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Abstract We present an Hilbert space formulation for a set of implied volatility models
introduced in [3] in which the authors studied conditions for a family of European call
options, varying the maturing time and the strike price T an K, to be arbitrage free. The
arbitrage free conditions give a system of stochastic PDEs for the evolution of the implied
volatility surface 6;(7T, K). We will focus on the family obtained fixing a strike K and varying
T. In order to give conditions to prove an existence-and-uniqueness result for the solution of
the system it is here expressed in terms of the square root of the forward implied volatility
and rewritten in an Hilbert space setting. The existence and the uniqueness for the (arbitrage
free) evolution of the forward implied volatility, and then of the the implied volatility, among
a class of models, are proved. Specific examples are also given.
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Introduction

The main aim of the paper is to prove an existence-and-uniqueness result, to study properties
of the solution and to give some examples for the implied volatility model presented in [3]:
in such a seminal work the authors presented a set of conditions, written as a system of
SPDEs, for the market (described below) to be arbitrage free. Here we prove that, indeed,
under a suitable set of conditions, such a system of SPDEs admits a (unique) solution.
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In other words the results we give allow to identify a class of (non-trivial, arbitrage free)
evolutions of the implied volatility starting from some the initial (market-given) surface.

Many aspects of implied volatility models have been diffusely studied and the reader is
referred to [10], Chapter 7 for a review.

The setting of the model and some results from [3]

Consider Wt(l), for i € {1,..,m} and ¢ > 0, m independent real Brownian Motions on the
probability space (2,.%,P). We call .%, the induced filtration. We consider a fixed 7* > 0
and a market in which a bond (with interest rate equal to zero), a stock S; and a family of
European call options O, (K,T) fort >0, T € (t,t+T*], and K > 0 are liquidly traded. So
at every time ¢ we consider the call options expiring in the interval (¢,# 4+ 7] for a fixed T*.
Without losing in generality (changing if necessary the Brownian motions and the measure
P) we can assume that the price of the stock S; depends only on the first BM, that S; is
martingale and evolves following the SDE

dS[ :S,G,dW,(l) (1)
for some one-dimensional process 6;. The Black and Scholes price for O,(T,K) is of course
CI(SH 0,K, T) = SIN(dl (Sf7 o,K, T)) _KN(dZ(Sl‘v o,K, T)) (2)
where N is the cumulative distribution of the normal distribution and,
ms Iny 1
di(S;,0,K.T)=—2X _+_0\/(T—1), d(S;,0,K.T)=—X _ ——6\/(T—1).
15 ) oVT—1t 2 (7= 2(S: ) oVT—1 2 (T-1)

The implied volatility paradigm consists, as well known, in inverting (2) obtaining (and
defining) the “(Black-Scholes) implied volatility” &;(T,K) as a function of C; (and K, T,
S;). So, once we have modeled the evolution of the implied volatility, thanks to its definition,
we can use (2) to find the evolution (varying the time t) of the prices of the options O, (T, K)
and we can wonder if the evolution of the market so obtained is arbitrage free namely, if the
processes C;(T,K) := S;N(d,(S;,6;,K,T)) —KN(d2(S;,61,K,T)) and S; have an equivalent
common (varying 7 and K) local martingale measure.

In [3] the authors prove that, if we assume the implied volatility to follow a SDE of the
form'

d6;(T,K) =m(T,K)dt +v(T,K)"* dW;,

the arbitrage-free conditions for the market can be expressed (we do not write the depen-
dence of &, and u, :=v,/6; on T and K in the second equation) as

ds, = 5,6,dw,V

2
46 = 550 (6,2— e,e+u,1n§‘ dr+

n (%6}3(T—t)|u,|2—%6,9,%(1)) dr + 6 AW, ©)
60(T,K) initial condition
6:(T,K) = |64 +u;In 55, ‘ feedback condition

! Where m; and v, are respectively a one-dimensional and a m-dimensional process and they can depend
explicitly, as we will assume when we give some sufficient conditions to prove the existence of the solution,
onT, K, S, 6; and 6;. v,(T,K)* is the adjoint of the vector v,(T,K) so that v;(T,K)*dW; = (v(T,K), dW;)
({-,-) represents the scalar product in R™).



where we called ¢ the vector of R” given by (1,0,0,...,0), |- | is the norm in R” and the
m-dimensional process u; = v,;/6;. They also prove that such a system of SPDEs can be
rewritten using the variable? & (7,K) = (T —t)67(T,K) obtaining
ds, = 5,6,dwV
2
d = &, ((1 18 2 - 9,u§1>) dr— (e, +uV1n (SE)) di—
N2
—xrty () 0 (£) de 26 aw;
&r initial condition
2 N 2
or&(T.K)|r_, = (9, +ut(l> In (S%)) +3¥n, <u§’>> In? (%) feedback condition

“
where we used u,(l) for the i-th component of ;.

The feedback condition is obtained in [3] in order to avoid the phenomenon (already
observed in [16], Section 3(a), see also ([1] and [2])) of the “bubble” of the drift fort — T.
Such a condition, it will be clearer in the following, adds a certain number of difficulties in
the study of the problem.

In [3] the author does not prove an existence result for equation (3) or (4) but they prove
that such conditions are equivalent to the market being arbitrage-free. So, if we can find
some sets of ut(’) and 6; of stochastic processes such that equations (4, 1) admit a positive
solution (&,S;) (or, that is the same, (3, 1) admit a positive solution (6;,S;)), the evolution
of the market is arbitrage free.

