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Abst r act . The paper pr oposes t wo axi oms t hat capt ur e t he i dea of sust ai nabl e
devel opment and der i ves t he wel f ar e cr i t er i on t hat t hey i mpl y . The axi oms r equi r e
t hat nei t her t he pr esent nor t he f ut ur e shoul d pl ay a di ct at or i al r ol e.

Theor em 1 shows t her e exi st sust ai nabl e pr ef er ences, whi ch sat i sf y t hese axi oms .
They exhi bi t sensi t i vi t y t o t he pr esent and t o t he l ong- r un f ut ur e, and speci f y
t r ade- of f s bet ween t hem. I t exami nes ot her wel f ar e cr i t er i a whi ch ar e gener al l y
ut i l i zed : di scount ed ut i l i t y, l i m i nf . l ong r un aver ages, over t aki ng and cat chi ng- up
cr i t er i a, Ramsey' s cr i t er i on, Rawl si an r ul es, and t he cr i t er i on of sat i sf act i on of basi c
needs, and f i nds t hat none sat i sf i es t he axi oms f or sust ai nabi l i t y .

Theor em 2 gi ves a char act er i zat i on of al l cont i nuous i ndependent sust ai nabl e
pr ef er ences . Theor em 3 shows t hat i n gener al sust ai nabl e gr owt h pat hs cannot be
appr oxi mat ed by pat hs whi ch appr oxi mat e di scount ed opt i ma . Pr oposi t i on 1
shows t hat pat hs whi ch maxi mi ze t he pr esent val ue under a st andar d pr i ce syst em
may f ai l t o r each opt i mal sust ai nabl e wel f ar e l evel s, and Exampl e 4 t hat t he t wo
cr i t er i a can gi ve r i se t o di f f er ent val ue syst ems .

Economi cs i s at a cr ossr oads cr eat ed by t wo maj or t r ends . One i s advances i n
i nf or mat i on t echnol ogy, whi ch ar e changi ng t he way we wor k, l i ve and t hi nk . The
ot her i s t he envi r onment al agenda, whi ch l eads us t o r econsi der t he f oundat i ons of
economi cs, t he cent r al quest i on of r esour ce al l ocat i on . Economi cs t r adi t i onal l y

Thi s paper was pr epar ed f or a pr esent at i on on Reconsi der at i on of Val ues at t he St anf or d
I nst i t ut e f or Theor et i cal Economi cs, or gani zed by K. J. Ar r ow i n Jul y 1993 . I t was al so
pr esent ed at I nt er gover nment al Panel on Cl i mat e Change Semi nar i n Mont r eux, Swi t zer -
l and, Mar ch 1994, at a Semi nar on I nconmensur abi l i t y and Val ues at Chdt eau du Baf f y,
Nor mandy, Apr i l 1994, and at t he Gr aduat e School of Busi ness of St anf or d Uni ver si t y i n
May 1994. e mai l gc@col umbi a. edu.
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consi der s r esour ces as passi ve, so t o say " t her e f or t he t aki ng" . But many r esour ces

ar e al i ve, l i ke f or est s or bi odi ver si t y, and even t hose whi ch ar e not al i ve have t hei r

own r at i onal and dynami cs, such as t he pl anet ' s at mospher e or i t s wat er bodi es .

The i nt er act i on of r esour ces wi t h human or gani zat i ons such as mar ket s r equi r es

at t ent i on now because f or t he f i r st t i me i n hi st or y, human act i vi t y has r eached

l evel s at whi ch i t can al t er t he gl obal envi r onment , such as t he pl anet ' s cl i mat e and

i t s bi ol ogi cal mi x .

Under st andi ng t he i nt er act i on bet ween r esour ces and human or gani zat i ons

i s not easy . Whi l e economi c mot i ves ar e t he dr i vi ng f or ce behi nd t he exhaust i on of

r esour ces, t he dest r uct i on of bi odi ver si t y and t he changes t o t he at mospher e,

economi cs does not measur e and t her ef or e cannot per cei ve pr oper l y t he conse-

quences, whi ch ar e bi ol ogi cal or geophysi cal cause and ef f ect ar e separ at ed . Each

sci ence sees onl y one si de of t he equat i on .

The need f or r ef or mul at i ng t he economi cs of r esour ce al l ocat i on i s pl ai n t o

out si der s who demand i t , but t akes an abst r act and r ar ef i ed f or m f or t he economi st .

I t appear s f or exampl e as a cal l f or " sust ai nabl e devel opment " st r at egi es wi t hi n

i nt er nat i onal or gani zat i ons' , a t er m whi ch has not been wel l def i ned unt i l now and

whi ch many st i l l consi der undef i nabl e . Nonet hel ess, t he usef ul sur vi val of econ-

omi cs as a di sci pl i ne l i es i n i t s abi l i t y t o adj ust i t s pr i nci pl es and i t s anal ysi s

and t o of f er needed i nsi ght s and pol i ci es . We must ask what i s sust ai nabl e

devel opment , and we must f i nd an answer on whi ch economi cs can be bui l t r el i abl y

and usef ul l y .

I n t he br oadest sense, sust ai nabl e devel opment means devel opment whi ch gi ves

an equal oppor t uni t y t o f ut ur e gener at i ons . Cur r ent pat t er ns of devel opment

conj ur e up i mages of " sl ash and bur n" i ndust r i al i zat i on . The i ndust r i al count r i es

wi t h t he hi ghest l evel s of i ncome consume most of t he ear t h' s r esour ces, and

gener at e most of t he car bon emi ssi ons f r om t hei r bur ni ng of f ossi l f uel s' . Gl obal

car bon emi ssi ons gener at ed si nce t he second wor l d war ar e gener al l y bel i eved t o

have t he abi l i t y t o al t er ser i ousl y t he ear t h' s cl i mat e, al t hough t her e i s as yet no

sci ent i f i c agr eement on t he pr eci se magni t ude of t he ef f ect s' . Bi ol ogi st s see t he l oss

of bi odi ver si t y dur i ng t he l ast f i f t y year s as one of t he f our or f i ve l ar gest i nci dent s

of dest r uct i on of l i f e i n t he pl anet ' .

The evi dence of t he l ast f i f t y year s shows t hat car bon emi ssi ons and bi odi ver si t y

l oss ar e i nver sel y r el at ed t o popul at i on gr owt h [ 43] . Car bon emi ssi ons ar e posi -

t i vel y r el at ed t o a count r y' s i ncome, because t hey ar e cl osel y connect ed wi t h ener gy

use. I ndust r i al count r i es whi ch have s of t he wor l d' s popul at i on, t he hi ghest i ncome

l evel s and t he l owest popul at i on gr owt h, use most of t he wor l d' s pr oduced ener gy

and cor r espondi ngl y emi t about 70% of t he wor l d' s car bon, whi l e devel opi ng

count r i es whi ch cont ai n about s of t he wor l d' s popul at i on and t he hi ghest r at es of

popul at i on gr owt h, account onl y f or about 30%of t he wor l d' s emi ssi ons' . These

obser vat i ons i ndi cat e t hat cur r ent pat t er ns of gr owt h i n t he i ndust r i al count r i es

may not be sust ai nabl e and shoul d not be i mi t at ed by devel opi ng count r i es . They

coul d be i ncompat i bl e wi t h t he sust ai nabl e use of one of t he most val uabl e

r esour ces : t he pl anet ' s at mospher e . Sever al year s ago i n t he Bar i l oche Model " we

' E. g . t he Wor l d Bank, t he Uni t ed Nat i ons and t he OECD.

z Chi chi l ni sky [ 18, 19, 43] .

' Coppel [ 22] , Chi chi l ni sky [ 19] , WRI - UNEP- UNDP [ 43] .

` ' [ 6, 10] .

5 [ 43] .
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poi nt ed out t hat t he pat t er ns of devel opment f ol l owed by i ndust r i al soci et i es wer e

pr obabl y not sust ai nabl e, and shoul d not be i mi t at ed by devel opi ng count r i es . We

i nt r oduced and f or mal i zed t he concept of devel opment based on t he sat i sf act i on of

basi c needs [ 10, 11] , and car r i ed out an empi r i cal anal ysi s of wor l d devel opment

based on t hi s cr i t er i on, whi ch we showed t o be mor e consi st ent wi t h t he pl anet ' s

r esour ces and i t s ecol ogi cal dynami cs [ 6] , [ 10] .

Fur t her i mpet us t o t he same t heme was gi ven i n 1987 by t he Br undt l and

Commi ssi on whi ch updat ed t he t er m " sust ai nabi l i t y" and anchor ed i t al so t o t he

concept of needs: devel opment shoul d " sat i sf y t he needs of t he pr esent wi t hout

compr omi si ng t he needs of t he f ut ur e" ' . The 1992 UN Ear t h Summi t i n Ri o de

Janei r o saw sust ai nabl e devel opment as one of t he most ur gent i ssues of i nt er -

nat i onal pol i cy : sust ai nabl e devel opment i s t he of f i ci al char ge of a UN Commi ssi on

whi ch was made r esponsi bl e f or advanci ng envi r onment al pol i cy i n t he i nt er na-

t i onal ar ena as embodi ed i n UNAgenda 21 . Ot her UN convent i ons cover Cl i mat e

Change and Bi odi ver si t y, but i t has been sai d t hat sust ai nabl e devel opment

compr i ses t hemal l . The t opi c i s of wi despr ead i nt er est , and i s compel l i ng t o many .

But what i s sust ai nabl e devel opment ?

Sol ow [ 39] poi nt ed out t hat r ecent di scussi on of sust ai nabi l i t y has been mai nl y

an occasi on f or t he expr essi on of emot i ons and at t i t udes, wi t h ver y l i t t l e anal ysi s of

sust ai nabl e pat hs f or a moder n i ndust r i al economy . He suggest s t hat sust ai nabl e

devel opment means t hat we ar e not t o consume humani t y' s capi t al , i n a gener al

sense whi ch Hi cks ant i ci pat ed [ 30] . But t he r epl acement of one f or mof capi t al wi t h

anot her i s, i n hi s vi ew, accept abl e. As a t hought exper i ment , consi der t he r epl ace-

ment of al l t r ees on t he pl anet by equal l y val uabl e capi t al st ock . Ar e we t o deem

t hi s as sust ai nabl e devel opment ? A l ar ge number of peopl e woul d di sagr ee st r ongl y

wi t h such a vi ew, al t hough many economi st s woul d not . Ther e i s an ambi gui t y her e

i n how val ue i s def i ned, and i n t hi s l i es t he cr ux of t he mat t er . How do we def i ne

economi c val ue? What shal l we measur e, and how?

Val ue i s usual l y def i ned i n t er ms of ut i l i t y . Thi s i s al most a t aut ol ogy i n t he case

of an i ndi vi dual , but l eads t o not or i ous di f f i cul t i es when at t empt i ng t o compar e t he

ut i l i t i es of di f f er ent peopl e and of di f f er ent gener at i ons . The def i ni t i ons gi ven above

suggest t hat t he i ssue i s how t o descr i be val ue so t hat i s does not under est i mat e t he

f ut ur es' i nt er est s, so t hat t he f ut ur e i s gi ven an equal t r eat ment . I mpl i ci t i n t hi s

st at ement i s t he i dea of f ai r t r eat ment f or bot h t he pr esent and t he l ong- r un f ut ur e .

The chal l enge i s t o devel op economi c t heor y whi ch f or mal i zes t hi s ai m, t he equal

t r eat ment f or t he pr esent and f or t he f ut ur e, wi t h t he l evel of cl ar i t y and subst ance

achi eved by neocl assi cal gr owt h t heor y . The f or mal i zat i on shoul d suggest a pr o-

gr am of empi r i cal r esear ch wi t h cl ear i mpl i cat i ons f or publ i c pol i cy .

To f ol l ow t hi s pl an of act i on, we need t o st ar t f r om a cl ear not i on of how t o

r ank al t er nat i ves and how t o eval uat e t r ade- of f s . Fr om such r anki ngs pr act i cal

cr i t er i a f or opt i mal i t y ar e der i ved, whi ch al l ow us t o eval uat e al t er nat i ves and

t r ade- of f s, t he essent i al el ement s of an economi st ' s t ask .

Thi s paper pr oposes si mpl e axi oms whi ch capt ur e t he concept of sust ai nabi l i t y .

They r equi r e i nt er gener at i onal equi t y i n t he sense t hat nei t her t he " pr esent " nor t he

" f ut ur e" ar e f avor ed over t he ot her . I nei t her accept t he r omant i c vi ew whi ch

r el i shes t he f ut ur e wi t hout r egar ds f or t he pr esent , nor t he consumer i st vi ew whi ch

r anks t he pr esent above al l . But i s t her e anyt hi ng l ef t ?

1 [ 9, Ch . 2, par a 1] .
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The answer i s, per haps sur pr i si ngl y, yes . What i s l ef t i s a char act er i zat i on of

a f ami l y of sust ai nabl e pr ef er ences whi ch has poi nt s i n common wi t h Hi ck' s not i on

of i ncome as a " sust ai nabl e" l evel of consumpt i on [ 30] . These pr ef er ences ar e

sensi t i ve t o t he wel f ar e of al l gener at i ons, and of f er an equal oppor t uni t y t o t he

pr esent and t o t he f ut ur e . Tr ade- of f s bet ween pr esent and f ut ur e consumpt i on ar e
al l owed. The exampl es and a char act er i zat i on of t he f ami l y of sust ai nabl e pr ef er ences

appear s i n Theor ems 1 and 2. These show t hat sust ai nabl e pr ef er ences ar e di f f er ent

f r om al l ot her cr i t er i a used so f ar i n t he anal ysi s of opt i mal gr owt h and of mar ket s .

