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Chapt er 8

TOPOLOGI CAL COMPLEXI TY OF MANI FOLDS

OF PREFERENCES*

GRACI ELA CHI CHI LNI SKY

Col umbi a Uni ver si t y, New Yor k, NY, USA

1 . I nt r oduct i on

The pr obl em of endowi ng pr ef er ences wi t h mani f ol d st r uct ur es emer ged
f r om di scussi ons wi t h Ger ar d Debr eu i n 1975 . Ti me has shown t hat such
st r uct ur es can be usef ul i n under st andi ng t he behavi or of economi c syst ems .

I n Chi chi l ni sky ( 1976) spaces of smoot h pr ef er ences wer e endowed wi t h a
Hi l ber t mani f ol d st r uct ur e, and t hi s was used t o st udy t he exi st ence and
st r uct ur al st abi l i t y of compet i t i ve equi l i br i a i n economi es wher e pr ef er ences

mi ght be non- monot oni c and non- convex . Thi s paper const r uct s mani f ol ds of

pr ef er ences and appl i es t hi s const r uct i on t o t he aggr egat i on of pr ef er ences . We
exami ne t he t opol ogi cal compl exi t y of mani f ol ds of smoot h pr ef er ences and
use t hi s t o det er mi ne when appr opr i at e aggr egat i on r ul es exi st and when t hey
do not .

I n mat hemat i cal t er ms, a smoot h pr ef er ence i s an or i ent ed f ol i at i on of t he

choi ce space . Gener al spaces of f ol i at i ons ar e st i l l poor l y under st ood . Our
appr oach i s t o consi der subspaces of f ol i at i ons whi ch ar e of speci al i nt er est i n
economi c t heor y and whi ch can be endowed wi t h mani f ol d st r uct ur es . These
spaces ar e l ar ge enough t o be i nf i ni t e- di mensi onal , and t o i ncl ude non- convex
and non- monot oni c pr ef er ences . Spaces of convex and monot oni c pr ef er ences

ar e shown t o be submani f ol ds .

I n t hose cases wher e our const r uct i on succeeds i n endowi ng pr ef er ence
spaces wi t h a mani f ol d st r uct ur e, i t al so ser ves t o show t hat t hese mani f ol ds ar e
cont r act i bl e, or t opol ogi cal l y t r i vi al . These mani f ol ds t her ef or e sat i sf y t he
necessar y and suf f i ci ent condi t i on of Chi chi l ni sky and Heal ( 1983) f or t he
exi st ence of aggr egat i on r ul es whi ch ar e cont i nuous, anonymous and r espect
unani mi t y .

* Thi s r esear ch was suppor t ed by NSF gr ant s No . SES- 84- 09857 and SES- 84- 20244 . Comment s
f r om Andr eu Mas- Col el l and Denni s Sul l i van ar e gr at ef ul l y acknowl edged .

©1986, El sevi er Sci ence Publ i sher s B. v ( Nor t h- Hol l and)
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However , t he l ar ger space of al l pr ef er ences gi ven by r egul ar f ol i at i ons i s

shown t o be t opol ogi cal l y compl ex : i t cont ai ns a spher e as a r et r act . Ther ef or e,

t hi s space i s not cont r act i bl e and does not admi t cont i nuous and anonymous

aggr egat i on r ul es whi ch r espect unani mi t y.

The next sect i on cont ai ns def i ni t i ons and not at i on . Sect i on 3 pr oves t hat

r egul ar pr ef er ences can be vi ewed as r et r act i ons of t he choi ce space and t hat

spaces of pr ef er ences ar e t wo- f ol d cover s of spaces of r et r act i ons . Cer t ai n

spaces of r et r act i ons ar e t hen endowed wi t h ( Hi l ber t ) mani f ol d st r uct ur es .

Sect i on 4 shows t hat t he mani f ol ds i n Sect i on 3 ar e cont r act i bl e : t hey t her ef or e

admi t appr opr i at e aggr egat i on r ul es and cont i nuous r epr esent at i on i nt o f unc-

t i on spaces . I t i s t hen shown t hat t he space of al l r egul ar pr ef er ences i s

t opol ogi cal l y compl ex : i t has a spher e as a r et r act . Ther ef or e t hi s space does

not admi t appr opr i at e aggr egat i on, as shown i n Chi chi l ni sky ( 1980) .

