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Topology and Economics:
The Contribution of Stephen Smale*

(JRACIELA CHICHILNISKY

1. Imtroduction

(Classical problems in economics arc concerned with the solutions of several
simultaneous nonlinear optimization problems, one for each consumer or
sroducer, all facing constraints posed by the scarcity of resources, Often their
interests conflict, znd it is generally impossible to find a single real-valued
function representing the interests of the whole of society, To deal with this
problem, John Von MNeumann introduced the theory of games. He also
defined and established the existence of a general cconomic equilibrium,
using 1opological tools [Von Neumann, 1938]. The work of Stephen Smale
follows Lhis tradition. He uses topological tools to deepen and refine the
cesulte on existence and other properties of another type of BCOMOMIC Bglil-
librium, the Walrasian equilibrium (Walras [1874-77]), as [ormatized by
Kenneth J. Arrow and Gerard Debreu [1954], and of non-cooperative equi-
librium in game theory as formalized by Mash (1950} This article aims ta
show that topology is intrinsically necessary for the understanding of the
fundamental problem of conflict resolution in sconomics in its various forms”
and to situate Smale's contribution within this perspective, The study of
conflicts of interests between individuals is what makes economics interesting
and mathematically complex. Indeed. we now know that the space of all

| This is a revised version of the paper presentzd al Conference in Honor of Stephen
Smale at the University of California Berkeley, August 1990, [ thank those who
commented on the presentation of this paper on August 5, 1990, and Ralph Abraham,
Don Brown, Curtis Eaves, Geoffrey Heal, Morris Hirsch, Jerrold Marsden, Andreu
Mas Colall and Deanis Sullivan for comments. [ am particularly grateful 1o Kenneth J.
Arrow for valuable suggestions. Hospitality and financial support from the Stanford
Institute of Theoratical Economics at Stanford University is gratefully acknowiedged.
2 & similar statement is made by Von Meumann about his general cquilibrium market
solution: “The mathemaneal proof (of existence of 4n sconomic equilibrium] is possi-
ble only by means of a generalization of Brouwer's Fix-Pomt theorem, 1.5. by the use
of very fundamental ropeingical faces™ (Von Meumann. [1945-467, p. |, parenthesis
supplied).

@ 1903 Springer-Yerlag New Yark, Inc. Fram Topology to Computation: Proceedings
af the SMALEFEST egited by M. W, Hirsch et al.
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individual preferences, which define the individual optimization problems, is
topologicaily nontrivial, and that its topological complexicy is responsible for
the impossibility of treating several individual preferences as if they were
ome, .t aggregating them (Chichilnisky, 1980; Chichilnisky and Heal, 1983).
Recause it is not possible, in general. to define a single optimization problem,
ather solutions are sought. This article will develop three solutions, discussed
below.

Because of the complexity arising from simultaneous oplimization prob-
lems, sconomics differs from physics where many of the fundamental rela-
tions derive from a single optimization problem. The attempts ta find solu-
vions to conflicts among individual mterests led to three dilferent theories
2bout how sconomies are orgamzed and how they behave. These are general
equilibrium theory, the theory of games, and social choice theory. Each of these
theories leads naturally to mathematical problems of a topological nature.
Sieve Smale has contributed frurtfully to the first two theories; zeneral equi-
librium theary and the theory of games. | will argue that his work is con-
qected also with the third approach, social choice theory, by presenting in
Section 4 results which link closely, and n unexpected ways, two seemungly
different problems: the existence of a general equilibrium and the resolution
by social choice of the resource allocation conflict in economics (Chichilnisky,
19911,

2. A First Approach to Conilict Resolution in Economics:
General Equilibrium Theory

One method of resolving social conflicts of interests is through market alloca-
tions or general equilibrium solutions. This is the area of economics to which
Stephen Smale contributed most. General equilibrium theory explains how
an economy behaves through a formal model of interacting markets. In
particular, general equilibrium theory explains how society's rescurces will
be ailocated among the different individuals through the allocations which
oecur when markets clear. Such a solution 18 appealing because. under cer-
tain conditions, the general cquilibrium allocation maximizes the Parewo
arder which ranks allocations among the different individuals, This is a
staternent of the “first theorem of welfare economics™, which establishes con-
Aitions {Arrow and Hahn (1971)) under which Pareto optimality is achieved
at the market clearing allocations. Pareto optimality of an allocation means
that no other feasible allocation can be found at which all individuals are
simultaneously better off. Pareto optimality provides a powerful rationale for
studying market-induced solutions to the fundamental conllict of allocaung
scarce resources among several individuals.

