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The solution of a functlonal equation. is one of the oldest topics in
mathematical analysis. This topic has attracted i mpreasmg interest recently
in/mathematical statistics and probiability, especidlly in the area of charae-
terization of distributions. In this area the -problem of deciding whether
a Property is unique for a -particular distribution is frequently reduced
to the problem . of finding ‘the unique solution .of a finctionsl “equation.
Some of the interesting results in this area, mainly conneeted with the
Poisson distribution, can be found in the ‘works of Aczél ([1][, [2]) a,nd
Chatterji [4]. o

In this note we study a functlona.l equatlon of the form
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where 1/2 < p <1, ¢=1— pand &) is a probability generating func- -
tion (p.g.f.). The problem of Solving this functional equation arose when
the author was investigating damage and generating models using the lo-
garithmic series. distribution (L8D). In fact, in [5] a probabilistic model
was ‘introduced, where an original’ observ’atmn generates another observa-
tion aceording to a Pascal dhstnbutlon Tt is then observed that, if the
original -observation follows the L8D, a relatmnshlp Jeading to the above
functional equation hois. In this note it is shown that the nnique solution
of this functional equation is the p.g.f. of LSD. The result is of interest
in statistical inference because the LSD is a widely. used - distribution
with many applications. (For the. definition and properties of the LSD
the reader may for example refer to Bosweﬂ a.nd Patil [8])

2 THE RESULT

T.EIEOREM Let G(1) denote the p g-f- ef the: probabmty dmmbutwn
n=ly 2, ... . Consider also the funotwnal BQUAKION. - © o
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which i8 the p.g.f. of the LSD (a). | |
Proof From (1) we ha;ve
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We Wlll show tham ‘the solumon of the fungtlon&l ;6qua ﬁmn }18
oftheform o & ‘ @
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Whlch is of the form (5) ST
Assume that this is also true fQ’ ,_ i,<k for sg;me k ,a. 2,
the solution of (4), for r <k, k 32, is of the’ form ‘
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We vnll show thab ’bhls is also the case for oo k + 1 i e thafb (4 and (6)
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3 - . A FONCIIONAL EQUATION ..

From (4) for » =k + 1 we hav‘e
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and by using (6)
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By the binomial theorem,  though
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This completes the argument
 Since {gs, =1, 2, ...}i8 3 proba,bxhty distribution we have that
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and o, finally

a <1,
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: :iy.el,‘ {'g;,,_ w=1,2 ...} it L8D (g) with p.g.f. as in (2).
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