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Abstract

We study properties of the solutions to a parametrized '/

constrained optimization problem in Hilbert spaces, A special .*/ 71 '

operator is studied which is of importance in economic theory; " ! *

sufficient conditions are given for its existence, symmetry, ‘-
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Introduction

In a wide number of economic problems the equilibrium values
of the variables can be regarded as solutions of a parametrized
constrained maximization problem. This occurs in static as well as
dynamice models; in the latter case the choice variables are often
paths in certain function spaces and thus can be regarded as points
in infinite dimensional spaces,

It is sometimes possible to determine qualitative properties of
the solutions with respect to changes in the parameters of the model,
The study of such properties is often called comparative statics; [15], [2], and
[10]. Certain comparative static properties of the maxima have
proven to be of particular importance for economic theory, since the
works of Slutsky, Hicks, and Samuelson [15]: they have been formu-
lated in terms of symmetry and negative semidefiniteness of a matrix,
called the Slutsky-Hicks-Samuelson matrix. A discussion of this
matrix and its applications is given in Section 1. The study of these
properties in economic theory, however, has so far been restricted
to static models where the choice variable and the parameters are
clements in Euclidean spaces, and where there is only one constraint,
Infinite dimensionality of the choice variables arises naturally from
the underlying dynamics of the models, For example, in optimal
growth models with continuous time and problems of planning with
infinite horizons [4] and also from the existence of infinitely many
characteristics of the commodities indexed, for instance, by states
of nature in models with uncertainty, by locati(;;'l, etc, Many times
these models are formalized as optimization problems with more

than one constraint.

It is the purpose of this paper to extend the study of-the;Sluhky—ﬁ#

k)
Hicks -Samuelson operator to a general class of parametrized, ! A ‘%
constrained optimization problems which appear in recent works lﬁ “ive :'
economic theory: the choice variables and parameters belong to %
infinite dimensional spaces, the objective function to be maximlzed '+ = I
depends also on parameters, and the optimization ls restricted to ‘! «'l

regions given by many possibly infinite parametrized constraints,
linear or not. ! The results provide a foundation for the study of .
comparative statics in dynamic models such as optimal growth and
other dynamic models [4].

The derivation of the Slutsky operator is more complicated in
the case of many constraints, and the operator obtalned ls of a slightly

’ -
different nature. One reason is that the ''compensation' can be

performed in different manners since there are many constraints, an-’

becomes clear in the proof of Theorem 1 and the remark followlng lt.".
Also, the existence of parameters introduces new effects tha‘t do not -
exist in the classical models; in general, the classical properties
are not preserved. Further, since the values of the constraints may
be in an infinite dimensional space of sequences (denoted C), the' ° i_
"generalized Lagrangian multiplier'' may also be infinite dimensional,

* .
in effect, an element of the dual space of C, denoted C . To avoid

the problem of existence of such dual elements which are not represent-

'
v

able by sequences (e.g., purely finite additive measures [8]) and 'thus g

N )
ta b= e
Related work in infinite dimensional commodity spaces has been done
for special cases of one linear constraint and no parameters in the
objective function by L. Court [7] and Berger [3]. In finite dimen-
sional models, related work for parametrized models with one .
constraint was done by Kalman [9], and Kalman and Intriligator [10];
Chichilnisky and Kalman studied parametrized multi-constraint
problems in [6].
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complicate the computations, we work on a Hilbert space of sequences
C. Infinite dimensional economic models where the variables are
elements of Hilbert spaces have been studied in [4] and [5].

The extension from finite to infinite dimensional choice variables
and parameters involves further technical difficulties. In the first
place, existence of optimal solutions is harder to obtain since closed
and bounded sets in infinite dimensional spaces are not, in general,
compact in certain topologies such as the topology of the norm. To
avoid this problem, one usually uses certain weak topologies in which
norm bounded and closed sets are compact. However, in these
topologies, the continuity of the objective functions is more difficult
to obtain, and thus the usual proofs of existence of solutions by
compactness-continuity arguments may restrict the class of admissible
objective functions, However, using the concavity of the objective
function and convexity of the set on which the optimization is performed,
we prove existence of an optimal solution on norm bounded closed aetsz
or weakly compact sets without requiring the objective function to be
weakly continuous, which widens the choice of objective functions,
Thus, the existence of a solution can be obtained in more economic
models of this type; a useful tool here is the Banach-Saks theorem [14].