2. Not at i on and def i ni t i on

Xdenot es a choi ce space, whi ch i s t he cl osed uni t cube I " or uni t bal l B" i n

Eucl i dean space R" , or any mani f ol d wi t h boundar y whi ch i s Ck di f f eomor phi c

t o ei t her I " or
Bn, t

( k >_ 1) . A f unct i on f : X - R def i nes a pr ef er ence on X,

by t he r ul e : x EX i s at l east as desi r abl e as y E X ( xpy) when f ( x) > f ( y) .

I f f i s cont i nuous, t he pr ef er ence i t def i nes i s sai d t o be cont i nuous . A Ck

f unct i on f : X - R i s r egul ar ( k >_ 1) when i t s der i vat i ve Df ( x) never

vani shes i n t he i nt er i or of X, and t he r est r i ct i on of Df on t he boundar y of X,

d X, has onl y t wo zer oes and i s ot her wi se t r ansver sal t o dX.

A codi mensi on- one gl obal l y i nt egr abl e or i ent ed f ol i at i on of X i s a f unct i on v :

X - S" - t , wher e S" i s t he ( n - 1) t h spher e, such t hat t her e exi st s a C1

map f : X- R wi t h

v ( x) =X( x) Df ( x) ,

f or al l x i n X, and f or some cont i nuous posi t i ve map X: X - - > R. A l eaf of t hi s

f ol i at i on i s a hyper sur f ace of t he map f ; f i s sai d t o def i ne t he f ol i at i on .

Many f unct i ons f : X- Rdef i ne t he same or i ent ed f ol i at i on on X: any t wo

Ct f unct i ons g, f : X - - - > Rhavi ng t he same set of hyper sur f aces and i ncr easi ng

i n t he same di r ect i on, def i ne t he same or i ent ed f ol i at i on on X. Any t wo such

f unct i ons wi l l al so def i ne t he same pr ef er ence on X. !

1Ck i ndi cat es k t i mes cont i nuousl y di f f er ent i abl e . For a def i ni t i on of a Ck mani f ol d, see

Abr aham and Robbi ns ( 1967) , and f or mani f ol ds wi t h boundar y ; see Hi r sch and Mazur ( 1974) . A

Ck mani f ol d Xc R" wi t h boundar y i s Ck di f f eomor phi e t o anot her Y c R" ' i f t her e exi st s a

one- t o- one ont o Ck map f : U( X) - U( Y) , wi t h Ck i nver se f - 1 ( U( Y) ) - U( X) , wher e U( X)
and U( Y) ar e nei ghbor hoods of Xand Yi n R" and R" ' , r espect i vel y . f : X - R i s cal l ed Ck i f i t

admi t s a Ck ext ensi on t o a nei ghbor hood of Xi n R" .
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A r egul ar pr ef er ence on X.

Fi gur e 2 .

	

An or i ent ed f ol i at i on of Xwhi ch does not def i ne a r egul ar pr ef er ence.

The r el at i on bet ween ut i l i t y f unct i ons and pr ef er ences i s many- t o- one, and

so i s t he r el at i on bet ween f unct i ons and f ol i at i ons . However , t he cor r espon-

dence bet ween or i ent ed f ol i at i ons and pr ef er ences i s one- t o- one . The l eaves of

t he f ol i at i on ar e t he i ndi f f er ence sur f aces of t he pr ef er ence . 2

Thi s mot i vat ed one of Ger ar d Debr eu' s def i ni t i ons of smoot h pr ef er ences

[ Debr eu ( 1972) ] as gl obal l y i nt egr abl e f ol i at i ons : i t al so mot i vat es t he def i ni -

t i on we gi ve her e.

A Ck ( k >_ 1) r egul ar pr ef er ence p i s an or i ent ed f ol i at i on of X def i ned by a

Ck r egul ar f unct i on f : X- R, and such t hat t he l eaves of t he f ol i at i on def i ne

a Ck coor di nat e syst em f or X. 3 An i nt egr al cur ve of t hi s f ol i at i on i s a map

C: [ 0, 1] - Xsat i sf yi ng f or al l t i n [ 0, 1] C( t ) = v( x) , wher e C( t ) = x .

A space Y C R" i s cal l ed cont r act i bl e i f t her e i s a cont i nuous map

d : Y X [ 0, 1] - Y such t hat d( y, 0) = y f or al l y i n Y, and d( y, l ) = yo f or

some yo i n Y, al l y i n Y. A r et r act i on f r om a space Z i nt o anot her Y c Z i s a

cont i nuous f unct i on r : Z - Y such t hat r / Y = i d y .