General equilibrium theory starts with the assumption that there sxist /
commodities, so that a consumption bundle is described by a vector in R.
& pure exchange ecomomy 15 defined by three primitives, which are left
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unexplained:

1. Consumption ssts X, nonempty subsets of R, for each agenti=1, ..., m.

. A vector e e R' describing a quantity of each commodity available to the
economy as a whole, If the economy is privately owned, then there are
vectors describing the initial allocations of the | commodities for each
of the m-consumers or traders, e, = RY, i = 1, ..., m, which describe each
individual’s initial ownership of resources or endowments, and salislying
Ye=e

3. For each trader J, a preference <; which is a total preorder (ie., reflexive
and transitive} on X,

Id

A pure exchange privately owned e¢conomy is, therefore, a system, E =
X (=) (ehi=1.._m} The vector e = } ;e & R' describes the scarcity of
resources for the economy as a whole® and is called the initial endowment of
the economy. The preference =, describes the criterta used by trader i to
evaluate his‘her allocation. These preferences are generally not linear, lead-
ing to a nonlinear optimization problem for each trader. The space of ail
possibie preferences is an infinite-dimensional space related to, but quite
different from. the space of real-valued functions on the commaodity space R’
Indeed, as it will be discussed in Section 4, the global topolegy of this space
15 responsible for the impossibility of constructing one preference < which
represcnts all of society, and which reduces the problem to a single optimiza-
tion problem (Chichilnisky, 1980).

We now define in steps the general equilibrivm solution. The index @ de-
scribes consumers in the economy, i = 1, ..., m. Deline an arrainadle state
5 af the economy as a list of consumption-vectors for each trader,
6 mts and a vector p in the positive orthant of cuclidean space R,
denoted R'*, called a price-vector, satisfving the conditions;

i) for every i, x, € X, and p & B,
)Y <) e

The price-vector p assigns to each commodity bundle =z in R a “value”
defined by the inner product p-z For each price p, the budger ser Bip) of the
ith rrader is the set Bip) = [xe R/p-x = p-e L

An attainable state 5 is a general equilibrium if, for every (, the consumption
vector x; is best according to =, within the ith trader’s budget set Bi(p).
An artainable state s is called Pareto optimal if no other attainable state s
exists at which all traders are better off in terms of their preferences.

A general equilibrium, therefore, proposes an interesting solution to the
resource allocation problem. Total resources are scarce, constrained as in (ii)

"In mare general terms, production is considered as well: Smale [1974a] troated
production with considerable penerality; see also Debreu [1991]. However, for our
purposes it will suffice to study the pure exchange sconomy, in which individuals
trade betwaen themselves a fixed total stock e & ' of goods,
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by the mutial endowment of the economy e v a gereral equlilibrium, sach
trader is allocated a share x, of all | commaodities in such a way that each trader
i maximizes histher preference =<, within their budger sers Bi(p), and without
exceeding society’s total resources ¥ ;x; < e

MNote that auxiliary {dual) variables have been introduced: prices p which
are vectors in R' (one for each commodity). These vanables play an important
role in the definition of an equilibrium. This was already noted by Ven
Neumann [1938] who wrote: “Another feature of our theory, so far without
explanartion, is the remarkable duality (symmetry) of the monetary variables
iprices y;, intetest factor f§) and the technical variables.” The use of prices
in defining equilibra and, thus, characterizing Pareto oprimal allocations is
one of the fundamental insights provided by welfare economies. This has also
been the subject of Smale’s work (eg. Smale [1973, 1974b, 19744, 1975,
1976d]). The general equilibrium solution to the resource allocation problem
defined by Arrow and Debreu {1934) satisfies the following remarkable prop-
arties: It respects the value of private ownership because E,|},.‘=:’L = E,.p,-e.,
and it optimizes the Pareto order on social zllocations. This 1s the main claim
for its use as an acceptable form of resource allocation.

