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♠✉♥❞✐❛❧✳ ❆♠❜❛s r❛③♦♥❡s ❝♦♥❞✉❝❡♥ ❛❧ ❝♦♥❝❡♣t♦ ❞❡ ✈❡♥t❛❥❛s ❝♦♠♣❛r❛t✐✈❛s ❞❡s❛rr♦❧❧❛❞❛ ♣♦r ❘✐❝❛r❞♦✳✷
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P❛r❛ t♦❞❛ ❡❝♦♥♦♠í❛ q✉❡ t✐❡♥❡ ✉♥ ♥✐✈❡❧ t❡❝♥♦❧ó❣✐❝♦ ❞❡t❡r♠✐♥❛❞♦ ② ✉♥❛ ❝❛♥t✐❞❛❞ ❞❛❞❛ ❞❡ r❡❝✉rs♦s✱ ❧♦s
❝✉❛❧❡s ✉s❛ ♣❧❡♥❛♠❡♥t❡✱ ② ♦♣❡r❛ ❝♦♥ ✉♥❛ ❥♦r♥❛❞❛ ❞❡ tr❛❜❛❥♦ ❞❡t❡r♠✐♥❛❞❛❀ ❝✉❛❧q✉✐❡r ♠♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧❛
❝❛♥t✐❞❛❞ ♣r♦❞✉❝✐❞❛ ❞❡ ✉♥ ❜✐❡♥ ✐♠♣❧✐❝❛ ✉♥ ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞✳ ❊♥ ❡st❡ t✐♣♦ ❞❡ ❡❝♦♥♦♠í❛s ❡①✐st❡ ✉♥
tr❛❞❡✕♦✛✳

▲✉❡❣♦✱ s✐ t❡♥❡♠♦s ❞♦s ❡❝♦♥♦♠í❛s ❜❛❥♦ ❡st❛ ❝♦♥❞✐❝✐ó♥ ② q✉❡ ♣r♦❞✉❝❡♥ ❧♦s ♠✐s♠♦s ❜✐❡♥❡s✱ ❡s ♣♦s✐❜❧❡
r❡♦r❞❡♥❛r ❧❛s ❝❛♥t✐❞❛❞❡s ♣r♦❞✉❝✐❞❛s ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣❛ís❡s ♣❡r♠✐t✐❡♥❞♦ ❡❧ ❝♦♠❡r❝✐♦ ❡♥tr❡ ❡❧❧♦s✱ ❞❡
t❛❧ ♠❛♥❡r❛ q✉❡ ❡❧ ♥✐✈❡❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❧♦s ❜✐❡♥❡s ❞❡ ❛♠❜♦s ♣❛ís❡s s❡❛ ♠❛②♦r ❛❧ q✉❡ t❡♥í❛♥ ❝❛❞❛ ✉♥♦
♣♦r s❡♣❛r❛❞♦ ❛♥t❡s ❞❡ r❡❛❧✐③❛r ❡❧ ❝♦♠❡r❝✐♦ ❡♥tr❡ sí✳

P❡r♦✱ ➽♣♦r q✉é ❛✉♠❡♥t❛rí❛ ❡❧ t♦t❛❧ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❜✐❡♥❡s❄ ② ➽q✉é ♠♦t✐✈❛rí❛ ❡❧ ❝♦♠❡r❝✐♦ ❡♥tr❡
❛♠❜♦s ♣❛ís❡s❄ ❊st♦ ❡s r❡s✉❧t❛❞♦ ❞❡ q✉❡ ❝❛❞❛ ♣❛ís t✐❡♥❡ ❞✐❢❡r❡♥t❡s ❝♦st♦s ❞❡ ♦♣♦rt✉♥✐❞❛❞ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥
❞❡ ❛❧❣✉♥♦s ♦ t♦❞♦s ❧♦s ❜✐❡♥❡s q✉❡ ♣r♦❞✉❝❡♥✳ P♦r ❡❥❡♠♣❧♦✱ s✐ ✉♥♦ ❞❡ ❡❧❧♦s t✐❡♥❡ ✉♥ ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞
❡❧❡✈❛❞♦ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜✐❡♥ ❡♥ r❡❧❛❝✐ó♥ ❛❧ ♦tr♦ ♣❛ís✱ ❡♥t♦♥❝❡s ❡s ✓❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ❡st❡ ♣❛ís✔
q✉❡ ❞❡❥❡ ❞❡ ♣r♦❞✉❝✐r ❡st❡ ❜✐❡♥ ② ❞❡st✐♥❡ ❧♦s r❡❝✉rs♦s ❧✐❜❡r❛❞♦s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❛q✉❡❧❧♦s ❜✐❡♥❡s ❞♦♥❞❡
t✐❡♥❡ ♠❡♥♦r❡s ❝♦st♦s ❞❡ ♦♣♦rt✉♥✐❞❛❞✳ ❆sí✱ ❧❛ ❝❛♥t✐❞❛❞ ❛❞✐❝✐♦♥❛❧ q✉❡ ♦❜t❡♥❞rí❛ ❞❡ ❧♦s ♦tr♦s ❜✐❡♥❡s ❧❡
♣❡r♠✐t✐rí❛♥✱ ❛ tr❛✈és ❞❡❧ ✐♥t❡r❝❛♠❜✐♦✱ ♦❜t❡♥❡r ✉♥❛ ❝❛♥t✐❞❛❞ s✉♣❡r✐♦r ❞❡❧ ❜✐❡♥ q✉❡ r❡♥✉♥❝✐ó ❛ ♣r♦❞✉❝✐r✳
❊s ❞❡❝✐r✱ ❡❧ ❝♦♠❡r❝✐♦ ❞❡ ❜✐❡♥❡s ❡♥ ❧♦s q✉❡ ♣❛ís❡s t✐❡♥❡♥ ❧♦s ♠❡♥♦r❡s ❝♦st♦s r❡❧❛t✐✈♦s✱ ❝♦♥❧❧❡✈❛rí❛ ❛ ✉♥❛
❡s♣❡❝✐❛❧③✐❛❝✐ó♥ ② ❡st♦ ♣❡r♠✐t✐rí❛ ✉♥ ✐♥❝r❡♠❡♥t♦ ❞❡❧ t♦t❛❧ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥✳

❊♥t♦♥❝❡s✱ s❡ ❞✐❝❡ q✉❡ ✉♥ ♣❛ís t✐❡♥❡ ✈❡♥t❛❥❛ ❝♦♠♣❛r❛t✐✈❛ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜✐❡♥ s✐ t✐❡♥❡ ❡❧
♠❡♥♦r ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞ ❡♥ r❡❧❛❝✐ó♥ ❛❧ r❡st♦ ❞❡ ♣❛ís❡s q✉❡ t❛♠❜✐é♥ ♣✉❡❞❡♥ ♣r♦❞✉❝✐r ❡❧ ♠✐s♠♦ ❜✐❡♥✳
❆sí✱ ❡❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ❛❧ ♣❡r♠✐t✐r ❧❛ ❡s♣❡❝✐❛❧③✐❛❝✐ó♥ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ② ❡①♣♦rt❛❝✐ó♥ ❞❡ ❜✐❡♥❡s
❡♥ ❧♦s q✉❡ ❧♦s ♣❛ís❡s t✐❡♥❡♥ ✈❡♥t❛❥❛s ❝♦♠♣❛r❛t✐✈❛s ❝♦♥❧❧❡✈❛rá ❛ ✉♥ ♠❛②♦r ♥✐✈❡❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♠✉♥❞✐❛❧✳

✸✳ ❯♥❛ ❡❝♦♥♦♠í❛ ❝♦♥ ✉♥ ❢❛❝t♦r ♣r✐♠❛r✐♦

✸✳✶✳ ▲♦s s✉♣✉❡st♦s

P❛r❛ ❧❛ ❡❝♦♥♦♠í❛ ❞❡ ✉♥ ♣❛ís✱ s✉♣♦♥❞r❡♠♦s✿

s1✿ P♦s❡❡ ✉♥ ú♥✐❝♦ ❢❛❝t♦r ❞❡ ♣r♦❞✉❝❝✐ó♥✿ tr❛❜❛❥♦ ❤♦♠♦❣é♥❡♦ ② s✉ ❝❛♥t✐❞❛❞ ❡stá ❞❛❞❛✱ H̄✳

s2✿ ❙ó❧♦ ♣✉❡❞❡ ♣r♦❞✉❝✐r ❞♦s ❜✐❡♥❡s✱ B1 ② B2✳

s3✿ ▲❛ ❥♦r♥❛❞❛ ❞❡ tr❛❜❛❥♦ ❡stá ❞❛❞❛ ② ❡s ❧❛ ♠✐s♠❛ ♣❛r❛ ❝❛❞❛ ✐♥❞✉str✐❛✱ δ0✳

s4✿ P♦s❡❡ ✉♥ s✐st❡♠❛ t❡❝♥♦❧ó❣✐❝♦ t✐♣♦ ▲❡♦♥t✐❡❢ ❞❛❞❛✳

s5✿ ▲❛ ❡❝♦♥♦♠í❛ ❡s ❡st❛❝✐♦♥❛r✐❛ ✭♥♦ ❞❡st✐♥❛ r❡❝✉rs♦s ❛ ❧❛ ✐♥✈❡rs✐ó♥✮✳

s6✿ ▲❛ ❡❝♦♥♦♠í❛ ♥♦ t✐❡♥❡ ❝♦♠❡r❝✐♦ ❡①t❡r✐♦r✳

s7✿ ▲❛ ❡str✉❝t✉r❛ ❞❡ ♠❡r❝❛❞♦✱ ♣❛r❛ B1✱ B2 ② H✱ ❡s ❞❡ ❝♦♠♣❡t❡♥❝✐❛ ♣❡r❢❡❝t❛✳

✶❱❡r ❬✷❪✳
✷❱❡r ❬✹✱ ❝❛♣✳ ✼❪✳

✶



✸✳✷✳ ▲❛ t❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦

▲❛ ❡❝♦♥♦♠í❛ ❜❛❥♦ ❡st✉❞✐♦ t❡♥❞rí❛ ❧❛ s✐❣✉✐❡♥t❡ t❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦✿

