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Abst r act

An Ext ensi on of Compar at i ve St at i cs t o

a Gener al Cl ass of Opt i mal Choi ce Model s

by
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Har var d Uni ver si t y

Oct ober 1976

We st udy pr oper t i es of t he sol ut i ons t o a par amet r i zed

const r ai ned opt i mi zat i on pr obl em i n Hi l ber t spaces . A speci al ~-

oper at or i s st udi ed whi ch i s of i mpor t ance i n economi c t heor y ;

suf f i ci ent condi t i ons ar e gi ven f or i t s exi st ence, symmet r y,

and negat i ve semi def i ni t eness . The t echni ques used ar e cal cul us

on Hi l ber t spaces and f unct i onal anal ysi s .
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I nt r oduct i on
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I n a wi de number of economi c pr obl ems t he equi l i br i um val ues

of t he var i abl es can be r egar ded as sol ut i ons of a par amet r i zed

const r ai ned maxi mi zat i on pr obl em.

	

Thi s occur s i n st at i c as wel l as

dynami c model s ; i n t he l at t er case t he choi ce var i abl es ar e of t en

pat hs i n cer t ai n f unct i on spaces and t hus can be r egar ded as poi nt s

i n i nf i ni t e di mensi onal spaces .

I t i s somet i mes possi bl e t o det er mi ne qual i t at i ve pr oper t i es of

t he sol ut i ons wi t h r espect t o changes i n t he par amet er s of t he model .

The st udy of such pr oper t i es i s of t en cal l ed compar at i ve st at i cs ; [ 15] , [ 2] , and

[ 10] ,

	

Cer t ai n compar at i ve st at i c pr oper t i es of t he maxi ma have

pr oven t o be of par t i cul ar i mpor t ance f or economi c t heor y, si nce t he

wor ks of Sl ut sky, Hi cks, and Samuel son [ 15] : t hey have been f or mu-

l at ed i n t er ms of symmet r y and negat i ve semi def i ni t eness of a mat r i x,

cal l ed t he Sl ut sky- Hi cks- Samuel son mat r i x .

	

A di scussi on of t hi s

mat r i x and i t s appl i cat i ons i s gi ven i n Sect i on 1,

	

The st udy of t hese

pr oper t i es i n economi c t heor y, however , has so f ar been r est r i ct ed

t o st at i c model s wher e t he choi ce var i abl e and t he par amet er s ar e

el ement s i n Eucl i dean spaces, and wher e t her e i s onl y one const r ai nt .

I nf i ni t e di mensi onal i t y of t he choi ce var i abl es ar i ses nat ur al l y f r om

t he under l yi ng dynami cs of t he model s .

	

For exampl e, i n opt i mal

gr owt h model s wi t h cont i nuous t i me and pr obl ems of pl anni ng wi t h

i nf i ni t e hor i zons [ 4] and al so f r omt he exi st ence of i nf i ni t el y many

char act er i st i cs of t he commodi t i es i ndexed, f or i nst ance, by st at es

of nat ur e i n model s wi t h uncer t ai nt y, by l ocat i on, et c .

	

Many t i mes

t hese model s ar e f or mal i zed as opt i mi zat i on pr obl ems wi t h mor e

t han one const r ai nt .

3

I t i s t he pur pose of t hi s paper t o ext end t he st udy of - t he Sl ut sky-

Hi cks- Samuel son oper at or t o a gener al cl ass of par amet r i zed, '

const r ai ned opt i mi zat i on pr obl ems whi ch appear i n r ecent wor ks i n ~'

economi c t heor y : t he choi ce var i abl es and par amet er s bel ong t o

i nf i ni t e di mensi onal spaces, t he obj ect i ve f unct i on t o be maxi mi zed ! '

depends al so on par amet er s, and t he opt i mi zat i on i s r est r i ct ed t o

r egi ons gi ven by many possi bl y i nf i ni t e par amet r i zed const r ai nt s,

l i near or not . l The r esul t s pr ovi de a f oundat i on f or t he st udy of

compar at i ve st at i cs i n dynami c model s such as opt i mal gr owt h and

ot her dynami c model s [ 4] .

The der i vat i on of t he Sl ut sky oper at or i s mor e compl i cat ed i n

t he case of many const r ai nt s, and t he oper at or obt ai ned i s of a sl i ght l y
i .

di f f er ent nat ur e .

	

One r eason i s t hat t he " compensat i on" can be

per f or med i n di f f er ent manner s si nce t her e ar e many const r ai nt s, as' ~

becomes cl ear i n t he pr oof of Theor em 1 and t he r emar k f ol l owi ng i t .

Al so, t he exi st ence of par amet er s i nt r oduces new ef f ect s t hat do not

exi st i n t he cl assi cal model s ; i n gener al , t he cl assi cal pr oper t i es

ar e not pr eser ved .

	

Fur t her , si nce t he val ues of t he const r ai nt s may

be i n an i nf i ni t e di mensi onal space of sequences ( denot ed C) , t he'

" gener al i zed Lagr angi an mul t i pl i er " may al so be i nf i ni t e di mensi onal , '

i n ef f ect , an el ement of t he dual space of C ,

	

denot ed C* .

	

To avoi d

t he pr obl em of exi st ence of such dual el ement s whi ch ar e not r epr esent - '

abl e by sequences ( e . g . , pur el y f i ni t e addi t i ve measur es [ S] ) and' t hus

l Rel at ed wor k i n i nf i ni t e di mensi onal commodi t y spaces has been done

f or speci al cases of one l i near const r ai nt and no par amet er s i n t he

obj ect i ve f unct i on by L . Cour t [ 7] and Ber ger [ 3] .