Topology has long been connected with the general equilibrium of mar-
kets. The connection between topology and general equilibrium models in
sconomics has been established in a number of pieces starting with Von
Neumann's [1938]. As its title indicates, Yon MNeuman's arlicle proved a
generalization of Brouwer's Fixed-Point Thoorem to éstablish the existence
of an economic equiiibrium. When the Walrasian model of a general equilib-
rium (Walras [1874-77]) was formalized by Arrow and Debreu [1954], a
fixed-point theorem was also used to establish the existence of an equilibrium.
Indeed, all proofs of existence of an economic equilibcium vse topological
taols.

Until Smale’s contnbution, ail proofs of existence of a general equilibrium
refied on fixed-point theorems, and convexity was generally required. As
Debreu [1993] points out, Smale's work coingided with the return of the
differentiable tradition in economics, a tradition that had been abandoned in
the 1930s and 1960s in favor of the canvex approach.

Smale's papers on general equilibrivm uss a different topological approach.
The results of M. Hirsch [[963] on the nonretractibility of a cell onto its
boundary, Lemke's [1965] algorithm lor affine cases, and Eaves's extension
to nonlinear cases [1971, 19721, provided topological methods for computng
an equilibrium and a precedent for Smale’s approach to proving the existence
of an economic equilibrium. Existence is established by studying the behav-
ior of certain one-dimensional manifolds starting at the boundary of a set
ithe price space} and tending to a general equilibrium, Smale’s proof of the
axistence of a general equilibrium follows this general line, using Sard’s theo-
rem, the mmplicit function theorem, and the classification of one-dimensional
manifolds.

Asin Von Neumann [1938], Smale [1974a, 1975] reduces the problem to
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the existence of a zero of several simultaneous nenlinear equations. cach
describing the behavior of one market. The zeros represent the market-
clearing positions in each market. This is an old approach to the problem to
which he gives a new light. He considers the standard excess demand of
the economy at each price p, denoted z(p). This is defined as the difference
hetween two vectors: the total demand vector [the sum of the optimal choices
of all the traders at their budget sets B;(p)] and the total supply (the social
endowment ¢}, Excess demand z(p) is a correspondence defined on the price
space which is the unit simplex in R', & = {pe R"*/} p; = 1}, a closed con-
vex subser of R', and with values in the commodity space R'. Smale makes
assumptions which ensure that z{p) is a well-defined C* function from the
price space A, into R'. For cach p, the vector z(p) is called the "excess de-
mand” of the economy because it is the difference berween what is demanded
and what 15 supplied of each good.

The zeros of z{p) are the general equilibria of the cconomy, calied the
“squilibrium prices.” At an equilibrium price p [one satisfying zip) = 0], the
market ciears and traders are within their optimal behavior. Thus, Smale’s
interest in finding the zeros of a [unction from R™ into R™ (e.g. Hirsch and
Smale [1979]).

Locating the zeros of the excess demand [unction is achieved by studying
the behavior of a one-dimensional manifold. This manifold is the inverse
image of a regular value of the function

p*(p) = wipklelp)l

where

wip) = zip) — p[z*j ="lp) ]

The zeros of z(p) are the same as the zeros of @(p), so that o* is pot defined
on the set of squilibria, denoted E Thus, @* is defined only on &, — .
Consider a reguiar value y of o* A connected component of the one-dimen-
sional manifoid defined by the inverse image of v, starting at the boundary of
A, must end outside the domain of definition of ¢*, and, thus, at a zero
ol @(x). Therelore, by [ollowing such a manifold, one finds an equilibrium
[Smale, 1974a). ]

Smale’s proof is interesting in that it can be extended in scveral wavs
ta compute the equilibrium, by following related one-dimensional manifolds
starting at the boundaries of the price space. Indeed, this became Smale’s
wark on the Global Wewton Method [1976b], related to his work with
M. Hirsch "On Algorithms for solving f{x) = 07 (Hirsch and Smale, 1975).