■♥❞✉str✐❛s ❉❡♠❛♥❞❛ ❉❡r✐✈❛❞❛ ❉❡♠❛♥❞❛ Pr♦❞✉❝t♦

B1 B2 ❋✐♥❛❧ ❚♦t❛❧

B1 ✵ x12 c1 x1

B2 x21 ✵ c2 x2

H Xh1 Xh2 ✵ Xh

❈✉❛❞r♦ ✶✿ ❚❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦

❊♥ ❡st❛ ❡❝♦♥♦♠í❛✱ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❝❛❞❛ ❜✐❡♥ s❡ ❞❡st✐♥❛ ❝♦♠♦ ✐♥s✉♠♦ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ♦tr♦
❜✐❡♥ ② ❝♦♠♦ ❝♦♥s✉♠♦ ♣❛r❛ ❧❛ s❛t✐s❢❛❝❝✐ó♥ ❞❡ ❧❛s ♥❡❝❡s✐❞❛❞❡s ❞❡ ❧❛s ❢❛♠✐❧✐❛s✳ ❆s✐♠✐s♠♦✱ ♠✉❡str❛ ❧❛
❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s s❡r✈✐❝✐♦s ❞❡❧ ❢♦♥❞♦ tr❛❜❛❥♦ ❡♥tr❡ ❛♠❜♦s s❡❝t♦r❡s✱ s✐❡♥❞♦ ❡❧ t♦t❛❧ r❡q✉❡r✐❞♦ ✐❣✉❛❧ ♦
♠❡♥♦r ❛ ❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞ X0

h = δ0H̄✱ ❞♦♥❞❡ δ0 ❡s ❧❛ ❥♦r♥❛❞❛ ❞❡ tr❛❜❛❥♦ ❞❡ ❧❛ ❡❝♦♥♦♠í❛✳
❉❡ ❧❛ t❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦ ❞❡r✐✈❛♠♦s ❧❛s s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s✿

x12 + c1 = x1 ✭✶✮

x21 + c2 = x2 ✭✷✮

Xh1 +Xh2 = Xh ✭✸✮

❨ ❝♦♠♦ ❤❡♠♦s ♠❡♥❝✐♦♥❛❞♦ Xh ≤ δ0H̄✳

✸✳✸✳ ▲❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥

❆❤♦r❛✱ ❞❛❞♦ ❡❧ s✐st❡♠❛ t❡❝♥♦❧ó❣✐❝♦ ❞❡ ▲❡♦♥t✐❡❢ q✉❡ ❤❡♠♦s ❛s✉♠✐❞♦✱ tr❛♥s❢♦r♠❛r❡♠♦s ❧❛s r❡❧❛❝✐♦♥❡s ❞❡
❧❛ t❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦✱ ✐♥tr♦❞✉❝✐❡♥❞♦ ❧♦s ❝♦❡✜❝✐❡♥t❡s t❡❝♥♦❧ó❣✐❝♦s (aij)✳ ❊♥t♦♥❝❡s✱

x1 − a12x2 = c1 ✭✹✮

−a21x1 + x2 = c2 ✭✺✮

ah1x1 + ah2x2 = Xh ✭✻✮

❆sí✱ ❞❡❧ s✉❜s✐st❡♠❛ ❞❡ ✢✉❥♦s✱ ♣❛r❛ ✉♥❛ ❝❛♥❛st❛ ❞❡ ❝♦♥s✉♠♦ ❣❡♥ér✐❝❛ (c1, c2)✱ s❡ t❡♥❞rá ❡❧ s✐❣✉✐❡♥t❡
s✐st❡♠❛ ♠❛tr✐❝✐❛❧✿

(

1 −a12
−a21 1

)(

x1

x2

)

=

(

c1
c2

)

✭✼✮

❉♦♥❞❡ ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s t❡❝♥♦❧ó❣✐❝♦s
∣

∣

1 −a12

−a21 1

∣

∣ ✈❡r✐✜❝❛ (1−a12a21) > 0✳
❊st♦ q✉✐❡r❡ ❞❡❝✐r✱ ❧❛ ❡❝♦♥♦♠í❛ ❡s ✓✈✐❛❜❧❡ t❡❝♥♦❧ó❣✐❝❛♠❡♥t❡✔✱ ❝✉♠♣❧❡ ❧❛ ✓❝♦♥❞✐❝✐ó♥ ❍❛✇❦✐♥s✲❙✐♠♦♥✔✳✸

❘❡s♦❧✈✐❡♥❞♦ ❡❧ s✐st❡♠❛ ✭✼✮ s❡ ♦❜t✐❡♥❡✿

x1 = A11c1 +A12c2 ✭✽✮

x2 = A21c1 +A22c2 ✭✾✮

❉♦♥❞❡ A11 = A22 = 1

1−a12a21

✱ A12 = a12

1−a12a21

② A21 = a21

1−a12a21

✳ ❊❧ ❝♦❡✜❝✐❡♥t❡ Aij ♠✐❞❡ ❧❛
♣r♦❞✉❝❝✐ó♥ t♦t❛❧ ❞❡❧ ❜✐❡♥ Bi q✉❡ s❡ r❡q✉✐❡r❡ ❞✐r❡❝t❛ ❡ ✐♥❞✐r❡❝t❛♠❡♥t❡ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ✉♥✐❞❛❞ ❞❡❧ ❜✐❡♥

✸❱❡r ❬✶❪ ② ❬✸❪✳

✷



Bj ♣❛r❛ ❡❧ ❝♦♥s✉♠♦✳
▲✉❡❣♦✱ ❞❛❞❛ ❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞ ❧✐♠✐t❛❞❛ ❞❡❧ ❢❛❝t♦r tr❛❜❛❥♦ ② ❧❛ ❥♦r♥❛❞❛ ❧❛❜♦r❛❧ ❞❡ ❝❛❞❛ ✐♥❞✉str✐❛✱

❡st❛s ❝❛♥t✐❞❛❞❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ B1 ② B2 ❞❡❜❡♥ s❡r t❛❧❡s q✉❡ ❧❛ ❝❛♥❛st❛ ❞❡ ❝♦♥s✉♠♦ ❣❡♥ér✐❝❛ s❡❛
❢❛❝t✐❜❧❡ ❞❡ ♣r♦❞✉❝✐r✳ P♦r t❛♥t♦✱ ❞❛❞♦ q✉❡ Xh ≤ δ0H̄✱ ❞❡❜❡ ✈❡r✐✜❝❛rs❡✿

δ0H̄ ≥ Ah1c1 +Ah2c2 ✭✶✵✮

❉♦♥❞❡ Ahj ♠✐❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ s❡r✈✐❝✐♦s ❧❛❜♦r❛❧❡s ♥❡❝❡s❛r✐♦s ♣r❛ ♣r♦❞✉❝✐r Bi ② Bj ❝♦♥ ❡❧ ✜♥ ❞❡
♦❜t❡♥❡r ✉♥❛ ✉♥✐❞❛❞ ♥❡t❛ ❞❡ Bi ♣❛r❛ ❡❧ ❝♦♥s✉♠♦ ✜♥❛❧✳

❉❛❞♦ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ s❡r✈✐❝✐♦s ❧❛❜♦r❛❧❡s ❡s ✜❥❛✱ X0

h❀ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ❧í♠✐t❡ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡
❝❛♥❛st❛s ❞❡ ❝♦♥s✉♠♦ q✉❡ ❧❛ ❡❝♦♥♦♠í❛ ♣✉❡❞❡ ♣r♦❞✉❝✐r✳ ❊st❡ ❧í♠✐t❡ ❡s ❧❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❧❛
❡❝♦♥♦♠í❛✳✹ ❙✉ r❡♣r❡s❡♥t❛❝✐ó♥ ❣rá✜❝❛✱ ❡s ✉♥❛ ❧í♥❡❛ r❡❝t❛ ② s❡ ❞❡♥♦♠✐♥❛ ❝♦♠♦ ✓❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥
♥❡t❛✔✱ ❧❛ ♠✐s♠❛ s❡ ❡①♣r❡s❛ ❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦✿

δ0H̄ = Ah1c1 +Ah2c2 ✭✶✶✮

❊st❛ ❢r♦♥t❡r❛✱ ❛ s✉ ✈❡③ ❡s ❡❧ ❧í♠✐t❡ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ❝♦♥s✉♠♦✳
❆sí✱ ❧❛ ❡❝♦♥♦♠✐❛ q✉❡ ❡stá ♣r♦❞✉❝✐❡♥❞♦ ❧❛ ❝❛♥❛st❛ (c0

1
, c0

2
)✱ t❛♠❜✐é♥ ♣✉❞✐❡r❛ ♣r♦❞✉❝✐r ❝✉❛❧q✉✐❡r

❝❛♥❛st❛ ✉❜✐❝❛❞❛ ❡♥ ❧❛ ❢r♦♥t❡r❛ ♦ ♣♦r ❞❡❜❛❥♦ ❞❡ ❡❧❧❛✱ ❝♦♠♦ ❡s ❡❧ ❝❛s♦ ❞❡ ❧❛ ❝❛♥❛st❛ z✱ ❞♦♥❞❡ Az
′ < δ0H̄

s✐❡♥❞♦ A = (Ah1 Ah2)✳ ❊♥ ❡st❛ ú❧t✐♠❛ ❝❛♥❛st❛ ❡①✐st❡ s✉❜✉t✐❧✐③❛❝✐ó♥ ❞❡❧ ❢❛❝t♦r tr❛❜❛❥♦✱ ❡♥ t❛♥t♦ q✉❡
❝❛♥❛st❛s ✉❜✐❝❛❞❛s ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ ❢r♦♥t❡r❛✱ s♦♥ ✐♥❛❧❝❛♥③❛❜❧❡s ♣♦r ❡❧ ♠♦♠❡♥t♦✱ ♣✉❡s ❧❛ ❞♦t❛❝✐ó♥ ❞❡
tr❛❜❛❥♦ ② ❧❛ ❞✉r❛❝✐ó♥ ❞❡ ❧❛ ❥♦r♥❛❞❛ ♥♦ ❧♦ ♣❡r♠✐t❡♥✳

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✶✶✮ s❡ ♦❜t✐❡♥❡✱

dc2

dc1
= −

Ah1

Ah2

✭✶✷✮

❉♦♥❞❡ −
Ah1

Ah2

❡s ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦♥s✉♠♦ ❞❡ B2 q✉❡ s❡rá ♥❡❝❡s❛r✐♦ r❡♥✉♥❝✐❛r s✐ s❡ ❞❡s❡❛r❛ ♦❜t❡♥❡r
✉♥❛ ✉♥✐❞❛❞ ❛❞✐❝✐♦♥❛❧ ❞❡ B1 ♣❛r❛ ❡❧ ❝♦♥s✉♠♦✳ ❙❡ ❧❡ ❞❡♥♦♠✐♥❛ t❛s❛ ♠❛r❣✐♥❛❧ ❞❡ tr❛♥s❢♦r♠❛❝✐ó♥ ② ♠✐❞❡
❡❧ ❝♦st♦ r❡❧❛t✐✈♦ ♦ ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞ ❞❡ ❝♦♥s✉♠✐r B1 ❡♥ ✉♥✐❞❛❞❡s ❞❡ B2 s❛❝r✐✜❝❛❞❛s ❡♥ ❡❧ ❝♦♥s✉♠♦✳
❊♥ ❡st❡ ❝❛s♦✱ ❡st❡ ❝♦st♦ ❡s ❝♦♥st❛♥t❡✳ ❱é❛s❡ q✉❡ ❡st❡ ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞ ❡stá ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡❧
♥✐✈❡❧ t❡❝♥♦❧ó❣✐❝♦ q✉❡ ❞❡✜♥❡ ❧❛s ♣r♦❞✉❝t✐✈✐❞❛❞❡s ❞❡❧ ✐♥s✉♠♦ ② ❞❡❧ ❢❛❝t♦r tr❛❜❛❥♦✳

◆ót❡s❡ q✉❡ ❡❧ s✐st❡♠❛ t❡❝♥♦❧ó❣✐❝♦ ♣♦♥❡ ❡♥ ❡✈✐❞❡♥❝✐❛ q✉❡ ♥♦ s❡ ♣✉❡❞❡ ❞❡st✐♥❛r t♦❞♦ ❡❧ ❢♦♥❞♦ ❞❡
tr❛❜❛❥♦ ❛ ✉♥ s♦❧♦ s❡❝t♦r✱ ②❛ q✉❡ s❡ r❡q✉❡r✐rá ❝✐❡rt❛ ❝❛♥t✐❞❛❞ ❞❡❧ ♦tr♦ ❜✐❡♥ ❝♦♠♦ ✐♥s✉♠♦✳ ❊s♦ ❡s ❞❡❜✐❞♦
❛ ❧❛s r❡❧❛❝✐♦♥❡s ✐♥t❡rs❡❝t♦r✐❛❧❡s ❡①✐st❡♥t❡s✱ t❛❧ ❝♦♠♦ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ t❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦✳ ❊♥t♦♥✲
❝❡s✱ ♣❛r❛ ❡st❛ ❡❝♦♥♦♠í❛✱ ❧❛ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ ❛❜s♦❧✉t❛ ❡s ✐♥❛❧❝❛♥③❛❜❧❡✳ ❆sí✱ ❧❛s ❝❛♥❛st❛s ✉❜✐❝❛❞❛s ❡♥ ❧♦s
❡①tr❡♠♦s ❞❡ ❧❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♥♦ ✐♠♣❧✐❝❛rí❛♥ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ t♦t❛❧ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥✳

✸✳✹✳ Pr❡❝✐♦s r❡❧❛t✐✈♦s ② ♦❢❡rt❛

▲❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧♦s ♥✐✈❡❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ② ❞❡ ❝♦♥s✉♠♦ ❞❡ B1 ② ❞❡ B2 r❡q✉✐❡r❡ ❝♦♥♦❝❡r ❧♦s
♣r❡❝✐♦s ❞❡ B1 ② ❞❡ B2✳ ❊s♣❡❝í✜❝❛♠❡♥t❡ ❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ p1

p2

✳ ▲✉❡❣♦✱ ❝♦♥♦❝✐❞♦ ❡st❡ ♣r❡❝✐♦ ② ❞❛❞❛ ❧❛
♣r♦❞✉❝t✐✈✐❞❛❞ ❞❡❧ tr❛❜❛❥♦✱ s❡rá ♣♦s✐❜❧❡ ❞❡t❡r♠✐♥❛r ❧♦s s❛❧❛r✐♦s ❞❡ ❝❛❞❛ ✐♥❞✉str✐❛✳ ▲♦ q✉❡ ✐♠♣❧✐❝❛rí❛
r❡❛s✐❣♥❛❝✐♦♥❡s ❞❡❧ ❢❛❝t♦r tr❛❜❛❥♦ ❡♥tr❡ ✉♥ s❡❝t♦r ② ♦tr♦❀ ② ❛ s✉ ✈❡③ ♠♦✈✐♠✐❡♥t♦s ❞❡ t♦❞♦s ❧♦s ♣r❡❝✐♦s✳
❚♦❞♦ ❡st❡ ❛❥✉st❡ ❡s s✐♠✉❧tá♥❡♦✳

❉❛❞♦ q✉❡ ❧♦s ♠❡r❝❛❞♦s s♦♥ ❞❡ ❝♦♠♣❡t❡♥❝✐❛ ♣❡r❢❡❝t❛✱ ❧❛s ❞❡❝✐s✐♦♥❡s ❞❡ ♦❢❡rt❛ ❡stá♥ ❣✉í❛❞❛s ♣♦r ❧❛
r❛❝✐♦♥❛❧✐❞❛❞ ❞❡ ❧♦s ♣r♦❞✉❝t♦r❡s✿ ✓♣r♦❞✉❝✐rá♥ ❝♦♠♦ s✐ ❜✉s❝❛s❡♥ ♦❜t❡♥❡r ❡❧ ♠á①✐♠♦ ❜❡♥❡✜❝✐♦ ♣♦s✐❜❧❡✔✳
❊♥ t❛♥t♦ q✉❡ ❧♦s tr❛❜❛❥❛❞♦r❡s ♦❢r❡❝❡rá♥ s✉s s❡r✈✐❝✐♦s ❝♦♠♦ s✐ ❜✉s❝❛r❛♥ ♦❜t❡♥❡r ❡❧ ♠❛②♦r s❛❧❛r✐♦ ♣♦s✐❜❧❡✳

