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❨✉✈❛❧ ❍❡❧❧❡r
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❆❜str❛❝t

❆ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ str❛t❡❣② ♣r♦✜❧❡ t❤❛t ✐s ✐♠♠✉♥❡ t♦ ❥♦✐♥t ❞❡✈✐❛✲
t✐♦♥s✳ ❉✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ✇❡r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
❖♥❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❛♠♦♥❣ t❤♦s❡ ❞❡✜♥✐t✐♦♥s ✐s t❤❡ st❛❣❡ ✐♥ ✇❤✐❝❤ ❝♦❛❧✐t✐♦♥s ❝❛♥
♣❧❛♥ ❛ ❥♦✐♥t ❞❡✈✐❛t✐♦♥✿ ❜❡❢♦r❡ ✭❡①✲❛♥t❡✮ ♦r ❛❢t❡r ✭❡①✲♣♦st✮ t❤❡ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs r❡✲
❝❡✐✈❡ t❤❡✐r ♣❛rt ♦❢ t❤❡ ❝♦rr❡❧❛t❡❞ ♣r♦✜❧❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦✈❡ t❤❛t ✐❢ ❞❡✈✐❛t✐♥❣
❝♦❛❧✐t✐♦♥s ❛r❡ ❛❧❧♦✇❡❞ t♦ ✉s❡ ♥❡✇ ❝♦rr❡❧❛t✐♥❣ ❞❡✈✐❝❡s✱ t❤❡♥ ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦r✲
r❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ✐♠♠✉♥❡ t♦ ❞❡✈✐❛t✐♦♥s ❛t ❛❧❧ st❛❣❡s✳ ❚❤✉s t❤❡ s❡t ♦❢ ❡①✲❛♥t❡
str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ♦❢ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs ✭✶✾✾✻✮ ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❛❧❧ ♦t❤❡r s❡ts
♦❢ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❛❜✐❧✐t② ♦❢ ♣❧❛②❡rs t♦ ❝♦♠♠✉♥✐❝❛t❡ ♣r✐♦r t♦ t❤❡ ♣❧❛②✱ ✐♥✢✉❡♥❝❡s t❤❡ s❡t
♦❢ s❡❧❢✲❡♥❢♦r❝✐♥❣ ♦✉t❝♦♠❡s ♦❢ ❛ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
❛❧❧♦✇s t❤❡ ♣❧❛②❡rs t♦ ❝♦rr❡❧❛t❡ t❤❡✐r ♣❧❛②✱ ❛♥❞ t♦ ✐♠♣❧❡♠❡♥t ❛ ❝♦rr❡❧❛t❡❞ str❛t✲
❡❣② ♣r♦✜❧❡ ❛s ❛ ❢❡❛s✐❜❧❡ ♥♦♥✲❜✐❞✐♥❣ ❛❣r❡❡♠❡♥t✳ ❋♦r s✉❝❤ ❛♥ ❛❣r❡❡♠❡♥t t♦ ❜❡
s❡❧❢✲❡♥❢♦r❝✐♥❣✱ ✐t ❤❛s t♦ ❜❡ st❛❜❧❡ ❛❣❛✐♥st ✏r❡❛s♦♥❛❜❧❡✑ ❝♦❛❧✐t✐♦♥❛❧ ❞❡✈✐❛t✐♦♥s✳
❚✇♦ ♥♦t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞❡s❝r✐❜❡ s✉❝❤ s❡❧❢✲❡♥❢♦r❝✐♥❣ ❛❣r❡❡♠❡♥ts✿ ❛ str♦♥❣
❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ♣r♦✜❧❡ t❤❛t ✐s st❛❜❧❡ ❛❣❛✐♥st ❛❧❧ ❝♦❛❧✐t✐♦♥❛❧ ❞❡✈✐✲
❛t✐♦♥s✱ ❛♥❞ ❛ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ♣r♦✜❧❡ t❤❛t ✐s st❛❜❧❡
❛❣❛✐♥st s❡❧❢✲❡♥❢♦r❝✐♥❣ ❝♦❛❧✐t✐♦♥❛❧ ❞❡✈✐❛t✐♦♥s ✭❛ ❞❡✈✐❛t✐♦♥ ✐s s❡❧❢✲❡♥❢♦r❝✐♥❣ ✐❢ ♥♦
s✉❜✲❝♦❛❧✐t✐♦♥ ❤❛s ❢✉rt❤❡r s❡❧❢✲❡♥❢♦r❝✐♥❣ ❛♥❞ ✐♠♣r♦✈✐♥❣ ❞❡✈✐❛t✐♦♥✮✳

❊♠❛✐❧ ❛❞❞r❡ss✿ ❤❡❧❧❡r②✉❅♣♦st✳t❛✉✳❛❝✳✐❧ ✭❨✉✈❛❧ ❍❡❧❧❡r✮✳
1 ❚❤✐s ✇♦r❦ ✐s ✐♥ ♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ P❤✳❉✳ ✐♥ ♠❛t❤❡♠❛t✐❝s
❛t ❚❡❧✲❆✈✐✈ ❯♥✐✈❡rs✐t②✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊✐❧♦♥ ❙♦❧❛♥ ❢♦r ❤✐s ❝❛r❡❢✉❧ s✉♣❡r✈✐s✐♦♥✱
❛♥❞ ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❤❡❧♣ ❤❡ ♦✛❡r❡❞✳ ▼② ❞❡❡♣ ❣r❛t✐t✉❞❡ ✐s ❛❧s♦ ❣✐✈❡♥ t♦ ❊❤✉❞
▲❡❤r❡r ❛♥❞ t♦ ❨❛r♦♥ ❆③r✐❡❧✐ ❢♦r ♠❛♥② ✉s❡❢✉❧ ❝♦♠♠❡♥ts✱ ❞✐s❝✉ss✐♦♥s ❛♥❞ ✐❞❡❛s✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ▼❛r❝❤ ✷✹✱ ✷✵✵✽



❊❛❝❤ ♥♦t✐♦♥ ❤❛s ❛ ❢❡✇ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥s✳ ❖♥❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❛♠♦♥❣
t❤❡♠✱ ✐s t❤❡ st❛❣❡ ✐♥ ✇❤✐❝❤ ❝♦❛❧✐t✐♦♥s ❝❛♥ ♣❧❛♥ ❛ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ❛ ❝♦rr❡❧❛t❡❞
❛❣r❡❡♠❡♥t✳ ❆ss✉♠❡ t❤❛t t❤❡ ❝♦rr❡❧❛t❡❞ ❛❣r❡❡♠❡♥t ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② ❛ ♠❡✲
❞✐❛t♦r ✇❤♦ ♣r✐✈❛t❡❧② r❡❝♦♠♠❡♥❞s ❡❛❝❤ ♣❧❛②❡r ✇❤❛t t♦ ♣❧❛②✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s
✐♥ ▼✐❧❣r♦♠ ✫ ❘♦❜❡rts ✭✶✾✾✻✮✱ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs ✭✶✾✾✻✮✱ ❛♥❞ ❘❛② ✭✶✾✾✻✮
❛r❡ ❡①✲❛♥t❡ ❞❡✜♥✐t✐♦♥s✿ ■♥ t❤❡✐r ❢r❛♠❡✇♦r❦✱ ♣❧❛②❡rs ♠❛② ♣❧❛♥ ❞❡✈✐❛t✐♦♥s ❜❡✲
❢♦r❡ r❡❝❡✐✈✐♥❣ r❡❝♦♠♠❡♥❞❛t✐♦♥s✱ ❛♥❞ ♥♦ ❢✉rt❤❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❛❢✲
t❡r r❡❝♦♠♠❡♥❞❛t✐♦♥s ❛r❡ ✐ss✉❡❞✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ✐♥ ❊✐♥② ✫ P❡❧❡❣ ✭✶✾✾✺✮✱ ❘❛②
✭✶✾✾✽✮ ❛♥❞ ❇❧♦❝❤ ✫ ❉✉tt❛ ✭✷✵✵✼✮ ❛r❡ ❡①✲♣♦st 2 ❞❡✜♥✐t✐♦♥s✿ ■♥ t❤❡✐r ❢r❛♠❡✇♦r❦✱
♣❧❛②❡rs ♠❛② ♣❧❛♥ ❞❡✈✐❛t✐♦♥s ♦♥❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ r❡❝♦♠♠❡♥❞❛t✐♦♥s✳

❍♦✇❡✈❡r✱ ✐♥ s♦♠❡ ❢r❛♠❡✇♦r❦s ❝♦❛❧✐t✐♦♥s ❝❛♥ ♣❧❛♥ ❞❡✈✐❛t✐♦♥s ❛t ❛❧❧ st❛❣❡s✳ ❖♥❡
❡①❛♠♣❧❡ ❢♦r s✉❝❤ ❢r❛♠❡✇♦r❦ ✐s ❛♥ ❡①t❡♥❞❡❞ ❣❛♠❡ ✇✐t❤ ❝❤❡❛♣✲t❛❧❦ ✿ ♣r❡✲♣❧❛②✱
✉♥♠❡❞✐❛t❡❞✱ ♥♦♥✲❜✐❞✐♥❣✱ ♥♦♥✲✈❡r✐✜❛❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦♥❣ t❤❡ ♣❧❛②❡rs✳ 3 ■♥
s✉❝❤ ❛ ❢r❛♠❡✇♦r❦✱ t❤❡ ♣❧❛②❡rs ❝❛♥ ✏♠✐♠✐❝✑ ❛ ♠❡❞✐❛t♦r✱ ❛♥❞ ✐♠♣❧❡♠❡♥t ❛ ❧❛r❣❡
s❡t ♦❢ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ❛s ❛ str♦♥❣ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✭❆✉♠❛♥♥✱ ✶✾✺✾✮
✐♥ t❤❡ ❡①t❡♥❞❡❞ ❣❛♠❡ ✭❍❡❧❧❡r✱ ✷✵✵✽✮✳ 4 ❆ ❝♦❛❧✐t✐♦♥ ❝❛♥ ♣❧❛♥ ❛ ❞❡✈✐❛t✐♦♥ ✐♥ t❤❡
❡❛r❧② ♣❤❛s❡s ♦❢ t❤❡ ❝❤❡❛♣✲t❛❧❦ ✇❤❡♥ ♥♦ ♣❧❛②❡r ❤❛s r❡❝❡✐✈❡❞ ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥
②❡t ✭❡①✲❛♥t❡ st❛❣❡✮✱ ✐♥ t❤❡ ❧❛t❡ ♣❤❛s❡s ✇❤❡♥ ❛❧❧ ♣❧❛②❡rs ❤❛✈❡ r❡❝❡✐✈❡❞ t❤❡✐r
r❡❝♦♠♠❡♥❞❛t✐♦♥s ✭❡①✲♣♦st st❛❣❡✮✱ ♦r ✐♥ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❛❣❡ ✇❤❡♥ s♦♠❡ ♦❢
t❤❡ ♣❧❛②❡rs ❦♥♦✇ t❤❡✐r r❡❝♦♠♠❡♥❞❛t✐♦♥s✳

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ❛♥② ♦❢ t❤❡ ❡①✐st✐♥❣ ♥♦t✐♦♥s ✐s ❛♣♣r♦♣r✐❛t❡ t♦
s✉❝❤ ❢r❛♠❡✇♦r❦s✱ ♦r ✇❤❡t❤❡r ♥❡✇ ❞❡✜♥✐t✐♦♥s ❛r❡ ♥❡❡❞❡❞✳ ■♥ t❤✐s ♣❛♣❡r ✇❡
♣r♦✈❡ t❤❛t t❤❡ ❡①✐st✐♥❣ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✭à ❧❛ ▼♦r❡♥♦
✫ ❲♦♦❞❡rs✮ ✐s r❡s✐st❛♥t t♦ ❞❡✈✐❛t✐♦♥s ❛t ❛❧❧ st❛❣❡s✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥
t❤r❡❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✭✇❤✐❝❤ ❤♦❧❞ ✐♥ t❤❡
❝❤❡❛♣✲t❛❧❦ ❢r❛♠❡✇♦r❦✮✿