	

I n f i ni t e di men-

si onal model s, r el at ed wor k f or par amet r i zed model s wi t h one

const r ai nt was done by Kal man [ 9] , and Kal man and I nt r i l i gat or [ 10] ;

Chi chi l ni sky and Kal man st udi ed par amet r i zed mul t i - const r ai nt

pr obl ems i n [ 6] .
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compl i cat e t he comput at i ons, we wor k on a Hi l ber t space of sequences

C. I nf i ni t e di mensi onal economi c model s wher e t he var i abl es ar e

el ement s of Hi l ber t spaces have been st udi ed i n [ 4] and [ 5] ,

The ext ensi on f r om f i ni t e t o i nf i ni t e di mensi onal choi ce var i abl es

and par amet er s i nvol ves f ur t her t echni cal di f f i cul t i es .

	

I n t he f i r st

pl ace, exi st ence of opt i mal sol ut i ons i s har der t o obt ai n si nce cl osed

and bounded set s i n i nf i ni t e di mensi onal spaces ar e not , i n gener al ,

compact i n cer t ai n t opol ogi es such as t he t opol ogy of t he nor m. To

avoi d t hi s pr obl em, one usual l y uses cer t ai n weak t opol ogi es i n whi ch

nor m bounded and cl osed set s ar e compact .

	

However , i n t hese

t opol ogi es, t he cont i nui t y of t he obj ect i ve f unct i ons i s mor e di f f i cul t

t o obt ai n, and t hus t he usual pr oof s of exi st ence of sol ut i ons by

compact ness- cont i nui t y ar gument s may r est r i ct t he cl ass of admi ssi bl e

obj ect i ve f unct i ons .

	

However , usi ng t he concavi t y of t he obj ect i ve

f unct i on and convexi t y of t he set on whi ch t he opt i mi zat i on i s per f or med,

we pr ove exi st ence of an opt i mal sol ut i on on nor m bounded cl osed set s 2

or weakl y compact set s wi t hout r equi r i ng t he obj ect i ve f unct i on t o be

weakl y cont i nuous, whi ch wi dens t he choi ce of obj ect i ve f unct i ons .

Thus, t he exi st ence of a sol ut i on can be obt ai ned i n mor e economi c

model s of t hi s t ype ; a usef ul t ool her e i s t he Banach- Saks t heor em [ 14] .

I n Sect i on 1 suf f i ci ent condi t i ons ar e gi ven f or exi st ence and

uni queness of a CI sol ut i on t o a gener al opt i mi zat i on pr obl em and

f or exi st ence of a gener al i zed Sl ut sky- Hi cks- Samuel son oper at or

whi ch cont ai ns as a speci al case t he oper at or of cl assi cal economi c

2 I n any r ef l exi ve Banach space or Hi l ber t space, nor m bounded and
cl osed set s ar e weakl y compact [ 8] .

model s .

	

I n Sect i on 2, pr oper t i es of t hi s oper at or ar e . st udi ed : . , a cl ass : ~-

of obj ect i ve and const r ai ned f unct i ons i s shown t o pr eser ve t he

cl assi cal pr oper t i es of symmet r y and negat i ve semi def i ni t eness of

t he oper at or , whi ch ar e, i n gener al , l ost i n par amet r i zed model s,

as seen i n [ 10] .

Sect i on 1

5

We now di scuss t he Sl ut s ky- Hi cks - Samuel son oper at or and i t s

appl i cat i ons .

	

For f ur t her r ef er ences, see, f or i nst ance, [ 15] and [ 10] ,

Consi der t he maxi mi zat i on pr obl em:

	

I

subj ect t o

	

g( x, a) = c

wher e f i s a r eal val ued map def i ned on a l i near space and g i s

t he opt i mal sol ut i on vect or

	

x denot ed

	

h( a, c)

	

i s a

	

C1

	

f unct i on

of t he var i abl es a and c, and, as t he par amet er c var i es, t he

f r epr esent s a ut i l i t y f unct i on,

	

x consumpt i on of al l commodi t i eszyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA�

a pr i ces of al l commodi t i es and c i ncome .

	

I n t hi s t heor y,

	

h i s

vect or val ued, def i ned on a l i near space .

	

Under cer t ai n assumpt i ons

const r ai nt s descr i be a par amet r i zed f ami l y of mani f ol ds on whi ch f , ,

i s bei ng maxi mi zed . I n neocl assi cal consumer t heor y, f or i nst ance,

cal l ed t he demand f unct i on f or commodi t i es of t he consumer . I n

neocl assi cal pr oducer t heor y,

	

f r epr esent s t he cost f unct i on, x- '

i nput s,

	

a I nput pr i ces,

	

and g a pr oduct i on f unct i on const r ai ned ;

by an out put r equi r ement c ;

	

i n t hi s t heor y,

	

h i s cal l ed t he demand



f unct i on f or i nput s of t he f i r m.

	

I n bot h t hese model s,

	

c E R+ .

Compar at i ve st at i c r esul t s r el at e t o t he Sl ut sky- Hi cks- Samuel son

oper at or , gi ven by t he der i vat i ve of t he opt i mal sol ut i on h wi t h

r espect t o t he par amet er a r est r i ct ed t o t he mani f ol d gi ven by

6

as
h( a, c) I f =r

par amet r i zed by t he r eal number

	

r , denot ed

Thi s oper at or wi l l al so be denot ed

	

S( a, c) .