But how di f f er ent i s t hi s cr i t er i on i n pr act i ce f r om ot her st andar d measur es?

Does i t l ead t o di f f er ent opt i mal pat hs f r om t hose whi ch emer ge f r om usi ng

di scount ed ut i l i t y? Can we al ways appr oach sust ai nabl e opt i ma by pat hs whi ch i n

t he f or eseeabl e f ut ur e r esembl e t hose of di scount ed opt i ma, al bei t wi t h smal l

di scount r at es?

An answer t o t hese quest i ons i s i n Theor em 3 and Exampl e 4 . These show t hat

sust ai nabl e opt i ma can be qui t e di f f er ent f r omdi scount ed opt i ma, no mat t er how

smal l i s t he di scount f act or . The di f f er ence i s most st r i ki ng i n deci si on pr obl ems

wi t h i r r ever si bi 11t i es, whi ch i mpose const r ai nt s t oday l eadi ng t o subst ant i al di f f -

er ences i n t he l ong r un, as i n Exampl e 1 . But t he gener al i ssue i s capt ur ed by Hi cks'

i dea of i ncome, and Sol ow' s concer n f or not consumi ng humani t y' s capi t al : t he
l ong r un has a subst ant i al wei ght .

I t r emai ns t o show how pr act i cal i s my cr i t er i on f or r anki ng devel opment

pat hs and f or eval uat i ng pr oj ect s . Thi s i s t he subj ect of compani on paper s, Bel t r at t i

et al . [ 7] and Heal [ 29] , whi ch st udy " gr een gol den r ul es" and sust ai nabl e opt i -

mal gr owt h pat hs . They comput e opt i mal sol ut i ons and der i ve shadow pr i ces

whi ch can be used t o decent r al i ze opt i mal sol ut i ons, al t hough possi bl y not by
t he maxi mi zat i on of t he pr esent val ue of pr of i t s under st andar d pr i ce syst ems . '

The axi oms and t he char act er i zat i ons I pr opose have a compel l i ng mi ni mal
l ogi c, but t hey ar e by no means uni que . They ar e meant as an ai d t o f or mal i zi ng our

t hi nki ng on sust ai nabi l i t y and as a way of pr ovi di ng a l evel of anal yt i cal cl ar i t y

whi ch coul d i mpr ove our under st andi ng . Anal yt i cal under pi nni ngs ar e as neces-

sar y f or t he pr act i cal eval uat i on of sust ai nabl e pol i ci es as t hey ar e f or our t hi nki ng

of t he avai l abl e opt i ons .

2 . The st at e of t he ar t

The t heor y of economi c gr owt h devel oped about 50 year s ago, and ant i ci pat ed t he

pat t er ns of devel opment whi ch wer e f ol l owed t hr oughout t hi s per i od . Exponent i al

gr owt h of popul at i on and r esour ce use ar e vi ewed as st eady st at es . Most st udi es of

An al t er nat i ve name, suggest ed by Rober t Sol ow i s " i nt er t empor al l y equi t abl e pr ef er ences" .
a The " pr esent val ue under a st andar d pr i ce syst em" i s a val ue whi ch i s def i ned by a sequence
of dat ed pr i ces, whi ch def i nes a ( f i ni t e) val ue f or al l bounded sequences of commodi t i es, see
def i ni t i on i n Sect . 9 . Heal [ 29] pr oves t hat i n t he st andar d " cake eat i ng" or exhaust i bl e
r esour ce pr obl em, t he sol ut i on accor di ng t o t he sust ai nabi l i t y cr i t er i on pr oposed i n t hi s
paper i s t he same as t hat i nvol vi ng a di scount i ng cr i t er i on, because t he maxi mumsust ai n-
abl e opt i mal l evel of consumpt i on i n such a pr obl em i s al ways zer o . A di f f er ent sol ut i on i s
obt ai ned when t he pr obl em i s modi f i ed so t hat ut i l i t y i s der i ved not onl y f r om t he f l ow but

al so f r om t he r emai ni ng st ock of t he r esour ce ; i n t hi s case an opt i mal pat h uses l ess t han al l
t he st ock, and t he exact amount r emai ni ng depends on t he act ual wei ght t hat t he sust ai nabl e
pr ef er ence gi ves t o t he l ong r un .
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opt i mal gr owt h and most pr oj ect eval uat i ons r ank al t er nat i ves usi ng a di scount ed
ut i l i t y cr i t er i on. However , di scount i ng f ut ur e ut i l i t y i s gener al l y i nconsi st ent wi t h
sust ai nabl e devel opment . I t can pr oduce out comes whi ch seem pat ent l y unj ust t o
l at er gener at i ons . I ndeed, under any posi t i ve di scount r at e, t he l ong- r un f ut ur e i s
deemed i r r el evant .

For exampl e, at a st andar d 5%di scount r at e, t he pr esent val ue of t he ear t h' s
aggr egat e out put di scount ed 200 hundr ed year s f r om now, i s a f ew hundr ed
t housand dol l ar s . A si mpl e comput at i on shows t hat i f one t r i ed t o deci de how
much i t i s wor t h i nvest i ng i n pr event i ng t he dest r uct i on of t he ear t h 200 year s f r om
now on t he basi s of measur i ng t he val ue of f or egone out put , t he answer woul d be
no mor e t han one i s wi l l i ng t o i nvest i n an apar t ment .

Thi s appear s t o cont r adi ct t he obser vat i on t hat peopl e and t hei r gover nment s
seemser i ousl y concer ned wi t h t he l ong- r un f ut ur e and wi l l i ng t o i nvest subst ant i al

sums of money t o cont r ol t he di sposal of nucl ear wast e or t o pr event gl obal cl i mat e

change . Bot h i nvol ve pot ent i al l y di sast r ous r i sks and ver y l ong t i me hor i zons . For

exampl e, a r ecent OECDst udy consi der s a gl obal car bon t ax yi el di ng a r evenue of

US5150 bi l l i on annual l y' . Pr act i t i oner s have ar gued t hat di scount ed ut i l i t y i s

i nappr opr i at e f or eval uat i ng t he cost s of gl obal war mi ng, gi ven t he ver y l ong t i me

hor i zons i nvol ved, and have suggest ed t hat t he use of a zer o di scount r at e shoul d

be consi der ed" .

Ot her cr i t er i a f or pr oj ect eval uat i on and opt i mal gr owt h t ake i nt o consi der a-
t i on t he l ong- r un f ut ur e, but shar e a dr awback : t hei r i nsensi t i vi t y t o pr esent

gener at i ons' 1 . They i ncl ude undi scount ed met hods such as l ong- r un aver ages and

l i m- i nf i mum r ul es . I n f act , t hese r ul es i gnor e t he wel f ar e of any f i ni t e number of

gener at i ons, no mat t er how l ar ge t hi s number may be .

I t i s al so possi bl e t o sel ect devel opment pat hs usi ng a Rawl si an cr i t er i on,

Rawl s [ 37] , or al t er nat i vel y t he cr i t er i on of sat i sf act i on of basi c needs, i nt r oduced

i n Chi chi l ni sky [ 10, 11] . I n addi t i on, wel f ar e cr i t er i a ot her t han di scount ed ut i l i t y

have been pr oposed f or eval uat i ng opt i mal gr owt h pat hs by Ramsey [ 36] , von
Wei zacker [ 42] , Gal e [ 26] , and Koppmans [ 31] , Hammond [ 27] , Heal [ 28] and

McFadden [ 34] .

I t seems f ai r t o say t hat no cr i t er i on has achi eved t he anal yt i cal cl ar i t y of t he

di scount ed sum of ut i l i t i es . Thi s cr i t er i on has l ed t o si mpl e condi t i ons f or t he

exi st ence of opt i mal pat hs ; t o a char act er i zat i on of opt i mal pat hs, and t o pr i ces

whi ch can decent r al i ze a soci al opt i mum" . I n an anal yt i cal sense, di scount ed

ut i l i t y compar es f avor abl y wi t h Rawl si an r ul es and basi c needs, whi ch t ake i nt o

consi der at i on sol el y t he wel f ar e of t he needi est . The l at t er ar e r at her i nsensi t i ve,

gi vi ng t he same wel f ar e wei ght t o any t wo ut i l i t y st r eams whi ch coi nci de i n t he

ut i l i t y of t he needi est , even t hough i n one of t hem i nf i ni t el y many gener at i ons

achi eve st r i ct l y hi gher wel f ar e. The di scount ed ut i l i t y cr i t er i on i s, by cont r ast ,
sensi t i ve t o i ncr eases i n ut i l i t y by any one gener at i on . I n f act , t he sust ai nabl e

wel f ar e cr i t er i a i nt r oduced her e al so sat i sf i es such sensi t i vi t y : i f t wo ut i l i t y st r eams

gi ve i dent i cal wel f ar e t o al l gener at i ons but one, and one st r eam gi ves st r i ct l y l ar ger

wel f ar e t o t he r emai ni ng gener at i on, t hen t he l at t er r anks hi gher .

The di scount ed ut i l i t y cr i t er i on shows i t s anal yt i cal st r engt h when compar ed

wi t h Ramsey' s cr i t er i on and wi t h von- Wei zacker ' s over t aki ng cr i t er i on . The l at t er

9 Coppel [ 22] and Chi chi l ni sky [ 19] .
' ° Br oome [ 8] and Cl i ne [ 21] .
" Bel t r at t i et al . [ 7] .
12 See Ar r ow and Kur z [ 2] , Dasgupt a and Heal [ 24] , and Chi chi l ni sky and Kal man [ 12] .
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Ut i l i t y i nt egr al f r om

0t oT

Pat h A

V

Pat h B

Ti me T

3. Soci al choi ce and sust ai nabl e devel opment

Fi g. 1 . The over t aki ng cr i t er i on
cannot r ank pat hs A and B

cr i t er i a ar e i ncompl et e or der s whi ch f ai l t o r ank many r easonabl e al t er nat i ves . The

di scount ed ut i l i t y cr i t er i on i s, i nst ead, a compl et e or der . The pr obl em i s t hat t he

over t aki ng cr i t er i on f ai l s t o r ank any t wo pat hs whi ch swi t ch bet ween over t aki ng
and bei ng over t aken by t he ot her , as shown i n Fi g . 1 above. I t l eads t o a ser i ousl y

i ncompl et e or i ndeci si ve r anki ng of al t er nat i ve pat hs . A si mi l ar di f f i cul t y emer ges
wi t h Ramsey' s cr i t er i on, whi ch r anks pat hs accor di ng t o t hei r di st ance f r om

a bl i ssf ul l evel of consumpt i on, a di st ance whi ch i s measur ed accor di ng t o t he ar ea

bet ween t he pat h t o be eval uat ed and t he bl i ss pat h . Such di st ances ar e of t en

i l l - def i ned, because i n an i nf i ni t e wor l d t he measur e of t he ar ea bet ween t wo

bounded pat hs can be unboundedl y l ar ge. Ther ef or e t he r anki ng i s i ndeci si ve .

I nst ead, di scount ed ut i l i t y pr ovi des a compl et e r anki ng of al l f easi bl e pat hs. My

sust ai nabl e wel f ar e cr i t er i on i s al so a compl et e r anki ng. The usef ul ness of an

i ndeci si ve cr i t er i on i s l i mi t ed : I n many cases i t l eads t o no choi ce . As has al r eady

been ar gued, t he t ask f or economi st s i s t o devel op a cr i t er i on f or sust ai nabl e

devel opment wi t h a l evel of anal yt i cal cl ar i t y and compl et eness si mi l ar t o t hat

whi ch has been achi eved by t he par t s of neocl assi cal gr owt h t heor y whi ch r est on

di scount ed ut i l i t y . Bei ng deci si ve i s an i mpor t ant par t of t hi s t ask .

These concer ns mot i vat e t he axi oms f or sust ai nabi l i t y, t he r esul t s on exi st ence

and char act er i zat i on of t he wel f ar e cr i t er i a whi ch sat i sf y t hese axi oms, whi ch I cal l

sust ai nabl e pr ef er ences, and t he st udy of t he connect i on bet ween sust ai nabl e pr ef er -

ences and ot her wel f ar e cr i t er i a pr esent ed bel ow.

I pr opose t wo axi oms whi ch r ef l ect a concer n f or sust ai nabl e devel opment . These

axi oms ar e non- di ct at or shi p pr oper t i es, and as such have a connect i on wi t h soci al

choi ce t heor y" .