✭✶✮ ❆ ❞❡✈✐❛t✐♥❣ ❝♦❛❧✐t✐♦♥ ❝❛♥ ✉s❡ ♥❡✇ ❝♦rr❡❧❛t✐♥❣ ❞❡✈✐❝❡s ✭♣❧❛② ❛ ❥♦✐♥t ❝♦rr❡✲
❧❛t❡❞ ❞❡✈✐❛t✐♦♥✮✳

✭✷✮ ❲❤❡♥ ❛ ❝♦❛❧✐t✐♦♥ ❞❡❝✐❞❡s t♦ ❞❡✈✐❛t❡✱ t❤❛t ❞❡❝✐s✐♦♥ ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡
❛♠♦♥❣ ✐ts ♠❡♠❜❡rs✳

✭✸✮ ❚❤❡ ♣❧❛②❡rs s❤❛r❡ ❛ ❝♦♠♠♦♥ ♣r✐♦r ❛❜♦✉t t❤❡ ♣♦ss✐❜❧❡ st❛t❡s ♦❢ t❤❡ ✇♦r❧❞
✐♥ ❛♥ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ♠♦❞❡❧ à ❧❛ ❆✉♠❛♥♥ ✭✶✾✽✼✮✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ✐s t❤❛t t❤❡ s❡t ♦❢ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛

2 ❘❡❢❡rr❡❞ t♦ ❛s ✏✐♥t❡r✐♠✑ ✐♥ s♦♠❡ ♦❢ t❤❡ r❡❢❡rr❡❞ ♣❛♣❡rs✳
3 ❋♦r ❛ ❣♦♦❞ ♥♦♥t❡❝❤♥✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ s♦♠❡ ♦❢ t❤❡ ♠❛✐♥ ✐ss✉❡s ♦❢ ❝❤❡❛♣✲t❛❧❦✱ s❡❡
t❤❡ s✉r✈❡② ♦❢ ❋❛rr❡❧ ✫ ❘❛❜✐♥ ✭✶✾✾✻✮✳
4 ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❍❡❧❧❡r ✭✷✵✵✽✮ ✐s ♦♥❧② ❛s ❛ ⌊n/2⌋✲str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠ ✭❛♥ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✐s r❡s✐st❛♥t t♦ ❞❡✈✐❛t✐♦♥s ♦❢ ❝♦❛❧✐t✐♦♥s ✇✐t❤ ❧❡ss
t❤❛♥ n/2 ♣❧❛②❡rs✮✳ ■❢ ♦♥❡ ❛ss✉♠❡s t❤❛t t❤❡ ♣❧❛②❡rs ❛r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② r❡str✐❝t❡❞ ❛♥❞
✏♦♥❡✲✇❛②✑ ❢✉♥❝t✐♦♥s ❡①✐st✱ t❤❡♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❛s ❛ str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠ ✭❛s ❞✐s❝✉ss❡❞ ✐♥ ▲❡♣✐♥s❦✐ ❡t ❛❧✳✱ ✷✵✵✹ ❛♥❞ ❆❜r❛❤❛♠ ❡t ❛❧✳✱ ✷✵✵✻✮✳

✷



✐s ✐♥❝❧✉❞❡❞ ✐♥ ❛❧❧ ♦t❤❡r s❡ts ♦❢ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛✱ ❛s ❞❡✜♥❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ r❡❢❡rr❡❞ ❛❜♦✈❡ ✭❛s ❞❡s❝r✐❜❡❞ ✐♥ ✜❣✉r❡ ✶ ✐♥ ♣❛❣❡ ✽✮✳

❖♥❡ ❝♦✉❧❞ ❤♦♣❡ t❤❛t s✐♠✐❧❛r r❡s✉❧ts ♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❝♦❛❧✐t✐♦♥✲
♣r♦♦❢ ♥♦t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❡①✐st✐♥❣ ❡①✲❛♥t❡
❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ♥♦t✐♦♥ ✐s ♥♦t ❛♣♣r♦♣r✐❛t❡ t♦ ❢r❛♠❡✇♦r❦s ✐♥ ✇❤✐❝❤ ❝♦❛❧✐t✐♦♥s ❝❛♥
♣❧❛♥ ❞❡✈✐❛t✐♦♥s ❛t ❛❧❧ st❛❣❡s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts ♦✉r ♠♦❞❡❧ ❛♥❞ t❤❡ ♠❛✐♥
r❡s✉❧t✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❛♥❞ ♣r♦✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳
❲❡ ❞✐s❝✉ss t❤❡ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ♥♦t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✱ ❛♥❞ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✻✳

✷ ▼♦❞❡❧ ❛♥❞ ❉❡✜♥✐t✐♦♥s

✷✳✶ Pr❡❧✐♠✐♥❛r② ❉❡✜♥✐t✐♦♥s

❆ ❣❛♠❡ ✐♥ str❛t❡❣✐❝ ❢♦r♠ ● ✐s ❞❡✜♥❡❞ ❛s✿ G =
(

N, (Ai)i∈N , (ui)i∈N

)

✱ ✇❤❡r❡ ◆

✐s t❤❡ ✜♥✐t❡ ✭❛♥❞ ♥♦♥✲❡♠♣t②✮ s❡t ♦❢ ♣❧❛②❡rs ✇✐t❤ ❛ s✐③❡ n = |N |✱ ❛♥❞ ❢♦r ❡❛❝❤
i ∈ N ✱ Ai ✐s ♣❧❛②❡r ✐ ✬s ✜♥✐t❡ ✭❛♥❞ ♥♦♥✲❡♠♣t②✮ s❡t ♦❢ ❛❝t✐♦♥s ✭♦r ♣✉r❡ str❛t❡❣✐❡s✮✱
❛♥❞ ui ✐s ♣❧❛②❡r ✐ ✬s ✉t✐❧✐t② ✭♣❛②♦✛✮ ❢✉♥❝t✐♦♥✱ ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ♦♥ A =
∏

i∈N
Ai✳ ❚❤❡ ♠✉❧t✐✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ ui t♦ ∆ (A) ✐s ✐s st✐❧❧ ❞❡♥♦t❡❞ ❜② ui✳ ❆

♠❡♠❜❡r ♦❢ ∆ (A) ✐s ❝❛❧❧❡❞ ❛ ✭❝♦rr❡❧❛t❡❞✮ str❛t❡❣② ♣r♦✜❧❡✳ ❆ ❝♦❛❧✐t✐♦♥ ❙ ✐s ❛ ♥♦♥✲
❡♠♣t② ♠❡♠❜❡r ♦❢ 2N ✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ t❤❡ ❝♦❛❧✐t✐♦♥ {i} ✐s ❞❡♥♦t❡❞
❛s i✳ ●✐✈❡♥ ❛ ❝♦❛❧✐t✐♦♥ ❙✱ ❛♥❞ ❧❡t AS =

∏

i∈S
Ai✱ ❧❡t −S = {i ∈ N | i /∈ S} ❞❡♥♦t❡

t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❝♦❛❧✐t✐♦♥✳ ❆ ♠❡♠❜❡r ♦❢ ∆(AS) ✐s ❝❛❧❧❡❞ ❛ ✭❝♦rr❡❧❛t❡❞✮
❙ ✲str❛t❡❣② ♣r♦✜❧❡✳ ●✐✈❡♥ q ∈ ∆(A) ❛♥❞ aS ∈ AS✱ ✇❡ ❞❡✜♥❡ q|S ⊆ ∆(AS)
t♦ ❜❡ q|S(aS) =

∑

a−S∈A−S

q(aS, a−S)✱ ❛♥❞ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ♦♠✐t t❤❡ s✉❜s❝r✐♣t✿

q(aS) = q|S(aS)✳ ●✐✈❡♥ aS s✳t✳ q(aS) > 0✱ ✇❡ ❞❡✜♥❡ q(a−S|aS) = q(aS ,a−S)
q(aS)

✳

✷✳✷ ❆♥ ■♥t✉✐t✐✈❡ ❉❡s❝r✐♣t✐♦♥ ♦❢ ❖✉r ❋r❛♠❡✇♦r❦

❆ss✉♠❡ t❤❛t t❤❡ ♣❧❛②❡rs ♦❢ ❛ ❣❛♠❡ ● ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣❧❛②❡❞ t♦♠♦rr♦✇✮✱ ❤❛✈❡
❛❣r❡❡❞ t♦ ♣❧❛② ❛ ❝♦rr❡❧❛t❡❞ str❛t❡❣② ♣r♦✜❧❡ q ∈ ∆(A)✳ ❚❤❡ ♣❧❛②❡rs ✐♠♣❧❡♠❡♥t
q ✇✐t❤ t❤❡ ❛ss✐st❛♥❝❡ ♦❢ ❛ ♠❡❞✐❛t♦r ✇❤♦ ❝❤♦♦s❡s t❤❡ ❛❝t✐♦♥ ♣r♦✜❧❡ a ∈ A ✇✐t❤
♣r♦❜❛❜✐❧✐t② q(a)✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❞❛②✱ t❤❡ ♠❡❞✐❛t♦r ❝❛❧❧s ❡❛❝❤ ♣❧❛②❡r ✐ ❛♥❞ ♣r✐✲
✈❛t❡❧② ❣✐✈❡s ❤✐♠ ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥✿ ai ∈ Ai✳ ❚❤❡ ♣❧❛②❡rs ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧②
❦♥♦✇ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ♠❡❞✐❛t♦r ❝❛❧❧s t❤❡ ♣❧❛②❡rs✱ ♦r ✇❤✐❝❤ ♣❧❛②❡rs ❤❛✈❡
❛❧r❡❛❞② ❜❡❡♥ ❝❛❧❧❡❞✳ ❉✉r✐♥❣ t❤❡ ❞❛②✱ t❤❡ ♣❧❛②❡rs ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡✱ s❤❛r❡ ✐♥✲
❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡✐r r❡❝♦♠♠❡♥❞❛t✐♦♥s✱ ❛♥❞ ♣❧❛♥ ❝♦❛❧✐t✐♦♥❛❧ ❞❡✈✐❛t✐♦♥s ❢r♦♠

✸



t❤❡ ❛❣r❡❡♠❡♥t✳ ■❢ ❛❧❧ t❤❡ ♠❡♠❜❡rs ♦❢ ❛ ❝♦❛❧✐t✐♦♥ ❛❣r❡❡ t♦ ✉s❡ ❛ ❞❡✈✐❛t✐♦♥ ✭❡❛❝❤✱
✇✐t❤ ❤✐s ♦✇♥ ♣♦st❡r✐♦r ✐♥❢♦r♠❛t✐♦♥✱ ❜❡❧✐❡✈❡s t❤❛t t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ♣r♦✜t❛❜❧❡✮✱
t❤❡♥ ✐t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ❛ss✐st❛♥❝❡ ♦❢ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✲ ❛ ♥❡✇ ♠❡❞✐❛✲
t♦r ✇❤♦ r❡❝❡✐✈❡s ✭❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❞❛②✮ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥s ♦❢ t❤❡ ❞❡✈✐❛t✐♥❣
♣❧❛②❡rs✱ ❛♥❞ ❣✐✈❡s ❡❛❝❤ ♦❢ t❤❡♠ ❛ ♥❡✇ r❡❝♦♠♠❡♥❞❛t✐♦♥✳ ■♥ t❤❡ ♥❡①t ❞❛②✱ ❡❛❝❤
♣❧❛②❡r s✐♠✉❧t❛♥❡♦✉s❧② ❝❤♦♦s❡s ❛♥ ❛❝t✐♦♥ ✐♥ ●✳ ❚❤❡ ♣r♦✜❧❡ q ✐s ❛♥ ❛❧❧✲st❛❣❡
str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ✐❢ ❢♦r ❡✈❡r② ❝❛❧❧✐♥❣ ♦r❞❡r ❛♥❞ ❡✈❡r② st❛❣❡✱ t❤❡r❡
✐s ♥♦ ❝♦❛❧✐t✐♦♥ ✇✐t❤ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✱ ❛s ✇✐❧❧ ❜❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ✐♥ t❤❡
♥❡①t ❙✉❜s❡❝t✐♦♥✳