	

I t i s a wel l known r esul t

t hat i n t he f i ni t e di mensi onal consumer model under cer t ai n assumpt i ons :

S ( a, c)

	

=

	

as Ma, c) + Ma, c)

	

ha, c
73

s

Equat i on ( * ) i s al so cal l ed t he f undament al equat i on of val ue .

	

I n t hi s

case

	

S( a, c)

	

i s consi der ed unobser vabl e si nce i t r epr esent s changes

i n t he demand due t o a pr i ce change when ut i l i t y i s assumed t o r emai n

const ant , but t he r i ght hand si de r epr esent s t wo obser vabl e ef f ect s

cal l ed t he pr i ce ef f ect and t he i ncome ef f ect on t he demand, r espect i vel y .

Anal ogous oper at or s ar e f ound t hr oughout t he body of economi c t heor y .

I mpor t ant pr oper t i es of t he

	

S( a, c)

	

oper at or ar e i t s symmet r y and

negat i ve semi def i ni t eness .

	

I n addi t i on t o t hei r empi r i cal i mpl i cat i ons,

t he symmet r y pr oper t y ( S) i s r el at ed t o t he Fr obeni us pr oper t y of

l ocal i nt egr abi l i t y of vect or f i el ds or pr ef er ences and t he negat i ve

semi def i ni t eness pr oper t y ( N) i s r el at ed t o pr obl ems of st abi l i t y

of t he equi l i br i i un,

7

A nat ur al quest i on i s whet her t he r esul t s of neocl assi cal consumer

and pr oducer t heor y can be obt ai ned f or t he gener al cl asses of con- ; M̀ . P
.

st r ai ned opt i mi zat i on model s descr i bed above .

	

The r esul t s of t hi s

paper poi nt i n t hi s gener al di r ect i on .

	

However , t he S and N

pr oper t i es of t he

	

S( a . , c)

	

mat r i x ar e not , i n gener al , pr eser ved i n

	

. i

par amet r i zed model s [ 9] ;

	

t hus, one can at most hope t o obt ai n

suf f i ci ent condi t i ons of t he cl asses of model s ( obj ect i ve f unct i ons

and const r ai nt s) i n whi ch t hese pr oper t i es ar e st i l l sat i sf i ed .

	

Thi s

i s di scussed i n Sect i on 2 .

We now f or mal l y def i ne t he pr obl em: f or a gi ven vect or of

par amet er s

	

( a, c)

	

we st udy t he sol ut i ons of

r est r i ct ed by g( x, a) = c

We assume t hat f and g ar e t wi ce cont i nuousl y Fr echet di f f er ent i abl e

( denot ed C2 ) r eal val ued and vect or val ued f unct i ons, r espect i vel y .

For a di scussi on of Fr echet der i vat i ves see, f or i nst ance, [ 12] or

[ 13] .

	

The Fr echet der i vat i ve gener al i zes t he def i ni t i on of t he Jacobl an- ;

of a map bet ween f i ni t e di mensi onal spaces . I n i nf i ni t e di mensi onal

	

. ;

Banach spaces t her e ar e ot her possi bl e def i ni t i ons of der i vat i ves, such

as t he Gat eaux der i vat i ve whi ch gener al i zes t he concept of di r ect i onal - "

der i vat i ves . For our pur poses, we use t he Fr echet der i vat i ves si nce

much of t he t heor y of or di nar y der i vat i ves ext ends t o t hese t ypes of - - !

der i vat i ves, and si nce t he i mpl i ci t f unct i on t heor em has a sat i sf act or y

ext ensi on i n t hi s case . I n t he f ol l owi ng, al l der i vat i ves ar e Fr echet . ' ,



We assume t hat t he var i abl e

	

xE X,

ar e r eal Hi l ber t spaces and t hat

	

c E C,

We assume t hat t he spaces X

denot ed X+ and C+ ,

	

and we

whi ch ar e st r i ct l y posi t i ve . 4

[ 8] , and l et A 1 and

( a, c)

	

i n

	

A 1 X G I ,

	

denot e by

	

gc, a

( x E X

	

: g( x, a) s c)

The Lagr angi an of ( 1) , denot ed L,

	

i s a r eal val ued map on

X X A I X C I X C

	

( C

	

t he dual of

	

C ) gi ven by

a E A, wher e X and A

an 1,

	

space of sequences
3

and C have nat ur al posi t i ve cones

denot e by X+ t he set of vect or s t o

Let T denot e t he weak t opol ogy on

CI be open subset s of A and C.

t he set

L ( x, a, c, >)

	

=

	

f ( x, a) +

	

X( g( x, a) - c)

~2 ( x, a, c, X)

	

=

	

ax

	

L ( x, a, c, ~. )

For any

X

wher e

	

X E C

	

( C

	

i s i somor phi c t o

	

C

	

) ,

	

Let

	

` ) ' I :
X I X A I X CI - ,

be def i ned by

	

qj I ( x, a, c) = g( x, a) - c,

	

and

	

~2 :
X

I X A I X C I X C

X

C

- ,

	

Y( X, R)

	

( t he space of l i near f unct i onal s f r om X t o R) be def i ned by

wher e

	

ax
L

	

r epr esent s t he par t i al der i vat i ve of t he f unct i on L

wi t h r espect t o t he var i abl e

	

x,

	

as a f unct i on def i ned on

	

X I X A I X C I X C

3 See, f or i nst ance, [ 5] f or economi c model s def i ned on ( wei ght ed)

	

R2 [ O, m)
spaces, wi t h f i ni t e measur es on [ 0, - ) .