In Section | sufficient conditions are given for existence and
uniqueness of a Cl solution to a general optimization problem and
for existence of a generalized Slutsky-Hicks-Samuelson operator

which contains as a special case the operator of classical economic

-u

zIn any reflexive Banach space or Hilbert space, norm bounded and
closed sets are weakly compact [8],

models. InSection 2, properties of this operator are nmdlpd?‘-‘_a_i'c‘ll_ll "

of objective and constrained functions is shown to preserve the . »
classical properties of symmetry and negative semidefiniteness of
the operator, which are, in general, lost in parametrized models,

as seen in [10].

Section |

We now discuss the Slutsky-Hicks-S5amuelson operator and its
applications. For further references, see, for instance, [15] and [10],

Consider the maximization problem: e

(P) max f(x,a)
x

subject to g(x,a) = ¢ +

where { is a real valued map defined on a linear space and g is i
vector valued, defined on a linear space. Under certaln asslnnptiom‘?l_:
the optimal solution vector x denoted h(a,c) isa Cl function .., 4
of the variables a and ¢, and, as the parameter c varies, the. ,_. :
constraints describe a parametrized family of manifolds on which £

is being maximized. In neoclassical consumer theory, for instance,

f represents a utility function, x consumption of all commodities,;

-

a prices of all commodities and ¢ income. In thie theory, h is 1%

Xt

o

\

called the demand function for commodities of the consumer. In .1’

3k

e
-

neoclassical producer theory, f represents the cost function, : x-7y {
inputs, a input prices, and g a production function constrained . i

by an output requirement c; in this theory, h is called the demand -



function for inputs of the firm, In both these models, cg R+,
Comparative static results relate to the Slutsky-Hicks-Samuelson
operator, given by the derivative of the optimal solution h with

respect to the parameter a restricted to the manifold given by
f{x,a) = r ;

parametrized by the real number r, denoted

2
da ikt l:”f=r

This operator will also be denoted S(a,c). It is a well known result

that in the finite dimensional consumer model under certain assumptions:

3

(*) S(a,c) = 37 h{a.c]+h{a.c]%—; h(a,c)

Equation (*) is also called the fundamental equation of value. In this
case S(a,c) is considered unobservable since it represents changes
in the demand due to a price change when utility is assumed to remain
constant, but the right hand side represents two observable effects
called the price effect and the income effect on the demand, respectively.
Analopgous operators are found throughout the body of economic theory,
Important properties of the S{(a,c) operator are its symmetry and
negative semidefiniteness. In addition to their empirical implications,
the symmetry property (S) is related to the Frobenius property of
local integrability of vector fields or preferences and the negative
semidefiniteness property (N) is related to problems of stability

of the equilibrium,

A natural question is whether the results of neuclaasli:alécon'sumer

F R

and producer theory can be obtained for the general classes uf'c;'an-‘#?lj
strained optimization models described above, The results of this * / i
paper point in this general direction, However, the § and N f‘-.l!'?-'-“—';-'
properties of the S(a,c) matrix are not, in general, preserved in .l'-"r;_
parametrized models [9]; thus, one can at most hope to obtain ' : .|
sufficient conditions of the classes of models (objective functions |
and constraints) in which these properties are still satisfied. This

is discussed in Section 2,

We now formally define the problem: for a glven vector of --.*.-a-:

parameters (a,c) we study the solutions of

(1) max f(x,a) .Ir
x

restricted by glx,a) = ¢

We assume that { and g are twice continuously Frechet differentia;i)lé

2
(denoted C"} real valued and vector valued functions, respectively,

For a discussion of Frechet derivatives see, for lnsta;mce, [12} or
[13]. The Frechet derivative generalizes the definition of the Jacoblanlil
of a map between finite dimensional spaces. In infinite dimensional ' -_;..-
Banach spaces there are other possible definitions of derivatives, such
as the Gateaux derivative which generalizes the concept of directional -
) i
derivatives, For our purposes, we use the Frechet derivatives ﬂim‘.'er
much of the theory of ordinary derivatives extends to these types of”

derivatives, and since the implicit function theorem has a satlafactory

extension in this case, In the following, all derivatives are Frechet.