Smale’s work on existence of an equilibrium also provided very usaful
insights into the approximation of equilibdum through “nonegquilibrium”
paths (Smale, 1976a, 1976¢, 1977, 1978). Here, Smale attacked also the prob-
lem of how the economy armives at an equilibrium, a problem which 15 not yet
fully soived but to which he contributed valuable technical insights. In addi-



152 . Chichilnisky

tion, Smale explored fruitfully the question of trading outside of an equilib-
rium [1976¢], the so called “non-tatonnement” model This refers to a non-
trivial variant of the Walrasian model which allows trading even though
markets have not cleared {Arrow and Hahn, 1971}

Indeed, one of the difficulties with the Walrasian general equilibium mod-
el is that trading takes place only at an equilibrium. An interpretation of this
is that, in a Walrasian economy, there exists an “auctionesr” or “government”
agent which controls the market in the sense of allowing “bets” at those
prices that do not clear the market, but not allowing trading unless prices are
achieved at which all markets clear, The interpretation of the auctioneer is
problematic because 1t is at odds with the desire to view 2 market as a purely
decentralized institution, one with no role for a “government” or other insti-
tution who knows everyone's position. Smale’s work includes cases which go
beyond this limitation, cases where trading takes place outside of an equiiib-
rium, He studied conditions for the convergenee of such trading to a general
equilibrium [1976¢].

Added to the above results, which use differentiable and algebraic topol-
ogy in various forms, the Global Newton Method specified by Smale [1976b]
medifies the standard Newton method {e.g., Arrow and Hahn [1971]} so that
it becomes well-defined on the “singularities” where the MNewton method i3
not, for genenc sets of initial conditions. Again his approach uses topology to
determine how to “conrnue” the Newton method through a singularty. His
work on the computation of a zero of the excess demand functions led him,
in turn, to develop in recent years a fruitful approach to the development
of more general algorithms for the computation of zeros of a function of R™
into AT

2.1, Equilibrium in Nonconvex Economies

Smaie aiso contributed to the understanding of the deterministic properties
of eguilibrium, i.e., to the number of equiiibria of an economy. Using Sard's
thedrem, a technique used also by Debreu [ 19707, Smale [1974a] established
the genenic local uniqueness of equilibrium in rather general models, where
production is allowed, even nonconvex production. This is a realistic as-
sumption on the so-called “returns te scale™ of the economy, which allows
for “increasing” as well as “decreasing returns in production.” The convexity
of production sets derives from the assumption that added units of inputs
produce proportionally fewer output. Instead, increasing retiurns means that
production becomes more efficient when the quantity produced increases: An
added unit of input produces proportionally a higher amount of output.
With increasing returns, production sets are not convex. Economic produc-
tion with informational inputs (such as, for example, those involving commu-
mications) typically exhibit increasing returns to scale, as do all industries
with large initial fixed costs of production {such as R&D). Indeed, some of the
maost inceresting and productive new technologies have this property.
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Smale established properties of such nonconvex economies with simple
methods, in an area which subsegquently became important in economics in
terms of its ahbility to vield new insights on the welfare properties of equi-
libria. With nonconvex technologies, a general equilibrium reinterpreted as
Smale does, in differentiable terms, becomes essentially what is usually called
a marginal cost pricing equilibrium.* Smale does not call attention to this facr,
which has largely been overlooked in the literature.

Smale’s framework [1974a] is as follows. He works with variable endow-
ment-vectors e, for traders, i = 1, ..., m. Each individual has a fixed consump-
tion set denoted P = R* (previously X;). The economy is thus defined by one
vector e = (g, ..., e )= P, and by allocations of total resources, namely, of
¥ e, to the consumers denoted x = (%,,-..,%y) such that ¥ x, = Yie A
trader's preference is defined by a C 2 real-valued function u, defined on P,
with no critical points, and thus having 2 well-defined gradient vector g.{x,),
¥x, € P, Smale’s definition of the set I of equilibria is then

L= {[e,x} e P" x PPNt gfx)=pand p-x,=pe, L 5 =2 e,}.
L ] i
Smale’s defimition corresponds to the previously given definition of a general
equilibrium {which is, in turn, in Debreu’s [1993]) when preferences are con-
cave and the trader's endowments e, are fixed.