4 I f X

	

i s,

	

f or i nst ance,

	

a sequence space,

	

x E X,

	

x = ( x ) ,

	

t =

	

1, 21 . . . ,
t hen x i s posi t i ve

	

( denot ed

	

x> 0) ,

	

when

	

xt Z 0

	

f or al l t t ,

	

( xt ) A ( 0) ,

and x i s st r i ct l y posi t i ve

	

or x>, 0,

	

when x > 0 f or al l t .

When

	

X =

	

( x ( t ) )

	

t hen

	

x > O

	

i f

	

x

	

0

	

and

	

x( t ) a 0

	

a, e .
x >> 0

	

i f

	

x( t ) > 0

	

a . e .

	

Si mi l ar l y, f or

	

X = L2( 12" ) .

s

wi t h val ues, i n vi ew of t he assumpt i ons on

	

f

	

and

	

g, ; . on t he dual , ! i ' , f r "

space of X ( denot ed Xof cont i nuous l i near f unct i onal s on X

Let

	

t p : X I x A 1 XCI X C

	

. . , C X X

	

be def i ned by

, P ( x, a, c, >j

	

=

	

I 9( x, a) - c,

	

ax L( x, a, c , 1) )

_

	

( ~ I ( x, a, c) ,

	

~2 ( x, a, c, X) )

Let X I be a nei ghbor hood of X+ ,

We now br i ef l y di scuss cer t ai n speci al pr obl ems i nvol ved i n t he

pr oof of exi st ence of sol ut i ons and of t he Sl ut s ky- Hi cks - Samuel son

	

r

oper at or i n i nf i ni t e di mensi onal cases .

	

I n t he next r esul t we make

use of necessar y condi t i ons of an opt i mum i n or der t o der i ve t he

oper at or

	

S( a, c) .

	

These necessar y condi t i ons basi cal l y ent ai l t he . . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� '

exi st ence of a separ at i ng hyper pl ane ;

	

i n or der t o pr ove t hat t hey' :

ar e sat i sf i ed i n pr obl ems def i ned i n Banach spaces one uses a Hahn-

Banach t ype t heor em whi ch r equi r es exi st ence of i nt er i or poi nt s i n t he

r egi ons wher e t he opt i mi zat i on t akes pl ace ( see, f or i nst ance, , t he

	

e

di scussi on i n [ 13] ) .

	

However ,

	

L p spaces wi t h

	

1 sp s m

	

have

posi t i ve cones wi t h empt y i nt er i or ,

	

I n t hese cases, however , i f t he

f unct i on t o be maxi mi zed ( f ) i s cont i nuous and i s def i ned on a nei gh

bor hood X I of t he posi t i ve cone X+ ,

	

t he f i r st or der condi t i on f or . a

maxi mum can st i l l be obt ai ned ( see f oot not e 10 bel ow) .

	

An

i mpor t ant t ool f or t he der i vat i on of t he

	

S( a, c)

	

oper at or i s t he

	

` ~

I mpl i ci t f unct i on t heor em i n Hi l ber t spaces [ 12] .

	

Thi s t heor em

r equi r es I nver t i bi l l t y of cer t ai n oper at or s .

	

I n [ 6] t he aut hor s I nvest i -

gat ed t hese I nver t i bi l i t y pr oper t i es f or f i ni t e di mensi onal model s and
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showed t hat t hey ar e " gener i cal l y" sat i sf i ed by usi ng Sar d' s t heor em.

Her e we assume t hem; one can r ef er , f or i nst ance, t o t he wor k of

Kant or ovi ch and Aki l ov [ 11] f or suf f i ci ent condi t i ons on t he f unct i ons f

and g t hat wi l l yi el d t he r equi r ed i nver t i bi l i t y of cer t ai n l i near oper a-

t or s i n i nf i ni t e di mensi onal spaces .

	

Thi s i s di scussed f ur t her i n t he

r emar ks af t er Theor em 1, One can al so consi der ext ensi ons of t he

r esul t s of [ 6] by use of t he i nf i ni t e di mensi onal ver si on of Sar ds'

t heor em [ 16] . These r esul t s wi l l be devel oped el sewher e, si nce t hey

exceed t he scope of t hi s paper .

THEOREM

	

I ,

	

_Let

	

f : X I X A
1

- s R

	

_and

	

g : X 1 X A l - ~ C 1

be

	

C2

	

f unct i ons .	 For ever y

	

a E A l l

	

l et

	

f ( - , a)

	

be st r i ct l y

concave and i ncr easi ng on x, and g be i ncr easi ng i n x . 5

	

Assume

t he set

	

g c a

	

i s a nonempt y convex T- compact subset of

	

X 1,
6

g i s r egul ar as a f unct i on of x, 7

5 f

	

i s i ncr easi ng i n

	

x

	

i f

	

f ( x
I

	

> f ( x 2 )

	

when

	

x I - x 2 E X + .)

6gc, a i s weakl y compact i n X i f i t i s cl osed and bounded [ 8] . So,
basi cal l y, condi t i on G) can be vi ewed as a condi t i on of houndedness
and cl osedness of t he " t echnol ogy" r epr esent ed by t he f easi bl e set
gc, a .

	

Let

	

g c	 a = [ x : g ( x, a) = c] .

	

Then when g

	

i s st r i ct l y i ncr eas-
i ng i n x,

	

gi ven' t hat f i s st r i ct l y i ncr easi ng , al so, t he maxi mum of f
over g c a wi l l be at t ai ned i n t hi s case at ~2 i n kc

	

An exampl e
i n i nf i ni t e di mensi onal spaces wher e t he set

	

g c a

	

( s .convex i s
pr ovi ded by al l t he f easi bl e consumpt i on pat hs obt ai ned f r om an
i ni t i al capi t al st ock i n an economy wi t h a convex t echnol ogy, i n t he
usual opt i mal gr owt h model .

