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GRACIELA CHICHILNISKY

MARKETS WITH ENDOGENOUS UNCERTAINTY
THEORY AND POLICY

Dedicated to Tjalling C. Koopmans

ABSTRACT. Classic formulations of markets regard uncertainfy as criginating
from acts of nature. I extend this to a formulation of markets which face risks
induced by the economy itself, such as the environmental risks of atmospheric
and climate change induced by CFC and CO; emissions.

I formulate and prove the existence of 2 general competitive equilibrium where
the state space and the probabilities of events are endogenously determined as part
of the equilibrium. Traders take optimal positions with respect to the uncertainty
which their own actions induce. The equilibrium allocations are efficient in a
restricted sense. [ show that scientific uncertainty can be fully hedged. However
uncertainty induced by the unknown level of output at an equilibrium cannot be
hedged fully. I discuss applications for CAT Futures, recently introduced on the
Chicago Board of Trade, and to international enyironmental sirategies,

KEY WORDS: endogenous uncertainty, markets, general equilibrium, financial
innovation, CAT futures.

i.
1. MARKETS WITH ENDOGENOUS I:'I;IINTCERTMNTY

For several centuries financial activity has evolved around the need
for hedging weather risks, for example through mutual insurance
within agricultural societies.! Corresponding to this, classical for-
mulations of a market economy regard uncertainty as arising from
acts of nature.

Today's markets face anew type of risk, such as the environmential
risks induced by emissions of CFC’s and greenhouse gases, which
can deplete the atmosphere of its ozone layer and induce a climate
change.? The tables have been turned on nature: for the first time
in history economic activity has reached levels at which it risks
changing the planet’s atmosphere and its climate.

Risks which are partly induced by economic actions® are called
“endogenous uncertainty”. The aim of this paper is to extend the

Theory and Decision 413 99-131, 1996.
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Arrow—Debreu theory to incorporate resource allocation under endo ge-
nous uncertainty. The concerns about endogenous uncertainty break
new ground, going beyond the scope of thc classical formulations
of market economies.* The problem of uncertainty which is induced
by economic activity has a distinguished ancestry: it was ori ginally
suggested by T.C. Koopmans to K.J. Arrow many years ago, while
both were at the Cowles Foundation of the University of Chicago.®

How does economic activity induce uncertainty? It does so in
many ways. For example, the use of chlorofluorocarbons (CFC’s)
for industrial production and the burning of fossil fuels to generate
energy produce emissions can pierce the planet’s protective ozone
layer, and induce climate change. Economic activity can alter the
probabilities of different states of the world’s climate. Other exam-
ples arise in financial markets, where new instruments can induce
new risks. The introduction of derivative securities helps heighten the
interdependence of financial markets and market participants, and
disturbances are rapidly transmitted throughout the world economy.®
Finaneial innovation can therefore cause more inlerconnected trans-
actions and by itself lead to new risks.”

The practical importance of this new type of uncertainty is best
exemplified by two questions which are the subject of scientific
and policy debate today: How much should we pay to decrease the
probability of a catastrophic risk, such as the destruction of the ozone
layer or global warming? How should the usc of derivative securities
be regulated in order to control the financial risks which they induce?

[mplicit in these questions is the acknowledgement that the risks
we face are induced by human action, and that they are to a cer-
tain extent under our control. Such questions cannot be posed, let
alone answered, within an Armow—Debreu formulation of markets,
where risks represent solely nature’s moves and are beyond our
control. Within the framework of Arrow-Debreu markets traders
cannot alter the actual risks which they face. We cannot use the
Arrow-Debreu framework to decide how much to pay for policics
which are impossible within that framework. Yet the questions posed
by environmental policy are compelling and will not go away: they
deserve answers. It is possible to formulate these questions precisely
1n the context of markets with endogenous uncertainty as formal-
ized here. The results in this paper are oriented to the analysis of
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such questions. Global environmental risks are good examples. The
United Nations. the World Bank and the OECD all regard the risk of
global warming as centrally important, and consider the allocation
of very sizable budgets to hedge this risk.* In the conclusions [ offer
a framework for environmental policy analysis.

1.1. Equilibrium with Endogenous Uncertainty: Results

The following sections formulate and prove the existence of a gen-
eral equilibrium where the state space and the probabilities of the
events are endogenously determined as part of the equilibrium. The
aggregate activity of the economy induces the uncertainty which the
traders face, namely the state space and the probabilities of gach stale.
Traders take optimal positions with respect to risks which their own
aclions induce. A competitive equilibrium is a set ol states, proba-
bilities, prices, outputs and net trades, where the traders’ actions are
optimal with respect to the risks which these same actions induce.
Theorem | shows that under very general conditions an equilibrium
with endogenous uncertainty exists generically on technologies and
endowments. The proof depends on topological arguments; thesc are
useful because the standard conditions which would allow the use
of fixed point theorems are not met in this context.”

1.2, Scientific Uncertainty and Endogenous Uncertainty

Markets with endogenous uncertainty include Arrow—Dcbreu mar-
kets as special cases: this is when all endogenous uncertainty 1s
trivial However, I show below that except for such trivial cases
these markets can be fundamentally different from Arrow-Debreu
markets.

Scientific uncertainty is part of the problem. By scientific uncer-
sainty 1 mean the uncertainty derived from the fact that scientists
do not know exactly how industrial activity alters the risks we tace.
Each vector of aggregate output could induce one of several prob-
abilities over states of natures; we do not know which 1s the true
probability. It is established below that this type of uncertainty can
be hedged fully with the use of CAT (for “catastrophe™) futures, Sec-
tion 5. These financial instruments were introduced theoretically in
[13] and [15] and have started recently trading in the Chicago Board
of Trade, Financial innovation can deal effectively with scientific
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uncertainty. There is however a more pervasive and complex, type
of endogenous uncertainty: ignorance about the output of the econo-
my in equilibrium. This occurs, for example when there are several
possible market equilibria, each with a different aggregate output,
and one is aware that one of these equilibria may occur without
knowing which. This latter type of uncertainty I call strict endoge-
nous uncertainty, because it depends strictly on the functioning of
the economy, rather than on scientific research. Theorem 3 shows
that strict endogenous uncertainty cannot be hedged fully, no matter
how many securities are introduced, Pareto efficient allocations of
risk are therefore not possible.

1.3, Explaining Incomplete Markets

The difficulties involved in hedging endogenous uncertainty are
revealing. By themselves they can provide an explanation of why
markels are incomplete. As already mentioned, Theorem 3 proves
that markets with strict endogenous uncertainty cannot hedge uncer-
tainty fully: they are essentially incomplete. The incompleteness is
a different phenomenon from that which appears in the standard
theory of markets with exogenous uncertainty and with incomplete
asset structures.'” The latter assumes by fiat that some assets do
not exist, and therefore that the transfer of wealth from one state
of nature to another is not possible. The incompleteness of markets
is not explained in such models: it 15 assumed. Furthermore, this
standard incompleteness can always be removed by the introduction
of a number of “Arrow securities”, which pay a unit of account for
cach state of nature into which it was not possible to transfer wealth
before.