We assume that the variable x¢ X, ag¢ A, where X and A
are real Hilbert spaces and that cg¢ C, an 12 space of sequences3.
We assume that the spaces X and C have natural positive cones
denoted X+ and C+, and we denote by }C; the set of vectors in X
which are strictly positive. 4 Let 7 denote the weak topology on X

[8], and let Al and C1 be open subsets of A and C. For any

(a,c) in AlXCl, denote by gc,a the set

{xe x*: glx,a) s c}

The Lagrangian of (1), denoted L, is a real valued map on

XxAGCGC-* I:Gael the dual of C) given by

Lix,a,c, A) = f(x,a) + Ag(x,a)-c)

*
where )¢ C* (C is isomorphic to C ). Let 4!1: Xlx Alx Cl o
K
be defined by \Ll{x,a,c} = glx,a)-¢c, and q;a: Xl w0 Alx (_-1x (&

> @P(X,R) (the space of linear functionals from X to R) be defined by

3

3x

1|:2(x,a.c:. A) = L(x,a,c, )

where E I, represents the partial derivative of the function L

ax

with respect to the variable x, as a function defined on X, x A

*
1 1 X € %€

3See, for instance, [5] for economic models defined on (weighted) £Z[0,m]
spaces, with finite measures on [D.m}.
4If X is, for instance, a sequence space, xe¢X, x=(x), t=12,...,

then x is positive (denoted x> 0), when x, = 0 for all t, (x¢)#(0),

and x is strictly positive or x> 0, when x> 0 for all
When X =12, x={x(t)) then x>0 if x£# 0 and xi(t)=20 a,e,
x> 0 if x{t)> 0 a,e. Similarly, for X = LZ(R“).

with values, in view of the assumptions on {f and g, .-on the dual . 4y

space of X (denoted X*) of continuous linear functionals on X [8].}];
* * o
L% C 5 EXX be defined by -+ vid s dedd

Let XleGC

By
Gl & O

blx,a,c, \) = (g(x.a)-c, g—xL{x,a.c.k))

n

(,(x,2,¢), Pylxiasc, h))

Let X, be a neighborhood of X+_

1

We now briefly discuss certain special problems involved in the

proof of existence of solutions and of the Slutsky-Hicks-Samuelson

operator in infinite dimensional cases. In the next result we make

use of necessary conditions of an optimum in order to derive the s
operator S(a,c). These necessary conditions basically entail tha':__,:'.'
existence of a separating hyperplane; in order to prove that th‘ej{.r._‘"x
are satisfied in problems defined in Banach spaces one uses a Ha.hn-

Banach type theorem which requires existence of interior points in the

e

regions where the optimization takes place (see, for instance, the ='é
discussion in [13]). However, Lp spaces with l<p<e have
positive cones with empty interior, Inthese cases, however, i the
function to be maximized (f) is continuous and is defined on a neigh-
borhood Xl of the positive cone X+, the first order condition for_.a
maximum can still be obtained (see footnote 10 below), An ,‘
important tool for the derivation of the S(a,c) operator is the :_',.;‘ _I
implicit function theorem In Hilbert spaces [12]. This theorem

requires invertibility of certain operators. In [6] the authors investi-

gated these Invertibility propertleal for finite dimenslonal models and
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showed that they are "generically' satisfied by using Sard's theorem,
Here we assume them; one can refer, for instance, to the work of
Kantorovich and Akilov [11] for sufficient conditions on the functions f
and g that will yield the required invertibility of certain linear opera-
tors in infinite dimensional spaces, This is discussed further in the
remarks after Theorem |, One can also consider extensions of the
results of [6] by use of the infinite dimensional version of Sards'

theorem [16]. These results will be developed elsewhere, since they

exceed the scope of this paper.