✷✳✸ ❆❧❧✲st❛❣❡ ❙tr♦♥❣ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜r✐✉♠

❆ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✐♠♣❧❡♠❡♥ts ❛ ♠❛♣♣✐♥❣ ❢r♦♠ AS ✭t❤❡ ♦r✐❣✐♥❛❧ r❡❝♦♠♠❡♥❞❛✲
t✐♦♥s t❤❡ ♣❧❛②❡rs ✐♥ ❙ ❤❛✈❡ r❡❝❡✐✈❡❞✮ t♦ ∆(AS) ✭t❤❡ s❡t ♦❢ ❝♦rr❡❧❛t❡❞ ❙ ✲str❛t❡❣②
♣r♦✜❧❡s✮✳

❉❡✜♥✐t✐♦♥ ✶ ●✐✈❡♥ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✐s ❛ ❢✉♥❝t✐♦♥
dS : AS → ∆(AS)✳

❲❤❡♥ t❤❡ ♠❡♠❜❡rs ♦❢ ❙ ❝♦♥s✐❞❡r t♦ ✐♠♣❧❡♠❡♥t ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✱ t❤❡② ❛r❡ ✐♥
❛ s✐t✉❛t✐♦♥ ♦❢ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✿ ❡❛❝❤ ♣❧❛②❡r ♠❛② ❤❛✈❡ t❤❡ ♣r✐✈❛t❡ ✈❛❧✉❡
♦❢ ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥✱ ❛♥❞ ♠❛② ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐r❡❞
✇❤❡♥ ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ t❤❡ ♦t❤❡r ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ✐♥❢♦r✲
♠❛t✐♦♥ str✉❝t✉r❡ ❞✉r✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦♥❣ t❤❡ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs ✐♥ ❛
♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❆✉♠❛♥♥ ✭✶✾✼✻✱ ✶✾✽✼✮✳

❉❡✜♥✐t✐♦♥ ✷ ●✐✈❡♥ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ❛♥ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ ♦❢ ❙ ✐s ❛
✺✲t✉♣❧❡✿ (Ω,B, µ, (F i)i∈S , (ai)i∈N) ✇❤❡r❡✿

✭✶✮ ❚❤❡ ✸✲t✉♣❧❡ (Ω, B, µ) ✐s ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳
✭✷✮ ❚❤❡ (F i)i∈S ❛r❡ ♣❛rt✐t✐♦♥s ♦❢ Ω ✇❤♦s❡ ❥♦✐♥ ✭

∧

i∈S
F i✱ t❤❡ ❝♦❛rs❡st ❝♦♠♠♦♥

r❡✜♥❡♠❡♥t ♦❢ (F i)i∈S✮ ❝♦♥s✐sts ♦❢ ♥♦♥✲♥✉❧❧ ❡✈❡♥ts✳
✭✸✮ ❚❤❡ (ai)i∈N ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ (Ω, B, µ)✱ ✇❤❡r❡ ai : Ω → Ai✳

❲❡ ✐♥t❡r♣r❡t (Ω,B) ❛s t❤❡ s♣❛❝❡ ♦❢ st❛t❡s ♦❢ t❤❡ ✇♦r❧❞ ❢♦r t❤❡ ♣❧❛②❡rs ♦❢ ❙ ✭❛t
s♦♠❡ st❛❣❡ ♦❢ t❤❡✐r ❝♦♥s✐❞❡r❛t✐♦♥ ✇❤❡t❤❡r t♦ ✉s❡ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✮✱ µ ❛s t❤❡
❝♦♠♠♦♥ ♣r✐♦r ✭❢♦r t❤❡ st❛t❡s ♦❢ t❤❡ ✇♦r❧❞✮ ❢♦r ❛❧❧ t❤❡ ♣❧❛②❡rs ✐♥ ❙✱ ❛♥❞ F i ❛s
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣❛rt✐t✐♦♥ ♦❢ ♣❧❛②❡r ✐ ❀ t❤❛t ✐s✱ ✐❢ t❤❡ tr✉❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ✐s
ω ∈ Ω t❤❡♥ ♣❧❛②❡r ✐ ✐s ✐♥❢♦r♠❡❞ ♦❢ t❤❛t ❡❧❡♠❡♥t F i(ω) ♦❢ F i t❤❛t ❝♦♥t❛✐♥s
ω✳ ❲❡ ✐♥t❡r♣r❡t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ai(ω) ❛s t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ♣❧❛②❡r ✐
✭❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❛❣r❡❡♠❡♥t✮ ✐♥ t❤❡ st❛t❡ ω✳

❘❡♠❛r❦ ✸ ❚❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ω ∈ Ω ✐♥❝❧✉❞❡s ❛ ❢✉❧❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
r❡❝♦♠♠❡♥❞❛t✐♦♥ ♣r♦✜❧❡✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❡❛❝❤ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡r ❤❛s ❛❝q✉✐r❡❞

✹



✇❤✐❧❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ t❤❡ ♦t❤❡r ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs✱ ❛♥❞ t❤❡ ❜❡❧✐❡❢s ❡❛❝❤
♦❢ t❤❡ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs ❤❛s ❛❜♦✉t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❜❡❧✐❡❢s ♦❢ t❤❡ ♦t❤❡rs✳
❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ t❤❡ ♣❧❛②❡rs s❤❛r❡ ❛ ❝♦♠♠♦♥ ♣r✐♦r ❛❜♦✉t t❤❡ st❛t❡s ♦❢ t❤❡
✇♦r❧❞✳ ❚❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❆✉♠❛♥♥ ✭✶✾✽✼✮✳

●✐✈❡♥ ❛ ♥♦♥✲♥✉❧❧ ❡✈❡♥t E ∈ B✱ ❧❡t aS(E) ∈ ∆(AS) ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤
t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ aS(ω) ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t ω ∈ E✳

❚❤❡ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ ♣❧❛②❡rs ♠✉st ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❢r❛♠❡✲
✇♦r❦✿

✭✶✮ ❚❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ aS(Ω) ✐s ❡q✉❛❧ t♦ t❤❡ ❛❣r❡❡♠❡♥t✬s ❞✐str✐❜✉t✐♦♥✳
✭✷✮ ❚❤❡ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs ❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥s

♦❢ t❤❡ ♥♦♥✲❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs✱ ❡①❝❡♣t t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s ✐♥❞✉❝❡❞ ❜②
t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡✐r r❡❝♦♠♠❡♥❞❛t✐♦♥s✳

❲❡ ❢♦r♠❛❧✐③❡ t❤♦s❡ r❡q✉✐r❡♠❡♥ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹ ●✐✈❡♥ ❛♥ ❛❣r❡❡♠❡♥t q ∈ ∆(A) ❛♥❞ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ✇❡ s❛②
t❤❛t ❛♥ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ (Ω,B, µ, (F i)i∈S , (ai)i∈S) ✐s ❛ ❝♦♥s✐st❡♥t ✐♥❢♦r✲
♠❛t✐♦♥ str✉❝t✉r❡ ✭♦❢ S✮ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭✶✮ ∀bS ∈ AS, Pr(aS(Ω) = bS) = q(bS)
✭✷✮ ∀ω ∈ Ω, ∀i ∈ S, ∀b ∈ A,

Pr
(

aN (F i(ω)) = b
)

= Pr
(

aS (F i(ω)) = bS
)

· q(b−S | bS)

❲❤❡♥ ❡❛❝❤ ♣❧❛②❡r ❝♦♥s✐❞❡rs ✇❤❡t❤❡r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✲
✈✐❝❡ ✐s ♣r♦✜t❛❜❧❡ t♦ ❤✐♠✱ ❤❡ ❝♦♠♣❛r❡s ❤✐s ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✭❣✐✈❡♥
❤✐s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (ai)i∈S ✮ ✇❤❡♥ ♣❧❛②✐♥❣ t❤❡ ♦r✐❣✐♥❛❧
❛❣r❡❡♠❡♥t ❛♥❞ ✇❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✳ ❆ ♣❧❛②❡r ❛❣r❡❡s t♦ ✐♠✲
♣❧❡♠❡♥t ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ♦♥❧② ✐❢ t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✐s ❧❛r❣❡r✳
❲❡ ♥♦✇ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛s ♦❢ ❡❛❝❤ ♣❧❛②❡r ✐♥ ❡❛❝❤
st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ω✱ ✇❤❡♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ❛❣r❡❡♠❡♥t ❛♥❞ ✇❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ ❛
❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✳

❉❡✜♥✐t✐♦♥ ✺ ●✐✈❡♥ ❛♥ ❛❣r❡❡♠❡♥t q ∈ ∆(A)✱ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ❛ ♣❧❛②❡r i ∈
S✱ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ dS : AS → ∆(AS)✱ ❛♥❞ ❛ ❝♦♥s✐st❡♥t ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡
(Ω,B, µ, (F i)i∈S , (ai)i∈S)✱ ❧❡t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛s ♦❢ ♣❧❛②❡r i ✐♥
ω ∈ Ω ✭❣✐✈❡♥ ❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥ ω ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♣❧❛②❡rs ✐♥ −S
❢♦❧❧♦✇ t❤❡ ❛❣r❡❡♠❡♥t q✮ ❜❡✿

• ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✇❤❡♥ t❤❡ ♣❧❛②❡rs ✐♥ ❙ ❢♦❧❧♦✇ q ✿

ui
f (ω) =

∑

bS∈AS

Pr
(

aS
(

F i(ω)
)

= bS
)

∑

b−S∈A−S

q(b−S | bS) · ui(bS, b−S)

• ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✇❤❡♥ t❤❡ ♣❧❛②❡rs ♦❢ ❙ ❞❡✈✐❛t❡ ✭❜② ✐♠♣❧❡✲

✺



♠❡♥t✐♥❣ dS✮ ✿

ui
d(ω) =

∑

bS∈AS

Pr
(

aS
(

F i(ω)
)

= bS
)

∑

b−S∈A−S

q(b−S | bS)
∑

cS∈AS

dS(cS | bS)·ui(cS, b−S)

■❢ t❤❡ ♣❧❛②❡rs ✐♥ ❙ ❞❡❝✐❞❡ t♦ ✐♠♣❧❡♠❡♥t ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✐♥ s♦♠❡ st❛t❡ ω ∈ Ω✱
t❤❡♥ ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ✭✐♥ ω✮ t❤❛t ❡❛❝❤ ♣❧❛②❡r ❡①♣❡❝ts t♦ ❡❛r♥ ♠♦r❡ ❢r♦♠
t❤❡ ❞❡✈✐❛t✐♦♥ ✭❝♦♥❞✐t✐♦♥❡❞ ♦♥ ❤✐s ✐♥❢♦r♠❛t✐♦♥✮✳ ❲❡ ♥♦✇ ♣r❡s❡♥t t❤❡ ❢♦r♠❛❧
❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ✭❆✉♠❛♥♥✱ ✶✾✼✻✮✿

❉❡✜♥✐t✐♦♥ ✻ ●✐✈❡♥ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ❛♥ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ (Ω,B, µ,
(F i)i∈S , (ai)i∈N) ❛♥❞ ❛ st❛t❡ ω ∈ Ω✱ ❛♥ ❡✈❡♥t E ∈ B ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ❛t
ω ✐❢ ❊ ✐♥❝❧✉❞❡s t❤❛t ♠❡♠❜❡r ♦❢ t❤❡ ♠❡❡t Fmeet =