By contrast, the formulation presented here explains incomplete
markets as arising from endogenous uncertainty. When incomplete
markels arise from strict endogenous uncertainty as deflined here, it
does not go away by adding more assets: in general it is not possible
to complete a market with endogenous uncertainty.!!

Markets with endogenous uncertainty lead to allocations which
are efficient in a constrained sense (Proposition 2). However if an
economy with endogenous uncertainty has & > 2 distinct equilibria,
and the traders are aware of this fact, in general the corresponding
equilibria allocations are inefficient (Proposition 3). This issue is



MARKETS WITH ENDOGENDUS UNCERTAINTY 103

analyzed in Section 5 which explores the possibility of completing
a market with endogenous uncertainty by financial innovation, i.e.
by the introduction of additional financial instruments. Theorem 2
<hows that if the uncertainty is solely scientific, then the introduction
of a number of instruments akin to CAT (catastrophe) futures will
sulfice to reach a Pareto efficient allocations. Theorem 4 shows that
when the uncertainty is about the equilibrium aggregate output in the
cconomy. i . strictly endogenous, Pareto efficient allocations cannot
be reached. Section 6 discusses policy implications.

7. MARKETS WITH ENDOGENOUS UNCERTAINTY

A market economy E has H 2 2 traders, and J = 2 firms which
produce N > 2 commoditics over T > 1 periods of time. There are
S = | states of exogenous uncertainty representing acts of nature.
To simplify the exposition, and to isolate the essenlial features which
distinguish endogenous uncertainty, the formulation of the market £
will be identical to the classic Arrow-Debreu formulation in every
possible way excepl in the treatment of uncertainty. In particular,
 the market E all traders are competitive and there is symmetric
information '?

FE has acomplete set of financial markets for exogenous unceriain-
ty, which is formalized by the realizations of random variables which
represent acts of nature.'® Bach trader h has an initial endowment
of goods and assets, (), € RNxSxT)+ and an initial endowment of
chares in the J firms, 0, = (8] ...0§) = 1. The economy’s technolo-
gy is described within every state ;= 1...5, by aconvex, compact,
closed production possibility set'* ¥V C RY*T and

VT e s il ke

For each price vector p € Anwrsg'? let y(p) € Y, denote the
aggregate supply vector — or set of vectors — which obtain [rom profit
maximizing behavior on the part of the producers. Corresponding
to each price p trader h receives profits ¥ulp) 2 0. Because all
uncertainty up to now is exogenous, the economy described so far
'« identical to a standard Arrow—Debreu economy with commodity
space RV*1%5 and with no uncertainty.'®
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2.1. Endogenous Uncertainty

This section introduces a new aspect of the economy F, its endoge-
nous uncertainty, which takes it beyond the Arrow—Debreu structure
and gives it drastically different properties.

In the Arrow-Debreu treatment of markets'” probabilities are
fixed. There is either a fixed probability distribution over the given
set of natural events S, or, al ternatively, there are different subjec-
tive distributions for each trader, cach of which is also fixed. Here,
instead the set of events and the probabilitics over these states are all
variable: both vary over the set of all possible states and all possible
probabilities. '8

In the following I formalize uncertainty arising from cconom-
ic activity. To motivate this, consider the environmental problem
discussed above: each vector of aggregate output of goods in the
world cconomy induces a level of emissions of CO, or of CFCs,
Corresponding to each level of emissions new states of nature may
develop, such as for example a state where the ozone laver is 50%
damaged, or where there is a disruption of the planet’s weather
pattern known as global climate change. Of course today’s industri-
al production could induce changes in tomorrow’s state of nature:
nature could react with a lag." Alternatively, the impact could be
simultancous: tomorrow’s industrial production induces changes in
tomorrow's climate.,

All of these possibilities are formalized within onc simple, gen-
eral framework: the endogenous uncertainty in the economy £ is
cxpressed as a relation between the vector of aggregate output of
the economy and the associated stales of the economy with their
corresponding probability distributions, describing the risks which
traders face for each vector of aggregate output. The set {107
represent all possible states, current or latent, so that D > §.2° Clear-
ly. endogenous uncertainty can be represented simply by a relation
between output vectors i and those density or probability functions
{w(y)} associated to y; the corresponding set of states are simply
those states in {1... 10} which have non-zero probabilities.?’ The
following formulation includes lagged effects: some of the coordi-
nates of the output vector y can be indexed by time, as it is standard
in Arrow-Debreu markets, and changes in the components of the
vector y in time periods prior to i may affect the states of nature
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in periods n -+ k, where k is the lag. A possible interpretation is
that traders inflict externalilies on ¢ach other: their consumption and
production decisions influence total output levels and therefore other
iraders’ utilities through changes in their probabilities.

ASSUMPTION 1. There exists a scientific relation between the
aggregate output of the cconomy and the probabilitics over possible
events, given by an implicit function linking aggregate output veclors
y € RY*1*D and probabilities © € Ap:

Yy, m) =0
where W = (', ..., U0y M x Ap = B,
(2) M=Nx1TxD

)
and ;llj:{ﬂ:{ﬂ—i---rrﬂ} - 'FTf:;‘-Uﬂﬂd Z’ﬂ't——l};

i=I

T is smooth on a neighborhood of its domain,™ it has a solution for
every y € R* and il ¥(y, 7) = ¥y, 7)) =0 > ||| then
min; (7!) > min;(m;).>

The economy with endogenous uncertainty has M = NxTx [}
markets. Therefore its prices are vectors in the unit simplex Ay,

The following assumption requires smooth supply behavior:

ASSUMPTION 2. The aggregate supply function ol the economy,
gy« Ay — B, and, for each trader f1, the trader’s profit funciion
i o Apg — £, are smooth maps on Ay,

The following assumption focuses the analysis onen dogenous uncer-
tainty, as distinct from the exogenous uncertainty which arises with
changes in resources or production; this assumption 1§ unnecessary
for the results in this paper and can be removed at no cost:

ASSUMPTION 3. The total endowments and the production tech-
nologies of the economy £ are the same across all states of endoge-
nous uncertainty:

Vi, je{S+1.....D}
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H H : _
Z = Q;;..j-, and V' = Y7
h—=1 h=1

where {24; is trader h's endowment in state i, and V' is the production
set in state 1. Labor is a commodity in this economy so that £, >
Ovie D,

The following assumption formalizes the intuition that in “small”
societies uncertainty is about acts of nature: such societies’ have
relatively small levels of output, and their effects on nature can be
considered negligible:

ASSUMPTION 4. Small levels of output are associated to proba-
bility distribulions which represent natural risks ! There exists a
probability 7° € Ap, such that

¥(0,7% =0,

where 7" gives positive probability to all exogenous states, i
OV: € {1,...5}, and ¥ is locally constant on its second term al
(0, 7).

The latter implies that at small output levels scicntific instruments
cannot distinguish between infinitesimal changes in probabilities,
Assumption 4 implies:

PROPOSITION 1. When the economy's production structure is very
“small”, i.e. Y = {0}, then there exists a standard Arrow—Debrey
pure exchange economy with exogenous unceriainty about S acts of
nature, and with commonly shared probabilities 7", which equals E.