THEOREM 1. Let i X, xA

1 l-;R and g:Xlel—;C

1

Z
be C° functions. For every ag AI’ let f(-,a) be strictly

. -, ; G S
concave and increasing on x, and g be increasing in x. Assume
: 3 6
(i) the set 8. , s a nonempty convex T-compact subset of X,
»
(ii) g is regular as a function of x, U

5f is increasing in x if f[xl]> f{le when Xy =%, & XU'
68::. a is weakly compact in X if it is closed and bounded [8], So,
basically, condition (i) can be viewed as a condition of boundedness
and closedness of the "technology" represented by the feasible set
Bc,a- Let Eeom ={x: g(x,a)=c}. Then when g is strictly increas -
ing in x, given fhat is stnctly increasing also, the maximum of f
over g 5 will be attained in this case at % in g An example
in infinite dimensional spaces where the set g, {s convex is
provided by all the feasible consumption paths ol‘)tamed from an
initial capital stock in an economy with a convex technology, in the
usual optimal growth model. In these cases, the constraint g takes

the 1 |jm of a differential (or difference) equation with initial conditions,
See

7i.e.,£or all (xo.aol in Xlel

e—xg(xo,ao} is onto.

"

(iii)  for each (a,c), (3/3(x. M)y is a top linear isomorphism, and

(iv) the operator Z defined in (6') below, exists for all (x, )\) in

%% G n/>

i with i(x,a,¢c, \) =

+
Then there exists a unique global map h: A Xcl." X which is of

class C } satisfying

f(h(a,c),a) = max fix,a) ,

TEL o

and for any choice of compensating constraint there exists a Slutsky-

Hicks -S5amuelson operator S: Al % Cl &+ ZL(A,X) (the space of

linear functionals from A to X) given by

3 ,
Slajc) = S=ht g—ch——g(h a) .

satisfying

S(a,c) = g—ah |'f' + %Eh (qj(ng) - p(%;-f))

-1 -1 -1

2 2 2 2
B 3 ) (a ) (a ) (a )(a ) 3
S| || TR o NGy e [ (S LR .

(axa S 5% ax &)\ .2 3xda

where the operators ¢, p are defined in (14') below, provided these

operators are well defined for all (x, }) with {(x,a,c, \) =

Brhie assumption is shown to be ''generically" satisfied in finite
dimensional versions of these problems in rﬁ]

For a further discussion on the existence of the operator Z,
remark after the theorem.