" See Ar r ow [ 1] , Chi chi l ni sky [ 20] . I n t hi s case we ar e concer ned wi t h f ai r ness acr oss
gener at i ons, see al so Sol ow [ 38] , Lauwer s [ 32] , Lauwer s and van Li eder ki er ke [ 33] .
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A wel f ar e cr i t er i on used t o eval uat e sust ai nabl e devel opment must be a com-
pl et e or der over ut i l i t y pat hs whi ch does not assi gn a di ct at or i al r ol e ei t her
t o t he pr esent or t o t he f ut ur e, and whi ch i ncr eases wi t h i ncr eases i n t he wel f ar e
of any gener at i on . Axi omI r equi r es t hat t he pr esent shoul d not di ct at e t he out come
i n di sr egar d f or t he f ut ur e: i t r equi r es sensi t i vi t y t o t he wel f ar e of gener at i ons

i n t he di st ant f ut ur e. Thi s, i t t ur ns out , el i mi nat es t he di scount ed ut i l i t ar i an

appr oach . Axi om 2 r equi r es t hat t he wel f ar e cr i t er i on shoul d not be di ct at ed by t he

l ong- r un f ut ur e, and t hus r equi r es sensi t i vi t y t o t he pr esent . Thi s l at t er axi om
el i mi nat es l i m i nf and l ong r un aver ages whi ch onl y consi der t he ver y l ong r un . I n
t hi s sense, t he axi oms r equi r e a f or m of symmet r y or " equal t r eat ment " of t he
pr esent and of t he f ut ur e, one whi ch i s r emi ni scent of t he anonymi t y condi t i on i n
soci al choi ce" .

Theor em I shows t hat Axi oms I and 2 el i mi nat e al l known cr i t er i a f or
eval uat i ng i nf i ni t e ut i l i t y st r eams used so f ar . I t al so est abl i shes t hat t her e exi st s
a wel l - def i ned cl ass of wel f ar e cr i t er i a whi ch do sat i sf y t he t wo axi oms : I cal l t hem
sust ai nabl e pr ef er ences .

Theor em2 i dent i f i es compl et el y al l t he cont i nuous i ndependent wel f ar e cr i t er i a

whi ch sat i sf y t he axi oms" . Cont i nui t y has t he r ol e of ensur i ng t he exi st ence of
suf f i ci ent st at i st i cs . When t he wel f ar e cr i t er i on has t he same r at e of subst i t ut i on
bet ween t he ut i l i t i es of any t wo gener at i ons what ever t hei r l evel s of ut i l i t y, sust ai n-
abl e pr ef er ences ar e shown t o have a si mpl e and gener al char act er i zat i on .

Because i t i s i mpor t ant t hat t he axi oms shoul d be pr act i cal i n nat ur e, and
usabl e f or sol vi ng sust ai nabl e opt i mal gr owt h pr obl ems and eval uat i ng sust ai nabl e
pr oj ect s, compani on paper s ' 6 st udy opt i mal gr owt h model s wi t h r enewabl e r e
sour ces l ' , i n whi ch t he wel f ar e cr i t er i on ar e sust ai nabl e pr ef er ences . These I cal l
sust ai nabl e gr owt h model s . The r esul t s i n [ 7] and [ 29] exhi bi t t he ext ent t o whi ch
t hese axi oms l ead t o a wel l def i ned opt i mal gr owt h t heor y wi t h t he anal yt i cal
cl ar i t y and subst ance of neocl assi cal gr owt h t heor y . I n [ 7] we char act er i ze a " gr een
gol den r ul e" whi ch i s t he nat ur al ext ensi on of t he " gol den r ul e" of neocl assi cal
gr owt h t heor y, and anal yze sust ai nabl e opt i mal gr owt h pat hs. The ai m i s t o of f er
a sust ai nabl e opt i mal gr owt h anal ysi s at t he l evel of appl i cabi l i t y of neocl assi cal
gr owt h t heor y .

Sust ai nabl e pr ef er ences can of cour se be used i n a gener al equi l i br i um cont ext .
When t he mar ket economy i s i nf i ni t el y l i ved, an hypot hesi s whi ch i s of t en made i n
or der t o el i mi nat e t he pot ent i al i nconsi st enci es ar i si ng f r om unknown t er mi nal
dat es, i t may be appr opr i at e and i ndeed desi r abl e t hat t he t r ader s and t he
pr oducer s shoul d have sust ai nabl e pr ef er ences . I ndeed, cur r ent Ger man nat i onal
account i ng pr act i ces i ncl ude a concept of sust ai nabi l i t y i n t he det er mi nat i on of
a f i r m' s val ue . I t has been suggest ed t hat Uni ver si t i es' budget ar y deci si ons, whi ch
t ypi cal l y i nvol ve a r equi r ement of keepi ng t he l ong r un val ue of t he i nst i t ut i on
i nt act , have sust ai nabl e char act er i st i cs as wel l " .

t ' Chi chi l ni sky [ 13, 20] .
i s Cont i nui t y has been used pr of i t abl y i n soci al choi ce t heor y f or t he l ast t en year s, see e. g.
Chi chi l ni sky [ 13, 14] .

' 6 Bel t r at t i et al . [ 7] and Heal [ 29] .
" Chi chi l ni sky [ 14] .
' 8 I owe t hi s comment t o Donal d Kennedy, Chai r man of t he Gl obal Envi r onment al
Pr ogr am at t he I nst i t ut e f or I nt er nat i onal St udi es of St anf or d Uni ver si t y, and ex- pr esi dent
of St anf or d Uni ver si t y .
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4. Sust ai nabi l i t y and val ue

I n addi t i on t o i nt r oduci ng axi oms f or sust ai nabi l i t y and char act er i zi ng t he wel f ar e

f unct i ons whi ch sat i sf y t hem, I show t hat pat hs t hat maxi mi ze t he pr esent val ue of

pr of i t s may be qui t e di f f er ent f r oma sust ai nabl e opt i mum. I n par t i cul ar , i t may not

be possi bl e t o decent r al i ze a sol ut i on by means of " mar ket pr i ces" as i n neocl assi cal

gr owt h t heor y" . Theor em 3 and Exampl e 4 show t hat even i f an opt i mal sust ai n-

abl e sol ut i on exi st s and i s uni que, i n gener al i t wi l l not be appr oxi mat ed by pat hs

whi ch ar e opt i mal under di scount ed cr i t er i a, no mat t er how smal l t he di scount

r at e .

Envi r onment al asset s may t her ef or e have a wel l def i ned and subst ant i al val ue

accor di ng t o a sust ai nabl e pr ef er ence, but an ar bi t r ar i l y smal l mar ket or pr of i t

maxi mi zi ng val ue . see Exampl e 4 . The concept of pr esent val ue of pr of i t s may di f f er

subst ant i al l y f r om t he val ue i mpl i ci t i n our axi oms f or sust ai nabi l i t y . I n gener al ,

however , t her e wi l l be some over l ap bet ween t he t wo, and some t r ade- of f s ar e

possi bl e .

5 . Axi oms f or sust ai nabi l i t y

Consi der an i nf i ni t el y l i ved wor l d, an assumpt i on t hat obvi at es t he need t o make

deci si ons cont i ngent on an unknown t er mi nal dat e . Each gener at i on i s r epr esent ed

by an i nt eger g, g = 1, . . . , oe . Gener at i ons coul d over l ap or not ; i ndeed one can

consi der a wor l d i n whi ch some agent s ar e i nf i ni t el y l ong l i ved . I n t hi s l at t er case,

one i s concer ned about t he manner i n whi ch i nf i ni t el y l ong l i ved agent s eval uat e

devel opment pat hs f or t hei r own f ut ur es .

I n or der t o compar e t he axi oms and r esul t s t o t hose of gr owt h t heor y I shal l

adopt a f or mul at i on whi ch i s as cl ose as possi bl e t o t hat of t he neocl assi cal model .

Each gener at i on g has a ut i l i t y f unct i on u y f or consumpt i on of n goods, some of

whi ch coul d be envi r onment al goods such as wat er or soi l , so t hat consumpt i on

vect or s ar e i n R" , and u, , : R" - . R. The avai l abi l i t y of goods i n t he economy

coul d be const r ai ned i n a number of ways, f or exampl e by a di f f er ent i al equat i on

whi ch r epr esent s t he gr owt h of t he st ock of a r enewabl e r esour ce2o , and/ or t he

accumul at i on and depr eci at i on of capi t al . I gnor e f or t he moment popul at i on

gr owt h ; t hi s i ssue can be i ncor por at ed wi t h l i t t l e change i n t he r esul t s" . The space

of al l f easi bl e consumpt i on pat hs i s i ndi cat ed F.

F = { x : x = { xe{ y=1, z, . . . , x y e R" { .

	

( 1)

I n common wi t h t he neocl assi cal gr owt h l i t er at ur e, ut i l i t y acr oss gener at i ons i s

assumed t o be compar abl e . Each gener at i on' s ut i l i t y f unct i ons i s bounded bel ow

and above and we assume uy : R" - > R+ , and sup. , R. ( u, , ( x) ) < co . Thi s i s not

i 9 Thi s of t en occur s because t he " cone condi t i on" whi ch i s necessar y and suf f i ci ent f or

suppor t i ng opt i mal gr owt h pr ogr ams wi t h non- zer o pr i ce sequences, def i ned Chi chi l ni sky

and Kal man [ 12] and Chi chi l ni sky [ 15] i s t ypi cal l y not sat i sf i ed i n sust ai nabl e gr owt h

model s .
zo See [ 17, 7] .
" Popul at i on gr owt h and ut i l i t ar i an anal ysi s ar e known t o make an expl osi ve mi x, whi ch i s

however out si de t he scope of t hi s paper .
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a r est r i ct i ve assumpt i on : one cannot have ut i l i t i es whi ch gr ow i ndef i ni t el y i n ei t her

t he posi t i ve or t he negat i ve di r ect i on when t her e ar e an i nf i ni t e number

of gener at i ons" . I n or der t o el i mi nat e some of t he most obvi ous pr obl ems of

compar abi l i t y I nor mal i ze t he ut i l i t y f unct i ons u y so t hat t hey al l shar e a common

bound, whi ch I assume wi t hout l oss of gener al i t y t o be 1 :

sup ( u9( x9) ) x, eR' < 1 .

	

( 2)

The space of f easi bl e ut i l i t y st r eams SZ i s

S2 = { a : a = { ay} y= " 2, . . . av = uy( XXY=1 . 2, . . . and x = { xv} y=i . 2, . . . ' = F} .

	

( 3)

Because I nor mal i zed ut i l i t i es, each ut i l i t y st r eam i s a sequence of posi t i ve r eal

number s, al l of whi ch ar e bounded by t he number 1 . The space of al l ut i l i t y st r eams

i s t her ef or e cont ai ned i n t he space of al l i nf i ni t e bounded sequences of r eal

number s, denot ed
e~, 21 .

The wel f ar e cr i t er i on Wshoul d r ank el ement s of S2, f or al l

possi bl e S2 a e, .

5. 1 . Sensi t i vi t y and compl et eness

The wel f ar e cr i t er i on Wmust be r epr esent ed by an i ncr easi ng r eal val ued f unct i on

on t he space of al l bounded ut i l i t y st r eams 24 W: C, , ~ R+ . The wor d i ncr easi ng

means her e t hat i f a ut i l i t y st r eam a i s obt ai ned f r om anot her / 3 by i ncr easi ng

t he wel f ar e of some gener at i on, t hen Wmust r ank a st r i ct l y hi gher t han ( 3 25 .

Thi s el i mi nat es t he Rawl si an cr i t er i on and t he basi c needs cr i t er i on, bot h of whi ch,

ar e i nsensi t i ve t o t he wel f ar e of al l gener at i ons but t hose wi t h t he l owest wel f ar e.

Compl et eness and sensi t i vi t y el i mi nat e t he Ramsey cr i t er i on as wel l as t he over -

t aki ng cr i t er i on .

5 . 2. The pr esent

How t o r epr esent t he pr esent ? I nt ui t i vel y, when r egar di ng ut i l i t y st r eams acr oss

gener at i ons, t he pr esent i s t he par t of t hose st r eams t hat per t ai ns t o f i ni t el y many

za
Thi s woul d l ead t o par adoxi cal behavi or . The ar gument par al l el s i nt er est i ngl y t hat gi ven

by Ar r ow [ 3] on t he pr obl em t hat or i gi nal l y gave r i se t o Dani el Ber noui l l i ' s f amous paper

on t he " St . Pet er sbur g par adox" , see Ut i l i t y Boundedness Theor em, page 27 . I f ut i l i t i es ar e

not bounded, one can f i nd a ut i l i t y st r eam f or al l gener at i ons wi t h as l ar ge a wel f ar e val ue as

we wi sh, and t hi s vi ol at es st andar d cont i nui t y axi oms .
2s For mal l y, S2 c Y, , wher e

	

{ y: y = { y9) e=I . . . . : ys e R+ , sup y l y. 9 l < co} . Her e

	

( de-

not es t he absol ut e val ue of y e R, whi ch i s used t o endow y~ wi t h a st andar d Banach space

st r uct ur e, def i ned by t he nor m I I - I I i n f , ,

I l y I I =

	

sup

	

l y . yl .
, = 1 . 2 . . .