This assumption can be easily extended to assume that the (fixed)
probabilities 7 are not commonly shared: the model and its resulis
hold when each trader h has possibly different subjective probabili-
ties® 7},

2.2. Market Equilibrium with Endogenous Uncertainty

How do rational traders behave in the face of endogenous uncertain-
ty? This depends on the structure of information of the economy. |
assume here the simplest possible structure in order to isolate the
essential features of the problem. 2
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2.2.1. The Structure of Information

Traders know that endogenous uncertainty exists, and no more. This
paper is about market cquilibria, not about the process by which
the economy arrives at one. The formulation presented below 18
consistent with several different interpretations. One interpretation
s that traders know the aggregate output y and the map T which
is the scientific relations between aggregate output and risks laced
by the economy, so that they also know the possible probability
distributions, at any price vector. One can consider a different inter-
pretation: a process similar to the price discovery process in the
Arrow-Debreu theory. The endogenous states and their probabili-
ties could be announced by an auctioneer the same way that prices
arc announced by an auctioneer in a Walrasian market. The role of
the Walrasian auctioneer in the Arrow—Debreu theory is o announce
prices; and ensure that no trading takes place until an equilibrium
is reached. Here the (expanded) role of the auctioneer would be to
announce prices, states and probabilities, and ensure that no trad-
ing takes place until an equilibrium with endogenous uncertainty
has been reached. The auctioneer's announcements aboul states and
their probabilities are neither correct nor false, in the same way
that a Walrasian auctioneer announces any prices, and not just the
equilibrium prices. In the same vein, here the announced states and
probabilities may or not be the ones which will eventually emerge
in a market equilibrium. In this paper there is no assumption about
perfect foresight, nor is there any other assumption or formulation
of expectations, But in any casc One assumes.

ASSUMPTION 5. Each competitive trader considers the world’s
endogenous uncertainty states and their probabilities as independent
of her/his individual actions.

This is a realistic assumption in economies where uncertainty has
come of the characteristics of a “public good™:*" as was already
indicated, the economy can be thought of as having “externalities”
because each trader’s actions can alter the probabilities of events
which enter in other trader’s utilities. The intuition for Assumption
5 is that traders are “small” so that while the aggregate output ol
the economy does affect endogenous uncertainty, each trader takes
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the world’s endogenous uncertainty as a parameter. This mimics the
situation with respect Lo prices in the standard competitive markets:
cach trader takes prices as given even though everyone’s actions has
some influence on the prices at an equilibrium.

2.2.2. The trader’s choice under endogenous uncertainty

Having established the structure of information, the trader’s problem
ol choice under uncertainty is straightforward. Under the standard
von Neumann-Morgenstern axioms for choice under uncertainty:

ASSUMPTION 6. Forany given price vectorp € Ay, and any given
set of states of uncertainty®™® ¢ € D = {1... D} with probabilities®
ar=] ‘Tf}l(_;}.,EdChtI'ildE:IhChﬁﬂ"aLb aconsumption vector dy (p, w) =
(dei...dip) € RM diy(p,7) € £%*F which maximizes the expect-
ed utility of consumption

0 n
(3 D mup(du(p 7)) = Maz (z muk (2 [p}))
1=

i=|

where the maximization is over the set of consumption vectors
(z1(p), . ... zp(p)) having a value equal to that of the trader’s cndow-
ments p]us the trader’s share of profits:*

D D
4 D pnzp) = 3 [lpey ) + xalm)]
§= =1

where p = (py,....pp), and Vi, p; € Ay .. Since each trader takes
the probability vector m as given®! the maximization problem in (3)
and (4) has a unique solution as a function of the price vector p when
up, is strictly concave. Observe that in a states i with zero probability,
there is no demand for goods with positive prices.

Furthermore, by suitable boundary approximations. the solutions can
be made to vary smoothly with «} sufficiently smooth:

ASSUMPTION 7. For each vector of probabilities in A, the solu-
tinn to problem (3) defines a smooth demand function of prices
Ay — R for each trader .
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ASSUMPTION 8. Boundary behavior: For any probability vector
r e AL ¢ Ap, with F £ D, iMoo " — O Nwrxr C Ap,
then the corresponding aggregate demand vector increases™ beyond
the economy's bounded resources: limp_.x | s dy(pt, )| >
Y.

DEFINITION 2. A marketeconomy b with endogenous uncertainty
is an economy with H traders. J profit maximizing firms which
produce N goods in T periods of time, a production technology Y’
as described in Assumption 2 above, and a structure of endogenous
uncertainty described by a function U as in Assumnption 11, where
each trader maximizes preferences as described in (3) and 4, and
satisfying Assumptions 1-8.

3. BEXISTENCE OF A COMPETITIVE EQUILIBRIUM WITH
ENDOGENOUS UNCERTAINTY

The following definition of a competitive equilibrium with endoge-
nous uncertainty formalizes the notion that the set of states of
uncertainty and their probabilities arc determined as part of the
equilibrium:

DEFINITION 3. A competitive equilibrium with endogenous uncer-
tainty is: a price vector p” € A,y an aggregate production vector
of the economy y* € Y, a set ol states describing uncertainty €7,
e*  {1... D}, each state with a corresponding probability i = 0,
i € € e 7 = 1,77 = {r]}, and for each trader h a con-
sumption vector dy(p*,m*) € RM, dy(p*, ") = {dnilp*, ) icees
Vi, dpe(p*. 7*) € RY*T, such that:

| For each trader h the consumption vector d(p®, 7°) 18 optimal
for problem (3) with constraint (4), for the set of endogenous states
o with associated probabilities 7f, & € €7,

2. The aggregate production vector y* is profit maximizing within
¥ al the equilibrium prices p*:

y*=ylp),
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3. All markets clear at each state -

i
Vi€ e, Z dpi(p*, m%) — 8, = Y
=1
and the states of endogenous uncertainty ¢* with probabilities 7* =
{7 }icer are within those induced by the aggregate output of the
economy at the equilibrium:

T(p®, 7)) =0,

The existence of a market equilibrium with endogenous uncertainty
can be established under general conditions generically on technolo-
gics, namely for an open dense set of production technologies ¥
To make this precise one needs to define a concept of proximity of
technologies: two technologies are close to each other if the feasible
vectors under one are close to the feasible vectors under the other in
the cuclidean metric of BY 3

Consider the set of all market economies Ey with endogenous
uncertainty which differ solely on their production technologies ¥
and the traders’ initial endowments, G h=1,..H An open dense
set ol such economies consists of economies whose technologies
vary over an open dense set of technologics ¥ according to the
distance defined in the Appendix, and whose endowments VAry over
an open dense subset of R***, The following result establishes
that for an open and dense set of such economies, there exist an
equilibrium with endogenous uncertainty:

THEOREM 4. Under Assumptions 1-8, there exists u competitive
equilibrium for a market with endogenous uncertainty, generically
on technologies and endowments.