Let C' ( X, R) denot e t he space of al l i nf i ni t el y di f f er ent i abl e f unct i ons f r om

X t o R, and Ck ( X, R) t he space of k t i mes cont i nuousl y di f f er ent i abl e such

2An i ndi f f er ence sur f ace J of a pr ef er ence p consi st s of poi nt s whi ch ar e al l pr ef er r ed t o each
ot her , i . e. , i ndi f f er ent t o each ot her : x, y ( =- J i f f xpy and ypx.

3 That i s, t her e exi st s a Ck di f f eomor phi sm g : X - > R" such t hat each l eaf i s of t he f or m

g- 1 { ( x . . . . . . x" ) e R" : x ; = x ; )

	

f or some

	

x j E R .
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f unct i ons, k >_ 1 . Bot h C' ( X R) and Ck ( X, R) ar e l i near spaces, wi t h t he

addi t i on r ul e ( f + y) ( x) = f ( x) + g( x ) . The Sobol ev nor m I I - I I s i s def i ned on

C° ° ( X, R) by

1/ 2

I l f 11s -

	

f

	

l Dkf ( x) 1 2 dx

XO<I kl <s

wher e Dk i s t he k t h der i vat i ve of f . The Sobol ev space HS( X, R) i s def i ned as

t he compl et i on of C' ( X, R) under t he 11 - I t s nor m. Hs( X, R) i s a Hi l ber t

space .

The Ck nor mon Ck( X, R) i s def i ned by

11A k = sup 11 f ( x) , Df ( x) , . . . , Dkf ( x) ~~
XEX

Sobol ev' s t heor em est abl i shes t hat Hs( X, R) c Ck( XR) f or s >_ n/ 2 + k,

and t hi s i ncl usi on i s cont i nuous and compact [ Sobol ev ( 1963) and Skor ohod

( 1974) ] . I n t he f ol l owi ng we assume s >_ n/ 2 + k, and k >_ 1 .

3 . A Hi l ber t mani f ol d of pr ef er ences

Our f i r st st ep i s t o show t hat r egul ar pr ef er ences can be vi ewed as r et r act i ons

of t he choi ce space . We t hen show how spaces of r et r act i ons can be endowed

wi t h mani f ol d st r uct ur es .

Lemma 1 .

	

Let p be a Ck r egul ar pr ef er ence on X. Then we can i dent i f y p wi t h a

uni que r et r act i on f r omXi nt o a r egul ar Ck submani f ol d I of X4

Pr oof.

	

Let f : X - R r epr esent t he pr ef er ence p . By r egul ar i t y of p, f at t ai ns

one mi ni mumand one maxi mumon d X. Cal l t hese x l and x 2 . Consi der now

an i nt egr al cur ve I : [ 0, 1] - X of t he vect or f i el d def i ned by Df , wi t h

I ( 0) = x l . The gr aph of I i s a Ck r egul ar submani f ol d of X by def i ni t i on of p .

I ( 1) = x 2 by pr oposi t i on 4 of Chi chi l ni sky ( 1976, p . 47) .

Def i ne now a r et r act i on r :

	

X- I as f ol l ows : r ( x) = d E I such t hat

f ( x) = f ( d) . The map r i s wel l def i ned because f or any x E X t her e exi st s

4A submani f ol d Yc Xi s cal l ed neat when i t s boundar y aY i s t he i nt er sect i on of Y wi t h t he

boundar y X and Y i s t r ansver sal t o Xat dY; f or a def i ni t i on of t r ansver sal i t y see Abr aham and

Robbi ns ( 1967) . Asubmani f ol d Y c X i s cal l ed r egul ar i f i t i s cont r act i bl e, Ck ( k >__ 1) , neat and
compact . See al so Hi r sch ( 1976) .
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Fi gur e 3 .

	

The r et r act i on r i s i ndi cat ed by t he ar r ows . The i nver se i mage under t he r et r act i on r of

t he poi nt x i n I , i s an i ndi f f er ence sur f ace of t he pr ef er ence p def i ned by r .

d E I wi t h f ( x) = f ( d) : t hi s f ol l ows f r om connect edness of I and t he f act

t hat f ( xl ) < f ( x) < f ( XZ ) . Fur t her mor e, such a d i s uni que : by const r uct i on

of I and t he r egul ar i t y of p, f i s st r i ct l y i ncr easi ng al ong I . Cont i nui t y of r

f ol l ows f r om t he smoot hness of p .