see the

E)W'e shall not distinguish between an operator and its adjoint,

under certain conditions,

L)
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1
Proof. Since B o is a T-compact subset of X; by (i), || \IJl =0 , l.e., glx,a)-¢c =0 . R U
if [xn] is a sequence in €. with f(x",a) » sup f(x,a), then (2) and
! c,a = : 3 -:L
there exists a subsequence, denoted also {xn] ,  converging ik =05 LR e Lix,a,c,A) = 0 )
ks t.
) n T 5 - ri';.
weakly, i.e,, {x} = h lnnl Be.a [14]. By the Banach-Saks theorem where, for each fixed o, : g i _-"'.;1*;'
there exists a subsequence {x k] such that the sequence of arith- i "
ny, Pyt X, 5 C
. < 1 1
metic means {y "}, . =)
¥ * e
|, .
n n I.rlz. Xi el o RRIE
1 k
n x b oo +x
k. that
y k 50
Lk %
; Nic p o X;x C s CxX -
converges to h in the norm., By convexity, y ¢ B and by
n r
2 k i T IE ;
concavity of f(:,a), [y ] is a maximizing sequence also. Since Locally, at the maximun, the differential of (2) can be written as:
+.
{f is continuous, h is a maximum on 8c a2 By (i), heX . We 3 3 I o
* (a—-g)dx+(-a—g)da-dc =0 . i
denote h by hia,c) also. Uniqueness follows from the assumption 2 < SR ).
(3) L
of slrict concavity of f{',a) on x. Note that, as discussed in f i
oy 2 2 2 2 ; E5
footnote 5, h isin g . (,.a____ )dx +(a_ I)da + a= a e 3 P iad
c,a 3l S o7 gldx) A+ 3%3a & daf ) + vl d =0 -
By [13] (Theorem 1, p. 243) and conditions (ii) and (iii), a ! i
necessary condition for h(a,c) to be a maximum is that | =0 at where
*
(hi{a,c),a,c, ) forsome XA>0 in C . b Now by caondition (iv) aZ BZ ;
—5 8 ]dx | X  denotes Z x_( e g‘l B
and by the implicit function theorem for Banach spaces (sce [12]) ax j I\ ax
it follows that h{a,c), which is the solution of system 1 above,
and similarly for
is of class C . 2
3
. 4 11 . ((—-—- glda) X
We now derive the Sla,c) operator. For each (a,c)e A L X% (41, dxda
the first order necessary conditions for an optimum are: system (3) in turn, can be written as =
10 : ; ; : ;
Mote that the fact tha_E f is continuous ard defined on X 1 which is 0 3 n 2 il
a neighborhood of X', replaces the condition in [13] of existence of 3x & ¢ “\aa B da + dc et
an interior point of X', "
11 (4) =
The approach used here generalizes the approach of Kalman and 2 o
Intriligator in [10] which is done for one constraint and for finite 3 O I 4 az
dimensional spaces ax E %’ 5 " \3xda i




14 sk,
15 \
where as defined above :
3 W ' ] !
0 (_ ) 2 a o ,
3 - . F- axg : Z(a-;gl—z-l. ..p-,&l"‘
= LiX, XA xC X0 =X - ' il
Bx 1 1 1 (6) Sl EEeEe ’ ol
(4') 2 2 = Ir.2 = -1
& T N ) ) e b
Ban 10 %) XA XC XC =~ F(AX) | o r ilax ) o586z
and similarly hese R
2 : o
3 L * > -
¥ 11X, XA, %0, X G P X % ~1
SRt L Rl %, X " N Y £ 2 »
« (6" z = -l(5z9|=z1) (5x¢) 1)
. % axz ax i
so that for each a, e at the maximum h(a,c) and at the corresponding X\,
- From (5) and (6) we obtain y
2 (Lih,a,c,\) € 2 (X,X") .
ax > !
: & §2 s 3 {
{ (7) dx = —L (—- VA b .
To simplify notation we now denote {sz‘axz} L at (h{a,c),a,c,\) by ax"‘ ox g] ta da - dc . 1I“
| (E!z/ale I. also; by the assumption of existence of Z, {az/axz} L. is : ’ g.'
| i ; 12 : ; -1 3 : "h
invertible. 2 2 2 -1 ' ST | Bt
B IR
Thus, by (iv), : dx axz ox 0x axd dxda da e
-1 : (3
3 ) i From (7) we obtai %
ax o (3¢) -(356) aa + ac _
tl’,} = 2 __l L] (ke
-a-—- = a a ‘:'*‘ LA
3 2 2 B 5% (‘7 l“) (ax I‘) (E'a- g)
dx (-—— ) a—z- L (a L)d By
’ ax g ax 3){33 T &
2 -1 2 -1 -1
M) v 8 g) z (E_ g . q 3% L
sz axz 9x ax ax?. 3 dxda
Dy resulls of inverling a partioned matrix we have
' and
2y : - i
12 =4 2 BZ 2 L
Since X amd A are Hilbert spaces and g 18 convex in the varlable x, for (9) Sex = = ¢ (.,_ ) z
c, ;z dx

cach (a,c) the operator {;\a/axz L) will be negative deflinite at the
{x,N) which satisfy the first order conditions §(x,a,c,\) = 0 when x

is a maximum, and thus (BZ/BxZ) L, will be invertible.
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We now consider the effect of a '"compensated' change in the
vector a, obtained by a change in the parameter c, which keeps the

value of the objective function constant, i.e., when

3 L I "
df = (-a-;[)dx +(aa f)da g .

From (2), this implics that at the maxima,

3
(10) -x-(-g;-g) dx +(Ef)da =0
Also,

] )
(11) de = (5;9) i *(SZE) '