Smale replaces the optimization of preferences by a “common gradient
condition”; ¥i, g,{x) = p. This condition is equivalent to the condition of
optimizing traders’ preferences on their budget sets when preferences are con-
cave, but not otherwise,

Smale's definition of a general equilibrium is extended to a similar defini-
tion with production, in which case it implies optimization (of profits by
producers) anly when there is convexity {of production sets). With general
production sets (not just convex) as considered by Smale, his definition be-
comes essentially equivalent to the notien of “marginal cost pricing equilib-
rum” (Brown and Heal, 1979). This simply means that at an equilibrium the
“equal gradient condition” is satisfied, although no optimization of profits is
assured, Marginal cost pricing is a well-established principle for economies
with nonconvex production, and it 1s widely used in practice for regulating
imdustries with “increasing returms to scale.” i.e., with nonconvex production,
Tn addition, marginal cost pricing can be shown to be a necessary (but not
sufficient) condition tor efficiency of an equilibrium.

Obviously, marginal cost pricing equilibria need not satisfy Pareto opti-
mality conditions in nonconvex economies. Such cases are included in Smale’s
existence work, as well as in his work on the local uniqueness of such equilib-
ria [1974a], although he does not discuss the welfare properties of the non-
CONVEX CASes.

_‘ When an udditiﬂna! condition ensurning positive moomes 15 added. Such a condition
18 IOt NECEssary in convex economies.
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Since Smale’s cxistence work on economies with nonconvex production,
we have learned that this failure of optimality can be quite serious: there exist
nonconvex economies with several (locally unique) equilibria as defined by
Smale, where all the equilibria fail to be Pareto optimal. This was proved by
Guesnerie [1975] and by Brown and Heal [197%], following parallel hines
which did not make contact with Smale’s work. More recently, we have
learned that this problem of failure of optimality is generic. Genencally in
nonconvex economies, all marginal cost pricing equitibna fail to be Pareto
optimal (Chichilnisky, 1990),

Smale's work on nonconvex cconomies is nol concerned with Pareto opti-
mality. It appears to emerge from a natural mathemartical position with re-
spect to the limitations of convexity, While powerful, convexity 15 a rather
special case, and it cannot be justified {rom the observation of economme
reality. Smale's work, which focuses on u dilferentiable approach, naturally
included convex as well as nonconvex cases. This simpler and more general
approach to general equilibmum—which, as we noted, leads to unexpected
failures of the optimaiity of equilibrium—is possibly one of the most interest-
ing denvatives of Smale's work m general equilibrium theory. [t seems fair to
say that his work in this area has hardly been utilized in the economic litera-
ture, so that we may expect many more ramifications in the future,

Smale followed the path started by Von Neumann of utilizing topological
methods to resolve simultaneous, conflicting, optimization problems ansing
from economics. Whereas Von Neumann introduced new models in econom-
ss, such as the Theory of Games and General Equilibrium Theory, Smale
deepened and refined our understanding of existung models and open prob-
lems. He aiso provided a iruitful introduction ol differentiai topology methods
and showed the value of this machinery both for theoretical und applied
pUIDO5ES.

3. A Second Approach to Conflict Resolution in
Economics: The Theory of Games

Smale alsa contributed ro the theory of games, particularly in one paper
studying the solutions of the “prisiener dilemma” game [1980]. Game theory
provides a different approach to the resource-allocation problem. It typically
assumnes that the plavers have certain “strategies” available to them. The
game is defined by specifying the outcomes which obtain when each player is
playing @ mven strategy. This is called a “payoff function.” A widely used
solution concept is that of a Nash equilibrium {Nash, 19500. Here, each player
chooses a strategy which maximizes his/her preferences for outcomes, given
the strategies plaved by the other players. The fact that other plaver's strategies
are taken as given is usually described by saying that the equilibrium is
noncooperative. Instead, cooperative solutions involve communication between
plavers, so that plavers nfluence each other surategies and, in this sense,
coalitions are [ormed which decide the oulcomes.
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Game theoretical models dilfer from market models in that they have
much less structure. This gives more flexibility to the theory, so that more
situations can be represented, but obvicusly, fewer general results obtain,
Because the problem is posed in a very wide framework, particular assump-
Lions are made in each case to prove results, with the consequence that the
results are far less general than those of the general equilibrium theory. [n
particular, Pareto efficiency is generally lost in noncooperative solutions. The
trade-off is 1n the structure of the problem: market theory has far more struc-
ture and, therefore, far more rasults.