Proof. In the appendix. m

4. SCIENTIFIC UNCERTAINTY AND STRICT ENDOC iENOUS
UNCERTAINTY

It seems worth distinguishing between two lypes of endogenous
uncertainty. The first is the simplest: scientific uncertainty, This
is uncertainly induced by ignorance about the scientific relations
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between economic activity and environmental risks, rather than
about how the economy itself will perform. 1 formalize this type
of uncertainty by considering an economy which has only one pos-
sible equilibrium aggregate output y € ¥ C R™ which clears the
markets, but corresponding to this unique vector of output there
exists several possible probability densities over the set of states
{1...D}, and science does not know which is the true distribution.
[ show below that in such an economy the uncertainty is endoge-
nously induced, but minimally so: the endogeneity is rather simple.
If the environment is relatively stable, with enough observations
and through learning, the traders could in principle find out the set
of possible densities over 1. Economies of this type are relatively
simple and well behaved. I show below that by introducing certain
financial instruments to hedge scientific uncertainty, the economy
becomes equivalent to an Arrow—Debreu market, and its equilibria
are efficient allocations.

It can be argued, however, that such simple economics do not
embody “true” endogenous uncertainty, in the sense that there is
no uncertainty about which vector of aggregate economic outpul
will emerge at an equilibrium: only one is possible. A more real-
istic situation is when the economy has more than one compeltitive
equilibrium each with a different aggregate output, and correspond-
ingly different densities over the states in D). In such economies it
is not possible to “learn the truc probabilities™: there is always more
than one equilibrium, and therefore the uncertainty persists. This
motivates the following definitions:

DEFINITION 5. A market economy £ as in Definition 2 is said to
have scientific uncertainty if it has only one equilibrium level of
aggregate output as in Definition 3, corresponding to which there
are several possible probability distributions over the states in D.

DEFINITION 6. A market economy E as in Definition 2 is said to
have strict endogenous uncertainty if it has more than onc equilib-
rium as in Definition 3, and at least two of these equilibria have
different probabilities over [

The following sections will examine resource allocation in these
two types of markets with endogenous uncertainty. Markets with
strict endogenous uncertainty are more complex than the rest; they
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embody some of the conceptual issues which one identifies with the
concept of endogenous uncertainty.

3. RISK ALLOCATION WITH ENDOGENOQUS UNCERTAINTY

This section analyzes nisk allocation in economies with endoge-
nous uncertainty. The concept of Parelo efficiency can be ambigu-
ous in such economies. This is because the traders’ von Neumann—
Morgenstern preferences are defined with reference to the probabil-
ities of the events. Within the Arrow—Debreu framework these are
either subjective or objective, but in any case fixed. Here matters are
different. The probabilities are now endogenously defined as part of
an equilibrium. Therefore the rraders’ preferences could themselves
vary with the equilibrivm. Pareto efficiency of an allocation could
become a self-referential concept, in the sense the allocation itself
induces the probabilities in the preferences by which the optimali-
ty of the allocation is evaluated. [t is however possible o define a
restricted concept of efficiency in markets with endogenous uncer-

tainty:

DEFINITION 7. An allocation of the economy E is a vector x €
RY™=I. where # = (ap)hi g, xn € BM; 2 is called feasible if
Ef:| (xy — ) € Y, i.e. when the sum of what is allocated in
excess of the economy’s endowments is produced under profit max-

imization,

DEFINITION 8. A feasible allocation x = (i3, )=y € BY*# in
E'is called restricted or r-Pareto efficient when it is Pareto efficient
relative to allocations according to the preferences prevailing at x,
i.e., when there exists no other feasible allocation y = () )p=y 5 €

BM=H in E such thatforallh = 1... H,
D mlzhuplys) 2 D0 mlx)uy(zs)
ice(n) ice(y)

with strict inequality for some h.

PROPOSITION 9. A competitive equilibrium of a market with endoge-
nous uncertainty is restricted Pareto efficient.
Proof. This follows immediately from the first welfare theorem.
m
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DEFINITION 10. A feasible allocation is Pareto efficient in the mar-
ket £ if there exists no other feasible allocation in E whicheveryone
prefers, and which someone prefers strictly.

The following proposition addresses risk allocation in economies
which have several equilibria, but each equilibrium has the same
set of probability density over D. How can two equilibria of the
economy F have the same probabilities over states in D and still be
different? This happens when the aggregate output vector is the same
in each of the equilibria. ** In such an economy two equilibria can
only differ in terms of a redistribution of the same total consumption
across individuals; in addition there must be no scientific uncertainty
as defined above. In any case, as the probabilitics are the same in
each equilibrium of the economy 7, then the preferences prevailing
at any of the equilibria are also the same, and one obtains:

PROPOSITION 11. Let E be an economy with endogenous uncer-

tainty having the same probability distributions over states in D at

every equilibrium. Then every equilibrium of I is Pareto efficient.
Proof. This is an immediate corollary of Proposition 9 above. m

6. INEFFICIENT EQUILIBRIA

The following results exhibit a main difference between the Arrow—
Debreu market, and markets withendogenous uncertainty. In Arrow—
Debreu economies a competitive equilibrium 1s always Pareto effi-
cient. This property is very general: it is the first theorem of welfare
economies and is true whether or not the economy has more than
one Walrasian equilibrium, and whether or not the equilibria prices
are different for different goods in different states: in all cases each
competitive equilibrium is Pareto efficient.™ This property can break
down in markets with endogenous uncertainty. Intuitively this could
be due to the “externalities” which each trader causes on others.

DEFINITION 12. Two equilibria are called distinct il they assign
different prices to one state of endogenous uncertainty.

PROPOSITION 13, Ifa market economy F: with endogenous uncer-
tainty has k > 2 distinct market equilibria, then all its equilibria are
Pareto inefficient.
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Proof. Tf the market economy E has two distinct equilibria, say
with price vectors p} and p5 € Ay respectively, then each of the
two equilibria assigns a different state-contingent price vector to
some state ¢ of endogenous uncertainty, i.e. 3 > .S : pi* # pi.
But profit maximization and strictly convexily implies then that the
total output produced in equilibrium 1 at state ¢ differs from that
produced in equilibrium 2 in state 7, yi* +£ 13", Since in equilibrium
all markets clear at each state, this implies that at least one trader,
say lrader A, consumes a different amount in state ¢ in equilibrium
| than the amount he/she consumes in equilibrium 2 @ z},, # 1}..
I shall now show that in that case the equilibria cannot be Pareto
efficient. Since the production sets are concave, then the new allo-
cation z* = (2} )y=_pg defined YA by: 2}, = zy,; forall j # ¢ and
Azr + (1 — A)x;,, for some A € (0, IS, is feasible, because the
production sets are convex and ¥* = ¥7 in all states 1, j of endoge-
nous uncertainty, Assumption 3. Furthermore, since preferences are
strictly concave, z* is preferred al each equilibrium by all traders 1o
the initial allocation and strictly preferred by trader h. This completes
the proof. &

Consider an economy with scientific uncertainty, in which all traders
know that one of several probabilities will emerge, and traders satisfy
von Neumann-Morgenstern axioms for choice under uncertainty
wilh respect Lo all possible probabilities.

FROPOSITION 14. The economy £ with scientific uncertainty has
Pareto inefficient equilibrium.