In the present work we study a “reduced” problem: indeed we consider a fixed K and we
study the existence and uniqueness for the system of SPDEs (4) varying 7. We continue in
the introduction to write the equations for the the general problem and we will fix a K in Sec-
tion 1 (starting from equation (EQ)). For the general case we would need the “compatibility
conditions” described in Section 5 to be satisfied.

Forward implied volatility and formal derivation of the state equation

We want to describe the system using the square root of the forward implied volatility intro-
duced in [16]. We define X;, formally, as

X (x,K) = % (x67(x,K)) = % (&(t+x,K)). )

The idea of use such a variable in the implied volatility models was introduced for the first
time, as far as we know, in [14]. In the works [14, 15] the authors use different techniques to
deal with problems strictly related to the our. They use some results about strong solutions
for functional SDE proven in [17] (see also [11]) to study the case of the family for a fixed
strike K (varying the maturing time 7') in [14] and the family for fixed T (varying the strike)
in [15].

The main novelty with respect to the results obtained in [14] concerns the mathematical
techniques used, but the Hilbert space approach used in the present works allows also to
avoid a couple of additional “technical conditions” required3 in [14] and to use an analo-
gous of the Musiela parameterization (see [9]) for the HIM interest rate model. So we can

2 See also [4].
3 Actually to compare the Hypotheses needed in the two different setting is not very easy.



consider at every time ¢ the family of call option (for a fixed K) for all the expiration times
T € [t,t + T*] for a fixed T*.

From the second equation of (4), using Ito-Venttsel formula (see for example [13]), we have,
formally:

dX[(.X,K) =

X, (x,K) + (/O'Xx,(rx)dr) (;X,(x,K)uerr

_|_

N =

(uty, Oty ) /XX,(r,K) dr+2 (u;, duy) — Gtaxut(l)) +
0

X K) (| = )

) <9t€+ut In (SEZ) (9utt)In (g) >] di+

+ {2Xt(x7K)uf L2(0u) /0 "X, (1K) dr] aw(r) ()

where (-,-) is the scalar product in R” and ¢ as above.

So here we formally defined X; as derivative of & and we formally obtained the differen-
tial equation that describes the evolution of the square root of the forward implied volatility
X, from the equation for &. Such a differentiation is only formal and this way to approach
the problem (the most natural way from the point of view of the model) is not mathemat-
ically rigorous. For this reason our approach will be “reversed”, we will describe it more
precisely in the next paragraph.

The Hilbert space setting and the rigorous approach to the problem: the case of a fixed K

We treat the problem using a Hilbert space formulation. A similar approach was used for
example in [8] for the HIM interest rate model (see also [7], [5] and [12]).

We consider a fixed 7* > 0 and the Hilbert space % := H'(0,T*) (the Sobolev space
of index 1).

Notation 01 We use the notation f|x| to denote the evaluation of an element f of H' (0, T*)
(or of L*(0,T*)) at the point x € [0,T*].

We want to describe X, (x,K) as an element of H'(0,T*). So we introduce X; (K) defined as

()Y X (x,K).

Of course, given an arbitrary function X; (x, K) the function X; (K) will not necessary belongs
to H! (0,T*), but we will see that (under suitable conditions on the functions uY if the initial
Xo(K) is in H'(0,T*), its evolution remains in H' (0, T*). With an abuse of notation we will
call X;(K) simply X, (K).

We call I the continuous linear application

{I: H — I, f—If)
1(f)lx] = Jo fls]ds



and A the generator of the Cy semigroup 7 (¢) on ¢ defined, for r > 0, as

QOISR A AN Q

so that

{D(A) = ~({1f€H2 L fIT) = G fIT7] =0}
A(f) = G 1]
In order to introduce some assumptions to guarantee the existence of the solution we

assume that u,@ depends directly on X;(K), K and S, and so we write u, (i)(K,S;,X;(K))[x]
(since u, (K, S, X;(K)) will be an H' (0, T*;R™)-valued process we write u; (K, S;,X; (K))[x]
to mean the evaluation of u,(K,S;,X;(K)) at the point* x € [0,7*], so u; (K, S, X,(K))[x] €
R™). We write dyu; (K, Sy, X, (K)) for® dyu, (K, S, X;(K))[x]. So we can write formally equa-
tion (6) in 57 as:

de(K): AXt(K)df+ I(X,)(K) %X,(K)\u,(K,S,,X,(K))|2+
+5 (s (K, 81, X, (K)), Ohus (K, St X (K)) 1(X;) (K )+
+2(u, (K, S, %, (K)), Oy (K, Sy, X, (K))) — 6,(K, S, X, (K))oud' ) (K, 1, X, (K))é) +

+X(K) (\u,(K,s,,x,(K))P — e,(1@S,,xt(K))u,(K,st,x,(K))“)) _

~2(61(K. 5. %, (K))+ (K, 8, X (K)) In (£, (9o (K., %, (K)) n (K) )] ar
(25K (K5, (K) + 2000 (K., () () ()] W 1)

ds; = 9:(K75r,X,(K))S,th<1>

Xo(x,K) initial condition

(3)
where (-, -) is the scalar product in R” and 6 (K, S, X) is for the following function (obtained
is sing the fourth equation of (4)):

6,(K,8,X) = \/X[O] - i (u§f>(1(,s,x)[o])21n2 <S5,> —u{V(K,$,X)[0]In (g) )

j=2

This completes the “informal” formulation of the problem, the rigorous approach (the
one that we develop in the paper) is reversed. We consider a fixed K > 0, so we consider
the family O;(T,K) for a fixed K and varying T € [t,¢ + T*]. We start studying equation (8,
9) in 7 and we will introduce the variable £ and the implied volatility problem only later.
This is a scheme of our approach:

1. We start (Section 1) studying the equations (8, 9). So in Section 1 we will introduce
equation (EQ), that is nothing but a more concise form for (8), without claiming any
connection with the equation (4).