Yet, game theory is closely connected with the market-allocation problem.
Indeed, one of the first existence theorems produced by G, Debreu for a general
cquilibrium proved the existence of a market equilibriom by using a proof due
o Nash (193 to establish the existence of an equilibrium of a game in which,
in addition to the traders delined in Section 2, a “government” was one of the
players (Debreu, 1952}, In addition, a widely used concept of a cooperative games
soiution, the core of a market game, is closely associated with the market equi-
librium. In an appropriately defined limiting sense, the two concepts coincids,

The problem tackled by Smale 1n game theory 15 the Pareto opumality of
solutions to the pnsioner’s dilermnma, the archetvpe example of a game where
noncooperative solutions, the Nash equilibria, are Pareto inferior, A long-
standing intuition about this game is that if the plavers played repeatedly,
they would “learn” that the noncooperative solution is inferior and alter their
behavior appropriately. The question 18 Lo formalize this learning process so
that a new solution may be defined that leads to Pareto optimal outcomes,

Smale studies that questions by defiming a repeated game, 12, one which 15
played time and again, with finite memary. This is formalized by defining a
time-dependent map from the set § of convex combination of all possible
strategies to jtself, §p: 5 — 8, where T & N denotes time. The idea is to repre-
sent memory of the past by the average of past strategies, Given an initial
stralepy al time T = 0, at each T the map, f; summarizes a ume-dependent
sequence of strategies, =ach generated by the average of the previous ones,
thus defining dynamical svstems associated to the noncooperative game, The
interest of his approach is that he obtams Pareto «fficient solutions asympto-
tically, the type of solutions which one may expect from a cooperative ap-
proach, by studying noncooperative solutions when the agents have memory.
Again using topological tools, Smale uses his formulation to prove, under
certain conditions, the existence of Pareto optimal solutions which are glob-
ally stable as usually defined in dynamical systems theory.

4. A Third Approach to Conflict Resolution:
Social Choice Theory

Our last task 15 to explain the relation between Smale's work and social

choice theory, an area in which Smale did not contnbute directly.
Social choice theory starts by the assumption that there exists a set X of all
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possible choices or social states, which could be mterpreted as the space of all
possible allocations of the total social endowments among all m individuals.
X s generally a closed, convex subset of R Each individual i has a preference
g defined on X, i=1, ..., m, (see definition of < in Section 2). The space of
all individual preferences is denoted P; this is an impartant space with 2 non-
trivial copological structure. As seen below, the solution of the social choice
allocation problem hinges on its topology. The social choice problem 18 o0
find a “social preference” p, which ranks the elements in X, and, thus, can
choose the social optimum among the feasible allocations in X.

It is desirable, and thus assumed, that the social preference depends on the
individual preferences p;, i=1, ..., m e, p=@(py s Bmk Equivalently,
there must exist a function ¢: P™ — P. The propertigs of the function ¢ deter-
mine the manner in which the social preference depends on the individual
preferences. Ethical principles dictate that ¢ should be symmetric on the
individuals, an “equal treatment” property, (i.e., respect anonymity), and that
# should be the identity map on the diagonal of P™ (meaning that § respects
unanimiry). Practicality requires that & be continuous; this assures the exis-
tence of sufficient statistics, namely, “polls” taken [rom finute samples which
yield information approximating the true function. These three axioms; con-
tinuity, anonymity, and respect of unammity were introduced in Chichilnisky
[1980}; they relate to, but are different from, other axioms used in the Social
Choice literature commenced by Kenneth Arrow's work.