✹▲❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ s❡ ❞❡✜♥❡ ❝♦♠♦✿

F := {(c1, c2) ∈ R
2
+ : δ0H̄ = Ah1c1 +Ah2c2}

✸



❊♥t♦♥❝❡s✱ ❧❛ ❧ó❣✐❝❛ q✉❡ ♦♣❡r❛ ❡♥tr❡ ❧♦s ♣r♦❞✉❝t♦r❡s✱ ♣♦r ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ❡♥ ❡❧ ♠❡r❝❛❞♦✱ ❝♦♥❞✉❝✐rá
❛ q✉❡ ❡❧ ♣r❡❝✐♦ ❞❡ ❝❛❞❛ ❜✐❡♥ s❡❛ ✐❣✉❛❧ ❛ s✉ ❝♦st♦ ♠❡❞✐♦✳ ❆sí t❡♥❡♠♦s✿

p1 = ah1w1 + a21p2 ✭✶✸✮

p2 = ah2w2 + a12p1 ✭✶✹✮

❨ ❞❛❞♦ q✉❡ ❡❧ tr❛❜❛❥♦ ❡s ❤♦♠♦❣é♥❡♦✱ ♥♦ ❡①✐st❡ ❝♦st♦ ❞❡ ♠♦✈✐❧✐❞❛❞ ❞❡❧ ❢❛❝t♦r tr❛❜❛❥♦ ❞❡ ✉♥❛ ✐♥❞✉str✐❛
❛ ♦tr❛✳ P♦r t❛♥t♦✱ ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ② ❞❛❞❛ ❧❛ r❛❝✐♦♥❛❧✐❞❛❞ ❞❡ ❧♦s tr❛❜❛❥❛❞♦r❡s ❝♦♥❧❧❡✈❛rá ❛✿

w0 = w1 = w2 ✭✶✺✮

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❞❛❞❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✶✺✮✱ ❞❡❧ s✐st❡♠❛ ❞❡ ♣r❡❝✐♦s✱ ♦❜t❡♥❡♠♦s ❧♦s ♣r❡❝✐♦s ♠♦♥❡t❛r✐♦s
❞❡ ❧♦s ❜✐❡♥❡s ❡♥ tér♠✐♥♦s ❞❡❧ s❛❧❛r✐♦ ♠♦♥❡t❛r✐♦ q✉❡ r❡❣✐rí❛ ❡♥ ❧❛ ❡❝♦♥♦♠í❛✳ ❊st♦ ❡s✿

p1 = Ah1w
0 ✭✶✻✮

p2 = Ah2w
0 ✭✶✼✮

▲✉❡❣♦✱ ✐❣✉❛❧❛♥❞♦ ❛♠❜❛s ❡❝✉❛❝✐♦♥❡s ② r❡♦r❞❡♥❛♥❞♦✱ ♦❜t❡♥❡♠♦s ❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ q✉❡ r❡❣✐rá ❡♥ ❧❛
❡❝♦♥♦♠í❛✱

p1

p2
=

Ah1

Ah2

✭✶✽✮

❊st♦ s✐❣♥✐✜❝❛✱ q✉❡ ❡❧ ♣❛ís ♣r♦❞✉❝✐rá ❛♠❜♦s ❜✐❡♥❡s✱ B1 ② B2✱❞♦♥❞❡ ❡❧ ❢❛❝t♦r tr❛❜❛❥♦ ❡s r❡❛s✐❣♥❛❞♦
❡♥tr❡ ❧❛s ❞♦s ✐♥❞✉str✐❛s✳ ❆sí✱ ❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ ❞❡ ❧♦s ❜✐❡♥❡s ❡s ✐❣✉❛❧ ❛❧ r❡q✉❡r✐♠✐❡♥t♦ r❡❧❛t✐✈♦ ❞❡ tr❛❜❛❥♦
❞✐r❡❝t♦ ❡ ✐♥❞✐r❡❝t♦ ♥❡❝❡s❛r✐♦ ♣❛r❛ ❣❡♥❡r❛r ✉♥❛ ✉♥✐❞❛❞ ❞❡ ❝♦♥s✉♠♦✳ P❛r❛ ❧❛ ❡❝♦♥♦♠í❛✱ q✉❡ ❛ú♥ ♥♦ t✐❡♥❡
❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ♥♦ ❡①✐st❡ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ♥✐ ❡♥ ❡❧ ❝♦♥s✉♠♦✳✺

c1
0 x1

0

Ah1/Ah2

0

O1

δ0H/ah1p1/p2

❋✐❣✉r❛ ✶✿ ▲❛ ♦❢❡rt❛ ❞❡ B1✳

▲❛ ❝✉r✈❛ ❞❡ ♦❢❡rt❛✱ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ❜✐❡♥ B1✱ q✉❡❞❛ r❡♣r❡s❡♥t❛❞❛ ❡♥ ❧❛ ✜❣✉r❛ ✶✳ ◆ót❡s❡ q✉❡ ❧❛
❡❝♦♥♦♠í❛ ♥✉♥❝❛ ♣♦❞rá ♣r♦❞✉❝✐r ú♥✐❝❛♠❡♥t❡ ❡❧ ❜✐❡♥ B1❀ ❡s ❞❡❝✐r✱ ❧❛ ❡❝♦♥♦♠í❛ ♥♦ ♣✉❡❞❡ ✉t✐❧✐③❛r t♦❞♦
s✉ ❢♦♥❞♦ tr❛❜❛❥♦ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ❜✐❡♥ B1✱ ♣✉❡s r❡q✉✐❡r❡ q✉❡ ❝✐❡rt❛ ❝❛♥t✐❞❛❞ ❞❡ tr❛❜❛❥♦ s❡ ❞❡st✐♥❡
❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ❜✐❡♥ B2 ♣❛r❛ ♣r♦❞✉❝✐r ❧♦s ✐♥s✉♠♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ B1✳ ❊♥ ❡st❡

✺❊st❡ r❡s✉❧t❛❞♦ ❡s ❝♦♥s✐st❡♥t❡ ❝♦♥ ❧❛ ✓t❡♦rí❛ ❞❡❧ ✈❛❧♦r✲tr❛❜❛❥♦✔ ❞❡ ❘✐❝❛r❞♦✳ ❱❡r ❬✹✱ ❝❛♣✳ ✶❪✳

✹



s❡♥t✐❞♦✱ ❤❛❜í❛♠♦s ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ q✉❡✱ ❧❛ ❡❝♦♥♦♠í❛ ♥✉♥❝❛ s❡ ❡s♣❡❝✐❛❧✐③❛rá t♦t❛❧♠❡♥t❡ ❡♥ ❧❛
♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜✐❡♥✳

P♦r ♦tr♦ ❧❛❞♦✱ t❛♠❜✐é♥ ♦❜s❡r✈❛r❡♠♦s ❡♥ ❧❛ ✜❣✉r❛ ❞❡ ❧❛ ♦❢❡rt❛✱ q✉❡ ❡①✐st✐rá s✐❡♠♣r❡✱ ♣❛r❛ ❡st❛
❡❝♦♥♦♠í❛✱ ✉♥❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡❧ ♥✐✈❡❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ② s✉ ♥✐✈❡❧ ❞❡ ❝♦♥s✉♠♦ ❞❡ ✉♥ ❜✐❡♥✳ P♦r ❡❥❡♠♣❧♦✱
♣❛r❛ ❧❛ ✐♥❞✉str✐❛ q✉❡ ♣r♦❞✉❝❡ ❡❧ ❜✐❡♥ B1 s❡ ❞❡❜❡ ❛ q✉❡ s❡ ❞❡st✐♥❛ ✉♥❛ ♣❛rt❡ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❝♦♠♦
❞❡♠❛♥❞❛ ❞❡r✐✈❛❞❛ ♦ ✐♥t❡r♠❡❞✐❛ ❛ ❧❛ ✐♥❞✉str✐❛ ❞❡ B2✳

❆❞❡♠ás✱ ♥♦t❛r❡♠♦s q✉❡ só❧♦ ❡①✐st❡ ♦❢❡rt❛ ❞❡ B1✱ ♣❛r❛ ♥✐✈❡❧❡s ❡♥ ❧♦s q✉❡ ❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ ❞❡ B1 ❡s
♠❛②♦r ♦ ✐❣✉❛❧ ❛❧ ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞✳

✹✳ ❊❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❡♥ ✉♥ ♠✉♥❞♦ ❞❡ ✉♥ só❧♦ ❢❛❝t♦r