Hence, by (10) and (11), when df = 0

Fe) s) o
(12) -R(dc-ra—;g da)+ a—;fda =0

i
which implies in particular that when df = 0, the dc''s are not all
lincarly independent. We now choose one of the constraints--say the

ij-th one--to perform the ''compensation,''i.e., to insure that the optimal

i — e S ————

is the i-th component of the vector ¢, L in component form, (12) can
14

be rewritten as

O I ' £
(13) (dc -(a—“- g‘) da) = x'i_(%r)ua . "_11- )_;.‘l Ay(dcy -(.g_;.gv) da) ‘
Y

Thus (12) and (13) imply that

5}
(14) dec - (g g) da when df =0

becomes

i u(g-;f)dam(dw(g—as) da) ’

I'3[1'1 a basis of the Hilbert space C. Similarly, locally the dc' are .
a "basis' for the cotangent bundle of C at c,

1411' ¢ is a real number and there is one constraint, Equation (13) s
becomes
' o S LT
(13") dc-(aag)da k(aa f)da

And, in the classical case, where a =p (price), g(x,a)=p-x,
¢ =1 (income), x is consumption, (13) becomes

(13") dl -x-dp = 0

Note that the ''compensation' has the effect of making the components
of dc to be not all linearly independent on the surface, f=r. For
instance, in Equation (13), dc¢' is a function of all dcJ, j#i. Note
that ¢(dc) = 0 does not imply dec = 0; the analog of this situation in
the classical case is the fact that_dI, [ =income, is nota "free"
real variable any more when (=1, since dl = x-dp, In the classl-
cal consumer case the fact that Equation (14), when df =0, becomes
(14'), is equivalent to the classical condition that dc -x-dp (c denotes
income) becomes zero when df = 0; this follows from the fact that
((3/2a)f) =0 in the classical consumer case (since [ does not depend
on a), and also that ¢ in this case is zero (see, for instance, [15]),
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* s 15
where for each (x,a,c,\), p : R ~C is defined by

i-th place

1
”3 (0.....U.i’_|0|---

¥ * 2
and ¢ :C =C (C=C ) is defined by

G, =1 Ma=j st

O if ¢#j and g #i
g )
¢, . = acal, 5 (O i |
L] Al ! ]# i
|
!

% -9

16 f"
and where ¢ =0 if e is in IR, i

Therefore, from (7), (14) and (14') (denoting, as usual dx, when df = 0,

by lelf:r}’

15“,: ey iCF (e £7) will be well defined if the conditions =0 heolds
for A= 0 in C° atthe maximum, x> 0 means Xc)> 0 for
all ¢ in ©'. In|!l] sufficient conditions are given for the existence

of a strictly positive supporting hyperplane (or Lagrangian multiplier)
L= 0, ina different context,

16” C is an ¢,[0,=) space with a finite measure on [0, =) ;i'wo.n by the

density function X%, te[0,=) (XA a constant in (0, 1)) as in[4] and [5],
then for ¢ to be a well defined continuous operator from jJ, to f;,
a necessary and sufficient condition is that

2
= AT
Ty (—1) <
=0

for all i,

and thus, when ¢{dc) = 0,
ik
2
dx ) 3
- RS
X
-1
2
) (Q_L
A\dx

(16)

sl )
o B)Z(-P(E

-1 =] <k :
' g 2 ()
B)‘{d axZ dx & o5 T 2 xﬂ oxda

u

[)da _gide ¥ o (g—ag) da)

one ohlains

1
al al 3
=5 R s = (5—-
\dx dx 2

S(a,c), which completes the proof,

TR
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Remark
Sufficient conditions for invertibility of the operators -a—ti——-” ¥, and
E3