A r et r act i on r f r om Xi nt o a r egul ar Ck mani f ol d I of X i s cal l ed r egul ar i f

i t i s a r egul ar map f r om X t o I whi ch i s t r ansver sal t o d X- I = { x E d X

x' ZI } .

Lemma 2.

	

Let I be a r egul ar Ck cur ve' i n X, x E dl . Any r et r act i on f r omXt o

I def i nes a uni que pr ef er ence p whi ch at t ai ns a mi ni mumat x . I f t he r et r act i on i s

Ck and r egul ar , p i s Ck and r egul ar .

Pr oof.

	

By t he cl assi f i cat i on t heor em f or one- di mensi onal mani f ol ds [ Mi l nor

( 1965) ] I i s Ck di f f eomor phi c t o [ 0, 1] . Let d: I - > [ 0, 1] be a Ck . r egul ar

di f f eomor phi sm wi t h d( x) = 0, and r a r et r act i on f r om X t o I . Def i ne

f : X - R as t he composi t i on map d - r . Then f def i nes a cont i nuous pr ef er -

ence p on X.

I f t he r et r act i on r i s Ck , so ar e f and p . To see t hat p i s r egul ar when r i s

r egul ar , i t suf f i ces t o r ecal l t hat f or al l x, t he mani f ol d r - 1 ( x) i s t r ansver sal t o

d X - I . I t f ol l ows t hat df / dXi s non- zer o ever ywher e except at t wo poi nt s of

dX.

Not e t hat t he above pr ocedur e def i nes t he same pr ef er ence p on X, f or any

r egul ar di f f eomor phi sm d : I - [ 0, 1] wi t h d( x) = 0 .

	

o

Lemma 3.

	

Let I be a r egul ar Ck cur ve i n X. Any r et r act i on f r omXt o I def i nes

t wo cont i nuous pr ef er ences on X. I f t he r et r act i on i s Ck and r egul ar , t hen t he

pr ef er ences ar e Ck and r egul ar .

SA Ck r egul ar cur ve i s a one- di mensi onal r egul ar submani f ol d of X.
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Pr oof.

	

Let x E aI . Then d o r : X - R def i nes t he same pr ef er ence on Xf or

al l Ck r egul ar di f f eomor phi sms d: I - [ 0, 1] sat i sf yi ng d( x) = 0. The com-

posi t i on map d - r def i nes anot her pr ef er ence f or al l such d: I - [ 0, 1] wi t h

d( x) = 1 . Ther ef or e, any r et r act i on f r om X t o I def i nes exact l y t wo pr ef er -

ences on X.

Our next st ep i s t o pr ove t hat t he f ol l owi ng di agr am exi st s :

17

S F

wher e P i s a space of r egul ar pr ef er ences, S i s a space of r egul ar r et r act i ons

f r om Xi nt o some cur ve i n X, and F i s a space of r egul ar f ol i at i ons on X. The

maps g and p ar e t wo- f ol d cover i ngs, and t he map g: S - F i s one- t o- one

and ont o .

Theor em 1 .

	

The space P of al l Ck r egul ar pr ef er ences over X can be i dent i f i ed

wi t h a t wof ol d cover i ng' of t he space S of al l Ck r egul ar r et r act i ons f r omXi nt o

some Ck r egul ar cur ve of X.

Pr oof.

	

By Lemma 1, any p E P def i nes a uni que r et r act i on r i n S: cal l t hi s

map i r : P - S. By Lemma 3, any r E S i s t he i mage of exact l y t wo

pr ef er ences i n P. Ther ef or e, t he map 7T : P - S i s t wo- t o- one .

Let r E S. At each x E X, consi der t he l i ne gener at ed by t he di r ect i on

or t hogonal t o t he i ndi f f er ence sur f ace of r at x . Thi s def i nes f or each r a

uni que Ck map f r om X t o P" , t he nt h pr oj ect i ve space consi st i ng of l i nes

t hr ough t he or i gi n i n R" . Thus we can i dent i f y S wi t h a subset of Ck ( X, P" )

and pr ovi de i t wi t h t he i nher i t ed Ck t opol ogy, T .