♣r♦❞✉❝t✐✈♦

✹✳✶✳ ▲♦s s✉♣✉❡st♦s

P❛r❛ ✉♥❛ ❡❝♦♥♦♠í❛ ♠✉♥❞✐❛❧ ❝♦♥❢♦r♠❛❞❛ ♣♦r ❞♦s ♣❛ís❡s❀ A ② A∗✱ s✉♣♦♥❞r❡♠♦s✿

s1✿ ❈❛❞❛ ♣❛ís ♣♦s❡❡ ❝♦♠♦ ú♥✐❝♦ ❢❛❝t♦r ❞❡ ♣r♦❞✉❝❝✐ó♥ ❡❧ tr❛❜❛❥♦ ❤♦♠♦❣é♥❡♦✱ ❞♦♥❞❡ s✉s ❝❛♥t✐❞❛❞❡s
❡st❛♥ ❞❛❞❛s✱ H̄ ② H̄∗ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

s2✿ ◆♦ ❡①✐st❡ ♠♦✈✐❧✐❞❛❞ ✐♥t❡r♥❛❝✐♦♥❛❧ ❞❡ tr❛❜❛❥♦

s3✿ ❈❛❞❛ ♣❛ís só❧♦ ♣✉❡❞❡ ♣r♦❞✉❝✐r ❞♦s ❜✐❡♥❡s✱ B1 ② B2✳

s4✿ ▲❛ ❥♦r♥❛❞❛ ❞❡ tr❛❜❛❥♦ ❡stá ❞❛❞❛ ♣❛r❛ ❧❛s ✐♥❞✉str✐❛s ❞❡ ❝❛❞❛ ♣❛ís✱ δ0 ② δ∗
0
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

s5✿ ❈❛❞❛ ♣❛ís ♣♦s❡❡ ✉♥ s✐st❡♠❛ t❡❝♥♦❧ó❣✐❝♦ t✐♣♦ ▲❡♦♥t✐❡❢ ② ❡stá ❞❛❞♦✳

s6✿ ▲❛s ❡❝♦♥♦♠í❛s s♦♥ ❡st❛❝✐♦♥❛r✐❛s ✭♥♦ ❞❡st✐♥❛♥ r❡❝✉rs♦s ❛ ❧❛ ✐♥✈❡rs✐ó♥✮✳

s7✿ ▲❛ ❡str✉❝t✉r❛ ❞❡ ♠❡r❝❛❞♦ ❡♥ ❝❛❞❛ ♣❛ís ❡s ❞❡ ❝♦♠♣❡t❡♥❝✐❛ ♣❡r❢❡❝t❛ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ s✉s ♠❡r❝❛❞♦s✳

❯t✐❧✐③❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ s✉♣✉❡st♦ ❛✉①✐❧✐❛r✿ ▲♦s r❡q✉❡r✐♠✐❡♥t♦s r❡❧❛t✐✈♦s ❞❡ tr❛❜❛❥♦ ♣❛r❛ ❡❧ ❝♦♥s✉♠♦
s✐❣✉❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♣❛✉t❛✱

Ah1

Ah2

<
A∗

h1

A∗

h2

✭✶✾✮

❊st♦ s✐❣♥✐✜❝❛✱ q✉❡ ❡❧ ♣❛ís A t✐❡♥❡ ✉♥ ❝♦st♦ ❞❡ ♦♣♦rt✉♥✐❞❛❞ ❡♥ ❡❧ ❝♦♥s✉♠♦ ❞❡ ✉♥❛ ✉♥✐❞❛❞ ❞❡ B1
♠❡♥♦r q✉❡ ❡❧ ♣❛ís A∗✳ ❖tr❛ ❢♦r♠❛ ❞❡ ❡①♣r❡s❛r✱ ❡❧ ♣❛ís A t✐❡♥❡ ✈❡♥t❛❥❛ ❝♦♠♣❛r❛t✐✈❛ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥
❞❡ B1 s♦❜r❡ ❡❧ ♣❛ís A∗✳

❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✶✾✮ s❡ ♦❜t✐❡♥❡✿
A∗

h2

Ah2

<
A∗

h1

Ah1

✭✷✵✮

❊st♦ ❡s✱ ❧❛ ♣r♦❞✉❝t✐✈✐❞❛❞ r❡❧❛t✐✈❛ ❞❡❧ ♣❛ís A ❡♥ ❡❧ ❜✐❡♥ B1 ❡s ♠❛②♦r q✉❡ ❧❛ ♣r♦❞✉❝t✐✈✐❞❛❞ r❡❧❛t✐✈❛
❞❡❧ ♣❛ís A∗✳ ❆sí✱ ❡❧ ♣❛ís A ♣❛r❛ ❝❛❞❛ ✉♥✐❞❛❞ ❞❡ B1 ❝♦♥s✉♠✐❞❛ r❡q✉✐❡r❡ ✉♥❛ ♠❡♥♦r ❝❛♥t✐❞❛❞ r❡❧❛t✐✈❛
❞❡ s❡r✈✐❝✐♦s ❞❡❧ ❢♦♥❞♦ tr❛❜❛❥♦ q✉❡ ❧♦ q✉❡ s❡ r❡q✉❡r✐rí❛ ❡♥ ❡❧ ♣❛ís A∗ ♣❛r❛ ❡❧ ♠✐s♠♦ ♦❜❥❡t✐✈♦✳ ❊♥ ❡❧ ♣❛ís
A s❡ s❛❝r✐✜❝❛ ♠❡♥♦s ✉♥✐❞❛❞❡s ❞❡ B2 ♣❛r❛ ❝♦♥s✉♠✐r ✉♥❛ ✉♥✐❞❛❞ ❛❞✐❝✐♦♥❛❧ ❞❡ B1 q✉❡ ❡♥ ❡❧ ♣❛ís A∗✳

✹✳✷✳ ▲❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦

P❛r❛ ✈❡r ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ ❞❡ B1 ❜❛❥♦ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❡♥tr❡ ❧♦s ♣❛ís❡s A ②
A∗✱ ❡st✉❞✐❛r❡♠♦s ❧❛ ✐♥t❡r❛❝❝✐ó♥ s✐♠✉❧tá♥❡❛ ❞❡ ❧♦s ♠❡r❝❛❞♦s✱ ♠❡❞✐❛♥t❡ ❡❧ ❛♥á❧✐s✐s ❞❡ ❡q✉✐❧✐❜r✐♦ ❣❡♥❡r❛❧✳

❯t✐❧✐③❛r❡♠♦s ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ♦❢❡rt❛ ② ❞❡♠❛♥❞❛ r❡❧❛t✐✈❛✱ ❡st♦ ❡s✱ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ B1 ♦❢r❡❝✐❞♦ ✭♦

✺



❞❡♠❛♥❞❛❞♦✮ ❡♥ ❡❧ ♠❡r❝❛❞♦ ♠✉♥❞✐❛❧ ❞✐✈✐❞✐❞♦ ♣♦r ❧❛ ❝❛♥t✐❞❛❞ ♦❢r❡❝✐❞❛ ✭♦ ❞❡♠❛♥❞❛❞❛✮ ❞❡ B2 ❡♥ ❡❧
♠❡r❝❛❞♦ ♠✉♥❞✐❛❧✳ ❊♥ ❡st❡ ❝❛s♦✱

x1 + x∗

1

x2 + x∗

2

✭✷✶✮

❊❧ ❡q✉✐❧✐❜r✐♦ ❣❡♥❡r❛❧ ♠✉♥❞✐❛❧ r❡q✉✐❡r❡ q✉❡ ❧❛ ♦❢❡rt❛ r❡❧❛t✐✈❛ s❡ ✐❣✉❛❧❡ ❛ ❧❛ ❞❡♠❛♥❞❛ r❡❧❛t✐✈❛✳ ❆sí✱
q✉❡❞❛rí❛ ❞❡✜♥✐❞♦ ❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ ♠✉♥❞✐❛❧ ♣♦r ❧❛ ✐♥t❡rs❡❝❝✐♦♥ ❞❡ ❧❛s ❝✉r✈❛s ❞❡ ❧❛ ♦❢❡rt❛ ② ❧❛ ❞❡♠❛♥❞❛
r❡❧❛t✐✈❛✳

❆s✉♠✐r❡♠♦s q✉❡ ✓♥♦r♠❛❧♠❡♥t❡✔ ❡❧ ♠❡r❝❛❞♦ ♠✉♥❞✐❛❧ ❞❡t❡r♠✐♥❛ ✉♥ ♣r❡❝✐♦ r❡❧❛t✐✈♦ p1

p2

m
t❛❧ q✉❡✿

Ah1

Ah2

<
p1

p2

m

<
A∗

h1

A∗

h2

✭✷✷✮

▲❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❣rá✜❝❛ ❞❡ ❡st❛ s✐t✉❛❝✐ó♥✱ ❞♦♥❞❡ ❡❧ ♣❛ís A t❡♥❞rí❛ ✈❡♥t❛❥❛s ❝♦♠♣❛r❛t✐✈❛s ❡♥ ❧❛
♣r♦❞✉❝❝✐ó♥ ❞❡ B1 ❡♥ r❡❧❛❝✐ó♥ ❛❧ ♣❛✐s A∗✱ s❡ r❡♣r❡s❡♥t❛ ❡♥ ❧❛ ✜❣✉r❛ ✷✳

Ah1/Ah2

0

O1

δ0H/δ0
*H*

p1/p2

D1

Ah1
*/Ah2

*

p1/p2
m

❋✐❣✉r❛ ✷✿ ▲❛ ♦❢❡rt❛ ❞❡ B1✳

❊♥ ❡st❛ s✐t✉❛❝✐ó♥✱ ❡❧ ♣❛ís A✱ ❞❛❞♦ q✉❡ ♣r♦❞✉❝❡ ❛ ✉♥ ♠❡♥♦r ❝♦st♦ ❡❧ ❜✐❡♥ B1✱ s❡ ❡s♣❡❝✐❛❧✐③❛rá ❡♥ ❧❛
♣r♦❞✉❝❝✐ó♥ ❞❡ ❡st❡ ② ♣❛rt✐❝♣❛rá ❡♥ ❡❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❡①♣♦rt❛♥❞♦ B1 ❡ ✐♠♣♦rt❛♥❞♦ B2✳ ❊♥ t❛♥t♦
q✉❡ ❡❧ ♣❛ís A∗ t❡♥❞rí❛ ✈❡♥t❛❥❛s ❝♦♠♣❛r❛t✐✈❛s ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ B2✱ ❡s♣❡❝✐❧✐③á♥❞♦s❡ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥
② ❡①♣♦rt❛❝✐ó♥ ❞❡ B2✳