2. We study (Section 2) some properties, existence and uniqueness results for (EQ) and its
approximation (IEQIg).

~

Note that i, (K, S, X; (K))[x] depends not only on X; (K)[x] but on all X;(K)[].
3 So, since u; (K, S;,X;) € H'(0,T*) we have that dyu; (K, S;,X; (K)) is in L?(0,T*). Actually we will give
conditions to ensure that d,u, (K, S;, X; (K)) belongs to H'(0,T*).



3. We introduce (Section 3) & (T,K) as &(T,K) := I(X;)[T — ] and prove that indeed such
a & (T,K) satisfy, as we expect, equation (4). We will use this fact also to prove that both
& (T,K) and X;(T,K) remain positive.

In Section 4 we present two classes of examples that verify the Hypotheses we described in
Section 1 (Hypothesis 11 and 13): in the first is the volvol does not depend on 7 while in
the second (more interesting) the volvol (that is the general statements is a function of X;)
depends in fact on & in a quite general way. Note that a volvol that depends on X; through
& is exactly what we need to write the equation (4) without the presence of X;, and this is
exactly the existence result we expected.

1 Formulation of the problem and assumptions

We consider a final time Tp. Later we will need to require that Ty < T*. So we assume from
now Ty = T*.

Consider a probability space (Q2,.7,P). Let .% be the P-augmented filtration generated
by an m-dimensional Brownian motion W; (of components M(i) fori=1,..,m)fort > 0. Let
u be a function

u: [0,T*] xRt xRT x H'(0,T*) — H'(0,T*;R™) = (H'(0,T*))"
{ (t,K,8,X) — (u,(K,$,X) D[], ...,u: (K, S, X) ™[ ]).

For (t,K,S,X) € [0,T*] x R* x RT x H'(0,T*) we define

GI(K,S,X) =

X[0] - i (u§f>(1(,s,x)[o])21n2 <§> ’ —u" (K,8,X)[0]1n (g) .

j=2
(10)

We assume that
Hypothesis 11 Forallic {1,..,m}
u®: [0, T*] x R* x R x H'(0,T*) — H'(0,T*)
u®: (1,K,8,X) — u,(K,S,X)
is measurable from (([O,T*] x R* x R x H"),#([0,T*] x RT x R x Hl)) into

(Hl,%(Hl)) where 2 is the G-algebra generated by the Borel sets. Moreover we as-

sume that, for all K > 0 there exists a C > 0 such that for all t > 0 and for all (S,X) €
R* x H'(0,T*) we have

. (i) 1 *
(i) |uf (K7S,X)[x]’ < O R e s Jor allx € (0.7°)

(ii) du (K, S,X) is in H'(0,T*)
(i) u”(K.$,X), " (K,$,X), ul"(K,$,X)8,(K,S,X), dwul" (K,S,X)8,(K,S,X) are lo-
cally Lipschitz (as functions in H(0,T*)) in (S,X) € RY x H' uniformly in t

axuﬁl)(ns,x)‘ < s ) (K,8,X)8,(K,$,X)In(S)| < C(1+[X|)

(iv)




Remark 12 Note that we could treat a more general case, using the same arguments, al-
lowing the explicit dependence ofutm on @ € Q. In such a case we would require ut(l) to be
an adapted process and for all i € {1,..,m}

ud: [0,7*] x Q x R* x (Rx H'(0,T*)) — H'(0,T*)
u®: (1, 0,K,(8,X)) — u,(K,$,X)(w)

is measurable from

(([O,T*} x Q) xR x (Rx H"), Pr« x BR') x %’(RXHI)>

into ( H', B(H") | where % is the G-algebra generated by the Borel sets and Py« is the

o-field on ([0,T*] x Q) generated by the sets of the form [s,t] X F with0 < s <t < T* and
F € Z;. In this setting we have to ask that we have to ask (i) .. (iv) to be satisfied uniformly
inwe Q. (]

In order to avoid the absolute value in the definition of 8 and then came to the original
problem we would like now to impose the following condition (that is implied by (4):

i ( (K, S, X)) [0})21112 (SE) >0, (1)
= t

but of course such a condition can be imposed only if X;(K)[0] > 0. We ask the following
(we will see that it is enough to have (11) along the trajectories of the system)

Hypothesis 13

m K
x[o]- Y ( (K.$,X)] 0]) <§) >0 VS>0,vX € H'(0,T%) with X[0] > 0
j=2

and
m

. 2 K

FUEDY (u§f>(1<,s,x)[()]) In2 <§> -0 «— X[0]=0.
j=2

We impose that the initial data are strictly positive, this is a realistic assumption from the

point of view of the model, note that in [14] the authors argue (Proposition 2.1) that the

negativity of the square root of the forward implied volatility causes elementary arbitrage

opportunities:

Hypothesis 14 For every K > 0 we choose the initial datum (so,x0) € (R x H'(0,T*)) with
50 > 0 and xy > 0. This means, since xo > 0 is in H' and then it is continuous, that for every
K > 0 there exists a ¢ > 0 such that xo(K)[x] > 0 for all x € [0, T*].