The space of sequences / , was f i r st used i n economi cs by Debr eu [ 23] .
2` The r epr esent abi l i t y of t he or der Wby a r eal val ued f unct i on can be obt ai ned f r om mor e

pr i mi t i ve assumpt i ons, such as e . g. t r ansi t i vi t y, compl et eness and cont i nui t y condi t i ons

on W.
25 For mal l y, i f a > / l t hen W( a) > W( f l ) .
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gener at i ons . The pr esent wi l l t her ef or e be r epr esent ed by al l t he par t s of f easi bl e
ut i l i t y st r eams whi ch have no f ut ur e : f or any gi ven ut i l i t y st r eam a, i t s " pr esent " i s
r epr esent ed by al l f i ni t e ut i l i t y st r eams whi ch ar e obt ai ned by cut t i ng a of f af t er any
number of gener at i ons . For mal l y,

Def i ni t i on 1 . For any ut i l i t y st r eam a E C, , , , and any i nt eger K, l et aK be t he
" K- cut of f " of t he sequence a, t he sequence whose coor di nat es up t o and i ncl udi ng
t he K- t h ar e equal t o t hose of a, and zer o af t er t he K- t h" .

Def i ni t i on 2. The pr esent consi st s of al l f easi bl e ut i l i t y st r eams whi ch have no
f ut ur e, i . e . i t consi st s of t he cut of f s of al l ut i l i t y st r eams .

5 . 3. No di ct at or i al r ol e f or t he pr esent

Def i ni t i on 3 . We shal l say t hat a wel f ar e f unct i on W: Z~, - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" R gi ves a di ct at or i al
r ol e t o t he pr esent , or t hat Wi s a di ct at or shi p of t he pr esent , i f Wi s i nsensi t i ve t o
t he ut i l i t y l evel s of al l but a f i ni t e number of gener at i ons, i . e . Wi s onl y sensi t i ve t o
t he " cut of f s" of ut i l i t y st r eams, and i t di sr egar ds t he ut i l i t y l evel s of al l gener at i ons
f r om some gener at i on on .

Def i ni t i on 4 . The " K- t h t ai l " of a st r eama E e, , , denot ed a K , i s t he sequence wi t h al l
coor di nat es equal t o zer o up t o and i ncl udi ng t he K- t h, and wi t h coor di nat es equal
t o t hose of a af t er t he K- t h 29 .

For mal l y, f or any t wo a, y E C~, l et ( a K, 7K) be t he sequence def i ned by summi ng
up or " past i ng t oget her " t he K- t h cut of f of a wi t h t he K- t h t ai l of y . Wi s a
di ct at or shi p of t he pr esent i f f or any t wo ut i l i t y st r eams a, f

W( ca) > W( P) p

I N = N( a, f ) s . t . i f K > N, W( a K, yK) > W( f K, vK)

	

f or any ut i l i t y st r eams

' h 6 E , ~
21 .

The f ol l owi ng axi om el i mi nat es di ct at or shi ps of t he pr esent :

Axi om 1 . No di ct at or shi p of t he pr esent .

Thi s axi om can be seen t o el i mi nat e al l f or ms of di scount ed sums of ut i l i t i es, as
shown i n Theor em 1 28 .

5 . 4. The Fut ur e

For any gi ven ut i l i t y st r eam a, i t s " f ut ur e" i s r epr esent ed by al l i nf i ni t e ut i l i t y
st r eams whi ch ar e obt ai ned as t he " t ai l " r esul t i ng f r ommodi f yi ng a t o assi gn zer o
ut i l i t y t o any i ni t i al f i ni t e number of gener at i ons .

2a I n symbol s : a" =' a. , } . � =, , 2 . _. such t hat o- . , = a 9 i f g _< K, and a, , = 0 i f g > K.
2' Recal l t hat al l ut i l i t y st r eams ar e i n / ~ and t hey ar e nor mal i zed so t hat sup, , = , . 2 . . .

( «( 9) ) = Hai l < 1 and sup . a=1 . 2 . . . ( 9( 9) ) = I 1#11 < I -
2 s Boundedness of t he ut i l i t i es i s i mpor t ant her e, al t hough as shown above, i t i s not a st r ong
assumpt i on, see Ar r ow' s [ 3] Ut i l i t y Boundedness Theor em.
21 I n Symbol s : QK =

	

. . . such t hat a 9 = 0 i f g < K, and w= a., i f g > K.
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5. 5 . No di ct at or i al r ol e f or t he f ut ur e

Def i ni t i on 5 . Wel f ar e f unct i on W: zf ~, - > R gi ves a di ct at or i al r ol e t o t he f ut ur e, or

equi val ent l y Wi s a di ct at or shi p of t he f ut ur e, i f Wi s i nsensi t i ve t o t he ut i l i t y l evel s

of any f i ni t e number of gener at i ons, or equi val ent l y i t i s onl y sensi t i ve t o t he ut i l i t y

l evel s of t he " t ai l s" of ut i l i t y st r eams .

For mal l y, f or ever y t wo ut i l i t y st r eams a, J3

WOO> WO) -

3 N = N( a, f ) : i f K > N, W( YK, ax) > W( UK, #K) , VY, a e ~~ .

The wel f ar e cr i t er i on Wi s t her ef or e onl y sensi t i ve t o t he ut i l i t i es of " t ai l s" of

st r eams, and i n t hi s sense t he f ut ur e al ways di ct at es t he out come i ndependent l y of

t he pr esent . The f ol l owi ng axi om el i mi nat es di ct at or shi ps of t he f ut ur e :

Axi om 2 . No di ct at or shi p of t he f ut ur e.

Thi s axi omexcl udes al l wel f ar e f unct i ons whi ch ar e def i ned sol el y as a f unct i on

of t he l i mi t i ng behavi or of t he ut i l i t y st r eams . For exampl e, i t el i mi nat es t he l i m- i nf

and t he l ong r un aver ages .

Def i ni t i on 6 . A sust ai nabl e pr ef er ence i s a compl et e sensi t i ve pr ef er ence sat i sf yi ng

Axi oms 1 and 2 .

6 . Pr evi ous wel f ar e cr i t er i a

Whi l e t he axi oms pr oposed i n t he pr evi ous sect i on appear qui t e r easonabl e, and

t hey coul d be sai d t o have a compel l i ng mi ni mal l ogi c, t hey suf f i ce t o excl ude most

wel f ar e cr i t er i a used i n t he l i t er at ur e . I n t hi s sect i on I def i ne some of t he mor e

wi del y used wel f ar e cr i t er i a, and al so pr ovi de exampl es whi ch wi l l be used i n

Theor em 1 of t he next sect i on .

A f unct i on W: e, , R i s cal l ed a di scount ed sum of ut i l i t i es i f i t i s of t he f or m

W( a) _

	

Ag' . X, ,

	

d a e
y=1

wher e V. , A, >_ 0 and

	

A, < co ; A, i s cal l ed a di scount f act or . Ramsey' s

wel f ar e cr i t er i on [ 36] r anks a ut i l i t y st r eam a = { a, } , =, , 2, . . . e t ' . above anot her

f l =

	

=, . 2, . . . e t ' , , , i f t he ut i l i t y st r eam a i s " cl oser " t o t he bl i ss pat h, namel y t o

t he sequence ~ = { 1, l , . . . , 1, . . . } , t han i s t he sequence f l . For mal l y,

( 1 - ay) : ! ~ Y, ( 1 - f l , ) -

	

( 6 )
y=1

	

y=1

A Rawl si an r ul e [ 37] r anks t wo ut i l i t y st r eams accor di ng t o whi ch has a hi gher

i nf i mum val ue of ut i l i t y f or al l gener at i ons . Thi s i s a nat ur al ext ensi on of t he

cr i t er i on pr oposed i ni t i al l y by Rawl s [ 37] . For mal l y, a ut i l i t y st r eama i s pr ef er r ed

t o anot her / 3 i f

i nf { at , 1, =i . 2 . . . > i nf { 9, 1, =i . 2 . . .
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The cr i t er i on of sat i sf act i on of basi c needs [ 11] r anks a ut i l i t y st r eam a over
anot her f l i f t he t i me r equi r ed t o meet basi c needs i s shor t er i n a t han i n Q.
For mal l y,

T( a) < T( l ) ,

wher e T( a) = mi n { t : ay >_ b b' g >_ t } , f or a gi ven b whi ch r epr esent s basi c needs .
The over t aki ng cr i t er i on [ 42] r anks a ut i l i t y st r eama over anot her / ~ i f a event ual l y
l eads t o a per manent l y hi gher l evel of aggr egat e ut i l i t y t han does / i . For mal l y, a i s
pr ef er r ed t o / i i f 3N:

M M

VM>N, 57,
a. , >_

y=1
f l y,

The l ong r un aver age cr i t er i on can be def i ned i n our cont ext as f ol l ows : a ut i l i t y
st r eam a i s pr ef er r ed t o anot her / 3 i f i n aver age t er ms, t he l ong r un aggr egat e
ut i l i t y' ° achi eved by a i s l ar ger t hat achi eved by f . For mal l y, I N, K > 0 :

1 ( Ti m

	

1

	

T+M f l y) ,

	

VT > N

	

M> K.

	

( 10)
T

	

Y_
y=M y=M

7. Exi st ence and char act er i zat i on of sust ai nabl e pr ef er ences

Why i s i t di f f i cul t t o r ank i nf i ni t e ut i l i t y st r eams? I deal l y one wi shes t o gi ve equal
wei ght t o ever y gener at i on. For exampl e, wi t h f i ni t el y many Ngener at i ons, each

gener at i on can be assi gned wei ght 1/ N. But when t r yi ng t o ext end t hi s cr i t er i on t o

i nf i ni t el y many gener at i ons one encount er s a pr obl em: one usual i n t he l i mi t , ever y

gener at i on i s gi ven zer o wei ght .

To sol ve t hi s pr obl em at t aches mor e wei ght t o t he ut i l i t y of near gener at i ons,

and l ess wei ght t o f ut ur e ones' 1 . An exampl e i s t he sum of di scount ed ut i l i t i es .

Di scount ed ut i l i t i es gi ve a bounded wel f ar e l evel t o ever y ut i l i t y st r eam whi ch
assi gns each gener at i on t he same ut i l i t y . Si nce t wo number s can al ways be com-
par ed, t he cr i t er i on so def i ned i s compl et e. However , t he sumof di scount ed ut i l i t i es
i s not even- handed : i t di sr egar ds t he l ong r un f ut ur e . I show bel ow t hat as soon as

t he t ot al wel f ar e assi gned t o f i ni t e ut i l i t y st r eams i s wel l def i ned, t he wel f ar e

cr i t er i on t hus obt ai ned i s a di ct at or shi p of t he pr esent . Ther ef or e t he sum of

di scount ed ut i l i t i es i s unaccept abl e under my axi oms, f or any di scount f act or no
mat t er how smal l .

Anot her sol ut i on i s of f er ed i n t he t heor y of r epeat ed games: her e, i nst ead, mor e

wei ght i s gi ven t o t he f ut ur e and l ess t o t he pr esent . An exampl e i s t he cr i t er i on

def i ned by t he l ong- r un aver age of a ut i l i t y st r eam, a cr i t er i on used f r equent l y i n

' ° Thi s i s onl y one of t he possi bl e def i ni t i ons of l ong r un aver ages . For ot her r el at ed
def i ni t i ons wi t h si mi l ar pr oper t i es see Dut t a [ 25] .
3' Wi t h t i me Rober t Sol ow has suggest ed maki ng t he di scount i ng f act or smal l er t han one
and decr easi ng : i t i s possi bl e t o show t hat under cer t ai n condi t i ons t hi s i s what must be done
t o ensur e t he exi st ence of sol ut i ons .
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r epeat ed games . However , t hi s cr i t er i on i s not even- handed ei t her , t hi s t i me
because i t i s bi ased i n f avour of t he f ut ur e and agai nst t he pr esent . The deci si on of
r anki ng one ut i l i t y st r eam over anot her i s made on t he basi s of t he l ong r un
behavi or of t he ut i l i t y st r eam, and i s qui t e i ndependent of what any f i ni t e number
of gener at i ons i s assi gned . We have j umped f r om one unaccept abl e ext r eme t o t he
ot her .

Her e mat t er s st ood f or some t i me . Aski ng f or t he t wo axi oms t oget her ,
t he no- di ct at or shi p of t he pr esent and t he no- di ct at or shi p of t he f ut ur e, as
I do her e appear s al most t o i mpl y an i mpossi bi l i t y t heor em. But not qui t e.

I t t ur ns out t he ut i l i t i es j ust descr i bed ar e each unaccept abl e on t hei r own, but

not when t aken t oget her . Let s' r eason agai n by anal ogy wi t h t he case of f i ni t e
gener at i ons . To any f i ni t e number of gener at i ons one can assi gn wei ght s whi ch

decl i ne i nt o t he f ut ur e, and t hen assi gn some ext r a wei ght t o t he l ast gener at i on .

Thi s pr ocedur e, when ext ended nat ur al l y t o i nf i ni t el y many gener at i ons, i s nei t her

di ct at or i al f or t he pr esent nor f or t he f ut ur e. I t i s si mi l ar t o addi ng t o a sum of
di scount ed ut i l i t i es, t he l ong r un aver age of t he whol e ut i l i t y st r eam. Nei t her par t of
t he sum i s accept abl e on i t s own, but t oget her t hey ar e. I n ot her wor ds : t wo par t i al

answer s make a compl et e answer . Thi s i s Theor em 1 bel ow. Fur t her mor e, t hi s i s

t he onl y way t o get t hi ngs r i ght , under r egul ar i t y assumpt i ons i ndependent . Thi s

i s Theor em 2 bel ow, whi ch gi ves a compl et e char act er i zat i on of al l cont i nuous

sust ai nabl e pr ef er ences .