	

I n t hese cases, t he const r ai nt g t akes
t he o j m of a di f f er ent i al ( or di f f er ence) equat i on wi t h i ni t i al condi t i ons,
see 4~] ,

7 i . e . , f or al l

	

( x 0 , a 0 )

	

i n

	

X
I

X
A 1'

	

8x
g( x0 ' a 0 )

	

i s ont o .

( i i i )

	

f or each

	

( a, c) ,

	

( 6/ 6( x, >) ) ~

	

i s a t op l i near i somor phi sm, and

( i v)

	

t he oper at or Z def i ned i n ( 6' ) bel ow, exi st s f or al l ( x, X) i n

X
I

X Cx

	

wi t h

	

qj ( x, a, c, X) = 0 .
8

Then t her e exi st s a uni que gl obal map

	

h : A
I

X C I - * X+

	

whi ch i s o f

cl ass C l s at i sf yi ng

and f or any choi ce of compensat i ng const r ai nt t her e exi st s a Sl ut sky-

Hi cks- Samuel son oper at or

	

S : A I X C I - ~ r E( A, X)

	

( t he space of

l i near f unct i onal s f r om A t o X) gi ven by

sat i sf yi ng

S( a, c)

	

=

f ( h( a, c) , a)

	

=

	

max

	

f ( x, a)

	

,

XE gc, a

a
S( a, c)

	

=

	

as h + ac h as g( h, a)

as
h

+ 6c
11

( 0 ( 6a g ) - P( aa
f ) )

a2

	

1

	

622
L

	

1

	

6

	

Z( 6

	

)

_a2

	

L- 1

	

.
, a2

[ \ 6x

	

( 6x )
6xg

axg( 6x2 1 axaa

wher e t he oper at or s 0, 11 ar e def i ned i n ( 14' ) bel ow, pr ovi ded t hese

oper at or s ar e wel l def i ned f or al l

	

( x, >)

	

wi t h

	

~( x, a, c, X) = 0 .

8 Thi s assumpt i on i s shown t o be " gener i cal l " sat i sf i ed i n f i ni t e
di mensi onal ver si ons of t hese pr obl ems i n ( 6] under cer t ai n condi t i ons .
For a f ur t her di scussi on on t he exi st ence of t he oper at or Z,

	

see t he
r emar k af t er t he t heor em.

9We shal l not di st i ngui sh bet ween an oper at or and i t s adj oi nt .



Pr oof .

	

Si nce gc
a

i s a T- compact subset of X+ by ( i ) ,

i f

	

( x n}

	

i s a sequence i n

	

g c

	

a

	

wi t h

	

f ( xn , a) - >

	

sup

	

f ( x, a) ,

gc, a

denot ed al so

	

( xn] ,

	

conver gi ngt her e exi st s a subsequence,

weakl y, i . e . , [ xn] -Ti h

t her e exi st s a subsequence

met i c means

y
nk

conver ges t o h i n t he nor m.

	

By convexi t y,

concavi t y of

	

f ( - , a) ,

	

( y
nk

}

	

i s a maxi mi zi ng sequence al so .

	

Si nce

f i s cont i nuous, h i s

of st r i ct concavi t y of

	

f ( - , a)

	

on

f oot not e 5, h i s i n g

xn 1

	

4- . . .

	

+ xnk

k

1 2

i n gc a

	

[ 141 . By t he Banach- Saks t heor em

n

[ x k)

	

such t hat t he sequence of ar i t h-

a maxi i nt un on

	

g
c . a'

	

By ( i ) ,

	

1i E X i ,

	

We

denot e

	

h by

	

h( a, c)

	

al so .

	

Uni queness f ol l ows f r om t he assumpt i on

x . Not e t hat , as di scussed i n

By [ 13] ( Theor em 1, p . 243) and condi t i ons ( i i ) and ( i i i ) , a

necessar y condi t i on f or

	

h( a, c)

	

t o be a maxi mum i s t hat

	

i ) ) = 0

	

at

( h( a, c) , a, c, X)

	

f or some

	

X > 0

and by t he i mpl i ci t f unct i on t heor em f or l l anach spaces ( see [ t 2] )

i t f ol l ows t hat

	

h( a, c) ,

	

whi ch i s t he sol ut i on of syst em

	

q)

	

above,

1
i s of cl ass C ,

, t 10
i n C .

	

Now by condi t i on ( i v)

We now der i ve t he

	

S( a, c)

	

oper at or . 11

	

For each

	

( a, e) E A l X

t he f i r st or der necessar y condi t i ons f or an opt i mum ar e :

ynk E
gc . a'

	

and by

t hen

10 Not e t hat t he f act t hat

	

f

	

i s cont i nuous ar f d def i ned on

	

X

	

,

	

whi ch i s

a nei phbor hood of X F

	

r epl aces t he condi t i on i n [ 13] of exi st ence of

an i nt er i or poi nt of X l .