We define the functions
F:[0,T*]xRT x (RxH") — H!
B: [0,T*] x R* x (R x H') — (H'(0,T*))™ = H' (0,T*;R™)

G: [0,T* ] xR* x (RxH') =R
L:[0,T*] xRt x (RxH'") = R

12)



as

F(1,K,8,X) = 1(X)( 3X|u(K,S,X)|*+
+3 (u (K, S, X), 0ty (K, S, X)) [(X)+

+2(u,(K, S, X), detr (K, S, X)) — 6, (K. S, X) !V (K, S X)e)

+X (\u,(K S.X)2 - 6,(K,8,X)ulV (K,S X)) (13

(
—2(6,(K,8,X)+u;(K.$,X)In (%), (e, (K, $.X))In (%))
B(t,K,S,X) = 2Xu; (K,S,X) +2(du; (K,S X)) (X)
n (5)

Le.K.8.X) = X[0] - X, () (K.5.5)[0]) 1
G(t,K,8,X) = ul" (K,$,X)[0] In ()
where 6, in the expression for F is defined in (9). Under Hypothesis 11 F, B, G and L are

locally Lipschitz in S, X uniformly in ¢, moreover, for all K > 0 there exists a M > 0 such
that

‘F(t7K757X)|H1 + |B(17K7S7X)‘(Hl)’” < M(l + ‘X|H1) (14)
G(t,K,8,X) <M
for all ¢.
We fix now a K > 0, and avoid to write, from now, the dependence on K.
Using such a notation the (8) that can be rewritten as:
dX, = AX; + F(t,S;,X;)dt + B(¢, S, X;) dW;, Xo=x0 >0
ds, = ( T.5.X) — G(t,ShX,)) s,awV, So=s0>0 (EQ

We call F' the function defined changing in the definition of F 6,(K,S,X) with 6,(K,S,X).
Note that F' is locally Lipschitz in S, X uniformly in ¢ and satisfies (14).

Notation 15 We will use the notation €' instead of T (t) defined in (7).

From the general theory (see [6]) we have:

Definition 16 An H' x R- valued predictable process (X;,S;), t € [0,T*] is called (mild)
solution of (EQ) if

T*
P [ 1008l ds <] =1 s
0

and for an arbitrary t € [0,T*] we have

(X,> <e’Axo+j IR (5,85, X,)ds + [ e fsAB(sSv,X)dW)

s, so+ L («/ (5,55, %) — G(5, S5, X, )Sdes()

Note that this implies L(s, S, X;) > 0.



2 Results for (IEQI;)

We consider the approximating X? (k) substituting /L(,S;,X;) in the second equation with
|L(2,S;,X:)| Ve:
dXf = AXF +F (1,55, XF)dr + B(t,S5,X%)dW,, X§ =x0>0
de_ ( |L taSt7XI£)|V£_G l‘,Sf,X[E )Sfdvvt“)7 So =0 (EQL)
The definition of solution of the (IEQI¢) is analogous to the Definition 16.
Notation 21 We take a cut-off W(-): R — R. In particular we assume that: y(-) is C*,
l[/’[ n _1andthatl,l/|( U(Hw)—o.

Lemma 22 Fix now & > 0. Let € € [0,&]. Suppose that there exists a solution (X*,S%) for
(IEQl¢) (that for € =0 is (EQ)). Then if we call Ty the exit time defined as

=inf{r € [0,7%] : |XF| > N}®
(and +oo if the set is void) we have that

< J—
Jim Ploy <77 = (16)

and the limit is uniformly in € € [0, €] and in (X¢,S%).
Proof We call
_ _ X
Futesx) = Fesxw ()
- Kl
By(1,S.X) := Bt X)y (5 ) -

We choose N > |Xp|, we have

tATN
Xfig, =€/ ™o+ / A Fy (s, S, Xy ds+ / eABy (s S5, X5y ) AWs

and so, using (14) and Lemma 7.3 [6],

<CT* (1+E/| S/\TN|2dS+]E/“ S/\TN‘zdS>

where Cr+ depends on 7™ and on the initial datum xo € H I, So, thanks to Gronwall’s lemma
we have

E | sup |Xf/\r ‘

se[0,1]

E sup! Xoa [ <C

sel0,

uniformly in N. In particular, since X is continuous ([6] Theorem 7.4 7 then
sup |[XF|>=N? on{ty <T*}
0<r<ty

and then
C

N2
and then we have the claim. O

Pty <T*) <

 We use |X; | or |X| for the norm in H'! whereas |X[0]| is the norm in R

7 Once we have fixed S¢, the solution of the (IEQl¢) for X is unique and it satisfies the properties ensured
by Theorem 7.4 of [6]
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Lemma 23 The equation (\EQ|\.) has a unique solution (Definition 16) (XF,S¢). Moreover
(XE,SE) belongs to C([0,T*];L*(Q,.F,P;(H' x R)) and has continuous trajectories.

Proof We proceed localizing the problem using Ty as defined in Lemma 22 using the same
notations By, Fy (and also Gy (1,5,X) = G(1,5,X )y (‘,’5—‘) Ly(t,5.X) =L(1,5,X)y (%) ).
The equation
ng’N = AXSN + F (e, 50N X5 ) de +BN(t SN xEN) dw,
(\/|LN (t,8,XEN) |V e — Gu(t, 85N )) sV aw,V

a7

(with initial data X," ENN =xp > 0and Sy = 59 > 0) satisfies the hypotheses of Theorem 7.4 of

[6] and then has a unique continuous solution (X7, &) in C([0,T*],L%(Q,.7,P;(H' x

R)))-
If N' > N we have that By = By on {|X| < N} (and in the same way Fy = Fy/, Gy =

Gy, Ly = Ly on {|X| < N}) and then X = Xf"N/ on {7y > T*} a.s. So we can define
XE=x"  on{my>T*}x[0,T" (18)

We can obtain an estimate as (16) uniformly in N and then ensure that limy_+e{Tv > T*} =
Q. Note that, since S, solves

IATN
St =0+ [ (10,503 Ve = Xy 51y )W,

then we have R
E [|S8,5 7] < 502V (19)

where the second term does not depend on € and then PP [ ﬁ)T* |SE|*dt < —O—w} =0 as re-

quired by (15). The uniqueness follows from the uniqueness for the localized problems. The
regularity properties follow from the regularity for the approximating equations. O

Lemma 24 Consider (XE,S¢) as in Lemma 23, then XF it is a solution of the following
integral equation in C([0,T*];L*(Q,.7 ,P;L*(0,T*))):

o it it
X,£=x0+/ afo[x]ds—i—/ F(s,Sf,Xf)ds+/ B(s,SE,X5)dW; (20)
0 Jo Jo

Proof We can assume that F' and B are Lipschitz-continuous in S¢ € R and X¢ € H' uni-
formly in # and @ (with Lipschitz constant C), otherwise we can localize the problem as in
the proof of Lemma 23.