∧

i∈S
F i t❤❛t ❝♦♥t❛✐♥s ω✳

❲❡ ❞❡✜♥❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✱ ❛s ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ t❤❛t ✐♥ s♦♠❡
❝♦♥s✐st❡♥t ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡✱ ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ✐♥ s♦♠❡ st❛t❡ ♦❢
t❤❡ ✇♦r❧❞✱ t❤❛t ❡❛❝❤ ♣❧❛②❡r ❡①♣❡❝ts t♦ ❡❛r♥ ♠♦r❡ ✐❢ t❤❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✐s
✐♠♣❧❡♠❡♥t❡❞✳

❉❡✜♥✐t✐♦♥ ✼ ●✐✈❡♥ ❛ str❛t❡❣② ♣r♦✜❧❡ q ∈ ∆(A) ❛♥❞ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ✇❡
s❛② t❤❛t ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ dS : AS → ∆(AS) ✐s ♣r♦✜t❛❜❧❡ ✭❢♦r ❙ ✮✱ ✐❢ t❤❡r❡
❡①✐sts ❛ ❝♦♥s✐st❡♥t ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ (Ω,B, µ, (F i)i∈S , (ai)i∈N) ❛♥❞ ❛ st❛t❡
ω0 ∈ Ω s✉❝❤ t❤❛t ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ✐♥ ω0 t❤❛t ∀i ∈ S, ui

d(ω) > ui
f (ω)✳

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ❛s ❛ str❛t❡❣②
♣r♦✜❧❡✱ ❢r♦♠ ✇❤✐❝❤ ♥♦ ❝♦❛❧✐t✐♦♥ ❤❛s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✳

❉❡✜♥✐t✐♦♥ ✽ ❆ str❛t❡❣② ♣r♦✜❧❡ q ∈ ∆(A) ✐s ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠ ✐❢ ♥♦ ❝♦❛❧✐t✐♦♥ S ⊆ N ❤❛s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✳

✷✳✹ ❊①✲❛♥t❡ ❙tr♦♥❣ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜r✐✉♠

❆ ♣r♦✜❧❡ ✐s ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ✐❢ ♥♦ ❝♦❛❧✐t✐♦♥ ❤❛s ❛ ♣r♦❢✲
✐t❛❜❧❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ❛t t❤❡ ❡①✲❛♥t❡ st❛❣❡ ✭✇❤❡♥ t❤❡ ♣❧❛②❡rs ❤❛✈❡ ♥♦t r❡❝❡✐✈❡❞
t❤❡✐r r❡❝♦♠♠❡♥❞s ②❡t✮✳ ■t ✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ ✭❢♦❧❧♦✇✐♥❣ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs✱
✶✾✾✻✮✱ t♦ ❞❡✜♥❡ ✜rst t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❢❡❛s✐❜❧❡ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥ ❢♦r ❛ ❝♦❛❧✐t✐♦♥
❙✱ ❛s ❛ ❝♦rr❡❧❛t❡❞ str❛t❡❣② ♣r♦✜❧❡ p ∈ A t❤❛t t❤❡ ❝♦❛❧✐t✐♦♥ ❝❛♥ ✐♥❞✉❝❡ ✇✐t❤ t❤❡
✉s❡ ♦❢ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ❛t t❤❡ ❡①✲❛♥t❡ st❛❣❡✳

❉❡✜♥✐t✐♦♥ ✾ ▲❡t q ∈ ∆(A) ❜❡ ❛ str❛t❡❣② ♣r♦✜❧❡ ❛♥❞ ❧❡t S ⊆ N ❜❡ ❛ ❝♦❛❧✐t✐♦♥✳
❲❡ s❛② t❤❛t p ∈ ∆(A) ✐s ❛ ❢❡❛s✐❜❧❡ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥ ❜② ❛ ❝♦❛❧✐t✐♦♥ S ❢r♦♠
q ✐❢ t❤❡r❡ ✐s ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ dS : AS → ∆(AS) s✉❝❤ t❤❛t ❢♦r ❛❧❧ a ∈ A ✇❡
❤❛✈❡ p(a) =

∑

bS∈AS

q(bS, a−S) · dS(aS|bS)✳ ■♥ t❤❛t ❝❛s❡ ✇❡ s❛② t❤❛t p ✐s ✐♥❞✉❝❡❞

❢r♦♠ q ❜② t❤❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ dS✳ ▲❡t D(q, S) ⊆ ∆(A) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧

✻



❢❡❛s✐❜❧❡ ❛①✲❛♥t❡ ❞❡✈✐❛t✐♦♥s ❜② ❛ ❝♦❛❧✐t✐♦♥ S ❢r♦♠ q✳

❆♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ str❛t❡❣② ♣r♦✜❧❡ ❢r♦♠ ✇❤✐❝❤ ♥♦
❝♦❛❧✐t✐♦♥ ❤❛s ❛ ♣r♦✜t❛❜❧❡ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✵ ❆ str❛t❡❣② ♣r♦✜❧❡ q ∈ ∆(A) ✐s ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠ ✐❢ ♥♦ ❝♦❛❧✐t✐♦♥ S ⊆ N ❤❛s ❛ ❢❡❛s✐❜❧❡ ❞❡✈✐❛t✐♦♥ p ∈ D(q, S)✱ s✉❝❤
t❤❛t ❢♦r ❡❛❝❤ i ⊆ S✱ ✇❡ ❤❛✈❡ ui(p) > ui(q)✳

✷✳✺ ▼❛✐♥ ❘❡s✉❧t

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠
✐s ❛❧s♦ ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ❛s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ ❛
tr✐✈✐❛❧ ❝♦♥s✐st❡♥t ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡✱ ✐♥ ✇❤✐❝❤✿ ∀i, F i = Ω✳ ❖✉r ♠❛✐♥ r❡s✉❧t
♣r♦✈❡s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐s ❛❧s♦ tr✉❡✱ ❛♥❞ t❤✉s t❤❡ t✇♦ s❡ts ♦❢ ❡q✉✐❧✐❜r✐❛ ❛r❡
❡q✉❛❧✳

❚❤❡♦r❡♠ ✶✶ ❆ ❝♦rr❡❧❛t❡❞ ♣r♦✜❧❡ q ∈ △(A) ✐s ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

✷✳✻ ❘❡❧❛t✐♦♥s ❲✐t❤ ❖t❤❡r ◆♦t✐♦♥s ♦❢ ❙tr♦♥❣ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜r✐❛

❖t❤❡r ♥♦t✐♦♥s ♦❢ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥
❘❛② ✭✶✾✾✻✮ ❛♥❞ ▼✐❧❣r♦♠ ✫ ❘♦❜❡rts ✭✶✾✾✻✮✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❘❛②✱ ❞❡✈✐❛t✐♥❣
❝♦❛❧✐t✐♦♥s ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ ❝♦♥str✉❝t ♥❡✇ ❝♦rr❡❧❛t✐♥❣ ❞❡✈✐❝❡s✱ ❛♥❞ ❛r❡ ❧✐♠✐t❡❞
t♦ ✉s❡ ♦♥❧② ❛♥ ✉♥❝♦rr❡❧❛t❡❞ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✲ ❛ ❢✉♥❝t✐♦♥ dS : AS →

∏

i∈S
∆(Ai)✳ 5

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ▼✐❧❣r♦♠ ✫ ❘♦❜❡rts ♦♥❧② s♦♠❡ ♦❢ t❤❡ ❝♦❛❧✐t✐♦♥s ❝❛♥ ❝♦♠✲
♠✉♥✐❝❛t❡ ❛♥❞ ❝♦♦r❞✐♥❛t❡ ❞❡✈✐❛t✐♦♥s✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ s❡ts ♦❢ ❢❡❛s✐❜❧❡ ❝♦❛❧✐✲
t✐♦♥❛❧ ❞❡✈✐❛t✐♦♥s ✐s ✐♥❝❧✉❞❡❞ ✐♥ ♦✉r s❡t ♦❢ ❞❡✈✐❛t✐♦♥s✱ ❛♥❞ t❤✉s ♦✉r s❡t ♦❢ ❡①✲❛♥t❡
str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡ts ♦❢ ❡①✲❛♥t❡ ❝♦rr❡❧❛t❡❞ ❡q✉✐✲
❧✐❜r✐❛ à ❧❛ ❘❛② ❛♥❞ à ❧❛ ▼✐❧❣r♦♠ ✫ ❘♦❜❡rts✳

❆♥ ❡①✲♣♦st str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ♣r♦✜❧❡ ✇❤✐❝❤ ✐s r❡s✐st❛♥t t♦ ❞❡✲
✈✐❛t✐♥❣ ❞❡✈✐❝❡s ❛t t❤❡ ❡①✲♣♦st st❛❣❡ ✭✇❤❡♥ ❡❛❝❤ ♣❧❛②❡r ❦♥♦✇s ❤✐s r❡❝♦♠♠❡♥✲
❞❛t✐♦♥✱ ✐✳❡✳✱ ∀ω ∈ Ω, ∀i ∈ S, ∃bi ∈ Ai s.t. Pr (ai (F i(ω)) = bi) = 1✮✳ ❉✐✛❡r❡♥t
♥♦t✐♦♥s ♦❢ ❡①✲♣♦st str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❊✐♥② ✫ P❡❧❡❣
✭✶✾✾✺✮✱ ❘❛② ✭✶✾✾✽✮ ❛♥❞ ❇❧♦❝❤ ✫ ❉✉tt❛ ✭✷✵✵✼✮✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❊✐♥② ✫

5 ■♥ ❘❛②✬s s❡t✉♣✱ t❤❡ ♦r✐❣✐♥❛❧ ❝♦rr❡❧❛t✐♥❣ ❞❡✈✐❝❡ ❝❛♥ ❛❧s♦ s❡♥❞ ❛♥ ✐♥❞✐r❡❝t s✐❣♥❛❧ t♦
❡❛❝❤ ♣❧❛②❡r ✭✇❤✐❝❤ ♠❛② ❤♦❧❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ✐ts❡❧❢✮✳ ■♥
t❤❛t ❝❛s❡✱ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ s❡t ♦❢ ❙ ✲♣❛rt ♦❢
t❤❡ s✐❣♥❛❧s t♦ t❤❡ s❡t ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ❙ ✲str❛t❡❣② ♣r♦✜❧❡s✳

✼



P❡❧❡❣✱ ❛ ❞❡✈✐❛t✐♥❣ ❝♦❛❧✐t✐♦♥ ❝❛♥ ♦♥❧② ✉s❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡s t❤❛t ✐♠♣r♦✈❡ t❤❡
❝♦♥❞✐t✐♦♥❛❧ ✉t✐❧✐t✐❡s ♦❢ ❛❧❧ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡rs ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ r❡❝♦♠♠❡♥❞❛t✐♦♥
♣r♦✜❧❡s✳ 6 ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❘❛②✱ ❛ ❞❡✈✐❛t✐♥❣ ❝♦❛❧✐t✐♦♥ ❙ ❝❛♥ ♦♥❧② ✉s❡ ♣✉r❡
❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡s ✲ dS : AS → AS✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❇❧♦❝❤ ✫ ❉✉tt❛✱ ❛
❞❡✈✐❛t✐♥❣ ❝♦❛❧✐t✐♦♥ ❙ ❝❛♥ ♦♥❧② ✉s❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡s t❤❛t ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♣r♦✜❧❡ aS ✐s ✐♥❝❧✉❞❡❞ ✐♥ s♦♠❡ s❡t ES ⊆ AS