In general, the three axioms, continuity, anonymity and respect of unanim-
ity, arc inconsistent with each other {Chichilnisky, 1980) and certain restric-
tions are necessary for social choice allocations satisiying these axioms to be
possible {Chichilnisky and Heal, 1283). This means that 4 function ¢; P™— P
respecting all three axioms does not exist when P is the space of all prefer-
ences Chichilnisky (1980). The nonexistence result hinges on the topological
structure of the space of preferences P. This became clear when, after a sub-
stantial literature developed on this problem, Chichilnisky and Heal (1983)
proved-that for any given (CW compiex) space X amap ¢ X™— X exists for
all m if and only if the homotopy groups IT(X) =0 forall j = 1({Theorem 3
below). This is equivalent to X being contractible, 1., topologically equiva-
lent to a point: therefore, the allocation pro blem in economics, posed in terms
of & social choice, is essentially a topological issue, one which can be resolved
if and only of there ismo topological complexity.

This section will show that the existence of the co mpetitive equilibrium has
the sume characteristics as the social choice allocation problem: Tt will be
shown that the topological obstruction for the social choice resolution and
for the existence of an equilibrium are one and the same: They lie in the
topology of a family of cones which are naturally associated to the ECONOMY 'S
preferences. .

We need some notation, in particular we must define the space of prefer-
ences and explain how it differs from a vector space of real-valued functions.
The latter. being linear, 15, of course, topologically trivial.

The following is a definition of prefersnces equivalent to that of Section 2.
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Consider the space of real-valued functions on &, f: X — R, with the equiva-
lence relation f = g i and only if ¥x, y& X, f(y) = fix)+—g(y) = g(x). The
space P of all preferences is then the quotient space of the space F of ail
real-valued [unctions on X under the equivalence relation ==, F/=. With
appropriate smoothness and regularity restrictions on £ (f £ F — (15 C? and
has no critical points) such as those used is Smale’s work, one considers F as
the space of all C* unit vector fields v: X — R' which are globally integrable,
ie., essentially the space of codimension—one ' oriented [oliations of X
without singularities (Chichilnisky, 1980,

Recent results have been used to establish the topological connection be-
tween the problem of existence of a general equilibrium to which Smale
contributed extensively, and the social choice solution of the resource alloca-
tion conflict in economics in Chichilpisky [19917. The rest of this section will
axplain this connection.

4.2. Social Choice and the Existence of a Competitive
Marker Equilibrium

Consider the exchange general equilibrium model defined in Section 2. Typi-
cally, 1t is assumed that consumption sets X, are positive orthants. Here,
instead, we assume that the individual consumption sets' X, are all of R,
this is elaborated further below. In this case, it is possible to give necessary
and sufficient condition a simple for the existence of a general eguilibrium
(Chichilnisky, 1992), defined on the properties of a family of cones which
represent the relationships between the differsnt individual preferences. These
necessary and sufficient conditions are in turm also necessary and sufficient
for the resolution of the social choice problem as defined by Chichilnisky
[1980] and Chichilnisky and Heal [19873].

Consider the pure exchange general equilibrium model as defined in Sec-
tion 2 with ane further specification: for each consumer i, the consumption
set X,, which is the set of all consumption vectors which are feasible to the
consamer, is the whele commodity space R'. Such consumption sets are fa-
miliar in financial markets: they include “short™ sales of commodities, which
are sales involving 2 quantity larger than what is owned by the seller. When
there are no limitations on the coordinates of the consumption vectors,” x,,
7i X, = R.

