸❱é❛s❡ ❬✶✵✱ ♣✳ ✶✻❪✳
✷✹❱❡r ❬✷✱ ♣✳ ✸✷❪✳

✶✵



✹✳ ▲í♠✐t❡ ❞❡ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛

▲❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛✱ ❝♦♠♦ ❤❡♠♦s ❞❡s❛rr♦❧❧❛❞♦✱ ♥♦s ♣❡r♠✐t❡ ♦❜t❡♥❡r ❧❛s t❛s❛s ❞❡ ❝❛♠❜✐♦✳ ❊st❛s
❡①♣r❡s❛♥ ♠♦✈✐♠✐❡♥t♦s ✐♥st❛♥tá♥❡♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❡❧ ♠♦❞❡❧♦✳ P❡r♦✱ ❧❛ ❢♦r♠❛ ❡♥ q✉❡
❡st♦s ♠♦❞❡❧♦s ❛❜♦r❞❛♥ ❧♦s ♠♦✈✐♠✐❡♥t♦s s❡ ❤❛❝❡ ❞❡s❞❡ ❧❛ ♣❡rs♣❡❝t✐✈❛ ❡♣✐st❡♠♦❧ó❣✐❝❛ ♠❡❝á♥✐❝♦ ✲ ❞❡s✲

❝r✐♣t✐✈❛✳✷✺

❊♥ ❡st❛ ♣❡rs♣❡❝t✐✈❛✱ s❡ ❛✜r♠❛ q✉❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s s♦♥ ♠❡❝á♥✐❝♦s ♣✉❡s ❛❞♠✐t❡♥ ❧❛ r❡✈❡rs✐❜✐❧✐❞❛❞✳
❆sí✱ ❞❛❞❛ ✉♥❛ s✐t✉❛❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ✐♥✐❝✐❛❧✱ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❡♥ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❡①ó❣❡♥❛s✱ ❝♦♥❧❧❡✲
✈❛rá ❛ ✉♥ ♥✉❡✈♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❡ s♦❧✉❝✐ó♥✳ ❊s ❞❡❝✐r✱ ♣❛s❛♠♦s ❞❡ ❧❛ s✐t✉❛❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ✐♥✐❝✐❛❧
❛ ✉♥❛ ♥✉❡✈❛✳ ▲✉❡❣♦✱ s✐ s❡ ❡❧✐♠✐♥❛ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ✐♥❝♦r♣♦r❛❞❛ ❡♥ ❡❧ ♠♦❞❡❧♦✱ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ❧❛ ✈❛✲
r✐❛❜❧❡ ❡①ó❣❡♥❛ r❡t♦♠❛ s✉ ✈❛❧♦r ✐♥✐❝✐❛❧❀ ❡♥t♦♥❝❡s ✈♦❧✈❡r❡♠♦s ❛❧ ❡q✉✐❧✐❜r✐♦ ✐♥✐❝✐❛❧ ❝♦♥ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡
❝♦♥❥✉♥t♦ s♦❧✉❝✐ó♥✳ ❆sí✱ ❧❛ r❡❝❡rs✐❜✐❧✐❞❛❞ ❡s ♣❡r❢❡❝t❛✳ ❊♥t♦♥❝❡s✱ ❝♦♥ ❧❛ ❡stát✐❝❛ ❝♦♠♣❛r❛t✐✈❛ ♣♦❞❡♠♦s
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