✇❤✐❝❤ s❛t✐s✜❡s✿

✭✶✮ ■❢ aS ∈ ES✱ ❡❛❝❤ ♣❧❛②❡r ❡❛r♥s ❢r♦♠ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✳
✭✷✮ ■❢ aS /∈ ES✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♣❧❛②❡r ❧♦♦s❡s ❢r♦♠ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❞❡✈✐❛✲

t✐♦♥ ❞❡✈✐❝❡ ✭❜② ❢❛❧s❡❧② ❝❧❛✐♠✐♥❣ t❤❛t aS ∈ ES✮✳

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤♦s❡ ❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥s✐st❡♥t
✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ ♦❢ ❙ ❛♥❞ ❛ st❛t❡ ✐♥ ✇❤✐❝❤ ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ t❤❛t
aS(ω) ∈ ES ❛♥❞ t❤❛t ∀i ∈ S, ui

d(ω) > ui
f (ω)✳ ❚❤✉s ♦✉r s❡t ♦❢ ❡①✲♣♦st str♦♥❣

❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡ts ♦❢ ❡①✲♣♦st ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐❛ ❛s
❞❡✜♥❡❞ ✐♥ ❛♥② ♦❢ t❤♦s❡ ♣❛♣❡rs✳

❚❤❡ ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥s ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐✲
❧✐❜r✐❛ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ✜❣✉r❡ ✶✳

❋✐❣✉r❡ ✶✳ ■♥❝❧✉s✐♦♥ ❘❡❧❛t✐♦♥s ❛♠♦♥❣ ❉✐✛❡r❡♥t ◆♦t✐♦♥s ♦❢ ❙tr♦♥❣ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜✲
r✐❛

❊①❛♠♣❧❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ♥♦t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs ✭✶✾✾✻✮✿

• ❆♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ✸✲♣❧❛②❡r ♠❛t❝❤✐♥❣ ♣❡♥♥✐❡s
✭✇❤✐❝❤ ✐s ❛❧s♦ ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ❞✉❡ t♦ ♦✉r ♠❛✐♥

6 ■♥ ♦✉r ❢♦r♠✉❧❛t✐♦♥✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ r❡q✉✐r✐♥❣ t❤❛t ∀i ∈ S, ui
d(ω) > ui

f (ω) ✐♥

❡✈❡r② ω ∈ Ω✱ ❛♥❞ ♥♦t ♦♥❧② ✐♥ ❡✈❡r② ω ∈ Fmeet(ω0) ✳

✽



r❡s✉❧t✮✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ✏r❡❛s♦♥❛❜❧❡✑ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❣❛♠❡ ✇✐t❤ ♣r❡✲♣❧❛②
❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❛s ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡♠♦♥str❛t❡❞ ✐♥ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs✱
✶✾✾✽✮✳

• ❆♥ ❡①✲♣♦st str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ✷✲♣❧❛②❡r ❝❤✐❝❦❡♥ ❣❛♠❡✱ ✇❤✐❝❤
✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

✸ ❆♥ ❊①❛♠♣❧❡ ♦❢ t❤❡ ▼❛✐♥ ❘❡s✉❧t

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✇❡ ♣r❡s❡♥t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥
❛ ✸✲♣❧❛②❡r ❣❛♠❡✱ ❛♥❞ ❛ s♣❡❝✐✜❝ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ t❤❛t ✐s ❝♦♥s✐❞❡r❡❞ ❜② t❤❡ ❣r❛♥❞
❝♦❛❧✐t✐♦♥ ❛t s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡ st❛❣❡✳ ❆t ✜rst ❧♦♦❦✱ ♦♥❡ ♠❛② t❤✐♥❦ t❤❛t t❤✐s
❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✐s ♣r♦✜t❛❜❧❡ t♦ ❛❧❧ t❤❡ ♣❧❛②❡rs ✭❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡✐r ♣♦st❡r✐♦r
✐♥❢♦r♠❛t✐♦♥ ❛t t❤❛t st❛❣❡✮✱ ❜✉t ❛ ♠♦r❡ t❤♦r♦✉❣❤ ❛♥❛❧②s✐s r❡✈❡❛❧s t❤❛t t❤✐s ✐s
♥♦t tr✉❡✳ ❚❤❡ ❛♥❛❧②s✐s ✐♥ t❤✐s ❡①❛♠♣❧❡ ❣✐✈❡s t❤❡ ✐♥t✉✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠❛❧ ♣r♦♦❢
♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥✳

❚❛❜❧❡ ✶ ♣r❡s❡♥ts t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ✸✲♣❧❛②❡r ❣❛♠❡✱ ✇❤❡r❡ ♣❧❛②❡r ✶
❝❤♦♦s❡s t❤❡ r♦✇✱ ♣❧❛②❡r ✷ ❝❤♦♦s❡s t❤❡ ❝♦❧✉♠♥✱ ❛♥❞ ♣❧❛②❡r ✸ ❝❤♦♦s❡s t❤❡ ♠❛tr✐①✳

❚❛❜❧❡ ✶
❆ ✸✲P❧❛②❡r ●❛♠❡ ❲✐t❤ ❆♥ ❊①✲❆♥t❡ ❙tr♦♥❣ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜r✐✉♠

c1

b1 b2 b3

a1 ✶✵✱✶✵✱✶✵ ✺✱ ✷✵✱✺ ✵✱✵✱✵

a2 ✷✵✱✺✱✺ ✵✱✵✱✵ ✵✱✵✱✵

a3 ✵✱✵✱✵ ✵✱✵✱✵ ✵✱✵✱✵

c2

b1 b2 b3

a1 ✺✱✺✱✷✵ ✵✱✵✱✵ ✵✱✵✱✵

a2 ✵✱✵✱✵ ✵✱✵✱✵ ✵✱✵✱✵

a3 ✵✱✵✱✵ ✵✱✵✱✵ ✵✱✵✱✵

c3

b1 b2 b3

a1 ✵✱✵✱✵ ✵✱✵✱✵ ✵✱✵✱✵

a2 ✵✱✵✱✵ ✵✱✵✱✵ ✵✱✵✱✵

a3 ✵✱✵✱✵ ✵✱✵✱✵ ✼✱✶✶✱✶✷

▲❡t q ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✜❧❡✿
(

1
4
(a1, b1, c1) , 1

4
(a2, b1, c1) , 1

4
(a1, b2, c1) , 1

4
(a1, b1, c2)

)

✇✐t❤ ❛♥ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ✶✵ t♦ ❡❛❝❤ ♣❧❛②❡r✳ ❖❜s❡r✈❡ t❤❛t q ✐s ❛♥ ❡①✲❛♥t❡
str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✿

• ◆♦ s✐♥❣❧❡ ♣❧❛②❡r ❤❛s ❛ ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥ ✭q ✐s ❛ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✮✳
• ◆♦ ❝♦❛❧✐t✐♦♥ ♦❢ t✇♦ ♣❧❛②❡rs ✭s❛② ✶✱✷✮ ❤❛s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ✭t❤❡✐r ✉♥✲
❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ♣❧❛②❡r ✸ ♣r❡✈❡♥ts t❤❡♠ ❢r♦♠ ❜❡✐♥❣
❛❜❧❡ t♦ ❡❛r♥ t♦❣❡t❤❡r ♠♦r❡ t❤❛♥ ✷✵ ❜② ❛ ❥♦✐♥t ❞❡✈✐❛t✐♦♥✮✳

• ❚❤❡ ❣r❛♥❞ ❝♦❛❧✐t✐♦♥ ❝❛♥♥♦t ❡❛r♥ ♠♦r❡ t❤❛♥ ❛ t♦t❛❧ ♣❛②♦✛ ♦❢ ✸✵✳

◆♦✇✱ ❝♦♥s✐❞❡r ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❛❣❡ ✐♥ ✇❤✐❝❤ ♣❧❛②❡r ✶ ❤❛s r❡❝❡✐✈❡❞ ❛ r❡❝✲
♦♠♠❡♥❞❛t✐♦♥ a1✱ ♣❧❛②❡r ✷ ❤❛s r❡❝❡✐✈❡❞ ❛ r❡❝♦♠♠❡♥❞❛t✐♦♥ a2✱ ♣❧❛②❡r ✸ ❤❛s
♥♦t r❡❝❡✐✈❡❞ ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥ ②❡t✳ ❊❛❝❤ ♣❧❛②❡r ❞♦❡s ♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤❡
♦t❤❡r ♣❧❛②❡rs ❤❛✈❡ r❡❝❡✐✈❡❞ t❤❡✐r r❡❝♦♠♠❡♥❞❛t✐♦♥s✳ ❆t ✜rst ❧♦♦❦✱ t❤❡ ✐♠♣❧❡✲

✾



♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ dS(·) = (a3, b3, c3) ✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ♣❛②♦✛ ♦❢
(7, 11, 12)✱ ♠❛② ❧♦♦❦ ♣r♦✜t❛❜❧❡ ❢♦r ❛❧❧ t❤❡ ♣❧❛②❡rs✿

• ❈♦♥❞✐t✐♦♥❡❞ ♦♥ ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥ ✭a1)✱ ♣❧❛②❡r ✶ ❤❛s ❛♥ ❡①♣❡❝t❡❞ ♣❛②♦✛
♦❢ 62

3
✱ ❛♥❞ t❤✉s dS ✐s ♣r♦✜t❛❜❧❡ t♦ ❤✐♠✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ♣❧❛②❡r ✷ ❛s ✇❡❧❧✳

• P❧❛②❡r ✸ ❞♦❡s ♥♦t ❦♥♦✇ ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥✳ ❍✐s ❡①✲❛♥t❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s
✶✵✱ ❛♥❞ ❤❡ ✇♦✉❧❞ ❡❛r♥ ❛ ♣❛②♦✛ ♦❢ ✶✷ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ dS✳

❍♦✇❡✈❡r✱ ❛ ♠♦r❡ t❤♦r♦✉❣❤ ❛♥❛❧②s✐s ♦❢ ♣❧❛②❡r ✸✬s ✐♥❢♦r♠❛t✐♦♥✱ r❡✈❡❛❧s t❤❛t dS

✐s ✉♥♣r♦✜t❛❜❧❡ ❢♦r ❤✐♠✳ P❧❛②❡r ✶ ❝❛♥ ♦♥❧② ❡❛r♥ ❢r♦♠ dS ✭✇❤✐❝❤ ❣✐✈❡s ❤✐♠ ❛
♣❛②♦✛ ♦❢ ✼✮ ✐❢ ❤❡ ❤❛s r❡❝❡✐✈❡❞ ❛ r❡❝♦♠♠❡♥❞❛t✐♦♥ a2✳ ❚❤✉s✱ ✐❢ ♣❧❛②❡r ✶ ❛❣r❡❡s
t♦ ✐♠♣❧❡♠❡♥t dS✱ t❤❡♥ ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ t❤❛t ❤❡ ❤❛s r❡❝❡✐✈❡❞ a1✳ ❚❤❡
❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ♣❧❛②❡rs ✷ ❛♥❞ ✸✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t ♣❧❛②❡r ✷ ❤❛s r❡❝❡✐✈❡❞ a1✱
✐s 112

3
✳ ❚❤✉s✱ ✐❢ ♣❧❛②❡r ✷ ❛❣r❡❡s t♦ ✐♠♣❧❡♠❡♥t dS✭✇✐t❤ ❛ ♣❛②♦✛ ♦❢ ✶✶✮✱ t❤❡♥ ❤❡

♠✉st ❤❛✈❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✿ t❤❛t ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥ ✐s a2✳ ❚❤❡r❡❢♦r❡ ♣❧❛②❡r
✸ ❦♥♦✇s t❤❛t t❤❡ ✐❢ t❤❡ ♦t❤❡r ♣❧❛②❡rs ❛❣r❡❡ t♦ ✐♠♣❧❡♠❡♥t dS✱ t❤❡♥ t❤❡✐r ♣❛rt
♦❢ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♣r♦✜❧❡ ✐s(a1, a2)✳ ❈♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t✱ ❤✐s ❡①♣❡❝t❡❞
♣❛②♦✛ ✐s ✶✺✱ ❛♥❞ t❤✉s dS ✐s ✉♥♣r♦✜t❛❜❧❡ ❢♦r ❤✐♠✳