F he appr oach used her e gener al i zes t he appr oach of Kal man and

I nt r i l i gat or i n [ 10] whi ch i s cl one f or one const r ai nt and f or f i ni t e

di mensi onal spaces

4) 1

	

=

	

0

	

e. ,

	

g( x, a)

	

-

	

c

	

=

	

0

( 2) and

wher e, f or each f i xed ( a, c) ,

, ( i 1 : X1 - j C

so t hat

wher e

Local l y, at t he maxi mum, t he di f f er ent i al of ( 2)

	

can be wr i t t en as :

( axl
f ) dx

+( axaa
f ) da

+

(

\ ax2

g) dx)
X* ( ( axaa

g) ` 1a)

	

+( aX
g)

and si mi l ar l y f or

syst em ( 3) i n t ur n, can be wr i t t en as

13

i . e . ,

	

dx Lx, a, c, M

	

=

	

0

( ( ax2

	

j

	

( (

ax2

	

gJ

	

dxg dx) X

	

denot es

)

( ( a
2

axaa

	

g) da) X

a
(

a: ~
g

o

	

) dX

I a

	

\

g

	

ax
L)

	

dx/ I1( bx ~

	

2 L) da

= 0
' - i t



( 4' )

wher e as def i ned above

and si mi l ar l y

14

a- L : X
1

x A
1
xC

1
xC* - . X *

ax

2

axaa

	

I , . Xi XA l xC 1 XC * - .

	

! J' ( A, X * )

a
2

axz
L : X1XA1xCl Xc* - Y( X, X* )

so t hat f or each a, c at t he maxi mum

	

h( a, c) and at t he cor r espondi ng a,

2
6

2

	

( L( h, a, c, ) , ) )

	

E

	

1' ( X, X* )

ax

To si mpl i f y not at i on we now denot e

	

( a 2
/ ax Z ) L

	

at

	

( h( a, c) , a, c, X)

	

by

( 3 ? / ax Z ) 1,

	

al so ;

	

by t he assumpt i on of exi st ence of

	

z,

	

( a 2 / ax2 ) L

	

i s

i nver t i bl e .
12

Thus, b y ( i v) ,

ax
gdX)

	

) ( 3'
z L/ax

By r esul t s of i nver t i ng a par t i oned mat r i x we have

a l

- ( aa g
/

da + dc`

a
2

- axaa
L) da

11-

	

.
Si nce X and A : , r e, l l i l ber t spaces and t C

i s convex i n
t he

var l abl e x, f or

each

	

( a, c : )

	

t he oper at or

	

( - , ~
2

/ ax
2

L)

	

wi l l be negat i ve def i ni t e at t he

( x, X) whi ch sat i sf y t he f i r st or der condi t i ons #( x, a, c, ) , ) = 0 when x

i s a maxi mum, and t hus

	

( a
2
/ 3x ? ) L

	

wi l l be i nver t i bl e .

2

0

	

~axzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA¬~

	

z

	

;

	

- z
aX

	

a

	

L .

	

, . t . . , , V

~3

g)

ax

x
gl

	

\ axe

L

	

- ( ax z L/

	

( ax t
; / t ~

\ ax2

L,

	

+( ZZ
L

	

g z

	

a
z

\ ax

	

~ax
,

( 7) dx =

Fr om ( 7) we obt ai n

( g) Tax =

and

wher e

z

Fr om ( 5) and ( 6) we obt ai n

a
2

ax z L)

ax2
L/ - l Cax

gl

z

	

( ( az g)
da - do

_1

	

~

1

	

Z

_

[ (

a

a'

x

Z

2 L/

	

+

	

(

; 62x2
L

	

( ax g 7

	

ax
g_

	

) (
_a

	 L L/

	

1

	

(

	

L) da
ax axaa

L

	

( aax
g)

Z
( da G

1

	

_2

	

1 (	 2

	

_ l ~

	

a 2

ax ` L

	

l a

	

9)

	

z

	

s(

	

)

	

aX

	

c, x

	

aX1 '

	

axaa L)

Z 1- 1

ax?
i , /

	

( ax f ; )

	

7,



Al so,

I l ence, by ( 10) and ( 11) , when df = 0

1 6

We now consi der t he ef f ect of a " compensat ed" change i n t he

vect or a,

	

obt ai ned by a change i n t he par amet er c, whi ch keeps t he

val ue of t he obj ect i ve f unct i on const ant ,

	

1 . e . , when

Fr om ( 2) , t hi s i mpl i es t hat at t he maxi ma,

( 10 )

	

-

	

( ax g)
dx

+( aa
f ) da = 0

do

	

=

	

( L g) dx F
( aa g)

da

do -

	

as g

	

da) +
da

f da = 0

17

vect or st ays on t he sur f ace

	

f = r ,

	

on whi ch

	

df = 0 .

	

Then, ' i f c~ ,A
. F .

=4, '

i s t he i - t h component of t he vect or c, 13

be r ewr i t t en as 14

df

	

=

	

l ax f ) dx } ( aa
f ) da

	

0
_

	

_

	

a
( 13)

	

do

	

a

	

g

	

da

	

=

	

Al.

	

( ~- f

	

da

	

( dc Y _

	

a

	

. Y

	

d
i

	

6a

	

~i

	

y i

	

Y

	

as s

Zhus ( 12) and ( 13) i mpl y t hat

( 14)

	

do - ( aa g)
da

	

,

becomes

_a
( 14' )

	

Ft ( a a f ) da+0( dc- ( da g) da
`

/0

13
I n a basi s of t he I l i l ber t space

	

C,

	

Si mi l ar l y, l ocal l y t he

	

dc

1

	 ar e
a " basi s" f or t he cot angent bundl e of C at c .

whi ch i mpl i es i n par t i cul ar t hat when

	

df = 0,

	

t he

	

do

	

s

	

ar e not al l

	

14
I f

	

c

	

i s a r eal number and t her e i s one const r ai nt , Equat i on ( 13)
becomes

l i near l y i ndependent .