Consider the Yosida approximation of A given by A, = n?(nl —A)~! —nl. We consider
the solution X" of the equation

dX " = A X" dt + F (1,85, X5 dt + B(¢,55, X5 dW,, X§ = xo.

Since A, is linear continuous, and then Lipschitz, the mild form of such an equation can be
written in two equivalent ways:

t
f”_e xO"’/ (t— v)AnF (s, Ss than)ds+/() e(f_s)A”B(S,Sts,th’n)dVVs



and

t r
Xf’”:onr/A,,X,e’"der/ F(s, S8, X" ds+/ B(s, S5, X" dW,. 1)
0 0

Moreover (see [6] Proposition 7.5 page 193)

n—o0

C([0,T*];L2 (2,7 P;H! (0,T*)))

X&n XE. (22)

In order to prove the claim we need only to check that every term of (21) converges to the
corresponding term of the (20) in C([0,T*];L*(2,.7 ,P;L*(0,T*))):

2
<
12

/BsSsXE B(s, S8, X5") AW,

sup E
t€[0,7%]

ot
[ B, X7) ~ B, E.XE ") aW,
0

sup E
IEOT*

e

<GE [/ } (S7Sf7Xv8) (S Stgv 8” ‘Hl :| <
0

T
<C,C’E { /
0

|x&— x|
where the last convergence holds since we have (22). The estimation with the term with F

E-X" ds} %0 (23)
can be done in the same way. Moreover

t
sup E [/ |9:XE [x] — AnX " [x] |i2 ds] <
t€[0,7+] 0

r
<h+b™ sup E { / |9:ALXE Y] — AXE" |7 ds} +
1€[0,T% 0

+ sup IE{ / |0.XE ] — OX "] ds} (24)
1€[0,7%]

For I, we have:

T* r —_—
b S}E[ / |9XE ] — X" [ |2 dS] SE[/ X=X d] 0
o 0

2 . T .
where we used that ]&CXSS [x] — X" [x] ‘ 2 < ‘Xf fX,g’"] i1 since the derivative is a linear
continuous contractive function from H' to L?. To treat I; we have only to observe that
ZL(HL? c(0,7*]:L*(2,Z P:H!
A, ( >andX87” (0.77]:17(L, )

n—oo n—oo

X¢. And so we have the claim. O

We consider now the stopping time
£.=inf{r € [0,T*] : L(z,S¢,XF) < €}.

and the process

oe

(RF,S7) = 2p0,0) (1) (X, S7)
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It solves the integral equation
XE = Xj0.2¢) (1) x0 +10,2¢) () Jo Xjo.7¢] (S)e(’_”AF(SJgfvSf) ds+
+X[0,1‘:9] (t) f(; X[O,fg] (s)e(t_‘Y)AB(S7Xt£7StS) dWs (25)
S§ = 20,501 (1)0 4 20221 (0) Jo Ko 2y ) { /L5 K. 8F) = G(s,x,f,ﬁn) S¢ awy

Given a ¥ < € we have that
(X585 = (&.8)  onr <7

So, we can define

A

(X;,S;) := ;ii% (XE,S8) (26)

ont < T where 7 is defined as

T :=sup,
e>0

and (X;,S;) := (0,0) on ¢ > 7. Passing to the limit in (25) we have that (X;,S;) is a solution
of

X, = Xj0.2(1)ex0 + X0, (1) Jo Xjo.2 ()" AF (5,X;,8;) ds+
+200,2(1) Jo 20,2 ()" "I B(5, X, S;) AW, 27)
1 = 20,4050+ 20.(1) Jy 20,1 (5) (VLX) = Gls, X,,51) ) aw!)

Moreover if we set

7:=sup7® =inf{r € [0,T"] : X,[0] <0},
>0

since (X£,S¢) is a solution of (EQ) until time T and (EQ) is locally Lipschitz until time 7,
(X:,S;) is the only solution of (EQ) until 7.
From Lemma 24 we obtain the following corollary:

Lemma 25 X; defined in (26) is a solution of the following integral equation:
t !
X, = x[0,7](¢) <x0+/0 A Xjo,7)(5)Xs [x] ds + /0 X(0.7) ($)F (5,5, Xs) ds+
!
+/0 %[O,‘E] (S)B(saSﬁXs) de) (28)

We call ¥; the process

t t _
Y, = 30+ /0 Z0.1/(5)3:X [ ds + /0 X1 ()F (5,5, X;) ds-+

ot
+ /0 X0.7(5)B(5, 5, X,) AW, (29)



3 The process & and its properties

In this section we (re)introduce the process & that we used in the introduction as starting
point. We will prove that such a process, here defined integrating X;, indeed solves the SDE
(4) that appears in [3].