✹ ❆ Pr♦♦❢ ♦❢ t❤❡ ▼❛✐♥ ❘❡s✉❧t

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t✿ ✭t❤❡♦r❡♠ ✶✶✮ ✲ ❆ ❝♦rr❡❧❛t❡❞ ♣r♦✜❧❡
q ∈ △(A) ✐s ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛♥
❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✱ ♦♥❡ ❞✐r❡❝t✐♦♥ ✐s
str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ♦♥❧② t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✿

❚❤❡♦r❡♠ ✶✷ ❊✈❡r② ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣
❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

■♥ ♦t❤❡r ✇♦r❞s✿ ✐❢ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ❢r♦♠ ❛♥ ❛❣r❡❡♠❡♥t q ∈ △(A)
❡①✐sts✱ t❤❡♥ t❤❡r❡ ❛❧s♦ ❡①✐sts ❛ ♣r♦✜t❛❜❧❡ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ q✳

❚❤❡ t❤❡♦r❡♠ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣♦s✐t✐♦♥s✿

✭✶✮ Pr♦♣♦s✐t✐♦♥ ✶✹✿ ■❢ ❛♥ ❛❣r❡❡♠❡♥t q ✐s ♥♦t ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✏s✐♠✐❧❛r✑ ❛❣r❡❡♠❡♥t q̃ t❤❛t ✐s ♥♦t ❛♥ ❡①✲
❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ✏s✐♠✐❧❛r✐t②✑ ✐s ✐♥ t❤❡ s❡♥s❡ t❤❛t q̃
✐s ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉❡s ✇✳r✳t✳ q ✇❤❡♥ r❡str✐❝t❡❞ t♦ AS✱ ❛♥❞ ❡q✉❛❧ t♦ q ✇❤❡♥
r❡str✐❝t❡❞ t♦ A−S ❛♥❞ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ AS ✭❛s ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜❡❧♦✇✮✳

✭✷✮ Pr♦♣♦s✐t✐♦♥ ✶✺✿ ■❢ s✉❝❤ ❛ ✏s✐♠✐❧❛r✑ ❛❣r❡❡♠❡♥t q̃ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣
❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡♥ q ✐ts❡❧❢ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠✳

✶✵



❲❡ ♥♦✇ ♣r❡s❡♥t ❛♥ ❛✉①✐❧✐❛r② ❞❡✜♥✐t✐♦♥ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
♣r♦♣♦s✐t✐♦♥ ✶✹✮ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛s ♦❢ ❡❛❝❤ ♣❧❛②❡r ❣✐✈❡♥ t❤❡
✐♥❢♦r♠❛t✐♦♥ t❤❛t ω ∈ E✳

❉❡✜♥✐t✐♦♥ ✶✸ ●✐✈❡♥ ❛♥ ❛❣r❡❡♠❡♥t q ∈ ∆(A)✱ ❛ ❝♦❛❧✐t✐♦♥ S ⊆ N ✱ ❛ ❞❡✈✐❛t✐♥❣
❞❡✈✐❝❡ dS : AS → ∆(AS)✱ ❛ ❝♦♥s✐st❡♥t ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ (Ω,B, µ, (F i)i∈S ,

(ai)i∈S)✱ ❛♥❞ ❛ ♥♦♥✲♥✉❧❧ ❡✈❡♥t E ∈ B✱ ❧❡t
(

(

ũi
f (E)

)

i∈S
, (ũi

d(E))i∈S

)

❞❡♥♦t❡ t❤❡

❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛s ❣✐✈❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞
✐s ✐♥ ❊ ✭❛♥❞ ❣✐✈❡♥ t❤❛t t❤❡ ♣❧❛②❡rs ✐♥ −S ❢♦❧❧♦✇ t❤❡ ❛❣r❡❡♠❡♥t q✮✿

• ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❡❛❝❤ ♣❧❛②❡r ✐ ✇❤❡♥ t❤❡ ♣❧❛②❡rs ✐♥ ❙ ❢♦❧❧♦✇
t❤❡ ❛❣r❡❡♠❡♥t q ✭❣✐✈❡♥ ω ∈ E✮✿

ũi
f (E) =

∑

bS∈AS

Pr
(

aS (E) = bS
)

∑

b−S∈A−S

q(b−S | bS) · ui(bS, b−S)

• ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✇❤❡♥ t❤❡ ♣❧❛②❡rs ♦❢ ❙ ❞❡✈✐❛t❡ ❜② ✐♠♣❧❡✲
♠❡♥t✐♥❣ dS ✭❣✐✈❡♥ ω ∈ E✮✿

ũi
d(E) =

∑

bS∈AS

Pr
(

aS (E) = bS
)

∑

b−S∈A−S

q(b−S | bS)
∑

cS∈AS

dS(cS | bS)·ui(cS, b−S)

❖❜s❡r✈❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❞❡✜♥✐t✐♦♥ ✺ ❛♥❞ ❞❡✜♥✐t✐♦♥ ✶✸✿

• ■♥ ❞❡✜♥✐t✐♦♥ ✺ ui
f (ω) ❛♥❞ ui

d(ω) ❞❡s❝r✐❜❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✉t✐❧✐t② ♦❢ ♣❧❛②❡r
✐ ✭✐♥ t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ω ∈ Ω✮ ✐♥ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ♣❧❛②❡r ✐✱ ✇❤♦ ✐s
✐♥❢♦r♠❡❞ ✐♥ ω✱ t❤❛t t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ✐♥ ✐♥ F i(ω)✳

• ■♥ ❞❡✜♥✐t✐♦♥ ✶✸ ũi
f (E) ❛♥❞ ũi

d(E) ❞❡s❝r✐❜❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✉t✐❧✐t② ♦❢ ♣❧❛②❡r ✐
✐♥ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❛♥ ♦✉ts✐❞❡ ♦❜s❡r✈❡r✱ ✇❤♦ ✐s ✐♥❢♦r♠❡❞ t❤❛t t❤❡ st❛t❡ ♦❢
t❤❡ ✇♦r❧❞ ✐s ✐♥ E✳

Pr♦♣♦s✐t✐♦♥ ✶✹ ▲❡t q ∈ ∆(A) ❜❡ ❛ str❛t❡❣② ♣r♦✜❧❡ ✭t❤❡ ❛❣r❡❡♠❡♥t✮ t❤❛t ✐s
♥♦t ❛♥ ❛❧❧✲st❛❣❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ str❛t❡❣②
♣r♦✜❧❡ q̃ ∈ ∆(A) t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✶✮ q̃|S ✐s ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉❡s ✇✐t❤ r❡s♣❡❝t t♦ q|S ✿

∀bS ∈ AS, q(bS) = 0 ⇒ q̃(bS) = 0

✭✷✮ ❈♦♥❞✐t✐♦♥❡❞ ♦♥ ❙ ✲♣❛rt ♦❢ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥s✿ q̃|−S = q|−S✿

∀bS ∈ AS, ∀b−S ∈ A−S, q̃(b−S | bS) = q(b−S | bS)

✭✸✮ q̃ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

✶✶



P❘❖❖❋✳ ▲❡t S ⊆ N ❜❡ ❛ ❝♦❛❧✐t✐♦♥✱ ❧❡t dS : AS → ∆(AS) ❜❡ ❛ ❞❡✈✐❛t✐♥❣

❞❡✈✐❝❡✱ ❧❡t (Ω,B, µ, (F i)i∈S , (ai)i∈N) ❜❡ ❛ ❝♦♥s✐st❡♥t ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡✱ ❛♥❞

❧❡t ω0 ∈ Ω ❜❡ ❛ st❛t❡✱ s✉❝❤ t❤❛t ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ✐♥ ω0 t❤❛t ∀i, ui
d(ω) >

ui
f (ω)✱ ✐✳❡✳✱ Fmeet(ω0) ⊆

{

ω | ui
d(ω) > ui

f (ω)
}

✳ ▲❡t i ∈ S ❜❡ ❛ ❞❡✈✐❛t✐♥❣ ♣❧❛②❡r✳

❲r✐t❡ Fmeet = Fmeet(ω0) =
⋃

j
F i

j ✇❤❡r❡ t❤❡ F i
j ❛r❡ ❞✐s❥♦✐♥t ♠❡♠❜❡rs ♦❢ F i✳

❙✐♥❝❡ ui
d(ω) > ui

f (ω) t❤r♦✉❣❤♦✉t Fmeet✱ t❤❡♥ ∀j, ũi
d(F

i
j ) > ũi

f (F
i
j )✳ ❖❜s❡r✈❡

t❤❛t ✐❢ E1, E2 ∈ B ❛r❡ t✇♦ ❞✐s❥♦✐♥t ♥♦♥✲♥✉❧❧ ❡✈❡♥ts t❤❡♥✿ ũi
f (E1

⋃

E2) = (µ(E1)·

ũi
f (E1)+µ(E2)·ũ

i
f (E2))/µ(E1+E2) ❛♥❞ ũi

d(E1
⋃

E2) = (µ(E1)·ũ
i
d(E1)+µ(E2)·

ũi
d(E2))/µ(E1 + E2)✳ ❚❤✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t ũi

d(F
meet) > ũi

f (F
meet)✳ ❚❤✐s ✐s tr✉❡

❢♦r ❡✈❡r② ♣❧❛②❡r✱ t❤✉s ∀i∈S ũi
d(F

meet) > ũi
f (F

meet)✳

▲❡t q̃ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣② ♣r♦✜❧❡✿ ∀bS ∈ AS, ∀b−S ∈ A−S, q̃(b) = q̃(bS, b−S) =

Pr
(

aS(Fmeet) = bS
)

· q(b−S | bS)✳ ❲❡ s❤♦✇ t❤❛t t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✲
✐s✜❡❞✿

✭✶✮

∀bS ∈AS, q(bS) = 0 ⇒ Pr
(

aS(Ω) = bS
)

= 0

⇒ Pr
(

aS(Fmeet) = bS
)

= 0 ⇒ q̃(bS) = 0

✭✷✮

∀bS ∈AS, ∀b−S ∈ A−S, q̃(b−S | bS) =
q̃(b−S, bS)

q̃(bS)

=
Pr
(

aS(Fmeet) = bS
)

· q(b−S | bS)

Pr (aS(Fmeet) = bS)
= q(b−S | bS)

✭✸✮ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t q̃ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳
❖❜s❡r✈❡ t❤❛t✿

ũi
f (F

meet) =
∑

bS∈AS

Pr
(

aS
(

Fmeet
)

= bS
)

∑

b−S∈A−S

q(b−S | bS) · ui(bS, b−S)

=
∑

b∈A

q̃(b) · ui(b) = ui(q̃)

❧❡t p̃ ❜❡ t❤❡ ❡①✲❛♥t❡ ❢❡❛s✐❜❧❡ ❞❡✈✐❛t✐♦♥ t❤❛t ✐s ✐♥❞✉❝❡❞ ❢r♦♠ q̃ ❜② t❤❡
❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ dS✳

✶✷



ũi
d(F

meet) =
∑

bS∈AS

Pr
(

aS
(

Fmeet
)

= bS
)

∑

b−S∈A−S

q(b−S | bS)

∑

cS∈AS

dS(cS | bS) · ui(cS, b−S)

=
∑

b∈A

q̃(b)
∑

cS∈AS

dS(cS | bS) · ui(cS, b−S) = ui(p̃)

❚❤✐s ✐♠♣❧✐❡s t❤❛t✿ ∀i ∈ S, ũi
d(F

meet) > ũi
f (F

meet) ⇒ ui(p̃) > ui(q̃)✱ t❤✉s q̃
✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳ ◗❊❉✳