Proof. This follows from the fact that there are no securities to
transfer wealth from the states corresponding to different probability
distributions; for a proof see Cass, Chichilnisky and Wu [4], and
Chichilnisky and Heal [15]. [ |

7. FINANCIAL INNOVATION AND ENDOGENOUS UNCERTAINTY

In the previous sections I showed that markets with endogenous
uncertainty have competitive equilibria very generally, and that their
competitive equilibria give rise to Pareto cfficient allocations in a
restricted sense. However 1 also showed that the market allocations of
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an economy with endogenous uncertainty can be Pareto inefficient
if the economy has several distinct equilibria, of if the economy
has scientific uncertainty. This is true even though the conditions
usually required for the first welfare theorem are satisfied: traders and
firms are competitive, symmetric information prevails, and traders’
preferences are strictly increasing in consumption.

One reason for the inefficiency of the markets considered until
now is that they have no specific financial assets to hedge scientific
uncertainty. Traders know that several possible probabilities can
emerge, but have no means for hedging this risk.

PROPOSITION 15. The market with scientific uncertainty E is incom-
plete, in the sense that it has no assets to hedge against the different
possible densities which can emerge at an equilibrium.

It seems therefore natural to introduce in our economy new assets
which pay contingent on the realization of different probabilities.
The introduction of new assets is called financial innovation.

7.1. Financial Innovation

In standard markets with incomplete asset structures [12] itis always
possible to introduce new assets and therefore complete the market.
Indeed, through the introduction of Arrow securities with allow the
transfer of wealth across states, incomplete markets (with exogenous
uncertainty) can always be completed, in the sense that they become
identical to an Arrow—Debren market. When all possible such assets
have been introduced and the economy is identical to an Arrow-
Debreu market, one says that the markets have been completed.

DEFINITION 16. Consider a standard market economy with exoge-
nous uncertainty describing acts of nature, and with S states of
nature.’” Assume that in this economy it is not possible to shift
income across 5 — T of its states (i.e. the span of its asset ma:rix is
T < S): the economy is called incomplete with exogenous uncertain-
ty.3® It is possible to model such an economy has 5 — T + 1 budget
constraints: one for each of the § — T states and one overall. The
act of introducing § — T Arrow securities which pay a unit of a
numeraire in each of the § — T states and zero in all others can be
called completing the market. A completed market is by definition
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one which is identical to a standard Arrow-Debreu model. In par-
ticular, a competitive equilibrium of a completed market is always
Pareto elficient.

In parallel with he results just quoted on incomplete markets with
exogenous uncertainty, in the following section I explore the pos-
sibility of completing the markets with scientific uncertainty. Each
state of scientific uncertainty is represented by an (endogenously
determined) probability function 7 over cvents in the set 0. To
complete this market one therefore introduces financial instruments
which pay contingent on such distributions. The assets 1 have in
mind mimic Arrow-securities, but their payofts are contingent on
probabilities: they pay a unit of the numeraire if one probability aris-
es at an equilibrium, and zero otherwise. Since | have assumed that
there is no problem of information, everyone can observe ex-post
the realized probability at an equilibrium, for example, by observing
the actual incidence or the frequency of an event in large groups
of independent events.* Tt is possible to introduce and trade such
instruments. The matter may appear at first sight 10 be somewhat
theoretical; for this reason it is desirable to discuss a practical exam-
ple where such instruments have been introduced and are currently
traded.

1.2. CAT Futures

Assets which pay contingent on the observed frequencies of occur-
rence of natural events were first introduced and analyzed in Cass,
Chichilnisky and Wu [4] and Chichilnisky and Heal [15]. Following
this, assets which pay contingent on the realization of frequencies of
natural risks have been recently introduced in the Chicago Board of
Trade, called CAT * Futures. These are instruments whose payoffs
depend infer alia on the yearly incidence of (ropical storms in the
United States as measured, for example, by the Insurance Service
Organization index. The catastrophes included in CAT futures are:
carthquakes on the West coast, tornadoes on the East coast and floods
in the Midwest. The frequencies of these events are unknown ex-ante
and can therefore be treated as risks.
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7.3. Completing the market with scientific uncertainty

Cass, Chichilnisky and Wu [4] and Chichilnisky and Heal [13],
[15] showed that under certain conditions such instruments lead to
Pareto efficient allocations of risks in markets with unknown risks,
i.e. where the probabilities or the frequencies of certain events are
unknown.

Floods, earthquakes and tornadoes are all exogenous physical
events, they are not risks induced by economic actions. Our markets,
instead, face endogenous risks. But one can still try to mimic the
introduction of CAT futures by introducing Arrow securitics which
are contingent on the possible probabilities of event in the set D at
a given equilibrium. To complete the market one needs to define the
informational structure in this market.

Consider an economy 7 with scientific uncertainty, and assume
that it has one equilibrium output vector, associated to which there
are several probabilities over states in D. An announcement is made
about the probabilities which could arise in equilibrium. Traders
can now trade contingent on this set of probabilities, denoted A;
assume for simplicity that all elements in A are equally likely. In the
case of CAT Futures the set of probabilities represents, for example,
the yearly incidence of tornadoes in a given area. The results of
Chichilnisky and Heal [13], [15] then cstablish that after trading the
new contingent securitics a Pareto efficient allocation of risks would
be realized, one which is identical to that in an Arrow—Debreu markect
economy. The market is thus completed by the introduction of these
new assets, CAT futures:

THEOREM 17. An economy E with scientific uncertainty can be
completed by the introduction of CAT futures. The corresponding
allocations are Pareto efficient.

Proof. For a proof see Chichilnisky and Heal and Cass [15],
Chichilnisky and Wu [4]. ]

7.4. Strict endogenous uncertainty

I turn now to strict endogenous uncertainty. This is not induced by
scientific uncertainty about the connection between economic activ-
ity and the environment, but is rather uncertainty about the perfor-
mance of the economy itself. To represent this type of uncertainty,
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consider the case where the initial economy has several possible
equilibria with a different aggregate output vector each. The follow-
ing result is obtained under the most favorable conditions on our
ability to complete this market: when corresponding to each level of
output there is a single probability over events in D, and is known
by all. This assumption makes our result stronger: the same result
follows immediately, and more readily so, when each equilibrium
veclor of output is associated instead to several densities.

THEOREM 18. It is not possible to complete the market E with
strict endogenous uncertainty, in the sense that no matter how many
securities are introduced the economy is not identical to an Arrow-
Debreu market and in particular ity equilibria allocations are not
Pareto inefficient.*!

Proof. Consider an economy [ with strict endogenous uncertain-
ly. Since the economy has strict endogenous uncertainty, the set A
of probabilities {m; };cp over the events {1... D} is not a singleton.
Assume that all possible contracts contingent on the elements in A,
have now been introduced. Equivalently, assume thal at an equi-
librium traders trade contingent on the realization of each possible
probability distribution {m; },c p € A, which they know, for example,
to be all equally likely. Any other commonly shared distribution can
be considered as well.