◆ót❡s❡ ❛❤♦r❛✱ ❞❛❞♦ q✉❡ ❧❛ ❡❝♦♥♦♠í❛ A t✐❡♥❡ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❝♦♥ ❡❧ ♣❛ís A∗✱ q✉❡ ❡s ♣♦s✐❜❧❡
❞❡❞✐❝❛r t♦❞♦ ❡❧ ❢♦♥❞♦ tr❛❜❛❥♦ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ❜✐❡♥ B1✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧♦s ✐♥s✉♠♦s ♥❡❝❡s❛r✐♦s ❞❡ B2
♣❛r❛ ♣r♦❞✉❝✐r B1✱ s❡ ✐♠♣♦rt❛rá♥ ❞❡❧ ♦tr♦ ♣❛ís✳ ❊❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❝❛♠❜✐❛rí❛ ❧❛ ❡str✉❝t✉r❛ ❞❡
❧❛s r❡❧❛❝✐♦♥❡s ✐♥t❡rs❡❝t♦r✐❛❧❡s✱ ❧♦ q✉❡ s❡ ❡✈✐❞❡♥❝✐❛rí❛ ❡♥ ❧❛ ♠❛tr✐③ ✐♥s✉♠♦✲♣r♦❞✉❝t♦✳

✹✳✸✳ ▲❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❜❛❥♦ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧

❉❛❞♦ q✉❡ ❝❛❞❛ ❡❝♦♥♦♠í❛ ♥♦ ♣✉❡❞❡ ✐♠♣♦rt❛r ♠ás ❛❧❧á ❞❡❧ ✈❛❧♦r ❞❡ s✉s ❡①♣♦rt❛❝✐♦♥❡s✱ ❡♥t♦♥❝❡s ❝❛❞❛
♣❛ís ❞❡❜❡ t❡♥❡r ✉♥ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❜❛❧❛♥❝❡❛❞♦✳ ▲❛s ✐♠♣♦rt❛❝✐♦♥❡s s❡rá♥ ♣r♦❞✉❝✐❞❛s ♣♦r s✉s
❡①♣♦rt❛❝✐♦♥❡s✳

❆sí✱ ❝♦♥ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ❧❛ ♠❛tr✐③ ✐♥s✉♠♦✲♣r♦❞✉❝t♦ t❡♥❞rí❛ ♦tr❛ ❡str✉❝t✉r❛✳ ❉❛❞❛ ❧❛ ❡s♣❡✲
❝✐❛❧✐③❛❝✐ó♥ t♦t❛❧ ❞❡ ❧❛ ❡❝♦♥♦♠í❛ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ B1✱ ❛❤♦r❛ ❡❧ s❡❝t♦r ✷ s❡ ❝♦♥✈✐❡rt❡ ❡♥ ✉♥ ✓s❡❝t♦r

✻



❡①t❡r♥♦✔✱ ❝✉②♦ ♣r♦❞✉❝t♦ s♦♥ ❧❛s ❝❛♥t✐❞❛❞❡s ✐♠♣♦rt❛❞❛s ② ❝✉②♦s ✐♥s✉♠♦s s♦♥ ❧❛s ❝❛♥t✐❞❛❞❡s ❡①♣♦rt❛❞❛s
❞❡ B1✳ ❊❧ s❡❝t♦r ❡①t❡r♥♦ s❡rí❛ ✉♥ s❡❝t♦r ✐♥t❡r♥❛❧✐③❛❞♦ ❛ ❧❛s r❡❧❛❝✐♦♥❡s ✐♥t❡r✐♥❞✉str✐❛❧❡s ❞❡ ❧❛ ❡❝♦♥♦♠í❛
❞❡❧ ♣❛ís A✳

▲❛ ♠❛tr✐③ ✐♥s✉♠♦✲♣r♦❞✉❝t♦ s❡rí❛✱

■♥❞✉str✐❛s ❉❡♠❛♥❞❛ ❉❡r✐✈❛❞❛ ❉❡♠❛♥❞❛ Pr♦❞✉❝t♦

B1 B2 ❋✐♥❛❧ ❚♦t❛❧

B1 ✵ x12 c1 x1

B2 m21 ✵ m2c m2

H Xh1 ✵ ✵ Xh

❈✉❛❞r♦ ✷✿ ❚❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦

❉❡ ❡st❛ ♥✉❡✈❛ t❛❜❧❛ ✐♥s✉♠♦✲♣r♦❞✉❝t♦ ♣♦❞❡♠♦s ❞❡r✐✈❛♠♦s r❡❧❛❝✐♦♥❡s✱ q✉❡ ❞❛❞♦ ❡❧ s✉♣✉❡st♦ ❞❡ t❡❝✲
♥♦❧♦❣í❛ ❞❡ ▲❡♦♥t✐❡❢ ② ♣❛r❛ ✉♥❛ ❝❛♥❛st❛ ❣❡♥ér✐❝❛ (c1,m2c)✱ s❡ ❡①♣r❡s❛♥ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛ ♠❛tr✐❝✐❛❧✱

(

1 −α12

−α21 1

)(

x1

m2

)

=

(

c1
m2c

)

✭✷✸✮

❉♦♥❞❡ α12 ✐♥❞✐❝❛ ❧❛ ❝❛♥t✐❞❛❞ ❞❡❧ ❜✐❡♥ B1 q✉❡ s❡ ❞❡❜❡ ❡①♣♦rt❛r ♣❛r❛ ✓♣r♦❞✉❝✐r✔✱ ❛ tr❛✈és ❞❡❧ ✐♥t❡r✲
❝❛♠❜✐♦✱ ✉♥❛ ✉♥✐❞❛❞ ❞❡❧ ❜✐❡♥ ✐♠♣♦rt❛❞♦ B2✳ ❊♥ t❛♥t♦ q✉❡ α21 ✐♥❞✐❝❛ ❧❛ ❝❛♥t✐❞❛❞ r❡q✉❡r✐❞❛ ❞❡ ✐♥s✉♠♦
B2 ✐♠♣♦rt❛❞♦ ♣❛r❛ ♣r♦❞✉❝✐r ✉♥❛ ✉♥✐❞❛❞ ❞❡ B1✳

❆ú♥ ❜❛❥♦ ❧❛s ♥✉❡✈❛s ❝♦♥❞✐❝✐♦♥❡s s❡ ❞❡❜❡ ✈❡r✐✜❝❛r q✉❡ ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s
t❡❝♥♦❧ó❣✐❝♦s

∣

∣

1 −α12

−α21 1

∣

∣ ❞❡❜❡ s❡r (1− α12α21) > 0✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r✱ ❧❛ ❡❝♦♥♦♠í❛ ❡s ✓✈✐❛❜❧❡ t❡❝♥♦❧ó✲
❣✐❝❛♠❡♥t❡✔✱ q✉❡ ❝✉♠♣❧❡ ❧❛ ✓❝♦♥❞✐❝✐ó♥ ❍❛✇❦✐♥s✲❙✐♠♦♥✔✳✻

▲❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ t❡❝♥♦❧ó❣✐❝♦✱ ♣❛r❛ ✉♥❛ ❝❛♥❛st❛ ❞❛❞❛ (c0
1
,m0

2c)✱ s❡rá✿

x0

1
= A′

11
c0
1
+A′

12
m0

2c ✭✷✹✮

m0

2
= A′

21
c0
1
+A′

22
m0

2c ✭✷✺✮

❉♦♥❞❡ A′

11
= A′

22
= 1

1−α12α21

✱ A′

12
= α12

1−α12α21

② A′

21
= α21

1−α12α21

✳ ❊❧ ❝♦❡✜❝✐❡♥t❡ A′

ij ♠✐❞❡ ❧❛
♣r♦❞✉❝❝✐ó♥ t♦t❛❧ ❞❡❧ ❜✐❡♥ Bi q✉❡ s❡ r❡q✉✐❡r❡ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ✉♥✐❞❛❞ ❞❡❧ ❜✐❡♥ Bj ♣❛r❛ ❡❧ ❝♦♥s✉♠♦✳

▲✉❡❣♦✱ ❧❛ ♥✉❡✈❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❧❛ ❡❝♦♥♦♠í❛ A✱ ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❧❛ ❡①♣r❡s✐ó♥✿