For mal l y, t hi s sect i on est abl i shes t hat t her e exi st sust ai nabl e pr ef er ences

whi ch sat i sf y t he t wo axi oms : t hey nei t her gi ve a di ct at or i al r ol e t o t he pr esent
nor t o t he f ut ur e. Thi s i s achi eved by t aki ng t he sum of t wo wel f ar e cr i t er i a.

The f i r st gi ves a di ct at or i al r ol e t o t he pr esent , but i s sensi t i ve t o t he wel f ar e
of each and ever y gener at i on, f or exampl e a sum of di scount ed ut i l i t i es . The second

par t of t he sum gi ves a di ct at or i al r ol e t o t he f ut ur e, f or exampl e, t he l ong r un

aver age of t he sequence of ut i l i t i es . The sum of a di ct at or shi p of t he pr esent

pl us a di ct at or shi p of t he f ut ur e i s nei t her . Thi s i s because t he f i r st par t of t he

sum i s sensi t i ve t o t he pr esent , and t he second i s sensi t i ve t o t he f ut ur e.

Fur t her mor e such a sum admi t s t r ade- of f s bet ween t he wel f ar e of t he pr esent

and t hat of t he f ut ur e . Theor em 1 bel ow shows t hat sust ai nabl e pr ef er ences do
exi st ; t hey ar e r epr esent ed di agr ammat i cal l y i n Fi g. 2, whi ch shows t he t r ade- of f s
bet ween t he pr esent and t he f ut ur e' s ut i l i t i es . The t hr ee axi s r epr esent t he ut i l i t y

l evel s of gener at i ons 1, 2, and, f i gur at i vel y, oc . The t wo t r i angul ar pl anes r epr esent
t wo i ndi f f er ence sur f aces . One gi ves mor e ut i l i t y t o gener at i ons 1 and 2, and

under a di ct at or shi p of t he pr esent t hese choi ces woul d pr evai l ; however t he

second sur f ace gi ves mor e ut i l i t y t o t he l ong r un, so t hat under cer t ai n condi t i ons

t he second sur f ace i s chosen over t he f i r st . Theor em 1 makes t hi s r easoni ng

r i gor ous .

The second par t of Theor em 1 shows t hat al l known cr i t er i a of opt i mal i t y used

unt i l now f ai l t o sat i sf y t he axi oms post ul at ed her e : some, such as t he sum of

di scount ed ut i l i t i es, ar e di ct at or shi p of t he pr esent . Ot her s, such as t he l ong r un
aver ages, ar e di ct at or shi p of t he f ut ur e. Yet ot her s ar e i ncompl et e, such as over -
t aki ng and t he Ramsey' s cr i t er i on, and ot her s ar e i nsensi t i ve, such as t he Rawl si an

cr i t er i a and basi c needs . Ther ef or e t he sust ai nabl e pr ef er ences def i ned her e per f or m

a r ol e t hat no pr evi ousl y used cr i t er i a di d .

What i s somewhat sur pr i si ng i s t hat t he sust ai nabl e wel f ar e cr i t er i a const r uct ed
her e, namel y t he sum of a di ct at or shi p of t he pr esent and on of t he f ut ur e, exhaust

al l t he cont i nuous i ndependent pr ef er ences whi ch sat i sf y my t wo axi oms . Thi s

means t hat al l such sust ai nabl e pr ef er ences must be of t he f or mj ust i ndi cat ed . Thi s
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Li m i nf U

7. 1 . The exi st ence of sust ai nabl e pr ef er ences

Fi g. 2. The 3 axes r epr esent t he ut i l i t i es of f i ni t e gener at i ons ( U( 1) and U( 2) ) and t he l i mi t i ng ut i l i t y

val ue Li m i nf U. Two l evel set s of t he r anki ng ar e shown . One domi nat es over f i ni t e gener at i ons but has

a l ower l i m i nf . As t he wei ght s on f i ni t e gener at i ons ar e f i xed, t he r anki ng i n t hese di mensi ons can be

r epr esent ed by t he i nt er sect i on of t he l evel set r est r i ct ed t o t he U( 1) - ( U( 2) , pl ane wi t h t he ver t i cal axi s .

The over al l r anki ng i s t hen shown as t he sum of t hi s r anki ng ( t he count abl y addi t i ve measur e) wi t h t he

r anki ng i n t he l i m i nf di mensi on ( t he pur el y addi t i ve measur e)

i s Theor em 2, pr oved i n t he Appendi x . The mat hemat i cs needed t o make al l t hi s

wor k i s not t r i vi al , but t he i nt ui t i on i s cl ear .

Theor em 1 . Ther e exi st s a sust ai nabl e pr ef er ence W: e~ - > R, i . e . a pr ef er ence whi ch

i s sensi t i ve and does not assi gn a di ct at or i al r ol e t o ei t her t he pr esent or t he

f ut ur e :

W( a) = 7, Ayay + 0 ( a) ,
g = t
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wher e dg, Av > 0, Es , AY < oo, and 0( a) = l i my ( ay ) ext ended t o al l of e. " .

The f ol l owi ng wel f ar e cr i t er i a ar e not sust ai nabl e pr ef er ences : ( a) t he sum of

di scount ed ut i l i t i es, f or any di scount f act or , ( b) Ramsey' s cr i t er i on, ( c) t he over t aki ng

cr i t er i on, ( d) l i m i nf , ( e) l ong r un aver ages, ( f ) Rawl si an r ul es, and ( g) basi c needs .

Pr oof . I n t he Appendi x .

	

F1

An i nt ui t i ve expl anat i on of t hi s r esul t f ol l ows . The pr ef er ence def i ned i n ( 11) i s

sust ai nabl e because i t i s compl et e, i t s f i r st t er m i s sensi t i ve t o t he pr esent , i n f act i t

i ncr eases wi t h i ncr eases i n t he wel f ar e of ever y gener at i on, and i t s second t er m i s

sensi t i ve t o t he l ong r un f ut ur e .

( a) The sumof di scount ed ut i l i t i es i s a di ct at or shi p of t he pr esent because f or ever y

e > 0, t her e exi st a gener at i on N so t hat t he sum of di scount ed ut i l i t i es of al l ot her

gener at i ons beyond N i s l ower t han s f or al l ut i l i t y st r eams si nce al l ut i l i t i es ar e

bounded by t he number 1 . Now, gi ven any t wo ut i l i t y st r eams a, f 3, i f W( a) > W( f l )

t hen W( a) > W( f l ) - s f or some s > 0 ; t her ef or e t her e exi st s a gener at i on Nbeyond

whi ch t he ut i l i t i es achi eved by any gener at i on beyond N do not count i n t he

cr i t er i on W. Thi s i s t r ue f or any di scount f act or .

( b) The Appendi x est abl i shes t hat t he Ramsey' s cr i t er i on i s i ncompl et e ; t hi s der i ves

f r omt he f act t hat t he di st ance t o Ramsey' s bl i ss pat h i s i l l - def i ned f or many pat hs .

( c) The Appendi x est abl i shes t hat t he over t aki ng cr i t er i on i s i ncompl et e : see al so

Fi g . 133 .

( d) and ( e) Li m i nf and l ong r un aver ages ar e di ct at or shi ps of t he f ut ur e : f ur t her -

mor e t he l ong r un aver ages i s al so i ncompl et e 34 .

Bot h ( f ) and ( g) , Rawl si an and basi c needs cr i t er i a, ar e i nsensi t i ve because t hey

r ank equal l y any t wo pat hs whi ch have t he same i nf i mumeven i f one assi gns much

hi gher ut i l i t y t o t he ot her gener at i ons .

Fi gur e 2 r epr esent s t wo i ndi f f er ences sur f aces f or a sust ai nabl e pr ef er ence as

def i ned i n ( 11) .

7. 2. A compl et e cl assi f i cat i on of sust ai nabl e pr ef er ences

The f ol l owi ng r esul t char act er i zes sust ai nabl e pr ef er ences . Addi t i onal condi t i ons

on t he wel f ar e cr i t er i on War e now i nt r oduced: Wi s cont i nuous when i t i s def i ned

by a cont i nuous f unct i on W: &' , , - R35 . Cont i nui t y has pl ayed a usef ul r ol e i n

soci al choi ce t heor y i n t he l ast t en year s, i n ef f ect r epl aci ng t he axi omof i ndepen-

dence of i r r el evant al t er nat i ves and al l owi ng a compl et e char act er i zat i on of do-

mai ns i n whi ch soci al choi ce exi st s, Chi chi l ni sky [ 13, 1. 4] and Chi chi l ni sky and

Heal [ 16] . A si mi l ar r ol e i s f ound her e f or cont i nui t y : t he f ol l owi ng t heor emgi ves

a f ul l char act er i zat i on t o sust ai nabl e cr i t er i a whi ch ar e cont i nuous .

32 The l i near map l i mN( a, ) i s def i ned onl y on a cl osed subset of Y, consi st i ng of t hose
sequences whi ch have a l i mi t ; i t can be ext ended cont i nuousl y t o al l of / , , pr eser vi ng i t s nor m
by Hahn- Banach' s t heor em. Thi s ext ensi on i s 0 .
3a Ot her i nt er est i ng i ncompl et e i nt er gener at i onal cr i t er i a whi ch have ot her wi se poi nt s i n
common wi t h sust ai nabl e pr ef er ences ar e f ound i n Ashei m [ 4, 5] .

3' Take t wo sequences : ( 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, . . . } and ( 0, 1, 1, 0,

0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, . . . ) : t hey ar e not compar abl e accor di ng t o t he l ong

r un aver ages cr i t er i on.
3s A f unct i on Wwhi ch i s cont i nuous wi t h r espect t o t he st andar d nor m of t he space of

sequences y, . The nor m i s 11aj I =sup, =1 . 2 . . . day ; , and was def i ned above . Di f f er ent f or ms
gi ve r i se t o di f f er ent not i ons of cont i nui t y but i n t he cont ext of equi t abl e t r eat ment of

gener at i ons t he sup nor m i s a nat ur al candi dat e.
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A st andar d pr oper t y of neocl assi cal anal ysi s, one whi ch we wi sh t o consi der
her e as wel l , i s t hat t he r at e of subst i t ut i on bet ween t wo gener at i ons, whi l e possi bl y
dependent on t hei r l evel of consumpt i on, be never t hel ess i ndependent f r om t hei r
l evel s of ut i l i t y . A wel f ar e cr i t er i on Wsat i sf yi ng t hi s pr oper t y i s cal l ed i ndepen-
dent " ; f or exampl e, a st andar d sum of di scount ed concave ut i l i t i es has t hi s
pr oper t y . The char act er i zat i on of a sust ai nabl e cr i t er i on Wi n t he f ol l owi ng
t heor em i s gi ven when Wi s cont i nuous and i ndependent .

The f ol l owi ng t heor emdecomposes a sust ai nabl e cr i t er i on i nt o t he sum of t wo
f unct i ons . The f i r st i s a di scount ed ut i l i t y wi t h var i abl e di scount f act or s and t he
second i s a gener al i zat i on of l ong r un aver ages . Cal l ed a pur el y f i ni t el y addi t i ve
measur e, t hi s second f unct i on 0 assi gns al l wel f ar e wei ght t o t he ver y . l ong r un.
I n par t i cul ar , 0 assi gns t he val ue zer o t o any sequence wi t h has f i ni t el y many non
zer o t er mS37.

Theor em 2 . Let W: C. - . R+ be a cont i nuous i ndependent sust ai nabl e pr ef er ence.
Then Wi s of t he f or m b' a e e. :

W( a) _

	

4a, + 0( c0,
y=1

wher e ' dg, A, > 0, Ey 1 ' i v < cc, and 0 i s a pur el y f i ni t el y addi t i ve measur e.

Pr oof . I n t he Appendi x .

	

0

8 . Sust ai nabl e opt i ma can be f ar f r om di scount ed opt i ma

( 12)

The pr evi ous r esul t s showed t hat sust ai nabl e pr ef er ences ar e subst ant i al l y di f f er ent
f r om al l ot her wel f ar e cr i t er i a . I t r emai ns however t o st udy how di f f er ent t hey ar e i n
pr act i ce, f or exampl e whet her t he opt i mal sol ut i ons of pr obl ems whi ch maxi mi ze
sust ai nabl e pr ef er ences ar e subst ant i al l y di f f er ent f r om t he opt i mal sol ut i ons t o
di scount ed pr obl ems .

To answer t hi s quest i on I shal l compar e pr obl ems whi ch ar e def i ned over t he
same const r ai nt set , but each of whi ch maxi mi zes di f f er ent wel f ar e cr i t er i a . The
pur pose i s t o expl or e what di f f er ence t hi s makes i n pr act i ce . An opt i mal pr obl em
whi ch maxi mi zes a sust ai nabl e pr ef er ence wi l l be cal l ed a sust ai nabl e pr obl em. I f
t he wel f ar e cr i t er i on i s a di scount ed sum of ut i l i t i es as def i ned i n ( 5) , I cal l t hi s
a di scount ed pr obl em. The cor r espondi ng sol ut i ons ar e cal l ed sust ai nabl e opt i ma
and di scount ed opt i ma" .