Consider now the real process (5,7) where

1€[0,7%]

T—t
&= /0 Y, [x]dx. (30)

If we define
&7 [0,T7*] x L*(0,T*) — R
DT (1,9)— Jy "9l d
we have that £7 = &7 (¢,X;). We want to find a (real) SDE solved by &7 and so we apply

Ito’s formula to &7 using the fact that X, satisfies (28). We have to put some attention
because 0, @ is not defined on all [0, T*] x L?(0,T*):

Proposition 31 £ solves the following SDE:

&he = I xoa(@ (&7 ((1+587) P -0 ) ds—
O O (£)) ds—
Jo x0/(5) (95 A ,lnz(sx» ds 31)
— Ji 0 (Vs (W) 02 (&) ds+ Jj 20,9 (5)287vi aW,
éoT = foT Yo[x]dx = foTXO[x] dx
where we called vy = us(k,Ss,X,)[T — s] and 6; is defined in (9) (note that ont < T we have

that 9[ = él)'

Proof We want to apply Ito’s formula to ®7 along ¥; using the fact that ¥; satisfies integral
equation (29) and then it is in C([0, T*];L*(2,.7,P;L*(0,T*))). We have that

9 @" (1,0) = Xjo.7—1

and
2
9, ®" (1,0) =0.
and then they are uniformly continuous on bounded set. More problematic is the derivative

along the time variable. Anyway we can observe that for # < 7 we have that ¥; = X;, and for
t < 7 X, is pathwise continuous in H'!. So we have that, forr < 7

9, (1,Y,) = —X,[T —1].

9, @7 is not defined on all [0, 7*] x L*>(0,T*) (and a fortiori it is not uniformly continuous on
bounded subsets of [0,7*] x L?(0,T*)), we can anyway observe that what is really needed
in the proof of Ito’s formula (see [6] Theorem 4.17 page 105) is just the convergence

M-1 1
b(m)—0

Z (I)T(thrl’ijﬂ) - (I)T(tjvyfjﬂ) L’ /0 (9,€DT(S,YS)ds P—as. (32)

J=0 :

where “b(7) — 0” means that the mesh b(7) of the partition 7 = {0 =1ty <t; < ... <ty—1 <

ty =t} goes to zero Note that we only need to verify it on # < 7, thanks to the form of
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equation (31) and to the fact that the derivative w.r.t. the time enters only in the deterministic
integral so (32) can be proved in our case since, for t < 7,

T—tji1

@! (tj+1’Y’.i+1) -of (tj’Y’Hl) - /sz- X1 [x]dx
j

and, the trajectories of X; () for t < 7 are continuous in H'.
So we can now use Ito formula end we find:

T — @7 (1,Y,) = &7 (0,x0) +/ 2X021(5) (3D (5,1) + (8@ (5,%,), 8., []) ) ds
+[ o (5) (0 (5. 1,), F (5,8, X)) ds
[ 0 (0) 3 TrIBO.55,X) 20T (5.7,)B(5,5,, X, ds
+ / 2021(5) (DT (5,Y,), B(5, 5, X,) AW, ) , =
f0+/m( —s+/“ax [x] )ds+
+ /Ozx[o,ﬂ(s) /O F(s5,55, X,)[x] dxds + /0 o) /O " B(s, 5y, X)W dxdWy = (33)

using the explicit expression of F and B given by (13)

IAT
= / 0]ds+

tAT ) ) x=T—s
+/ ((1+ —1(X;)[x ]> |us (ky S5, Xs) [x] |7 — Os us (k,S‘Y,XX)[x]) ds—
x=0
AT k 2 x=T—s
_/ 0,0+ uy (k, Sy, X, ) [x] In (S—) ds+
0 s
x=0

1
+ [ 20(6) 1O (1S XOWIESE ™ awe = G4

2
(k,Ss, Xs)[x] In (sk)‘ 0= Y,[0], that for s < 7 is equal to
s ) |x=
X;[0], and recalling that ¥; = X on s < T we have
k
) |05¢+vs1n (Ss >

_/XOT éT((lJr & )| o — ]Vs) ds*/%[oﬂ

+ /0 X0, ()26 v dW; - (35)

2
ds+

That is the claim. O

Since we obtained at the beginning X;[x] differentiating (formally) with respect to x the
process t — & so what we have obtained now it not unexpected but exactly equation (4).



Theorem 32 Forall T € [0,T*), T > O0forallt < 7.
P{T<T*}=0.

and (S:,X;) = (S,Y;), 0 <t < T* is the only solution of (EQ). Moreover it is in
C([0,T*];L*(Q,.7,P;(H' x R)) and has continuous trajectories.

Proof Since &L+ solves the (31) (note that we can use on the right side &7, ; instead of &
without any difference) we can write it as
k
656 + Vs In (E)
where

t t ]
L =L(T,K) 2/0 x[oj](S)2V§‘dW;—/0 20,7 (5) ((1—1 sTm> |Vs|2+9sV§1)) ds.

2

tAT
Ehe=e T et [ et ds
0

Since & = 0 we have

7 2
T s k
f(f,k):/o ¢ 5 6,0+ vsIn (§> ds = f(T,k) =
S
AT z k 2 T z k 2
:/ e L 6,04 v, In (—) ds+ | e |6,04v,In (—) ds (36)
0 Ss INT Ss
Hence
] : ot . K\ |?
Elz=el / el OforvSln(—) ds > 0. (37)
INT Ss
In particular
T - T z k 2 T z
/ xo[x]dx = EF = / e b0l +vsn| — )| ds= / e L X [0]ds = (38)
0 0 S 0

We take now & € (0, 1), as before we can obtain

(1-n)7 = (1-h)T (1-h)T
/ woldr = £ = / e x 0] ds (39)
0 0

From (38) and (39) we obtain

7 7 T 1-h)z (g5 g (=hT
[Gomerolidds i opee xolas 5 (e e ) Xlojas
h B h * h '
Now assume by contradiction that there exist a subset Q C Q with P(Q) = ¢ > 0 such that

T(w) < T*forw e Q. Observe also that, since xo > 0 and it is continuous (it is in H'), we
have xo > ¢ > 0. From the previous equation we obtain:

Ja| [inexolddd| P(@)  Jo |G ee X, (0] ds| dP(w)
< +
h - h
Y gt _,(=mz
Ja |f§ P (et et
+ h

)XS (0] ds‘ dP(w)

(40)
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Passing to the liminf in # — 0O the left side is greater than cyc [ |T|dP(w) > 0 while the
right side goes to zero.