I will now show that the assumption that the market has been
completed leads to a contradiction. Since A is not a singleton, it has
K > 2 elements; there exist by assumption at least two different
equilibria of the economy £, with prices p; # p3 respectively,
and with corresponding aggregate output levels y(pt) # v*(pi).
The equilibria allocations are z} # x3. Let 7° = w(y(p})) be the
probability prevailing over {1...D} in the k& — th, equilibrium,
& = 1.,.K. Il the market were now a complete Arrow—Debreu
market, then by definition it could reach an allocation corresponding
to that of an Arrow—Debreu economy with complete asset markets.
Let zj, . be the allocation of the h trader if equilibrium £ is realized;
let x},;, denote the equilibrium allocation of the i'th trader when
equilibrium k is realized and the state of the economy is ¢ € D. For
each trader h an equilibrium in the completed economy consists of
the vector " = {7 , bees. I will now show that the A'th trader
must be fully insured across states in A if the market has now been
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completed. Suppose not, If h is not fully insured, define a new
allocationy® = (y] ... y4) by ys = Elzh4) = Tien pelT) 1) where
ftx = 1/k. This new allocation can be achieved by the i — th trader,
who by assumption can now transfer income across all states in A,
and it is different from . Furthermore expected utility satisfies:

Euy(y;) = Euy, Z teTn e | = Z ;J.kEﬂ-hlf:{.‘ak].

kEMA LEA

In addition,

Fi§ H H

=3 (X meie) = X m (X o)

h=1 =1 \keA ked h=1
so that i} is feasible in £ because foreach k € A, (r] ...z} ,) 154
feasible allocation. Since the equilibria of Arrow-Debreu economies
are Pareto efficient, this implies a contradiction; therefore the h'th
trader must be fully insured. But this in turn implies that

Yh=1...HVkla}; =2 and
Ty =Tpy forall # =11,

5o that at each 1 the prices are the same across elements of A:
Vi e N pr=p,

and therefore A is a singleton, a contradiction. The contradiction
arises from the assumption that the allocations are Pareto cfficient,
namely that the markets can be completed. Therefore the market
cannot be completed if the economy has strict endogenous uncer-
tainty. ]

8. CONCLUSIONS AND A FRAMEWOREK FOR. POLICY

I formulated and proved existence of a competitive equilibrium in
markets with endogenous uncertainty, where the traders® actions
induce changes in the state space which represents uncertainty, and
in the probabilities of each state. The equilibria of such markets
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exisl very generally, generically on technologies and endowments.
These markets are natural extensions of Arrow-Debreu markets;
indeed when the economy’s activily is relatively small and it does
not induce changes in nature, the two concepts coincide. Arrow—
Debreu markets are therefore a strict subset of the set of markets
with endogenous uncertainty.

[t is possible to distinguish two types of endogenous uncertainty.
The first is called scientific uncertainty: markets with this type of
uncertainty have a unique equilibrium output vector, but associat-
ed to this there are several possible sets of stales and probabilities
over these states, any of which may arise. | showed that in markets
with scientific uncertainty all uncertainty can be hedged by intro-
ducing certain financial instruments. With this financial innovation,
the markets behave as Arrow—Debreu markets and reach Pareto effi-
cienl allocations. The type of instruments which can hedge scientific
uncertainty pay contingent on the possible probability distributions
over states. Such assets now exist: they have been introduced recently
in the Chicago Board of Trade, denoted CAT futures. Their creation
was anticipated in Chichilnisky and Heal [13] and [15] and Cass,
Chichilnisky and Wu [4]. Such instruments can improve the ccono-
my s allocation and lead to Pareto efficiency when the economy [aces
scientific uncertainty, A practical use of CAT futures is to hedge a
large insurer’s correlated risks, namely the risk faced by an insurer
who may have to pay on a large number of contracts of individuals
affected by the same natural disaster.

A second type of endogenous uncertainly arises in economics
which have more than one competitive equilibrium, and a different
level of output in each. These | call markets with strict endogenous
uncertainty. Their behavior is quite different from that of Arrow-
Debreu markets, and they provide a well founded reason for the
current preoccupation about incomplete markets. These markets are
fundamentally incomplete: I showed that no hatter how many state
contingent securities are added, these markets will not reach Pareto
efficient allocations. It is possible, however, to reach fully insured
allocations, but this requires a completely different market structure,
mvolving derivative securities, as established in Chichilnisky, Dutta
and Heal [17], and Chichilnisky [6].
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Finally consider a policy issue which arises in the case of envi-
ronmental risks which are the by-product of industrial activity. If
one seeks constrained Pareto efficiency, it is possible to compute
precisely the cost which is worth incurring to decrease the probabili-
ty of a catastrophic environmental risk. Assuming a known (or even
an approximately known) scientific relation between industrial by-
products and the probability distribution on environmental states (i.c.
the map ¥) one computes the manifold of equilibria of the cconomy
with endogenous uncertainty, and finds within it a new equilibrium
with the desired value ¥(y, ) = 0. The Appendix provides a proof
of existence of a competitive equilibrium which can be used to com-
pute an equilibrium. At this new equilibrium one computes for each
aggregate output y the utility levels achieved by the traders at their
new consumption. The difference in the welfare of the traders at the
first and at the second equilibrium provides an upper bound for the
willingness to pay for a decreasing a global environmental risks such
as that of global climate change.

9, APPENDIX

9.1. The distance between two technologies

DEFINITION 19. The distance between two technologies Y, 2 C
RM is the Lebesgue measure of the symmetric difference of the two
production sets:

d(Y, Z) = plYAZ)

where YAZ = (Y - Z)U (Z-Y)and Y = Z =Y N Z°

This definition relies on a prior result: the existence of a complele
metric topology on the space of all closed sets in R* which are
the closurc of their interior, called the “order topology”, introduced
and characterized in Chichilnisky [5]. The “order topology” yields
this metric d a special case, namely when restricted to the family of
closed, bounded convex technologies in Y. The order topology is
strictly finer than the Hausdorff metric and is sensitive to measure,
a properly that the Hausdorff metric does not have, see |5].
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9.2. The degree of a continuous map

Let A denote an open set in RY and f a smooth mapping of class
CP.pz2 f:A— RM If at a point xy, the rank of the Jacobian
f'(xo) = M, then f maps a small neighborhood of 14 onto a small
neighborhood of f(zg).

DEFINITION 20. If at a point zq, the rank of the Jacobian f'(z,) =
M, such a point is called regular with respect to f,

DEFINITION 21. The complement in A, Le. the set
C={w:xeA, rank f'(z) < M}

is called the critical set of f and a point 2 € C is called a eritical
point.

The set C is closed in A, since if x, — = € A, rank f'(x,) =
rank f(z).

SARD'S THEOREM. If f(zx} is a p— times continuously differen-
tiable mapping of A into B, then the critical values f(C) have
meastire zero in B™, provided N — M + 1 < p.

See, e.g. M. Berger [3], p. 52-53.

9.2.1. The degree of a continuous map

Sard’s theorem can be used to define the degree of a continuous
mapping f : A — R™. This integer provides an “algebraic count™
of the number of solutions of the equation f(z} = pin A, provided
flz} # pon @A, and A is bounded. Intuitively, the degree defines
the number of solutions to the equation f(z) = p when p is a regular
value. The degree can also be defined for continuous maps. A formal
definition is as follows.

DEFINITION 22. The definition of the degree of a continuous map
[ is given in three steps:

(i) Suppose f is a C'! mapping of A — RV and that whenever
f{zy) = p the Jacobian determinant of f at x| J ()| # 0. Then
we define the degree of f at p relative to A as

d{f:pr ”‘J‘} = Z 5!]"”-|Jf|:3’:u}| :
fx)=p
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This sum is finite by virtue of the compactness of A, the closure of
A, and by the inverse function theorem.