36 See t he Appendi x . Thi s si mpl y means t hat t he i ndi f f er ence sur f aces of t he wel f ar e cr i t er i on
War e hyper pl anes so t hat i t i s possi bl e t o r epr esent Wby a l i near f unct i on on ut i l i t y
st r eams : W( a + P) = W( a) + W( f ) . Not e t hat t hi s does not r est r i ct t he ut i l i t i es of t he
gener at i ons, u, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� i n any way ; i n par t i cul ar t he u., ' s need not be l i near .
3' A f i ni t el y addi t i ve measur e on t he i nt eger s Z i s a f unct i on p def i ned on subset s of t he
i nt eger s, sat i sf yi ng u( AuB) = y( A) + p( B) when AnB = 0 ; i t i s cal l ed pur el y f i ni t el y addi -
t i ve when i t assi gns measur e zer o t o any f i ni t e subset of i nt eger s . See al so t he Appendi x .
38 For mal l y, l et F be a convex and cl osed subset of f easi bl e pat hs i n a l i near space X Such as
f or exampl e X = / ' ~, or X = R" . A vect or / I e F i s cal l ed opt i mal i n F i f i t maxi mi zes t he
val ue of a f unct i on U: X - " R. The vect or / l i s cal l ed a di scount ed opt i mum i f U: / , ~, - - r R i s
a di scount ed sumof ut i l i t i es as def i ned i n ( 5) : ( 3 i s cal l ed a sust ai nabl e opt i mum i f U : X ~ R i s
a sust ai nabl e pr ef er ence.
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Can one al ways appr oxi mat e a sust ai nabl e opt i mum by pat hs whi ch opt i mi ze

di scount ed pr obl ems? Or even bet t er : can one al ways appr oxi mat e a sust ai nabl e

opt i mumby a sequence of pat hs whi ch appr oxi mat e t he sol ut i ons of a di scount ed

pr obl em? The f ol l owi ng r esul t gi ves a negat i ve answer t o t hese quest i ons . I t i s not

al ways possi bl e t o appr oxi mat e sust ai nabl e opt i ma by pat hs whi ch appr oach

di scount ed opt i ma. Sust ai nabl e opt i ma and di scount ed opt i ma can be f ar apar t . "

Theor em 3 . Consi der a sust ai nabl e pr obl em:

wher e W( a) =F' 1 1 ~ . y ay + 0( a) i s a sust ai nabl e pr ef er ence and S2 c ~. i s t he set of

al l f easi bl e ut i l i t y st r eams . Let a* be a uni que sust ai nabl e opt i mum of ( 13) , and

W* = W( or * ) . Assume al so t hat t her e exi st a uni que di scount ed opt i mum#* , f or t he

pr obl em of ' maxi mi zi ng over t he same set S2 t he di scount ed ut i l i t y Ee , , 1, , a y s° . Then

i n gener al t he sust ai nabl e opt i mum a* cannot be appr oxi mat ed by a sequence of

f easi bl e ut i l i t y st r eams . . whi ch appr oxi mat es t he di scount ed opt i mum / 3* .

Thi s i s t r ue f or any sequence of di scount f act or s { , 1zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� } .

Pr oof . I n t he Appendi x .

The i nt ui t i on f or t hi s r esul t i s i n t he f ol l owi ng exampl e:

Exampl e 1 . Consi der an economy whi ch uses t r ees as a necessar y i nput t o pr oduc-

t i on or consumpt i on; wi t hout t hi s i nput t he economy' s ut i l i t y i s zer o . The dynami cs

of t r ee r epr oduct i on r equi r es t hat unl ess t he f i r st Nper i ods t he economy r ef r ai ns

f r om cut t i ng mor e t han a cer t ai n number of t r ees, t he speci es becomes ext i nct af t er

K + Nper i ods, i n whi ch case t her e i s zer o ut i l i t y at ever y per i od f r om t her e on . The

economy' s f easi bl e set of ut i l i t y st r eams S2 i s descr i bed t hen as f ol l ows : a mi ni mum

i nvest ment denot ed s > 0 i s r equi r ed dur i ng each of t he f i r st N per i ods t o ensur e

t hat t he ut i l i t y l evel s i n al l per i ods af t er t he ( N + K) - t h i s above zer o . Once t hi s

t hr eshol d i s r eached, t hen t he ut i l i t y l evel s i n each per i od af t er t he ( N + K) - t h

exceed a. Then f or ever y di scount f act or , t her e i s an N, K f or whi ch t he sum of

di scount ed ut i l i t i es i s maxi mi zed at a pat h whi ch l eads t o t he event ual el i mi nat i on

of t he f or est . I nst ead, f or a sust ai nabl e pr ef er ence whi ch gi ves suf f i ci ent wei ght t o

t he l ong r un t he opt i mum wi l l keep t he f or est al i ve and yi el di ng a mi ni mumut i l i t y

l evel E f or ever . Ther ef or e t he t wo opt i ma ar e apar t by at l east e ; any sequence of

pat hs whi ch appr oaches t he di scount ed opt i mumwi l l not appr oach t he sust ai nabl e

sol ut i on .

39 Thi s r esul t has al so i mpl i cat i ons f or t he suppor t and decent r al i zat i on of sust ai nabl e
opt i ma ( Cor ol l ar y I and Exampl e 4) . I t may not be possi bl e t o appr oxi mat e sust ai nabl e

opt i ma by pat hs whi ch appr oxi mat el y maxi mi ze t he pr esent val ue of pr of i t s under any

st andar d sequence of pr i ces. However , l evel i ndependent sust ai nabl e pr ef er ences can be used

i n cer t ai n cases t o def i ne shadow pr i ces at whi ch t he opt i mal pat hs maxi mi ze val ue. These

ar e " gener al i zed" pr i ces, but t hey can be gi ven a pr eci se mat hemat i cal f or mul at i on and

a pr eci se economi c i nt er pr et at i on . They val ue bot h t he shor t and t he l ong r un, and can be

cal l ed " sust ai nabl e pr i ces" .
' ° Thi s r esul t shows t hat opt i mi zi ng a sust ai nabl e pr ef er ence may be qui t e di f f er ent f r om

opt i mi zi ng i t s " di scount ed" par t . Thi s i s why we compar e t he opt i mumof Wwi t h t hat of

Z A, a, , One coul d al l ow t he case wher e t he di scount f act or var i es over al l possi bl e di scount
f act or s ; t hi s i s consi der ed i n Exampl e 4 bel ow.
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9 . Sust ai nabi l i t y and val ue

The f ol l owi ng cor ol l ar y and exampl e show t hat t he not i on of val ue der i ved f r om

sust ai nabl e pr ef er ences i s r at her di st i nct i ve. Pat hs whi ch ar e opt i mal under sust ai n-

abl e pr ef er ences may not maxi mi ze pr esent di scount ed val ue accor di ng t o any

st andar d pr i ce syst em. Ther ef or e, envi r onment al r esour ces wi t h a l ar ge val ue i n t he

l ong r un, may not appear val uabl e under a st andar d not i on of pr esent val ue pr of i t

maxi mi zat i on .

The f ol l owi ng exampl e expl or es t he connect i on bet ween sust ai nabl e opt i ma

and t he maxi mi zat i on of pr esent val ue" . A st andar d pr i ce p i s a sequence of pr i ces,

p = ( p1, . . . , p v , . . . ) whi ch assi gns a wel l - def i ned pr esent val ue t o ever y st r eam,

p( , I ) = ~s i p, y, , < cc f or al l y e e. " .
Ther e exi st cont i nuous l i near f unct i ons on

e. whi ch cannot be r epr esent ed i n t hi s manner . An exampl e i s t he l ong r un aver age

of a sequence a: t hi s assi gns a pr esent val ue zer o t o ever y sequence wi t h f i ni t el y

many t er ms . I f t he l ong r un aver age was r epr esent abl e as a sequence, i n t he l i mi t ,

i t woul d assi gn zer o val ue t o ever y sequence, whi ch i s obvi ousl y not t r ue" .

Exampl e 4 const r uct s a speci f i c economi c exampl e .

9 . 1 . Exampl e 4: A sust ai nabl e opt i mum whi ch does not maxi mi ze expect ed

val ue at any st andar d pr i ce syst em

Consi der a f easi bl e pat h / 3 e e, , , whi ch maxi mi zes a cont i nuous concave ut i l i t y

f unct i on Uwi t hi n a convex set F = e, , . I wi l l show t hat at no st andar d pr i ce syst em

p does / 3 maxi mi ze pr esent val ue s . For c e [ 0, cc) l et

u, ( c) = 2` c

	

f or c < 1/ 22 `

	

and

	

ut ( c) = 1/ 2`

	

f or c > 1/ 2" .

Now, f or any sequence c e e'. l et U( c) = E, j ° 1 u, ( c, ) , whi ch i s wel l def i ned, cont i n-

uous, concave, and i ncr easi ng on e+ . Let / l e e+ be def i ned by

" Her e I consi der a speci al case wher e t he ut i l i t i es u9 ar e l i near , t he pr obl em can t hen be

f or mul at ed r eadi l y wi t hout i nt r oduci ng any f ur t her not at i on . The non l i near case can be

anl ayzed al ong si mi l ar l i nes, at t he cost of mor e not at i on . Gener al f or mul at i ons of t he

pr obl em of opt i ma and i nt er t empor al pr of i t maxi mi zat i on can be f ound i n t he l i t er at ur e

( Debr eu [ 23] ) ; a si mpl e f or mul at i on i n i nf i ni t e di mensi onal space t hat f i t s wel l our pur poses

i s i n Chi chi l ni sky and Kal man [ 12] .
42 I n some cases, t he pr esent val ue coi nci des wi t h i nt er t empor al ut i l i t y maxi mi zat i on, see

Chi chi l ni sky and Kal man [ 12] . Not e t hat i f p i s a st andar d pr i ce syst em, r epr esent ed by t he

sequence ( PI , pz, . . . ) , t hen by def i ni t i on t hi s sequence sat i sf i es Z" =, p, < co .
~3 Al l pur el y f i ni t el y addi t i ve measur es on Zdef i ne r eal val ued f unct i ons on sequences whi ch

cannot be r epr esent ed t hemsel ves by sequences .

" Foot not e del et ed .
45

Thi s i s f r omExampl e 1 i n Chi chi l ni sky and Heal [ 16, p . 369] , whi ch i s r epr oduced her e

f or t he r eader ' s conveni ence . Thi s exampl e deal s wi t h t he mi ni mi zat i on r at her t han t he

maxi mi zat i on of a f unct i on over a set , but t he r esul t s ar e equi val ent . The exampl e const r uct s

a f easi bl e set F c /. ' ~~ whi ch i s non- empt y, cl osed and concave, and a cont i nuous concave

f unct i on U: t f ~ - . . Rwhi ch at t ai ns an i nf i mumU( / 3) at / 1 i n F, such t hat t he onl y sequence of

pr i ces p =

	

whi ch can suppor t ( 3 i n F i s i dent i cal l y zer o.
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and l et "

F = U" = { y
E e, : U( y) ? U( / 3) } ; a6

F i s a cl osed convex subset of e. . Now assume t hat p = { p, } j =1, 2 . . . i s a st andar d

suppor t i ng pr i ce syst em f or t he set Uf l , p, >_ 0, i . e . p - y >_ p dy E Uu . By t he usual

mar gi nal r at e of subst i t ut i on ar gument s,

Pt = p, 2' - ' .

	

( 15)

I shal l show t hat p1 must be zer o, so t hat t he whol e sequence { p, must be

zer o . Assume t o t he cont r ar y t hat p1 0 0. Def i ne z E e~ by

and z" E , ~' , ' by

z° = z,

	

i f t < n

	

and

	

0 ot her wi se .

Then ' d n, z >_ z" so t hat

P( z) ? P( z° ) , ( 16)

but Y' 1 p, z° = n > p( z) f or some n suf f i ci ent l y l ar ge, cont r adi ct i ng ( 16) . The

cont r adi ct i on ar i ses f r om t he assumpt i on t hat p1 i s not zer o . Ther ef or e p1 = 0

and by ( 15) t he ent i r e pr i ce sequence p = { p, } , = 1 , 2 . _ . i s i dent i cal l y zer o . I t i s

t her ef or e not possi bl e t o suppor t t he concave set UOwi t h a non- zer o st andar d pr i ce

syst em" . F1

10 . Concl usi ons

I have def i ned a set of axi oms whi ch capt ur e t he i dea of sust ai nabi l i t y, and

char act er i zed t he sust ai nabl e pr ef er ences t hat t hey i mpl y ( Theor ems 1 and 2) . I al so

anal yzed ot her cr i t er i a used i n t he l i t er at ur e, and f ound t hat t hey do not sat i sf y my

axi oms ( Theor em 1) . Di scount ed ut i l i t y f ai l s t o sat i sf y t he non- di ct at or shi p of t he

pr esent , Axi om 2, and i n t hi s sense i t i s not appr opr i at e f or t he st udy of sust ai nabl e

devel opment . Thi s agr ees wi t h t he vi ewpoi nt of many pr act i t i oner s, who have

poi nt ed out t he i nadequacy of di scount ed ut i l i t y f or anal yzi ng sust ai nabl e

gr owt h" . Rawl si an and basi c needs cr i t er i a ar e i nsensi t i ve, si nce t hey onl y r egar d

t he wel f ar e of t he gener at i on whi ch i s l ess wel l - of f . The over t aki ng cr i t er i on and i t s

r el at i ve t he cat chi ng up cr i t er i on ar e i ncompl et e or der s . They f ai l t o compar e many

r easonabl e al t er nat i ves . Thi s decr eases t hei r val ue i n deci si on maki ng. Ramsey' s

cr i t er i on has a si mi l ar dr awback : i t i s def i ned as t he i nt egr al of t he di st ance t o

a " bl i ss" ut i l i t y l evel , but t hi s i nt egr al can be i l l - def i ned . Even when pat hs conver ge

t o t he bl i ss poi nt , t he cr i t er i on may f ai l t o r ank t hese pat hs i f t he conver gence of t he

pat h t o t he bl i ss l evel of ut i l i t y i s sl ow. The Ramsey cr i t er i on i s t her ef or e i ncompl et e

si nce no f i ni t e val ue can be at t ached t o t hose pat hs wi t h i l l def i ned i nt egr al s .

as We cal l t hi s set UO i n sympat hy wi t h t he not at i on of Chi chi l ni sky and Heal [ 16] .