For any r E S t her e exi st s a nei ghbor hood Ur i n T such t hat 7T - 1 ( Ur )

consi st s of t wo di sj oi nt set s, Vr and Wr , and by Lemma 2 t he r est r i ct i on maps

i r / Vr and 7r / Wr ar e one- t o- one . Def i ne on P t he t opol ogy i t i nher i t s f r om S

under t hi s l ocal l y i nver t i bl e map . By const r uct i on, ?T i s a l ocal homeomor -

phi sm. Si nce 7T- 1 ( r ) has exact l y t wo el ement s f or al l r E S, 7T def i nes a

t wo- f ol d cover i ng of S.

A codi mensi on- one gl obal l y i nt egr abl e f ol i at i on of Xi s a f unct i on v : X- P" ,

wher e P" i s t he nt h pr oj ect i ve space, such t hat t her e exi st s a C1 f unct i on

6A t wof ol d cover i ng or t wo f ol d cover i ng pr oj ect i on 17 : X- > Y i s a cont i nuous map t hat i s a
uni f or m l ocal homeomor phi sm, and such t hat f or al l y E Y, 7T - 1 ( y) consi st s exact l y of t wo poi nt s

[ see Spani er ( 1963, p . 62) ] .
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f : X - R wi t h

v ( x) =X( x) Df ( x) ,

f or al l x i n X and f or some cont i nuous map X: X - R. The f ol i at i on i s cal l ed

Ck and r egul ar i f i t s l eaves def i ne a Ck coor di nat e syst em f or X, f i s r egul ar ,

and f at t ai ns onl y one maxi mumand one mi ni mumi n d X. Let F be t he space

of al l Ck r egul ar codi mensi on- one gl obal l y i nt egr abl e f ol i at i ons of X.

Theor em 2 .

	

Ther e i s a one- t o- one cor r espondence bet ween t he space of f ol i at i ons

F, and t he space S of Ck r egul ar r et r act i ons f r om X i nt o some Ck r egul ar cur ve

of X.

Pr oof .

	

Thi s f ol l ows f r om Lemmas 1 and 2 .

Cor ol l ar y 1 .

	

The space of pr ef er ences P i s a t wof ol d cover of t he space of

f ol i at i ons F.

Pr oof .

	

Thi s f ol l ows f r om Theor ems 1 and 2 .

	

0

Theor em 3 .

	

Let I be a Ck r egul ar cur ve i n X. Then t he space of al l Ck r egul ar

r et r act i ons f r om X i nt o I i s a Banach mani f ol d. The space of al l Hs r et r act i ons

f r omX i nt o I i s a Hi l ber t mani f ol d consi st i ng of Ck maps .

Pr oof .

	

Let Ck ( X, I ) denot e t he space of al l Ck maps f r om X i nt o I : t hi s i s a
Banach mani f ol d [ see Abr aham and Robbi ns ( 1967) ] . Si mi l ar l y, l et Ck ( I , I )

denot e t he space of al l Ck maps f r om I t o I , whi ch i s al so a Banach mani f ol d .
Consi der now t he map R:

	

Ck ( X, I )

	

Ck
( I , I ) def i ned by R( f ) _

f / I : I - I . Thi s map i s Ck , and i f i d r : I

	

I i s t he i dent i t y map on I , t hen

i d, i s a r egul ar val ue of R [ see pr oposi t i on 1 of Chi chi l ni sky ( 1976) ] . Ther ef or e,

R- ' ( i d, ) i s a Banach submani f ol d of Ck ( X, I ) : t hi s i s t he i mpl i ci t f unct i on

t heor emon Banach mani f ol ds [ see Abr ahamand Robbi ns ( 1967) ] . But R- 1 ( i d I )
i s, by def i ni t i on, t he space of Ck r et r act i ons f r om X t o I . Ther ef or e t he space
of Ck r et r act i ons f r om X t o I i s a Banach mani f ol d . Si nce r egul ar i t y i s an
open pr oper t y i n Ck ( X I ) , al l Ck r egul ar r et r act i ons ar e an open subset of a

Banach mani f ol d, and t hus f or m a Banach mani f ol d .
Si mi l ar l y, al l HS r et r act i ons f r om X i nt o I ar e t he i nver se i mage i n

HS( X, I ) of t he i dent i t y map i n H' ( I , I ) , under t he map R. Si nce t he i dent i t y

map i s a r egul ar val ue of R, al l HS r et r act i ons f or m a submani f ol d of t he

Hi l ber t mani f ol d H' ( X, I ) . Al l r egul ar HS r et r act i ons f r om X i nt o I ar e an

open subset of t he Hi l ber t mani f ol d of r et r act i ons f r om X i nt o I : t hi s i s
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because r egul ar i t y i s an open pr oper t y i n Ck , and t he i ncl usi on HS c Ck i s a

cont i nuous map by Sobol ev' s t heor em [ see Chi chi l msky ( 1977b) ] .