δ0H̄ = A′

h1c1 +A′

h2m2c ✭✷✻✮

❙✐❡♥❞♦ ❧♦s ❝♦❡✜❝✐❡♥t❡s A′

h1 = ah1A
′

11
② A′

h2 = ah1A
′

12
✳

❆❤♦r❛✱ ❡❧ ❝♦st♦ r❡❧❛t✐✈♦ ❞❡ ♣r♦❞✉❝✐r ✉♥❛ ✉♥✐❞❛❞ ❞❡ B1 ❡st❛rí❛ ❞❛❞♦ ♣♦r

dm2c

dc1
= −

A′

h1

A′

h2

= −
A′

11

A′

12

✭✷✼✮

◆ót❡s❡✱ q✉❡ ♥♦ s❡ ✉t✐❧✐③❛ ❡❧ ❢♦♥❞♦ tr❛❜❛❥♦ ❞✐r❡❝t❛♠❡♥t❡ ♣❛r❛ ♣r♦❞✉❝✐r ❡❧ ❜✐❡♥ B2✱ ♣❡r♦ sí ✐♥❞✐r❡❝✲
t❛♠❡♥t❡✳ ❊♥t♦♥❝❡s✱ ❡s ✈á❧✐❞♦ ♣r♦♣♦♥❡r ♣❛r❛ ❧❛ ❡❝♦♥♦♠í❛ A✱ ❡s♣❡❝✐❛❧✐③❛❞❛ ❡♥ B1✱ q✉❡ s✉ ♣♦s✐❜✐❧✐❞❛❞
♠á①✐♠❛ ❞❡ ❝♦♥s✉♠♦ ❞❡ B1 ❡s ♠❛②♦r ❛ ❝✉❛♥❞♦ ♥♦ t❡♥í❛ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❝♦♥ A∗✳ ❊s ❞❡❝✐r✿

X0

h

A′

h1

>
X0

h

Ah1

✭✷✽✮

✻❊♥ ❡str✐❝t♦ α12 ♥♦ ❡s ✉♥ ❝♦❡✜❝✐❡♥t❡ t❡❝♥♦❧ó❣✐❝♦ ❞❡ ♣r♦❞✉❝❝✐ó♥✱ s✐♥♦ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ✐♥t❡r❝❛♠❜✐♦✳

✼



❘❡s♣❡❝t♦ ❛ ❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ❝♦♥s✉♠♦ ❞❡ B2✱ ♦❝✉rr❡ t❛♠❜✐é♥ ✉♥ ✐♥❝r❡♠❡♥t♦ ❞❡ ❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s
❞❡ ❝♦♥s✉♠♦✳ ❆sí✱

X0

h

A′

h2

>
X0

h

Ah2

✭✷✾✮

P♦r t❛♥t♦✱ ❧❛ ❛♣❡rt✉r❛ ❞❡ ❧❛ ❡❝♦♥♦♠í❛ ❡♥ ❡❧ ♣❛ís A✱ ❝♦♥❧❧❡✈❛ ❛ ✉♥ ❛✉♠❡♥t♦ ❞❡ ❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s
❞❡ ❝♦♥s✉♠♦ ❞❡ ❧❛ ❡❝♦♥♦♠í❛✳ ❊st♦ s❡ r❡♣r❡s❡♥t❛ ❝♦♥ ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❤❛❝✐❛ ❛❢✉❡r❛ ❞❡ ❧❛ ❢r♦♥t❡r❛ ❞❡
♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ♣r♦❞✉❝❝✐ó♥✳ P❡r♦✱ ➽❡st❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❡s ♣❛r❛❧❡❧♦❄✱ ❡s ❞❡❝✐r✱ ➽s❡ ♠❛♥t✐❡♥❡♥ ❝♦♥st❛♥t❡s
❧♦s ❝♦st♦s r❡❧❛t✐✈♦s❄

▲❛ ❛♣❡rt✉r❛ ❞❡ ❧❛ ❡❝♦♥♦♠í❛ ❛❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✱ q✉❡ ❤❛ ❝♦♥❧❧❡✈❛❞♦ ❛ ❧❛ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ ❡♥ ❧❛
♣r♦❞✉❝❝✐ó♥ ❞❡ B1✱ ❝♦♥❞✉❝❡ ❛✱

Ah1

Ah2

<
A′

h1

A′

h2

✭✸✵✮

❊♥ ❝♦♥❝❧✉s✐ó♥✱ ❧❛ ❡❝♦♥♦♠í❛ ❞❡❧ ♣❛ís A✱ ✐♥❝r❡♠❡♥t❛rí❛ s✉s ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ❝♦♥s✉♠♦ ❞❡ B1 ② B2✱
❡①♣❛♥❞✐é♥❞♦s❡ s✉ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❡♥ ♠❛②♦r ♠❛❣♥✐t✉❞ ❡♥ ❡❧ s❡❝t♦r ❡①t❡r♥♦ ✭s❡❝t♦r ✷✮ q✉❡ ❡♥ ❡❧
s❡❝t♦r ✶✳✼

✹✳✹✳ ▲♦s ❜❡♥❡✜❝✐♦s ❞❡❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧

❊❧ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❡♥ ❝❛❞❛ ♣❛ís✱
r❡❞✉♥❞❛rá ❡♥ ✉♥ ♠❛②♦r ❜❡♥❡✜❝✐♦ ♣❛r❛ ❝❛❞❛ ♥❛❝✐ó♥ q✉❡ ♣❛rt✐❝✐♣❛ ❡♥ é❧✳ ❊st♦s ❜❡♥❡✜❝✐♦s s❡ ♣✉❡❞❡♥
❡①♣r❡s❛r ❡♥✿

❯♥❛ ❛♠♣❧✐❛❝✐ó♥ ❞❡ ❧❛s ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ❝♦♥s✉♠♦✳ ❈❛❞❛ ♣❛ís ♣✉❡❞❡ ❝♦♥s✉♠✐r ✉♥❛ ❝❛♥❛st❛ ❞❡ ❜✐❡♥❡s
B1 ② B2 ♠❛②♦r ❞❡ ❧♦ q✉❡ ♣♦❞í❛ ❤❛❜❡r ❝♦♥s✉♠✐❞♦ ❝✉❛♥❞♦ ♥♦ t❡♥í❛ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧✳

❯♥❛ ♠❛②♦r ❡✜❝✐❡♥❝✐❛ ❡♥ ❡❧ ✉s♦ ❞❡❧ ❢♦♥❞♦ tr❛❜❛❥♦✳ ❆sí✱ ❛♥t❡s ❞❡ q✉❡ ❡❧ ♣❛ís A ❝♦♠❡r❝✐❡✱ ❝♦♥ ✉♥❛
✉♥✐❞❛❞ ❞❡ s❡r✈✐❝✐♦ ❞❡ tr❛❜❛❥♦ ♣♦❞í❛ ❝♦♥s✉♠✐r 1

Ah1

❞❡B1 ♦ 1

Ah2

❞❡B2✳ ▲✉❡❣♦✱ ❝♦♥ ❧❛ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥
② ❛ tr❛✈és ❞❡❧ ❝♦♠❡r❝✐♦✱ ♣♦❞rí❛ ✐♥t❡r❝❛♠❜✐❛r B1 ♣♦r B2❀ ❡♥t♦♥❝❡s ✉♥❛ ✉♥✐❞❛❞ ❞❡ s❡r✈✐❝✐♦ ❞❡
tr❛❜❛❥♦ ♣❡r♠✐t✐rí❛ ♦❜t❡♥❡r 1

A′

h1

p1

p2

m
❞❡ B2✳

❉❛❞❛s ❧❛s ❝♦♥❞✐❝✐♦♥❡s t❡❝♥♦❧ó❣✐❝❛s ② ❧❛ ❥♦r♥❛❞❛ ❧❛❜♦r❛❧ ❞❡❧ ♣❛ís A✱ ❝✉❛♥❞♦ ❡①✐st❡ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ s❡
❝✉♠♣❧❡✿

p1

p2

m

=
A′

h1

A′

h2

❉❡ ❞♦♥❞❡ ❞❡❞✉❝✐♠♦s✱
1

A′

h1

p1

p2

m

=
1

A′

h2

❨ ❝♦♠♦ s❛❜❡♠♦s q✉❡ Ah2 > A′

h2✱ ❡♥t♦♥❝❡s✿

1

A′

h1

p1

p2

m

>
1

Ah2

▲♦ q✉❡ ♣❛r❛ ❡❧ ♣❛ís A s✐❣♥✐✜❝❛✱ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ B2 ♦❜t❡♥✐❞❛ ❛ tr❛✈és ❞❡❧ ❝♦♠❡r❝✐♦✱ ❝♦♥ ✉♥❛
✉♥✐❞❛❞ ❞❡ s❡r✈✐❝✐♦ ❞❡❧ ❢♦♥❞♦ ❞❡ tr❛❜❛❥♦✱ s❡rí❛ ♠❛②♦r q✉❡ ❧❛ q✉❡ s❡ ♦❜t❡♥❞rí❛ s✐ s❡ ♣r♦❞✉❥❡r❛ ❡♥ ❡❧
♠✐s♠♦ ♣❛ís✳