((25) (52)" (3 4)

ax

required in Theorem 1 can be obtained in certain cases for instance, by
direct examination of these operators, which involve first and second order
partial derivatives of the functions f and g. For instance when the
spaces X, A and C are sequence spaces, these operators will be given
by infinite matrices. Conditions for invertibility of infinite matrices have
been studied, for instance, by Kantorovich in[11], If X, A and C are
spaces of L.Z functions on the line, one can use Fourier transform tech-
niques as, for instance, those of [11], However, invertibility of operators
is a delicate point which requires technical considerations of its own; in
this case, it requires conditions on the above operators (and thus on f

and g) and on the spaces where the problem is defined, depending on the
particular nature of the model. Other techniques to study generic inverti-
bility of related operators are given in [6] for finite dimensional spaces, by
use of the Sard theorem. These latter results could be extended to infinite
dimensional spaces, in certain cases, by use of an infinite dimmensional

version of the Sard theorem [16],

21

Section 2.

The classical property of symmetry of the Slutsky-Hicks-Samuelson

matrix which in this framework becomes the operator S(a, c) In

Section 1, is, in general, not preserved [10],

For certain classes

of objective functions and constraints, symmetry of S(a,c)

can be

recovered, as seen in the next results,

have been used in finite dimensional models of the firm, the consumér,

and micromonetary models,

These classes of functions

In what follows we assume that all spaces are Hilbert spaces

of sequences,

the form

PROPOSITION 1. Assume the objective function f(x,a) _has ,

(i) f = yla-x]+ [I(x} + [Z(a] and the constraints g(x,a) have

the forin
i) g = 6'la-x) gt ¢¥e), i=1,2,..., andthatthe T M

7k *
conditions of Theorermn | of Section | are satisfied where agA < X +,

+ ] ¥
cE C, \,r.ﬁl € R+ and f .g‘ have the same properties as f and

1

g of Theorem 1, Then there exists a unique global G

solution for Problem (1) of Section 1, and 5(a,c) is

.
symmetric,

Proof. 1In view of (8), (9) and (15), we obtain:

: LA 21 -1

2 2 2 2

3 d 3 3 3 a
1) v (o) (Ged2Beo (i) (1)
(ax?' ) (ax?’ ) e ox B\ 2 dx0a |

By computing the operater {Bz.fa:(aa]!_. for the above objective and

S(a,c)

constraint functions we obtain:




22 23
= II_”2 where v = - g—-g and
Y+A B 0 2 L ax B ¢ Y
Ll i
aZ . Then, !
e = + d
dxda 9 Y+AS
-1
. = ey il 1 1
h QD y'y - y'u{u'u) u'y
2 -2 2
= lyll® - ™ fuyll
Note that
22 Y o2 Y's v (3 Va2 Y ' 22
;:E Ly + a—g 'a';l;! 2\ont 3 1 By the Schwarz inequality, Qp = 0. So, S(a,c) will be negative semi-
X

i definite if (Bzfaxaa)[, is positive semni-definite since under the
Is symmetric.  This completes the proof, conditions of the proposition (azﬁ!xaa)L is diagonal. But (Bzfaxaa}]'_.
is positive semi-definite if y+ ):f'il a.la‘ 2 0, This completes the prom—_] :
1
is negative semi-definite if vy + )'_‘,"i":l L 6' = 0. ! l
) ’

PROPOSITION 2. Under the conditions of Proposition 1, S(a, c)

Proof. Negative semi-definiteness of S(a,c) is obtained from the

I
|

conditions for (i) and (ii) of Proposition 1 as follows: \ | -
|
1)

First we prove that

is negative semi-definite,

Liet z be any vector, and define a quadratic form Qn =z'Da,

2 %
Let I = ((a IBXZ)L.J, and H Lie be the symmetric negalive square

root of II“[. Define

e BT ¥ e v
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