	

We now choose one of t i r e const r ai nt s- - say t he
( 13 1 )

	

do
- ( aag) da

	

=

	

X ( aa
f ) da

i - t h one- - t o per f or m t he " compensat i on, 11 1 . e . , t o i nsur e t hat t he opt i mal

And,

	

i n t he cl assi cal case, wher e

	

a = p

	

( pr i ce) ,

	

g ( x, a) = pzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" x,
c = I ( i ncome) , x i s consumpt i on, ( 13) becomes

( 13" )

	

dl - x " dp

	

=

	

0

when df = 0

Not e t hat t he " compensat i on" has t he ef f ect of maki ng t he component s
of do t o be not al l l i near l y i ndependent on t he sur f ace f =r .

	

For
i nst ance, i n Equat i on ( 13) ,

	

dc'

	

i s a f unct i on of al l

	

dcj ,

	

j t i .

	

Not e
t hat o( dc) = 0 does not i mpl y do = 0 ; t he anal og of t hi s si t uat i on i n
t he cl assi cal case i s t he f act t hat _dI ,

	

I = i ncome,

	

i s not a " f r ee"
r eal var i abl e any n>or c when

	

f = f ,

	

si nce

	

dI = x " dp .

	

I n t he cl assi -
cal consuni er case t he f act t hat Equat i on ( 14) , when df = 0, becomes
( 14' ) , i s equi val ent t o t he cl assi cal condi t i on t hat

	

dc - x " dp ( c denot es
i ncome) becomes zer o when df = 0 ; t hi s f ol l ows f r om t he f act t hat
( ( a/ aa) f ) = 0 i n t he cl assi cal consumer case ( si nce f does not depend
on a) , and al so t hat 0 i n t hi s case i s zer o ( see, f or i nst ance, [ 15] ) .



wher e f or each

	

( °. , a, c, K) , I L : R - - C
*

	

i s def i ned by
15

and

	

0 : C; - - C ( G - C )

	

i s def i ned by

Ol
j

= 1

	

i f , t =j , t i Ei

0 .
, j

i - t h pl ace

\

I 0, . . . ' 0' X-
i

, 0, . . . )

= 0

0

	

i f t f j

	

and

	

, f / i

1 8

and wher e c
n = 0 i f c i s i n R.

Ther ef or e, f r om ( 7) , ( 14) and ( 14' ) ( denot i ng, as usual dx, when df = 0,

by

	

dx I f = r ) '

15
p : R~ G" ` ( -

$z) E
wi l l be wel l def i ned i f t he condi t i ons ~ = 0 hol ds

f or

	

X » 0

	

i n

	

C; a

	

at t he maxi t i i i i m.

	

X >> 0

	

means

	

X( c) > 0

	

f or
al l c i n C 1 .

	

I n [ 1] suf f i ci ent condi t i ons ar e gi ven f or t he exi st ence

of a st r i ct l y posi t i ve suppor t i ng hyper pl ane ( or Lagr angi an mul t i pl i er )

X >> 0,

	

i n a di f f er ent cont ext .

16 I f

	

G

	

i s an

	

22[ 0, - )

	

space wi t h a f i ni t e measur e on

	

[ O, m)

	

i ven by

	

t he

densi t y f unct i on V
t

, t E[ O, m) ( X a const ant i n ( 0, 1) ) as i nl 4] and [ 5] ,

t hen f or 0 t o be a wel l def i ned cont i nuous oper at or f r om , 12 t o 8z,
a necessar y and suf f i ci ent condi t i on i s t hat

f or : i l l i .

zx _~ ( h ~~

j =1 ~j

< C6

( 15)

a z

\ ax z

19

` 1

	

\

LI

	

( az g) Z( NzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" ( aa
f i da _ O, dc+ 0 ( aa

g~
da)

- 1

\

	

l

	

a

	

( a

	

l a

- ~` W2 1=) 1 +

	

( aXz
L'

11( az g/

	

Z ( ox c)
\ a aL

L
J( a?aa L)

da

and l l ni s, when

	

O( dc) = 0,

	

one obt ai ns

1
_

	

a l
as I f =r =

	

\ a

z

xz
L)

	

( ax
g) 7_( , , ( ' a f 1

/ + ~( aa g/

z

	

1

	

z

	

_ t

	

_1

\ axz L)

	

+

	

\ axz I /

	

( ax g

	

ax ° ~ \ axz

Ll

	

ax a a L )

So, by ( 8) , ( 9) and ( 15) at t he maxi mumwe obt ai n :

( 16)

	

_a

	

h + a

	

h

	

_a

	

g/

	

_

	

_ah l f

	

+

	

_a

	

h (

	

( a
6a 6C

y 3i ' 1 \

_az

	

L

_1

+

	

( _a z

	

L

	

I
a

	

a

	

_aa

	

_i .

	

a z

_
-

( \ ax z	 \ ax z	 )

	

~az g) Z( az
g~\ ax2L) ~+axaa' L

S( a, c) , whi ch compl et es t he pr oof .



2 0

I t eenar 1,

Suf f i ci ent condi t i ons f or i nver t i bi l i t y of t he oper at or s

	

a( xr ~)
~, and

a
g

	

) ZZ
L /

- 1 \ ax
g) )

r equi r ed i n Theor em I can be obt ai ned i n cer t ai n cases f or i nst ance, b y

di r ect exami nat i on of t hese oper at or s, whi ch i nvol ve f i r st and second or der

par t i al der i vat i ves of t he f unct i ons f and g .