" Fur t her exampl es of phenomena r el at ed t o t he r esul t s i n Theor em 2 and Cor ol l ar y 1 can

be f ound i n Dut t a [ 25] .
48 E. g. Dasgupt a and Heal [ 24] , Br oome [ 8] , Cl i ne [ 21] .
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Anot her way of l ooki ng at t he pr obl em i s t hat i n many cases t he wel f ar e l evel coul d

be i nf i ni t e . I n such cases, i t i s i mpr act i cal t o use t hi s cr i t er i on as a f oundat i on f or

pol i cy, si nce t hi s woul d i nvol ve cal cul us wi t h i nf i ni t e magni t udes 49 .

The sust ai nabl e pr ef er ences pr oposed i n Theor em 1 and char act er i zed i n

Theor em 2 ci r cumvent al l of t hese pr obl ems . Fr om t he pr act i cal poi nt of vi ew, t hey

gi ve r i se t o opt i mal sol ut i ons whi ch ar e di f f er ent f r om t hose obt ai ned by di s-
count ed opt i mi zat i on cr i t er i a. Theor em 3 est abl i shes t hat a pat h whi ch i s opt i mal

under a sust ai nabl e pr ef er ence may not be appr oxi mat ed by pat hs whi ch appr ox-

i mat e di scount ed opt i ma.

The not i on of val ue der i ved f r om sust ai nabl e pr ef er ences i s di st i nct i ve . Pat hs

whi ch ar e opt i mal under sust ai nabl e pr ef er ences may not maxi mi ze val ue accor d-

i ng t o any st andar d pr i ce syst em( Exampl e 4) . Ther ef or e, envi r onment al r esour ces

wi t h a l ar ge val ue i n t he l ong r un, may not appear val uabl e under a st andar d

not i on of pr of i t maxi mi zat i on .

Thi s may hel p t o di sent angl e t he appar ent cont r adi ct i ons i n val ues whi ch wer e

di scussed i n t he begi nni ng of t hi s paper . I not ed t hat gover nment s and i nt er -

nat i onal or gani zat i ons seem pr epar ed t o i nvest sums of money whi ch exceed by

sever al or der s of magni t ude t he di scount ed val ue of t he pl anet ' s economi c pr oduct

i n or der t o pr event gl obal cl i mat e change . I f we accept my axi oms f or sust ai nabl e

pr ef er ences, t he cont r adi ct i on i s r esol ved . Di scount ed pr of i t maxi mi zat i on and

sust ai nabi l i t y l ead t o di f f er ent val ue syst ems . Some t r ade- of f s ar e possi bl e, but t he

t wo val ues ar e not t he same .

As Sol ow has pr oposed, sust ai nabi l i t y shoul d al l ow i nt er gener at i onal t r ade-

of f s, but no gener at i on shoul d be f avor ed over any ot her . Thi s st andar d i s met by

sust ai nabl e pr ef er ences when appl i ed t o t he " pr esent " and t o " f ut ur e" gener at i ons .

The l ong r un does mat t er and so does t he shor t r un . I ndeed, i ndependent sust ai n-

abl e pr ef er ences can def i ne shadow pr i ces f or sust ai nabl e opt i ma, whi ch can be used

f or pr oj ect eval uat i on and f or t he char act er i zat i on of opt i mal sol ut i ons . Sever al of

t he ai ms of t hi s paper have t her ef or e been r eached, and sever al of t he quest i ons t hat

we posed have been answer ed . But per haps t he r esul t s open up at l east as many

new quest i ons .

I t r emai ns t o under st and t he concer n f or t he l ong r un f ut ur e whi ch i s obser ved

i n pr act i ce, and whi ch appear s f or mal i zed i n t he axi oms pr oposed her e and t hei r

i mpl i ed pr ef er ences . Nobody al i ve t oday, not even t hei r hei r s, has a st ake on t he

wel f ar e of 50 gener at i ons i nt o t he f ut ur e . Yet many humans car e about t he l ong r un

f ut ur e of t he pl anet , and t he r esul t s of t hi s paper i ndi cat e t hat axi oms whi ch

f or mal i ze t hi s concer n ar e not al t oget her unaccept abl e. One may t hen ask : whose

wel f ar e do sust ai nabl e pr ef er ences r epr esent ?

Per haps an answer f or t hi s r i ddl e may be f ound i n a wi der under st andi ng of

humanki nd as an or gani smwho seeks i t s over al l wel f ar e over t i me . Such pr oposal s

have been advanced i n t he concept s of a " sel f i sh gene" , or mor e pr act i cal l y, i n

East er n r el i gi ons such as Buddhi sm whi ch vi ew t he uni t y of humanki nd as

a nat ur al phenomenon . I f such uni t y exi st ed, humanki nd woul d make up an

' 9 Hammond ( see [ 35] ) has def i ned agr eeabl e pat hs as t hose whi ch ar e appr oxi mat el y
opt i mal f or any suf f i ci ent l y l ong hor i zon, i n t he sense t hat t he wel f ar e l osses i ndi ct ed by

consi der i ng onl y f i ni t e hor i zons go t o zer o as t he l engt h of t he f i ni t e hor i zon goes t o i nf i ni t y .

The cr i t er i on i s i ncompl et e: i t i s not desi gned as a compl et e or der but r at her as a way of

i ndent i f yi ng accept abl e pat hs . A si mi l ar i ssue ar i ses wi t h t he over t aki ng cr i t er i on, whi ch i s

i l l - def i ned i n many cases.
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unusual or gani sm, one whose par t s ar e wi del y di st r i but ed i n space and t i me and
who i s l acki ng a ner vous syst em on whi ch t he consci ousness of i t s exi st ence can be
based . Per haps t he advances i n i nf or mat i on t echnol ogy descr i bed at t he begi nni ng
of t hi s ar t i cl e, wi t h t hei r gl obal communi cat i ons r each, ar e a gl i mmer of t he
emer gence of a ner vous syst em f r om whi ch a gl obal consci ousness f or humanki nd
coul d emer ge .

11 . Appendi x

11 . 1 . Cont i nui t y

I n pr act i cal t er ms t he cont i nui t y of Wi s t he r equi r ement t hat t her e shoul d exi st
a suf f i ci ent st at i st i c f or i nf er r i ng t he wel f ar e cr i t er i on f r om act ual dat a . Thi s i s an
expr essi on of t he condi t i on t hat i t shoul d be possi bl e t o appr oxi mat e as cl osel y as
desi r ed t he wel f ar e cr i t er i on Wby sampl i ng over l ar ge enough f i ni t e sampl es of
ut i l i t y st r eams . Cont i nui t y of a sust ai nabl e cr i t er i on f unct i on W: e" , - + R i s not
needed i n Theor em 1 ; i t i s used sol el y f or t he char act er i zat i on i n Theor em 2.
Cont i nui t y i s def i ned i n t er ms of t he st andar d t opol ogy of C : t he nor m def i ned by
11aO = sup, =i . 2 . . . l a( 9) I -

11 . 2 . I ndependence

The wel f ar e cr i t er i on W:

	

R i s sai d t o gi ve i ndependent t r ade- of f s bet ween
gener at i ons, and cal l ed i ndependent , when t he mar gi nal r at e of subst i t ut i on be-
t ween t he ut i l i t i es of t wo gener at i ons g, and 92 depends onl y on t he i dent i t i es of t he
gener at i ons, i . e. on t he number s g, and 92, and not on t he act ual ut i l i t y l evel s of t he
t wo gener at i ons . I ndependence of t he wel f ar e cr i t er i on i s not needed i n Theor em 1 .
I t i s used sol el y i n t he char act er i zat i on of Theor em2, t o obt ai n a si mpl e r epr esent a-
t i on of sust ai nabl e pr ef er ences . For mal l y, l et e* be t he space of al l cont i nuous r eal
val ued l i near f unct i ons on ~~ .

Def i ni t i on 7. The wel f ar e cr i t er i on W: t ' ~ - - + R i s i ndependent i f da e C,

W( a) = W( / 3) - 3A. e f i t , A = A( W) , such t hat A( a) = A( #)

Thi s pr oper t y has a si mpl e geomet r i c i nt er pr et at i on, whi ch i s per haps easi er t o
vi sual i ze i n f i ni t e di mensi ons . For exampl e : consi der an economy wi t h n goods
and 2 per i ods . Let a = ( a, , a2) , / 3 = ( f l , , I ' 2) e RZ denot e t wo f easi bl e ut i l i t y
st r eams . Then a and / 3 ar e equi val ent accor di ng t o t he wel f ar e cr i t er i on
W: RZ - . R, i . e . W( a) = W( f l ) , i f and onl y i f t her e exi st s a number y = , u( W) , such
t hat

( 17)

The geomet r i c i nt er pr et at i on of ( 17) i s t hat t he i ndi f f er ence sur f aces of War e af f f t ne
l i near subspaces of R2 . I ndependence i mpl i es t hat t he i ndi f f er ence sur f aces of t he
wel f ar e f unct i on War e af f i ne hyper pl anes i n f . . I n par t i cul ar , Wcan be r epr e-
sent ed by a l i near f unct i on on ut i l i t y st r eams . Exampl es of wel f ar e cr i t er i a whi ch
sat i sf y t hi s axi omar e al l t i me- separ abl e di scount ed ut i l i t y f unct i ons, any l i near r eal
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val ued non- negat i ve f unct i on on e, , , and t he wel f ar e cr i t er i a i n Theor em 2 . As
al r eady ment i oned, t hi s axi om i s used t o pr ovi de a t i ght r epr esent at i on of sus-
t ai nabl e pr ef er ences, but i s not necessar y f or t he r esul t s i n Theor em 1 .

Def i ni t i on 8. A cont i nuous i ndependent sust ai nabl e pr ef er ence i s a compl et e,
sensi t i ve pr ef er ence sat i sf yi ng Axi oms 1 and 2 whi ch i s cont i nuous and i nde-
pendent .

11 . 3 . Count abl e and f i ni t el y addi t i ve measur es

Def i ni t i on 9 . Let ( S, ~) denot e t he f i el d of al l subset s of a set S wi t h t he oper at i ons
of uni ons and i nt er sect i ons of set s . A r eal val ued, bounded addi t i ve set f unct i on on
( S, Y) i s one whi ch assi gns a r eal val ue t o each el ement of ( S, Y) , and assi gns t he sum
of t he val ues t o t he uni on of t wo di sj oi nt set s .

Def i ni t i on 10. A r eal val ued bounded addi t i ve set f unct i on i s cal l ed count abl y
addi t i ve i f i t assi gns t he count abl e sumof t he val ues t o a count abl e uni on of di sj oi nt
set s .

Exampl e 2 . Pr obabi l i t y measur es on t he r eal number s, R, or on t he i nt eger s Z,
ar e t ypi cal exampl es of count abl y addi t i ve f unct i ons . Any sequence of posi t i ve r eal
number s { a .y} q= i , 2 . . . such t hat Y' , Ay < co def i nes a count abl y addi t i ve measur e
I e on t he i nt eger s Z, by t he r ul e

Et ( A) = 7,
' i q,

VA c Z.
. qEA

Def i ni t i on 11 . A r eal val ued bounded addi t i ve set f unct i on cp on ( S, Y) i s cal l ed
pur el y f i ni t el y addi t i ve ( see Yosi da and Hewi t t [ 41] ) i f whenever a count abl y
addi t i ve f unct i on v sat i sf i es : VA e ( S, Y) , v( A) < W( A) , t hen v( A) = 0 IVA e ( S, Y) .

Thi s means t hat t he onl y count abl y addi t i ve measur e whi ch i s absol ut el y
cont i nuous wi t h r espect t o a pur el y f i ni t el y addi t i ve measur e i s i dent i cal l y zer o .

Exampl e 3. Any r eal val ued l i near f unct i on V : e~ - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" R def i nes a bounded addi t i ve
f unct i on V on t he f i el d ( Z, 7) of subset s of t he i nt eger s Z as f ol l ows :

VA c Z,

	

P( A) = V ( ( %A) ,

	

( 18)

wher e aA i s t he " char act er i st i c f unct i on" of t he set A, namel y t he sequence def i ned
by

aA = { ay I B=1, 2 . . .

a: 4= 1

	

i f g e A

	

and

	

ay = 0 ot her wi se .