	

0

Let I be a r egul ar cur ve i n X, gi ven by I : [ 0, 1] - X.

Cor ol l ar y 2 .

	

The space P, of Ck r egul ar pr ef er ences on X whi ch at t ai n a

maxi mum at I ( 1) , a mi ni mum of I ( 0) and ar e st r i ct l y i ncr easi ng al ong I , can be

i dent i f i ed wi t h t he Banach mani f ol d of Ck r egul ar r et r act i on f r om X i nt o I . The

Hs r egul ar r et r act i ons f r om X i nt o I def i ne a Hi l ber t mani f ol d H, of Ck r egul ar

pr ef er ences whi ch ar e st r i ct l y i ncr easi ng al ong I , and whi ch at t ai n a mi ni mum at
1( 0) .

Pr oof .

	

The pr oof of Lemma 1 shows t hat any Ck r egul ar pr ef er ence whi ch i s

st r i ct l y i ncr easi ng al ong I and at t ai ns a maxi mumand a mi ni mumat I ( 1) and

I ( 0) r espect i vel y, can be r epr esent ed by a uni que Ck r egul ar r et r act i on f r om X

i nt o I . Lemma 2 shows t hat any such r et r act i on def i nes a uni que Ck r egul ar

pr ef er ence on X. The r est of t he cor ol l ar y f ol l ows f r om Theor em 3 .

	

o

Let

	

X= I n,

	

t he uni t cube i n

	

Rn ,

	

and

	

A t he di agonal i n

	

I n,

	

4 =

( ( x l , . . . , xn) : x i = xj , Vi , j ) . 4 i s a Ck r egul ar cur ve . A pr ef er ence p on I n

i s cal l ed monot oni c i f i t i s r epr esent ed by a f unct i on f : X - R sat i sf yi ng

f ( x) > f ( y) when x > y i n t he vect or or der of Rn . A pr ef er ence p on I n i s

cal l ed st r i ct l y concave when i t i s r epr esent ed by a f unct i on wi t h a second- or der

der i vat i ve def i ni ng a negat i ve def i ni t e f or m.

Cor ol l ar y 3 .

	

The space of HS monot oni c pr ef er ences on I n i s a submani f ol d of

t he Hi l ber t mani f ol d Ha . The space of HS st r i ct l y concave monot oni c pr ef er ences

on I n i s a submani f ol d of Ha when k >_ 2 .

Pr oof .

	

The f i r st st at ement f ol l ows f r om t he f act s t hat mont oni ci t y i s an open

pr oper t y i n t he Ck t opol ogy wi t h k >_ 1, and t hat t he i ncl usi on map Hs c Ck

i s cont i nuous by Sobol ev' s t heor em. The second st at ement f ol l ows f r om t he

f act t hat st r i ct concavi t y i s an open pr oper t y i n t he Ck t opol ogy when k > 2 .

0

4. Topol ogy, aggr egat i on and cont i nuous r epr esent at i on

Our next st ep i s t o show t hat t he mani f ol ds of pr ef er ences def i ned i n Sect i on

3 ar e cont r act i bl e ; t hey t her ef or e admi t appr opr i at e aggr egat i on r ul es and

cont i nuous r epr esent at i on i nt o f unct i on spaces [ see, e . g. , Debr eu ( 1964) and
Chi chi l ni sky ( 1977a, 1981) . We t hen show t hat t he l ar ger space of al l r egul ar
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pr ef er ences i s not cont r act i bl e : i t has a spher e as a r et r act . Ther ef or e t hi s l ar ger

space does not admi t appr opr i at e aggr egat i on .

Pr oposi t i on 1 .

	

The Hi l ber t mani f ol d of al l HS r et r act i ons f r om X i nt o a Ck

r egul ar cur ve I i s cont r act i bl e .

Pr oof .

	

As i n Lemma 2, l et d be a Ck di f f eomor phi sm f r om I i nt o [ 0, 1] . Let f

be a r et r act i on i n H' ( X, I ) .