	

For i nst ance when t he

spaces X, A and C ar e sequence spaces, t hese oper at or s wi l l be gi ven

by i nf i ni t e mat r i ces . Condi t i ons f or i nver t i bi l i t y of i nf i ni t e mat r i ces have

been st udi ed, f or i nst ance, by Kant or ovi ch i n [ 11] , I f X, A and C ar e

spaces of L Z f unct i ons on t he l i ne, one can use Four i er t r ansf or m t ech-

pi ques as, f or i nst ance, t hose of [ 11] , However , i nver t i bi l i t y of oper at or s

i s a del i cat e poi nt whi ch r equi r es t echni cal consi der at i ons of i t s own ; i n

t hi s case, i t r equi r es condi t i ons on t he above oper at or s ( and t hus on f

and g) and on t he spaces wher e t he pr obl em i s def i ned, dependi ng oi l t he

par t i cul ar nat ur e of t he model . Ot her t echni ques t o st udy gener i c i nver t i -

Ui l i t y of r el at ed oper at or s ar e gi ven i n [ 6] f or f i ni t e di mensi onal spaces, by

use of t he Sar d t heor em. These l at t er r esul t s coul d be ext ended t o i nf i ni t e

di mensi onal spaces, i n cer t ai n cases, by use of an i nf i ni t e di mensi onal

ver si on of t he Sar d t heor em [ 16] .

Sect i on 2 .

21

The cl assi cal pr oper t y of symmet r y of t he Sl ut s ky- Hi cks - Samuel son

mat r i x whi ch i n t hi s f r amewor k becomes t he oper at or

	

S( a, c)

	

I n

Sect i on 1, i s, i n gener al , not pr eser ved [ 10] ,

	

For cer t ai n cl asses

of obj ect i ve f unct i ons and const r ai nt s, symmet r y of

	

S( a, c)

	

can be

r ecover ed, as seen i n t he next r esul t s . These cl asses of f unct i ons

have been used i n f i ni t e di mensi onal model s of t he f i r m, t he consumer ,

and mi cr omonet ar y model s .

I n what f ol l ows we assume t hat al l spaces ar e Hi l ber t spaces

of sequences .

PROPOSI TI ON

	

1,

	

Assu me t he obj ect i ve f unct i on

	

f ( x, a)

	

has

t he f or m

( 1)

	

f

	

=

	

y [ azyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" x]

	

I

	

f I ( x)

	

+

	

f 2 ( a)

	

a nd t he const r ai nt s

t he f or t h

condi t i ons of Theor em I of Sect i on I ar e sat i sf i ed wher e

	

a E A+ C X

	

+

c E C+ ,

	

Y, b t E R+	 and

	

f , g I

	

have t he same pr oper t i es as

g of Theor em 1 ,

	

Then t her e exi st s a uni que gl oba l

	

C1

sol u t i on f or Pr obl em

	

( 1)

	

of Sect i on l ,

	

and

	

S ( a, c)

	

i s

symmet r i c,

i 2
g

	

( a) ,

	

i = I , Z, . , , ,

	

and t hat t he

Pr oof .

	

I n vi ew of ( H) , ( 9) and ( 15) , we obt ai n :

S( a, c) -

	

- / \ axZ

1, ) 1
}

	

(

3

6

2

x" Z
I 1I

1( axg)/
7( ox

f and

By comput i ng t he oper at or

	

( a Z
/ axaa) L

	

f or t he above obj ect i ve and

const r ai nt f unct i ons we obt ai n :



3
2

Not e t hat

axaa
L

I s symmet r i c .

	

Thi s compl et es t he pr oof .

Fi r st we pr ove t hat

2
1

b = 1( 6xz L)
+

22

0

condi t i ons f or ( i ) and ( i i ) of Pr oposi t i on 1 as f ol l ows :

PROPOSI TI ON 2 .

	

Under t he condi t i ons of Pr oposi t i on 1 , S( a, c)

i s ne at i ve semi - def i ni t e i f

	

y + ~i =1 Xi
bi 2 0 .

Pr oof .

	

Negat i ve semi - def i ni t eness of S( a, c) i s obt ai ned f r om t he

a

	

- 1

	

a

	

a

	

\

	

3 z

	

_1_

( _2L I ( _

1a x
2

	

~ax g

	

Z
( 3x f / \ ax'

Ll

i s negat i ve semi - def i ni t e .

L . et r . he any vect or , and def i ne a quadr at i c f or m Q1) = z' DZ .

Let

	

i i

	

= ( ( a2/ ax2) L) ,

	

and

	

11-
1/ 2

	

be t he symmet r i c negat i ve squar e

r oot of

	

I I
1 .

	

Def i ne

Then,

23

u

	

1/ 2 v

	

wher e

	

v =

	

-
ax

g ,

	

and

	

y = H- 1/ 2

QD = Y' Y - Y
i u( u' u) - 1 " Y

I I Y11 2 - i l ul l - 2 11" Y11 2

By t he Schwar z i nequal i t y,

	

QD
Z 0 . 22

	

So,

	

S( a, c)

	

wi l l be negat i ve semi -

def i ni t e i f
( a 2

/ axaa) [ ,

	

i s posi t i ve semi - def i ni t e si nce under t he

condi t i ons of t he pr oposi t i on

	

( a 2
/ axaa) L

	

i s di agonal .

	

But
( a 2

/ axaa) L

i s posi t i ve semi - def i ni t e i f

	

y+~oo1
~

I
b

i
z 0 .

	

Thi s compl et es t he pr oof .
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