So we can see that Y|y 7(¢) in equation (27) is indeed always 1 for 7 € [0,7*] and the
process X; solves the integral equation

{Xf 76 x0+f (1= YAI:‘(S X,,S;)ds+f0 (r=5)A (S7Xl,St)dm

S, =so+ Ji (\/ (5.%.8,) — G(s,X,, 5, )S,dWS(l).

Noting that for # < T* we have t < T and then F = F' we have that (X;,S;) is a solution of
(EQ) on [0,T*]. The regularity properties follow from the ones of (Xf,S?). O
Remark 33 The argument used for the positivity of & is the same used in [3].
Proposition 34 £T is positive and, on [0,T*), we have:
ds, = 5,6,dw?
agm = & (138 P o) ar— (0,44 (£)) "

-y (f) 1n2( )+2gl ViAW, 41)
goT = fo Xolx] dx 5 5
o (o) 5 () (1)

Proof This is just a corollary of Theorem 32, the result follows from (31) using that X; =
Y; and that for 7* < 7. The feedback equation is easily seen to be satisfied thanks to the
definition of 6;. O

Proposition 35 S; is a strictly positive process, moreover, for all x € [0,T*], we have that
Xi[x] >0 P—a.s.
Proof The statement for S; is easy since it can be written as
ds
—_p th(l).
S

The assertion for X; follows from the same arguments we used in Proposition 31 and in
Theorem 32. Indeed for Ty < Ty < T* we can define &2 = ®71-%2(1, X, ) where

o2 [0, T, — Ty x L*(0,T*) — R
T2 (1,9) — [r7 7 X [x] d.

.05

It can be seen using the same arguments we used in Proposition 31 that & solves the
equation
71,1 71,12 L£T1, T2 2 (1) (1) k))?
g =& ((1‘1”@ )|Vz| — 6y )dt_(9t+vt ln(i)) -
2
~xp (o) e (§) + 26 Py aw “)

0" = Ji Xol dv

Arguing as in Theorem 32 &, can be proved to be always positive in the interval ¢ €
[0, 7> — T1] and then, step-by-step, to be always positive in the interval 7 € [0,7*] and so we
have that, for all 0 < T} < T, < T* all the integrals fTle X, [x] dx are positive and then, since
X, € H', we have the claim. O



4 Two examples

We show now two possible examples in which the Hypotheses 11, 13 are satisfied. In both
we take m = 2 (similar examples with m > 2 can be done). In both the cases ul) depend on @
only through the variables S and X. Note that in both cases we choose a simple “decoupled”
form for 1) given by

k

k5.0 = o () w0 (') X o))

4.1 First example: the volvol does not depend on x

In this first example we assume u;(k,S,X): x — u,(k,S,X)[x] is a constant function. This
means that dyu; = 0 and we have not problems in satisfying points (ii) (iv) (and part of (iii))
of Hypothesis 11.

We take

u® (k,8,X)(o)[x] _(p(z)( sup |X[r]|> v (%)
ref0.7%]

for all x € [0, 7] and ® € Q. We assume that
n®: Rt - R
{ n@: 6—n®(o)
is locally Lipschitz, bounded, (% (0) = 0, and
n?(c) <o  foralle >0. (43)

Moreover we assume that
{ v@: Rt =R
1,/(2) O — 1//(2)(0)

2
is bounded and continuous and ¢ — Wlil() ((;;> is bounded and locally Lipschitz continuous.

¢ is continuous, locally Lipschitz continuous and 6 — ¢(?)(6)(1+ &) is bounded. More-
over

9P (o) <1 yP(o)<1 (44)
We take
u! (k8. X) ()] = 9V ( sup |Xm|> VIS poxo)
el n (%)
for all x € [0,7*] and @ € Q. @1 is locally Lipschitz ¢ — ¢ (c)(1 4 &) is bounded,

1
v() is bounded and continuous and & — "'l(n()é(;) is bounded and locally Lipschitz contin-

uous, (1) is locally Lipschitz continuous and bounded, 6 — 1! (c)+/G locally Lipschitz
continuous.
So if we define

a2 (k,5,%) “ 4 (k,5,X) In (%) = ( sup X[r}) y? (5) n®(x10])
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we can note that (43) and (44) gives
2
X[0] - (7 (k,5,%)) "= 0

and it is equal to zero if and only if X[0] = 0; so Hypothesis 13 is satisfied.

Part (i) of Hypothesis 11 follows by the boundedness of ¢ — y()(c), of 6 —
0 (6)(140) and of ¢ — 0.

Local Lipschitz continuity properties required in (iii) of Hypothesis 11 follow by the
local Lipschitz continuity properties of the functions considered.

(i

4.2 Second example: u, ) depends on &

We assume now that u, (S, X)[x] depends on X through X[0] and fj X[r]dr = &, moreover
u;(S,X)[x] depends on x through [j X[r]dr = &, note that it is the quantity considered in the
formulation of [3] and is the variable interesting from a financial point of view. Note that for
technical reasons (to satisfy point (iv) of Hypothesis 11 we have to introduce a cut-off yy in
other example. yy is a C™ function R — R™ equal to 1 in the interval [N, N] and equal to
0 in [2N,+c0) and (—eo, —2N].