Def i ne 7r : H' ( X, I ) X [ 0, 1] - - > Hs( X I ) by

7r ( f , X) ( x) = d- 1[ , X( d( f ( x) ) ) + ( 1 - X) ( d( f ( x) ) ) ] .

7T i s a cont i nuous map f r om HS( X I ) X [ 0, 1] i nt o Hs( X, 1) . For X = 0,

7r ( f , X) ( x) = f ( x) , and f or X = l , 7r ( f , 1) ( x) = f ( x) . Fur t her mor e, f or al l X,

7 ( f , X) i s a r et r act i on i n HS( X, . I ) when f i s a r et r act i on . Ther ef or e, t he space

of Hs r et r act i ons f r om X i nt o I i s cont r act i bl e .

	

0

Cor ol l ar y 4 .

	

The Hi l ber t mani f ol d of pr ef er ences H, i s cont r act i bl e . I n par t i cu-

l ar , f or any m >_ 2, t her e exi st s a cont i nuous aggr egat i on map

0 : ( HI ) ' - H, ,

whi ch r espect s unani mi t y and anonymi t y . 7

Pr oof .

	

A necessar y and suf f i ci ent condi t i on f or t he exi st ence of a cont i nuous

anonymous map 0 : ( M) k - Mr espect i ng unani mi t y i s cont r act i bi l i t y of M,

when Mi s a CWcompl ex [ see Chi chi l msky and Heal ( 1983) ] . By Pr oposi t i on 1

and Cor ol l ar y 2, H, i s cont r act i bl e. However , we have not shown her e t hat H,

i s a CWcompl ex . We shal l t her ef or e of f er an al t er nat i ve pr oof , whi ch consi st s

of const r uct i ng one map 0: ( H, ) ' - H, wi t h al l t he desi r ed pr oper t i es .

Let d be a Ck di f f eomor phi sm d : I - [ 0, 1] as i n Lemma 2. Def i ne ~ :

( H, ) ' - H, by

- p( Pl , . . . , P. ) ( x) = d - 1

	

md( Pi ( x) )

see Fi gur e 4. 0 i s cont i nuous, q, ( p, . . . , p) = p f or al l p, and ( p i s i nvar i ant

under per mut at i ons of t he pt ' s .

	

0

70 : Y" ' - Yr espect s anonymi t y i f i t i s i nvar i ant under per mut at i ons of i t s ar gument s ; 0 r espect s

unani mi t y i f i t i s t he i dent i t y on t he " di agonal " of Y, i . e. , 0( y, . . . , y) =y, b' y E Y.
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Fi gur e 4 . A cont i nuous map ( p : ( H, ) ' _ H, whi ch r espect s anonymi t y and unani mi t y . The
br oken l i ne r epr esent s t he r et r act i on gi ven by t he composi t i on map d

	

1( 2 ( d - p, + d - p2) .

Cor ol l ar y S.

	

Ther e exi st s a cont i nuous r epr esent at i on of t he space H, i nt o t he

space of Hs ut i l i t y f unct i ons over t he choi ce space X, H' ' ( X, R) .

Pr oof .

	

For any p E H, , t he composi t i on mappi ng d - p : X - R def i nes a

cont i nuous r epr esent at i on f r om H, i nt o H' ( X, R) , wher e d i s a Ck di f f eomor -

phi smbet ween I and [ 0, 1] as i n Lemma 2.

Theor em 4.

	

The space P of al l Ck r egul ar pr ef er ences on Xhas as a r et r act a

space di f f eomor phi c t o t he nt h spher e S" , wher e n i s t he di mensi on of t he choi ce

space X.

Pr oof .

	

Consi der f i r st t he case X = B" . The space Pof Ck r egul ar pr ef er ences

on X i s a subspace of t he space Ck ( X, S" ) ; endow t hi s l at t er space wi t h t he

Ck t opol ogy . For any p E P, l et x ( p) be t he mi ni mumof p over X. The map

p - > x( p) i s cont i nuous, and i t maps P i nt o S" . Denot e t hi s by ~: P _ S" .
Now, f or any poi nt y E S" , l et p( y) be t he pr ef er ence havi ng as i ndi f -

f er ence sur f aces hyper pl anes whi ch ar e or t hogonal t o t he segment [ y, - y] , and

wi t h y as a mi ni mum. Thi s def i nes a cont i nuous one- t o- one map X: S" - P;

l et i t s i mage i n P be denot ed al so S" . Si nce ~/ S" : S" - > S" = i d/ S" , i t
f ol l ows t hat S" i s a r et r act of P. I n par t i cul ar , P i s not cont r act i bl e .