❲❡ ✜♥✐s❤ ♦✉r ♠❛✐♥ r❡s✉❧t ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿ ■❢ ❛ ✏s✐♠✐❧❛r✑ ❛❣r❡❡♠❡♥t
q̃ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡♥ q ✐ts❡❧❢ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡
str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♣♦s✐t✐♦♥ ✶✺ ▲❡t q, q̃ ∈ ∆(A) ❜❡ t✇♦ str❛t❡❣② ♣r♦✜❧❡s t❤❛t s❛t✐s❢② t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✶✮ q̃|S ✐s ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉❡s ✇✐t❤ r❡s♣❡❝t t♦ q|S ✿

∀bS ∈ AS, q(bS) = 0 ⇒ q̃(bS) = 0

✭✷✮ ❈♦♥❞✐t✐♦♥❡❞ ♦♥ ❙ ✲♣❛rt ♦❢ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥s✿ q̃|−S = q|−S✿

∀bS ∈ AS, ∀b−S ∈ A−S, q̃(b−S | bS) = q(b−S | bS)

✭✸✮ q̃ ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡♥ q ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳

P❘❖❖❋✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ t❤❛t ∀aS ∈ AS q(aS) >
0 ✭❜❡❝❛✉s❡ q(aS) = 0 ⇒ q̃(aS) = 0✱ ❛♥❞ t❤♦s❡ ✐♠♣♦ss✐❜❧❡ ❛❝t✐♦♥ ♣r♦✜❧❡s
❞♦ ♥♦t ❛✛❡❝t ❛♥② ♦❢ t❤❡ ✉t✐❧✐t✐❡s ❢✉♥❝t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ♦♠✐tt❡❞✮✳ ▲❡t d̃S :
AS → ∆(AS) ❜❡ ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡✱ s✉❝❤ t❤❛t ∀i, ui(p̃) > ui(q̃)✱ ✇❤❡r❡
p̃ ∈ ∆(A) ✐s t❤❡ ❢❡❛s✐❜❧❡ ❞❡✈✐❛t✐♦♥ ✐♥❞✉❝❡❞ ❢r♦♠ d̃S✳ ▲❡t m = max |

i∈S

Ai| ❛♥❞

❧❡t ε = 1
m

min
aS∈AS , q̃(aS)>0

q(aS)
q̃(aS)

✳ ❲❡ ❜❡❣✐♥ ❜② ❝♦♥str✉❝t✐♥❣ ❛♥ ❛✉①✐❧✐❛r② ❞❡✈✐❛t✐♥❣

❞❡✈✐❝❡ d̃S
ε : AS → ∆(AS)✿

d̃S
ε (aS|bS) =















εd̃S(aS|bS) aS 6= bS

1 −
∑

cS 6=bS

εd̃S(cS|bS) aS = bS

■♥ t❤❡ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ d̃S
ε t❤❡ ♣❧❛②❡rs ♦❢ ❙ ❢♦❧❧♦✇ t❤❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ♣r♦❜❛✲

❜✐❧✐t② 1 − ε✱ ❛♥❞ ❞❡✈✐❛t❡ ❛❝❝♦r❞✐♥❣ t♦ d̃S ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ε✳ ▲❡t p̃ε ∈ D(q̃, S)

✶✸



❜❡ t❤❡ ❢❡❛s✐❜❧❡ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥ ♦❢ ❙ ❢r♦♠ q̃ t❤❛t ✐s ✐♥❞✉❝❡❞ ❜② d̃S
ε ✳ ❖❜s❡r✈❡

t❤❛t p̃ε ✐s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❢♦r ❛❧❧ t❤❡ ♣❧❛②❡rs ✐♥ ❙ ✿ ∀i∈S, ui(q̃) < ui(p̃ε)
✭❜❡❝❛✉s❡ ui(q̃) − ui(p̃ε) = ε (ui(q̃) − ui(p̃)) < 0✮✳

❲❡ ❝♦♥t✐♥✉❡ ❜② ❝♦♥str✉❝t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ✭♦❢ ❙ ✮ dS : AS →
∆(AS)✿

dS(aS|bS) =















q̃(bS)
q(bS)

· d̃S
ε (aS|bS) aS 6= bS

1 −
∑

cS 6=bS

q̃(bS)
q(bS)

· d̃S
ε (cS|bS) aS = bS

.

❲❡ ✜rst s❤♦✇ t❤❛t dS ✐s ❛ ✈❛❧✐❞ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ ❜② ✈❛❧✐❞❛t✐♥❣ t❤❛t ∀aS, bS ∈
AS 0 ≤ dS(aS|bS) ≤ 1✳

∀aS 6= bS, dS(aS|bS) =
q̃(bS)

q(bS)
· d̃S

ε (aS|bS) =
q̃(bS)

q(bS)
· εd̃S(aS|bS)

=
q̃(bS)

q(bS)
·

1

m

(

min
aS∈AS , q̃(aS)>0

q(aS)

q̃(aS)

)

· d̃S(aS|bS)

≤
q̃(bS)

q(bS)
·

1

m
·
q(bS)

q̃(bS)
· d̃S(aS|bS) =

1

m
· d̃S(aS|bS) ≤ 1

❆♥❞ ✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✭✇❤✐❝❤ ✐s ❛ ♣❛rt ♦❢ t❤❡ ❧❛st ❝❤❛✐♥ ♦❢ ✐♥❡q✉❛❧✐t✐❡s✮✿

q̃(bS)

q(bS)
· d̃S

ε (aS|bS) ≤
1

m
· d̃S(aS|bS)

❲❡ ❣❡t✿

dS(aS|aS) = 1 −
∑

aS 6=bS

q̃(bS)

q(bS)
· d̃S

ε (aS|bS) ≥ 1 −
1

m

∑

aS 6=bS

d̃S(aS|bS) ≥ 1 − 1 ≥ 0.

▲❡t p ∈ D(q, S) ❜❡ t❤❡ ❢❡❛s✐❜❧❡ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥ t❤❛t ✐s ✐♥❞✉❝❡❞ ❜② dS✳ ❲❡
✜♥✐s❤ t❤❡ ♣r♦♦❢ ❜② s❤♦✇✐♥❣ t❤❛t p ✐s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ q ✿ ✐✳❡✳✱
∀i ∈ S, ui(q) < ui(p)✮✱ ❛♥❞ t❤✉s q ✐s ♥♦t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐✲

❧✐❜r✐✉♠✳ ▲❡t i ∈ S✳ ❲❡ s❤♦✇✿ ui(p) − ui(q)
?
= ui(p̃ε) − ui(q̃) > 0✳ ❖❜s❡r✈❡

t❤❛t✿

ui(q) =
∑

a∈A

q(a) · ui(a) =
∑

aS∈AS

q(aS)
∑

a−S∈A−S

q(a−S|aS) · ui(a)

✶✹



ui(p) =
∑

a∈A

p(a) · ui(a) =
∑

aS∈AS

∑

bS∈AS

q(bS) · dS(aS|bS)
∑

a−S∈A−S

q(a−S|bS) · ui(a)

❚❤❡r❡❢♦r❡✿

ui(p) − ui(q) =
∑

aS∈AS

∑

bS∈AS

q(bS) · dS(aS|bS)
∑

a−S∈A−S

q(a−S|bS) · ui(a)

−
∑

aS∈AS

q(aS)
∑

a−S∈A−S

q(a−S|aS) · ui(a)

=
∑

aS∈AS

∑

bS 6=aS

q(bS) · dS(aS|bS)
∑

a−S∈A−S

q(a−S|bS) · ui(a)

−
∑

aS∈AS

q(aS) ·
(

1 − dS(aS|aS)
)

∑

a−S∈A−S

q(a−s|aS) · ui(a)

=
∑

aS∈AS

∑

bS 6=aS

q̃(bS) · d̃S
ε (aS|bS)

∑

a−S∈A−S

q(a−S|bS) · ui(a)

−
∑

aS∈AS

q̃(aS) ·
(

1 − d̃S
ε (aS|aS)

)

∑

a−S∈A−S

q(a−s|aS) · ui(a)

▲❛st ❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❡q✉❛❧✐t✐❡s✿

∀aS 6= bS, q(bS) · dS(aS|bS) = q(bS)
q̃(bS)

q(bS)
· d̃S

ε (aS|bS) = q̃(bS) · d̃S
ε (aS|bS)

q(aS) ·
(

1 − dS(aS|aS)
)

= q(aS)
∑

cS 6=aS

q̃(aS)

q(aS)
· d̃S

ε (cS|aS)

= q̃(aS)
∑

cS 6=aS

q(aS)

q̃(aS)
·
q̃(aS)

q(aS)
· d̃S

ε (cS|aS)

= q̃(aS)
∑

cS 6=aS

d̃S
ε (cS|aS)

= q̃(aS) ·
(

1 − d̃S
ε (aS|aS)

)

❲❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ✐s ❡q✉❛❧ t♦ ui(p̃ε)−ui(q̃)✳
❖❜s❡r✈❡ t❤❛t✿

ui(p̃ε) =
∑

a∈A

p̃ε(a) · ui(a)

=
∑

aS∈AS

∑

bS∈AS

q̃(bS) · d̃S
ε (aS|bS)

∑

a−S∈A−S

q(a−S|bS) · ui(a)

✶✺



ui(q̃) =
∑

a∈A

q̃(a) · ui(a) =
∑

aS∈AS

q̃(aS)
∑

a−S∈A−S

q(a−S|aS) · ui(a)

❚❤❡r❡❢♦r❡✿

ui(pε) − ui(q̃) =
∑

aS∈AS

∑

bS∈AS

q̃(bS) · d̃S
ε (aS|bS)

∑

a−S∈A−S

q(a−S|bS) · ui(a)

−
∑

aS∈AS

q̃(aS)
∑

a−S∈A−S

q(a−S|aS)ui(a)

=
∑

aS∈AS

∑

bS 6=aS

q̃(bS) · d̃S
ε (aS|bS)

∑

a−S∈A−S

q(a−S|bS) · ui(a)

−
∑

aS∈AS

q̃(aS)
(

1 − d̃S
ε (aS|aS)

)

∑

a−S∈A−S

q(a−s|aS)ui(a)

◗❊❉✳

✺ ❈♦❛❧✐t✐♦♥✲Pr♦♦❢ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜r✐❛

■♥ t❤❡ ❧❛st ❙❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❛♥ ❡①✲❛♥t❡ str♦♥❣ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ à
❧❛ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs ✐s ❛❧s♦ ❛♣♣r♦♣r✐❛t❡ t♦ ❢r❛♠❡✇♦r❦s ✐♥ ✇❤✐❝❤ ♣❧❛②❡rs ❝❛♥
♣❧❛♥ ❞❡✈✐❛t✐♦♥s ❛t ❛❧❧ st❛❣❡s✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ❛ s✐♠✐❧❛r r❡s✉❧t
❤♦❧❞s ❢♦r t❤❡✐r ♥♦t✐♦♥ ♦❢ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✳ 7 ■♥ t❤✐s ❙❡❝✲
t✐♦♥ ✇❡ s❤♦✇ t❤❛t t❤❡ ❛♥s✇❡r ✐s ♥❡❣❛t✐✈❡✱ ❜② ♣r❡s❡♥t✐♥❣ ❛♥ ❡①❛♠♣❧❡ ✭❛❞❛♣t❡❞
❢r♦♠ ❇❧♦❝❤ ✫ ❉✉tt❛✱ ✷✵✵✼✮✱ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ❛♥ ❡①✲❛♥t❡ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦r✲
r❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✐s ♥♦t s❡❧❢ ❡♥❢♦r❝✐♥❣ ❛❣r❡❡♠❡♥t ✐♥ ❛ ❢r❛♠❡✇♦r❦ ✐♥
✇❤✐❝❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❛t ❛❧❧ st❛❣❡s✳ ❚❛❜❧❡ ✷ ♣r❡s❡♥ts t❤❡ ♠❛tr✐①
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ t✇♦✲♣❧❛②❡r ❣❛♠❡ ❛♥❞ ❛♥ ❡①✲❛♥t❡ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠✳

❚❛❜❧❡ ✷
❆ ❚✇♦✲P❧❛②❡r ●❛♠❡ ❛♥❞ ❛♥ ❊①✲❛♥t❡ ❈♦❛❧✐t✐♦♥✲Pr♦♦❢ ❈♦rr❡❧❛t❡❞ ❊q✉✐❧✐❜r✐✉♠

b1 b2 b3

a1 ✻✱✻ ✲✷✱✵ ✵✱✼

a2 ✷✱✷ ✷✱✷ ✵✱✵

a3 ✵✱✵ ✵✱✵ ✸✱✸

b1 b2 b3

a1 ✶✴✷ ✵ ✵

a2 ✶✴✹ ✶✴✹ ✵

a3 ✵ ✵ ✵

❲❡ ✜rst s❤♦✇ t❤❛t t❤❡ ♣r♦✜❧❡ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✷ ✐s ❛♥ ❡①✲❛♥t❡ ❝♦❛❧✐t✐♦♥✲
♣r♦♦❢ ❡q✉✐❧✐❜r✐✉♠✳ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣r♦✜❧❡ ✐s ❛ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✿

7 ❘❡❝❛❧❧ ✭▼♦r❡♥♦ ✫ ❲♦♦❞❡rs✱ ✶✾✾✻✮ t❤❛t ❛♥ ❡①✲❛♥t❡ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐✲
❧✐❜r✐✉♠ ✐s ❛ str❛t❡❣② ♣r♦✜❧❡ ❢r♦♠ ✇❤✐❝❤ ♥♦ ❝♦❛❧✐t✐♦♥ ❤❛s ❛ s❡❧❢✲❡♥❢♦r❝✐♥❣ ❛♥❞ ✐♠✲
♣r♦✈✐♥❣ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥✳ ❆♥ ❡①✲❛♥t❡ ❞❡✈✐❛t✐♦♥ ✐s s❡❧❢ ❡♥❢♦r❝✐♥❣✱ ✐❢ ♥♦ ♣r♦♣❡r s✉❜✲
❝♦❛❧✐t✐♦♥ ❤❛s ❛ ❢✉rt❤❡r s❡❧❢✲❡♥❢♦r❝✐♥❣ ❛♥❞ ✐♠♣r♦✈✐♥❣ ❞❡✈✐❛t✐♦♥✳

✶✻



♥♦ ♣❧❛②❡r ❤❛s ❛ ♣r♦✜t❛❜❧❡ ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥✳ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs ✭✶✾✾✻✮ ❤❛✈❡
♣r♦✈❡❞ t❤❛t ✐♥ ❛ t✇♦✲♣❧❛②❡r ❣❛♠❡✱ ❡✈❡r② ❝♦rr❡❧❛t❡❞ ♣r♦✜❧❡ ✇❤✐❝❤ ✐s ♥♦t P❛r❡t♦✲
❞♦♠✐♥❛t❡❞ ❜② ❛♥♦t❤❡r ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞
❡q✉✐❧✐❜r✐✉♠✳ ❖✉r ♣r♦✜❧❡ ❣✐✈❡s ❡❛❝❤ ♣❧❛②❡r ❛ ♣❛②♦✛ ♦❢ ✹✳ ❚❤✉s ✇❡ ♣r♦✈❡ t❤❛t
t❤❡ ♣r♦✜❧❡ ✐s ❛♥ ❡①✲❛♥t❡ ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠✱ ❜② s❤♦✇✐♥❣
t❤❛t ❛♥② ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ q ❣✐✈❡s ♣❧❛②❡r ✶ ❛ ♣❛②♦✛ ♦❢ ❛t ♠♦st ✹✳ ▲❡t
x = q (a1, b1)✳ ❖❜s❡r✈❡ t❤❛t q (a2, b1) ≥ x/2 ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ ♣❧❛②❡r ✶ ✇♦✉❧❞
❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✿ ♣❧❛②✐♥❣ b3 ✇❤❡♥ r❡❝♦♠♠❡♥❞❡❞ b1✳ ❚❤✐s ✐♠♣❧✐❡s
q (a2, b2) ≥ x/2✱ ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ ♣❧❛②❡r ✷ ✇♦✉❧❞ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥
✭♣❧❛②✐♥❣ a1 ✇❤❡♥ r❡❝♦♠♠❡♥❞❡❞ a2✮✳ ❚❤✉s t❤❡ ♣❛②♦✛ ♦❢ q ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t
t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♣r♦✜❧❡ ✐s ✐♥ A = ((a1, b1) , (a2, b1) , (a2, b2)) ✐s ❛t ♠♦st ✹✱
❛♥❞ ❜❡❝❛✉s❡ t❤❡ ♣❛②♦✛ ♦❢ q ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❛t t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♣r♦✜❧❡
✐s ♥♦t ✐♥ ❆ ✐s ❛t ♠♦st ✸✱ t❤❡♥ t❤❡ t♦t❛❧ ♣❛②♦✛ ♦❢ q ✐s ❛t ♠♦st ✹✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ✇❤② t❤✐s ♣r♦✜❧❡ ✐s ♥♦t ❛ s❡❧❢✲❡♥❢♦r❝✐♥❣ ❛❣r❡❡♠❡♥t ✐♥ ❛ ❢r❛♠❡✲
✇♦r❦ ✐♥ ✇❤✐❝❤ t❤❡ ♣❧❛②❡rs ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ❛♥❞ ♣❧❛♥ ❞❡✈✐❛t✐♦♥s ❛❧s♦ ❛t t❤❡
❡①✲♣♦st st❛❣❡✳ 8 ❆ss✉♠❡ t❤❛t t❤❡ ♣❧❛②❡rs ❤❛✈❡ ❛❣r❡❡❞ t♦ ♣❧❛② t❤❡ ♣r♦✜❧❡✱ ❛♥❞
♣❧❛②❡r ✶ ❤❛s r❡❝❡✐✈❡❞ ❛ r❡❝♦♠♠❡♥❞❛t✐♦♥ a2✳ ■♥ t❤❛t ❝❛s❡✱ ❤❡ ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡
✇✐t❤ ♣❧❛②❡r ✶ ❛t t❤❡ ❡①✲♣♦st st❛❣❡✱ t❡❧❧ ❤✐♠ t❤❛t ❤❡ r❡❝❡✐✈❡❞ a2 ✭❛♥❞ t❤✉s ✐❢
t❤❡ ♣❧❛②❡rs ❢♦❧❧♦✇ t❤❡ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♣r♦✜❧❡ t❤❡② ✇♦✉❧❞ ❣❡t ❛ ♣❛②♦✛ ♦❢ ✷✮✱
❛♥❞ s✉❣❣❡st ❛ ❥♦✐♥t ❞❡✈✐❛t✐♦♥ ✲ ♣❧❛②✐♥❣ (a3, b3)✳ ❆s ♣❧❛②❡r ✶ ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡
t♦ ❧✐❡ ✭t♦ ♠❛❦❡ ❛ ❢❛❧s❡ ❝❧❛✐♠ t❤❛t ❤✐s r❡❝♦♠♠❡♥❞❛t✐♦♥ ✐s a2 ✇❤❡♥ ✐t ✐s a1✮✱
t❤❡♥ ♣❧❛②❡r ✷ ✇♦✉❧❞ ❜❡❧✐❡✈❡ ♣❧❛②❡r ✶✱ ❛♥❞ t❤❡② ✇♦✉❧❞ ❜♦t❤ ♣❧❛② (a3, b3)✳ ❚❤✐s
❡①✲♣♦st ❞❡✈✐❛t✐♦♥ ✐s s❡❧❢✲❡♥❢♦r❝✐♥❣✿ (a3, b3) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤✉s ♥♦
♣❧❛②❡r ❤❛s ❛ ♣r♦✜t❛❜❧❡ s✉❜✲❞❡✈✐❛t✐♦♥✳

❖❜s❡r✈❡ t❤❛t t❤❡ s❛♠❡ ❞❡✈✐❛t✐♦♥ ✐s ♥♦t s❡❧❢✕❡♥❢♦r❝✐♥❣ ✐♥ t❤❡ ❡①✲❛♥t❡ st❛❣❡✳ ■❢
t❤❡ ♣❧❛②❡rs ❛❣r❡❡ ❛t t❤❡ ❡①✲❛♥t❡ st❛❣❡ t♦ ✐♠♣❧❡♠❡♥t ❛ ❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ t❤❛t
❝❤❛♥❣❡s (a2, b1) ✐♥t♦ (a3, b3)✱ t❤❡♥ ♣❧❛②❡r ✷ ✇✐❧❧ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ s✉❜✲❞❡✈✐❛t✐♦♥✿
♣❧❛②✐♥❣ b3 ✇❤❡♥ r❡❝♦♠♠❡♥❞❡❞ b1. ❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡② ❛❣r❡❡ t♦ ✐♠♣❧❡♠❡♥t ❛
❞❡✈✐❛t✐♥❣ ❞❡✈✐❝❡ t❤❛t ❝❤❛♥❣❡s (a2, b2) ✐♥t♦ (a3, b3)✱ t❤❡♥ ♣❧❛②❡r ✶ ✇✐❧❧ ❤❛✈❡ ❛
♣r♦✜t❛❜❧❡ s✉❜✲❞❡✈✐❛t✐♦♥ ✲ ♣❧❛②✐♥❣ a1 ✇❤❡♥ r❡❝♦♠♠❡♥❞❡❞ a2.

✻ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

✭✶✮ ❇❛②❡s✐❛♥ ❣❛♠❡s✿ ▼♦r❡♥♦ ✫ ❲♦♦❞❡rs ✭✶✾✾✻✮ ♣r❡s❡♥t ❛ ♥♦t✐♦♥ ♦❢ ❡①✲❛♥t❡
str♦♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❇❛②❡s✐❛♥ ❣❛♠❡s✳ ❖✉r r❡s✉❧t ❝❛♥ ❜❡

8 ❚❤❡ ♣r♦✜❧❡ ✐s ♥♦t ❛♥ ❡①✲♣♦st ❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❇❧♦❝❤ ✫ ❉✉tt❛ ✭✷✵✵✼✮ ❛♥❞ ❘❛② ✭✶✾✾✽✮✳ ❚❤❡ ♣r♦✜❧❡ ✐s ❛♥ ❡①✲♣♦st

❝♦❛❧✐t✐♦♥✲♣r♦♦❢ ❝♦rr❡❧❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❊✐♥② ✫ P❡❧❡❣✱
❞✉❡ t♦ t❤❡✐r r❡q✉✐r❡♠❡♥t t❤❛t ❛♥ ❡①✲♣♦st ❞❡✈✐❛t✐♦♥ ✇♦✉❧❞ ❜❡ str✐❝t❧② ♣r♦✜t❛❜❧❡ t♦
❡❛❝❤ ♣❧❛②❡r ❣✐✈❡♥ ❛❧❧ r❡❝♦♠♠❡♥❞❛t✐♦♥s ❤❡ ♠❛② r❡❝❡✐✈❡✳
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❡①t❡♥❞❡❞ t♦ t❤✐s ❢r❛♠❡✇♦r❦ ❛s ✇❡❧❧✱ t♦ s❤♦✇ t❤❛t ❛♥ ❡①✲❛♥t❡ 9 str♦♥❣
❝♦♠♠✉♥✐❝❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛❧s♦ r❡s✐st❛♥t t♦ ❞❡✈✐❛t✐♦♥s ❛t ❛❧❧ st❛❣❡s✳

✭✷✮ ❦✲str♦♥❣ ❡q✉✐❧✐❜r✐❛✿ ■♥ ❍❡❧❧❡r ✭✷✵✵✽✮ ❛♥ ❡①✲❛♥t❡ ♥♦t✐♦♥ ♦❢ ❦ ✲str♦♥❣ ❝♦rr❡✲
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