We assume

u® (k,5,X)(w) (/x )

for all x € [0,7*] and @ € Q. We assume first that ) : R — R is C2, bounded with first and

second derivative bounded and we observe that the derivative -3 o [ )( Jo flrldr } define a

2 (

k
s

)

Ul

1@ X [0]) w (X 1)

~—

locally Lipschitz continuous function on H!:

Lemma 41 Suppose (p(2 Rt — R is C?, bounded with first and second derivative
bounded: |(p \ <M, |(px | <M, |(pxx | <M. Then

(a) the function

Lo H'(0,T7%R) — H'(0,T%R)
{Fq)(z fl— (xH(p (o [r]dr))

is locally Lipschitz continuous.
(b) the function

9

¥ o H'(0,T*;R) — H'(0,T*;R)
{ ooy 11 (v o (5 £1r1dr) £1)

is locally Lipschitz continuous.

Proof We prove only the point (b) because (a) is simpler and can be treated with the same
arguments.



We take f[-] and g[-] in H'(0,7*;R):

%y (1)~ B (61D, =

= %o (/1) - srf<,,<z> (el , + | (B (f[-])) — 0, (B (1)
o ([ stiar) ge1- ol ([ alrior) et
+ \% ( [ rtar) ol ([ sar) -

12

L2+

=P1+P = +

12

o2 ([ atror) 21—l ([ star) et . 69
We consider first P;:
nrt et ol ([ ar) ot -t +
|0 ([ vi0r) <o ([ aiar) )etl] a0

For P! we have simply P! < M|f —g|,2 < M|f — g|;1. For P? note first that there exist a
constant C such that for every 4 in a neighborhood (in H yof g we have ||~ < C, so locally
we have

P1<MC/T*(/f dr) dx<MC/ ( f[r]g[r]dr)zdxﬁ

T* T*
<So [ U - g Parax< cMls—gl <cMIF gl @)

‘We estimate now P»:

P=P +P2+P PP Y (%ﬁ? (/()Af[r]dr) — o (/Olg[r]dr)) £+
#t-eth 0 ([ stlar)| +|t1-etetiol ([ eior)| +

+|g!

+](<p£2> ( [0 dr> g ( [ st d)) £ll| +o ( [ st dr) (]~ &l

Recalling that for / in a neighborhood (in H') of g and of f |h|;~ < C we can estimate P22
and P} as P!, P} and P} can be treated as PZ. Eventually P) < M|f, — g:|,2 < M|f —glp-
d

12
(43)

We assume that: @) is C? with bounded first and second derivative, |@®)| < 1 and ¢ —
0 (c)(1+|0]) is bounded. Moreover we take w2 bounded and continuous with [y | <

1 such that wlf()()) is bounded and locally Lipschitz continuous. 7®) is locally Lipschitz,
with ¢ — n?)(c)(1 + /]o|) bounded and locally Lipschitz continuous, n?)(0) = 0, and

@(6) <o  forallc>0. (49)
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We assume that ut(l) has the following form:

x (1) (k
s = o [ xpar) 4

ln(§

1™ X [0]) w (X |p1)

where: @) is a C? function with bounded first and second derivatives, ¢ — ¢()(c)(1+4 o)

v(o)
In(o)

chitz continuous, N is locally Lipschitz continuous and bounded with ¢ — @V (c)(1 +
\/H ) bounded and locally Lipschitz continuous.

We claim that the Hypotheses 11 and 13 are satisfied. Hypothesis 13 follows by (49) and
the fact that @, w2 < 1. Note that thank to the boundedness of u,(l) and u,(z) we have that
6 < /|X[0]| + M for some constant M. So the first of (iv) of Hypothesis 11 follows by the
boundedness of x +— @) (x)(1++/]x[) and from the use of the cut-off yy; (i) follows by the
boundedness of x +— @) (x)(1 + +/[x]), x = @ (x)(1 + |x[) and x ~— @ (x) and (ii) from
Lemma 41 that gives also the local Lipschitz continuity property of dyu required in (iif).
The other local Lipschitz continuity property of (iii) can be proved using the local Lipschitz
continuity properties of () | @9 and n()) and by Lemma 41.

is bounded; y(!) is bounded and continuous and & is bounded and locally Lips-

5 Conclusions and future work

We have proven an existence-and-uniqueness result for the implied volatility model pre-
sented in [3]. The approach we used was based on the rewriting the problem in a suitable
Hilbert space formulation. We dealt with the one-parameter family of European call option
O:(K,T) for a fixed strike price K > 0.

A natural object for future work is studying the case of the whole family O, (K, T) vary-
ing both the strike and the expiration time. As we have already observed in the introduction
the feedback condition imply the unpleasant equation (9) in which 6, appears as a function
of K. 6, is the process that drives the evolution of the stock price and of course, if we want
to deal with the general case of the complete family O;(K,T) varying both T and K, it has
be the same for every K. So we obtain the following family of compatibility conditions: for
all the strikes K; > 0 and K, >0

GT(KUSZ’XI(KI)) = 91(K27Sth(K2))

that is
¢ () 2 K (1) Ki\
\/Xz(Kl)[OJj_Zé(u/ (KhStaXt(Kl))[O]) In (E)—u, (K1, X:(K1))[0] In (E)_
v (0 02 (50 0k, s x, NESY
ko= 5 (4 s 00m0010) e (1) < vkt

For the difficulties in trating the multi-strike case see [15].
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