	

( 19)

Exampl e 4. Typi cal pur el y f i ni t el y addi t i ve set f unct i ons on t he f i el d of al l subset s
of t he i nt eger s, ( S, 7, ) , ar e t he l i m i nf f unct i on on C. , def i ned f or each a e C. by

l i m i nf ( a) = l i m

	

i nf

	

{ ay } .

	

( 20)
q = 1, 2 . . .

Recal l t hat t he l i m i nf of a sequence i s t he i nf i mum of t he set of poi nt s of
accumul at i on of t he sequence. The " l ong r un aver ages" f unct i on i s anot her



I t i s wor t h not i ng t hat a pur el y f i ni t el y addi t i ve set f unct i on 0 on t he f i el d of
subset s of t he i nt eger s ( S, Z) cannot be r epr esent ed by a sequence of r eal number s i n
t he sense t hat t her e exi st s no sequence of posi t i ve r eal number s, A. = { An } whi ch

def i nes 0, i . e. t her e i s no A. such t hat

b' A c Z,

	

0( A) = Z AzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� .
ncA

For exampl e t he l i m i nf : e, , , - " R, def i nes a pur el y f i ni t el y addi t i ve set f unct i on on
t he i nt eger s whi ch i s not r epr esent abl e by a sequence of r eal number s .

11 . 4. Pr oof of Theor em 1

To est abl i sh t he exi st ence of a sust ai nabl e pr ef er ence W: ec" - + R, i t suf f i ces t o
exhi bi t a f unct i on W: e~ - - > R sat i sf yi ng t he t wo axi oms . For any a c- , f , , , consi der

W
( a)

= E ° ° 1 Jyct y + 0( a) .

wi t h 0 < 6 < 1, and 0 pur el y f i ni t el y addi t i ve and i ncr easi ng. Wsat i sf i es t he

axi oms because i t i s a wel l def i ned, non- negat i ve, i ncr easi ng f unct i on on e, , ; i t i s not

a di ct at or shi p of t he pr esent ( Axi om 1) because i t s second t er mmakes i t sensi t i ve t o

changes i n t he " t ai l s" of sequences ; i t i s not a di ct at or shi p of t he f ut ur e ( Axi om 2)
because i t s f i r st t er m makes i t sensi t i ve t o changes i n " cut of f s" of sequences .

The next t ask i s t o show t hat t he f ol l owi ng wel f ar e cr i t er i a do not def i ne
sust ai nabl e pr ef er ences : ( a) Ramsey' s cr i t er i on, ( b) t he over t aki ng cr i t er i on, ( c) t he
sum of di scount ed ut i l i t i es, ( d) l i m i nf , and ( e) l ong r un aver ages ( f ) Rawl si an

cr i t er i a and ( g) basi c needs .

The Ramsey' s cr i t er i on def i ned i n ( 6) f ai l s because i t i s not a wel l def i ned r eal
val ued f unct i on on al l of C. , and cannot t her ef or e def i ne a compl et e or der on e' ,
To see t hi s i t suf f i ces t o consi der any sequence a E C, , , f or whi ch t he sum i n ( 6)
does not conver ge . For exampl e, l et a = { ay} y=1, 2 . , . , wher e dg, ay = ( g - 1) / g.
Then ay - ~ 1 so t hat t he sequence appr oaches t he " bl i ss" consumpt i on pat h
/ 3 = ( 1, 1, . . . , 1, . . . ) . The r anki ng of a i s obt ai ned by t he sum of t he di st ance

bet ween a and t he bl i ss pat h # . Si nce l i MN- . Y_y=, ( 1 - a y ) = l i mN_" yy=, 1/ g

does not conver ge, Ramsey' s wel f ar e cr i t er i on does not def i ne a sust ai nabl e
pr ef er ence .

The over t aki ng cr i t er i on def i ned i n ( 9) i s not a wel l def i ned f unct i on of C� , s i nce

i t cannot r ank t hose pai r of ut i l i t y st r eams a, f E e. i n whi ch nei t her a over t akes / l ,
nor / l over t akes a. Fi g . 1 above exhi bi t s a t ypi cal pai r of ut i l i t y st r eams whi ch t he
over t aki ng cr i t er i on f ai l s t o r ank.

The l ong r un aver ages cr i t er i on def i ned i n ( 10) and t he l i m i nf cr i t er i on def i ned
i n ( 20) f ai l on t he gr ounds t hat nei t her sat i sf i es Axi om 2; bot h ar e di ct at or shi ps of
t he f ut ur e .

Fi nal l y any di scount ed ut i l i t y cr i t er i on of t he f or m

W( a) _

	

ay Ay ,

	

wher e Vg, Ay > 0 and

	

i l . y < co
y=1

	

y=1
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exampl e : i t i s def i ned f or each a E e, , , by

1 K+, v

l i m ~- 7, a y ~ . ( 21)
K, N- co K y=N
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i s a di ct at or shi p of t he pr esent , and t her ef or e f ai l s t o sat i sf y Axi om 1 . Thi s i s
because

b' y E C~ s . t .

	

sup

	

( Y, ) < 1, and ' de > 0,

v =i . z . . .

I N> 0, N= N( e) :

	

Y

	

Y, . l , y < e .

	

( 22)
9=N

Ther ef or e, si nce

W( a) > W( / 3)

	

,

	

3s > 0: W( a) - W( f l ) > 3e,

t hen by ( 22) 3N > 0 such t hat Va, y E S2, W( ( XK, GK) > W( aK, YK) , bK > N. The

f unct i on Wt hus sat i sf i es t he f i r st par t of t he def i ni t i on of a di ct at or shi p of t he

pr esent , i . e.

W( a) > W( / 3)

3N, N=N( a, / ~) : dy, QE~~ wi t h j yj j < 1

and j Uj j <_ 1, W( a
K

, Yx) > W( f K, UK) ,

	

' d K > N.

The r eci pr ocal par t of t he def i ni t i on of di ct at or shi p of t he pr esent i s i mmedi at el y

sat i sf i ed : i f ' du, Y E e, such t hat Hal l < 1, 11911 < 1, W( aK, UK) > W( a" , 1K) , t hi s

i mpl i es W( a) > W( #) . Ther ef or e Wi s a di ct at or shi p of t he pr esent and vi ol at es

Axi om 1 .

Fi nal l y t he Rawl si an wel f ar e cr i t er i on and t he cr i t er i on of sat i sf act i on of basi c

needs do not def i ne i ndependent sust ai nabl e pr ef er ences : t he Rawl si an cr i t er i on

def i ned i n ( 7) f ai l s because i t i s not sensi t i ve t o t he wel f ar e of many gener at i ons : onl y

t o t hat of t he l ess f avour ed gener at i on . Basi c needs has t he same dr awback .

11 . 5 . Pr oof of Theor em 2

Consi der a cont i nuous i ndependent sust ai nabl e pr ef er ence . I t must sat i sf y Axi oms

1 and 2 . Ther e exi st s a ut i l i t y r epr esent at i on f or t he wel f ar e cr i t er i on W: e~ - - > R,

def i ni ng a non- negat i ve, cont i nuous l i near f unct i onal on C. . As seen above i n
Exampl e 3, ( 18) and ( 19) , such a f unct i on def i nes a non- negat i ve, bounded, addi t i ve

set f unct i on denot ed Won t he f i el d of subset s of t he i nt eger s Z, ( Z, 57 ) .

Now t he r epr esent at i on t heor em of Yosi da and Hewi t t ( [ 41, 40] ) , est abl i shes

t hat ever y non- negat i ve, bounded, addi t i ve set f unct i on on ( S, Y) , t he f i el d of

subset s 7 of a set S, can be decomposed i nt o t he sum of a non- negat i ve measur e

u l and a pur el y f i ni t el y addi t i ve, non- negat i ve set f unct i on uz on ( S, F) . I t f ol l ows

f r om t hi s t heor em t hat Wcan be r epr esent ed as t he sum of a count abl y addi t i ve
measur e Ni , and a pur el y f i ni t el y addi t i ve measur e on t he i nt eger s Z. I t i s

i mmedi at e t o ver i f y t hat t hi s i s t he r epr esent at i on i n ( 11) . To compl et e t he char ac-

t er i zat i on of an i ndependent sust ai nabl e pr ef er ence i t suf f i ces now t o show t hat

nei t her . l nor 0 ar e i dent i cal l y zer o i n ( 11) . Thi s f ol l ows f r om Axi oms 1 and 2 : we
saw above t hat di scount ed ut i l i t y i s a di ct at or shi p of t he pr esent , so t hat i f 0 - 0,

t hen Wwoul d be a di ct at or shi p of t he pr esent , cont r adi ct i ng Axi om l . I f on t he

ot her hand A - 0, t hen Wwoul d be a di ct at or shi p of t he f ut ur e because al l pur el y

f i ni t el y addi t i ve measur es ar e, by def i ni t i on, di ct at or shi ps of t he f ut ur e, cont r adi c-

t i ng Axi om 2 . Ther ef or e nei t her A nor 0 can be i dent i cal l y zer o .



aES2

wher e S2 i s t he set of al l f easi bl e ut i l i t y st r eams and Wi s an i ndependent sust ai nabl e
pr ef er ence . By Theor em 2, Wmust be of t he f or m

W( a) = Y A, a, + ( 1 - 0) 0( a) ,

	

b' a E f ~~,

	

( 24)
y=1

wher e dg, AY > 0, Z' O 1 . 1 y < co,

	

0 i s a pur el y f i ni t el y addi t i ve i ndependent
measur e on Z and 0 < B < 1 . Assume t hat t her e exi st s a uni que sol ut i on t o
pr obl em ( 23) , denot ed a* and cal l ed a sust ai nabl e opt i mum, wi t h wel f ar e val ue
W* = W( a* ) . Assume al so t hat t her e exi st a uni que sol ut i on, denot ed / 3* and
cal l ed a di scount ed opt i mum, f or t he pr obl em of maxi mi zi ng over t he same set
S2 t he di scount ed ut i l i t y

max ( U( a) ) ,

	

wher e U( a) = By 1 Ayay,

	

( 25)
UE12

	

y=1

whi ch i s t he f i r st t er m def i ni ng t he pr ef er ence Wi n ( 24) . Then i n gener al t he
sust ai nabl e opt i ma a* cannot be appr oxi mat ed by a sequence of f easi bl e ut i l i t y
st r eams . . . whi ch appr oxi mat es t he di scount ed opt i mum / 3* , i . e . f or al l
such sequences

l i m

	

max
n- ~ao . q=1

	

yES2

Thi s i s t r ue f or any sequence of " di scount f act or s" { Ay} y=1, 2 . . . sat i sf yi ng dg, ' l . y > 0
and ~y 1 . 1y < co .

Pr oof . I def i ne a f ami l y of opt i mal gr owt h pr obl ems, each wi t h a wel f ar e f unct i on
of t he f or m ( 24) , and each havi ng a f easi bl e set S2 c 1, al l sat i sf yi ng t he condi -
t i ons of t he Theor em. I wi l l show t hat f or each pr obl emi n t hi s f ami l y, t he opt i mum
a* cannot be appr oxi mat ed by a sequence whi ch appr oxi mat es t he opt i ma #* of
di scount ed ut i l i t y f unct i ons of t he f or m ( ZS) . Thi s i s t r ue f or any di scount f act or s
A : Z - > R whi ch sat i sf y dg, . l y > 0, ~y 1 AY < co .

Def i ne

	

t he

	

set

	

of f easi bl e

	

ut i l i t y

	

st r eams

	

S2

	

as

	

f ol l ows :

	

S2 = { a E

a = { 0t } , =1 . 2 . . . , Supy ( ay } < 1 and 3s > 0, and i nt eger s Nand K such t hat i f a y < e
Vg < N t hen ay = Ob' g > K + N, whi l e i f a y > ab' g < N, t hen a y >_ E,

d g > K + N. Each set of par amet er s E, N and K def i ne a di f f er ent f easi bl e set of
ut i l i t y st r eams 52:

I f t he wel f ar e f unct i on Wi s a di scount ed ut i l i t y of t he f or m ( 25) , t hen t her e
exi st s E, Nand K such t hat t he di scount ed opt i mum#* _

	

e S2 sat i sf i es

/ 3y=1 f or g<N+K and #y=0 f or g>K+N.

The sust ai nabl e opt i ma a* i s qui t e di f f er ent when i n t he def i ni t i on of W; ( 24) , t he
pur el y f i ni t el y l evel i ndependent measur e 0 has most of t he " wei ght " , i . e . when
B - 0 . I ndeed, f or B - 0, t he sust ai nabl e opt i mum a* sat i sf i es

ay >_a

	

f or g>K+N.
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11 . 6. Pr oof of Theor em 3

The st at ement of Theor em 3 i s
Consi der a sust ai nabl e opt i mum gr owt h pr obl em

max W( av) , wher e ay = { uy( xy) } 9=1, z . _ .
C- Q

C f . . ( 23)
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Si nce bot h a* and / 3* ar e uni que, and 11 a* - / 3* 11 >_ s > 0, i t i s cl ear t hat a sequence

{ #" } whi ch appr oaches #* cannot appr oach al so a* . Thi s compl et es t he pr oof of

t he t heor em.
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