(i) Suppose now that f a C'! mapping of A — R". Then by
Sard’s theorem we can find a sequence of regular points {p} (with
respect to f, A) such that p, — p € BY. We then define the degree
of fatpas

d(f,p, A) = lim d(f, puy A)

(iii) Finally if f is only known to be conlinuous in A, there is a
sequence of C'' mappings f, — f uniformly on A and we set

d(f,p,A) = Jim (fa: 2. A).

The function d( f, p, A) can be shown to be well defined in (ii) and
(iii) and the limits to exist and to be independent of the approximating
sequences.

DEFINITION 23. Amap /7 : Dx |0, 1| — R" is called a homotopy
between the maps Hy : D — RY and H, : D — RV, where
Hy(x) = H(x,0) and H,(z) = f{z,1).

For a bounded domain D < K™, the following is a basic proper-
1y

LLEMMA 24. (Homotopy invariance). Suppose H : D x [0,1] —
RN is a continuous function and that H (x, t) has no solutionx: € 9D
for any t € (0,1]. Then the degree of I, d{H(x,t),p,D), is a
constant independent of 1 € [0, 1].

See, e.g. Berger [3], p. 53.

9.3. Proaf of Existence of an Equilibrium

THEOREM 1. Under Assumptions 1 to 8, there exists a competitive
equilibrium with endogenous uncertainty generically in technologies
and endowments.

Proaf. An intuitive explanation of the proof is as follows. One
shows that the economy £ can be deformed continuously into a
particularly simple economy called Ej which has an equilibrium. A
homotopy argument is then used to show that since £ is a continuous
deformation of Fy, then E has at least one equilibrium. **
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The deformation of E' into £y consists of “shrinking” gradually
the technology of the economy £ while leaving all its other features
unchanged, until it reaches a small enough level of output when
it 1s an Arrow—Debreu economy, i.e. an economy with exogenous
uncertainty, see Proposition 1, for which an equilibrium is easi-
Iy established. This is Ey. The homotopy invariance lemma stated
above is then used to show that because the simple ecconomy Ey has
a competitive equilibrium, the initial economy £ does too.

Let ¥ be the production possibility set ¥ the economy F. Now
define a family of economies { Iy}, all identical 10 £ except for
their production possibility sets: foreach t € [0, 11, let the production
set of the economy I, be ¥} = £¥ + (1 — ) {0} where {0} € V. The
structure of endogenous uncertainty i1s given by the map W defined
in Assumption 1. When { = |, £, = E, the original economy, and
when [ = 0, £ 18 a pure exchange Arrow—Debreu economy with
exogenous uncertainty because of Assumption 4 and Proposition 1.

Denote by 4 (p) the profit maximizing production vector associ-
ated with the price vector p € Ay in economy £, which exists by
Assumption 2; by renormalizing units of measurement and without
loss of generality™ we may assume that |y (p)]| > ||z (p)|| when
t > t". Let dj (p, 7) be the demand vector of trader A corresponding
to price p € Ay and probability m € Ap, as in Assumption 6.

Now define the map ®©(p, my,...71p, ) : Ay x Ap x [0,1] —
M % R by:

= (Z[di{?' s ..._Tl'_r_;) =t nh]“’

h=1
(5) — wlp), Ylye(p)ymy. o))} € RY x RP

where [or each f the demand function d; (p, 7) is defined as in (3)
and (4) for each probability vector m = (m,...,7) € Ay and
where the supply function y,(p) is as in Assumption 2. Consider for
each t € [0, 1], the set of zeros of the map &(., 1), namely the set
{®(.,..t)~'(0)}, a set which may be in principle empty. This set of
zeros consists of those prices and probability densitics which, when
taken as given by the traders, leads to aggregate demand and supply
vectors at which all markets clear, and at which simultaneously the
relation between of aggregale output levels and densities is consistent
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with scientific knowledge as defined by the map V. Therefore, by
construction, each zero of the map @(p, 7, t) is an equilibrium with
endogenous uncertainty of the economy F,. To prove the existence
of an equilibrium with endogenous uncertainty for the economy &
one must therefore show that the set of zeros of ©(p, m, ¢} is not
empty when t = 1, i.e. that

{@(,. )7 (1)} # ¢-

The proof uses the homotopy invariance lemma stated above. To
do so, one checks that the conditions of the lemma are satisfied.
For { = 0 we know by Assumption 4 that there exists a probability
vector 7 = (7?,...,7%) € Ap such that ¥(0,7°) = 0 and 1} >
0,% = 1,2,....5; 7° could assign zero probability to states of
endogenous uncertainty. Consider now the standard pure exchange
Arrow—Debreu with exogenous uncertainty defined by the set of
states {1,..., D}, the commonly shared probability vector 7", and
with the same traders, preferences and initial endowments as those
in E. Since ¥(0, 7") = 0, a zero of the map

®(.,.,0): Ay x Ap — BM x RP

can be located by finding a competitive equilibrium price p* of
this standard Arrow-Debreu economy, called £y, where all traders
have von Neumann—Morgenstern utilities with the same probabili-
ties, (w},...7Y,), since by the definition of @ the equilibrium price
p* will satisty:

D(p*, 7], T, 0) = 0.

An equilibrium price p* always exists, given the boundary Assump-
tion 8, by standard arguments applied to the pure exchange Arrow-
Debreu economy Ey. Therefore there exists a solution to the equation
®(.,.,0) = 0. By Assumption 4 there exists another probability, 7',
solving the equation U(0,7') = 0, ' € Af,. Since when V' = {0}
the economy is, by Assumption 4 and Proposition 1, an Armow—
Debreu economy with exogenous uncertainty, the same argumenl
used above proves that there exists a solution to @(., ., 0) whose sec-
ond coordinate is in the interior of Ap, and whose first coordinate,
by Assumption 8, must therefore be in the interior of Ay, . Therefore
for + = O the map (., ., t) has a solution in AY, x AfY,. Since as
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shown above, Vp, |lyw (p)|| > [lsu(p)|| when ¢ > {, it follows by
Assumption 1 that for / > 0, no solution of ®(., ., t) has a probabili-
ty vector wj,...,Tp in dAp. By Assumption 8 this implies that for
t = 0 there can be no solutions to ¢ where the corresponding prices
are in the boundary of Ay, 92 .

Therefore the conditions of the homolopy invariance lemma stat-
ed above are satisfied: the map @ : Ay x Ap x [0,1] = RM x RP
has no solution in the boundary of the set &y x Ap fort > 0, and
generically 0 is a regular value at ¢ = |. Therefore both maps @,
and @, have the same degree. In particular the sct of solutions is not

empty for { = |, Therefore the economy £, which coincides with
the economy E, has an equilibrium. m
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NOTES

! See Chichilnisky and Heal [13].