✼P❛r❛ ❡❧ ♣❛ís A∗✱ ❧❛ ❢r♦♥t❡r❛ ❞❡ ♣r♦❞✉❝❝✐ó♥ s❡ ❡①♣❛♥❞✐rá ❡♥ ♠❛②♦r ♠❛❣♥✐t✉❞ ❤❛❝✐❛ ❡❧ s❡❝t♦r ✶✱ ❞❛❞♦ q✉❡ ést❡ s❡rí❛
s✉ s❡❝t♦r ❡①t❡r♥♦✳

✽



✹✳✺✳ ❊❧ s❛❧❛r✐♦ r❡❧❛t✐✈♦

❈♦♥ ❧❛ ❡s♣❡❝✐❛❧✐③❛❝✐ó♥ ② ❡❧ ❝♦♠❡r❝✐♦ r❡❛❧✐③❛❞♦ ♣♦r ❧♦s ♣❛ís❡s A ② A∗ ❡♥tr❡ sí✱ ❧♦s tr❛❜❛❥❛❞♦r❡s ❡st❛rá♥
❞❡❞✐❝❛❞♦s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ s♦❧♦ ❜✐❡♥✳ ❊st♦ s✐❣♥✐✜❝❛✱ q✉❡ ❡❧ ♣r❡❝✐♦ r❡❧❛t✐✈♦ ♠✉♥❞✐❛❧ ❡s t❛❧ q✉❡✿

p1

p2

m

=
A′

h1w

A′∗

h2w
∗

✭✸✶✮

❨ ❝♦♠♦✱ ♣❛r❛ ❡❧ ♣❛ís A∗✱ ❝✉❛♥❞♦ ②❛ t✐❡♥❡ ❝♦♠❡r❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ s❡ ✈❡r✐✜❝❛ q✉❡ p2

p1

m
=

A′∗

h2

A′∗

h1

✱ ❡♥t♦♥❝❡s

❧❛ ❡❝✉❛❝✐ó♥ ✭✸✶✮ q✉❡❞❛ r❡❞✉❝✐❞❛ ❛✿
A′∗

h1

A′

h1

=
w

w∗
✭✸✷✮

❞♦♥❞❡ w
w∗

❡s ❡❧ s❛❧❛r✐♦ r❡❧❛t✐✈♦✳
❊❧ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ✐♥❞✐❝❛ q✉❡ ❡❧ ♣❛ís A ♣r♦❞✉❝❡ ② ❡①♣♦rt❛ ❡❧ ❜✐❡♥ B1✱ ❡♥ t❛♥t♦ q✉❡ ❧❛ ♣r♦❞✉❝t✐✈✐✲

❞❛❞ r❡❧❛t✐✈❛ ❞❡ s✉ ❢♦♥❞♦ tr❛❜❛❥♦ ❡s ✐❣✉❛❧ ❛ s✉ ❝♦st♦ r❡❧❛t✐✈♦✳✽ ❊s ❞❡❝✐r✱ ✉♥ ♣❛ís ❝✉❛❧❡sq✉✐❡r❛✱ ♥♦ ♣♦❞rá
❝♦♠❡r❝✐❛❧✐③❛r ❡♥ ❡❧ ♠❡r❝❛❞♦ ♠✉♥❞✐❛❧ ✉♥ ♣r♦❞✉❝t♦ ❞♦♥❞❡ ❧❛ ♣r♦❞✉❝t✐✈✐❞❛❞ r❡❧❛t✐✈❛ ❞❡ s✉ ❢♦♥❞♦ tr❛❜❛❥♦
s❡❛ ♠❡♥♦r ❛ s✉ ❝♦st♦ r❡❧❛t✐✈♦✳

❆sí✱ ❜❛❥♦ ❡❧ s✉♣✉❡st♦ ❞❡ ✉♥❛ ❡❝♦♥♦♠í❛ ♠✉♥❞✐❛❧ ❞❡ só❧♦ ❞♦s ♣❛ís ♣❡r♦ ❞♦♥❞❡ ❝❛❞❛ ✉♥❛ ♣✉❡❞❛ ♣r♦❞✉❝✐r
n ❜✐❡♥❡s✱ n > 2❀ ❡❧ ♣❛ís ❞♦♠ést✐❝♦ A ♣r♦❞✉❝✐rá ❛q✉❡❧❧♦s ❜✐❡♥❡s ❞♦♥❞❡✿

A′∗

hj

A′

hj

>
w

w∗
, j < n ✭✸✸✮

✽❊♥ ❡st❡ ❝❛s♦✱ ❡❧ tér♠✐♥♦ ✓r❡❧❛t✐✈♦✔✱ ❡s ❡♥ r❡❧❛❝✐ó♥ ❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ ♦tr♦ ♣❛ís✱ ❡❧ ♣❛ís A∗✳

✾



❆✳ ❆♣é♥❞✐❝❡

❉❡♠♦str❛❝✐ó♥ ✶ ✭❘❡❞✉❝❝✐ó♥ ❞❡❧ ❝♦st♦ r❡❧❛t✐✈♦✮
❱❡❛♠♦s✳ ❙✐ s✐❣✉❡ ✈❡r✐✜❝á♥❞♦s❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ✓✈✐❛❜✐❧✐❞❛❞ t❡❝♥♦❧ó❣✐❝❛✔ ② ❞❛❞❛ ✉♥❛ ❝♦♥st❛♥❝✐❛ ❞❡ ❧♦s

r❡q✉❡r✐♠✐❡♥t♦s t❡❝♥♦❧ó❣✐❝♦s✱ a12 = α12 ② a21 = α21✱ ♣❛r❛ ❧❛ ❡❝♦♥♦♠í❛ A s❡ ♦❜t❡♥❞rá✿

a12a21 < 1 ✭❆✶✮

▲✉❡❣♦✱ ❞✐✈✐❞✐❡♥❞♦ ❡♥tr❡ (1− a12a21)
2 ❛♠❜♦s ❧❛❞♦s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ q✉❡❞❛✿

A21A12 < A11A22

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ♠✉❧t✐♣❧✐❝❛♠♦s ah2 ② s✉♠❛♠♦s ah1A11A12 ❡♥ ❛♠❜♦s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞✳ ▲✉❡❣♦✱

❢❛❝t♦r✐③❛♥❞♦ A12 ❡♥ ❡❧ ♣r✐♠❡r ♠✐❡♠❜r♦ ② A11 ❡♥ s❡❣✉♥❞♦ ♠✐❡♠❜r♦✱ ♣❛r❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ♠✉❧t✐♣❧✐❝❛r

❛♠❜♦s ❧❛❞♦s ♣♦r ah1❀ ❧♦ q✉❡ r❡♦r❞❡♥❛♥❞♦ q✉❡❞❛✿

ah1A11 + ah2A21

ah1A21 + ah2A22

<
ah1A11

ah1A12

❨ ❝♦♠♦ ❧❛s r❡❧❛❝✐♦♥❡s té❝♥✐❝❛s s♦♥ ❧❛s ♠✐s♠❛s✱ ❡♥t♦♥❝❡s✱

ah1A11 + ah2A21

ah1A21 + ah2A22

<
A′

11

A′

12

◗✉❡❞❛♥❞♦ ✜♥❛❧♠❡♥t❡✱
A11

A12

<
A′

11

A′

12

✭❆✷✮

❘❡❢❡r❡♥❝✐❛s

❬✶❪ ❉♦r❢♠❛♥✱ ❘✳❀ ❙❛♠✉❡❧s♦♥✱ P✳ ② ❘✳ ❙♦❧♦✇✳
✭✶✾✻✷✮✳ Pr♦❣r❛♠❛❝✐ó♥ ❧✐♥❡❛❧ ② ❛♥á❧✐s✐s ❡❝♦♥ó♠✐❝♦✳
▼❛❞r✐❞✿ ❆❣✉✐❧❛r ❙✳ ❆✳ ❞❡ ❊❞✐❝✐♦♥❡s✳

❬✷❪ ❑r✉❣♠❛♥✱ P✳ ✭✷✵✶✵✮✳ ❊❝♦♥♦♠í❛ ✐♥t❡r♥❛❝✐♥❛❧✳
▼❛❞r✐❞✿ Pr❡♥t✐❝❡ ❍❛❧❧✳

❬✸❪ P❛s✐♥❡tt✐✱ ▲✳ ✭✶✾✽✹✮✳ ▲❡❝❝✐♦♥❡s ❞❡ t❡♦rí❛ ❞❡ ❧❛

♣r♦❞✉❝❝✐ó♥✳ ▼é①✐❝♦✿ ❋♦♥❞♦ ❞❡ ❈✉❧t✉r❛ ❊❝♦♥ó♠✐✲
❝❛✳

❬✹❪ ❘✐❝❛r❞♦✱ ❉✳ ✭✶✾✺✾✮✳ Pr✐♥❝✐♣✐♦s ❞❡ ❡❝♦♥♦♠í❛ ♣♦✲

❧ít✐❝❛ ② tr✐❜✉t❛❝✐ó♥✳ ▼❛❞r✐❞✿ ❆❣✉✐❧❛r ❙✳ ❆✳ ❞❡ ❊❞✐✲

❝✐♦♥❡s✳
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