When Xi s di f f eomor phi c but di f f er ent f r om B" , t he r esul t i s t hat P has as a

r et r act a di f f eomor phi c i mage of S" , and i s t her ef or e not cont r act i bl e .

Cor ol l ar y 6.

	

Ther e exi st s no cont i nuous aggr egat i on r ul e - ~ : ( P) ' - P r espec-

t i ng anonymi t y and unani mi t y, f or any m>_ 2 .

Pr oof. By Theor em 4, P cont ai ns a cont i nuous def or mat i on of S" as a

r et r act . Cal l t hi s r et r act al so S" . Any cont i nuous aggr egat i on r ul e q : P" '

	

P

whi ch r espect s anonymi t y and unani mi t y woul d def i ne anot her ~ : ( S" ) '

	

S"
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wi t h t he same pr oper t i es . However , t he CWcompl ex S" i s not cont r act i bl e.

Ther ef or e, by Theor em 1 of Chi chi l ni sky and Heal ( 1983) , ~ cannot exi st .

An al t er nat i ve pr oof of t hi s pr oposi t i on i s pr ovi ded i n Chi chi l ni sky ( 1980) .

0

Ref er ences

Abr aham, R. and J. Robbi n, 1967, Tr ansver sal Mappi ngs and Fl ows ( W. A . Benj ami n, NewYor k) .

Chi chi l ni sky, G. , 1976, Mani f ol ds of pr ef er ences and equi l i br i a, Ph . D. di sser t at i on ( Uni ver si t y of

Cal i f or ni a, Ber kel ey, CA) ; Pr oj ect on ef f i ci ency of deci si on maki ng i n economi c syst ems,

Techni cal r epor t no . 27 ( Har var d Uni ver si t y, Cambr i dge, MA) .

Chi chi l ni sky, G. , 1977a, Spaces of economi c agent s, Jour nal of Economi c Theor y .

Chi chi l ni sky, G. , 1977b, Nonl i near anal ysi s and opt i mal economi c gr owt h, Jour nal of Mat hemat i -

cal Anal ysi s and Appl i cat i ons .

Chi chi l ni sky, G. , 1980, Soci al choi ce and t he t opol ogy of spaces of pr ef er ences, Advances i n

Mat hemat i cs.

Chi chi l ni sky, G. , 1981, Cont i nuous r epr esent at i on of pr ef er ences, Revi ew of Economi c St udi es .

Chi chi l ni sky, G. and G. Heal , 1983, Necessar y and suf f i ci ent condi t i ons f or t he r esol ut i on of t he

soci al choi ce par adox, Jour nal of Economi c Theor y .

Debr eu, G. , 1964, Repr esent at i on of a pr ef er ence or der i ng by a numer i cal f unct i on, I nt er nat i onal

Economi c Revi ew.

Debr eu, G. , 1972, Smoot h pr ef er ences, Economet r i ca .

Hi r sch, M. , 1976, Di f f er ent i al Topol ogy ( Spr i nger - Ver l ag, NewYor k) .

Hi r sch, M. and B. Mazur , 1974, Smoot hi ngs of Pi ecewi se Li near Mani f ol ds, Annal s of Mat hemat i -

cal St udi es ( Pr i ncet on Uni ver si t y Pr ess, Pr i ncet on, NJ) .

Mi l nor , J . , 1965, Topol ogy f r om t he Di f f er ent i abl e Vi ewpoi nt ( The Uni ver si t y Pr ess of Vi r gi ni a,

Char l ot t esvi l l e, VA) .

Skor ohod, A. V. , 1974, I nt egr at i on i n Hi l ber t Space ( Spr i nger - Ver l ag, New Yor k) .

Sobol ev, S. L . , 1963, Appl i cat i ons of Funct i onal Anal ysi s i n Mat hemat i cal Physi cs, Tr ansl at i on of

Mat h . Monogr aphs, Vol . 7 ( Amer i can Mat hemat i cal Soci et y, Pr ovi dence, RI ) .

Spani er , E. H. , 1966, Al gebr ai c Topol ogy ( McGr aw- Hi l l , NewYor k) .