2 See Chichilnisky and Heal [13].

3 See also Dasgupta and Heal [21], Hahn [24], [25], [26], and Kurz [29].
Optimal growth paths with endogenous uncertainty were first studied in Heal
[27], [28]), The first theorems on existence of a general market equilibrium with
endogenous uncertainty are in Chichilnisky and Wu [16], Chichilnisky, Duta
and Heal [17], Chichilnisky, Habn and Heal [18], and Chichilnisky [6]. Hahn
[24], and Chichilnisky, Hahn and Heal [18] established that in  \wo-period world,
markets with price uncertainty are essentially incomplete. Endogenous uncertainty
comes in many forms: it can be due to price uncertainty, [24], [18], [17], or
risks of default [16], [20], or about the interconnectedness of trading patterns
{Chichilnisky and Wu [16], Chichilnisky, Heal and Tsomocoes [20]) or, as in
this paper, about the set of states and their probabilities (see also Chichilnisky
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and Heal [13]), or it can be also induced by expectations as in a lemporary
cquilibrium framework: for cxample in Fudenberg, Haolstrom and Milgrom [23].
in the “asymptotic rational expectations™ formulation introduced by Stein [34)
and [35], or the related concept of “rational beliefs™ developed by Kurz [29], [30],
Moral hazard is also an instance of endogenous uncertainty, see, e.g. Arrow [2];
it depends however on asymmetric information, Endogenous uncertainty is more
general, pecurring even when information is fully symmetrie.

* Volatility could also be a manifestation of this type of uncertainty; that the
imtroduction of one asset can alter the volatility of another was established in
Drasgupta and Heal [21], Chapter 13,

* This information was provided by Kenncth Arow during a Theory Seminar
at the Department of Economics of Stanford University, February 10, 1994, where
this paper was presented.

® This quotes from “Fed chiel’ warns of risks posed by derivatives™ by John
Gapner, Banking Editor in London, The Financial Times, No. 32,282, February 2
1994, page 1. See also “Regulators move to limit risks ol OTC Jderivatives™ by IN,
Cohen, T. Corrigan and L. Morse in Financiaf Times, March 16, 1994, p. |,

* This is Theorem 2 in Chichilnisky and Wu [18], see alsg Chichilnisky, Heal
and Tsomaocaos [20].

* For example, the OECD has discussed a global carbon lax that would raise
5150 billion in revenues yearly, see Chichilnisky [7].

¥ The relevant maps are non-convex comrespondences, so that fixed points
arguments cannot be used in general,

' Also called general equilibrium with incomplete markets, or GEI see, e.g.
Chichilnisky and Heal [12].

I Atleast not within astandard Arrow—Debreu market, Hahn [24] and Chichilnisky,
Hahn and Heal [ 18] have obtained related results in another model of endogenous
unccriainty, in an economy with two periods where the uncertainty is about prices,
not abowt states and probabilities, and where the level of output does not affect
the states or their probabilities, It is however possible to “complete” markets
with endogenous {price) uncertainty, but this requires a dilferent market structure,
effectively one in which derivative securities are traded in a dilTerent way than
commodities are traded in an Arrow=Debreu model, see Chichilnisky, Dutta and
Heal [17].

12 Therefore there is no “moral hazard™, see, e.g. Arrow | 2] and Stiglitz [33]. As
already mentioned, moral hazard is & special case of endogenous uncertainty, bul
it can only arise wilh asymmetric information, while endogenous uncertainty is a
more general phenomenon which can arise with or without symmetric information.

'* For example: when T = 2, there are S assets cach of which pays in terins of
a numeraire good n, and the span of the economy’s asset matrix is S.

4 ¥ is the closure of its interior,

B Anurxs = {(p1. . pm) € RV i py 2 0and ¥ py = 1}.

1% A possible dillerence is that short sales are allowed. Necessary and sufficient
conditions for the existence of an equilibrium with or without short sales are in
1B]. [9], [10] and [11].

17 With exopenous unceriainty.

' this constitutes an infinite domain.
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" Heal [27] and [28] formalizes and analyzes the properties of a dynamic
economy where the level of consumption at time ¢ induces changes in the climate
and therefore affects the production possibility set of the economy, at a future
random date which varies with today’s consumption.

2 13 is the set ol all possible or “latent™ states; its cardinality could be infinite
(£ = oo} withowl changing the resulis in any way, but at the cost of more
notation. In the case that the cardinality is infinite one needs to work in economies
with infinite dimensional commaodity spaces, ideally in Soboley spaces; see, ez
Chichilnisky and Heal | 14] for a general thearem of existence and characterization
of a competitive equilibrium in Sobolev spaces with or without short sales.

2l In general 2 = S but it would suffice 1o consider the case where I} = § hy
allowing density functions which assign zero probability to some states, In general,
however, it seems preferable to differentiate between exogenous and endogenous
slates (5 # D) because they could have different properties.

2 Twice continuously dilferenuable or €2

** This assumption ensures that endogenous uncertainty in the market is not
trivial, i.e. chunges in aggregate output can change the states and their probabilities,
and that a probability which has become positive remains 50 as outpul expands.

2 One could also require that the inital endowments of the economy should be
small for the probubilities 1o be constant: such an assumption would not change
the results, but would require more notation.

% T awe this observation to Mark Machina.

2 More realism can be introduced at the cost of more notation, but the main
features are captured by this formulation. For cxample, moral hazard can lead to
endogenous uncertainty but only when there is usymmelric information, which is
not essential in our formulation of endogenous uncertainty.

T This assumption was suggested during discussions with Robert Wilson, and
is crucial to the formalization of the problem.

% To simplify notation, and without luss of generality we set from nowon
e ={1,.. 0}, by allowing some probabilitics o be zero, e for some 4, 7; = 0.

2 Where m; = 0 wheni & e

M This hudget constraint means that there exists markets to trade contingent on
all states in {1,..., 2}

* Ohviously, we may assume that cach trader has different subjective probabili-
ties, and formulate this assumption in terms of trader-specific subjective probabil-
ities. This would not change the results in any way but complicates the notation.

3 As iz standard, one considers an appropriate approximation of the solution
t (3) which is contingously differentiable in a neighborhood of Ay, and which
docs not add new equilibria to the model.

# This condition is sufficient bul not necessary to prove the existence of a
comperitive equilibrium in an Armow-Debrew cconomy. A necessary and sutfi-
cient condition for exislence is {imited arbitrage as defined and established in
Chichilnisky [8], [9]. [10], [11].

* See the Appendix.

¥ This happens when at some statc i the eguilibrivm allocation of trader k in
the first equilibrium, 237, is quite different than the allocation of same trader f at
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i in the second equilibrium, 3%, # {7, although ucross cquilibria the aggregale
supply is the same in each state, ie. Wi, y™ = y* € V.

* The first welfare theorem is true whether the economy has concave preferences
or not, and whether the economy has convex production lunclions or pot.

7 E.g. Chichilnisky and Heal [12].

 Also called GEI, general equilibrivm with incomplete markets.

3 The Insurance Service Organization (IS0} performs such tasks, see below,

4 For “catastrophe™.

4 Fully insured allocations are possible if one changes drastically the market
strueture, allowing for regulated derivative markets with have a different trading
structure from Arrow—-Debreu markets, see Chichilnisky [6], und Chichilnisky,
[Jutta and Heal [17].

42 See Eaves [22] on the use of homotopy methods for locating fixed paints,

3 The technology ¥ is a convex bady.
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