% Debreu [1993] mentions that for sach consumer, the consumer inpuls are positive
numbers, and outputs are negative numbers. The Ath coordinate of a vectar x, in the
consumption sl X, 15 then the quantity of the hth commodity that he/she consumes
if £ = 0, or the negauve of the quantity he/she produces if = = 0. For cxample, if a
consummer's cutput 5 the amount of labor he/she contributes, because lahar output is
limited 1o 24 hours a day, then the negative coordinates of the consumption set X, are
nounded below, Such restrictions are however not applicable to financial markets,
where in principle X, could be unbounded below, and, in fact, the whele of the space
RY, see also Chichilnisky and Heal [1984, 1993].
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When each consumer's consumption set X, is the whole commodity space
R' rather than R', certain conditions on individual preferences are needed
for the existence of a competitive equilibrium without which it fails to exmst.
These conditions replace the boundary conditions used by Smale to prove
2xistence. Arrow—Debreu consider for example the model defined in Section
2, where commaodities are also indexed by date and state of nature so that,
for exampie, an apple tomorrow if it rains is different from an apple today,
and also different from an apple tomorrow if it does not rain, and they all
have potentially different prices, In such models, consumer preferences in-
clude their subjective probabilities for the states of the world in the next
perad. [t is clear that with two traders who have the opposite expectations
about the poce of apples tomorrow (for example, one expecting that with
probability one the price of appies will increase. and the other the opposite,
also with probability one), they will always increase their utlity by trading
increasing amounts in the opposite direction for defivery tomorrow. The
trader who expects prices to drop will want to sell short, any amount, and the
trader who expects prices to increase will want to buy more, any amount.
Thus. in this two-person sconomy, an equilibrum will not exist unless an
exogenous bound is intraduced on “short™ apple sales, such as, for example,
a lower bound on the consumption sets X, of the traders.

Such lower bounds are obviously artificial. In addition, the equilibria
found by imposing exogenously such lower bounds, depend, of course, on the
chosen bound. leading to indeterminacy of the model (ie., which bound to
choose?),

For this reason, it is preferable to postulate conditions on preferences,
which are the primitives of the model, to assure the existence of an equilib-
rium. This is what has been done in Chichilnisky and Heal [1984, 1993]. We
pursue a similar approach here, except that here we shall provide conditions
which are “tighter” being both necessary and sufficient for the existence of an
aguilibriurm.

We need some definitions. Let E = [(X;Li=){e)i=1!...,m} be an
sconomy as in Section 2, with ¥i, X; = R', Define the ith trader preferred
cone 4, = {ve R' ¥x e RA > 0:(e; + av) >, (x,}}, and its dual D; = {ve R
Ty e A,y >0} We shall say that a smooth preference p is consistent
with the cone A; if ¥x, & R' and ¥y e 4, {plx;),y» >0, where pix) is the
vector field defining the preference p. This means that the preference p in-
creases in the direction of the preferred cone 4;. For any subset of traders
9 [1,....m}, a smooth preference p is similar with those of the subecanomy
E,= [{X).(=)le;) i@} il it is consistent with the preferred come 4, [og
some i = 9. The space of all preferences similar to those of the su beconomy £,
is denoted F,. Define now the following conditions:

(A} The intersection of the duals [ 7., D; is not empty.
(B) The union | J;., Dy is contractible for all 8 = {1.....m}.

Then we have the following results:
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Theorem 1. Conditions (A) and (B) are equivalent (Chichifmisky, 1981, [991).

Theorem 2. Consider the pure exchange economy £ = [(X))(=), (g1 =1,
..m} of Secrion 2. Assume thar all standard conditions on preferences are
satisfied: ¥i, <, Is smooth, concave and increasing. The consumption sets are
X, = R' jor all i, Then condition(A) is necessary and sufficient for the existence
of a competitive equilibrivm (Chichilmisky, 1992).

If X isa CW complex:

Theorem 3. 4 continuous anorymous map & X*— X respecting unanimity
pxists for all k=1 if and only if n(X)=0 for all i [n particular, X i
contractible.

From Theorems 1, 3 and Chichilnisky (1991}

Theorem 4. For each subset of traders § = {1,...,m}, consider the spuce B
of all smooth preferences on R' which are similar to those in the subeconomy
Ey. Then there exists a continuous anonymous map @& Py — F, which respects
wranimity for all k= 1 and 2, i and only 7 {B) is sarisfied,

Theorems |, 2 and 4 imply:

Theorem 5. The economy E = [ X} (<) le)i=1,....m} of Theorem 2 has a
competitive equilihrivm if" and only if for each subser of traders § < [1,...,m}
the spuce of preferences Py similar to rhose of the subeconomy E, admits a
cantinuous anonymous map @ BF — P respecting unanimity, 7k = 1.

This last theorem proves an equivaience between two topological prob-
lemns, the exstence of 4 general equilibrium and the resolution of the social
choice problem. and completes our arguments.
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